_______

UCRL 10253

University of California

Ernest O. Lawrence
Radiation Laboratory

SCATTERING OF NEGATIVE PIONS ON PROTONS
AT 310 MeV: RECOIL-NUCLEON POLARIZATION

AND PHASE-SHIFT ANALYSIS

- )
TWO-WEEK LOAN COPY

This is a Library Circulating Copy
which may be borrowed for two weeks.
For a personal retention copy, call

Tech. Info. Division, Ext. 5545
\_ ),

- Lo
ErXe 2500

L 4



DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.



UCRL-10253
UC-34 Physics
" TID-4500 (17th Ed4.)

a%z,,

UNIVERSITY OF CALIFORNIA

Lawrence Radiation Laboratory
Berkeley, California

Contract No. W-7405-eng-48

:

SCATTERING OF NEGATIVE PIONS ON PROTONS AT 310 MeV:
RECOIL-NUCLEON POLARIZATION AND PHASE-SHIFT ANALYSIS

Olav T. Vik
(Ph.D. Thesis)

May 21, 1962




Printed in USA. Price $1.75. Available from the
' Office of Technical Services
U. S. Department of Commerce
Washington 25, D.C.

Y



-iii-

- Contents
Abstract
I. TIatroduction
II. Theoretical Backgfound
A. Relation of Polarization to Scattering Amplitudes .
B. Scattering Amplitudes | '
' 1. Non-Spin-Flip and Spin-Flip Scattering
Amplitudes .
2. Isotopic Spin
- C. Inclusion of Coulomb Corrections
D. Phase-Shift Notation
w III. Polarization Measurements
A. Negative Pion Beam
71. ]5esign - .
- 2. Beam Cha‘rac‘tgristics .
B. Methods and Apparatus .
1.. Method
2. Apparatus
3. Counters and Electronics .
C. Experimental Procedures
1. General | |
2. Asymmetry Measurement
3. Calibration'
D. Polarization Results and Experimental Uncertainties
| 1. Results ,
2. Uncertainties
1v. Phase-Shift Analysis _
R ' A. Description of the Search Program

B.” PIPANAL 1CF4

Ny : 1. .Experimental Quantities Fitted

SCATTERING OF NEGATIVE PIONS ON PROTONS AT 310 MeV:
RECOIL-NUCLEON POLARIZATION AND PHASE-SHIFT ANALYSIS

W W = < )

12
13

13
13

15
18
18

22
23
28

29
29
32
32
33
33



-iv-

2. - Variation of Quantities
‘3. Error Routine
C. Phase-Shift Investigations
1. spd analysis |
2. spdf analysis
- 3. Error analysis
4.. Inelastic parameters
V. Discussion of Results
A. General

B. Comparison with theoretical predictions

1. p waves
2. d waves
3. fwaves
C. Conclusions
Acknowledgments |

"Appendices

A. Additional Equations used in PIPANAL
1. Tr+—p Inelastic Cross Section
2. w -p Inelastic Cross Section
B. Error Routine Discussion and Error Matrices
/ ' - 1. Calculation of Partial Derivatives
2. Use bf the Error Matrix '

3. Error Matrices for the Aforemeﬁtionéd_. N

Solutions .-

. 34
. 35
. 36
. 36
. 44
. 46
. 48
. 52
. 52

53

53

53

. 55

55
56

+ 57

57

. 58
. 58
. 58
- 60

60

1Y

¥



SCATTERING OF NEGATIVE PIONS ON PROTONS AT 310 MeV:
RECOIL-NUCLEON POLARIZATION AND PHASE-SHIFT ANALYSIS
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(Ph.D. -Thes»is)

I.iawrenc,e Radiation Laboratory
University of California
Berkeley, California

May 21, 1962
ABSTRACT

- The recoil-proton polarization in T -p elastic scattering at 310
MeV has been measured in the angular region 114 deg <0, ,, < 146
deg. These data have been incorporated with other polarization and v
differential cross-section data at this energy, and a phase-shift analy-
sis has been performed.

Recoil-proton polarization was measured at four angles with re-
sults: 0.784+0.132 at 114.2 deg, 0.648+0.076 at 124.5 deg, 0.589+0.072
at 133.8 deg, and 0.304+0.055 at 145.2 deg. -A beam of 3x10° pions/sec
was incident on a liquid hydrogen target; the resultant recoil protons .
were then scattered from a carbon target and the left-right asymmetry
measured. Plastic scintillation counters were used throughout.

An IBM 7090 search pfogra.m was developed, and the above data
Were- inco_rporafed with data on 1r+~p polarization and differential and
total cross section, 7 -p differential and total cross section, and charge-
exchange differential cross section. A. phase-shift analysis was per-
formed. |

Analysis for spd waves (up to £ =2) shows the existence of a.\.
single satisfactory solution to all the available datét, This solution is
of the Fermi type in the I= 3/2 phase s‘vhifts, and its I=1/2 phase shifts
are all small (< 6 deg), with the exception of the DE’/Z shift, ~Which is
% 15 deg. Errors on the phase shifts vary from 0.4 through 1.1 deg.

Extension of the analysis to spdf waves (£ =3), allows three sat-

isfactory solutions, one of which is an extension of the spd solution.
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" The other two solutions are also of the Fermi typefwith 1= 3/2 phase
shifts, but the dominant I = 1/2 phase shift is the Pl/z shift, which is
>20 deg in both cases. The phase-shift;errors are larger for these

three solutions, ranging up to 2 deg.

The single spd'solution and the three spdf -solutionsbare discussed

and compared with theoretical predictions.

b4



L 'e

o/

I. INTRODUCTION

In the past sevefal years increasing interest has centered about
the pion-nucleon interaction. Since nuclear forces are believed to be
due to the interchange of pions, the p'roblem of their interactions with
nucleons is of basic importance.

© Of the pion-nucleon interactions, the most re'adily accessible for

experiment are those involving charged pion beams and hydrogen targets.

A great deal of scattering data on TT:t—p reactions has been amassed over .
the past ten years as the stal'ting point for theories about the pion-nucleon
interactions. ' o 4 A
Pion-nucleon scattering data can‘bve 'analyzed in terms of partial
Waves This 1nvolves the decompos1t10n of scatter1ng amplitudes into
a series of terms, each term belng the part1al wave corresponding to a
particular orbital- angular momentum state. The presence of nucleon '
spin 1n the p1on—nucleon system causes each orb1tal angular momentum
state to be spl1t into two substates corresponding to total angular mo-
mentum J = £ £ 1/2 where £ is the orbital-angular- momentum quantum
number. :
The quantities known as phase shifts are measures of the magnitude

of the interaction occurring in a particular angular momentum state.

- They are related through the scattering amplitudes to the experimentally

measurable quantiti'es, i.e., differential cross section and recoil nu-
cleon polarization. Any theory of the pion-nucleon interaction must be
able to predict the behavior of these phase shifts; therefore, an ex-
perimental determination of the phase shifts forms a significant check
on any proposed theory. | - ‘

~ The experiment discussed in this ‘report is a measurement of the
polarization of the recoil proton in T -p elastic scattering at 310 MeV.
(In this report, the energies mentioned will refer to incident-pion kinetic

energies). It is one in a series of experiments aimed at a complete and

. unambiguous determination of the pion- nucleon phase shlfts at this energy.

A very accurate determination of . -p reco1l proton pelarization

and d1fferent1al c‘ross-:sectlon ‘has recently been carried out by Foote-




et al. ! and Rogers et al., 2 and a comprehensive phase-shift analysis -
by the same au’chors3 has yielded considerable information about the
phase shifts for the 1sotop1c splnI 3/2 pion-nucleon system. There
do exist m -p differential cross-section and recoil-proton polarlzatlon
data at 307 MeV, as reported by Zinov et al., 4 and Vasrllevskn and
Vi»shnya.kov;5 however, the experimental errors in this data dre suffi-
ciently large to preclude an accurate phase-shift determination for the
1sotop1c spin I=1/2 p1on nucleon system For this reason, a program

1 and

was 1aunched to measure, to the accuracy attained by Foote,
Rogers, the differential cross sectlon and recoil prot_on polarization
for m -p elastic scattering at 310 MeV.

An intense negative-pion beam (3>< 106 ™ /sec ) was developed at
‘t_he 184- 1nch‘synchrocyclotron. This was scattered from a hquld hy--
drogen target, and the fes_ultiﬁg recoil protons were analyzed by scat-
tering from a carbon target. Plastic s'_cintillatiori'countel:s were used
throughout to detect the particlee. Simultaneous with thepolar'.iza‘.tion
measurement, an accurate differential cross-section mea'.surefn:ebnt was
carried out by Rugge. 6 The data from these two experiments was
combined with those of Foote and Rogers, and a phase-shift an'aini.s g
was performed. ' -‘ -

In order to perform a phase-shift analysis, the idfinite series
repiesenting the scattering amplitudes must be terminated after a
finite number of terms. This number of terms will increase with in-
~ creasing pion energy; thls can be seen classmally by considering that,
as pion energy increases, .higher values of angular momentum can lie
within the range of the nuclear force. .

At a pion enérgy of 310 MeV, s ‘and p waves (£ =0 and 1) are
certain to contribdte, with a possibility of the appearance of d ‘waves
(£ =2). The phase-shift analysis here described included, at firet,

s, p, and d waves. ‘When'it was observed that the only satisfactory

spd solution included a rather large d-wave phase shift, the analysis
was extended to include f waves (£ = 3). The results of this analysis,

as well as.the details concerning the recoil-proton polarization measure-

ments, are discussed in this report.

o
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II. THEORETICAL BACKGROUND

This section outlines the connection between the observable quaﬁ—
tities measured and the phase shifts for the pion-nucleon system. Since
confusion often arises over the definition of unit vectors in polarization
measurments, an effort is made in the first subsection to specify the
pertinent conventions. The extension of the usual phase-shift equations
to systems of 7 -p and 7°-n is reviewed, and finally the equations in-
cluding nonrelativistic Coulomb and first-order. relétivitsxtiC Coulomb
corrections are presenfed. »

A. Relation of Polarization to Scattering Amplitudes

The notation used in this section is essentially that used by Bethe ..
and Morrison. 7 " The scattered wave function is related to the incident

wave function through the scattering matrix M:

Wy M ¢

scattering - incident’

" where M =g(6) + h(6) ¢ - f fora spin 1/2 particle incident on a spin

0 particle. The G is the Pauli spin matrix, and the unit vector fi is
defined by /

o — — . — — 2.

o kinc X 'k‘scatt / Ikinc>< kscaLttI ’ ‘ (2-1)
(from which it may be seen that A is perpendicﬁlar to the scattering
plane). _
The quantities g(6) and h(6) are the non—spin—flip and spin-flip

scattering amplitudes that are discussed further in Sec. II. B. The

‘differential cross section (hereafter referred to as DCS) is expressed by

do (6)
d 2

= 1g(0) 1%+ |ne) 1% . | (2.2)

The expression for polarization of a spin 1/2 particle (proton) scattered

from a spin 0 particle (pion) is given by7



= 2Re g (0)h(6) .-

P(0) = 3 n=P°P(O)L . (2.3)
lg©) 1%+ [h(6)l : '
.
In order to measure the polarization of a given beam of particles,
one may utilize scattering from a spin 0 material, in our case carbon.
The DCS for scattering of a beam of particles of polarization P, di-
rected along some unit vector fll is given by
d - 2 AN A a1
£Z(8) = (1g(6)1° + In(o)] )[1+P P, (0) Ay - Bi],  (2.4)
aQ .
where P, and fi, are as defined by Eqgs.  (2.3) and (2.1).
If the scattering is in the plane perpendicular to the unit vector
fij, then the quantity fi; . fi; is £ 1. Also, we have the quantity
| 1, (0) - I () .
Asymmetry = e (0) = L R y (2.5)
- IL(G) + IR(G) ,
where I; (6) = DCS(8, n]* ny = 1) and I (8) = DCS(6, ny - nz = -1). v

When Eq (2.4) is used, Eq. (‘2.5)'redu'ces to
e(8) = PlPZ(G). | g (2.6)

Equation (2.6) represents the asymmetry observable after two
consecutive scatterings in the same plane,.as shown in Fig. 1(a).
Althoﬁgh the recoil proton scattering angle 6] 1is to the right, the pion
scatters to the left, and hence unit vector ﬁl is directed out of the
paper, as is unit vector f, for 62 left. It should also be noted that
although the proton appears to scatter right in Fig. 1(a), the center-
of—massvpicture shown in Fig. 1 (b) indicates that both pion and proton

undergo a left scattering.
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Fig. 1. (a) Scattering geometry defined in conjunction with
Eq. (2.6). (b) Center-of-mass scattering geometry.



B. Scattering Amplitudes

/

1. Non-Spin-Flip and Spin—Flip Amplitudes

The derivation of the partial-wave expansions of the scattering

amplitudes is carried out in many references, as for example, Ashkin.

Neglecting Coulomb effects, the result for the non-spin-flip amplitude

is
@ax , nlﬂ'exp[216£+] 1 n, -exp[Ziﬁﬂ] 1 -
g(0)=x E 1(2+1) >3 +4 57T HPI(cos'ﬁ)
£=0 (2.7)
and the spin-flip amplitude is
max ;’n; eXp[ZiBf]ﬂz exp[Zié[l]_.._ 1 N
h(6)=x § ‘ = Pz (cos O) .
— L \ 2 -
=1 | (2.8)

Deﬁnitions of quantities appearing in Egs. (2.7) and (2.8) are:

x

orbital-ahgular—momentum quantum number.

phase shifts for orbital-angular-momentum state { and
total-angular-momentum quantum number J = £+ 1/2.

inelastic parameters corresp_ondihg to each of the phase
shifts. These are < I, being equal to unity in the absence of
inelastic scattering. The use of inelastic bparameters allows
the phase shift 6;: to be completely real even in the presence
of inelastic scattering; in this report the term ''phase shift"
refers to the real part 6[‘:’.

wavélength of either particle in the c. m. system (x = 1/k). =

P, (cos 8) = Legendre polynomial.

P, 1 (cos 8) = associate Legendre polynomial, defined by

0

'Pﬂl(cos 8) = sin@’d—(—cc-lmy—l:’l(cosm.

c.m. scattering angle for either the pion or the proton.
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2. Isotopic Spin

The TT++1p system, which has a z component of isotopic spin
IZ = 3/2, can exist only in isotopic spin state I = 3/2. However, the ‘
T -p system, for which I, = -1/2, is a combination of isotopic spin:states
I=3/2and1=1/2. As shown, for example, in Bethe and de Hoffman, 7
the scattering amplitudes for the three important reactions for chargedv

pions and protons are as shown in Table I. -

Table I. Scattering amplitudes for charged pionsiand protons.

Reaction - | Scattering amplitudes
Non-spin-flip Spin-flip
(a) mHp=rtip g(1=3/2) ' h(1=3/2)
(b) ™ 4+p=T +p l/3g(I'=3/Z)+2/3g(I=l/Z) 1/3h(1=3/2)+2/3h(_1:1/2)
(c) m+p~m+n i/;[.gu:a/m - g(I=1/2)] “/-g—[hu:a/m - h(1=1/2)]

{
C. Inclusion of Coulomb Corrections

The scattering amplitudes given by Eqs. (2.7) and (2.8) have been

extended to take into consideration the nonrelativistic Coulomb effects

as well as the first-order relativistic Coulomb corrections. This ex-’
tension was carried out By Foote3 and is based on the work of Stapp
et al, 10 Solmitz, 1! and Critchfield and Dodder. 12

In this section we use Foote's equations 7 and 8, of - Sec. B,3 to
write down Coulomb-corrected scattering amplitudes for the reactions
of Table I. It will now be convenient to distinguish between phase
shifts for states of isotopic spin 1/2 and 3/2. In Egs. (2.16) through

(2.21) we use the notation

+
61 = phase shift for orbital-angular-momentum quantum number

£, total-angular-momentum state J = £ % 1/2, and isotopic spin state

I=1/02;



Ny, = inelastic parameter (defined in Sec. II.B. 1.) corresponding

+
to the 6£ phase shift above;

ey
ali = phase shift for orbital-angular-momentum quantum number
1, total-angular-momentum state J = £+1/2, and isotopic spin state
1 =3/2; ,
+ . . .
Py = inelastic parameter corresponding to the three phase shift
above.
The new quantities to be introduced in Eqgs. (2.16) through (2.21)
are ’ eZ
ns=-—-—,: - (2.9)
hv -
where v is 'the laboratory-system velocity of the incident pion, and
 (hpBpB)/2 + (2up - DBLY/4
B = (2.10) v
: L+ Bn L)’P ' v
where Pp = magnetic moment of the protoninnucléar magnetons, and
. _ 5

ﬁP’ B . = c-m. velocities of the proton and pion divided by the velocity
of light.
$ . is the nonrelativistic Coulom ase shift of order £. It is
, is th 1 Coulomb ph hift of order £. I

equal to O for £ = 0, and is given by

{ .
§f = Z t.;a,n_1 (%) , for £=21. (2.11)

x=1

The addiﬂ'onal_ parenthetical (+,-,0r 0) thatappear.onthe phase shifts
in Egs:. (2.9) through (2.12) and (2.20-2.21) is necessitated because the
phase shifts used in those expressions are total phase shifts, differing
from the nuclear shifts by a small term ée:t, which is the complete
Coulomb phase shift of order £. This is explained below.

The total phase shifts are related tothe nuclear shifts by
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4

, P =0, 1", a,f(0)=a,* -§,%/2,

o, " () =a," -5*, 5,7 (0)=5," -§£*‘/z.
+ + +

by (V=8 -8

The complete Coulomb phase' shift of order £, Ql'i, ‘consists of
the nonrelativistic Coulomb phase shift defined by Eq. (2.11)., plus a

first-order nonrelativistic correction,
+ + o
4§£ —§£+A§£ (2.12)

where the first-order nonrelativistic Coulomb term is given by

2B = n |3 BB )+ Hawp - DERS /e B |5 (2.13)

A§l+ =nB/AL + 1) for £ 21, | . : (2.14) .
and _ ‘

A%, = -2B for s =1, (2.15)

All quantities used in Egs. (2.13) through (2.15) are defined in
conjunction with Eqs. (2.9) and (2.10).

The above Coulomb phase shifts for incident pion kinetic energy

‘T_ =310 MeV are given in Table II.

The Coulomb-corrected scattering amplitudes for the reactions
of Table I are: |
Reaction {a), t o P at o+ pP:

g (6) = = __)E.n__ exp {—inl_n[éinz (6/2)]}
2 sin 6/2 |
max L N |
+X Z {(“_ l:')" My e..x.p.[z_lélz‘_(ﬂ] - exp{Z@l] |
£=0 H

pﬂv— exp[Zio.z T (+)] -exp[Ziéﬂ]
21

+0 P, (cos@)} . (2.16)



-10-

Table II. Nonrelativistic Coulomb phase shifts, first-order relativistic _
corrections, and complete Coulomb phase shifts (all in degrees)
for incident pion kinetic energy T =310 MeV.

: ~ + , + . + ' -
1 %, ' Xy Ad, é/l ¢,
0 0.00 0.09 - 0.09 e
1. 0.44 0.09 T .0.17 0.53 0.27 -
2 0.66 0.06 -0.09 0.72 0.57
3 0.81 0.04 -0.06 0.95 - 0.75

Table III. Phase shift symbols.

Phase shift symbol

i J :
1=3/2 I1=1/
0 . 1/2 S3.1 ‘ S1)
1 1/2 L P
1 3/2 P, . P 5
2 3/2 D33 D3
2 5/2 D, 5 D, g
3 5/2 Fj 5 L
3 7/2 , L F |5
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and ' : £

. .+ - . -
ixn B sin6 , Zmax P£+exp[21“£ (+)] -p, " expl2iay” (+)]
h(0) = — +X
2 sin“ 6/2 =1 2
. 24+1 1 . ‘
-inB 7 £+1)1 Pﬂ (cos 8). (2.17).
Reaction (b) 7~ + p > 7 + p:
\ xn f . 2
g(0) = —————exp{in Insin (9/2%+
2 sin? 6 /2 L
Emax ‘
+ . .
. [ ey exp[Zlc'.;(-)]+2nlfL exp[216£+(-)]
+X L2+ 1) A
£=0 L 1
pz_ exp[Zia[_ (-) +2n1_ exp[Zié[(—)] exp[—Z@ﬂ -’
+4 -(24+1) ————— Pl(cos 8),
| 61 2 )
(2-18)
and
h(6) = ikn B sinf
2 sin% 6/2
+ .+ ot + .-
. inix [ Py exp[_Z ia, (-)] on; exp[Zlél (-)] Py exp[Zm.l (-)] -an
' 6

=1
' —exp[Zié[(B)]
6

g . .
+inB (fii—ﬂ Pll(cosG) . (2.19)
2(12 +1)
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0

Reaction (c), T + p = 7 + n:

" In this reaction, the incoming particles are charged and the out-
going particles are neutral. One may therefore, to the accuracy de-
sired in this analysis, consider the Coulomb perturbation to be half as
great as in reaction (b). Hence, when we use the proper isotopic spin

decomposition shown in Table I, the scattering amplitudes are given by

Y
max + Ay T +
NEE r p, expl2ia (O.)]—"l’][ exp(2i6, (0)]
g(6) =2 E t(l+1) £ L o
. 3 =0 21
p, expl2ia, (0)] - n, expl2ia, (0) :
pg A £ L ]Pﬁ(cos 0) (2.20)
21
and
£ : . _ -
g 8 o exnl2in, (0)]-n, T expl2i, (0)] p, expl2in, (0]
h(0)= —x { , ' e ' .
> 4m1 i e |
+ny, exp[Ziéi(O)] 1 e
Pl (cos 8). - - o -{2.21)

2

f

D. Phase-Shift Notation

From this point on, '"phase shift" will be understood to mean the
nuclear part of the total phase shifts used in Eqs.' (2.16) tirlrough (2.19).
The notation developed by Foote for the 1T+—p system (I = 3/2 state)3 is
extended to the I = 3/2 and I = 1/2 isotopic spin states. The symbol it-
self denotes the orbital-angular-momentum state (s, p, d, etc. ), the
first subscript denotes twice the isotopic spin, and the second sub-
script denotes twice the total angular momentum (i.e., 221, 2J). The

symbols are summarized in Table III.
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III. POLARIZATION MEASUREMENTS

This section is devoted to a discussion of the experimental as-
pects of polarization measurement. Since a double scattering is in—
volved, it was necessary to produce a very intense pion beam. This
production is discussed in detail, together with the éxperimental appa-
ratus and methods. Finally, the results are presented, and the un-

certainties discussed.

A. Negative Pion Beam

1. Design

After a short preliminary run had shown that ™~ beams produced
vby the external proton beam from the reaction p+n ~ p+p+ 7 were
unsatisfactory for polarization measurements, a study was made of
possible internally produced, pion beams in this energy region. A mech-
anical orbit plotter was used to trace the trajectory of the pion in the
cyclotron field. Efnerging from the cyclotron, the partic;les were
focused by the internal strong-focusing doublet quadrupole Q1 (Fig. 2)
in such a way as to travel through the channel in the iron ""meson
wheel' in a ‘p‘arallel beam. This beam was then refocused by a second
doublet quadrupole, Q, and then deflected by the 29X36-in. analyzer
and focused in the experimental area.

An IBM 650 program DIPOLE was developed, which applied
simple lens formulae to the two sections of the doublet quadrupoles,
and thus calculated current settings. The final angle of bend was -
chosen at 36 deg to remove the dispersion introduced by the cyclotron

field. -

2. Beam Characteristics

The elements of the magnet system were placed in their calculated
positions, and the flux through a 7-in. -diam argon-filled ionization
chamber, placed at the final focus, was then optimized by varying the

radial and azimuthal settings of the internal target as well as the
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material of the target. The target finally used was a Be target 2 in.
high, 1/2in.. radially, andl in. along the beam direction. Helium bags
were used throughout the accessible length of the magnet system to

reduce multiple scattering. The final beam had the following character-

istics:
Intensity (maximum) 3)(106 T /sec

Mean energy 310 MeV
Energy half width 5 MeV
Image full width at half max:
Horizontal ' . 4.2 cm
Vertical ‘ 3.2 cm
i~ contamination 4.5%
e coﬁtamination <0.3%

It was noted that the position of the final focus was extremely
sensitive to the radial setting of the internal target. The calibration

of the radial target position was seen to be insufficiently accurate for

‘the cyclotron operator to set the target properly at the start of each

day's operation. For this reason it was necessary to determine the
radial target position experimentally at the start of each run. This
was accomplished by sweeping a pair of scintillation counters, whose
defining dimensions were 1/4><1/4' in., across the beam and thus meas-
uring the beam profile. A constant check on possible beam shifts dur -
ing runs was accomplished by observing the ratio of counting rates in

couhters Ml and My, which is discussed in the neXt section (III. B).

B. Methods and Apparatus

1. Method
As shown in Sec. II. A,
I.-1
e=- R _pp ] (2.6)

IL+IR 1 2.
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where P1 ,is the polarization of the beam, and P, is that polarization
which would result from scattering an unpolarized beam through an
angle 6,. The quantity P, for carbon i‘s_known, so one could in
principle calculate P, for the system; however, since our counters
have finite size, and the analyzing target consists partly of carbon and
partly of scintillator (see counter Bj -Fig. 3), weé chosé to. - .
determine P, experimentally. This is discussed in'ASece III1.C. 3.

The angular region measurable with a carbon analyzing target is
severely limited by the sharp drop in polarization of protons on carbon
below proton energies of about 120 MeV. For the largest of our proton
angles (about 32 deg lab,), the energy of the recoil proton as it leaves |
the hydrogen target is only 130 MeV; we arevthere_fore forced to use a
thinner carbon target to minimize additional energy loss. This reduces
the counting rate and makes measuremeﬂt of polarization at larger ..
angles impractical. Also, measurement of polarization at angles less
than 17 deg is hindered by the main pion beam hitting the one analyzing.
telescope. v |

Referring to Fig. 3, :the recoil protons were defined by a coin-
_cidence of the form ABC ICZ | Cvo.l‘lnbte‘ré A a.LndIMB eou.ﬁted' tHe,pfofen;
~and C; and C, the scattered pion. The requirement of CC, coincidence
with AB sharply reduced the possibility of counting inelastic protons,
because these would not usually obey the required kinematics. The
protons were then scattered by the carbon target (and also, to some
extent, by counter B), and the relative intensities into counters D1E)
and DZEZ‘were measured. In the orientation of Fig. 3, the quantity
'Ip, of Eq. 2.5 is given by (ABC|C,D|E{)/ABCC, , and Iy is given by

(ABCC,D,E,) /ABC C5 . o

In the interest of reducing the accidental rate, counter ¥ was
placed in anticoincidence, so that the number of triggers for counters
D and E would be reduced to that number of recoil protons actually
scattered out by counter B and the carbon target. The rate of -
ABCC,F compared to ABC,C, was about 12% i.e., = 12% of the

protons scattered from the carbon target and counter B. ‘ .
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Counters M1 and M2 were used to monitor the center line of the
recoil proton beam. Counters M1 and M, were moved laterally
until the rate§ ABC,C,M; and ABC 1C2MZ were approximately equal.
Any deviations from equality during the course of a run then indicated

a shift in center line.

2. . Apparatus

The liquid hydrogen target consisted of a 6-in. -diam Mylar can
encased in a 12-in. -diam vacuum jacket. At beam level, the vacuum
jacket consisted of 0.03-in. Mylar windows 6 in. high, supported above
and below beam level by 1/2-in. Dural flanges. The Mylar extended
around for 270 deg, making it possible to measure the differential cross .
section simultaneously with the polafiiation measurement. In order to
measure the target-empty rate, the liquid hydrogen was forced out of « .-
the targetv and back into th_e‘reservc')i.r by introducirf'g helium gas at the %
top of the hydrogen container. The level of hydrol_g(én in the target, as
well as in the hydrogen reservoir, was monitored by the use of Magnehelic 1
gauges that measured pressure diffe.rehtial betweeﬁ the top a'.nd‘ the
bottom of the target.
' The scintillation counters were mounted as shown in Fig. 4. - . ;
Only the scintillator parts of each counter are shown. A transit was
mounted directly above the pivot as shown; the angle 0, was then set
by sighting on the centers of counters Dj and D,. Counters M;
and M, "moved perpendicular to the beam line on a screw-driven table,
which allowed setting to approximately 0.05 cm. The dimensions of the

scintillators are given in Table IV.

3. Counters and Electronics

All the counters were rectangular polystyrene scintillators,
connected through lucite light pipes to RCA 6810-A phbtomultiplier o "

tubes.
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The negative output puls/e from the phototube was then amplified -
and fed into Wenzel coinci.dence.circuits. 13 Attempts to form a four-
fold (ABC 1C2) coincidence proved unsuccessful, owing to the significant
time spread in C; and C, pulses with respect to A and B pulses.
Wherever counters of rather large dimensions were used (counters C,
D, and E), it was necessary to form double coincidences of the form
C;iCz, D;E;, etc., and to mix the output of these doubles with the other
pulses. A complete block diagram of the electronics is given in Fig. 5.
The basic ABCC;, coincidence was produc\ed by two identical circuits;
both these outputs were scaled, and orie was used as a trigger for the
remaining four types of coincidences, namely ABC1C2D1E 1?‘,

ABCC,D,E,F, ABCIC;M], and ABCC,M,;.

Table IV.  Dimensions of counters

Counter - ‘ Dimensions (in.)
A - L 1/AX2K6

B | - 1/4%2X8
C,andC, 3/8x12x 12
D; and D, ) _ 3/4X4X 20 .
E; and E, 3/4X6X22

F 3/4X6X 12

M, and M, 1/4X 1X 6
( ,
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Fig. 5. Block diagram of electronics: HPA = Hewlett-Packard

Model 460A amplifier; HPB = Hewlett-Packard Model 460B
amplifier; DB = 125 variable-delay box; INV = Inverter;
Disc = Discriminator; WC = Wenzel-type coincidence circuit.
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C. Experimental Procedures

1. General

All the counters were first placed in the pion beam and the signals
properly delayed.  Voltage plateaus were also determined while the
counters were still in the pion beam; then the delays were adjusted to
compensate for the velocity difference between pions and recoil protons.

The apparatus was then moved to an angle 6, of a.Lbout'ZO deg,
and’'the voltage plateaus were determined for protons. Copper absorber
1/2 in. thick was placed between counters Ci and CZ to reduce the
number of low-energy particles givinga C;C, coincidence. Copper
absorber was also placed between counters D and E; the amount was
determined by the procedure described in Sec. IIIC.2.

When the voltage levels had been determined for all counters, all
voltages were changed by 50 volts; this produced no change in counting
rates. This check was' repeated periodically throughoﬁt the experiment.

' Accidental rates were determined by delaying counters D and E
with respect to the ABC licz_l*_‘ trigger by 52 nsec. This is the time dif-
ference between two radio-frequency fine-structure pulses of the cyclo-
tron. The accidental counting rate was observed to be strongly dependent
on the duty cycle of the cyclotron. In order to monitor the cyclotron
duty cycle, the 6utpuf of a scintillatioﬁ counter placed in the main pion
beam was displayed on an oscilloscope, and a continuous effort was
made to keep the beam spread out over as long a time interval as pos-
sible.

At the smallest proton lab angle (16.9 deg) the accidental rate in
the DE telescope nearest tfle main pion beam became prohibitive; this
was improved by stacking lead betwéen counter B and the main pio,n'
beam, thus shielding the telescope from the hydrogen target.

Possible differences in efficiency between counter telescopes
DjE; and DZE, were minimized by reversing the positions of the two
telescopes regularly; the asymmetries measured by each telescope were

then compared. The asymmetry measured by each telescope at each
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angle is recorded in Table V, and the final asymmetry quoted at each
aﬁgle is the average of the two telescopes.

Asymmetry was measured at equal angles to the left and right of
the main pion beam; since the unit vector #, defined in Sec. II.B. 1, is
opposite in direction for these two scatterings, the preferred spin direc-
tion for a given value of polarization (P;) also cha‘nges sign. . The
quantity P, remains the same, so the asymmetry as defined by Eq.
F(Z.5) should also change sign. This was observed to be so, and is

shown in Table V..

2. Asymmetry Measurement

Counter telescope AB was positioned at each recoil angle by
means of a transit on the pion beam center line, downstream from the
hydrogen target. Counter B was. beam-defining, and the angle was set
to about 0.05 deg. Counter telescope CICZ' was then set at the corre~ . .
sponding recoil-pion angle by means of an angle scale inscribed on the
supporting table. This setting was accurate to about 0.2 dég.

_ The first measurement made at each recoil anglé was a range
determination using both counter telescopes D;E; and DpE,. With
the telescopes set at ) = 0 deg, the ratio (ABCICZDE)/(ABC1C2D)
was measured and plotted against thickness of copper absorber between
D and E. A typical range curve is shown in Fig.6. The range deter-
mined 'frorn these curves agreed well with kinematics, and agreement
between the two DE telescopes was also good.

‘Examination of the tail of the range curves indicated that of the
real ABC1C,D counts, only about 2% were particles of range greater
than that of protons for this recoil angle. The '"set point'" shown in
Fig. 6 indicates the afnount of copper absorber placed between counters
D and E during asymmetry measurements. This absorber was used
in part to discriminate against protons that scatter inelastically from
carbon and in part to reduce the number of DE coincidences from
stray low-energy particles. The '"set point" for each recoil angle is

given in Table VI.
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- Table V. Asymmetry summary.

61 (lab) Telescope D E) Telescope D,E, Average érsymmetrya :
(deg) ' ’
16'.‘6\'1_,: -0:092+.047° | -0.183%.050 | -0.135+.034
16.6 R} 0.235£.067 0.143%.050 0.1774.040

22.1 L¥ -0.192+.049 -0.270%.044 -0.236%.033
ZZ.jl-R)- . 0.288+.050 | 0.304%.050 0.296+.035
26.6 R® 0.3662.046 _ 0.377+.041 0.371%.031
31.6 L 'L0.295+.060 -0.193%.064 -0.248% .044
31.6 R} 0.298+.088 - 0.330£.079 . 0.316£.059

a

The ave_r.age asymmettry was obtained by combining the measurements
of the two telescopes'weight'ed by the inverse of the square of their errors.

The error:quoted is equal to [(L\el)'&f(AeZ)'Z]'l/Z, w.he:r,efAel and'AeZZ
are the errors on the asymmetry measured by telescopes 1 and 2.

b All errors quoted on this page are based on counting statistics.

Time limitations made it impractical to measure the asymmetry
for 04 = 26.6 deg L. In view of the good agreement between left and
right at the other three angles it was deemed unnecessary to make the

measurement at 91 = 26.6 deg L.
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Table VI. Summary of pertinent quantities

Quantity Mean recoil-proton lab angle ‘(deg)
16.6 L22.1 26.6 31.6
c.m. scattering angle (deg) 145.2 133.8 124.5 114.2
Analyzing-telescope angle o _ ’
Q, (deg) , . i5.5 15.5 17.0 17.0
Thickness of carbon—analyzihg :
target (in.) - 2.0 1.0 0.5 0.5
Copper absorber thickness _ » C
between counters D and E g/cm ) 5.03 7.90 6.42 4.29
Approx scattefed—proton rate _ . ‘
(ABCC)) per miriute 1250 900. 680 650
Approx average analyzed— : : o .
proton rate (ABCC, DEF) per :
minute 3 1.3 0.7 0.9

Total number of full-normal :
counts recorded o 2400 2200 1350 1250

The center line of the recoil-proton beam was then determined
for the two telescopes. This was accomplished by sweeping each tele-
sﬂcope across the proton beam in l-deg steps, and plotting '
(ABC 1C2DE)/(ABC ICZ) against 92. A proton be"am profile measured
in this manner is given in Fig. 7. The center 1ine was determined to
0.05 deg. Checks were made frequently during the early stages of the
experiment to ascertain the constancy of.the center line. Later it was
concluded that keeping the ratio (ABC 1CZM1)/(ABC 1C2M;) between
0.90 and 1.10 guaranteed a shift in proton center line of less than

0.05 deg.
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Telescopes ClDl and C,D, were then set at. equal angles 9'2
measured from the center line as determined by the respective telescope.
The following four counting rates were measured:

(a) ‘target full, delays normal;
(b) ‘target full, DE delayed 52 nsec with respect to ABCC2F;
(
(

c) target empty, delays normal; and

)
d) target empty, DE delayed 52 nsec with respect to ABC ICZ?'
Rates (a) and (b) were monitored 'against the ABCC; rate, as
‘well as against readings of an argon—ﬁlled ionization chamber placed

in the main pion beam before the hydrogen target; rates (c) and (d) were
"meonitored again'st the ionization chamber only. »

At all angles, rate (c) was less than 4% of rate (a). At 6 = 31.6
deg, ra'ge (b) was about 7% of rate (a), and at all other angles it was
less than 5%. As a check on the validity of yme_asJi.iring accidentals in.
this manner, the beam was turned down to ébéﬁt 1.5X 100 T/sec, ~and
asymmetry was measured for 6 = 31.6 deg.:‘ Rate (b) dropped to less
than 5%, but the net counting rates were unchanged. Rate (d) was in
all cases less than 1%.

Table VI summarizes pertinent,quantities for each of the angles

measured.

3. Calibration’

As mentioned in Sec. III.B. 1., the quantity P, was determined
experimentally for this counter arrangement. This calibration was
carried out by Footé, 1 and will be discussed very briefly here. The
reader is referred to the above publication for a detailed account of the
calibration procedure. o

A beam of protons was scattered from a l_/Zmin, carbon target at
an angle of 13.8 deg. These scattered protons were then analyzed by the
counter system under conditions identical with that of the actual asym-. ...
metry measurements, as discussed in Section III.C.2. This measured
quantity e, is then equal to P P,, where P; is the polarization of

the once-scattered proton beam. P; was calculated from data of
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Dickson and Salter, 14 Tyren et al., "7 and Hafner.l® The values of

P, = ez/fPI quoted in Table VII are the averaged values given in Foote.

D. Polarization Results and Experimental Uncertainties

1. Results

Table VI presents the measured asymmetries as determined by
the two telescopes for 6; to the left and right. The results from the
two telescopes are averé.ged, and the values for 91 left and right are

in turn averaged and listed in Table VII.

2. Uncertainties

The principal sources of error in the asymmetry measurements
are due to counting statistics and uncertainty in recoil-proton beam
center line. Counting statistical errors in asymmetry are related to

errors in I.L and Ig (see Eq. 2.6) by17

2/ 2

L R

These errors are quoted in Table VI.

Uncertainty in asymmetry due to uncertainty in center line is

related to angular uncertainty byl-?
ge  nI)
v, Tan,

where I is the average DCS for scattering at a lab aﬁgle 0, (see
"Fig. 3). For the geometfies used in the aforementioned ekperimental
arrangements, de/d@z = 0.2/degree.

As was stated in Sec. III.C, 2, the recoil-proton beam center
line was determiﬁea to about 0.05 deg from the umbra curves. The
- monitor counters M; and M, guaranteed the constancy of the beam
center line during the course of any run. The transit made angle

settings possible to about 0.02 deg, a negligible contribution to the



Table VII. Polarization summary.

Center-of-mass angle (deg) 114.2 A 124.5 133.8. : 145.2
| Average asymmetrya  0.269%.037P 0.371+.032 1 0.264+.026 0.152+.027
Analyzing ability® . 0.344.034 0.573%.046 0.449+.032 0.5004.020-
' Recoil-proi:on polarization  0.784%.132 0.648+.076 0.589+.072 0.304%.055

This is the average of the two asymmetries measured by telescopes 1 and 2 given in Table V.

The individual quantities have been weighted by the inverse of the square of their errors.

This.quoted error in asymmetry includes the uncertainty of 0.09 due to center-line unc'ertainty

(see Sec. III. D.2.)

This ané.l’yzing ability was measured by ]F‘oot'el and is the average of ‘thé.values_ given in

Table V.

-0¢-
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uncertainty. From these considerations, the rms error due to center
line uncertainty was e ~ 0.010. .This error was added in rms fashion
to the counting statistical uncertainties, and quoted in Table VII.

The mean lab recoil-proton angle is assumed to be known to 0.40
deg. This uncertainty arises partly from uncertainty in the pion beam
center line, and partly frbm the calculation necessary to determine the
mean lab angle from the actual center line of counters A and B.
(This calculation is necessitated by the variation of the DCS across the
finite size of counters A . and B.) The incident pion beam center line
was determined to 0.3 deg, and the setting of the A-B center line by
transit was good to about 0.1 dég. The pion beam was centered on the
liquid hydrogen target at the beginning of each day by methods outléned
in Sec. III. A, 2, so that variations of beam center line from day to day

were minimized.
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IV. PHASE-SHIFT ANALYSIS

The polarization data presented in Sec. III were incorpdfa'ted
with the wt-p polarizvation data of Foote, 1 the nt-p DCS and total -
cross-section data of Rogers, 2 and recent n;-p DCS and total cross-
section data of Rugge. 6 A pha)se-shift analysis has been performed;
this section deals with the IBM 7090 program developed for this purpose,
and the results of the ph_asé—'shift search are presented.

A. Descrip‘tion'of the Search Program

- As may be judged from Sec. II, the phase-shift expansions of the
scattering amplitudes describing the 7-p system are v'ery‘ complicated
functions, and so there is n_o'simple»way of deriving values for the phase
shifts from the available experimental data. Modern high-speedvcom—
puter techniques make it possible, however, to calculate very rapidly
the values of DCS and polarization predicted by a giveﬁ set of phase
shifts. \ ' I ~

The PIPANAL program developed for this purpose,employs the
grid—seé.rch method for fitting the phase-shift equations to experimen-
tal points. A tentative éet of phase shifts is fed into the program, and
the computer then varies all the phase shifts in turn, in order to min-
imize the quantity

M:Zl‘Qcalg_Qexp |° , ' (4.1)
BN

exp

where Qc refers to the value of DCS or polarization calculated

alc
from a given set of phase shifts, Qexp is the corresponding experi-
mentally determined value, and AQeXp is the experimental uncertainty

Q .
exp
considered in a given case.

The summation is over all the experimental quantities being
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Each phase shift is varied in turn, and this proeedﬁre is repeated
until a complete eycle results in no reduction in the value of M. Ther
increment of change in phase shift is then reduced, and the above proc-
ess is repeated urntil the increment reaches a certain ﬁredetermined

- value:

B. PIPANAL 1CF4

PIPANAL 1CF4 is based on the IiBM 704 program developed t\)y
Foote, 3 and has evolved through several intermediate p.rogra.ms. It
is the most complete program developed, and the only one discussed
in this report. It is to be understood, however, that not all the analy-
sis discussed in the following sections was performed by this program,
but sometimes by less inclusive and therefore less time-consuming

programs of the same type.

l. Experimental Quantities Fitted

‘Experimental quantities‘ fitted by PIPANAL 1CF4 are:

(a) DCS-The program accepts up to 30 DCS poinfs each for the three
reactions given in Table I. '

(b) Polarization—The program accepts up to 10 points each for the:
reactions in Table I. | ‘

(c) Total cross section—-The program accepts a total cross section
for 1r+-p and ©T-p’ scattering. Since total cross- sections are usually
determined experimentally between two cutoff angles, the program fits
them to the numerically integrated value under the calculated DCS

‘curve between these cutoff angles. A predetermined fraction of the
calculated inelastic cross section was also added (see Eqs. A.3 and
A.4 of Appendix A), and in the case of T -p scattering, the integration
was under the DCS curve for both reactions (b) and (c) of Table I.

(d) Inelastic cross section—Only the ™ -p inelastic cross section was
fitted, since only the I = 1/2 inelastic parameters are allowed to vary

L

(see Sec. 2 below).
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(e) Legendre coefficients for tharge-exchange scattering—The com-
monest way of measuring the DCS for-the reactions T + p—=>7ml4nis to |
measure the y-ray distribution from t_he.decayi'ng_ 7%. When this is the
case, the y-ray distribution is fitted in a Legendre expansion, and the

0 distribution are related

- coefficients for a Legendre expansion of the ™
to those of the y distribution. 18 For this reason, data on the |

T +p—>7° +n DCS is often quoted in terms of these Legendre éoef-
ficientis-v Therefore the program was equipped to fit these coefficients
with coefficvie‘ntys calculated from the phasé shifts. Up to seveﬁ Legendre
coefficients can be fitted (corresponding to an spdf wave fit to the vy

distribution).

2.Variation of Quantities

Quantities are varied in PIPANAL 1CF4% as follows: ‘

(a) APhase shifts—The program varies phase shifts for I = 1/2 and
I = 3/2 states. It can perform sp, spd, or spdf analysis for Tri-p
systems of any energy- ' . , . ‘

(b) Inelastic parameters—In fhe case of ,1T+—p scatter{ng, the total
inelastic cross section is quite small as compared With the total elastic
cross section (< 1 mb as compared with 60 mb) For this reason, the
irllelasticl:‘pa.ranv'ieters p;: (see Sec. II.B) are not varied in the search.
It is possible, however, to insert » p)ei different from 1 into the input
data, and thus study the possible effects of inelastic parameters on the
phase shifts. The inelastic cross section for TT-fp scattering is, how-
ever, as large as 1.5 >rnb,‘ as compared with ® 29 mb for the T -p
elastic total cross section. (In this context "elastic" réfers to both
T +p > Tt pand T +p -0 4 n reactions). We accrordingly allowed
the quantities n[‘: to b'e varied in the séar_ch, with the constraint that

+ : .
they had to remain in the interval 0 < Ny < 1. The assumption made

here w,asvthat since the total inelastic cross section for 1T+—p (which is
all isotopic spin 3/2) is ye'ry small, the contribution to the larger 7 -p

inelastic cross section must be from the isotopic spin 1/2 state.
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(c) Normalization parameters—In the meaéurement of DCS there
is always an uncertainty of a few percent in the normalization of the
angular distributions. In order to enable the search program to move
the angular distribution up or down an amount corre sponding to this
uncertainty, quantities e™, ¢ and ¢° were introduced for each of the
three differential cross sections mentioned in Sec. B.l above. Each of
the experimental DCS points was multiplied by the quantity (1+ €)to
adjust the distribution, and the‘contribution of DCS to Eq. (4.1) was :

modified to become

DCS__,. - DCS___ (1+¢) 2 . )2 |
M(DCS) = XPp + , (4.2)
ADCS Ac
exp

where Ae€ is the experimental uncertainty in normalization.

3. ' Error Routine

The validity of any phase-shift solution is limited unless the
error on each phase shift is known. Approximate values of the errors
on the phase shifts were determined. These are quoted in Appendix B.

The method used in deterfninihg errors was the standard error-
matrix approach. After the minimum value of M (Eq. 4..1) has been
found, the shape of the M hypersurface near the rﬁinimum is examined
by computiﬁg the second partial derivatives of M with respect to each
of the phase shifts used. These partial derivatives form'a matrix G
defined by |

_1atm
e 96,96,
1]

o] —

This matrix is then inverted, yielding the error matrix G_l with the

properties

-1, _ ' -1, _ ..
(G™7),, = (A8)__» and (G )ij = Cy; (88,) (Aéj)rms(for i£3),

where Cij is the correlation coefficient.
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v For details of the calculation of the elements of G, comments on
the use of G-1, .and references, see Appendix B.. Error matrices for

the principal phase-shift solutions are also presented in Appendix B.

C. Phase-Shift Inve stigations -

~ The general approach followed in searching for phase-shift solu-
tions to the experimental data is the random- start1ng point method A
large wnumber of sets of random phase shifts (over the period -180 deg
< & < 180 deg) are introduced as input data, and the program ls requested

to find the local minimal value for M. If a sufficient number of randomly

located starting points is used, th:e.probability of having missed a '"good"
solution is small. _ '

When all phase shifts are allowed to vary simultaneously (a5 in
PIPANAL 1CF4) the process of random searching is extremely time-
consumingi. For this reason, the following method was used: The three
(one spd and two spdf) I = 3/2 solutions of Foote3 were taken as starting
points, and were held fixed in all of the »fando’m searching.. Only the =
- DCS data of Rugge (Table VIII)é_’, were fitted in this manner,. and for each
I ;3/2 set, there were in general several I = »1/2 sets that.satisfactorily
fitted the DCS data. These ''good' solutions were then inserted into
- PIPANAL ICF4 the mt-p data shown in Tables IX and X were included,
a.pd all phase shifts were allowed to vary‘.simul;caneously,v Polarization
data were then introduoed_, and finally charge-exchange DCS (,Caris1 )
in order to rule out some of tihe I = 1/2 phase-shift sets. This procedure
is discussed in detail in the following two subsections.

The data used in all of the analysis following is given in Table VI
through X.

1. spd Analysis

A least-squares fit of the DCS data of Rugge6 indicated the need
for at least d waves to obtain a satisfactory fit. This section deals

with the details of the spd analysis. -
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Table VIII. Differential and total cross section® for m +p— 1 + pb,.
: measured by Ruggeb ‘

ecm %UT(_@_ rms uncertainty
(deg) ‘ cm (mb/st) -
(mb/sr) '
34.7 1.184 ‘ 0.043
41.4 1.171 - - 0.035
47.9 1.151 0.033
54 .4 1.125 0.029
60.6 1.027 0.027
166.8 0.970 0.023
72.7 0.853 0.023
78.5 0.774 0.018
84.1 0.690 ' 0.018
89.6 0.635 0.015
94.9 0.561 0.017
100.0° 0.498 0.013
105.0 0.461 0.014
109.8 0.480 0.009
114.5 0.482 0.016
119.0 0.514 0.012
123.5" 0.536 0.013
127.8 0.590 0.018
132.0 0.663 0.016
136.0 0.715 . 0.016
140.0 0.764 0.021
144.0 0.822 0.020
147.8 0.817 0.021
151.6 0.889 0.025
155.2 0.941 0.015
158.9. 0.991 0.028
162.4 0.932 0.029
166.0 0.944 . 0.042

The total cross section used in the analysis was 28,8+0.8 mb, eval-

uated betweén cutoff angles 8.4 and 167.4 deg. The normalization un-
certainty (see Sec. IV.B) was taken to be Ae = 0.04.

See reference 6
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Fermi 3/2 starting point. In the analysis by Foofe3 (see his

Table IV) ,- only the solution of the Fermi type is totally acceptable.
The Minami solution is theoretically unsatisfactory because of the very
large D3"3 shift, and the Yang solution is highly improbable because -
of the large M value. We therefor.e concentrated our efforts on the
Fermi solution (the Yang type is mentioned briefly bé_loW).

Using Foote's Fermi solution (S3,] = -18.5; P3 ;= -4.7;

P3 3 = 134.8; D3 3 = 1.9; D3 5 = -4.0) as the fixed I = 3/2 phase shifts,
a total of 115 random sets was introduced. Four distinct solutions ’
were found to be acceptable fits to the m -p DCS data. " These four
solutions, after having been fitted with PIPANAL ICF4, were as shown
in Table XII. The T -p recoii-.pi‘oton polarization prédicted by these
four’lsolutions is shown in Fig. 8. It is obvious from the figure that
solutions (1) and (2) are in agreement with the data, Whiie (3) and (4)
are not. Inclusion of polarization data in the program causes solution
(3) to degenerate into solution (1), while the M value of solution (4) in-
creases to a very unacceptable 450 (where 48 is expected)

As is also clear from Fig. 8, polarization data in the reglon we
have explored are quite 1ncapable of resolving solutlons (}) and (2).
One method of resolving this ambiguity would be to obtain T -p polar-
ization data atﬂ_'srn-al'ler angles. Such data do not exist at present, but
an attempt has been made to resolve the two solutions by the inclusion
of m" +p~>71% +n DCS19 This procedure was suggested by the large
variation in the backward d'irection> of the predicted charge-exchange
.DCS curves shown in Fig. 9.

Inclusmn of the coefficients of Table XI together with the polar-
ization data of Table VII in the search program yielded the results
shown in Table XIII. Evidently, only solution (1) of Table XIII now has
a reasonable M value, and is therefore considered the or_ily satisfactory
spd solution to all the aforemen’cionéd data.

Yang 3/2 starting point. While the most intensive work has been
3

centered around the Fermi solution, the Yang spd solution of Foote
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Table IX. Differential and total cross section” for TT++p—’ at +P

measured by Rogers. b

Gcm ~da(9) rms uncertainty
(deg) d cm (mb/sr)
‘ (mb/st) A
14.0 18.71 1 0.60
19.6 16.05 R 0.46
25.2 13.82 0.31
30.6 12.99 0.25
34.6 ' 12.28 0.27
36.2 11.65 0.27
44.0 9.82 0.15
51.8 8.59 0.26 .
56.8 7.54 0.28
60.0 6.58 0.22
69.6 4.73 0.10
75.3 3.62 0.09
81.6 2.77 ~0.08
97.8 1.66 0.07
' 105.0 1.51 0.06
108.1 1.62 0.07
120.9 2.08 0.08
135.2 2.93 0.14
140.6 3.36 0.12
144.7 3.76 0.15
152.2 4.10 0.21
156.4 4.51 0.17
165.0 4.88 0.12

The total cross section used in the analysis was 56.4% 1.4 mb,
evaluated between cutoff angles 14.7 and 158.0 deg. The normalization
uncertainty (see Sec. IV.B) was taken to be A¢ = 0.06.

See reference 2.
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‘Table X. Recoil-proton polarization for nt +p-' s ps measured by

Foote?

ecm P (6) ; : rms uncertainty
'(deg) ‘

114.2 0.044 0.062

124.5 -0.164 ’ 0.070

133.8 -0.155 ' - 0.044

145.2 -0.162 ‘ 0.037

o
See reference 1.

Table XI. Coefficients for Legendre polynomial fit to ™ + P~ ™ +n
:DCS, measured by Caris? at 317 MeV.

max

' £
do(8) _ > ’ )
Wc_rn__ o A‘e Pl(cose)

Coefficient r‘m.s:runcertaintyb
(mb/sT) _ ~ (mb/sr)
Ay 1:39 | 0:06
A2 1.87 0.11
Ag 1.50 0.17
A4 0.01 0.15
A5 -0.35 0.42

2 See reference 19.

b The normalization uncertainty (see Sec. IV.B) was taken to be

Ae = 0.10.
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Fig. 8. Recoil-proton polarization in 7 -p elastic scattering
at 310 MeV. Cases plotted are those given in Table XII.
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Table XII. spd solutions to ™ -p DCS and total cross-section data (also TT+—p DCS, polarization, and
total cross-section data). ' '

_ana : ' '
expected ¥ S3,1 P31 P33 P33 D3 S, By Py3 Dy D
(1) 52 .4 -18.8  -5.0 = 134.9 1.7 - -3.7 -5.8 4.0 4.4 -5.3 15.1
(2) 61.3 -18.2 -4.5  135.1 1.9 -4.0 -7.2 258 7.3 3.0 -0.5
- (3) 57.8 -18.5  -4.7 . 134.7 1.9  -4.0 4.2  10.5 -2.0 3.6 -0.0
(4) 52.1 .~18.9 -5.0 134.3 -~ 1.8 ° -3.9 -4.0°  -0.6 5.3 "17.3 1.0

. Table XIII. spd solutions to Trh;p DCS, polarization, total cross-section and charge-exchange
coefficients (also m -p DCS, polarization, and total cross-section data)

a

-5 R
M ypected 20 S3,1 Pso1 P33 D33 Dyge S1y Py Pys Dz Dy
(1) 71.2 -18.8  -4.9 1355 1.7 -3.6 6.2 -4.0 3.9 5.5 15.2
(2) 123.4  -18.3  -4.4 1357 1.8 -3.9 2.6 28.7 6.7 2.8 20.3

means the number of d.‘egrees of freedom, i.e., (number of experimental points fitted)
expected , :

minus (number of phase shifts varied).

_€.’&-
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is perhaps reasonable enough to merit some consideratién. We‘thvere-
fore did a conéiderably'sr’nalier amount of random seé.rching in this

area also, using as fixed input:3/2 shifts: 3, = - 23.2; p3,1'= 126.2;
P3,3 = 159.0; D3 3 = 7.5; and D3 5= -4.6. In 40 random sets, only one .". .
solution of M< 50 (M = 23 is expected) appeared; but this solution can

be ruled out by 7 -p polarization data.

2. spdf Analysis

The same general procedure Was followed for the spdf analysis
as for the spd analysi.s. In this case, th'e.F'ermi I and Fermi. Il Spdf
solutions of Foote3 were regarded as the most important, and the re-
maining solutions were treated somewhat more sketchily. ('"Random!"
sets were random only in s-, p-, and d-v&avé phase shifts, with the f
waves assumed small and started at zero deg in all cases. However,
the final solutions often yielded f-wave phase shifts as large as 10 deg, R
leading us to believe that no great bias was introduced by sta\rting the

f-wave phase shifts at zero.

Fermil and II.. Fitting the T -p DCS data with I = 3/2 phase shifts

~ fixed yielded, as one might éxpect, a considerable number of satisfac-

tory solutions. A total of 400 random sets was run, with a total of 23
good solutions emerging. Of these, /14/;>vere of the Fermi I type.‘vand 9
were of the Fermi II type. o

Addition of T -p polarization reduced this number of solutions to
5; these are presented in Table XIV.. Use of the five charge-exchange
DCS coefficients of Cra.ris19 eliminated solutions (4) through (7); the
remaining three are shown in Table XV, and these three solutions are
sufficiently different to warrant short individual discussions:

Solution (1)-This is the spdf counterpart of the only good spd solution

- given in TaBle XII. Thel = 3/2. phase shifts of the final solution agr'ee

very well with Foote's Fermi I solution.3‘ Each type of data is individ- R
ually‘ fitted well. The M value is very close to the expected value; it
is the most frequently occurring solution, having appeared 37 times

during the random search.



Table XIV. spdf Solutions to TT+—p and m -p DCS, polarization, and total cross section.

_47a
Mexpected_47
Started
M from S;,  Pyy Pyy o D3y Dyg F3g Fiyo S, Py Pis D3 Pys Fys P
I 37.9 Fermi I -15.3 -0.0 134.8 + 4.8 -6.4 0.8 -1.6 -5.4 -5.3 2.0 -5.5 15.9 -0.2 Z-L
11 48.3 " -20.7 -10.1 136.1 -2.0 -0.3 -1.1 2.3 11.7 23.4 -2.0 6.7 2.5 2.2 —Ob.—}
I 41.3 " ~15.1 Q.l 135.0 4.9 -6.4 0.8 -1.7 -0.2 27.2 7.3 -0.3 -1.6 -2.5 -0.2
v 49.1 " ~17.4 -2.8 134.2 3.2 -5.1 0.6 -0.8 1...3 20.2 -1.2 5.3 5.7 1.8 0.8
Vv ) 46.6 Fermill -35.5 -16.0 151.3 -11.4 13.0 -1.1 -1.9 -13.0 3.7 19.7 -0.6 -2.0 2.5 1.0
Table XV. spdf Solutions to Tr_'L-p‘and 7 -p DCSspolarization, total cross section, and 7 -p~ m%n DCS.
o .,a
Mexpected_ 52
. M S350 P31 P33 P33 Dy Fyg Fyo S, Py Py Dy Dy Fys Fug
I 43.7 - -14.4 1.1 135.1 5.4 -6.9 0.8 -2:.0 -6.0 ~-5.8 1.5 -5.7 15.8 -0.2 2.5
II 64.2 -21.2 -12.1 137.2 -3.3 1.5 -1.8 3.3 10.9 23.1 -3.5 6.5 0.6 2.1 -1.2
111 71.7 -15.6 -0.7 135.3 4.2 -6.0 0.7 -1.3 5.0 27.9_ 9.2 -0.5 -0.7 -3,& -0.5
a

M ‘means the number of degrees of freedom, 1i.
expected g

e., (number of evxpez;imental points fitted) minus (number of phase shifts varied).

-Sf-



;46;

Solution (2)~Although the search yielding this solution began with the

= 3/2 phase shifts being fixed at the Fermi I values, the final solution
demonstrates a def1n1te Fermi II behavior (i.e., D3 3 - D3 5 < 0). The

3/2 phase sh1fts are very different from the Ferrrn II solution of

Foote, but the fit to the 7t-p data is nevertheless qu1te good. The 7 -p
polarization data is fitted rather badly, as seen from Fig. 10; however,
the fit to the remaining data is sufficie.ntly good that the large contribus
tion to M of theﬂf%p polarization data (® 10) is insufficient to rule out
the solution. ' | _

Selution (3)-This is a somewhat poorer fit to the data, but still does
not possess a sufficiently high M value to be ruled out. The I = 3/2
phase shifts are of the Fermi I type, but are not nearly as consistent
with the Foote.solution as are those of so/lution\( 1). Each phase shift
does, however, lie within the quoted uncert_aintjr of the Foete solution.

It should be noted that, although the Fermi II solutioin was used
as a starting point for 200 random sets, it was not p'o'-ssible to find any
solution that adequately fitted all the m-p data. Thus it can be concluded
that Foote's solution of Fermi II can not be used to fit 7"-p and Tr+—p
data sum.ultaneously

Other I = 3/2 starting po.i'nts. As in the case of the spd analyses, a

limited amount.of searching was done in which the less-likely I = 3/2
solutions (See Table VI, Footes) were used as starting points. The two
solutions treated were the Yang II set and solution No. 6, which is un-
named in the above reference (Foote) and so is here referred to as
Fermi Ia. About 100 random cases were examined, with no satlsfactory
solutions to nt- -p and T -p (DCS and polarlzatlon) appearlng

3. Error Analysis

*

The matrix-inversion error routine described in Sec. IV.B was

applied to the spd solution as well as the three spdf solutions. The
errors are quoted, as well as a brief summary of the effects of various

data on these errors.



-47 -

T T T T T L T UL
1.0} i
Case |
05 -
Case 3
Case 2
) 0
a
-05+ .
-1 0Lt | SRl BTN SN N SR RN R SRR N S|
30 60 380 120 150 180
B¢ mdeg)

MU..27365

Fig. 10. Recoil-proton polarization in 7 -p elastic scattering
at 310 MeV. Cases plotted are those given in Table XV.
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Error matrices. The error matrices for the four solutions discussed

above are tabulated in Appendix B. It is seen that in the spd solution,

all rms errors are from 0.5 to 17 deg. The correlation coefficients are

all relatively small. For the spdf solutions, the errors are co’nsider.ably

larger, and the correlation coefficients have also increased in size.
The quoted errors ontheI = 3/2 phase shift are seen to be similar to

those quoted by Foote, 3 indicating that the inclusion of 77-p data has a

‘negligible effect on the I = 3/2 phé,se-shift error.

Effect of various data on errors. The spd solution was examined in

an effort to determine what types of information was most effective in
reducing the uncertainties on the phase shift. Table XVI gives the rms
errors on all the phasé shifts when various combinations of data are

included.

4. Inelastic parameters. o

To determine the effecf of inelastic parameters on the phase shifts,
an inelastic total cross section of op = 1.5+0.8 mb20 was included in .;che
search program, and the inelas.tic parameters allowed to vary. Only
the four final solutions were examined; the results are given in Table
X VII. In‘ all c‘ases,' the inelastic parameters were started ét 1.0, al-
though sfarting them at 0.95 and 0.90 yielded essentially the same

results. : : ,

-



Table XVI. Effect of various data on phése—shift errors (spd solut‘ion).

All cases include the following 1T+—p data:
23 DCS points, 4 polarization points (Pol),

and 1 total cross section.

S

-Errors (in deg) onl = 1/2 phase shifts

P

P

D

In addition, the following Tr_-p data 1,1 1,1 1,3 1,3 1,5

28 DCS 0.9 0.5 1.3 0.3 0.9
28 DCS, 1 TCS 0.8 0.4 1.0 0.3 0.6
28 DCS, 1 TCS, 4 Pol 0.7 0.4 0.9 0.3 0.6
7 DCS,2? 1 TCS, 4 Pol 0.8 0.5 1.2 0.4 0.8
7 DCS,2 1 TCS, 4 Pol,

5 charge-exchange DCS coefficients 0.8 0.5 1.1 0.3 0.7
28 DCS, 1 TCS, 4 Pol,

5 charge-exchange DCS coefficients 0.6 0.4 0.9 0.3

0.6

#The 7 DCS points are distributed evenly throughout the angular region.

_6%_
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Table XVII. spd and spdf $olutions including I’the inelastic total cross
section. .

spd solution

S37 P31 P33 D33 Dig

I= 3/2 . v .
' phase shifts -18.9 -5.0 135.5 1.6 -3.4
51,1 Pr,1 Pz D1,z Dags
I1=1/2 ,
phase shifts  -6.0 -3.9 4.0 -5.3 14.9
Corresponding '
inelastic: .. . ,
parameters® 0.98 1.00 1.00 0.99 1.00
spdf solution.I _
S3,1 P3; P33 D33 D35 Fz5 Figq
I1=3/2 _
phase shifts -14.9 0.4 135.1. 5.1 -6.5 0.8 -1.8°
Sl’l Pl,l p1,3 D1’3 D1’5 F1’5 F.l,']
I=1/ : .
phase shifts -5.9 7-5.5 1.7 -5.5 15.3 -0.1 2.3
Corresponding v
inelastic
parameters 1.00 1.00 0.99 0.99 1.00 1.00 - 1.00
spdf solution II
S3,1 P3,1 P33 D33 D35 F3pg F3gq
I=3/2 -
phase. shifts -21.1 -11.8 137.0 -3.1 1.2 -1.7 3.1
S1,1 Pi,1 Fi3 D13 Dis Frs Fpg
I=1/2
phase shifts 10.9 23.0 -3.6 5.9 . 0.3 1.8 -0.7

Corresponding

inelastic
parameters 1.00  0.94 1.00 1.00 1.00 1.00 1.00
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Table XVII. spd and spdf Solutions including the inelastic total cross
section. (continued) -

spdf solution III

S3,1 P31 P33 D33 D35 Fzg Fz7
I=3/2 ' _
phase shifts -15.4 -0.4 135.6 4.4  -6.2 0.7 -1.4
S151 Pi,1 Pi3 Di,3 Di,s Fis Fi17
I=1/ 4 - .
phase shifts 3.7 26.4 8.6 -0.3 3.1 -0.6  -0.1
Corresponding
inelastic :
parameters 1.00 1.00 0.98 1.00 1.00 1.00 1.00
a

See Sec. II.B. 1.
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V. DISCUSSION OF RESULTS
A. General

The Work‘descr‘ibed above has apparently fallen somewhat short
of its goal, i.e., the complete and unambiguous determination of the
I = 1/2 pions riucleon phase shifts at this energy. . Although the situation
_seems otherwise reasonably well resolved in the spd analysis, inclusion
of f waves complicates matters considerably.

Perhaps the most disturbing aspect of the spdf wave analysis is
the fact that, although the f waves are small in all the satisfactory
solutions, the pfesence of even these very small f waves is seen to
radically change the magnitude, and in some cases also the sign, of the
phase shifts of the lower orbital-angular;-momentum states. This casts
doubt on the very premise on which phase-shift. analysis is based, i.e.,
that one can approximate the infinite series that represents the scatter-
ing amplitudes by the first few terms. It seems to indicate that the re-
maining terms in the expansion; although minute in themselves, can
nevei‘théless exert a considera.bie influence on the larger terms.

~A major limitation of the data that now exist at 310.MeV is the
very limitéed angular region of thepolarization data, both in wt-p and
T -p. Especially in 7 7-p, it would be very instructive to push toward
smaller c.m. angles in an attempt to determine the value of polariza-
tion at 6 near 90 deg. As was mentioned in Sec. III.B1l., the analyz-
ing power of carbon drops sharply below about 110 MeV, so that it
might still be possible to measure a point at ecm of about 100) deg,
which would certainly be of some value. '

. In the energy region corresponding to Gcm =30 to 60 deg, helium
is an effective analyzer; some attempts have been made to measure
polarization of the recoil proton in this region but no data exist at
present . A recent preliminary experiment by Booth?1l indicates also
the possibility of measuring recoil-neutron polarization'in' the reaction
T+ p—> 7m0 4+ n; this measurerﬁent, also in the 30 to 60 deg region,

would be useful as well in resolving ambiguities between solutions.
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Developments in polarized targets may in the future make it pos-
sible to measure additional quantities corresponding to the triple- »
scattering parameters.in nucleon-nucleon scattering (Ypsdlantis)”.
This would give information on Im(g*h) and hence Srield another inde-
pendent experimental quantity.

B. Comparison with Theoretical Predictions

_ Relativistic dispersion relations have been used by Chew,
Goldberger, Low, and Nambu to derive equations for low-energy s-,
pP-, and d-wave pion-nucleon scattering. 22 It is assumed in this work
that the (3/2, 3/2) resonance dominates the dispersion integrals, and
the pion-pion inte\raction has beenneglected. This work has been ex-
extended by Bowcock et al. to make f-wave phase-shift predictions. 23
These predictions are summarized and compared to the aforementioned

solutions in the following subsections.
1. p Waves

.The p-wave predictions and the torresponding p-wave phase
shifts of the four satisfactory solutions are given.in Table XVIII. In
general, ‘the spd solution shows satisfactory agreement in the I = 3/
shifts. The spdf solutions show somewhat poofer agreement, but it is
- still not unreasonable. The I = 1/2 shifts, however, are in complete
disagreement for all four solutions. In fact, none of the solutions en-
countered during the various stages of analysis display the behavior

predictéd by Chew et al. 22 ' .

2. d Wé.ves

Table XIX lists the predictions for d waves and the cor'responding
phase shifts. Again, the spd solution shows the best agreement with
I = 3/2 shifts, while spdf I and spdf III at least display the predicted
sign. Solution spdf II (which has Fermi II behavior, as. pointed out in’
Sec. IV.B.2) disagrees in sign. Again, there is very poor agreement
in the I = 1/2 phase shifts. Only solution spdf III could be considered’
to have satisfa;:tory agreement with all four d-wave phase shifts ; this

solution disagrees badly in p-wave phase shifts (see above).
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Table XVIII. Comparison of solutions with dispe'rsioharélation

predictions of Chew, Goldberger, Low, and Nambu, @

for p-wave agreement.

Solution : P3’1 _ P3’3

P

P

1,1 1,3
Prediction of o
Chew et al. -5.0 124 .2 -19.5 -5.0
spd -4.9£0.5 135.5£0.6 -4.0%0.4 3.9¢0.9
spdf I 1.1£2.0 - 135.1£0.6. -5.8+0.8 1.5£1.3
spdf II ~12.2%0.9 " 137.2+0.8 23.1£0.9 - -3.5+0.7
spdf III ~0.7+ 1.7 135.3+0.6 27.9£1.3 9.2+1:0

%S ee reference 22.

Table XIX. Comparison of solutions with dispersion—félation

- predictions of Chew, Goldbervger, Low, ar;d Na“mbu,a'

for d-wave agreement.

Solution - ; D3,3> D3’5 .D1,3 Di,5
Prediction of | |

Chew et al.” = .3° -2.5° -1.5° 90
spd ' 1.7+0.3 -3.6+0.4 -5.5£.3 15.2%.6
spdf I 5.4+ 1.0 4-6.9:1:1.,0 -5.7+ .4 15.8+0.8
spdf 1II -3.3+0.6 1.5£0.8 6.5£0.5 0.6+0.5
spdf III 4.2+1.0 -6.0+0.9 -0.5+0.8 -0.7+£0.6

23ee reference 22.
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3. fNWaves

Bowcock, Cottingham, and Lurie ‘have predicted f-wavephase
shifts at this energy to be less than 0.2 deg. 23 This is not within the
experimental errors quoted on the f-wave phase shifts (see Appendix B).
Much more accurate determination of f waves would be necessary to

make meaningful comparisons here.

C. Conclusions

The phase-shift solutions discussed in this report, however am-
biguous, are probably still meaningful in making comparisons with pre-
dicted values. The fact that no solution even approximately agreeing
with the predictions of dispersion relations appears in this phase-shift
analysis tends to cast some doubt on the ability of dispersion relatidns .
to predict phase shifts, and perhaps on the validity of phase-shift anal-
ysis as a whole. More data are dértainly needed, both to resolve o
present ambiguities and also to make the phase-shift solutions more
restrictive.

Of some valué is the rather strong evidence against the Fermi II
I = 3/2 solution of Foote. 3 Although another solution of the F’errrﬁ I
type did appear, Foote's particular solution must be regarded as very
unlikely.

Although this analysis cannot be regarded as complete, it is hoped
that the addition of further data will clarify the pfoblems and perhaps
produce a single phase-shift solution. It is hoped that this paper repre-
sents a significant contribution toward the quantitative understanding of

the pion-nucleon interaction.
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APPENDICES

A. Additional Equations Used in PIPANAL

As mentioned in Sec. IV.B, a certain calculated value of the in-
elastic cross section is added to the integrated value of the DCS, and " .
the result is compared to a measured value for the total cross section.

In this appendix the equations for the inelastic cross section are listed.

+ . . .
1. m -p inelastic cross section

Here we have 0(elastic) + o{inelastic) = o(total).
The o(elastic) is obtained by integrating the elastic DCS, from which w

have -

£
max :
o(elastic) = mx2 E {(l +1) [ 1+ (p;_)2 -2 p£+ cos 2 o.;]
£=0 ‘ :

N

r -2 + - ‘
+IIL1+(p£) -2p, cosZal]} . (A.1)

The quantity o(total) is; related through the Optical Theor_em to
the imaginary part of the forward scattering amplitude by
o(total) = 4mx Im £(0 = 0 deg). At 6 = 0 deg, all the Legendre functions

are unity, while the associate Liegendre functions are zero. Hence

. max -
f(0 =0 deg) = % E (£+1) [l —p; cos Za;] + 4 [1 —p[ cos20,£-.] .
£=0 (A.2)
Subtracting o(elastic) from o(total), we have -

o{inelastic) = mA% Z‘“ 1) [1-(”*)2] +£[1- (p[)z] . (A.3)
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2. w -p inelastic cross section

The same method as above is employed to obtain the inelastic
cross section“for‘fr—-p scattering. However, in this case, we must
consider as elastic scaftering both direct and charg"e;'—exchuahge scatter -
ing: : '

U(fofal) = o(direct) + o(charge-exchange) + o{inelastic).

The final result for o{inelastic) is

7 . - 5 ) | .
cr(inelastic)zﬂkZ Z(LLI) [1 ——;— (p;)z»—_“'—g- n; ]+ ﬂv [l 31 (Pl ) -—(nﬂ )2]-

These inelastic cross sections are calculated over the entire solid angle,
so a small correction must be made to them in order to use them in
conjunction with cutoff angles. In our case this correction was < 2%

of the inelastic cross section. -

B. Error Rout1ne Discussion and Error Matrlces

_ This append1x explains the manner in which PIPANAL lCF4
calculates the partial delevatlves necessary for the error routine out-
lined in Sec. IV.B. The use of the error matrix in computing errors
in functions of phase shifts is outlined. Finally, the error matrices.

for the four phase-shift solutions are presented.

1. Calculation of Partial Derivatives

The value of M in the neighborhood of the minimum »Mo ‘can be

given by a Taylor expansion:

n
D o M L.
M(81+A8), 6,+A88;, .., 5, +A8 )= Mo+ Z 35 08
. i

Z % , 8 6 8 6 Aéi Aéj + (higher-order terms), . .
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where 67 - 6, are the values of the phase shifts at the minimum,

My = M(6] - 6,), and all derivatives are evaluated at the minimum.

At the minimum, however, all the 8M/8 61 =0, so,

AM = M(8] + 8By, 6y + Aby , """, 6+ Abdy) - M

— 8686 A

Varying only one phase shift yields the equation

; : : 2
+ _ - 1 8™ 2
AMT = M(6), 6, ©1TB +A8TTE ) - M, = 5 =7 (A8))
i R

\

. Since the region around the minimum may not be entirely symmetrical,

» the program computes AM by varying 6i in both directions, and the
average value of the partial derivative is used:

- 2. + -

0™ AMi + AMi

96.% (86,)

1

" When two phase shifts are varied simultaneously, the following
form is obtained: '
2’”"6i_+A6j’.'.’6k'+A6k’..'6n)

%M

1
2 95,05,
i

Aé Aé

In this case, there are four different combinations of changes
corresponding to éi:tAGi and éj:I:Aéj. The average is then taken over

these four quantities, yielding

2 INY RN /N Y SN ¥ S
o"M _ . ij ij i ij

06,06, ' 41405, AS. |
i i
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The p.artial derivatives thus calculated form the matrix defined

by o
_ 1 ] ZM
YUoo2 85,05,
ST

2. Use of the Error Matrix

The inverse of the G matrix is the so-called error matrix G_l,
whose elements have the _pr'oper‘cies'ZZ
-1 1

G ..=(A8.) _ ,and G .. =C.. (A8.) (AS,
11 1'rms 1 1) 1'rms J

)rms’

where Cij is the correlation coefficient, which is a measure of the
interdepende'nc‘e of 6i and 6j._ v

‘ In order to calculate the rms; error in a function F of the phase

.shifts 6, the following expréssioh 1s usled:z‘5

8F  8F -1
96 98 1

3. Error Matrices for the Aforementioned Solutions

Tables BI through BIV present the error matrices corresponding
to the spd solution and the three spdf solutions discussed in Sec. III. B.

All elements are expressed in degrees squared.

xy



Table BI. Error matrix for spd solution (expressed in degz).

53,1
P31
P33
D3,3
" D35

S1,1
P13
Diy,3

b

Dy,s

P33

0.2
0.1
0.4

D33
0.1
0.1
0.0
0.1

D3 5
0.2
-0.2
0.0
0.1
0.2

51,1
0.2
-0.1

0.0
-0.1
0.1

0.4

P

-0.2
-0.2
-0.1
-0.0

0.1

0.0
0.2

P13
0.0
-0.0
0.2
0.0
0.1

0.5
-0.1
0.8

1

. .
— — P o

Di,s

10.1
0.1
- 0.2
0.0
-0.0

0.1
0.2
0.3
-0.1
0.4

_‘[9_



Table BII. Error matrix for spdf solution I (expressed in degz). :

531 P3,:li ‘ P3’3; D3,3, D\3,5,;F3,5>.' :F3,7v' ;Sl,l' ‘Pl‘,l P1,3 Dl,3 D1’5 FI,S F1,7

S3,1 3.2 33 0.5 1.5 -1.7 -0.0 -0.9 -1.5 -1.3 =15 -0.2 -0.1 0.0 0.7
P33 3.8 0.4 1.8 -1.9  -0.0 -1.1 -1.7 -14 -1.7 -0.2 -0.3 0.1 0.8
P33 0.4 0.1 -0.1 0.0 -0.1 -0.2 -0.3 -0.0 -0.1 0.2 - 0.0 0.1
D3 3 0.9 -0.9 0.0 -0.5 -0.8 -0.6 -0.8 -0.1 -0.2 0.0 0.3
D35 ' 1.0 6.0 0.5 0.9 - 0.7 0.9 0.1 0.2 -0.0 -0.4
F3,5 0:1 -0.0 -0.0 -0.0 -0.0 -0.0 -0.0 -0.0 =0.0
F3 7 ‘ 0.3 0.5 04 05 0.1 0.1 -0.0 -0.2
S1.1 | - 22 06 1.3 03 0.5 -0.2 0.3
P 0.7 0.5 0.2 -0.1 0.0 -0.3
P,3 , _ ' 1.7  -0.0 0.6 -0.0 -0.3
D3 ' a 0.1 -0.1 -0.0 0.1
D;,5 ' , _ 0.6 -0.0 0.1
F1,5 | | ‘ - 0.1 -0.1
1,7 0.5

_29_




Table BIII. Error matrix for spdf solution II (expressed in degz.)

53,1 P3,1 P33 D33 D35 Fa3s5 F39 S5, Py P13 Disz Dys Fuis Fui7

S3,1 0.2 0.1 0.1 0.1  -0.1 0.0 -0.0 0.2 0.1 0.0 0.0 0.0  -0.0 -0.0
P31 0.7 - -0.4 05 -0.6 0.3 -0.3 0.2 -0.2 0.2. -0.2 0.3  -0.1 0.1
P33 0.7 -0.3 0.5 -0.2 0.2° 0.2 0.4 -0.1 0.2 -0.2 0.1 -0.1
D3 3 0.4 -0.4 0.2 -0.2 0.1 -0.1 0.1 .-0.2 0.2 -0.1 0.1
D35 | 0.6 -0.2 0.3 -0.1 0.1 -0.1 0.2 -0.3 0.1 -0.1
F3.5 0.2 -0.1 0.1 -0.1 0.1 -0.1 0.1 -0.1 0.1
F3 7 0.2 -0.1 0.1 -0.1 0.1 -0.1 0.1 .-0.1
S1.1 1.8 0.7 0.4 0.1 0.1 -0.1 0.1
P 0.9 0.1 0.3 0.1 0.1 -0.0
P1.3 0.5 0.0 0.2 -0.0 - 0.1
D 3 0.2 -0.0 0.1 -0.0
D5 3 -0.2 0.1
Fis 0.1 -0.1
Fi7 0.1




Table BIV. Error matrix for spdf solution III (expressed in deg

2y,

53,1
P31

H

P33
D33
D3 5
F3,5

Fi 7

S1,1

:P'1’3
D1,3
D1,5
‘F1,5
1,7

3

53,1

1.9

P31

2.2
3.0

P33 D33
0.2 1.2
0.1 1.7
0.4 0.0
1.1

D35 F35
-1.1 0.2
“1.4 0.2
0.0 0.0
~0.8 0.1
0.8 -0.1
0.1

F3 7

-0.7
-0.9

-0.0

-0.6
0.4
-0.1
0.3

S1,1

0.4
0.4
0.2
0.2
-0.2
0.0
-0.1

1.9

P1,1 Pi1,3

-0.7 0.8 -0.6
1.1 1.1 _0.8
0.3 0.2 -0.0
-0.7 0.6 -0.5
0.6 -0.5 0.4
0.1 0.1 0.1
0.4 -0.3 0.2

0.2 1.0 -0.7

1.6 -0.6 0.4
1.0 -0.5
0.6

D1,3 D5

Fi,5

0.6  -0.
0.7  -0.1
0.0 0.0
0.4 -0.1
0.4 0.1
0.0 -0.0
-0.2 0.0
0.4 -0.4
-0.3 0.2
0.5 -0.3
-0.2 0.1
0.3 -0.1
0.2

1,7

-0.

-0.

- -0.

_ © ©o o o o
[AS N = N SV VN o 2o N N

- b N - NN o

)
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LEGAL NOTICE -

This report was prepared as an account of Government sponsored work.
Neither the United States, nor the Commission, nor any person acting on
behalf of the Commission:

A. Makes any warranty or representation, expressed or implied, with
respect to the accuracy, completeness, or usefulness of the information con-
tained in this report, or that thé use of any information, apparatus, method,
or process disclosed in this report may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of, or for damages
resulting from the use of any information, apparatus, method or process dis-
closed in this report.

As used in the above, "person acting on behalf of the Commission "
includes any employee or contractor of the commission, or employee of such
contractor, to the extent that such employee or contractor of the Commission,
or employee of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract with the Commis-
sion, or his employment with such contractor.







