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ABSTRACT 

A phaae-ahilt analysia of ,..+ -p and ,.. .. -p elastic scattering a.t 310 MeV 

baa been performed. The data includes differential and total cross-section and 

recoil~proton polarization data for both w+ -p and ,..- -p elastic scattering, as 

well aa differential croaa aection data for charge-exchanae scattering. Inclusion 

of d waves waa neceaaary to attain an ad.equate fit to the data; in the c:a&e of 

,..- -p differential croaa section, the best fit included f waves. A general 

phase-shift search uslna s, p and d waves was carried out' a single eolution 

wae obtained that adequately fit aU the available data. Tho moat notable 

cbaracteristic:a of this aolution are l-apin 3/1. phase shifts eimilar to those ob-

+ tained in a previous analyeis of the w -p 4ata and a relatively large D1, 5 phase 

abUt equal to approximately 15 deg. Errors on tbe l-apin 1/Z phase shifts of 

thia solution range from 0.3 to 0. 9 de g. The l-apin 3/Z phase-shift errors are 

eimilar to those obtained previouely~ Because the w· -p differential croee~eection 

data indicated a poaeible need for f waves, and since the only aatiafactory epd 

solution displayed a large d-wave phase shift in the l-apin 1/l. state, the analysis 

waa extended to include f waves. The result of allowing f waves wae to increase 

the errors on each of the phaae shlfta (up to about Z deg), and also to introduce two 

new aolutiona, neither of which can be ruled out statistically. These new solutions 
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are aimilar to the d-wave solution in the 1-spin 3/Z phaae ahi.fta, but vary rather 

wiclely in l-apin 1/Z phase shUu. Inelastic acattering proc:eesea were neglected 

throughout moat ol the analysis; however, a study ot their effects on the final 

aolutiona was mad.e and these effects we:re seen to be unimportant. 
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PION-NUCLEON ELASTIC SCA'l'TEIUNG AT 310 MeV: PHASE·SHI.J.."T ANALYSIS• 

Olav 'I'. Vik t aa4 Hugo R.. R.qge t 

Lawrence R.a.diation Laboratory 
Ualveralty of Ca.Ulornia · 

Berkeley, Calilernia 

August 14, 196J 

I. INTRODUCTION 

A aeriea of experiments on• • ·P elaettc: acatterinl at ao. iaclcient-plon 

kinetic eaeray of 310 MeV have 'been completecl. These measurements complemeD.t 
· · + 1 · a . 

the tr -p elastic acatterina data obtained by Rosers et al. and Foote et al. The 

relatively hi&h accuracy of all of We c:lata makes lt practical to perform an accurate 

phase-abUt analysis. The <lata ueecl ia thia araalyaia ia the following: for 

w"' ·P- ,· .;p, the tifferential cross section (DCI) measured at 28 anslee, 3 the 
4 . ' ~ 

total croaa aeetioa, art.4 the recoil-proton polarieation measured at 4 iit.DIJ].etil; 

+ ... ' 1 
f'or w . -p - w -p, the differential croaa section measured at Z3 anslea, the 

1 . . l 
total croaa section, ancl the recoil-proton polarization measured at 4 angles. 

Alao inco~porateciia a c:harse-exchaqe dUferential c:roas-aectloa measurement 
. - - 5 . 

at 317 MeV by Caris et al., .anc! an approximate lnelutic ero&D•section de-

.... . 6 termination uy Barish et al. 

Analyaia of scattering clat:a can be carried out in terms of partial-wave 

· expanalona an.cl phase ehitta. These phase shifts have been the usual meeting 

place of theory and experiment for elastic ecattering •. Sufficieatly accurate seat

teriag data can lead to a l'ather precise determination of the phase ehifts, which 

. in tum can lmpoae llm.ltatione on any proposed theory of the pion•nucleon inter

action. 

Allalyals of ,.- -p scattering provides information about both the 1-spin 

1/1. and !-spin 3/1. states of the w .. N system., whereas analysis of . 1r + -p scattering 

alveo information only about the 1-opin 3/2. otato. Whilo the l-apin 3/2 pha.eo shifts 
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are fairly well known, moat of the .l-apin 1/Z. ahifta are uncertain in magnitude and 

oven in atgn. The uncertainty in the ·eneriY region below 300 MeV is mostly due 

tj to the fact that the 1•3/Z ahl.fts dominate the interaction to such a.n extent that they 

eUectively mask the contributions o£ the l-apin 1/l. phase shifts to the experi

mentally measurable quantities. An accurate phaee-ahift .analytdo of the ,.. + -p 

4ata at 310 MeV has ala-ead.y been completed by Foote et al., 1 so it is mablly the 

purpose of thla data to provide blformation about the I-apiD 1/1. phase shUts at 

310 MeV, as well aa to yield a better determination of the I- spin l/1. ahifts. 
. - + 

An analysis of the tr -p .DCS data, ae well aa the previous ,. -p analysis, 

indica~ed that at least d(up to ud lncluding!l = Z) waves must be employed to fit 

the experimental clata well. Furtherm.ore, the best fit to the 1T. -p data was ob

tained by including f{up to l a 3) waves. For thie reason an spd analyeh and. 

an &pdf analysia of the data hal been made. Section n presents the equations 

used in the anailyaie. In Section W we describe the search program, and in 

Section I¥ the phase-shift investigation• and results of these investigations. A 

diecuasion of results followa in Section V. 



' 

_,_ 
UCRL-10436 

U. PHASE .. SHIFT EQUATIONS 

This eeetion outllnea the eonn.eetion 'betw~en. the obaervahle quutitiem 

that ean be measured a.nd the !fi•N phase ehU'ts. The appUc:atlon of the usual 

lt 
* 0 . . 

phaee-ahl ••uaticma to ayatem.a of " •P and 'If •D ia reviewed. and linally 

the equaUou lacluding·nonrelatlvletlc Coulomb anct. tirat-order relatlviltic 

Coulom.l» cosorecticme are p:reaente4. 

A. Croaa-Section ancl. Polarizatioll.,E!J!reeeiooe 

The notation ueed in thie section le essentially tb.at u•ed ia Betb.e and 
. 8 . . 

Morrison. h\ tel'm.s of g(8) and h(B), the non-epin-ru.p uA apia-flip ec:attel"ing · 

ampU.tu4es. the Gi!tereatial cross section (here&fter referre4 to a.a I)CS) is 

expreeeed by 

(1) 

The expression for polarization of a proton .ecattored. f..Om a pioa is 

(l) 
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B •. !~~tterlng Amplitudes .. 

, . 1. t:o-n•Sf!n-_rua, and SP!n-Flip .~plltl.ldes 

"l'he derivation of the pa.:rttal-wa:\>'e expueions of the scattering amplltudea 

is ca.rtied out in many 1'efere'neee, as fer example. Aahldn. 9 Neatecting Coulomb 

eUect•·• the reoult for the non-spin.-D.ip amplitude ts 

an4 the ap1n~t'Up amplitude ia 

. .l . . ·Lr-[ 11_. +ex;. p [au,+]·"', -.xp[. ZJ.a_ I-ll 
}a(9) = "'L__ _ ...... -----.-------

. · .fol· ..J 

:OefiDitlona of quantities appearing in Eqs. (3) and. (4) are 

l = or'bital-aa.plar-momentum quantum number. 

a,~- = phaoe shift• for orbital ... anplar-momentum ata.te I. and 

total-aagular-momentum qU&Dtum number J = I c 1/7. • 

• . 'lJ. = lnelaauc parameters correspondiaa to each of the phaGe shifts. 

(4) 

These a.re "' 1, beia& equal to 11Dlty in the absence ot inelastic: scattering • 

• The uae of inelastic p&J:ameters allows the phue shift & I. to be 

c:empletely real even ill the. presence of lnelaatic scattering; in this 
- . 

l'epol"t the term ''phase ehUt" refers to the real part 61 • 

k • wavelength. of either particle in the c. m. system (~ c 1/k). 

P 1 (co• 8) = Legenttre polynomial. 

1 lj (coe 9)m usoctate Le&~endre polynomial, 4e£ine4 by 

P 1
1 (co a 6) e a in 8 Cl(c:! G) P 1 (cos 6) • 

8 = c. m. scatterins angle for $ither the pion or tb.e proton. 

.~ 
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2. Isotopic Spin 

The ,+ •P syetem, which hae a z corl\ponent ol' isotopic: spin 1
8 

c 3/Z, 

caa exist only in the isotopic spin state t = 3/Z. However, the ,· -P system, 

for' which lz = - 1/1., ia a linear combination of isotopic-spin states I = 3/Z. 

. and l = 1/1.. Aa shown, for example, in Bethe ancl de Hoffman, 10 the scattering 

ampUtucles for the three elastic reactioaa for charged pions and protons are as . 
ehown in Table I. 

't 
C. Inclusion of Coulomb Corrections 

Tb.e scattering amplitudes given by Eqs. (3) and (4) have beon extended to 

take into coneideration the nonrelatlvietic Coulomb effect& aa well as the first-

or~er relativistic Coulomb corzoections. Thla extension was carried out by 

7 . 11 11. 
Foote et al. and is based on the work of Stapp et al. and Solmitz. 

In this section we use .Foote • a Eqs. (7) and (8) of Section B, 't to write 

4own Coulomb-correctect ac:atterins amplltucles for the reactions of Table 1. It 

will now be converdeat to distinp.iab between phaae· ebifts for states of isotopic 

spin 1/2 and 3/1.. In our Eqs. (ll) through (11) we use the notation: 

&1* = phase shUt for orbital-angular-momentum quantum number l, total

f, , .. ;:'!i.£-~··•plar-momentum. state J • l • l/2., and isotopic-spin state 

J. •. .::; .• :./2, I = 1/2; 

::1:: . 
".t =inelastic parameter (clelined in Section U-B-1) correspon.c:U.ng to the 

* 61 phase shift 'above; 

* 41 o phase shift for orbital-angular-momentum quantum nwnber l, total-

1. s.:.t<!,· ~.anplar-momentum state J = 1 * 1/Z. ancl hotopic-apln &tate 

: ._ · ' · I = 3/2 · '"' ,_ ... J I 

pl. *• inelastic parameter correeponcling to the o.1 • phase shift above. 
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Tho new quantities to be introduced in Eqs. (12.) through. (17) a:re , 
z e 

n a "liV • (5) 

wbere v is the laboratory-system velocity of the incic:leat pion, and 

(tJ.pit~'ft)/~ + (ZJ.lp·l),p z /4 
B = . 1 + IIJp . . il 

(6) 

where P.p • magnetic: moment o£ the proton in nuclear magnetons, anc! (jp• fStr = e. m • 

. velocities of the proton and pion divided by the velocity of Ught. 

The j 1 is the DOnrelativiatic Coulomb phase ·shift of order .f. It 1s 

equal to 0 for I • o. and is pven by 

. L • t· tan ·l ( ~), for l ~ 1. 
x=l 

The ad4itlocal parenthetical (+. -. or 0) that appears on the phase shifts in 

Eqs. (11) throutJh (17) ls necessitated because the phaee ebilta used in those ex

p:reaaioua are !2!.!!, phase shifts, diUe:ring from the nuclear ab.Uts by a small 

(7) 

- * . .. .· term i.e , which ia the complete Coulomb ·phase shift of o~er .f. This ie explained 

below. 

The total phase shifts are relaied to the nuclear shifts by 

., ·-· * •-*; o.J (tt· = Q..f ... i.t • "t (0) Ill "t - !.t z. 

- .. . 
The complete Coulomb phase shift of orcler I., .i.l , eoneiste of the non-

relativistic Coulomb phase shift defined by £q. (1.11), plus a fi:rst-ord.•r relativistic· 

correction, • 
- :ltl - T 6 . .t.. c:: !.t + A.:r.l t (8) 
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where the lirat•orc:ler relativlatic Coulomb term ia given by 

(9) 

- + I t\!J • 11 B (I + 1) for I. ~ 1, (10) 

and 
-.. nB 4-if s:s .. T . for l ~ 1 • (11) 

The above Coulomb phase shifts for incident pionldnetic energy T'lt a 310 MeV 

are siven in Table ll. 

and 

Tbe Coulomb-corrected scattering ampUtudea for the reactions of Table I are: 

+ + 1\eac:tiOJl (a}. 11' + e- 1f + p: 

. fm 
.g{B) • - . z 

l &in 6/2. 
{ 

2 1 
exp -1 n ln[ ain (6/2)) J 

p1 • exp [2ia1 • (+)] - exp[, Zi!,] } · 
+1 

1 
P1 (cos8), (12.) 

1 
max [' 1 + exp[ Z i at+ ( +)] - p 1 • exp [ Z i G ,- ( +)] 

h(S) 111 ikn B a1n9 +k ~ 
. z ss.n'Zo;z ~-· . 

., 
i B ZJ + 1 . J p 1 ( IJ) 

• D l"{l+1) j J. COS • (13) 



-8- UCRL-10436 

R.ez,.ction 1'!~· w· + p- "'• + pt 

g(8) = 1ul exp i n.fn ainz(G/Z) 
2ain2 fJ/Z 

.I +...._r + 1 +xp[ + ] max 1, PJ ea.t'l ZiAl (•) +ZT)l e Z161 (•) 
+~5 ~~ + l) --.. -~--.. --r,,...i _____ _ 

J = 0 

pl. ·exp{ Zio.1 -(-)] +Ztll ·exp[ Zi61 .. ( .. )] 

+l --~--------~~--------------

(14) 

and 

h{B) • Um B ain 8 
· z ain2s;z 

Reaction (c),.'lt .. -t pt1fD" i" .n: 

ln. this l'eaction. the incoming particles are charged and the outgoing 

.,.. particles are neutral. One may therefol'e, to the accuracy cleairecl in this 

analysis, consider the Coulomb perturbation to be half aa great as in reaction (b). 

Hence, when we uae the proper isotopic-spin decomposition shown in Table I, the 

scattering amplituclea are given 'by · 
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l - + p( + ] +. [ . + ,/T )max.. i! (
11
+l) p1 ex Zia1 (0) -'l.t exp Z161 (0)] 

g(8) G ~ J4 _ & 

I. • 0 . 

(16) 

and. . 

h(B) = 4 J\. 

'l_,-exp[2U1 .. (0)] J., 1 + Z P1 (cos 8). (17) 

D. Pba.se-Shift Notation 

From this point_ on, "phase shift" will be understood to mean the nuclear 

part of the total phase ahifts used in Eqs. (12) through (17). The notation developed. 
- . 7 

'by Foote for the w+ -p system (I • 3/Z state) is extended to the I • 3/2 and 

I= 1/2. isotopic-spin states. The symbol itself denotes the orbital-angular-mo

mentum state (a, p, d, etc.), the fir&t subscript denotes twice the isotopic spin, 

and the eecond subscript denotes twice tbe total angular momentum (i.e. , I. l.I, ZJ). 

The symbols are summarized in Table m . 
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m. SEARCH PROGRAM 

Several IBM 7090 prosrama have been written to perform the phase-shift 

analysis. This section deals With the general methods employed by theoe programs, 

and a deacriptioo of the final program. ueecl. 

A. Oeneral Method. 

As may be ju4ged !rom Section II, the phase-shift expan.aione of the scat

tering amplitudes describing the •-~ system are very complicated functions, anc:l 

. so there il no simple way of deriving values for the phase shifts from the available 

experimental data. Modern high-speed computer techniq\le& make it possible. 

however, to calculate very rapidly the valuea of DCS and polarisation predicted 

by a given set of phase shifts. 

The PIPA.NAL program, developed tor this purpose, employs the grid-
. 13 

ecareh method for fitting the phaee-ehit't equations to experimental poiDte. A 

·tentative set of phase shifts is fed into the program, and the computer then va.riea 

all the phase shifts in turn in order to minimize the quantity 

~\' ,- 0 catc • · 0exe J z 
M- j AO li 

L...JL exp 
(18) 

where Q ... , · refers to .the value of DCS or polarization calculated from a given c:..,c: 

eet of phule shifts, Q is the corresponding experimentally determined value# . e~ . . . 

and AQ.., is the experimental uncertainty in Q
8 

• The ewnmattontis over aU 
... xp . . xp 

the experimental quantities being. considered in a given cue. 

Each phase ehi£t is varied in turn, and thls procedure ia repeated until 

a complete cycle resulia in no J;"eduction in the value of M. The increment of 

change iD phase shift is then reduced, and the above process is repeated until 

the increment reaches a certain predetermined value. 
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B. PIPANAL 1CF4 

PIPANAL 1 C 1< .. 4 ia baaed on the I~M 704 progs-am developed by .tfoote 7 

and has_ evolved through several intermediate proarame. It ie the moat complete 

program developed.. and the only one diecuaaecl in this report. It is to be under

stood, however, that not all the analysis diacua eed in the following section• was 

performed by thie pro;ram. but sometimes by leas inclusive and therefore lese time

coninamins programs of the eam.e type. 

1. .Exe!rimental Quantities Fitted 

.Experimental quantities fitted by PIPANAL 1CF4 are: 

(a) DCS - The proaram accepts up to 30 DCS points ea.cb for t~e three reactions 

Jiven in Table I. 

(b) Polarisation ... The program accepts up to 10 pointe each tor the _reactions 

in Table 1. 
. + 

(c) Total cross section - The program accepts a. total erose section for w -p 

and · w • •P scattering. Since total .erose sections are usually determined experi

mentally 'betwe.en two cutotf angles. the program ftta them to the nwnerically 

integrated value under the calculated DCS curve between these cutoff anales. 

A predetermined fraction of the c:alculatecl inelastic erose section wu also ad.clecl, 

and in the caae of w· ·P acattering, the integration was under the DCS curve 

lor both reactioDI (b) and (c:) of Table 1. 

(d) Inelastic croee section -Only the "' .. -p inelastic croaa section waa fitted, 

ai.Bce only the I = 1/2 inelaatic parameter~ are allowed to vary (see Section 2 

below). 

0 
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(e) Legendre coefficients for charge-exchange acatterins - The usual way of 

measuring the DCS for the reactions w· + p- tr0 + n is to measure the y-ray 

distribUtion from the decaying w1 • When this is the case, the y-ray distribution 

is !itted in a Legondre expansion, and the coeUicienta for a Legendre expa.noion 

of the w0 c1iatribut1on are related to those of the y distribution. 
14 

.For this 

reason, clata on the " .. + p - • 0 + n DCS are often quoted in terms of theae 

Legendre eoefficlenta. Therefore the program was equ$,pped to fit these co

ef.flcienta with coelficients calculated from the phase shifts. Up to seven 

Legendre eoe.t'ticlellta can be fitted (corresponding to an . spclf-wave tit to the y 

tiatribution) •. 

Z. Variation of Quantities 

Qu~tiea varied ih. 1P.IPAN.A::L 1 CF4. are a.s £o1lows:: 

(a) Phase shifts -The proara.m varies phase shifts for I = 1/Z. and I = 3/Z states. 

. * It can perform sp,. apd, or spd£ analysis for ·" -p systems of any energy. 
+ . 

(b) Inelastic parameters -ln. the eaaer di w -P scattering, the total inelastic 

cross section i.e quite small compared. with the total clastic cross section (=0.5 mb 

as compared with 60 m'b). • • For this reason, the inelastic pal'a.metera p1 .. 
(see Section II-C) are not varied in the search. lt is posaible, however, to insert 

. . . . 
P.t dU'lerent from 1 into the input ciata, and thus study the possible effects of 

inelastic parameters on the phase shifts. The inelastic erose section for ,- -p 

6 . -ecatterina ia, however, about 1 m.b as compared with ~ Z8 mb for tho w ·P 

elastic total cross eection.. (In this contE!Ixt ''elastic" refers to both 
'l 

w· + p- w· + p ancl w· + p- w0 + n reaction~). We accordingly allowed the . \, . 

quantities ,, to be varied in the search,· with the constraint that they had to 

• remain within the interval 0 ~ 'l 1 c 1. The assumption made here was that, 



\' 

-13- UCRL-10436 

aince the total inelastic cross section for ,+_p (which is a.ll isotopic spin 3/Z) 

is very small, the coDtrlbutioc to the larger 'If- -p inelastic erose section must 

be from the iaotopic-spin 1/Z state. 

(c) NormaUzation parameters -In the mea~urement of DCS there is always 

an uncertainty of a few percent in the normalization of the angular distributions. 

· SO ~at the search program can move the anauJ.ar diatri'bution up or down an amount 

correeponciing to this uncertainty, quantities t +, •-, and t 0 were introduced for 
I 

each of the three differential cross sections mentioned in Section ni-B-Z above. 

Each of the experimental DCS pointe was D!ultiplied)y the qU&D.tity (lH) to 

adjust the distribution, and the contribution of DCS to Eq. (18) was modified to 

become 

~ { tDCS al.- DCS (l+c) J z M(DCS) = \ c c: ex;e 
U ADCS . · · exp 

• (r. n· 
!I 

where At ·is the experimental uncertainty i~ .normalization. 
'I 

3. Error Routine 15 

The use:lulnees of any pbase-abi£t solution is limited unless the error on 

each phase shift is known. Approximate values of the errors on the phase shifts 

were determined. The method uaeci was the standard error-matrix approach. 

'•' After the minimum valu~ ofv M (Eq. 18) has been found, the ahapa of the M 

hyperaurface near the ~mum U examined by computing the second partial 

derivatives of M ·with respect to each ol the phase ehifte used. These partial 

derivatives form a matrix G defined by 

(19) 

- 1 a2 M 0 iJ • T &616aj • (ZO) 
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-1 Thia matrix is then inverted, yleUlin1 the error matrix 0 with the properties 

where CiJ 1e the correlation coefficient. 

IV. PHASE-SHIFT lNV ESTIGATIONS 

The aencn:al approach followed in searching for phase-shUt solutions to 

. the expel'i~ental data is the rand.om-startingpoint method. A large number of 

sets of raadom phase shifts (over the ranae - 180 deg ~ 6 ~ 180 deg) are intro

c:luced as input data, and the program is requested to find the local minimal value 

for M. If a sv.ffi.cient number o£ randomly located startins points ie used, the 

probabiUty of having missed a "good" solution is small. 

When all phase ebifto are allowed to vary simultaneously (as in PIPANAL 

1CF4) the prCH:ese of random sea.rchiag is ea"tremely timo-c:oneu.mt.na. .For this 

J"oason, the following method was uoed.: The three (one spd and two spdf) 
. 7 

I= 3/l. eolutiona of Foote were taken as starting points and were held fixed in 

3 
all of the random searching. Only the DCS 4ata of the p.receding paper (our 

'!'able IV) were fitted in tb.1s manner, ancl for each 1 = 3/Z set, there were in 

general ~everal I = 1/Z aete that satisfactorily fitted the DCS data. These 

ttgood." solutions were then inserted into PIP ANAL lCF4, the "+_p data. shoWD 

in Tables V and VI were included. and all phat.ae ahi.fte were allowed to vary 

simultaneously. Polarization data were then introduced (Table Vil) and finally 

charge-exchange DCS (Table VID) in orcler to rule out eome of the I r;:: 1/Z 

phase-shUt sets. This procedure i8 dilic:uosed in detail in the following two aub-

sections. 
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A. of<! Anal.yois 

3 
A least-squares fit of the DCS clata of the previous paper indicated 

the need for at least d waves to obtain a aatiolac:tory fit. Thiti subsection 

explores tho detail& of the opel analysh. 

1. Fermi 3/2 startinf point. 

h ) 
7 . 

In t e analysis by Foote (see hio Table IV , only the solution of the 

Fermi type is totally acceptable. The Minami solution is theoretically un

satisfactory 'becauee of the very large o 3• 3 shift, and the Yans solution is highly 

improbable because of the large M value. We therefore concentrated our e!forte 

on the Fermi solution (the Yang type is mentioned briefly below). 

Using .Foote• s F'er.mi aolu~ion (S3, 1 c - 18.5; P 3, 1 = • 4. 7; · P 3, 3 = 134.8: 

D), 3 -= 1. 9; o3, 5 = -· •• ()) as the fixed 1 = 3/2 phase ehifte, a total of 114 random 

eete was introduced. Four disUnct solutions were found to be acceptable £ito 

. to the 'If .. -p .OCS data. Theoe four solutions, after having been fitted with 

PIP ANAL 1 CF4, were as shown ln Table IX. The "'· -p rec:oil"proton polarination 

predicted by these four solutions ia shown in .Fig. 1. It iG obvious from the figure 

that sclutione (l) and (Z) are in agreement with the data. while (l) and {4) are DOt. 

Inc:lueion of polarization data in the program causes solution (3) to degenerate into 

solution (1), while the M value of eolution (4) increases to a very unacceptable 

450 (where 48 is expected). 

As is alao clear from Fig. 1, polarization data in the region we have 

explored are quite incapable of resolving solutions (1) and (Z). One method of 

resolvins this ambiguity would be to obtain 'If--p polarization data at smaller angloo. 

Such data do DOt exist at present, l:Mlt an attempt hao been made to reoolvc tho two 

oolutiono by the inc:luoioa of w • + p - w0 + n DCS data.
5 

Thio prococture waa 
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1uggestod by the large variation in the backward direction of the predicted 

eharae-exchange DCS curves shown in Fi.. Z. 

lnc:luaion of the coefficients of Table VW, together with the polarisation 

data o£ Table VII, in the aearch program, yielcled. the results shown in Table X. 

Evidently, only solution (1) of ',I'able X now has a. reasonable M value, and ie 

therefore coneiderecl the only satiafactory spd solution to all the aforementioned 

data. 

z • . Yang 3/l. starting point. 

While the moat intensive work bas been centered around the· Fermi 
. 1 

solution, the Yang apd solution of Foote is perhaps reaeonable enoush to 

merit some consideration. We therefore did a considerably smaller amount of 

raad.om searching in this area. abo, using ae fixed input 3/Z sb.ifte: s3, 1 = - Z3.Z; 

P 3, 1 = 1Z6.z, P 3, 3 = l59.0• D3, 3 = 7 .5; and D3• 5 = - 4.6. In 40 random sets 

only one solution of M ~ 50 (M = .Z3 is expected) appeared; but this solution can 

be ruled out by 'II. -p polarization data. 

:s. sf!f Analreis 

The eame general proce4ure was followed for the spd.f analyaia as for the 
. . ·. 7 

t¢ analyeia. In thio ease, the Fermi 1 and Fermi 11 apd£ solutions of Foote 

were regarded ao the most important, and the remaining solutions were treated 

• somewhat more sketchily. "Random" sets were random only in s-, p•, and 

d-wav• phase shifts, with the f waves assumed small and started at zero deg 

in all cases. However, the final solutions often yielded £-wave phase ehifta as 

large as 10 des. leading us to believe that no great biae was introduced by starting 

the f~wavo phase shifts at zero. 

0 
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1. Fermi I and ll 

Fitting the 11'. -p DCS data with I = 3/Z. phase shifts fixed yielded, 

as one mi&b.t expect, a conaid.erable number of satisfactory •olutions. A total 

·of 450 rAndom sets was run, with a total of Z3 aood iolutions emerging. Of.theae, 

14 were of the Fermi 1 type and. 9 were of the Fermi U type. These seta all 

. gave good fits to the DCS da.ta (aee Fig. 3). 

Addition of "• -p polari.JS&tion r.e4ueed this number of solutions to 5; 

these· are presented in Table XI. Use of the five c,harae-exc:ha.nae DCS co

efficients of Ca.ns
5 eliminated solutions (4) ;~').and,:-t•'· (5). The remainillg three 

are shown in Table XU, and these three solutions are sufficiently diflerent to 

warrant short indiVidual c:Uecusalonas 

~lution (1~ - This is the spdf counterpart of the only good spd aolution given 

in Table X. 'I-he. I c 3/Z phase shifts of the final aolutioa agree very well with 
. 7· • • 

Foote • s Fe.rmi 1 solution. Each type of data is individually fitted well. The 

M vatu~ is very cloee to the expected value • it is the moat frequently occurring 

solution, having appeared 37 times during the random search. 

Solution (2} -Although the search yielding this aolution began with the I = l/1. 

phase shifts beina fixed at the Fermi I valuT'• the final solution demonstrates a 
. l"i 

clefiDite Fermi U behavior (i.e., o3, 3 ~ D3, 5 < 0). The 1 = l/1. phase shifts 
.• . ., ' . + 

are very different from. tbe Fei'mi 11 solution of .Foote, but the fit to the 'If -p 

data. is nevertbeleea quite good. 'fb.e ,..- •P polarization data 1• fitted rather bactly, 

as eeeu from Fig. "; however, the fit to the remaininJ clata is aultidently sood 

that the large contribution to M of the ,..· ·P polarization clata (=s 10) is lneufficieo.t 

to rule out the aolution. 
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Solut~on (3) -this is a somewhat poorer fit to the data, but still doeo not poaoese 

a sufflciently ~gh M value to be completely ruleji out. The I:-: 3/Z phase 
• 

shifts are of the Fermi I type, but are not nearly as consistent with the Foote 

oolution a.a are those of solution (1). E~ch phase shift does, however. lie within 

the quoteci uncertainty of the :Foote solution. 7 

It should be noted that, although the Fermi II s()lutie1D of.fi.'oote was used. 

as • starting point for aoo randotn aets,,\it was not poeaible to find a.ny solution 
., 

that adequately. fitted all the w-p dfta. Thus it can be concluded. that Foote .. a 
~ I .. + 

:Fe~rm.i ·II: solutiari' can not be used to fit 1r -p and '" -p data simultaneously. 

l. pther l= 3f2 starting PC?i,!lt.• 

As in the case o£ the spd analyses. a limited mmount of sea.-ching was 

done in which the less-likely 1 ~ 3/l. solutions (oee .11 ... oote' s Table VI) 7 were used 

ae starting points. The two solutions treated wero the Yang II set and solution 

No. 6, which is unnamed in the above reference H'oote) and eo is here referred to 

as Fermi 1&. About 100 random caaes were examined, with no satisfactory 

solutions to ,..+ ,;.p and 11- .. p (DCS and polariaation) appearing. 

C. Error .A.nalyais . 

The matrix-inversion error routine· described in Section w ... .B was applied 

to the spd solution as well as the three spdf solutiono. 

1. Error matrices 

The error matrices for the !our solutions discussed. above are tabulated 

'in Appenclix A. lt is seen tha.t in the apd solution, all rms errore are from 

0. 3 to 0. 9 de g. The correlation coefficients are all relatively small. For the spa! 

solutions •. the errore are considerably larger and the correlation coefficients have 

aleo inereased in si~e. Tho quoted errors on the I = 3/l phase shift are seen to be 

sb:nUa:r to those quoted by Foote,·? ~~<!~~~!~~§. t9.~t th~ i~c!~si~n gf 'IT= ::P d~!~ ~~'! a 

negligible effect on the I = 3/2. phaee-ab.Ut error. 
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D. lnola.atic f!Lrametere. 

To cletermine the effect of lnelaatic parameter a· on the phase shifts, an 
. 6 

inelastic I • 1/1. total croaa section of o1 = 0.9•0.Z mb was included in the search 

pJ'ogram, and. the baelaetic.param.etera aUowed to vary. Only the four final 

eolutlona were examined, the reaulta bela1 given in Table xn. 1n all eases, the 

inelastic parameters were started at 1.0. although starting them at 0.95 and 0.90 · 

yielded eaeenttaUy the same reaulta. 

V. DUiC.USSION OF RESULTS 
• ••,..,.w"•• __..,_,.,..,.,., __ .,~ ... ...- .c ... ,.,,. 

The aaalyaia of the 310-MeV eca.tterin1 cia.ta in tenns o! phase shifts baa 

bet:m ~uc:ceasful. at the dl.~.level,. although 66 pieces of experimental data were 

aeecl~cl to eliminate all but one. aolution. The 1acluaioD of· f waves, however, 

cotapllcatea matters cO.sldera'bly. 

Perhaps the moat disturbing aspect of the spclf wave analy~is is the fact 

that, althoulh the f waves are small in aU the satisfactory solutions, the presence 

of even these very small f waves is seen to radically ch&Dge the magnitude, and 

in eome cases also the alp., of the phase ahi:Eta of the.lowett orbital-angular

momentum states. Thia cants doubt on the very premise on which phase-shift 

a.nalyeie ia baaed, 1. e. , that one can approximate the infinite series that represents 

the scattering ampUtudea by the first few terms. It aeems to indicate that the remaiAo 

i.ng term& in the expan•ion, although minute ill themselves. can nevertheless exert 

a conalclerable influence on the larger terms. 

A major Umitatioo ot the data that now exist at 310 MeV is the very limited 
. . + • . 

anplar .-egioa of the polarization data, both in " -p and " -p. Especially in 

w- -p, it would 1M very inatructlve to push toward smaller c. m. aaglos in an attempt 

to cletermirt.e the value of polarization at 8 near 90 des. Some attempts have been 
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m&41e to meaaure polarization of the recoil proton ill the region Ocm a30 to 60 
. . 16 cles, but no cl.ata ext.t at present. A rocteDt preliminary experiment by Booth et al. 

in4lcatee also the poaaibiUty of measuring recoil-neutron polarization in the 

reaction "· + p- w0 + n~ · thia measurement, also in the 30 to 60 deg region, 

would be usefal. u well in resolvmg ambigv.itiee between solutions. Develop• 

menta in polarized tArgets may in the future make it possible to measure 

adcUUonal quantities correoponding to the triple-acatterinl parameters in nucleon .. 

nucleon •catterlng] 1 This would give information on lm(s*h). and hence yield 

another inc!epeadent experimental quantity. 

There is theoretical am well as experimental help that might be utilized.. 

It is hoped that a theoretical approach along ·the Unes used in nucleon-nucleon 
18 . 

scattering will be developed, and that accurate predictions of the higher 

anpla.r momentum phase shifts cao 'be made. Chew et al. have used relativistic 

d.ieperaion relatione to make predictions of the I a: 3/Z and 1/2. pion-nucleon 

d-wave phase shifts up to about 300 MeV. 19 These calculations do not contain 

poseible pion-pion interaction effects and so may not 4eec:ribe these phase shifts 

accurately. Although aome of the d phase shifts in our solutions do agree With 

these· predtc:tione in sip, the agreement in magnitude ill not· good, and in fact. 

some of our solutions do not even agree in sign. It is felt that such ctisasree:m.ent 

should not be taken too seriously until posoible ,_,. effecte can be lnclucle4 in 

the calculation. 

Theoretical prc4ictlons of the real part of the forward scattering. 

Re[ s(O 4eg)]. u.aing dispersion :felationa, have been mad.e by Spearmaa for 

· ,+ -p ancl , .. -p scattering. ao The values quoted here were for the choice 

· ~ = 0.08, where r is the renormaUzed, unra.tionallzed; pion-nucleon coupling 

constant. 
0 • 
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+ For 1r •p, Spearman finds 

Re[ &(0 <leg)] • .. 0.69, 

-and for 1r -p, 

Re[g(O des)]~ ... o.o6, 

in \ID.ita of 1'1/foLC, where ~ deaotee the pioa rest maae. 

The valuee of R.e[s(O 4,eg)] for,.,+~P an4 ,.,· -p scattering for the d-wave 

eolution (see Table Xl and for the three £-wave solutions (see Table. XII) are siven 

in Table XIV. 

It appears that. at preaent, no theoretical or experimental data exist that 

can reuolve the ambiguities in the spd.f analysis. However, some progress has 

beea.ma4e in the knowlec:lge of the phase shifts at JlO MeV. Previously, there 

wa.a no accurate information about. the I = 1/Z phase sbifs at the energy, but now a 
... 

choice of three individually accurate seta of phase shifts ia available. Also, one 

l = 3/1. solution found by Foote (Fermi n in hie notation) 
7 

wae discarded. as in

c:apabl• of fitting all the data adequately. The basic difficulty brought forth by 

·the aualyaia is the neecl for very large amounts of experimental data if accurate 

information ~bout the phase shifts is de aired ·~n d, f, aDd hisher partial waves . 
! 

become important. JU. 310 MeV the iDelastic ecatterina cUd Dot aclc:l a serious 
it . . 

complication. However, because of the eharp increase in inelaetic erose section 

. with energy near 300 MeV, l.l phaee-ebift analysis at eUghtly higher energies 

will become even more compUcatecl, since appreciable inelastic scattering 

eeeentially doubles the number of parameters that must be determined in the 

analysis. It appear• that because of theee requirement• lor very large amounts 

of data. the method of phaae-ahift analysie became less uaeful at these energies 

than it had been at lower energies. Eventually, more interest m.ay center on the 

experimental data themselves anclleea on the results of the present method of 

analy~is Qf those data. 



't 

-22-

ACKNOWLEDGMENTS 

UCRL-10436 

It ia a pleasure to acknowledge the support of Professor Emilio Segr~. 

We would llke to thank Dr. James Foote for hta advice anc! many helpful clio-

cussione •. Thanks are also due Mr. David. Jenkins for able aaalstance with 

tedious hand calculations and many of the progra.m.."'nina chorea. 



UCR.L-10436 

APPENDIX: Error matrices 

'! 



Matrix L Error matrix for apd 
' . 2 

aolutioa (ex.preaaecl ill deg ). 

53.1 
p 

3.1 P3,3 D3~ 3 D3.5 5 1.1 pl.. I Pl, 3 0 t. 3 . Dl,S 

51,1 0.4 0.2 0.2 0.1 -0,.2 · -O.Z -0~2. -o.o •0.1 0.1 
' 

P3._l 0.3 0.1 0.1 -0.2 -0.1 -0.2 -o.o -0.0 0.1 

P3,3 0.4 o.o o.o o.o -0.1 0.2 -0.1 0.2 

0 3.3 0.1 -0.1 -O.J.. -0.0 -o.o ~0.0 o.o 

D3,5 o.z 0.1 0.1 0.1 0.0 -0.0 

8 1,1 0.4 o.o 0.5 o.o 0.1 
I 

Pl,l 0.2 -o.z N 
-0.1 0.1 ... • 

- Pl. 3 0.8 -0.1 0.3 

Dl, 3 0.1 -0.1 

Dl, 5 0.4 
• 



. . z 
Matrix lL Error matrix for apdf eolution I (expreseediin deg }. 

s Pl,l p3 3 D3,3. D F3,5 
.F 

sl. 1 Pl,l 
p 

Dl, 3 Dl 5 Fl, 5 Fl 7 3. 1 • .3, 5 3,7· . 1, 3 . . ~ .. 

53,1 3.Z 3.3 0.5 1.5 -1.7 -o.o -0.9 -l.5 -1.3 -1.5 -0.2 -0.1 o.o 0 .. 7 

p3',·1 3.8 0.4 1.8 -1.9 -0.0 -1.1 •1. 7 -1.4 -1.7 · -o.z -0.3 0.1 0.8 

P3,l 0.4 0.1 -0.1 o.o -G. I -O.Z -0.3 -o.e -O•l ·O.l o.e 0.1 .. 

Dl, 3 0.9 -0.9 o.e -0.5 -o.s -0.6 -0.8 -0.1 -o.z 0.0 0.3 

D3, S 1.0 0.0 0.5 0.9 0.1 0.9 0.1 0.2 -0.0 -0.4 

F3, 5 0.1 -0.0 ... ~o.o -0.0 -0.0 -0.0 ·0.0 -O.Q -0.0 

F3,7 0.3 o.s 0.4 o .• s o.t 0.1 -0.0 -0.2 

• N 
U'l 

• 
51. 1 2.2 0.6 1 .. 3 0.3 o.s -0.2 0.3 

Pl, 1 0.7 0.5 :-0.2 -0.1 0.0 -0.3 ... 

Pl, 3 1. 7 •0.0 0.6 -0.0 -0.3 

D 3 1, 0.1 -0.1 -0.0 0.1 

0.6 
0 

Di, S -0.0 0.1 

F'l, 5 0.1 -0.1 

Fl. 7 0.5 c:: 
C1 
~ 
1:"' 
t -0 
~ 
~ 
~ 



s,,I Pl, 1 p 
3,3 D3~3 Dl, 5 F3,5 -·F3, 7 8 1.1 Pl,l Pl,l 0 1,3 D ' 1. 5 .F 1, 5 ' Fl, 7 

53,1 o .. z ·0,1 0.1 0.1 -&.1 0.0 -0.0 o.z 0.1 0.0 o.o 0.0 -o.o -o.o 

P3,1 Oo7 ·0.4 0.5 -0.6 0.3 ·0.3 -o.a . ..;_ --0 •. 2. -O.Z. -o.z 0.3 '-0.1 0.1 

P3, 3 0.7 -0.3 0.5 -0.1 o.z o.z 0.4 -0.1 o.z -0.2 0.1 -0.1 

0),3 0.4 -0.4 0.2 -0.2. 0.1 -0.1 0~1 -o.z o.z -0~1' 0.1 

0 3,5 0.6 -0.2 0.3 -0.1 0.1 -O.l 0.2 -0.3 0.1 -0.1 

Fl,S 0.2 -0.1 0.1 .. o.l 0.1 -0.1 0.1 -0.1 0.1 

F3, 7 0.2 -0.1 ··0.1 -0.1 0.1 -0.1 0.1 -0.1 

• 8 1,1 1.8 0.7 0.4 0.1 0.1 -0.1 0.1 ~ 
I 

Pl, 1 0.9 0.1 0.3 0.1 0.1 -o.o 

PI, 3 0.5 0.0 0.2 -0.0 0.1 

0 1.3 o.z .. o.o 0.1 -o.o 

D1,5 0.3 -O.l 0.1 

Fl,S 0.1 -0.1 

.i,o~l. 7 0.1 

c 
0 
::a; 
t" • .... 
Q .. 
w 
o-



Matrix IV. Error matrix for spdf solution m (expressed in deg2). 

sl P3, 1 Pl,l D3,3 03~5 F F3. 7 5 1,1 
p pl 3 Dl, 3 Dl,S F F 1, 7 • 1 3, 5 1. 1 . . 1 •. 5 

53,1 1.9 Z.l o.z l.Z -1.1 o.a -0.7 0.4 -0~7 0.8 -0.6· 0.6 -0.1 0.4 

P3,1 3.0 0.1 L7 -1.4 0.1 -0.9 0.4 -1.1 1.1 -0.8 0.7 -0.1 0.6 

p3 3 0.4 o.o G.O o.o -0.0 0.1 0.3 0.1 -0.0 0.0 o.o o.o 
' 

0 3,3 1.1 -0.8 0.1 -0.6 o.z -0.7 0.6 -0.5 0.4 -0.1 0.3 

0 3,5 0.8 -0.1 0.4 -0.2 0.6 -0.5 0.4 -0.4 0.1 -0.3 

F3, 5 0.1 -0.1 0.0 -0.1 0.1 0.1 o.o -0.0 o.o 

F3, 7 0.3 -0.1 0.4 •0.3 O.l -0.2 'o.o -0.1 
• N ..... • 

8
1. 1 1.9 0.2 1.0 -0.7 0.4 -0.4 0.0 

Pl. 1 1.6 -0.6. 0.4 -0.3 0.1 -0.2 

Pl, 3 1.0 -0.5 o.s -0.3 0.2 
0 

DL3 0.6 -0.2 ·. 0.1 -0.1 

0 1, S 0.3 -0.1 0.2 

Fl, S o.z o.o c: 
0 

F 1, 7 0.1 ,., 
t" 
I 

IW 
0 .. 
""' 0" 
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Taltle I. Scattering ampUtudea for charged pions and protons. 

R.eaetiotl 
- .... .... 

(a) w• + p - w + p - .. (b) • + ·p - w. + p 

(c) 1r"' + p - "• + n 

Scattering amplltutlea 

Non-apin-.!U.p 

g(l=l/Z) 

1/3g(I•3/Z)+Z/3J(l•l/1.) 

~[ aU=3/Z) • g(I•l/Z)] 

h(Ia3/Z) 

1/3h(Io3/2)+Z/3h(Ic: 1/Z) 

4[ h(l;:l/Z) • h(I=l/2)] 
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Table U. Nonrelativistic: Coulomb phase shifts, first-order relativistic 

c:orrec:tions, and complete Coulomb phase shifts (all in desrees) 

for incident pion ldnetic energy 'l' = 310 MeV. 

l L - + . A_tl A!f+ L+ L . 

0 o.oo 0.09 ---- 0.09 ----
1 0.44 0.09 -0.17 0.53 o.z1 

1 0.66 0.06 ·0.09 0. 7Z 0.57 

3 0.81 0.04 -0.06 0.95 o. 75 
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Table IlL Phase•sbi£t eym.bols. 

l J Phase-shift sx:mbol 
Ia::3J2 · I= 172'-

0 1/Z 83,1 8 1,1 

1 1/l. P3,1 Pl,l 

1 3/2. P3,3 Pl,l 

z 3/Z 0 3,3 .ol,J 

z 5/Z 0 3 5 D1,5 . . 
3 S/Z F3,5 Fl,S 

3 7/Z F3,7 F 1,7 

0 
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Table IV. Differential and total cross sectiena. for w· + p- w'" +pat 310 MeV. 

(J 
em 

(de g) 

l4.7 

41.4 

47.9 

54.4 

60.6 
66.8 . 

7Z.. 7 

78.5 

84.1 

89.6 
94.9 

100.0 

105.0 

109.8 

114.5 

119.0 

113.5 

127 •• 

13Z.O 

136.0 . 

140.0 

144.0 

147.8 

151.6 

l55.Z 

158.9 
162.4 

166.0 

daAB) 
em 

(mb/er) 

1.184 

1.171 

1.151 

1.125 

1.027 

0.970 
0.853 

0.774 

0.690 

0.635 

0.561 

0.498:, 

0.461 

0.410 

0.48Z 

0.514 

0.536 

0.590 

0.663 

0.715 

o. 764 

o.azz 
. 0.817 

0.869 
0.941 

0.991 

0.93Z 

0.944 

I 
. l ~ 

rm.a uncertainty 
(mb/er). 

0.043 

0.035 

0.033 

0.029 

0.027 

O.Ol3 

O.OZ3 

0.018 

0.018 

0.015 

0.017 

O.Oll~ 

0.014 

0.009 

. 0~016 

0.012 

0.013 

0.018 

0.016 

0.016 

O.OZl 

o.ozo 
O.OZl 

o.ozs 
0.015 

o.ozs 
O.OZ9 

0.04Z 

a.The total ct-osa eection used in the analysis was l8.8*0.8 mb, evaluated. 

between c:. m. Clltotf angles 8.4 and 167.4 cleg. The nonnaUzation uncertainty 

(see Section W-B) wa• taken to be At • 0.03. 
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. . . a· + + 
·Table V. Differential a.nd total cross section for "' + p - n + p at 310 MeV. 

measured by Rogers. bo 

o· dO' (9) 
em an- rma uncertainty 

(de g) em (mb/sr) (mb/er) 

14.0 18. 7.1 0.60 

19.6 16.05 
j . 

0.46 
as.z 13.82 

. ),. 
0.31. 

30.6 12.99' o.zs 
34.6 1Z.28 o .. ;n 
36.l 11.65 • 0.27 

44.0. 9.8Z 0.15 

!H.8 8.59 0.26 

56.8 . . 7.54 0.28 

60.0 6.58 o.zz 
69.6 4.73 0.10 

75.3 3.62 0.09 . 

81.6 l.. 77 o.oa 
97.8 1.66 o.o·1 

105.0 L!l 0.06 

108.1 U.6Z 0.07 

ll0.9 2.08 o.oa 
135.2 Z.93 0.14 

140.6 3.36 0.12 

144.7 3.76 0.15 

152.2 4.10 0.21 

156.4 4.51 0.17 

165.0 4.88 0.12 

a.The total cross section used in the analysis was 56.4~1.4 mb. evaluated be

tween c. m. cutoff ansles 14.7 and 158.0 deg. The normalization uncertainty 

(see Section Ufi:B) waa taken to be AE :: 0.06. 

bSee reie renee 1. 
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+ + Table VI. .RAcoil-proton polarization for 1T + p - v + p at 310 MeV, 

measured by Foote. a 

ecm: P(D) rms uncertainty 

(de g) (mb/ar) 

114.2 0.044 0.06Z 

124.5 -0.164 0.070 

133.8 -0.155 0.044 

145.Z ... o.16a 0.037 
~,:. 

aSee re!erence. 2. 
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Table VII. R.ec:oil-proton pola.ri:t.ationfor ,.- + p-+11'- +pat :no MeV. 

8 em 
(<leg) 

114.2 

ll4.1 

133.8 

145.Z 

P(9) 

0.784 

0.648 

0.589 

0.304 

rms uncertainty 
(mb/sr) 

0.13Z 

0.076 

0.07Z 

0.055 
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Table VIU. Coefficients lor Legendre polynomial fit to 1r .. + p - 11'0 + n 

DCS, measured by Caris at 317 MeV. a 

Al 

A2 

Al 
A .a 
As 

a See re£e renee 5. 

l max 
:g(6) =-) 

em -~ 

Coefficient 
(mb/er) 

1.39 

1.87 

1.50 

0.01 

-0.35. 

rme unccrtaintyb 
(mb/sr} 

0.06 
0.11 

0.17 

0.15 
0.42 

bl'he n.ormaU&ation uncertainty (see Section UI-B) was taken to be At = 0.10. 



Table IX. spd solutiGJ:tB to - DCS and total croas-aection data (also 1r + -p DCS, polarization, and 11' -p 

total cross-a~ction data). • 
~ 
CKl • 

M :47a 5 3,1 P3, 1 p3 3 0 3,3 0 3.5 
s pl. I Pl, 3 D 3 Dl.S expected: • 1. 1 1 • 

(1) 5Z.4 -18.8 -5.0 134.9 1. 7 -3.7 -5.8 -4.0 4.4 -5.3 15.1 

(Z) 61.3 ·18.Z -4.5 135.1 1.9 -4.0 -7.E 25.8 ::1.3 73~0 -0.5 

(3) 57.8 -18.5 -4.7 134.7 1.9 -4.0 24.2 10.5 -l.O- 3.6 -0.0 

(4) 52.1 -18.9 -5.0 134.3 1.8 -3.9 -4.0 -0.6 5.3 17.3 1.0 



Table X. apd solutions to .--p DCS, polarization, total cross-section aocl charge-exchange cO.fiic:ients 
+. . . 

(also v -p DCS, polarization, and total croae-aec:tion data) 

. a 
53,1 Pl, 1 P3,3 D3 3 Dl,S 51,1 Mexpectee=56 Pl,l Pl,l Dl, l 0 t.5 • .. 

"" .,g 
I 

(1) 71.2 -18.8 -4.9 135.5 I. 7 -3.6 -6.2 -4.0 3.9 -5.5 15.Z 

(2) 123.4 -18.3 -4.4 135~7 1.8 -3.9 -2.6 28.1 6.7 z.a -0.3 

a . . 
Mexpeeted meana the number of degrees of freedom., i.e., (aumber of experimental points fitted) minus 

(ntm&ber of phase shifts varied). 



Table XI. spdf Solutions to + -p and 1r 
--p DCS, polarization, and total section. lT cross 

M =47a 
expected 

Started 
tvl fron1 5 3,1 p3, 1 p 

3,3 0 3,3 D3,5 F 3,5 F), 7 sl.1 pl,1 p l, 3 D l, 3 D 1,5 F 1,5 F l, 7 

I 
37.9 .Fcrn1i I -1~.3 -0.0 134 .s 4.8 -6.4 0.8 -I .6 -s .4 -5.3 2.0 -5.5 15.0 -0.2 2 .~~ ~!"),. 

0 
II 48.3 -20.7 - 10. 1 136.1 -2.0 -0.3 - 1 .1 2.3 I I. 7 23.4 -2.0 6.7 2.5 2.2 -0.4 I 

III "11. j - 15. 1 0.1 135 .o 4.9 -6.4 0.8 - 1. 7 -0.2 2.7 .2 7.3 -0.3 - 1 .6 -2.5 -0.2 

IV 4 9- l -17.4 2 ,, - "'-' 
l 7 ,! J 

...) ~j· • '-
? ? 
J-~ -5. 1 0.6 -0.8 10 . .3 20.2 - 1.2 5.3 5.7 1.8 0.8 

v 46.6 Fermi II -35.5 - 16 .o 15 1.3 - ll .4 13.0 - l. l - l. 9 -13.0 3.7 19.7 -0.6 -2.0 2.5 1.0 



Table XII. spdf Solutions torr+ -p and rr- -p DCS.polarization, total cross section, and rr- -p~ rr 0 n DCS. 

M =52 a 
expecte.d 

.!vi 5 3, 1 p 3, 1 
p 

3,3 D3,3 0 3,5 F 3,5 F 3, 7 s 1, 1 Pl,l pl, 0 1,3 0 1,5 F 1,5 F l, 7 

4 j .7 - J 4 A l.) 135.1 S.4 -6.9 0.8 -2.0 -6.0 -5.8 -~ -5.7 15.8 - tL.-::. 2.5 

II 64.2 -21.2 - 12 .) 13 7.2 -3.3 1.5 - 1.8 3.3 10.9 23 .] -3 .5 6.5 0.6 2.1 - 1.2 >l'> 
....... 

III 71.7 - 15. (, -0.7 135.5 4 .!~ -6.0 o.·i - 1. 3 5.(1 21 .c.; 9 2. -0.5 -0.7 -3.2 -0.5 I 

a 
J'vlexpected n1eans the nun1ber of degrees of frccdon1, i.e., (number of experimental points fitted) 111inus (number of phase shifts varied). 
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Table XUI. a pel and a pelf solutions including the inelastic total cross section. 

•e! solution 

!; 
.s,,l P3,1 l?3 3 . . o,, 3 0 3,5 

1 • 3/Z 

phase shifts -18.9 -5.0 135.5 1.6 -3.4 

51,1 P1,1 P1, 3 0 1,3 0 1,5 

I= 1/Z 

phase shifts -6.0 -3.9 4.0 -5.3 14.9 

Correaponclins 
inelastic 
pa.rarnete r• a ,·10.98 1.00 1.00 0.99 1.00 

•i!!f solution I 

s3,1 P3 1::-' ~ ,P3 3 t:"DJ·· 3 D .F 3, 5 Fl, 7 
• .• t ·~ • .$ • •• 3,5 

1 = 3/Z 

phase eblfta ·14.9 0.4 135.1 5.1 -6.5 0.8 -1.8 

51,1 Pl, 1 Pl', 3 0 1,3 0 1,5 Fl, 5 
F . 

l, 7 . 

I = 1/l. 

phase shifts -5.9 -5.5 ,1. 7 -5.5 15.3 -0.1 1..3 

Cotresponding 

tl'~ic r · eters 1.00 1.00 0.99 0.99 1.00 1.00 1.00 
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Table XIU. spd and spdf solutions including the inelastic total cross section. 

(continued) 

·•E!! solution II 

5 3,1 p ~· 3, 1 .. P3, 3 0 3,3 0 3,5 113,5 F' 3,7. 
<. 

I • 3/1. 

pbue ehifts -1.1.1 -11.8 137.0 -3.1 l.Z -1.7 3.1 

8 1, 1 Pl, 1 p 
1, 3. 0 1,3 0 1,5 F 1, S Fl, 7 

I • 1/Z 

phaee shifts . 10.9 Z3.0 -3.6 5.9 0.3 1.8 -0.7 

Correuponding 
inelastic 
parameters 1.00. 0.94 1.00 1.00 1.00 1.00 ; 1.00. 

·~f solution m 
53, 1 P3, 1 p3 3 D D F3, 5 F3;7 

' ' l, 3 3, 5 

I = 3/l. 

phase shifts -15.4 -0.4 135.6 4.4 -6.1 0.7 -1.4 

· 5 1, 1 Pl, 1 Pl, 3 0 1,3 D1, S. Fl,5 Fl,7 

l D 1/2 

phase ahilts 3.7 Z6.4 8.6 -0.3 3.1 -0.6 -0.1 

Correa ponclina 
inelaatic 
parameters 1.00 1.00 0.98 1.00 1.00 1.00. 1.00 

a .. 
· See Section IV -D. 
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Table XIV. Re[ g(O deg)] in unite oft-./~ for.,+ •P ancl w· -p scattering at 

310 MeV for d-wave solution and 3 f-wave aolutione Uate4 ia the text. 

Solution ,--2 ae[ 1~o CleslJ +' 
n '-}2 Relsio desU 

d(l) -O.OS*O.OZ -0.69*0.01 

f I -0.04*0.03 -0.68*0.0Z 

!II -o.o 11t10.oz -0.69~.01 

fW -0.06*0.03 -0.69ttO.O 1 

Spearman prediction -0.06 -0.69 

" . 
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Fig. 1. Recoil-proton polarization in n .. -p elastic scattering at 310 MeV. 

Cases plotted are those d•wave solutione given in Table IX • 

.Fig. a. Comparleon between predicted &D4 measured c:haJ'ge-~xcballge DCS. 

Error ilas ahowa approximate uncertainty in experimental m.e&Dure

ment at backward angles. 

-.Fia. 3. The spdf solution (I) fit to • •P DCS · data. The other two spell 

solutions give comparable fits to the data. 

Fis. 4. Recoil-proton polarization in u· -p elastic scatterins at 310 MeV. 

Caaes plotted are those £-wave tolutiona pven in Table XL 
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