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ABSTRACT
The techniques of Racah have been used to obtain expressions
for the matrix elements of the Coulomb interaction between the

configuration ne? and the excited configurations L4fép and Lf5f,
7

and between 4f' and hf66p. Approximate SCF radial wave functions

were computed for Pr+3 and Tm+3 and used to calculate the necessary

‘radisl integrals. A second-order crystal field interaction
between the configurations Mfg and 4f5d was also considered.

While these mechanisms lead to rather large shifts in some of

3

the Stark levels of Pr+ in PrCl3, no one mechanism gives shifts

large enough to explain the obgerved discrepancy between the

experimental levels of the lD2 and those calculated by Margolis.

The interaction of th with Mf66p is not large enough to explain

levels of GACl.. 6H.0

6
and P5/2 3 5

the splitting of the lP
P . 7/2

observed by Dieke and Ieopold.



¢

-1~

I. INTRODUCTION

Analysis of the,oppidal spectra of rare earth ions has thus far

been based on the assumption that the ground electronic configurations

2_ 6

are pure ﬁfn55 5p and that the spectré arise from trgnéitions within
these configurationso While m;hy people have recognized the 1imitation§
of such an;appro;{imationy],"_m5 few attempts have been made to agtually
cqmpute the perturbing,effects‘of higher configurations. By including
configuration interaction,.Racgh was able td fit the levels of niné
configurations.of??h'lll.quipe:satigfactorilyp%i Judd has employed the
interaction of hf6532§§6 with hf65325p56p to explain the anomalous
quadrupole coupling in europium ethylsulf’apeo5 Judd also found
configuration interaction to be important in determiningvthe optical
absorption intensities of NdCl5 and ErCl5 solutionso6 Wong has found
that by considering the interaction of hfg with 5d2 thelfit Qf the
PrCl, spectra could be _improved;7 Lacroix concluded that interaction

4 with hf66p or hf65f is too small to explain the observed

of 4f
s 8 +3 . 8
splitting of the 5 ground state of Gd ~ in cubic crystals, but he
gives no detailed calqulationso Thevpresent work was undeftaken to
investigate the effect of configuration interaction on the crystal
field levels of rare earth’ions, with particular application tq the
and the 6P term of GACl

}D2 level of PrCl . 6H20°

5 3
The usual approximation 1s to consider that the rare earth ion
is situated in a static electric field whose effect can be represented

by severallcrystalvfield parameters,A§< r%> that depend on the symmetry

of the crystal and are determined to give the best fit to the experimental



o) .
spectrum.”lo With the exception of the lD2 level, Juddll found that

this theory, with the inclusion of deviations from IS coupling,; fitted

the data of Sayre:et;ajﬂlefbr PrCl, very well with the four parameters

3
necessary for C5h symmetry. The more recent calculation of Margolis, o
which includes in addition spin-spin and orbit-orbit interacti@né% fits
about 40 levels of Sayre et al., and Dieke and Sarup,3 except the'lDe,
with surprisingly little change in the crystal field parameters, and a
standard deviation of L cm-lo But the lD«2‘level exhibits a standard
‘deviation of about 17 cm_l. Since the calculations of Margolis
include all possible effects within the configuration hfg, some form
of configuration interaction remains as the most likely explanation
for this large discrepaﬁcy. The only other effect that has not been
considered is" the possibility bf actual covalent bonding between the
Pr+5 ion and other ions in the crystal. _Buf it is difficulit to.
" explain why this should affect one'lével so much mo?e strongly than
the others.

In the case of GdCl5- 6H20, a relatively large splitting is
and 6P

observed in the 6P levels.lh But the crystal field

7

7/2 5/2

matrix elements are zero for the sextet states of f band there should
be no first-order splitting. Judd has shown that the splitting cannoct
be explained by a combination of spin-orbit and the crystal field
acting linearlya15 Thus, part of the splitting must arise from
second-order crystal field interactions between levels and/or from J
configuration interaction. The latter pqssibility is considered here.

2
The general matrix elements of the Coulomb interactions Q = e /rij

are derived in SécQ'II.' Sec. IV is devoted to obtaining the

¥ 4



with specific applications to thé Pr

-3

3

. . . + + . s .
necessary eigenfunctions for Pr 5 and Tm ~. The remaining sections deal

3

and Gd-k-5 problems outlined above.

Higher configurations may be mixed into £ by the Coulomb interaction

‘between electrons, Q = X ei/;i,, where the sum runs over all electrons

i<j
outside closed shells. Since 82 and L2 commute with Q, it connects only

states of the same 5 and L in different configurations, and its matrix

elements are independeht of J. As a result of this interaction the state

l, fnaSL>~ becomes

(fnm;zpBSL|QtfanL) Ifn“lz”BSL > . ()

|ffasL> - =
oE

27,8

This produces a shift in the crystal field levels which is different for
different terms. Since @ also commutes with thé parity operator, there
will be interaction only between éonfigurations of the same parity. In
this case, a 4f electron may only be promoted to another state of odd parity,
i.e., to a 6p or 5f (or some higher p or f) orbitél. A two-electron
excitation, an interaction between the configurations hfe and 54  for
example, has been shown to be important in determining the positions of the
centers of gravity of the multipletsjo However, since the one-electron
crystal field operator has no nonzero matrix elements between such
confﬁgurations, the effect Qn'fhe crystal field levels would be second order
in configuration interédction. |

If the separation between configuration is much greatef than the
separation between terms within a configuration, AE is, to a first
approximation, constant for all terms. For the same !fnSL:>, if it may

be assumed that AR and the radial integrals involved are only slightly

altered in going from one crystal to anothe}, the



Coulomb interaction should be nearly the same for all crystals. The
shifts it causes in correspbnding crystal field levels would then
vary only as the crystal field parameters vary when the ligand is
changed.
Alternatively, there may be a gecond-order crystal field
interaction betweén terms of the configuration fn and those of some
Nn-3 o

higher configuration f £ . Such interactions produce a second-order

depression in the crystal field levels of the form

(£P0s1a0 [v|£* e pstas ) (€2 e psLas |V [£FasLas )
2B 2F

where V is the crystal field potential, and AR is the energy separatipn

»

between the interacting levels.

In Sec. 1I-B, general expressions for the matrix elements of Q
between configurations £ and £l will be considered. A full

discussion of the crystal field interaction is deferred until Sec. III-C.



II. CONFIGURATION INTERACTION-

A. Tensor Operators and Classification of States

1. Tensor Operators

The states of £ may be specified by linear combinations of Slater
determinants, and matrix eléments vetween them calculated in a straight-
fsfward ranner acéording to the methods given by Condon and Shortleyol6
However, this becomes extremely tedicus for more than two or three f
electrons. For such cages the tensor operator techniques inﬁroduced by
Racah (hereafter referred to as II, III, and IV) can simplify the cal-
culations a great c?Les.Ll?'3~9 The following is a brief survey of those
results most freguently used in the éalcu}lations to follow.

An irreducible tensor operator of rank k is defined by Racah (I1)
as an operator T(k) whose 2k + 1 components T(ﬁ)(q =k, -k+l,;...,k)

' satisfy the same commutation relations with the total angular momentum

J as the spherical harmonics:

[(Jx x in)’ T(ﬁ)} ;_(k ¥ Xk + q'+ 1)J Z T(Z;il

and

For k = 1 we have

oll)_ 1 (z, iTy)’ T(é)= T

2 Vo

Thus it is easily seen thatd is a tensor operator of rank 1 with com-

ponents J , Jz' Another tensor operator that will appear often in the
™

following sections is C%) defined by
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1
C(l;)z _2_1.{_1*2__.1.>2 Yy (2)
where qu is the usual spherical harmonic. In terms of tensor
_operatbrs the Wigner-Eckart theorem becomes (Ii):
(ajm,'r(z) o' 3'm’) = (-1 (ayr -mm’q ) (3)

where V is a form of the vector coupling coefficient. This relation .

determines the phases.

The scalar product of two irreducible tensor operators of the

same rank is defined (II) as
<f]:!(l<)° U(k) = Z (_l)q T(k) U(k) .
q a -qa
Matrix elements of the scalar product of two commuting tensor

operators are given by

. J+-"-. .
<%Jljgjm,T(k) > - (-1)1 Jpd Z,,(%Jﬂ'T(k%|7’,ji>
4 7

GV i) o

|
where Racsh s W coefficient is a summation over products of vector

'coupling coefficients.

2. 3-j and 6-3 Symbols

In the calculations that follow, the V and W coefficients above

are always used in terms of the related 3-j and 6-3 symbols of Wigner.

The 3-j symbol is deflned by
J, 3, J J
192 93\ _ 2" s
1273

where <Jlm132m2l3132j3_m§> is the usual Clebsch-Gordon coefficient.

»i



Racah'g V coefficient becomes21

Jx+ds-d j Jn J
12
20

The symmetry progerties of the 3-~j symbol are given by Edmonds, . For
the symbgl to‘beinqnzéro, jl, j2; and 33 must be able to form the sides
of a triangle and ml+ m2+ m3 must equ3l gerg° Changing the signs of
all the m's introduces the phase (-l)
The 6-j symbol is given by22
{”l o °§} ) (-1)jl+ j2+_£1+ 22 <§ y 2 z , )
2, 2y 2 1923’ 717273
Equations (3) and (L) may be written in terms of these quantities for

23,24
) )

future reference.
+ J . J 3005

<%,jo . ( )|7jm> (- l)j ~m, QJ k J> <
(7335w 109 o9 p,9,) - (' 2 63,5, sy ¥ 3

192
o L@ P v o ( )
’ 7;”@ gl JlX.7 I|l” - “7’32> ° (8

It can also be shown that for a tensor operator operating only on part

one of a coupled system,2

L)

3 Ik
<}’3132J HT(kﬁE7Jl 35 ) = («»1)J 1 [(zJ?l)(sz+1)}

2 (s s @

Similarly, for a tensor operator operating only on part two of a

coupled systemeu

[

+J +J7+k

<7’le;J’||U( ||7J1J2> (-1) 18 [(254,1)(2;@1)}



<

x {sz il}<7 32||U ”')’J> (8) y

(k) 25

Reduced matrix elements of C may be written as

(z’ (k)uvz>‘= ,_22+_L)(c2 +1‘J <o oo> (9)

3. Classification of states of £

In the approximation of LS coupling, the states of the configuration
fn may be labled by the quantum nuﬁbers SLJ. For many terms of fn,
however, S and L do not unambiguously determine the state, i.e., there
may be several distinct states with the same values of S-and L. The
simplest example26 occurs in the configuration s££°. For £4°=pd the
s and p electrons may be coupled to 5P or lP, bothlof which ﬁay then
be coupled with a d electron to give two 2D terms, sp(iP)d 2D and
sp(lP)d 2D, which have different energies. However, for configurations
£ the number of different terms with the same S and L may be quite
large. To deal with such situations, Racah (IV) considered a group
theoretical classification of the states of .
By considering the transformation properties of the states of fn
under the operations of RT’ the (24+1) dimensional rotatipn group for .
£=3, and one of its subgroups G2’ Racah defined two new quantum
numbers, W and U. W labels the irredﬁcible répresentations of R7, and
U the irreducible repfesentations of G2° W is a set of 3 integers,
>>w > 0, and U is a set of two integers,

(v 17 ¥oZ V3

(u,u,), with u.> > > 0. The seniority nurber v introduced earller
12 1=

by Racah (III) is related to Wm The quantum numbersianUSL:>

W )}, where w.>»

u

U

]



2
are sufficient to designate all the states of I, f5, and»fh, and all
terms of highest and next-to-highest multiplicity for higher con-
figurationso27
A state ‘ZnWUSI:> may be expanded in terms of products of states
of the first n-1 particles with states of the nth particle (III)
I - oo o s - r‘tar ’
¥(£ WUSL) = £ ¥ <fn Ywus'L )fSL) én Yw'u's’L)£sL &-anUSF>,
wu S s ,
s‘L™
: ya
n-lflﬂl - + .
where (£ (WU'S L") fsﬁ% anUS%> is & coefficient of fractional

parentage (c.f.p.). The properties of the c.f.p. have been discussed

in detail by Racah (IV). They may be written as the product of three

factors:

<fn”l(w’U’v’s'L') fsﬁﬂ anUvS%>
J

= (UL + £|UL)(WU + f|WU)<fn']v's’ + f& fnv§> (10)
The first two quantities are tablulated by Racah (IV) and formulae are
given for computing the third.

B. Matrix Elements (fwusLlale® > u’s’L )4 sL)

5 , o :
In atomic units where e = 1; the electrostatic interaction

28
between electrons is @ = £ 1/r, .- This may be expanded ~ to give

i<j
k
< ( )
Q= X X == P (cos ®.);
i<j k r§+l k” iJ

where a&j is the angle between the radius vectors to the two electrons.
But Pk(cos a&j) may be rewritten as (II):

(K), ¢ (k)
1 J
where the Ci(k) are the operators defined in Eq. (2). The matrix

2

Pk(cos aﬁj) = C
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element to be evaluated then beccmes

<fHWUSL|Q | L wus L’ )z"SL>

r L .
= = ( fwust] iz < C.(k)- c,(k)lfn“l(w”U”S”L')z’SL . (11)
K sy it o1 J ‘ T ST

Due to the orthogonality of the f and £° functions, the matrix
element is zero whenever i and j are both among the first n-1 electrons.

Thus the only nonzero terms will be those where either i or j is the

nth electron. In this case the radial part of the integral beéomes
. .

y r - ’

< 4 f’o — k rd @

ffp(uf,ri) P(uf,rj) T P(.hf,ri) P(n z‘ ,rj) dridrj- R(L4rhf,hfn’2”),
>

as defined by Condon and Shortley.,29

The methods of Racah (III) may be used to evaluate the angular
part of the matrix élement9

<anUSL|Z ¢ (¥). ¢ (B | =Liyoyogorr) pSL>o
i<j * J '

. A 1(k)” 0'2(5% C,l(k)° C?)(k)+ c, (). Cj(k)
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2
Since <§i(k)> is & scalar,'its matrix elements will always be zero

due to the orihogonality of the angular parts of f and £°, and

<anUSL‘Z c, (k), cJ( )\fn'l(w'U’s’L’)z’SL>

i3
= %.<%HWUSIJE (k)] | £t U’S”L')z sp) (12)

But for z 5f the angular parts are not orthogonal, and this method

cannot be used without some modification. Consequently, from this

- point the derivation only holds for £°=

For the case of n'£’= n"4 the matrix elements of % Ci(k)e Ci(k)
i
must be subtracted. The formulas given below hold for fZ=£° if

<?nWUSL|Z ci(k)a ci(k)|zn“1(w’u’s’L’)z SL>
i

= 3 ( MwusL ‘ﬂ £n—l(W'U’S”L’)+£>‘@C(k)nﬂ\\ 5(1’4 27)

(24+1)
is subtracted from right-hand side of Eq. (12)o

Using Racah's (33)II, we obtain

(? WUSL| = é (x), k)>lfn“l(wafS’Lf)p s;>

i<j

= ETE%IET 2M(~1)L“L <%HWUSL”Z C. (k)Hf W’ U’ ’sL’ >
D

&z e

x <}n W UTsL |z (k)" (w’U S°L )p SIC>+§¢ by (-1)L“‘L
. 1 \1] L(’il
énWUSL”Z cl(k I (Waa J’I 24 ay) SLpoo>
i .
% <fn-l(wa.9 rfso» s )p SL&.’&" 5 C (k)" £ &Ualea)p SL>,

LAY o N

where ¥°’ -denotes the quantum numbers W’ U ‘s’ ‘L’
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Putting

<anUSL“Z c (k)”f“w”U“SL > A,

Kan”U SL”” i(k)llfn'l(w’u"s"r_’) pSL> =

<fnwusx,|[z ci(k)"f-n"l(w”U“s”L”)pSL > c,
1 ; ‘

< (WaaUepsopro)_p SL&&J”Z C. (k)”f (WouyS%L’)PSL> =D

gives

(1«:'), (k)) =Y, o v '
<f%USL'§<Q cy e Cy | \(w U's L )pSL>

Fligs sz (-::L)L“I'_,cf»lﬂ - (13)

- R [i (-1)
? 2741 \yaa . woa Lwa.o .

These matrix elements will be considered one at a time.

To evaluate A, Tirst note (25)111 of Racsah where, for F = Zifny

<z_nasmSML_| F|oa’s L M, M& n ZS . <£naSL ﬂ (al 1 l)ESL)
1711

P 1 n o«
<lelESLMML|ftSLzSLMMLX (aSLl)ﬂs |}»z SL>
This merely states that if the first {n-1) electrons are recoupled to
the same lﬂn”l(a S5.L X> ; the matrix element of the sum is jﬁst n times

1°171

the matrix element for the gﬁh'electrona' Thus we obtain

v
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A= <fnwus;||§_ci(f‘)”f“w“’u”s L’ ) =¥ fnwus.L{ T l(\lrl)fSL>

v x <S_1LlfSL|ICn(k)"SlLlfSL"> <fDWMU”S”L”{fn (v )fS”L”) (14)
5 (&)

n is now a tensor'operator of rank k operating on the second part

of a coupled system. Applying (8) with

1]
L

J=L°7. - J
we have
B . . (k) oy
<SlLlfSL“Cn “SlLlfSL"_

- (,1)I,Jl+5+L+k[(2L+1)_(2L’”+1)]%{ZM? il} <f"C(k)" f>° (15)

- Using Eq. (9),-one obtains

(ele®e) = 70-17? (2152) : (16)

dombining Egs. (1%), (15), and (16), one has
A = <f“wusdlzici.(l_‘)"fn WUTUs’ L”> n %, é“wusx{ £ l(qx ) fSL>

L+L+ 1
2

| (W,U,,S,,L { (wng” SICE ferrcan Hﬂ

x (2 F In. Gk i) 8(s,8°°).  (17)
L°°3 k. 0 :
. Now B = (fnw”U” 5L’ fi= ci(k)u fn"l(w”U’s"L”)pSL) In an
i e ’
analogous manner, using (27)III, the first (n-1) electrons on the left

may be recoupled indentically with those on the right, giving
rard Z o L4 k
=<fnw U’’s L"()“ (WUSL)pSL>
= J2in an”U”S”L”J& fn"l(w U's’L )fs” >



“1h-

x(-i)L_”*’L-”*k[(2L.'.’+1)(2L+1)]"21‘ {z O o o> (18)

Similarly, one has

c = <anUSL“C(k)"fnc llUla Il ll)pSLioa>
= J21n <anUSL {| fn“l(w”u"s"L )fsi._>

x(-1)% +L”k~/(21.+1)(21,’""+1) { }<000> (19)

D = <fn-l(qu” or )pSLN.,[ k)" fn—l(W'U'S’L")pSL\; .
. . /

Here the sum on i may be divided into two parts, that acting only

on the first (n-1) electrons and that acting on the nth. This gives

X

D = < (w”U”s”L )pSL (k)" 7 l(w’U S°L )pSL>

+< (W s’ po)PSLaao c (k)” n- l(w U's’L )pSL>

The first term involves an operator operating only on part one of a
coupled system and the second term one operating only on part two.
Applying Eq. (7) and Eq. (8), one obtains

L7 +1+L+k 1( qoeqooe
, D= (-1) [(2L+l)(2L"”+l)]2{L L l}

L L x
x <fn"°]wepu.é oSJ aLio

|z C. (k)“f lw u’s’ ’>

L 4141 Lo’
+3(v7,¥7)(-1) (2L””+l)(21r+l)]2{ }( of|c (k

(20)
The reduced matrix element in the first term can now be evaluated in

the same menner as A, giving

W
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D = (fn-l(WNUI’S”Laﬂ)pSL%’T

Z Cl(ls)" fn-’l(WaUpsaLw)PSL>
i T

If‘"B coo
= (n-1) 7[(2L+l)(2L +1)(2L”+1)(2L”"+1) {i i‘ k}
n l ¢ n 2 PP OO n 1 n-2
(v°) (\II)fSL (w)lf (w)fSL
¢l< et pm) )
.yt S

e o

L +L L°°’L
+ (¥ ,¥77)(-1) (EL””+1)(2L+.1)]2{ }@" 1Y) (a1)

All the matrix elements involve 3-j symbols of the form

<§ g £»>, where £ and_ﬂ’ are both odd. The symmetry relations then
allow only even values of k. The triangular conditions of g g é)
allow only k = 2 and k = L.

Even with 6nly two allowed values of k, the summations involved
in the above formulae may be quite tediouss Fortunately for f2 and
fy, the ‘cases to be considered,‘ihe formulae may be some&hat simplified.
The specialized formulae for these configurations are considered in
sections II-C and VI. | |

..C« The-Configuration fe(Pr+3)

Two 4f electrons may be coupled to form lS, 4p, lD; 3F, lG, 3H, and
b) 3

lI terms. The configuration fp, however, contains “G, ?F, D, lG, and
;Do Since Q mixes only states of the same S and L in diffefent ‘
configurations, the Coulomb interaction will be nonzero only for the
lD, lG} and BF terms which are common to the two configurations. The

2
configuration 4f5f, however, contains all the terms of 4f plus

additional ones which are forbidden in hfg by the Paulli exclusion



v,lg“

“principle. Thus configuration interaction between hfg and 4f5f will
affect all of the terms of hfg.

1. Special Formulae for f2

After calculating the matrix elements of Q between Mfg and
’ o 2
Lfép for several terms of £ it became apparent that the two

summations in Eq. (13) were equal, ioe,, for n = 2,

i,f(“l)LTLa <f sLMC(k lfzs ‘L > <%2 A

(kN|f(s’L’)pSL>

L-L
= £ (-1) <% SL"c(kllf(s’”’ ”””) SL/)

<f(s””’ *77)psL f(s’L’)ps#> .

It can be shown that this is generally true for interactions of
the configuration 52 with zz’, and that the resulting expression for
the matrix elements of Q is identical with that which would_be
obtained by using Eq. (6) (seé Appendix A). Thus with either Eg. (11)

and Eq. (6), or the results of Appendix A we obtain.
<??s;lq|zz’s§> =z (-1)% 2 <?Hc z’> <?“c(kﬁk>

LA Lo : .
K j}_R (£2,247). | (22)

The factor of V2 arises from the fact that the state ‘£E0;> must

be written as (1LN2)(|.46 >+
matrix elements or a factor of Q/Jé = J2 times the result computed
from Eq< (6). The use of Racah's equations in Appendix A-builds in

this . result automatically.

- 2. Galculation of (f SL|QifpSL) ‘and. (uf SLIQqusfSL)

If we put £ = £ and £°= p into Eqg. (22), and make use of Eq. (9),

the matrix elements become



Q
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. 1

(Feufajessn) - = -0F st (35 2) (35 2)
k .

x Rk(hfuf;ufép), (23)

where the allowed values of k are 2 and 4. With the values of the
3-3 and 6-3 symbols obtained from the tables of Rotenberg et al,BO
the matrix elements of Q@ were calculated for SL = lD G, and Fo

The results are given in Table JA.

For £ = L4f and £°= 5f, Eq. (22) becomes

<uf SL|Q|uf5fSL> =z (-1)F 42 <o 5 o) g 11{ 3 Rk(hfhf_;hfo)o (24)

This expression was used to obtain the matrigvelements given in
Table IB  for all terms of fao In this case there are nonzero
terms for K = 6 as well as for kX = 2 and k = k4.

The matrix elements in Table I all involve parameters
Rk(hfhfgkfnl)o Unfortunately, one has no criteria for making even
an educated guess as to their values. These could be left as
parameters, and determined to give the best fit to the observed
spectra; but, since adding more parameters usuailyvimproves the
Tit, éuch a method would ﬁot really determine whether either of

+5

these mechanisms is important in Pr Spectraor If, however, a

"reasonable” estimate of the radial integrals can be obtained, it

may allow determination of which mechanism, if'any, is important.

A least-squares fit to determine the best values of the relevent

parameters could then be carried out. It was with this in mind
+5

that the calculation of 5f and 6p wave functions for Pr ~ was

undertaken. The method of obtaining the wave functions is discussed
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Matrix elements between f2 and f¢ .

4

Table I.
2
A. (f SL,Q,fp SL)
Term (£°s1|q|fp SL)
p R (ufhf Lfép) - §i§; Rh(hfhf;4f6p)
25\/ NT
o =5 Re(ufuf;ufép) +. R”(ufuf;hf6p)
21 21
Yo | =82 RR(4ehr;hr6p) - ——2o R¥(LEhEilE6p)
11-21 -~ 31121
B, (quSLIQqu5f SL)
Term (ufESL]Qlufsf SL)
5p i%;» RE(UELE; UT5E) + J;; RE(LEhe; UE5T) - ESJ;A Ré(ufuf LFST)
1 19fh‘ Y J“_ lEﬁfb R0
D 5558 R (ufu sLE5F) - R (nfuf WE5F) + 513 (ufuf Lf5E)
3 = ) V2 5002 _
F —Eg_.R 2(ughr; LEST) - 55 R (ufhf LE5F) 515 R (4f4f,hf5f)
1, Laz g2 IR 50J“—
G 5 RT(L4FLr; 4E5F) + 5151 R(LELE; HE5F) + ESI R (ufuf LE5T)
5. V2 .2 e w2k q 2NE 6y ene
H 5 RT(LEUF; 4F5F) - 3751 B (LELE;4E5F) - 5153 R (LELf; 4E5T)
1 J2 NN 252 6 s
I —§~—R (ufuf LF5F) + 7T R (4Ehf; 4E5F) * SSTATTIES R (4fhf; 4f5F)
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in detail in Sec. IV. In Sec. V the integrals obtained are

combined with the present results.
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I1TI. THE CRYSTAL FIELD

A. Crystal Field Matrix Elements

1, Crystal Field Potential

When a rare-earth ion is placed in a crystal; the electrostatic
field due to the anions removes some of the degeneracy of the free-ion
J levels and causes them to be gplit. The extent of this splitting
depends on the strength and the symmetry of the electric field. 1T a
simple electrostatic model is used,; the potentisl at the rare earth ion
due to the crystal field may be expanded in a sum of spherical harmonics-
For C5h symmetry, where the cation is surrounded by 9 charges at

distances pl and o

9

5 (see Fig. 1), the érystal field potentisl has been

given by Stevens.
V= Ag 2(522_ r2) + Ag 2(55zhm §Qz2r2+ Br“)

6 515r2Z4

+ Ag z(231z + lOSruzaw 5r6)

+ Ag Z(xéa lehy2+ legyhm yé):

where the summations are over the coordinates of all the electrons. The

AE are- functions of the lattice, and in matrix elements of V they

always appear multiplied by < rk:> for a single f electron. The
products Ai < rkl>»are known as crystal field parameters and are
usually empirically determined to give the best fit ﬁo the obse:ved
spectrum. This use of empirical_values of the crystal field parasmeters
to some extent makes up for the fact that the point charge model is not
correct. In rare earth crystal, Ag < r2'> is usually much less than

1,31

Z
expected.”’ For PrClBy the Ag < r2 > calculated by WOng“2 differs from

<
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Fig.
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that determined empirically by Margolis2 by a factor of 19:

Wong Margolis

(gﬁal} (cmﬁl)

Ay <r° > | 903 - 47.26
A) <> -10.7 ~40.58
Ag <% ~120 39,62
Ag <0 > -107 | 402.72

[T The crystal field parameters gquoted in reference 2 (Margolis) are
based on a different normalization than that used in this work. The
sign of Ag < r6 > has therefore been changed and Ag < r6 >>multiplied
oy 1501 to account for Margolis' use of unnormalized vector coupling

coefficients. See Reference 35;] This large discrepancy between the

values of AO < r2 > arises from a screening of the 4f electrons by the

2
outer shells of the Pr+5 ion, preventing them from feeling the full
effect of the crystal field. This scréening has been attribu,ted5 to

2 0
the virtual cancellation of such matrix elements as <&f w,VlthW > by

second-order terms of the type

w<}f2w|v[Tw”> '<?w“’ Q|hf2w’>yAET s

where T is an excited configuration.

2. Operator Equivalents

Stevens has shown that within a manifold of given J there is a

simple relationship between the matrix elements of the crystal field

potential.- and their operator equivalents which are functions of J and JZ
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that transform according to thé same irreducible representation of the
. rotation group. For example, the operator equivalent of 2(522, re) is
[%Ji - J(J+li], and the matriﬁ.elements of Vg are connected to those
of[EJi - J(J+lﬂ‘ by a proportionality constant & that must be determined
for each |fnSLJ:> but which is independent of JZ within fhat manifold.
Thus | o

2

2 2y, 2 22 .
(WJle (32"~ r )MJJZ) =@ <r >[§sz J(J+l_%lzﬂ <r >0 (d,d),

b 22 N -
(WJJZEZ(5SZ - 30r 2"+ 3r ﬁ WJJZ) =B < rh->¢?5JZ4- 50;(J+1)Ji + 25J§

L4

-6J(J+1) + 5J2(J+l)?lf£» B<r > fE(J,JZ),

(¥ 5(2312°- 315022 1050 22- 51»6)[\&35 ) = < r6>P31J§ - 31,5J(J+1)JZ

+ 755J:+ 105J2(J+l)2J§-= 525J(J+1)J§+ 291+J§== 533(F+1)°

+ MOJQ(J+1);2~ 60J(J+1§1 = 9< r6> fB(J}JZ),
.and

(WJle 5(x- 15x Y+ 15%°y = y )l WJJ;) SN Te"[_% . J&]
=z < r6 > (3,3 )
TTSE LD

where the operator-equivalent factors are related to reduced matrix

elements of C(k) and are considered in grester detail in the next section.

b) 3 ) p) ; +3
F, F3, lDe, P2 and Pl states of Pr
1 In the following sections; the operator

1
For the EHu, Gh’ L they have

been tabulated by Juddol
equivalents will be used in the form fl(J,Jz), etc., simplify the

notation. They have been tabulated for various values of J and JZ by

Stevens9 and Elliott and Stevens34a
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B. The Effect of Configuration Interaction on the Crystal Field Levels

1. Corrections to «, B,‘and 7
In the approximation of pure hfg cénfiguration the»métrix elements
of Vg, the second-degree term in the crystal fieid potential;, may be
written as
(ufESLJle Vg} ufESLJJZ> - aAg <> f1<-,JZ>o | (25)
If, however; there is configuration mixing between hfg and 4£2°, the

state |f2SLJJZ>>becomes
P 2
5 h X 74
(v£2’st|alut"sL) |uts SLIT >
) z

|sLag > = |4tsnas > -
Z %

=|ufestz> - a|bre’sLId >
In this case, Eq. {25) becomes .

2 2
SL3T_| vo| SLIT_ ) = (uss1aa | vO|ussras
zl 2 Z Z 2 g

- 28 b£%5103 |V ure sraa ) + ¥ hrs’sLag |vO|use’sSLaT ). (26)
z' 2 A » zl 2 i Z

. 2 .
Neglecting the term in a which is second~order in AE, we may write

g 0 o 2 , o_ 2.
<SLJJZ|.V2 SLJJZ> =0 A< T > fl(J,Jz) - 28,0 A< v fl(J,JZ)o (27)

The a? terms are considered in Appendix B. They involve integrals

of the form < r?aAa >or < rgp >>which are highly dependent on the
exact form of the wave fﬁnction used. If the free-ion 5f and &p
functions obtained in Sec. IV are sssumed to hold in ﬁhevchloride
crystal, their maxima are very near the chloride ﬁucleusn Thus, they
cannot be expected to give reliable valﬁes of < r?0f0 > or < rip > in
the crystal. If these 4f and 6p functions are used, however, the

contributions from the a2 terms are less than 10% of those from the

terms that are first order in a, and their neglect is Justified.
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The matrix elements of Vg in Eq. (27) may be arbitrarily set equal to

dAg < >»fl(J,JZ), as in Eq. (25), and a reinterpreted in such a way that

it tekes into account the effects of conflguratlon intersction. Thus @

will no longer be «__ but some weighted average of a_,..  If this is done

ff £4

and the Ag ‘s are all assumed to be the same, we find

2 2 2 .
a<r >=0 <r >m26ﬂf,@’<rfi,’->°

£r ~ Ter
Dividing by r2. > giv
ividing by aff roe > gives
2
QA.,» < Tno,o 2>
e 1-2a 22 L 9 (28)
a ’ x <r >

ff £t £f

. 2 2 . .
If the ratio < Toge >7Ql?ff ? can be determined, aﬁsz becomes a

numerical factor such that if a__ is multiplied by(%ﬁsz the experimental

£f

spectrum should be reproduced if the matrix elements of Vg are written as
SLJJIVISLJJ ee Ay <10 > £(3,3)
2 12977

where Ag < r2 > is the usual crystal field parameter. In a similar manner
the effects of configuration interaction on the fourth- and sixth-degree
terms in V‘may be incorporated as corrections to B and Yo

The same method has beeﬁ used by Judd to take into account deviations
from IS couplingoll In that case, however; there are no approximations
involved. The Ag’s are all the same and < ?2 > is always < rif >, Since
AO is & measure of the degree to which the electron involved is shielded

2

from the crystal field (small Ag gives & small splitting and therefore
large shielding), the Ag that measures the shielding of an inner Lf electron
is not likely to be the same as that for an outer 5f or 6p electron. Thus,

one would not be surprised if the results obtained from such as approximation

were in the right direction, but too small, perhaps even by the factor of
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19 discussed above, to explain the discrepancies between observed and
calculated spectra. While such simple considerations hold for the effect
on a single term in V; the actual situation is more complicated. V is

a sum of four terms whose relative signs and magnitudes vary a great deal
frém one Stark-level to another. Thﬁs the effect of such as assumption
‘must be éonsidered separately for each level. This is taken up in detail
when actual numerical results are obtained in Sec. V. |

- 2. Calculation of Operator Equivalent Factors

o
°

As an example, consider the calculation of afp

2 o1 .- o 2
el el = o o Y
<f ;Lngl Vglfpswarz> afp Ay < rfp > fl(J,JZ), (29)
but '
0_
Vo= Ay ; <?Zl - T > ’
1
and
5 <5z,2~= r2> -px r2c (2, (30)
5 e i i i 1

If we use Eq. (30) and the Wigner-Eckart theorem (5}, Eq. (29) becomes

I
2 0 4.0 2/ J 2 J 2 (2)
<f SLJlevelfpSLJJZ> =2 A (-1) -7 o Jz> <f’ SLQ’W? c, “fpSLJ -(31)

(2)

If part one of the coupled system is S, and part two is L, then Eici
is an bperator only on part two and Eq. (8) applies, leaving a reduced
: , , 2rfs o (2) , s
matrix element of the form ( £ SLﬁa Ci .“fpSL . For i = 1, this is zero
.i N

due to the orthogoncnality of the f and p functions. For i = 2, Eq. (8)
may be applied again, along with Eg. {9), giving
S-J_+2J

z

2 1.0} o, 0 2
(f SLJJZI VglfpSLJJZ) =22 Ay <o > 1)
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(5 G 1 E(CE) - @

< g g > may be evaluated from the tables of Edmonds: 55
J 2. J (27-2) 2
<."JZ 0 JZ> - Tetf?ﬂ" £,09,3,) (33)
If Eq. (33) is substituted into Eq. (32), and the resulting éxpression
0_ 2 . ~ : ' '
set equal to‘afp Ay < o > fl(J,JZ), we obtal?

23+3)!

2 : 5-J | (2J3-2)! 3 L3
ap = 12l= (2L+1)(2J+1)(-1)" [( ‘:} {J L 5 L 15 (3k4)

where the %-j symbol g g é> has been evaluated. Similarly,

S+3.J e [LJ L3
pr 5 \/—(2L+1)(2J+1)( 1) [m { L1k (35)

and 7fp is zero.

In a similar manner, expressions for & _ .. were derived:
> XD £°? Peptr Vopr

_ 562 _\S+3+37  [(2g-2)!
o — (2L+l)(2J’+lA)( 1) [(2J+§,)J {J L 2} {L 32f

,= 1001k (21+1)(23+1)(-1)

B
SN (2J+5)/

s+3J] (2J-4)) h)!"2 3L 3
‘ JLA L34 g

and

1628072 | S+3J+3 [(2J-6)f Z L3
Y = e NE (0141)(2341)(~1) ___....,,...1
SERNG R S [(em).[ sief s

The operator-equivalent factors calculated from the above expressions are

given in Tables IIA and IIB. The aff’ ﬁff, and 7ff no£ given by Juddll

were calculated in a similar manner.



Table IJA: Operator Equivalent Factors for hfe-) Lfrép

a a

Ore %o Pep Pep Tep

22 122 4 alz2 5
15°21 3521 To27 o7- w21 »
1 3 =1 1 1
126 o8J21 4577 745/ 21 13°63°99
1 3 = 1 L

90 ooJ21 4599 81521 39°99

8 12 -2 22 o
21°15 35021 7°81 272121

2 9 46 -2 -
11°35 3521 11 11°45°77 15-w/21-11 1323377

for “F,, these factors are from Judd (See reference 11).

a~ld

fngam
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Table IIB. Operator Equivalent Factors for hf?4>hf5f

a a _ - a -
SLI Yeg Cep? Prr Peee £7 Teg”
3 1 1
P . — 0 0 0 0
SR 152
5p . 0 0 0 0
1 5 -
1 22 22 4 oo 0 o
2 1521 15.2W2  Te27 A
35 1 1 -1 _ Y 1 1
o106 12602 4577 4572 1363299 13-63°902
3 L 1 N S -1 o a
> 90 9E 1599 k5.0l 39:99 39-902
5F2 8 8 -2 =2 _ o . 0
21+15 21°1%2  7°8L T-812
1, 2 -2 - -6 -46 =k -l
Y1135 11e3w2 11ebser7 3bserwE 13°33°T7 13+33+T02
e -1 -8 -8 | 5 5
® 99 o2 u5.9¢121  k5e9-12W2 £21:99°13-33 21:99°13-3%2
5y -1 -1 -8 8 1 1
5 75 w2 63°15°33  63°15°3m02 9:13°55:33  9:13°35°3%/2
5, 52 52 -l = 16017 16°17
b 25°99 25°902 5599 \ 55-9N2 9255°91°99  9°55°91°9N2
L -2 -2 4 oy -2 -2
® o9 ONZ  15033:33  15-33°3%2  63°99°11°13 63°99°11-1%2

Except for 3Fe, BH'

39 5H6’ and lI6 these are taken from Judd (See reference 11).
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C. Configuration Interaction Due to the Crystal Field

The Stark levels of the configuration hfg may also be shifted by a
second-order crystal field interaction between hfg and someﬁhigher:
configuration. In this case, the excited configuration need no longer
be of even parity and interaction with the lowest excited'coﬂfiguration
453 is possible. Because of the smaller energy denominator, this might
be expected tq be the largést of such interactions. The depfession Qf the

crystal field levels of 1D2 due to such a mechanism is

2 1 ’
( 1o,

LiJ OB
Z

| £aLIT :f
Z

(37)

Unfortunately, such a meéhanism is not specific to the lDeo A similar

interaction is also possible for all of the other states of f2°
Since the coupling of an f to a 4 electron with a tensor-operator

‘of rank k always involves the 3-J symbol

<? k 2> - ()P (? k é> y

000 - 000

k must be odd;‘ioeo, only terms in V which have zero matrix elements.in )
the configuration f2 will contribute here. The symmetry of the crystal
requires that k < 6. Since it involves < r?d.>3 Vg 1s expected to make
the largest contribution. A fifth-rank tensor will couple the 1D2 of

f2 only to the lF lGh, and le of fd, but it will couple the %Gh of

5?
2

f with all of the singlets of fd. The triplet levels of f2 may
interact with many different levels of fd, 14 for the 5HAQ Due to the

‘fact that the energy differences must be estimated the results are only

approximate, and it was not felt that carrying out these computations

would add anything to the general conclusions obtained fromvconsideration
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5

of the lD and lGu levels. The effect of |fd’F >, the lowest triplet

2
3

in fd, on the levels of Hh was computed, however. The resulting shifts

in all components were less than 1 cm”lv

3

+
The configuration fd has not yet been analyzed for Pr ~ but data are

36 and CeIIIB7° In both cases the lowest term is lGo

This may be coupled to both the lD2 and lGu of fg'by Vg term in the

crystal field potential. The other singlets in Lall are;lD lying 2300 cm-l
1

available for lLall

above the lG, lF at 7900 cm” 5 ;P at 11000 cmwl, and lH at 12000 cmulo
In thé cage of Celll, the lP and lH terms are reversed and the total
width of the configuration is about 3000 om“l larger. The Lall data was
used in the following calculetions. Teking the energy levels from the
Celll spectrum would changé the results by less than 0.1 cmale )

The graph of Dieke et al. shows that the centers.of gravity of the
f2 and fd éonfiguratibns differ by about 55,00C mel°38 The energy
difference between the Lf and 5d& functions calculated in Sec. IV is
42,000 cmnlo- From their work on the free ion, Dieke et al. conclude
that it is probable that the crystal field spectra of the configurations
uf2 can be'bbserved to 50,000 cmal° Therefore, the energy difference of
55,000 cmal from Dieke was taken as the energy difference between the
ground terms of the two configurations. The effect of a smaller AE is
to increase the shifts arising from interaction with the lower levels of
fd more than it does those arising from interaction with the higher
levels. If AE is ES,OOO cm&l} the shifts calculated here are multiplied
by factors of 1.4t to 1.2.

With these energy estimates, the crystal field interaction between

the configurations f2 and fd can now be computed, if the crystal field

parameter Ag < rgd > is known. It is usual to determine this parameter



from the experimehtal spectrumo Here, however, in orde: to- determine the
importance of such a mechanism, we must obtain theoretically.at least

an estimate of its value. This is considered in the next section. In
Section 2 below the angular part of the crystal field matrix elements
necessary to describe this interaction is obtained.

1. Calculation of Ag v

The potential seen by an electron of Prfi due to its Surroundings

may be written as

2
V = N 0‘8 I, °
oY / iJ

1<

Expgnding %/rijg making the usual assumptioﬁ that the magnitude of the
electron radius vectof_?;, is always less than that of the radius vector

to the exterhal charge;gz, and using the spherical harmonic addition theorem,

this becomes g

. r
' 2 i Ly
V= X q. =
ikm 9 pﬁk%l 2k+1

¥ N
o /A Y o @ ° : *
¥ (ozjg %),Ym(ely ).

In order to obtain a real potential the kmph term, Vﬁ may be written

as
m k m *
Vi «eé‘. " A (Ykm+ z’km),
where _ )
m_[~2 .27%2
Ay “’[zﬁai+ bkﬁ] ’
— | 1 q_é2
v _ 2 .’,
a_= Q{—BQ-T z, a—im P;: (cos aj)'_ cos w8, ,
L(k+m): B Jd pj . J
and
1
[IRYRE q.e
bkm = LE~§Q;_ , z u»QE;i-—— Pi (cos @.) sinmB, -
A em)! |9 . J
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to tensor operators, we get

3 5 .3 /.(5), .(5)
Vi =Eor7 A <?.5 ¥ 5 )

Changing the lkm

From the data given by Zachariasen59 the structure of PrCl5 may
be calculated (see Fig. 1). If pl is the distance to the C1™ ions in
the central plane, and Po the distance to those above and below, and the

corresponding angles with the vertical axis are al and 02,

0

2.966 R 5.605 a.u. a,= 907,

51

and

1]
i

Q . ‘ P
Py = 2.989 A = 5.68 a.u. = 43°3°
The distances agree with those given by Hutchison and ‘rIong.uO The upper
and lower triangles are rotated from that in the plane by 57039”° This
was rounded off to 60° in the following calculation. All the q,j = =1

> _
and ¢ = 1 in a.u. Using these numbers, Ag may be calculated:

Ag = 0.1185 x 1072,
Using the L4f and 54 eigenfunctions in Sec. IV, < r?d > has been calculated
by Judd:6
< r5 > = 50.5 a.u.
fa
This gives
Ag < rgd > = 5,98 x,lO:'5 a.Uu. = 1310 cmal° (38)
The matrix elements of V; now becone

c(g) + C‘E;)|deI.JJ2> . (39)

2 4 4 & > 4 rd 4
(? SL’J’J v5|deLJJ > = 1310 <%ESL J°T
: zl 5 2, oz

b
2

2. -Angular matrix elements of V

Using Eq. (5), the matrix elements of Vg become

O ‘53
3 N VA J 5d J. 5 J
VsldeLJJ%> = 1310 (-1) - [(-J; ; J;jﬂ+[§é;m3 J;jﬂ

|c(5)"deLJ)j_

2 sy
<f SL°J JZ

x (£98L°3°
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By applying Eq. (8) twice and Eq. (9), we obtain

(5 SL'J Hc(5 )l| £3SLJ) = (-1 L +L[—0557(2J+1)(2L+l),(2J”,+1)(2L”+lﬂ%

3L 3 358
JL5L25 000/°
This gives

o , L +L-J
(£7sL’a Jz|vg|fd;JJz) = 1510(-1) . [70(2J+l)(21ﬁ1)(2J +J.)(2L +1}‘

{ 352\|/7° 54 +CJ” 53\
J L 5 L2 5 Coojia; 535 )\ kar 5 )l

The matrix‘elements of (?(§)+ CE%%) for all ﬁbsSible interactions of 1DQ

and lG4 with states of f£d are given in Tables ITIAZH.

Table IV shows the shifts (Without'adjustment of the center of
gravity) in th¢ Stark levels of 1D2 ané lGh arising from these various
interactions. Figure 2 shows the levels computed by Margoli52 without
configuratiop interaction along with the present reéults, after ad justment
of the center of gravity to agree with that of the experimental levels.
The numbers in parentheses are the shifts necessary to bring the theory
into agreement with expefimengo The levels are labéled by ﬁellwege”s
crystal quantum numbers ug.JZ: ulmod 6). Due to the breakdown of IS
coupling, none of the states are pure and the C«’rl{L is highly mixed with
the other J = 4 states. Using the intermediate coupling functions of
Margolis (see Sec. V), the impurity of the lGh has been taken into |
account {neglécting the effects due tO'the.iﬁu and 5}5“1*)0

From the figure it can be seen that even if they were largery the
shifts of the 1D2 levels are not in the right ratio tQ.éxplain the observed

discrepancy. In order to reproduce the obgserved specirum the *1 levels

must be pushed upwards while the O level is depressed. The total
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&5, C(?%,| £d lGhJi) B
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Table IV. Shifts in lD2 and lGJ+ levels of f2

arising from interaction with various levels of fd.

¥

fa

2 1p 1 ir e o Total
lD2 J=x2| - - -l -1.0 1.8 2.9
*1 - - -1 - .3 - =31 <3.5

of - - -.0 -1.8 - .0 -1.8

Yo, 3 =2 .0 -1 -.8 -1.8 - .8 -3.5
+3l .0 -k -3 - 0 - .5 1.2

sl L0 - -6 - .8 -1.0 -2.4

+1 - -ok =.0 -2.6 - o4 <34

0 - - -2.1 - .1 -1.0 -3,2
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L Exptl Margolis With C1

+ —16779.5

— 16758.2(21.3) — 167576 (21.9)

— 167423 CI1.1) — 16742.3 (-11.1)
+2 —ler3l.2

— 16651.8(-21.3)—166529(-22 4)
— 166305

MU-28216

Fig. 2A. Levels of lD2 as a result of crystal field interaction
with 4f5d. '
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Fig. 2B. Levels of 1G

with 4£5d.

Exptl

99270

—98I0

— 9774
—97627

9738

-4la-

Margolis With C1I

—99138(13.2)—99160(!1.0)

—98144 (-44)—98119 (-1.9)

—_9782.1(8.1) — 97844(104)

—_97573(44) __97564(5.3)
——97467(-87) — 9744.3(-6.3)

—95905 —9589.6

MU-28217

4 @5 a result of crystal field interaction
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interaction is in the opposite direction. The interaction of|f 1D2 >
with 'fd H}¢> alone, however, comes closer to ﬁroducing the correct
ratios. (See Table IV). But the only way to feduce the contribution
from interaction with le is to assume that the AE used in that calculation
was too small, i.e., that ’fd lH5> lies considerably higher in the fd
configuration of Pr+§»than in Lall or Celll. The effect of increasing - .
this AE slightly, keeping the positions of the other levels fixed, is
to make‘the shifts of all three components of lDzlmore nearly equal and
thereby reduce the measurasble effect of this interaction. The fit of the
:L(}l+ levels ;s slightly improved by this mechanism.

The value of A5 < r5 > used in this caiculatioh is also approximate.

5 fd
6 32

v ‘ 6
> and Ag < r > calculated by Wong differ from those

The Ag <r
Observed by Marg01152 by nearly a factor of k4, but the calculated and
observed ratios Ag < r6 >»A2 < r6 > are nearly the same. This can be
interpreted as an indication that the value of < r > computed from
Ridley's free-ion 4f fur_u:tionu:L is too small by a factor of nearly L.

If such an effect arises from a simple,outward scaling of the Uf function,
as it seems to for the 3d function of Marshall and Stuar”c,i¥2 and if

the 5d function is assumed to be_gffected in the same way in going from

the free ion to the crystal; this would imply that the < fg& > used in

computing Ag < rgd > was too small by abcut a factor of 3. A}i of the
computed shifts would then be incféased by & factor of 9. Iflbnlymthe
interaction with | fd lGu > is considered, a somewhst improved fit may

be made to the lDe levels, but it would also give absolutely unreasonable
values for some of the shifts in lGuo Thus, one must conclude that

while such a scaling may be applicable to the 4f function, the 53 function
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must be changed in some more complex way and there is really no way

- to estimate the accuracy of the Ag < r?d > parameter used in this
calculation. 1t is obVious, though,\that any interaction of this type
large enough to give appreciable improvement to the fit of the 1D2
will also cause shifts of the same order of magnitude in the lGl+ where
the fit is already quite good. Thus a second-order crystal field
intefaction between configurations may contribute to crystal field
splitting of ng but this mechanism alone cannot explain the observed

discrepancy without greatly altering the already fairly good fit of

the lGh levels.
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IV. APPROXIMATE EXCITED EIGENFUNCTIONS FOR Pr'S MWD Tm'S .

In this section, the greater part of which is taken from reference
43, the 5d, 6s, 6p and 5T radial wave functions that are necessary for
3

any calculation of configuration interaction are obtained for Pr'> and

' Tme, these two icns being chosen because of the availsbility of ground
state eigenfunctions from Ridley's SCF calaulationsoal

Since it ﬁas necessary to compubte the effect of promoting one of
the 4f electrons of Pr+3 to an excited orbital, the contribution of one
of the Lf electrons was removed from the effective potentiél tabulated
by Ridley. The resulting potential was treated as that of a core in
whose field the excited electron moves, i.e., the Uf and excited electron
were agssumed to move in the same central field. The inner 4f and cuter
54, 6s, etc. electrons actually do see different fields, but the present

functions are a good first approximation. They are certainly better than

the presently available hydrogemic functions.

A. Calculations

In addition to the wave funcitions, Ridley's results include a tabu-
lation of & total effective charge Zp(r) for the ijon, and a contribution
to .Z from each shell of electrons. Zp(r}/% 15 the total poitential at
any point due to the nuclevs and the sverage charge digtribution of the
electrons. TFor a single electron in s gtate of fadial and angular monmen-
tum quantum numbers n and £, the radial wave function is denoted by '
P(nf;r), where ‘]png(nE;r) dr = 1. The effective charge due to one
electron and one Ruclear charge, Zp(n'ﬂ’;r), i.e., the contribution to

the total Zp from a single electron, can be cbtained from-a differential



equation given by Ridiey.

H

2 (n'g';r)
y . .

e .

1 -ng(n',@';r., Ydr, - r/-i Pg(n'ﬂ';r ) dr
Jo v 1 5 | 1 1

o
.

Z{nl;r) —rb/ = Pg(n’ﬁ’;r ) ar_,

: rl o 1 1

bl

*

r _
where Z{nf;r) is d.ef:‘inedl’L5 as 1 -Jf PZ(nE;r)dre The total Zp becomesb’5
: 0

Z{r)= 2 qgn’2’)z(n%"; r)+ 1,
p n’g’ P

and the total effective potential is - Zp(r) r. The gquantity q(n’4")
is the number of e;ectrons in state n'z', and i is the degree of ioniza-
tion.

In terms of these quantities, the radial Sch¥bddinger equation for
an eléctron in a state nf becomes

2
-{ Vdg + % [l + 1+ Z
ar” L n’e’

4 4 ’ rd ] - E Z
q(nlz')gp(n‘zlgr) - gp(nﬂ;r)J+ o8 - ~§§i£2‘}

x P(nt;r) = O, ' (40)

where the distances and energies are in atomic units. The potentisl
is the total potential of the ion minus the contribution to the poten-
tial of the electreon Wh5se wave function is being calculated; in the
present case a 4f electron,

V = Zp(total) - (Zp(nﬁgr) -1).

Zp(nﬁ;r) may be obitained from Ridley's tabulation as follows:

oo

p
7 {nt;r) = Z2(nl;r) - xi/ﬁi P(nt;r.) ar
e J Ty i 1

Making a change of variables in the integral tc p = 1n :LOOOrl we get
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co

Zp(nﬁ;r) = Znl;r) - r\zj Pe(nzgp)dpo

Z(nf;r) is tabulated by Ridley and the integral is easily evaluated
numerically from her tabulated P(nf;r).
For the present calculation the potential was assumed to be the

same for all the states of interest, i.e., Eq. (40) becomes

2 -
{%—é 5 l.l +1+ I qn’s") 2 (n"4%r) - 2 (hf;r)J + 28 - ﬂ(ﬁl)}
* ‘8’ b P 2

r n’s . -

x P(né;r) = O, (1)

where nf = 4f, 54, 6s, 6p, 5f. Equation (L1) was solved on the IBM
7090 for both Pr+3 and Tm+3o The resulting wave functions are shown
in Figs. 3 and 4 and tabulated in Appendix C. Since < r2>, < r4> and

the Rk integral defined by Condon and Shortleyl6

R¥(ns, nl, nf n'L")

o0 o k
~ ks
< 2 . . pt. -
=&/J[ ;E:i P (nz,rl) P(nﬂ,ra) P(n’2 ,rg) dr, dr2
0 ¢ >

are of interest in crystal field and configuration interaction calcula-
tions, these integrals are tabulated in Table V alone &ith the -cne-
electron energies.
B. Discussion

Dieke et al have determined experimentally the centers of various
excited configurations of doubly and triply ionized rare earthso3
They found that fdr the doubly ionized atoms a vlot of the center of
the configuration, relative to the hfn”lés taken as zero, vs atomic
number, yields a straight line. Although experimental points are

available only for Ce+3 and Yb+3, they also draw straight lines on a
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Fig. 4. Normalized radial eigenfunctions, P(r), for Trﬁ3



Table V. One-electron energies and radial integrals for excited orbitals of Pr+3 and Tmf3

(energies and integrals in atomic units) .

pr’3 | T 3
RE(hels, bfng) RE(LELE, s )
Energy =~ k=2 k=l k=6 Energy k=2 k=4 k=6
b % 21,159 406 .253 181 | -1.452 .573 .358 .257
L -1.17h .Lo8 255 .186 -1.483 .576 .360 .259
54 - 9822 _— —— — 21,060 —_— _ —_—
6s - 8637 e S — - .9631 J— — ' —_—
6p - 7352 -.0258 | -.0172 — - .8104  -.01LO0  -.0067 —
5f - . 4898 -.0592 -.0392 -.0224 - .5007 -.0547 -.0362 -.0263

'6?"

® Entries in this row are those of Ridley (see reference 4l).
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similar plot for the triply ionized atoms. In Fig. 5 the calculated
one-electron energies (relative to 6s) are plotted along with the ex-
perimental centers of configurations from Fig. 5 of Dieke et al. The
results are remarkably good when one considers the approXimations made.
Since bnly the first ionization energy is available for Pr, it is
impossible to compare absolute energies, but it is probable that in
taking energy differences many of the errors have cancelled, yielding
a reasonably good fit te the expefimental spectrum.

The U4f energies differ slightly from those of Ridley. This is
probably due to a slight difference in the potentials used, or the
method of machine solution of the Schrtidinger equation. waey'ery the
L functions differ only slightly from those of Ridley and the
Fk(hf,kf) integrals agree very well (see Table V).

Table VIA-B contains the < riﬂnfé,> intégrals necessary for the
configurafion interaction calculations. These integrals are not very
sensitive to-tﬁe grid size used in the numerical integration, but this
is not true for the Rk integrals. A grid size % 0.005 is necessary
to obtain integrals that do.not change appreciably with a change in
grid size. It is felt that a further reduction of grid size would
change the values given by less than + 2 x 10"4 8.Us

chg7 has used functions obtained in this manner to calculate
Slater integrals connecting hfg and Sd? configurations of Pr+3; These
have led to an appreciable improvement in the agreement between the
calculated and observed spectra.

Without further experimental data it is difficult to establish

any further criteria for the accuracy of these functions. An attempt
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Fig. 5. Experimental centers of configurations of triply ionized
rare-earth ions from Dieke et al. (see reference 38), and
calculated one-electron energies.



Table VIA» Values of < riZnﬂ, > for Pro
| < r2 >
L 5d ‘6s ép 5f
Le 1.4k 1.6& 1.33
54 6.65 ‘7651'
6s | 1u.é
6p 17.6
ot 23.8
< s
Lt 5& b6s 6p 5F -
bf | 5.17 19.2 20,k
5dv 70.2 122,
6s | é79,
. 6p 429,
5f v851°
< I‘6 >
LT 5F
he 374 430,
5¢ 39300




Teble VIB. Values of < r§2nﬂp;> for Tu'”
< r2 >
he 5d bs 6p 5f
bt 0. THT 0.439 0.589
54 5,27 6.25
bs 11.5
6p 1“‘0}4
5 00,2
< rLL >
Lf 54 6s 6p. 5f
b 1.50 6.50 6.67
54 46.% 82.5
6s 184,
6p 289,
5f 731,
< r6 >
T 5F
hf 6.72 109.
5f 33000
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was made, however, to determine the sensitivity of the nghfhf,thQ)
and Rk(hfhf,hfo) integrals to slight changes in the wave functions.
Since these integrals depend on the overlap of the Uf function with
either the 6p or 5f, any change involving only the tail of the outer
function will have little or no effect. The easiest way to change the
whole function is simply to apply & scaling factor that moves the
function in and out. If the Lf function is kept constané while the

S5f and €p are contracted or expanded by 10%, the integral lRa(hfhfythP)f
increases when the 6p function is contracted and decreases when it is
expanded. le(hfhfghfo)[s however, decreases with a 10% contraction
of the 5f function and increases on expansion. The effect is about
20% for the S5f-interaction and 40% for the 6p. Therefore, unless the
eigenfunctions are radically changed in going from the free ion to the
crystal, a factor of 2 is probably a liberal estimste of the possible

deviation from the integrals obtained here.



V. NUMERICAL RESULTS FOR Pr'

With the energies and integrals of the previous section, the
shifts in the individual crystal field levels brought abouﬁ by the
various mechanisms conéidered may now be calculated. The corrections
to the operator-equivalent factors due to interactions with the Lf6p
and 4f5f configurations have been given in Eq. (28):

) o(£2sulqee sL)  Fept < r§2’> G
AE Ypg <r§f'>

fope = 1

Using the Coulomb matrix elements from Table I, operator equivalent
factors from Table II, and energy differences and radial intégrals

from Tebles V and VI, these correction factors were computed. They
are given in Table VIIA for tﬁe interaction with 4f6p, and in'Table'

VIIB for 4f5f. For the interaction with LESE,

1 _
= = E)
er Per  Ter W2
for all levels. Thus the correction factor is the same for each level

within & given term.
Using the crystal field perameters of Margolis,g the following

shifts were obtained for level of ;D?;~

Interaction with

B ép 5% Total
ig "009 “’002 W u1°l
il lol 105 1 206

0 '“Oel“ ”296 -"\h" ':5“0
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Table VIIA. _Corrections to & and B due to interaction with Lfép

Level ‘aszf B?Bff

lD2 0.963% 1.019

5F2 0.969 1.173

3F5 0.969 1.173

3Fu 0.969 1.173

s

G), - 1.088 0.856

Table VIIB. Corrections to &, B, and y due to interaction with Lhesf

Term /0 _B/§ff - 7/7ee
3 1.025 - ]

1 1.010 1.039 -

ox 0.987 0.949 0.842
tq 0-989 | 0.955 0860
oy 0.977 .o¢908 0.715
1

I 1.019 1.075 1.232




Table VII€. Corrections to &, B and 3 due to

interaction with 4f6p and Lf5f

0,991

Tern /0 /By 7ee
1 0.973 1.058 -

3F 0.946 1.121 0.8h2
1 1.077 0.811 0.860
2y 0.977 0.908 0.715
Cross term :
~<5—H-|vv. |5F> 0.886 0.779




-58-

Figure 6 shows these results, along with the results of Margolis,2
without configuration interaction. The center of gravity has been
adjusted to agree with the experimenﬁal spectrum. The sum of the two
interactioﬁs has nearly the desired relative values, and the fit is
somewhat improved'by the inclusion of these terms. However, the
average deviation is still much larger than the experimental error.
If a screening factor of 10 or 15 is applied to A% (See Sec. IIIA)
ﬁhe fit of the upper two levels, particularly Jz'z +2, is appreciably
improved, but the zero level is raised rather than depfessed,

For the other levels the situation is not so simple, Whereas
the lDe is only weakly coupled to the other J = 2 states, the breakdown
of LS coupiing is quite large for the other states, particularly those
with J = 4., The eigenvectors obtained by Margolis were provided by

Dr. Wong and have been used to compute the shifts of the Bﬂh’ 3FL and

1

Gu levels due to the sum of the interactions with 4f5Ff and 4fbp:

. 1
3, = 0.98828 | 3m, > - 0.02779 | 35, > + 0.15013 | G, >,
3p, = - 0.09772 | 38, > - 0.87086 | 3F, >+ 0.48213 | *g, >
L= : 4 ’ L ° L2

leh = - 0.11731 | 3H)+ > + 0.49115 | 3Fu > + 0.8631h | :"crllL > .

The phases have been adjusted to agree with the convention of this work.
The results sre shown in Fig. 7. Some of these shifts are quite
large and two of the lGh levels are actually interchanged. The over- -

all fit is worse than that'ofMargolise Applying a shielding factor

to Ag has little effect on these levels because the dominant terms

are, in nearly all cases, those involving Ag and Ag. Thus the large
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Exptl Margolis With Cl

___ 167795
167582 (21.3)— 167608 (18.7)

—16742.3(-11.1)_16741.2 (-100)
- 167312 Av

___ 166518 (-21.3) 16648.8 (-18.3)
___ 166305

MU.28218

Fig. 6. The 1D2 levels of Prt>.
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7 E xptl Margolis With C1
— — 99357(-8.7)
t2  ___99270
—99138(132)
1 —98I0 —9814.4(-44) _9g12.3(-2.3)
_ _ap ——9783.2(-9.2)
‘29772 9782.1(-8.1) '
— 97627
3 —97573(44) 97553 (-17.3)
—97467(-87
0— 9738 ‘
97294 (32.3)
— 95905
3 — 95822

mMU.-28219

Fig. 7A. The lG4 levels of Pr+3.
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Fig. 7B. The 3F4 and 3H5 levels of Pr+3.



snifts in the Mo 3) +2 components grise mainly froﬁ the corrections
to v in the Wf5f interéctionq Siﬁée mnost of the ﬁatrix'elgmenﬁs of
Vg and Vg are guite large, a smallrcorrection td Y can:lead to rather
‘large ahiftsmi This correction couldvbe cut down withdut affecting
the a.and B-terms by including secondforaer_terma (see.Apéendix B,
or by assuning that ﬁhe calculated <'r§f; >,/< wgf > ds too large.
If, as discussed in the previous séétion; it is assumed that < r%f >
‘is too small by g factor &, the calﬂulated shifts become reasonable.
But there is really iiﬁtle Justification for applying suchva correction
vwiﬁhout some knowledge of the effect of the crystél on the free-ion
5f function. If it is scaled by the saﬁe amount as the Lf function,
| the present ratio is correct. If it remains unchanged while the Uf
function is scaled outwaﬁd, the present ratio is muitiplied by about
0.85. This change is not sufficient to cause any appreciable differ-
ence in the results., There is alsc the possibility that the integrals
Rk(hfhfyhfo) are too large but, in view of the results of Sec. IV,
it is unlikely that this is more than a factor of 2. Such a correc-
tion is applicable to all terms in V, not just @he‘sixthmarder terms,
however. Since many of the components are missing in the experimental
spectrum and it was not expected to add anything to the general con-
clusions, the intermediate coupling calculaticons have not been carried
out for the other levels. V

Unfortunately, the discrepancy in the lDE levels does not seen
to arise from any single mechanism but must be the result of many
small effects. None of the mechanisms congidered are specific to the

.

o9 and produce shifts of at least the same order of magnitude in
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other levels., If the present integrals are correct, the interaction
of 45° with L£5f and bf6p is not negligible and the RS(hfhe,Lf5e) and
Rk(hfhf,hf6p) integrals should reaily be treated as parameters in the
inﬁermediaﬁé coupling calculation. . If this were done; £he crystal
field might then be fitted with a different set of crystal field
parameters and many 6f the present difficulties miéht éutomatically
3 i

be removed. Until good wave functions are available for Pr+ na

chloride crystal, however, further attempts at calculation from first

principles cannot be expected to give more than qualitative results.
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VI. THE CONFIGURATION £/ (ca‘3)

Whereas the Pr+3 spectrum is extremély wéli known, that of Gd+3

has received relatively little attention. The most recent work is that

1h and Cook and Dieke on GdAc. - LH O

3 3 2
T . . 6
and qu(soa)3 . 8H2O, in which they were able to assign the P?/é,

of Dieke and Leopold on G4Cl, ° 6H20,

6P 5 and»6I levels in the chloride, and the 6P P_,., and P
5/27 204 Ly fp level 3/2> Ts/2 7/2

levels in the acetate and sulfate. From the Zeeman splitting factors

in the chloride they determined that the lines A, and A (Table VIII)

3
are principally JZ = 5/2 and 7/2, respectively. They were unwilling to
assign JZ values to the othexr lines, however. But Judd has shown that
only a small mixing of levels arising from deviations from perfect
pseudo-hexagonal symmetry is necessary to explain the Qbserved splitting
factors,15 He has made the assignment shown in Table VIII.

: The 6P7/é and 6P5/2 levels both exhivit total Stark\splittings of

Aapproximately 80 cm”la There is no first-order crystal field splitting
of the sextet states of f7, however., This may be easily seen as follows.
The crystal field matrix elements for the 6P term are proportional to the
operator equivalent factor ¢ which is in turm proportional to a reduced
matrix element of the operator 0(2) (see Sec, IIIfA)° In Appendix C
it is shown that for the sextet states of f7 the matrix elements
(f7WU614|Q‘£3”f7WU6L) are zero. Thus there should be no first-order
Stark splitting of the sextet levels. Second-order effects can arise
by three mechaﬁisms: (1) a term that is first-order in both the spin
orbit and crystal field interactions; (2) a second-order crystal field

effect; (3) a term that is first order in both the Coulomb and crystal



Table VIIT. Wave numbers of the lines in
A and B groups of GACl

3

*6H,0 at 1.7%K.

a

Al . 32065.60
A2 090.95
A3 121.49
Au 144,86
Bl 658.67
B, 698.57
B .1

3 739.19

|

1/2
3/
5/2
/2

1/2
3/2
5/2

From reference 1b.




field interactions between levels of the same E in different configure-

tions. Judd has ghown that the spin orbit interaction alone will not

15

reproduce the observed splittings.. Thus there must also be some

contribution from second-order crystal field effects or configuration
interaction.

" In this section, calculations are carried out for the interaction

6P states of f66p in an attempt to account

for this splitting. In view of the resulis cbitained abeve for Pr+39

of f7(110)(11)6P with the

the configuration of 4f65f might have been & more jJjudicious choilce.
However, 4f66p is the lowest excited configuration of odd parity. Be-
cause of the greater number of allowed stetes, the calculation for
hf65f would, involve extremély long summations and calculation for k = 6
as well as the k = 2 and &4 which are necegsar§ for the intersction with
4%6p. | o |
Even though the Coulomb interaction Q has némzero matrix glements

only between statés‘of the same S and L in differemt ccnfigur&tions, it
cen link luf7(1lo)(11)6P > to 5 different 6P states of hféép, This
ﬁay‘be readily seen by looking at the quintet and septet states of fé
in Table IX. Any of these mey couple with ancther electron to form a
sextet, and all the 8, P, aud D states may couple with a p electron te
form a.6P state of 4f66poA Thus the interaction of MfY(llO)(ll)éP with

hf66p 6? includeg contributions from five separate metrix elements.



-66-

Table IX Classification of certain states of fn a

f6 ) f_'(
n v W U s n v W U  sL
6 6 (100) (10) [ 7 7 (000) (o_o) '88
6 (210) (11) 7w 7 (200) (20) ©per
(20) °DoI 5 (110) (10) °p
(21)  DFGHKL (11)  %em

b (111) (00) °s
(10) °F

(20) °pGI

Taken from reference 47.
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(f75(llo)(11)6P la] f66(alo)(11)5P » %p)

6

(f75£llo)(ll)6P lal f66(210)(2o)5n p °p)

6

(f75(110)(1l)6P la] £2,(210)(21)%p p %)

(k2)
(7 (10)(11)°% [a] £°,(111)(00)%s » %)

(f75(110)(11)6P lal £5,(111)(20)°p » 6p) .

Each of these may be evaluated using Eq. (13);- The sums over all in-
termédiate states, of which there are maﬁy, maké the calculation ex-
tremely long and tedious. Fortunateiy, however, some simplification
can be made in Eq. {13) for the sextet states of fTe

A. Calculations

For the (llO)(ll)6P state of Gd+3, Eq. (13) becomes
7 6 3 ) 6 L4 6
<f 5(110)(11) P| i;j 1/rijl £ “’, )P P)

; TR R 6 (K) (| LT corsooones oo
—-1/515[3,,(&) (£ 5(110)(11)9 [ || £ wu""8" L")

x (f%”ﬂ”s’.”n"fl {c(k)l.lf's(q;' )PéP) ,
ooz GOMETE (o))l 168 10w psr )
V5L |

x (204" oSt | |c<k)] 1 20v) p6P):l _Rk(hfhf,hfép)

=1/6 i[z”(ul)]“fl‘ AB+ Z (-1 C°DJ’ (43)
¥

& &P

vo,L

where k = 2 and 4.
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Before embarkihg on such a series of sumations let us consider
briefly the effect of the crystal field. As was the case for Pr+3,
any Stark splitting which is first-order in configuration interaction
arises from a product of crystal field and Coulomb matrix elements be-
tween the two configurations. Thue it will also be necessary to cal-

culate matrix elements of the form {fY(llO)(ll)6P|Vif6(w')p 6P) where

v = (210)(12)°P
6(210)(20)5D
6(210)(21)5D
u(lll)(OO)5S
,(111)(20)°D .

GdCl3 e 6H20 has only a C, symmetry‘axis,h8 If this is taken as

the z axis the only terms in the crystal field potential which give

6.
nonzero matrix elements between P states are

V= Ag (352 - r2) + Ag (xe - yz)y

1
However, the work of Dieke and Leopoldl+ on G4ClL., - 6H20 and that of

3
E:i.senste:‘i.nl’L9 on the isomophic ¥YbCl,_ - 6HPO’ show that these crystals
J o

also exhibit pseudo-hexagonal axes perpendicular to the 02 axis. This
implies a relationship between Ag and Age If Ag = =3 Ag, the potential
becomes

%)

o

v = ~2A2(3x2 -

0
This is simply a V2 term with a new Ag and referred to the pseudo-

hexagonal axis perpendicular to the 02 axis:

v =4y (32° - 1) (k)
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The work of Judd™” on GaC1, * 6H,0, as well as that of Eisenstein’
on the Yb compound, has shown that even-if Ag = =3 Ag + &, the split-

tings caused by deviations from Eq. (44) will be small. Thus the

metrix elements to be computed are

(f7(110)(11) PJJ, lv If (w )p PJJ ) = afp AO < r . [35 [ g 1)] .

An expression for ¢ may be obtained in exactly the same way as in

fp
See. III-B. This gives, for the 6P term,

—36/ (es+1)( 1)3J+‘§*L+1 %gg_%ﬂ_ { SlL’}
2J+3e J:Lz 112

x (f7(110)(ll) P{lf (w ) + f)

The triangular conditions of the second 6-3 symbol allow only L > 2.
Thus the 5P and 5S states can immediately be eliminated from the
possible ¥° given above. As will be seen below, the Coulomb interaction

is zero for the u(lll)(20)5b state so we need calcﬁlate o only for

- 6(210)(20)513

(210)(21)513.

The coefficients of fractional parentage (f WUSL-{ f6 WUs’L) + f£)
which will be necessary for this and later calculatlons may‘be evaluated
from Eq. (10) and the tables of Racah (IV). They are given in Table

X, Table XI gives the operator equivalent factors afé for the 6P3/29

6 6 +3
P and P levels of G4 ~.
5/2 7/2
Having eliminated two values of ¥’ further simplification can be

effected in Eq. (43). First consider the matrix elements



Table X. Fractional parentage coefficients CfTWUSL ﬂ f6W'U'S'L’. + f) .

v’ (111) (100) | (210)
v (10°F  (20)°D  (20)° (10)7F (11)5P (20D (20)°c (21’ (21)°F (21)°6
(110)(11)6P -1 -~N 10 Ji1 ;=%? JET -N11 'J?ﬁ; -N11 -3V E5:13
> ' Jo1 7 7 J NT 7‘\/-1_14- a1 221 ey
a6 1 | F Ay N
7(200)(20) D 0 = ; T T
6 N N e
7‘(200)(20) G 0 = 7\/_6— 7@ 7@

-0.-
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Table XI. Opefator-equivalent factors o for’

ip
(27 110)(11)6P}v|f°(w’)p 6P)- \

’,

Level v S %ep

' 5 o
P3_/2 >;(_210A)(.‘20,) > . 25430

=3

1

- a1

- 5 -
(?1Q?f21).D e 25Ainiu

-3

. .- (210)(=20 )°D —E
6P / 25 . )4.9\/—30
. 5/2 ' :

A (210)(21)p _ehvm
, . 25 « 4910

(210)(20)5»15- —---——-—-——-—-—5 gy \/—30*

P .
7/2 . -2V

) 5 '
(219)(21.)_]3 5 - ko \/)»lo‘
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A= ( 1 YTUSLI Ic(k)l ’f’_( WHU”S,'LI')

it

(fYS(llb)(ll)éPlIC(k)§§f7 WU s L ”),

where ﬁhe w'; inéludes ali thé Séxtet étaﬁes of f7, i.e:,'
Vo= 7(200)(20)6DG1
(10)(10)F
(11)633.
Juad has shown that the summatlon involved in Eq. (14) for the matrix

eleméntg A can be carriea out eypllc1tly, 15 leaving a very simple

expression;

A = ( 7&RTQL’IC(R)II£7"I’ "":.'”L”)

= 1h(- l)L*l [(2L+l)(2L"; 1) L L 1<‘g 3 b e (8,87), (45)
for L + L’ odd., For L + L°” even, A = O. The proof is given in
Appendix D.

Thus the matrix elements A are zero unless L + L°” is odd. With

[

L = 1 this means L° must be even and we have

(f (110)(11) P[ic(k)llf w”u”6 ")'
b [3(214 )J S 3} S53) (46)

where L°7 is even. But the triangular conditions on (1, L’”, k) in
the 6- j symbol require L°°¢ 1 + k. This gives L''= 2 for k = 2, and
=4 for k = 4. Thus it is only necessary to compute two matrix

elements, using Eq. (46),
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(f?s(llo)(ll)éPl[C(?)Ilf77(200)(20)6D) - -2/N10,
: o (1)

and

é L 6 '
"(f75(110)(ll) P[Jc‘ ?[]f77(eoo)(2o),g).=./ %% .

Since Eq. (43) involves the sum 2 A B, it only remains to

2
calculate the B terms which will be multiplied by nonzéero A terms, i.e.,

B = (f7w”U”s"L”|Ic(k)l|f6(w’)p6P).

where

= (200)(20)6D when k = 2, .

and 6
v = (200)(20)°G when X = k4,

Whereas A vas indepéndent of w;, B is not, and for each ¥*’, B must be
computed for the three values of V', .
‘= 6(210)(20)5D
6(210)(21)51)
u(lll)(QO)sDo

From Eq. (18) we obtain

B = \/_7_ (f7wr/U4¢StiL;1| f6(ll!l)fs"L’,)(-l)Ll+L"

' .. 3L7L7] /3 k 1)
x3!_7(2L +1)] 11 k}<000) (48)
The c.f.p. have already been given in Table IX. The matrix elements B

are given in Table XII.
Using the results in Eq. (U47) and Table XX, the first term in

Eq. (43) now becomes

' 1-L°° 212 2 5 L
=1/6 Z2 (-1) A » B = ——==— R(Lflf, kfép) + R(4fLf, 4f6p)
/ kK yr- a 354730 ’ 1V 30 ’



T

Table XII. B = (:E‘7W”U"S"L"HC(k)J lfé(w’)p%)».

vl (210)(20)°D (210)(21)°D (110)(20)°D

v k=2  k=h k=2 = k=4 k=2 k=4

(200)(20)°p | —38 o m o 0 0
3543 3

(200)(20)°c¢| o 3vn -2 0 0

1l+~/_3 T




_-'ES_.,

for ¥ = (210)(20)’D,

and
X = SVF_M

R (ufuf,ufép) + oV R (ufuf,ufﬁp)

35\’33 . p1e 11~/_1_;5
for y* = (111)(21)7D.

: ""'Fo:;f v o= (111)(20)513 X = 0.

Unfortunately, the calculation of the terms ¢ and D *s not nearly

aé‘easyo From Eq, (19) we have
=,(f75(1lo)(l;);Pl|0<k)JIfé(w”u”s"L”)p L)
l/ B . = . B
-7 [9(2L"'+.l)}2 (,f7 (1,10)(11,) P { P UL’y + £)(-1)ME

3. .1L°1/3k1 . :
X{Lfﬁf lk } o O O $ (}49)
where qu; includes all sextets of f6p; and ¥°° includes the septets
and quintets of féo The triangular conditions of the 6-j symbol
immedlately eliminate a fEW terms but there are still many to be compu-

ted. The results are given in Table XIII

If Eq. (20) instead of Eq. (21) is used for the matrix elements

b = (50u w5 1) 120 o ),

:théy may be written in terms of reduced matrix elements of the unit

tensor U(k) in the configuration f6 U(k) is defined by

108 [2) = 1, or (zllc(k)lw (-1 (2o + 1) (g & o) 4110112, (50)

When we change C(k) to U(k), Eq. (20) becomes, for L = 1 and k even,
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Teble XIII. C ='v(f75(uo)(11)61>l|c(k?llf6(w”U"s"’L“)p L),

L”’ l 2 3 5 6 -
128 ‘ k=2 k= k=2 | keb k=b k=h
N 2 » i - ’ n
(210)(20)°D | —=— Y15 3 | 25 | 0
, 35 35 sdT] TV
(e10)(e1)Pp | 3333 Y55 Nu | evss 0
| 35 35 3597 | Ve
(111)(20)°D -ov2 | -¥30 | -¥6 |2Y0 | 0
537 | 547 35 7
N N el e N
(210)(21)°F 0 o
| 35 2V35 Vo uNT |
' 2v2 | -1 |- A5 .
(111)(10)°F 0 2y , 5
V35 J35 lavar | 2V7
-5:35 | V11 SNETH P
(210)(20)°D 0 0 B! —
770 [18-7V1] sev2 | 63V2
" Y B R T
(210)(21)°¢ 0 0 N,
N7 | suvar | 28V3 | =213
" o smvm | m ] e
(111)(21)°G 0 0 3
| Vs | oean |67 | ooNT
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]

¢’ -~ % PP S g S
- L "+1 X ) L''L 1 3 k 3"
x (f6w: JUf ISI ’Lf'! ]U(k)i lféwlUIS/Ll) + 8(1If',\£ri ")(_l)LI*.L',’.

e RETHEEY. e

¥
w

All of the necessary'matrix elements of U(2), and those of U(h) except
for L= L""= 2, were kindly provided by Dr. Judd. The latter were

compufed ffom
6‘//‘415 ] ()4-) [ 6 . 15 _ 6 Py 115 ST
(fWUMDHU HfWUD)~6%(fWU ledﬂffl+ﬂ
% (féw’u’5n-ﬂ f5wlul5v & £)(-1)F1"? 5-{2 g i%} , (52)

Equation (52) was dérived in exactly the seme way that Eq. (21) was obtained
from Eq. (20). The c.f.p. for (féw"-ﬂ fS(W') + ) are given in Table
XIV and the matrix elements of U'2) ana U*) in £ in Table xvA ena
Table XVB, resPecﬁivelyg
These matrix eléments may now be substituted in Eq. (51) tb obtain
the matrix elements D which are given in Tables XVIA, XVIB, and XVIC,
for ¢ = (210)(20)°D, (210)(21)°D, and (111)(20)°D, respectively. MNow
‘the results of Taﬁle‘XIII and Tables XVIA,; :XVIB, and XVIC may be

combined to give the second term in Eq. (%3):

Y =1/6 ’;z M e,
voLL
These values are shown in Tablﬁ-XVII,lalong with the values of X obtained
earlier and the total Cbulomb matrix elements for various V'.
Here again it may be noted that X = Y (see Appendix A). Some

attempt was made to show under what conditions this equality shouild

hold, but the summations always involve products of 6-j symbols and

-
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: a
Table XVA. (f6 wu oL ]IU(2)1| 2wy oLy

Pttt

WU'S’L
WUSL (210)(20)5D (210)(21)5D (111)(20)51) (210)(21)5F (111)(10)5F (210)(20)5G (210)(21)5(} (111)(20)50
(210)(20)5D 56 520 CepeL ez N 311 -5/390 -2/15)
w1 49 41 21 21 147 147 147
(210)(21)°p slee 11:/6 277 6 /66 -3 /1430 AN
ug 98 49 14 1k 147 98 20k
(112)(20)°p 67e1 a7 -1w/6 a7 -7 -2/15) -aJ1365 11
by it} 126 21 21 1h7 147 21
(210)(21)°F Jee_ -6 a7 1 11 als J715 e
21 1L 21 6 6 7 70 1k
(111)(10)°F &2 J65 al7 11 1 -a/66 Jés 231
21 1k 21 6 6 21 70 42
(210)(20)% 3211 -3 -a/15) -6 /66 13 /130 -20
17 147 1h7 7 21 433 490 Wh62
(210)(21)°% -390 /1430 /1565 /715 /65 130 429 31155
147 98 147 70 70 490 9833 490
(111)(20)°c -2V154 -30k2 -a/11 Ja1 J231 -20 31155 I
17 2gh 21 1 42 Whée 450 133

& These matrix elements have also been calculated on a computer by C. W. Nielson of M.I.T. {unpublished).
These results agree with his tables.

_6L_




Table xvB. (£2 Wy oL "U(u)“f6 wu 5L’)Z.i

<

~ [

.

~. WU3S'L
WUSL (210)(20)5D (210)(21)5D (111)(20)5D .(210)(21)5F (111)(10)5F (210)(20)5G (210)(21)5G (111)(20)5G
(210)(20)°D 3255 SIN15 W55 1130 al530 150165 1926 -10/2310
9-49 649 6301k 252 63 4851 196 4851
(219(29)%0 | 2115 5565 V30 a0 a0 17005 W858 =370
' 649 6-49V11 w7 7 21 539 539 539
(111)(20)%D /55 V30 -a/55 5105 3335 102310 -3/91 J165
. 6341h w7 63 63 126 14853, 49 1386
(216)(é1)5F -11J30 -a110 -%/105 17 —al11 1910 ~wh2g -380%5
250 77 63 66 33 251 L62 231
(111)(10)5F | =B3%0 _ao 35055 a1 2 10110 al39 385
6% 21 126 33 6 231 21 462
(210)(20)% 13165 -170J5 -1V2310 -19J10 -10V110 2013 257330 380182
1851 539 4851 231 ; 231 539 1617 539
b :
(210)(21)c | 1N26 /858 -5/91 5/h29 i _-al39 25/350 - 15113 10477-15
196 539 B! 462 g 21 1617 1274 1617
(111)(20)% -10J2310 -3u/70 J165 %835 § -5/385 28J182 o/77-15 - =15/13
4851 539 1386 231 | 462 539 1617 154

® See the footnote to Table XVA.

_08—
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Tsble XVIA. c{8) £5210)(20)°0p ).
L’ 1 2 3 b 5
\If, r k_—_ k=2 k= k= :}4_ kzu
(210)(20)°D -1672 | -295/2 | -1h2p2 | 3206 0 0
210V15 | 1835 9°35V35| 63T
w5 [w3 | wWios 177
(111)(20)5p | EWEL [ SWT | _-13h | W5 o .
9355 | 9°35| 9:3W5 | 63 '
(210)(21)%% | o |-=#A1| -afee | -i00 | w6 |
| wall 121 | 2WTT 2T
(111)(10)° | o |- | 262 | 410 | -6 0
| 1521 | 1521 | AT 57
(210)(20)°G 0 0 611 | 13/55 115 26J15
1057 | 18:7W21| 18:35/11 | 105°99
(210)(21)7G 0 o 213 | 1926 | 1926 19J26
217 koW 7 | 835 210V11
(111)(20)°6 0 0 wo2 | -5/30-11 | ~30-77 | -Welo
105 63°33 63°11 |  27-77




Table XVIB. (f6(1j;’ )péL‘”’ ’
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¢t £5210)(21)°0p %)

LI’I l 2 5 )4 5
W L4 k= k=02 ‘ k= ;u k:)_{_ - . k":h
(210)(20)°D “"/EV /22 NE2 ~1V2 o 0
w5 | W3 w105 | 17T
(e10)(21)%p | 22| 1602 | -2:79)2) 5:59V6 o o
3W15( 35 35035 | b2.1WT
- N35 | 353 5315 | WL |
(e10)(21)°F | o | -8 N2 | /30 -6 o
‘ NT EYC I N IS SN
(111)(10)°F | © Vil ~/22 | 30 Ja_ 0
' NT | Wt | AT 71 .
(210)(20)%c | © 0 85 | 855 | -5 b5
o 1057 | 21-1W7 T7 21-111
(210)(21)% | © 0 J22-13 | 2/66-13 | 2/66-13 | 8/6:13
w35 | 2117 | 35-11 1577
(111)(20)°¢ ' 0 Q 316 -1W10 | -1 | | =-2+«17§/'7_0a
105 | 21-11 35.11 {15711




Table XVIC. (f6(w”) P

6L000

-83-

c(k)"f6(111)(2o)5pp %)

" L? R4 l 2 5 | ll- 5
‘1’: . k= k=2 i{:: k= k=) k=h
(210)(20)"p SNT | 6WT | =13k | W3 o o
105V151 935 9°3W5 63
(210)(2.1)% a7 | AT | -WIT |6 o 0
| 535 | 333 | 3515 | WIL
(111)(éo)5n Wo | _«f2 | 7h°45J§‘ -2J6 o o
- 15| 9 | uwEs | N7
(220)(21)%F | o |-%22 | W | 55 | -5 o
1N3 13 | &1L | V33 ‘
(111)(10)°F | o© -2 | -k 5 MJET' 5
| - 1W3 1W3 12 12
(210)(20)5G 0 0 W22 -530| -2/35| -W30
o - 105 189\/3 21\/‘6? 9-33
(210)(21)”%G 0 o W39 13 | 315 | -a1s
| | 25 s N7 | 7T
(111)(20)°c 0 0 WIT | VI3 V15 ; V15
157 | 10877 | 36-511)  27°55




Table XVII. (f7(110)(1o)61>[ hy 1/r.j|f6(w'U’s’L")p %)
: i< - -

1

(111)-(20)5_-1)

v X = first.term in Eq. (2} ¥ = second term in E;(_Q_} , Total Matrix Element
5 | -12 2, § Coel2 2 _ 0 L
(210)(20)"D. — R™(4fht,4£6p) —— R(Lfhf,4£6p) —  RT(Lfhf, 4f6p)
R BTV g 3530 3530
5 ok 5 o 5 o :
+ R (LEhf,Lf6p) + R (4fhf,4f6p) 4 —— R (LE4E,;456p)
w3 LN30 ’ W30 -
~(210)(21)5D j—-—»5“ll Re(l#fuf,uf6p) AL Rg(ufuf,u%p) 1L Rz(ufuf,u%p)
- - 3510 - R 310 . 35710 _
o1 R¥(ueue, beop)| NI B (uene heep) |+ 2N gM(usue, ur6p)
211110 21110 | 21110 .
0 0 0

- -WQ—
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c.f.p. for which there are no sum rules known. There is algo the prob-
lem»that ‘the c.f.paAhave no analytic form which nearly always fpices

© one to reduce the problem to specific cases. A formula which is just
twice the second term obtained above has recently been deriﬁed by

(x), o (&)

Wybourne for the mstrix elements of Ci o 3
n~l£p°51

between the configura-

tions 2* and £ This proves that the equality always holds when

L+ 2. For 4 = E’-matrix elements of Ci(k)e Ci<k) must be subtracted
out but the equality still holds {see Sec. II-B). Judd has been able
vto give an explicit proof of this relationshipols It is surprising
that a division of a summation over all intermediate stateé into sums
over two different kinds of intermediates should divide the sum into
two equal parts. If there is some group theoretical reason for this

‘

it is not obvious at this time.

B, Results and Discussion

Since the operator equivalent factor ¢ in fY is zero the crystal
field matrix elements for the 6P states of Gd.+3 become; to first order

in the configuration interaction

= (£7(110)(21)% [a)£°v")p %)
\yl

(._‘f7(110)(11)61>1vg lf7(110)(11)61=) =2

x (fé(\zr’ op JJZIVZEf?(HO)(llfP 33.)

6 6, , 6
- 2z (@O Plal Y ) (4 a0 <22 > (37 Be(ra)]
P , . Tfp 2 o % !
¥ AE _ o
where the Coulomb matrix elements are given in Table XVII and the
operator equivalent facters in Table XI. No radial wave functions for
Gd+3 are available for evaluating the radial integrals involved in the

Coulomb matrix elements, but a reasonable estimate may be made by
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interpolating bvetween the Pr+3 and '..Dm,+3 integrals given in Table V. This
gives |
LB = 0,540 a.u.
RO 4ghs, bebp )
Rh(hfhfyhfép)

i

b 000199 S ells

bl 000120 &olle
2
)

i

<Tr > o= ° L’ 8sUe
o h (

< 1"2 ‘.> = l,lo (aouo )20
If

Substituting these numbers in the matrix elements in Tsble XVII, and

using the operator equivalent factors in Table XI, we obtain

J 2’(‘1:’7(110)(10)61’lQI’f6(\,'f')p %) o (v')
¥ AE | p
7/2 0.0663 x 1073
5/2 -0.159 x 1073
1/e 0.0928 x 1073

Figure 8 shows the observed spectrum along with that calculated by Judd
. for mechanisms 1 and 2 and that obtained above for mechanism 3. The
relative spacings within a level are the same for all three mechanisms,
except that for J = 5/? the crystal field levels are inverted by mechanisms
2 and 3 relative to mechanism 1. Since the parameters necessary to cal-
culate absolute splittings are not available, it is perhaps more meaniﬁgu
ful to consider the total splitting of the 7/2 level relative to that of
the 5/2 level. If the overall splitting of the J = 7]2 level is denoted
S1/e
by s and that of the 5/2 level by s.,, the observed ratio %1,
7/2 5/2 5 /o
whereas the ratio calculated from spin orbit interaction is 2.08, and

that from second-order crystal field effects or configuration interaction

is -0.83. Since mechanisms 2 and 3 also have the same J dependence, it
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Exptl (1) Spin-orbit
interaction
with'p

J
6
P72
772 772
234
5/2]
305 52|
3/2)
254 3/2b—
1/2 172
Ps/s2
572, 5/2
/o 40.6
399 3/2
172 V4

(2) 2, (BPIVIX)?
or

(3)

CI

/2e——

5/2——

32—
172b———

12—
32—

52—

MU

-28221

Fig. 8. Experimental splitting of the 6P7/2 and 6P5/2 levels of
GdClP- 6HpOand relative spacing due to spin-orbit interaction

with

tion interaction.

Dy, second-order crystal field effects, and configura-



is impossible to distinguish between them on the basis of relative
splittings alone. However, it is possible to calculate that pa?t of
the overall splittings 57/2 and 85/? which would have to come from
mechanisms 2 and 3 in order for the two to be nearly equal. The result
is that about 30% of the energy difference between !697/2 7/2 > and
[597/2_1/2 > must come from mechanisms 2 and 3. If all of this were to
coﬁe from configuratid& interéction, it would require Ag <r fp> =
10400 em™*, The only crystal field parameters that have been determined
for hydrated rare-earth chlorides are those of Eisenstein for

1

ho o . o_ .2 . _ -1
C1, 6H,0. He obtained A, <1 ,> = 48.2 em™™. If one assumes

that the value of Ag < raff> is not greatly different in the Yb and G4
compounds this would imply that an Ag < refp> of about 39 cm“l,could be

expected for GACL. - 6H20c Even if a screening factor of 10 to 15 were

3

allowed (see Sec. ITI-A), this would give Ag < r?ﬁp> of only 400 to
600 cma;, still a factor of & 20 too small. This means that either ther
radial integrals are wrong by a factér of & 20, which in view of the
results in Sec. IV seems unlikely, or configuration interaction with

6 -1 -1 et
47 6p can account for perhaps 1 cm ~ of the observed 80 em ~ splitting
of the 6P7/é gtate. Thus the greater part of the splitting must arise
from spin orbit interasction and second-order orystal field effects,

interaction with some configufaticn other than hf66g, or some higher-

order mechanism that has not yet been considered.
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VII. CONCLUSIONS

- In the case of PrClB, configuration interaction is certainly not
negligible. . Because the corrgctiohs tc the Stark levels involve sums of
many terms, often with opposite signs, it is possible that more accurate
knowledge of the parameters involved would decrease the unreasonably
large shifts in some of the lG& and. 5H5 levels; and also improve the fit
of.the l'])2 levels. However, this will require more extensivé experimental
“ data on the higher configurations, as well as wave functions fof Pr"%’5 in
the chloride crystal. Until these sre available, further calculations can
_ be exﬁécted to give only qualitative results.

' The only other approach is to put the necessary Rk(hfhf,hfnéza)
integrals into the intermediate coupling calculations and determiné them to
give the best fit to the experimental spectrum. However, such & calcuiation
should also include interaction with 5d2 and other 2 electron excitations
and there ére soon more parameters than terms. Even if this could be done
there still remains the problems of shielding and the different values of
Ag in_Ag < r2 > and Ag < r?zp > . Thus at the present time, there does
not seem to be much hope for arpreciable improvement of these calculations.
It does'not seem, however, that the discrepancies in the IDE levels can
be ekplained by any one mechanism and they must arise from the sum of
many small terms.

For GdC15° 6H20 slightly more definite conclusions msy be drawn.
Without assuming unreasonably large values of Ag < r2 > , the interaction
of kf! with hf66p cannot explain more than sbout 1 et of the 80 cm™t
splitting of the 6P7/2 level. However, judg?ng from the results for the

PfCl5, interaction with hf65f may be quite important. But until more
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experimental data are available so that exact contributions .from the

spin-orbit and ctystal field acting linearly and second-order crystal

T

field effects within the configuration f' can be determined it does not

seem worthwhile to undertake such a tedious calculation.
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APPENDICES

A. Matrix Elements (/zg-llci(k)-o cj(k)] lee”)

For the case of 2 electrons it may be shown that the 2 summations
in Eq. (13) are equal and that the expression for the matrix elements of
Q between the configurations G and ££° as obtained from Eq. (13) reduces

to that which could ke obtained more easily from Eq. (6).

First iet
x =2 (-1 (Pt |zc, [P s )
. ii .
1
x (£’ 's "L zici(k)l |[£*Ha's L s = 2 L)t g,
and - ( )
= llzlzz - L-L n z k n"l L e rr/ s e P
Y= oo (BT (8ot (2,0 6T (e s )27sL° )

B

% (zn-l( a’,t ‘,S-,.f; ;L: . )z ',SI_’-J . , Zici(k) ! Ifn"l(a/S'zLJ )2 ‘g L)

V-t e,

II Ill

4
‘The problem is then to show under what conditions X = Y. Using (e7)I11

and Eq. (8) to partially evaluate B, one obtains
X = Zw,,(-l)L"LL:* 24k ()16 127y (o Ros] lz.c.(k)} | 8% *sL” ")
x @noe”SL { | 2 L(as 1 )sL’ )[(2L+l)(2L +1)J/{ L“Lﬂ] .
If we let n = 2, then L= £, and all the c¢.f.p. ='1. This gives

e
X = z,,(-1)"4 b [2(2L+1)(2L +1)J el

2 (k) 2 ’ 0, ;I zL’IB
x (£si]]z,c. [ |£% s L ){Lﬂ'k}
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If zici(k) is now broken into its two separate parts, and formulae (7)

and (8) are applied to the matrix elements of C; (k) and Cé(k) respectively,

one obtains

X = .- (2L+1)(2L”+1)\f2 (BHC(k) £°)(2 C(k) E)(_l)13%£+£'+L"
7 3] el ,

< {IZL z] s Lz}

L'k Wrw

+ ZL,,(2L+1)(2L"+1)~fé (ﬂl]C(k) [E')(zllc(k)ilz){_l)L+£+2'+L

;zL”xﬂ £ L2
L £° k—J L~ ﬂkj

There are two sum rules involving products of 6-j symbols which may be
1

N1

applied to simplify these expressions:

J +J dq d J d2 3y day)
5. ()23 I31 12, 231){12 h127 [I2 3 231 3% 9

3p3 333 33 F Ny 3 a5 Tl 3 gy

By rearranging the rows of the 6-j symbols and applying this formula one

obtains
L+ '+4 L™, .. L1778 [e L.Zl 2L 2
ZLN(—l) (eL” "+1) L ,e’k}{L”z ( 1) {0 e £ }
Similarly, using the relationshin

523+ 13297 Y2 %27 5 (37,3°)
J JorLAay l){J?) JLL'J }{Jl Jb, 3’ } J s _

on the second term, one obtains

oo JLe e’ Je e s(8,8)
2y, - A2L""+1) WxL S Lk e § (@D

This gives, for n = 2

lez]
L~
o>
by
H A Y
S
| S—

= (ara) V2 (2]]cE)) 107y fC_(k)l |2) [('l)L {ﬁ 112 z} i
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In an exactly analogous menner, by first evaluating D, putting n = 2,
using Egs. (7) and (8) on. the two parts of C, and using the sum'rules

an eXpresSibh'for'Y“is obtained.

- (@) e G116 a1 | P {22 ] ]

Owing to the symmetry relations for the 6-j symbol, the two 6-j symbols

are equal. Thus for any £ 4 £,

x = 1 = (zwa) Ve (4] o)) 2o 169 o)1) { iﬁ} )

The correction for £ = £° (see Sec. II-B) is merely to subtract the
delta function term so that Eq. (A-1) is applicable for any £°.

From Egs. (12) and (13), we obtain

(k) k) {1p,- 1 (kY R1,,- 2X
(¢ SLl!lis cy ,j( [leg7sL) = 5 (228L|l[ZiCi ] [|2£78L) = ;Z;;:IS s
or ' : o \
(aul] 2 6,0 B aran) o (P2 (o169 16 )0el 16091y {4 L ] Lae2)

i
' ' £+2;f L. o

Except for a factor of (-1) 2 this is the same result that would
have been obtained by using Eq. (6) instead of Egs. (12) and (13).
Since @ acts only between configurétions of the same parity, £+£° i
always even. The N2 arises from the fact that [£2£7> is really (l/‘fé)
(|£27> + [2£7> ), which gives two identical matrix elements, or a factor
of (2/~fé) - N2 times the result computed by Eq. (6). In using (27)IIX

of Racah, this is automatically taken into account.



--98-

2at 1. ror )2
Corrections to a, B, and y from (£7sL]q|£4"SL)
: ‘ (AE)2

(££°SLIJ |V |££7SLIT))

To compute the effect of terms quadratic in

(£°sLiq|fssL)
a= S

in Eq. (26), matrix elements of the form

o o o I3 3 2 3
(£e SLJleVele. SLJJZ) = 2a) (-1) <“Jiz o Jz>

x [(fz'SLJqu(g)"fi,'SLJ) <

. (’2? . 2
o > + (£a7sLdlc . T{eL’sL)< 1y o>

2’ 2 f o 2 —
[ app A2 <rhe >+ a0 A< rz,ﬂ,>fl(J,Jz)] (B-1)

. P
are necessary. The operator equivalent factors are given by

p _ 56 3J+5+3 (23-2)! 3L 1
Ao = T (-1)° (2g+1)(21+1) [ 2J+5 } {J L 2} L3 2} ;

o = 1a/2 (-1)5+29*L (23+1)(2L+1) [(ggé)'} {J L 2} {L 12 (B-2)

PP 15
7 f 1
Aop = Cpepr =35 Fpps

5gf - 23%%?(?1)5J+S (214+1)(23+1) [%%%1%%%-}—{§ i i} {2 g.i}.,

£
=0
Bpp ’
£’ f 1
Brp = Bpegr = 5 Per o
£ f
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* The correction técris then

2

aff . ‘ea‘eo < rz"z’> v’. o et s ot e o
Qa & - 2 .
f ; ff < Tep >

§
s

with similar éxpressions fof‘the corrections to:6 and ¥. Using the
expre351ons 1n Eq.” (B 2) and- the results in- Tables I, II, V, and VI,
these’ corrections can be calculated for the varlous terms of f2o In
all cases themlargestﬁcontrlbution is from_themsecond term in Eq. (B-1)
becausefo};ﬁhe relatively_iqrge.values;of_<fr§azo‘>¥H
Tableanlgshows-the resulting corfection slongfwith those from the
~ terms'iineefwig eeF:The‘quadrsﬁic téfméféfé'in most cases less than
10% of the llnear termsa- The'exception-is-io~the corrections to 7.
These correctlons can only be regarded as approx1mate, however, since

they depend on < r6 » >, which is highly dependent on the exact form

T
of the 5f wave fgnctlono Therefore they_were’neglected in the=calculam
tiono The a eﬁd a2 corfections to 7 are all'of opposite sign, howeverg

and 1f the second order terms really are as large as- shown 1n Table B-TI,

they w1ll decrease. the computed shifts. glven 1n Sec. V°
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Table B-I. Corrections to @, B, and 7.
T ‘E; "
. £f
6p ‘Sf
R o) v o )
from a from a from a from a
= - 085 | —
3p > |
o -.057|  -.001 .010 .000
Sp -.0%31 .002 -.013 .000
e .088 015 | -.o11 | :ooo
%y — — -.023 | .o01
~%- -1 VAN |
£ T
6p 5¢ 5¢
. 2 | : ' 2 _ 2
from a from a~ | from a from a from a from a .
.019 .000 .039 .002 — —
A73 | .000 | -.051 .00k | -.158 029
sy .000 -.0L5 .003 | -.1%0 .019
— - "'0092 ) 0012 - 0285 0079
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C. Redial Wave Functions For Pr'oand Tm'>
Table C-I. Radial Wave Funchtions, P(r), for Pr'ﬂ“5
T Lt 54 6s 6p 5f
(atomic units) .
.01 0000  .0008  -.0611 .01kl .0000
.02 .0002 .0055  -.055k4 0412 0000
.03 ° .0008 .0155  -.0190 L0677 -.0002
N .0022 .0305 0247 .0867 -.0005
.05 0047 .0496 L0630 .0960 -.0011
.06 .0086 .0715 .0900 .0953 -.0021
.07 .0141 .0948 .1040 ,0860 -.003k
.08 0214 1183 - .1055 0698 -.0051
»09 .0304 .1408 -096k 0487 -.0073
.10 041k .1616 .0788 -0245 ~.0100
11 .0541 1798 0553  -.0010 -.01%0
.12 .0687 .1950 0281 -.0266  -.0165
.13 0849 .2070 -.0008 -.0509 - 0204
R .1027 2154 -.0297  -.0733 - 0247
.15 .1220 2202 -.0572 - - -.0929 -.029%
.16 L1426 .2216  -.0823  -.109%  -.0343
AT . 164% .2196 ~.1042 ~.1225 ~.03595
.18 871 L21Mh -.122h -.1322 ~.0bk49’
.19 .2108 .2062 -.1368 ~ 01384 -.0506
.20 .2352 21954 -.1L70  -.1h12 -.056L
21 2602 21821 - -.1532 -.1409 -.0624
.22 2857 1666 -.1556  -.1376 -.0685
.23 3116 1493 -.1542 -.1317 -.0746
.2k 3376 21304 -.1495  -.1233 -.0808
.25 .3639 1102 -.1417  -.1129 -.0871
26 .3901" .0890  -.1312  -.1006  -.0933
.27 4163 0669 -,118L -.0868 -.0995
.28 23 .Okk2  -.10%5  -.0718 -.1056
.29 4680 .0212  -.0870  -.0558 -.1116
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6p

r Lt - 54 6s 5f
(atomic units)

.30 493k -.0020  -.0691  -.0391 -.1176
.31 5184 =.0252  -.0503 -,0220 -.1235
32 5430 -.0482  -~.0308 -.0046 -01292
.33 5670 -.0709  =.0109 .0129 =, 1347
.34 5903 =.0931 .0091 0302 -.1402
<35 6131 =o 1147 .0290 -0L73 -o1454
«36 6352 =.1356 -0L87 .0639 - 1504
3T 6565 -01558 -0677 -0799 -.1553
.38 6772 ~.1750 .0862 .0953 -0 1600
-39 6970 -.1934 .1038 .1098 -.1645
.40 . 7161 =.2107 1205 .1236 =.1687
o4l <T343 -.2271 1361 136k -.1728
42 7518 -.2423 1506 .1482 -.1766
43 . 7684 -02565 21639 «1590 -.1802
L 7842 -.2695  .1760 .1688 -.1836
45 . 7993 -.2815 .1867 1775 -.1868
146 8135 -.292% .1962 1851 -.1838
A7 .8269 =-.3019  .20kk .1917 =.1926
.48 8395 -.3105 2112 .1972 -.1951
.49 8514 =-c,51,80' .2167 -2017 -.1975
.50 8625 -0323% 2210 2051 -.1996
.52 .8826 -23339  ,2257 .2089 -.203%
o5 °é998 -23394 2257 .2089 -+.2063
.56 29145 -03410 2212 2205k -.2086
.58 .9268 -03392 .2128 .1986 =.2101
«60 .9368 - 3340 «2007 .1890 -.2111
62 ~9uL8 -.3258  ,1855 L1767 -.2115
.64 «9509 «23148 .1675 .1622 =.2113
.66 9552 ~+301k J1UT2 1457 -.2107
.68 .9580 -.2858 1250 L1277 -.2096
(o) .959% -.2683% .1013% .1082 -.2080
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r hf 54 6s 6p 5f
(atomic units) : o )
T2 29593 -.2490 076k 0877 - =.2061
Th 9580 -.2282  .0507 0664 - .2037
.76 9557  -.2061 L0245 L0445 -.2011
.78 9523 -.1828  -.0019 .0222 -.1981
.80 9481 - 1587  -.0284  -,0002 -.1948
.82 JOh30  -,1338  -.0546  -,0227 ~.1912
8Y 29371 -.1083 -.0803  -.0450 = -.187%
.86 9306 -.0824  ~,1054 = 0670 ~.1833
.88 <9234 -.0560 -.1298  -.0885 -.1790
.90 «9157 =.0295'  -.1532 -.1096 ~olTh5
.92 90Tk -0029  -.1756  =.1299 -.1698
-9k 8987 20237  =.1969  -.1496 -.1649
.96 .8896 0503  =.2170  -.168%  -,1599
.98 .8801 . .O767 = =2358  -.186h4 - 1547
1.00 8703 21029 -.2532  -,2035 -o149k -
1.10 817k 2282 =.3197  -.27h1  =.1209
1.20 7608 3406 -.351h  -.3187 - 0902
1.30 oT0%0 . JUBTL  -.351hk  =.3%80 -.0581
1.40 6461 5171 =.3247 ~03549 -.0253
1.50 .591% 5811 -.277L  -.3128  -,0078
1.60 .5395 .630h  -.2145  -.2758 .. 0408
1.70 4911 6665  ~.1418 =.2272 - L0736
1.80 L6l 6912 -.06%2  -.1705 ,1058
1.90 4053 s7060  =.0175  -.1083 1375
2.00 J3676  o7125 L0978  -.0431 L1685
2,10 3333 7119 51755 .02%2 .1987
2.20 © .3020 STO54  .2490 0890 .2280
2.30  .2736 6940 L3171 L1531 .2565
2.40 24T L6786 L3791 214k ...2835
2.50 J20h2 6600 Lb3hh L2721 ..3096
2.60 2028 6389 L4830 3258 .3334

2,70 .183%5 6159 .5246 © .3Th9 « 3579
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T Lf 5d 6s 6p of
(atomic units) L
2.80 .1659 .5914 +5595 L4192 L3799
2,90 1499 5659 .5878 4587 4005
3,00 0135k «5397 .6098 4931 4195
3,10 L1223 5132 6260 5226 4369
3.20 .1103 1866 6367 <5hTh L4527
3.30 «0995 24603 642l 5675 <4669
3.40 .0897 L4343 6436 25832 JL79k
3.50 .0808 .4088 6407 .5946 4903
3,60 .0728 38k0 6342 .6022 4996
3.70 20655 «3599 6245 .6062 . 5072
3.80 .0589 3367 6121 6068 +5133
3,90 .0529 »31L5 <5974 604k .5178
.00 476 22932 5807 .5992 .5209
4.25 .0363 .2h4k2  .5308 .56 .5226
4,50 .0276 .2016 4796 5427 .5166
4,75 .0209 - 1651 .h2hg .5018 .5038
5.00 .0158 <1341 3712 4570 4857
5.25 .0119 »1083 3204 4107 1632
5.50 .0089 .0868 2737 - 3648 L4376
5.75 .0066 0693 .2316 <3207 4099
6.00 0050 20550  .1943 -2794 »3809
6.25 -0037 .043h .1618 -2415 «351h
6.50 .0027 0341 L1338 2071 .3220
6.75 ;ooeo L0267 . 1100 1765 .2933
T7.00 .0015 .0209 .0900 - 1494 .2656
7.25 -0011 L0162 0732 1259 2392
7.50 .0008 .0126 ,0592. -105k4 2145
7.75 0006 .0097 L0477  .0879  .191k4
8.00 .000k .0075  .0383  .0730 1700
8.25 .0003 .0057 .0306 0604 1505
8.50 »0002 00Uk 024l -OLOT +1326
8.75 .0002 -0034 .0194 0408 -1165
9.00 .0001 .0026 0153 <033k »1020
9.25 .0001 .0020 0121 .0272 .0890
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r  kf 5d 6s 6p - 5f

(atomic units) - . - ' P

9.50 . .0001 0015  .0095 0221  .O77h. .

9.75  -.0000 .0011 0075 0179 - .0671 ..
10.00 . - 0008 .0058 0145 - .0581
10.25 - - ..0006 L0046 0117 0501
110,50 - - .0005 .0036 .009% . 0431
10.75 - -000k 0028 L0076 -0369
11.00 - - .0003 .0022 -0060 0316
11.25 - - .0002 L0017 .0048 .0270
11.50 - - .0002 0013 0038 . .0229
11.75 - 4. .000L-  ,0010 0031 . .0194
12.00 - 0001 0008 0024 . 0164
12.25 - .0001 .0006 .0019 .0138
12.50 . - .0000 000k .0015 .0115
12.75 - - .0005 . .0012 .0095
13.00 - - 0002 0009 .- | . .0078
13.25 - - 0002 .0007 . .0063
- - 0001 0005 -0050

13.50
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Table C-II. Radial Wave Functions, P(r), for Tm'>
- Y, 54 6s 6p 5¢ .
(atomic units) ‘
.01 .0000 .ooiu -.0639 = ,0183 .0000 -
02 .0005 =~ .0087 -»0459 .0505 -.0001 -
.03 0024 . .0235 L0024 - ,0780 -.0003
.0l 006k LOL48 .0510  .0929 - -.0009
.05 0135 .0705 0863 .0938 -,0019
.06 0242 0981 .10%  .082hF  -.003%
.07 0388 .1254 .10%6 L0617  -.005h4
.08 0575 .1508 .0893 -0349 -.0079
.09 .080% JA727 - L0645 - L0051  -.01ll
.10 1069 1902 0332  -.0252 -.0148
.11 1372 .2027 -.0009 -,0538 -.0189
.12 1707 .2099 -.0351  =.0793  -.0236
P13 «2070 .2119 -.0669  -.1006 -.0286
L1h 2456 L2087 -.0049 -.117L  -.0339
<15 .2863 2008 -.1178  -.1286 -0394
.16 L3284 1886 -+1350  -.1351 -.0452
.17 3716 1726 - 146k -.1%67  -.0512
.18 4155 1533 -.1519 -.1338 -.0572
«19 4597 .1313 -.1520  -.1269 -.0632
.20 .5039 1070 «o1W70 -,1164  -.0692
.21 -5478 0811 -.1375 =.1030 -.0752
.22 5910 0540 " -.1240 -.0870  -.0810
.23 2633k 0261 -.1073  -.0692 -,0868
.24 6748 -,0021 -.0880  -.0499 ~.0924
.25 .7T148  -.03%03 ~.0666  -.0296  =.0977
.26 7533 -,0582 -.0439  -.0088 -.1029
.27 7903 -.0854 -.0202 :.,0122 -,1078
.28 8256 - 1117 -.0038 0330 ~.1125
.29 »8590 -+1369 -.0278 0532 -.1168
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r Lt 54 6s 6p 5¢

(atomic units)

+30 .8906 -.1609 0513 0728 -.1210
.31 .9203 -.183h .0ThO .0913% ~.1248
032 -9480 -.2043 .0957 .1087 -.1284
.33 9738 ~s2236  .1160 1248 -+1316
3k <9977 52413 1348 +1395 - 1346
.35 1,020 -.2572 .1519 - .1527 -.1372
36 1.040 -.2713 1672 - 1644 ~e1396
.37 1.058 " -.2837  ,1807 L17U5 -.1418
.38 1.07h -.20L3 .1923 1830 -.1436

.39 1.089 -.3032 2020 1898 - 1452
ity 1.102 -0 310k .2097 .1952 ~o 1466
A1 1.113 -+3160 .2155 1990 - 1477
42 ©1.123 - 3200 .2195 .2013 -.1486
43 1,132 -.3225 2217 2022 -.1492
il 1.138 -.323h L2221 2017 -.1496
45 1.1k4k -.3231 L2209 2000 01499
U6 1.149 -.3213 .2181 .1970 -.1499
A7 1.152 -.3183 2139 1928 -.1498
.48 1.154 -.3141  .2082 .1876 -.1495
.49 1.156 -.3088 2013 .1813 ~.1490
250 1.156 - 23025 .1932 LA17h2 - . 1484
.52 1,154 -.2868 1737 1573 01468
o5k 1.149 -.2678  .1507 <1377 -+ 1h46
.56 1.1k1 -.2459 J12hT 21157 -.1420
.58 1.131 -2215 <0965 0920 -.1390
.60 1.119 -o1951 L0668 0670 -.1356
.62 1,105 -.1670  .0360 -Oh11 -.1320
6l 1.090 ~.1376 0047 017 -,1281
.66 1.07h -.1072 =.,0266  -.0119 -.12%9
.68. 1.057 “eOT6L  =e0577  «e038h -.1196
(o) 1.039 -.0445  -.0880 ~ 0644 -,1150
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r Lf 5d bs 6p 5f
(atomic units) :
.72 1.021 -.0127 -.1175 -.0899 -.1103
o Th 1.002 .0192 -o 1457 -.1146 -.1055
.76 9829 +0511 -.1726 -.138L -.1005
.78 «96% 0826 -.1979 -.1611 -.0955
.80 OL3T »1139 -.2215 -.1826 ~+0903
.82 .9238 o 1446 -.2433 -02028 -.0851
-84 .9010 1748 -.2633 -.2218 -.0798
.86 8841 .2043 -.281k -.2394 = OThk
. »88 8641 22331 -2976 -.2555 -.0690
.90 BLuT 2611 -+3119 -.2703 -.0635
.92 8252 .2884 -.3242 -.2836 -.0580
<Ok .8059 <3147 -0 3347 -.2954 -.0525
.96 . 7868 . 3402 -0 3432 ~.3059 - 0469
.98 . T679 . 3648 -+3500 -+3150 -.0413
1.00 - T493 3885 -+3549 - . 3227 -.0357
1.10 6607 4932 -+3553% ~.3417 -.0075
1.20 5804 5756 -.3213 ~03324 « 0208
1.30 -5089 6380 - 02620 - 23004 -0490
1.k0 LL5T7 6628 -.1855 -.2516 Noyg(e
1.50 23903 7128 -.0989  -.1908 .1048
1.60 -35419 7305 -.0076 -el122L4 21325
1.70 «2996 7381 0840 -.0407 »1600
1.80 .2628 1573 1729 - .02L6 °1872
1.90 2306 .7298 -2567 .0983 -2140
2,00 .2025 7168 +3339 »1696 -2404
2.10 21779 6994 403k 2575 .2663
2.20 .156.4 6787 4648 - 3008 +2915
2.30 »1375 6552 5176 »3590 23159
2,40 .1210. .6298 5620 U117 23394
2.50 -106L4 .6029 5982 L4584 23619
2.60 0936 5750 6266 -4993 3832
2.70 0824 5466 6476 5342 4032
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r Wf 5d 6s 6p 5f

(atomic units) :

2.80 0725 .5179 6617 5632 4219
2,90 0637 489k .6695 .5867 L4302
3.00 »0560 4611 OTLT 6048 4549
3,10 0493 4333 6689 .6180 4691
3,20 0433 L0635 L6616 626k .4818
3,30 0380 .3800 .6506 6305 4928
3.0 L0334 L3547 6363 6307 .5023 -
3.50 .0293 0330k .6192 62Tk .5102
3,60 .0257 3072 .6000 6209 5165
3.70 0226 .2851 .5789 6117 .521%
3,80 0198 2641 .5565 .6000 .5246
3,90 0173 2443 5531 .5863 .5266
4.00 .0152 .2256 »5090 .5708 .5271
4.25 .0109 .1836 LT .5263 .5228'
4,50 .0078 -1482 .3875 L4767 .5115
475 .0055 .1187 .3308 l25) Lok2
5,00 0039 09kl 2790 3TU6 72k
5.25 .0028 JOTHT .2329 3262 24470
5.50 +0020 .0587 .1926 .2812 4191
5,75 .001k 0459 .1580 2402 .3897
6.00 0010 0357 .1286 .2035 3597
6.25 .0007 0277 1040 21712 .3297
6.50 0005 0213 0836 21431 - 3003
6.75 .0003 .0164 .0668 .1189 <2719
7,00 .0002 .0126 .0531 0982 2448
T.25 0002 +0096 -0420 0807 2193
7.50 -0001 0073 0331 .0660 1955
T.75 .0001 .0055 .0260 .0538 21736
8,00 .0000 0042 0203 0437 o153k
8.25 -- .00%2 .0158 .035% 1351
8.50 - 0024 .012% .028k .1185
8.75 -- .0018 .0095 0228  .10%6
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r 5d 6s 5 -
(atomic units) _ '
9.00 -- 0013 007k 01835 = .0903
9.25 -- 0010 0057 0146 - L0784
9,50 -~ 0007 ~O0LL .0116 0679
9.75 - .0006 .0033 .0092 ,0586
10.00 - 000k 0026 .0073  .0505
10.25 - 0003 .0019 0058 Ol3l
10.50 - .0002 0015 0046 20371
10.75 - 0002 0011 .0036 0317
11.00 - L0001 .0008. -0028 0270
11.25 - »,0001 0006 0022 .0230
11.50 - 0001 0005 0017 019k
11.75 -- 0000 000k 0013 016k
12,00 - - .0003 0010 0138
12.25. - - 0002 .0008 .0116
12.50 - - .0002 50006 .0096
12.75 - - .0001 0005 0079
13.00 - -- 0001 000k 0065
13.25 - - .0001 .0003 .0052-
13.50 -- - 0000 0002 .00L1.




. D. Matrix Elements _(f?WUSLIIc(l?)ﬂ] f7w”ufs”;L”) N

A double tensor ¥ may be defined as a tensor 0per&tbr; guch

as S¢L; whlch operates on two parts of the system, and is of rank h

w1th respect £o the first part and rank k with respect to*the second,g17
If the terms of zgz'; are divided into two classes:

(1) those with seniority numbers v z‘ip5,9, csoy

{(2) those with seniority numbers - v = 3,7,11, ...,

there are no»matfix,elements of Uh% between terms of different classes

if h + k is odd,; and none between terms of the same class if h + k is

27

even. o ‘
The sextet terms of £ (see Table IX) may be divided into

(1) v=>5 Spor;

(2) v =17 ‘6PFH°
It is easily seen that two terms characterized by L and L’ are in the

seme class if L + L’ is even, and in different classes if L + L’ is odd.

Thus we have

i

(f’ WUSL{[U o £T 7U'8°L’) = 0, if L+ L7 is even,

and'

]

(£hwustut® £ u's L) = 0, if L + L° is odd.

Using the equations of Judd?7 we may write; for L +-L”_even,.

(hwuszhv | £ u’s L) =0

=72 (f7wusL| (w)fSL)(f7w”U”s”L”{ f (w Y£8 L7 Y(25+1)

v
i
x [(2L+1)(2L +1)]2 (_1)1”*8"“"5“"“*"5*1{ S SH3 L L} (D-1)
‘ Sa _21___ O L¢ 5 k

For the sexteh states (S 5/2), S has only two values, S = 2,§o_ But,

ra

accordlng to Table IX, there is only one state of f6 with S %; the
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(lOO)(lO)7F term. The sum (D-1) may then be broken into two parts, one
over quintets and one ofer septets. The latter may be explicitly .

evaluated. Thls gives -

(f WUSL{ £~ (100)(10) F)(f W'U'S'L'{f (100)(10)7F) 1 3 k

- % (£'wusLd) £ (df)fSL)(f WU7s L { O(F)e8°L _)_(-1) i, 1; i} (p-2)

(quintets)
This is only for 8 = 5/2 and L + L and k even. Using Egs. (14) and (15),
where U(k? is the tensor operator defined in Egq. (50),

4 L4 4

I(f?WUSLIIU(k)H fhuts L)

7 5 (f7wusL | £ (Tlr”)fSL)(f7w’U S’L { £ (¥)£s°L’)

’ 3 L, L
L+5+L+k
(- 1) [(oL’+ 1)(2L + 1)]2{L,.5.‘. k}

»

n

7'[,(2L+1)(2L’+1)]% (-l)mBEf7WUSL | f6(1oo)(1o)7F fSL)

x (£ w’U’s"L"{ £2(100)(10) TF fs’L')( 1)5 5 L 31
1° 3 k

(f WUSL |f6(i}’)fSL)(f7w’U’s’L' le 6(W)fs‘ L )(-1)F {2 v 5 @
(qulntets) ' _

But the summation may be evaluated from Eq. (D-2) for L + L and k
even and S = 5/2.

(f WUSL“ (k)n W'U's’L’) = 7l(21+1)(2L +1)] 12(-1)%

x[(f wus1{£%(100) (10) TFsL) (fW us’L’ I (_LOO)(10)7F £57L )( 1)5{1. 3k 3}

+ (£lyus |f6(1oo)(1o)7F es) (£WU'S°L {tf6(loo)(1o)7F fS'L’){5 L > ] =0
| | . Lt 5 Kk ]
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Thus
S (f WUSLIIU(k')"f ‘u's’L’) = . (p-W)
for sextetl states w1th k and L+ L even. ”

Now consider the matrix elements»of the double tensor ﬁlko For
L+ L; 0dd, the matfix elements othlk are zero, i.e.,

(rfwusz)ut s v's L)

= ,7'55 (£TWUsL |f (q;)fSL)(f7w"U’s L {I;f‘ (¥)f s"L7)(2s+1)

(2L+l)(2L +1)]2( 1)1”*’3‘*"’*"3“" {; 3 L f} = 0.
. L3 ko

l\)l»—t

5 the sum over W includes

L

For 8 = 5/2, § = 3,2 only, and for §
only (100)(10)7F. Thus '
(f7wus tfé(loo)(10)7Ffsn)(f7w’u"s”3f It (100)(10)7Ffs L) 5/2
' : 5/2 1L 3 x

5/2
=2 (f WUSLAE (w)fSL)(fr(W”U”SoL” [ (‘”f LI - 2/2 % j}‘g 3 :}

(qulntets)

Evaluating the 6-j symbols involving spin, one obtains
3L3

=5/7 (f WUSL |f (100)(10) HSL)(f WU’s’L {f6(100)(10)7F £s°L’ )
1’3 k

7o¢ﬂo

3L L
= —E— (£TwusL |f6(‘€;7) £SL)(£'W U"s L7 f6(\lf)f s°L’ )( b L’3 k} . (D-5)

If the summation in (D-3) is now evaluated from (D-5) one finds that
1
(f7wusu| (k)u WusL) = 12(~1)L[(2m1)(21/+1)]2

x (£WUSL { £°(100)(10) "FesL) .
6 . LTk -
(£'Ww'u's’L’ {f (100)(10) 'F£s°L ){ 5353 b (D-6)
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If the c¢.f.p. for all values of V' are evaluated from Racah's

~ tables, one finds that for any ¥ - _ .
(£ (W){ifé(loo)(lo)7F £8L) = - if
6

Putting this result into (D-6), we obtain for S = 5/2 and even
values of k, _
» (f7WUSL"U(k)"f7W'U'S'L') = 2(-1)L [(2L+l)(2L'+l)]% {% 2,2 (D-7)
f@r L + L° odd, and . }

(ehwust ul®)| e u's L) = o

for L + L° even.



This report was prepared as an account of Government

- sponsored work. Neither the United States, nor the Com-

mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
..or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, '"person acting on behalf of the
Commission" includes any employee or contractor of. the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.

-~
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