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ABSTRACT 

The techniques of Racah have been used to obtain expressions 

for the matrix elements of the Coulomb interaction between the 

configuration 4f2 and the excited configurations 4f6p and 4f5f, 

and between 4f7 and 4f66p. Approximate SCF radial wave functions 

were computed for Pr+3 and Tm+3 and used to calculate the necessary 

radial integrals. A second-order crystal field interaction 

between the configurations 4f
2 

and 4f5d was also considered. 

While these mechanisms lead to rather large shifts in some of 

the Stark levels of Pr+3 in Prc1
3

, no one mechanism gives shifts 

large enough to explain the observed discrepancy between the 

experimental levels of the ~2 and those calculated by Margolis. 

The interaction of 4f7 with 4f66p is not large enough to explain 

the splitting of the ~7/2 and 
6

P
5

/ 2 levels of GdC1
3

. 6H2o 

observed by Dieke and Leopold. 
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I. +NTRODUCTION 

Analysis of the.optica.l spectra of rare earth ions has thus far 
'· 

been based on the assumption that the ground electronic configurations 

are pure 4fn5s25p6 and that the spectra arise from transitions within 

these configurations. While many people have recognized the limitations 

of such an approximation, 1~3 few attempts have_been made to actually 

compute the perturbing effects· of hig_her configurations. By including 

configuration interaction, Racah was able to fit the levels of nine 

configurations.ofJ''J'h"III quit,e satie_facte>rily.~- Judd has employed the 

interaction of 4f65s25;6 with 4f65s25p56p to explain the anomalous 

quadrupole coupling in europium ethylsulfa~e. 5 Judd also found 

configuration interaction to be important in determining the optical 

absorption intensities of NdC1
3 

and Erc1
3 

solutions.
6 

Wong has found 

that by considering the interaction of 4f2 with 5d2 the. fit of the 

Prc1
3 

spectra could be improved. 7 Lacroix concluded that interaction 

7 6 b of 4f with 4f 6p or 4f-5f QS too small to explain the observed 

splitting of the 8s ground state of Gd+3 in cubic crystalsj 8 but he 

gives no detailed calculations. The present work was undertaken to 

investigate the. e;ffect of configuration interaction on the crystal 

field levels of rare earth "'ioris, with particular application to the 

~2 level of Prc1
3 

and the 6P term of GdC1
3

· 6H20. 

The usual approximation is to consider that the rare earth ion 

is situated in a static electric field whose effect can be represented 

by several crystal.field parameters. A~< r~ that depend on the symmetry 

of the crystal and are determined to give the best fit to the experimental 
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0 10 1 11 
spectrum./' With the exception of the D

2 
level, Judd found that 

this th~ory, with the inclusion of deviations from LS coupling, fitted 
12 -:·) 

the data of Sayre et al. for Prc1
3 

very well with the four parameters 

necessary for c
3
h symmetry. The more recent calculation of Margolis, 

which includes in addition spin-spin and orbit-orbit interact·ians~ fits 

about 40 levels of Sayre· et al., and Dieke and Sarup, 3 except the 1D
2

, 

with surprisingly little change in the crystal field parameters; and a 

-1 
standard deviation of 4 em • 

deviation of about 17 cm-l 

But the 1D· level exhibits a standard 
2 

Since the calculations of Margolis 

include all possible effects within the configuration 4f
2

, some form 

of configuration interaction remains as the most likely explanation 

for.this large discrepancy. The only other effect that has not been 

considered is the possibility of actual covalent bonding between the 

Pr+3 ion and other ions in the crystal. But it is d.if~jjcu]t to· 

explain why this should affect one level so much more strongly than 

the others. 

In the case of GdC13· 6H20, a relatively large splitting is 

6 6 14 
observed in the P

7
/ 2 and P

5
/ 2 levels. But the crystal field 

matrix elements are zero for the sextet states of f 7 and there should 

be no first-order splitting. Judd has shown that the splitting cannot 

be explained by a combination of spin-orbit and the crystal field 

acting linearly.15 Thus, part of the splitting must arise from 

second-order crystal field interactions between levels and/or from 

configuration interaction. The latter possibility is considered here. 

2 
The general matrix elements of the Coulomb interactions Q = e /r .. 

~J 

are derived in Sec• II.· Sec. IV is devoted to obtaining the 

' 
\i.' 
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necessary eigenfunctions for Pr+3 and Tm+3 . The remaining sections deal 

with specific applications to the. Pr+3 and Gd+3 problems outlined above. 

Higher configurations may be mixed into fn by the Coulomb interaction 

between electrons, Q = l: e 2 /r .. , where the sum runs over all electrons 
. . i<j /' ~~ 2 
outside closed shells. Since S and L commute with Qj it connects only 

states of the sa.m.e S and L in different configurations, and its matrix. 

elements are independent of J. As a result of this interaction the state 

I fna8L) becomes 
= E (fn~l.e"_f3sL! Q lfna5L) I fn~l£"'t3SL > . 

.e"' ,13 ~ . 
(1) 

This produces a shift in the crystal field levels which is different for 

different terms. Since Q also commutes with the parity operator, there 

will be interaction only between configurations of the same parity. In 

this case, a 4f electron may only be promoted to another state of odd parity, 

i.e., to a 6p or 5f (or some higher p or f) orbital. A two-electron 

excitation, an interaction between the configurations 4f
2 

and 5d
2 

for 

example, has been shown to be important in determining the positions of the 

centers of gravity of the multiplets7. However, since the one-electron 

crystal field operator has no nonzero matrix elements between such 

configurations, the effect on the crystal field levels would be second order 

in configuration interaction. 

If the separation between configuration is much greater than the 

separation between terms within a configurfltion, l::E is, to a first 

approximation, constant for all terms. For the same I fnSL>, if it may 

be assumed that 6E and the radial integrals involved are only slightly 

altered in going from one crystal to another, the 



-~4-

Coulomb interaction should be nearly the same for all crystalso 'Ihe 

shifts it causes in corresponding crystal field levels would then 

vary only as the crystal field parameters vary when the liqand is 

changed. 

Alternatively, there may be a second-order 9rystal field 

interaction between terms of the configuration fn and those of some 

h . h f' t" fn-lnd ~g er con ~gura ~on k • Such interactions produce a second-order 

depression in the crystal field levels of the form 

( fna8LJJ IV I fn-l.e "f3SLJJ ) ( fn-l£ d f3SLJJ IV j fnOSLJJ ) 
' ' z z z z 

where V is the crystal field potential, and 6E is the energy separation 

between the interacting levels. 

In Sec. II-B J .general expressions for the matrix elements of Q 

between configurations fn and fn-li( will be considered. A full 

discussion of the crystal field interaction is deferred until Sec. III-C. 



II. CONFIGURATION INTERACTION. 

A. Tensor Operators and Classification of States 
. .., ~-·"---·------~ .... - .. .--.-. .,. 

1. Tens0r Operat~~ 

The states of fn may be specified ·by linear combinations of Slater 

determinants, and matrix elements betiV'een them calculated in a straight

forward manner according to the methods given by Condon and Shortley. 16 

However, this becomes extremely tedious for more than tvlO or three f 

electrons. For such capes the tensor operator techniques introduced by 

Racah (hereafter referred to as II, III, and IV) can simplify the cal

culations a great deal. l7 -l9 The follovTing is a brief survey of those 

results most frequently used in the calculations to follow. 

An irreducible tensor operator of rank k is defined by Racah (II) 

as an operator T(k) whose 2k + 1 components T(~)(q = -k, -k+l; •.. ,k) 
"-

satisfy the same commutation relations with the total angular momentum 

J as the spherical harmonics: 

and 

[J T(k)J z' q 
::: 

For k = 1 we have 

T(l)= 1 
+1 .[2 

q)(k ~ q'+ l)J·. ~T(k) 
q~l 

qT(k) • 
q 

(T + iT ), T(l)_ T x- y 0 - z 

Thus it is easily seen that J is a tensor operator of rank 1 vTith com~ 

uonents J , J . Another tensor operator that will appear often in the 
~ + z 

following-sections is c(k) defined by 



1 

( k) ( 41( )2 
c q = -2k + 1 ykq ' (2) 

where Ykq is the usual spherical harmonic. In terms of tensor 

operators the Wigner-Eckart theorem becomes (II): 

where V is a form of the vector coupling coefficient. This relation. 

determines the phases. 

The scalar product of two irreducible tensor operators of the 

same rank is defined (II) as 

Matrix elements of the scalar product of two commuting tensor 

operators are given by 

(4) 

~ 
where Racah s W coefficient is a summation over products of vector 

coupling coefficients. 

2. 3-j and 6-j Symbols 

I~ the calculations that follow, the V and W coefficients above 

are always used in terms of the related 3-j and 6-j symbols of Wigner. 

The 3-j symbol is defined by
20 
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Racah 1 s V coefficient becomes21 

( 
. . . ) _ j3+j2-jl Gjl j2 j~ 

¥ jlJ2J3,mlm2m3 - (-l) m
1 

m
2 

m 

The symmetry properties of the 3-j symbol are given by Edmonds;o For 

the symbol to'be n~nzero, j
1

, j 2 , and j
3 

must be able to form the sides 

of a triangle and m1+ m
2
+ m

3 
must equal ~e~o. Changing the signs of 

jl+j2.J7. 
all the m 1 s int.roduces the. phase ( -l) ;; . 

The 6-j symbol is given by22 

{
jl j2 j31. jl + j2+ .el + £2 (· . . ) 
.el .e~ .e~ = (-l) w JlJ2J3;.el.e2.e3 • 

Equations (3) and (4) may be written in terms of these quantities for 

future reference. 23
'
24 

(6) 

It can also be shown that for a tensor operator·operating only on part 

- 24 
one of a coupled syst~m, 

(y' J~ j2J'I T(k)l7 j~ j2J) = ( -~) j~+j2 +J+k[ (2J~~)( 2J' +l) J i 

(7) 

Similarly, for a tensor operator operating only on part 

24 

two of a 

coupled system 

·c (k) ) jl+j2+J" +k 
7"jlj;J"IIu ll?'jlj2J = (-l) 

l 

[(2J+l)(2J"'+l)J 
2 



-8-

{j; J~ jl}( II' (k) ) 
x J j2 k r" j; u llr j2 • (8) 

Reduced matrix elements of C(k) may be written as25 

3. Classification of states of fn 

In the approximation of IS coupling, the states of the configuration 

n n 
f may be labled by the quantum numbers SLJ. For many terms of f , 

however, S and L do not unambiguously determine the state, i.e., there 

may be several distinct states with the same values of S and L. The 

26 
simplest example occurs in the configuration s££R. For ££'=pd the 

s and p electrons may be coupled to 3p or ~' both of which may then 

be coupled with a d electron to give two 2n terms; sp( 3P)d 
2n and 

sp(~)d 2
D, which have different energies. However, for configurations 

fn the number of different terms with the same S and L may be quite 

large. To deal with such situations, Racah (IV) considered a group 

theoretical classification of the states of fn. 
n 

By considering the trapsformation properties of the states of f 

under the operations of R
7

, the (2£+1) dimensional rotation group for 

£=3, and one of its subgroups G
2

, Racah defined two new quantum 

numbers, W and U. W labels the irreducible representations of R
7

, and 

U the irreducible representations of G
2

• W is a set of 3 integers, 

W = (w
1
w2w3), where w~ w~1-r3 ~ 0, and U is a set of two integers, 

U = ( u
1 

u2 ), with u1~, u2~ o, The seniority nu;rfuer v introduced earlier 

by Racah (III) is related toW. The quantum numbersjf~USL> 

\) 
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are sufficient to designate all the states of f
2

, f 3, and f
4, and all 

terms of highest and next-to-highest multiplicity for higher con-

f . t• 27 1.gura l.Ons. 
/' 

A state \£~usr:> may be expanded in terms of products of states 

of the first n-1 particles with states of the ~th particle (III) 

~jr(fnWUSL) = L: \jr (fn-\w~u"'s"L')fSL) frn-l(w'u's"L')fSL ~ nusL)' :1 

w'u' / ~ f 
SPL" 

where (~n-l(Wju"'s"L') fSL} f~usL) is a coefficient of fractional 

parentage (c.f.p.). The properties of the c.f.p. have been discussed 

in detail by Racah (IV). They may be written as the product of three 

factors: 

( fn-l(W'U' v"s'L') fSL~ f~UvSL) 

= (UL + f jUL)(wu + fjwu(fn-Jv"s" + f~ fnvs) (10) 

The first two quantities are tablulated by Racah (IV) and formulae are 

given for computing the third. 

B. Matrix Elements (f~USLIQifn-l(w'u's'L')t'sL) 

In atomic units where e
2= 1, the electrostatic interaction 

between electrons is Q = L: 1/r .. • 
i<j l.J 

28 
This may be expanded to give 

Q = L: L, 

i<j k 

k 
I?< 
k+l Pk(cos rolj), 

r> 

where ru .• is the angle between the radius vectors to the two electrons. 
l.J 

But Pk(cos ru •. ) may be rewritten as (II): 
l.J 

- (k). (k) Pk( cos ru .• ) - C . C . , 
l.J l. J 

h th C. (k) ( ) w ere e are the operators defined in Eq. 2 . l. The matrix 
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element to be evaluated then becomes 

(r\msLIQ jtn-\w"u"s"'L" ).e"sL) 
k 

= L: cf~USLI :·L: ~ c. (k). c. (k) I fn-l(w"'u"'s"L"' ).e"'sL)' . 
~1 l J . k _i<j r> 

(11) 

Due to the orthogonality of the .f and £" functions, the matrix. 

element is zero whenever i and j are both among the first n-1 electrons" 

Thus the only nonzero terms will be those where either i or j is the 

nth electron o In this case the rad.ial part of the integral becomes 

k 

jf P(4f;ri) P(4f;rj) r:~l P(4f;ri) P(n".e"';rj) dridr{ Rk(4f4f,4fn"£"), 

> 
as defined by Condon and Shortley" 29 

The methods of Racah (III) may be used to evaluate the angular 

part of the matrix element? 

The sum is 

but 

[ L: c (k)12= c (k)o c (k\ c (k). c (k)+ c (k)o c (k)+ c(k)+ c (k)+ 
i_ i 1 1 1 2 2 l 2 2 

thus, 

![L: c < k n 2 - L: c < k )2 = L: c < k) 0 c < k) 
2 i i J i i i ~j i j .. 

'' ,.. 
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Since (ci(k))
2 

is a scalar, its matrix elements will always be zero 

due to the orthogonality of the angular parts off and £p, and 

But fort'= 5f the angular parts are not orthogonal, and this method 

cannot be used without some modification. Consequently, from this 

point the derivation only holds for t'= p. 

For the case of n"'£'= nR£ the matrix elements of Z C.(k). c.(k) 
i J. J. 

must be subtracted. The formulas given below hold for £=.£' if 

(t~usLIZ c.(k). c.(k)l .en-1(w'u's"L").e'sL) 
• J. J.. 
J. . 

= J2 (l\iusL Ij .£n-\w'u"suL"')+t) fn!IC(k)ll.e')
2 

E(£,.e') 
1 \ J (2£+1) 

is subtracted from right-hand side of Eq. (l2 ). 

Using Racah 1 s (33)II, we obtain 

( 
( ) ) L L'"'"' 

x fn w" "u""sL""II ~ ci k 11 fn-
1

(w"'u"s'L" ):P SL ;~ .. ~ .. ., ( -1) -

X ~llwusLII~ ci (k)ll fn-1(w"""u""s""L""') pSL""".') 

X 

where 'ljr'"' denotes the quantum numbersw''u"'s""L" .• 
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Putting 

(f~usLII~ ci (k)IJ r~-""u""sL"") =A, 
l -

(fn\·l'"'u"' .. sL"""II~ c/k)llrn-\w"'u"s"L") pSL) = B, 

( rwusLJJ~ ci (k)JJ fn-l(w""u""s""L""') psL""") = c, 
l - -

(rn-1(w""u"""s 0 L"")p SLn"l:! ~ ci (k)!lfn-l(w"u"s"'L')pSL) = D 
' ' ]_ 

gives 

These matrix elements will be considered one at a time. 
I 

To evaluate A, first note (23)III of Racah whereJ for F =~"f., 
J. J. 

This merely states that i.f the first (n-1) electrons are recoupled to 

the same l.en-\a
1
s

1 
L

1
)) , the matrix element of the- sum is just n times ~~ 

the matrix element for the nth electron. Thus we obtain 
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X (s_lLl fSLIIcn (k)llslLl fSL_u) (r~"-"u"_"s''_"L"'" -r-1
( wl)fs"'_"L"'"} (14) 

Cn(k) is now a tensor operator of rank k operatipg on the second part 

of a coupled system. Applying (8) with 

- j = L 
1 1 

we have 

·" . f J = J = 2 2 

·cs L rsLflc (k)u s L fSL""') 
11 n ~ 11 . 

J"= L, 

, L1+3+L+k[ "" J .1.{3 L L} ( (k) ) = t-1). (2L+l)(2L. +1}J.2 L""'3 kl rile II fo (15) 

Using Eq. (9), one obtains 

(rllc(k)ll r) = 7( -1)3 ( ~ ~ ~) o (16) 

Combining Eqs. ( 14), ( 15), and (.16), one has 

. x(r'\1" u" S "L" 1 f"-1
( jr 

1
) fS "L") ( -1) L1 +Lt-l2L+ 1)( 2L" +lu ~ 

X: { 3 L Ll}- (3 k 3'\ o(s,s"') 0 (17) 
L'"3 k ~ 0 ~ -

Now B = (rnvr""'u'"'s""'L"'~~ ci (k)!lfn-l(w"u"s'L"')pSL). In an 
1. . -

analogous manner, using (27)III, the first (n-1) electrons on the left 

may be recoupled indentically with those on the right, giving 

B = (l\r""u"_"s""L""'II c(k)ll rn-1(w"u"s"L")psL) 

= J2ln (r~""u"'s~~L""'{ rn-1(w"u"'s"'L")rs""L·') 
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L" 1'' k 1., p L"L}' (3 k 1) 
X ( -1) + + [ ( 2L' "'+ 1 )( 21+ 1) ]2 L L 1 . k 0 0 0 . (18) 

Similarly, one has 

(19) 

D = (fn-1(w"'u""s"L"" )pSL'""'[I~ c/k)ll fn-1(w"u's"'L")pSLJ • 
. 1 . . / 

Here the sum on i may he divided into two parts, that acting only 

on the first (n-1) electrons and that acting on the ~th. This gives 

-
The first term involves an operator operating only on part one of a 

coupled system and the second term one operating only on part two. 

Applying Eq: (7) and Eq. (8) 7 one obtains 

L""' +l+L+k 1{ ""' ""'"' } 
D = ( -1) [ ( 2L+l)( 2L"' "+l) ]"2 ~ ~, ~ 

x (fn-\r"_'u""s""L..,II~ ci (k)ll fn-\r"u"s"L'') 

L'+l+L"'""+k 1{1 L'"'L} (k~ 
+ o(w"",w')(-1) [(2L!:-""+l)(2L+l)J2_ 11 k (pile II p)· 

(20) 

The reduced matrix element in the first term can now be evaluated in 

the same manner as A, giving 
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= ( n-1t"
3 

7[ ( 2LH)(2L' +J. )( 2L" + 1)( 2L"' +J.) l t {Z"Z;,, ~} 

x .E (fn-\lf/')1 fn-2(\jr )fS""L""')(fn-1(1!r")tn-2(1lrl)fS"'L') 
~ 1 . . 

x(-l)Ll {3 L'"' Ll} (3 k 3) 
L"3· k 000 

All the matrix elements involve 3-j symbols of the form 

(
.£ k ;,"') . 
0 0 0 , where .£ and .£" are both odd. The symmetry relations then 

allow only even values of k. The triangular conditions of (6 ~ ~) 
alJpw only k = 2 and k = 4. · 

Even with only two allowed values of k, the summations involved 

2 in the above formulae may be quite tedious. Fortunately for f and 

f 7, the 'cases to be considered, the formulae may be somewhat simplified. 

The specialized formulae for these configurations are considered in 

sections II-C and VI • 

. . C·• ·The·· Configuration f 2(Pr +3) 

Two 4f electrons may be coupled to form 1s, ~., ~' 3F, 
1a, 3a, and 

1r terms. ~e configuration fp, however, contains 3a, ?F, 3n, 1G, and 

1
D. Since Q mixes only states of the same S and L in different 

configurations, the Coulomb interaction will be nonzero only for the 

~' 1a, and 3F terms which are common to the two configurations. The 

2 configuration 4f5f, however., contains all the terms of 4f plus 

additional ones which are forbidden in 4f2 by the Pauli exclusion 
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·principle. 2 Thus configuration interaction between 4f and 4f5f will 

affect all of the terms of 4f2 . 

1. Specia:l-Formulae for f2 

2 After calculating the matrix elements of Q between 4f and 

2 ' 
4f6p for several terms of f it became apparent that the two 

summations in Eq. (13) were equal7 i.e., for n = 2, 

L-L"'" 
~"" ( -1) ·· (r2

stlj c(k)jjls ""'L") (f
2
s ""'L""II c(k)ll f(s"'L' )psL) 

L-L"'" ) 
= z ( _;1) (isLIIc(k)ll f(s"""'L""") sL" 

#P pp~ p 
t ,t ' - .. 

x (f(s"" "L' "" )psL""II c(k)ll f(s'L" )psL) 

It can be shown that this is generally true for interactions of 

the .configuration £2 with££", and that the resulting expression for 

the matrix elements of Q is identical with that which would be 

obtained by using Eq. (6) (see Appendix A) •. Thus with either Eq. (11) 

(22) 

The factor of ~2 arises from the fact that the state I££";> must. 

be written as (l/12)(ju">+ It"£>), \vhich gives two identical 

matrix elements or a factor of 2/~2 = ~2 times the result computed 
,/ . 

from Eq.- ( 6). The use of Racah 1 s equations in Appendix A- builds in 

this result automatically. 

2. Calcul~~io~~- of, ( f2SL{~jf~L) (and, ( 4f~_?L·Iq_l_lt_!2fSL) 

If we put £ = f and £'= p into Eq. (22), and make use of Eq. (9), 

the matrix elements become 

it' 
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(
f2SLjQjf sL) = E (-l)L 7tl)o3·7]! (3 k 1) (3 k 3){1 L 3L 

p k ~ \O 0 0 \O 0 0 3 k 3f 

x Rk(4f4f;4f6p), (23) 

where the allowed values of k are 2 and 4 o With the values of the 

3-j and 6-j symbols obtained from the tables of Rotenberget al1 30 

1 . 1 3 
the matrix elements of Q were calculated for SL = ~-u, G, and Fo 

The results are given in Table lAo 

For t = 4f and £#= 5f, Eqo (22) becomes 

( 4lsq Q [4f5fSL) = ~ ( -1)
1
' 4')[2 (6 ~ 6 )2 {§ ~ g}h 4r4r; 4f5f) . ( 24) 

This expression was used to obtain the matri~ elements given in 

2 Table IB. for all terms off o In this case there are nonzero 

terms for K =- ~ as well as for k = 2 and k = 4o 

The matrix. elements in Table I all involve parameters 

k R (4f4f;4fnl)o Unfortunately, one has no criteria for making even 

an educated guess as to their valueso These could be left as 

parametersJ and determined to give th~ best fit to the observed 

spectra; but, since adding more parameters usually improves the 

fit, such a method would not really determine whether either of 

these mechanisms is important in Pr+3 spectra. If, however, a 

nreasonab1e" estimate of the radial integrals can be obtained, it 

may allow determination of which mechanism, if any, is importanto 

A least-squares fit to determine the best values of the relevent 

parameters could then be carried outo It was with this in mind 

that the calculation of 5f and 6p wave functions for Pr+3 was 

undertakeno The method of obtaining the wave functions is discussed 
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Table I. Matrix elements between r2 
and fp,', 

Term ( r2sLj Q I fp SL) 

1
D -;;;;- R

2
( 4f4f; 4f6p) - ~ R4( 4f4f; 4f6p) 

2 7 9\!7 

3F - 6 
R

2
(4f4f;4f6p) + - 2- R

4(4f4f;4f6p) 
5J2i 7121 

1a -'22 R2(4f4f;4f6p) - 2 . R4(4f4f;4f6p) 
5J11o21 · 7)11,21 

3p ~ R2
(4f4f;4f5f) + ~ R2

(4f4f;4f5f) - i~ R6
(4f4f;4f5f) 

1 19/2 2 -'=' J2 4 12>!2 6 
. D -

9
,
25 

R (4f4I;4f5f)- ll R (4f4f;4f5f) + 
99

,
13 

R (4f4f;4f5f) 

3F -~ R
2

( 4f4f; 4f5f) ·- ~ R
4

( 4f4f;4f5f) - ~~~3 R
6

( 4f4f; 4f5f) 

'2:!2 2 97J2- 4 5oJ2 6 
- .

15 
R (4f4f;4f5f) + 

9
,121 R (4f4f;4f5f) + 

39
, 121 R (4f4f;4f5f) 

J2 2 r= 17./2 4 25/2 6 -9 R (4f4f;4fJf) - 3 ,121 R (4f4f;4f5f) - 9 ,121il.) R (4f4f;4f5f) 

J2
9
2 

R
2( 4f4.fJ· 4f5f) J2 R

4( 4f4. f· 4f5f) 25/2 R
6( 4f4f· 4f5f) + 121 .. ) + .9 2 121'1b9 J 
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in detail in Seco Dl~ In Seco V the integrals obtained are 

combined with the present results9 



-20-

III o THE CRYSTAL FIELD 

A. Crystal Field Matrix Elements 

lo Crystal Field Potential 

When a rare-earth ion is placed in a crystal, the electrostatic 

field due to the ani.ons removes some of the degeneracy of the free-ion 

J levels and causes them to be split. The extent of this spli.tting 

depends on the strength and the symmetry of the electric field. lf a 

simple electrostatic model is used, the potential at the rare earth i.on 

due to the crystal field may be expanded in a sum of spheri.cal harmonics. 

For c
3

h sy:mmetryy where the cation is surrounded by 9 charges at 

distances p
1 

and p
2 

(see Fig" 1), the crystal field potentia.l has "been 

given by Stevenso9 

6 ~( 6 4 2 - 2 4 6, + A6 /..> x - 15x y + 1;,x y ~ y J:; 

where the summations are over the coordinates of all the electrons. The 

m 
Ak are functions of the lattice 1 and. in matrix elements of V the;y 

always appear multiplied by < rk > for a single f electron. The 

products A~ < rk > are known as crystal f:i.eld parameters and are 

usually empirically determined to give the best fit to the observed 

spectrum" This use of empirical values of the crystal field parameters 

to· some extent makes up for the fact that the point cha.rge model is not 

0 2 
correct. In rare earth crystal, A2 < r > is usually much less than 

t d l' 3l F P Cl th A0 2 1· , t d ' r-r 32 d . ff f expec .e • or r 
3

, e 
2 

< r > e:a cu.;.a e oy l!I!Ong :r. · ers rom 

I 
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..... 

MU-28215 

Fig. l. Structure of PrC1 3 . 

' 
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that determined empirically by Margolis2 by a factor of 19: 

Wong Margolis 
,.,,_. 1 
(em~ ) (cm-1 ) 

0 2 
903 47.26 A2 < r > 

0 4 
A4 < r > -l0o7 -40o58 

Ao 6 * 
6 < r > -120 -39e62 

6 6 * A6 < r > -107 402.72 

{: The crystal field parameters quoted in reference 2 (Margolis) are 

based on a different normalization than that used in this work. The 

sign of A~ < r
6 > has therefore been changed and A~ < r

6 
>multiplied 

by 15.1 to account for Margolis' use of unnormalized vector coupling 

coefficients. See Reference 33 J This large discrepancy between the 

1 f Ao < 2 · · f · f th 4f 1 t b th va ues o 2 r > ar~ses rom a screen~ng o e e ec rons y e 

outer sheils of the Pr+3 ion, preventing them from feeling the full 

effect ·of the crystal field. This screening has been attributed5 to 

the virtual cancellation of such matrix elements as ( 4f
2

11d V j4f
2w") by 

second-order terms o~ the. type 

where T is an excited configuration. 

2. Operator Equivalents 

Stevens has shown that within a manifold of given J there is a 

simple relationship between the matrix elements of the crystal field 

potential and their operator equivalents which are functions of J and J 
z 
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that transform according to the same irreducible representation of the 

rotation group. For example, the operator equivalent of Z(3z2~ r 2) is 

~~ - J(J+lTI, and the matrix elements of V~ are connected to those 

of@~ - J(J+l] by a proportionality constant a that must be determined 

for each I fnSLJ> but which is independent of J within that manifold. 
z 

Thus 

(wJJ I E(35z
4

- 30lz
2
+ 3r

4
)lw;J ) = t3 < r

4 >~5Jz4- 30J(J+l)~ + 25~ 
z z 

~6J(J+l) + 3J2(J+l)~~ t3 < r
4 

> f 2(J,Jz)' 

6 24 42 6! I> 6r; _2 ' ( 4 
( l}r JJ~ .E( 23lz - 315r z + 105r z - 5r ) t J'J z) = r< r >~31J~ - 315J J+l)J z 

.and 

+ 735J~+ 105J2(J+l) 2~- 525J(J+l)~+ 294J~- 5J3{J+l)3 

+ 40J
2
(J+l)

2
- 60J(J+l] = r< r

6> f3(J,Jz)) 

( ,1, I ( 6 4 ,~ 15 2 4 6 )[ Q ) = "~~< r6 > _
2
1 [_J+6 + J~ J YJJ E.x- 15x J + x y- y VJJ' ; _ 

z z 

= r < r6 >f4(J,Jz), 
--. ·-

where the operator-equivalent factors are related to reduced matrix 

elements of C(k) and are considered in greater detail in the next sectiono 

3 1 3 3 l_ 3p For the H
4

, G
4

, F
4

, F
3

, -n2, 
2 

3 +3 and P1 states of Pr they have 

11 been tabulated by Judd. In the following sections, the operator 

equivalents will be used in the form f1(JJJ )J etco, simplify the z 

notation. They have been tabulated for various values of J and J by 
z 

Stevens9 and Elliott and Stevens34
¢ 



B. The Effect of Configuration Interaction on the Crystal Field Levels 

1. Corrections to a 7 t3, and 7 

In the approxi.mation of pure 4f
2 

configuration the matrix elements 

0 
of v2 , the second-degree term in the crystal field potential, may be 

written as 

(4f
2
SLJJzl V~]4f2SLJJz) "" ro\~ < r

2 
> f 1(J,Jz)" . (25) 

2 
If, however J there is confj_gurati.on mixing between 4f and 4f P,", the 

state I f 2
SLJJ >becomes 

z 

lsLJJ~> =j4f2SLJJ >- (4f.e".sr.IQI4f2SL) l4:rt"'SLJJ > 
~ z 6E z 

=l4f
2
SLJJz>- a\4t£"'SLJJ? o 

In this case.1 Eqo (25) becomes 

(sLJJzl v~jsLJJz) = (4f2sLJJzlv~\4r2sLJJz) 

- 2a(4iSLJJz\v~r 4f£"SI~JJz) + a20~f}l"SLJJziV~~4f£"SL.JJz} (26) 

Neglecting the te:rrn in a
2 

which is second-order in .6E_1 we may write 

The a2 terms are considered in Appendix Bo They involve integrals 

k k , 
of the form< rf"f" >or< r > wh~ch are highly dependent on.the 

· PP 

exact form of the wave function used" If the f:ree-ion 5f and 6p 

functions obtained in Seco IV are assumed to hold in the chloride 

crystal, their maxima are very near the chloride nucleus" Thus 1 they 

cannot be expected to g:i.ve reliable values of < r~"f" > or < rk > in 
~. pp 

the crystal" If these 4f and 6p functions are usedj however, the 

2 
contributions from the a terms are less than 10% of those from the 

terms that are fi.rst order in a, and their neglect is justified" 

(27) 

., 
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The matrix elements of vg in Eq. (27) may be arbitrarily set equal to 

aA~ < r
2 > f1(JjJz)' as in Eq. (25); and a reinterpreted in such a way that 

it takes .into account the effects of configuration inters.ction. Thus a 

will no longer be aff but some weighted average of ar..e"'. If this is done 

0 and the A2 ~ s are all assumed to be the same J 1-1e find 

2 2 2 
a < r > = aff < rff > - 2~f..e"' < rf..e"' > . 

Dividing by· aff < r~f > gives 

a ar..e' = 1-2a -
aff 

(28) 

If the ratio < r~l"' >/< ~~f ~ can be determined, ajaff becomes a 

numerical factor such that if aff is multiplied by ajaff the experimental 

0 spectrum should be reproduced if the matrix elements of v2 are written as 

(sirJJzl'~'~l SI.JJz) "" ( {f;) o;ff A~ < r2 > fl (Jj)Jz), 

where A~ < r
2 > is the usual crystal field parameter. In a similar manner 

the effects of configuration interaction on the fourth- and sixth~degree 

I 

terms in V may be incorporated as corrections to ~ and 1· 

The same method has been used by Judd to take into account deviations 

f LS 1
. 11 rom coup J.ng. In that case, howeverj there are no approximations 

· 1 d Th. A0 ' · 11 th d 2 · - 2 > s· J.nvo ve , e 2 s are a e same an < r > J.s a~ways < rff • J.nce 

A~ is a measure of the degree to w·hich the electron involved is shielded 

0 from the crystal field (small A2 gives a, small splitting and therefore 

large shielding)J the A~ that measurEs the shielding of an inner 4f electron 

is not likely to be the same as that for an outer 5f or 6p electron. Thus, 

one would not be surprised if the results obtained from such as approximation 

were in the right direction} but tqo small, perhaps even by the factor of 
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19 discussed above, to explain the discrepancies between observed and 

calculated spectrao While such simple considerations hold for the effect 

on a single term in Vj the actual situation is more complicatedo V is 

a sum of four terms whose relative signs and magnitudes vary a great deal 

from one Stark-level to another. Thus the effect of such as assumption 

must be considered separately for each leveL This is taken up in detail 

when actual numerical results are obtaJ.ned in Seco V. 

but 

and 

As an example, consi.der the calculat:ion of af ~ 
p 

( lsLJJ l v0
2 lfpSLJJ) ""af A

0
2 < r~ > f

1
(J.,J ); 

> z > z p ·' p z 
(29) 

( 2 2) 2 -~ 3z. - r. = 2E rj 
i J. J. i " 

c.( 2 ) • 
J. 

(30) 

If we use Eqo (30) and the Wigner-Eckart theorem (5L Eqo (29) becomes 

If part one of the coupled system is S ·' and part two is L, then .E. C. ( 2 ) 
' l 1. 

is an operator only on part two and Eq. (8) applies, leaving a reduced 

matrix element of the form (f
2sLJl ~ C i ( 

2 )11 fpSL} For i :;:; 1_, this is zero 

due to the orthogononal.ity of the f and p functionso For i = 2, Eq. (8) 

may be appl1ed again, along with Eqo (9), giving 

( 
2 I o ) o 2 s -J +2J 

f SLJJ' V jfpSLJJ =2J2 A < rf-n > (-1) z z 2 z 2 ~ 
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(2L+l) ('2J l)(··J. 2 J) {rL J S}: {3 L 3} G3 2 1) • · + -J 0 J J .1 2 L 1 2 0 0 0 z z . . 
(32) 

g) may be evaluated from the tables of Edmonds: 35 

·.iZ 

J-j G 1 

(-. JJZ 20 JJZ) = 2(-1) z (2J-2).'l2 ( ) (2J+3~ fl J,Jz (33) 

If Eq. (33) is substituted into Eq. (32), and the resulting expression 

0 2 . ( ' ) set equal to .af A2 < rf > f 1 J,J , we obtain 
p p . z. • 

1 

a = 12r.f (2L+l)(2J+l)(-l)S-J f12J-2)!]2 {L J S} .{3 L 3} (34) 
fp ~5 . L(2J+3)!j JL3. 112' 

where the 3-j symbol (6 ; 6) has been evaluated. Similarly, 

1 

~ = 32 .J6 (2L+1)( 2J+l)( -l)S+J-J f_(2J-4)!r {L J s\ J3- L 3l ( 35 ) 
fp 3 L(2J+5H J L 4J l:L 1 4f ' 

and 7fp is zero. 

and 

In a similar manner, expressions for aff;, t3 ff', 7 ff' were derived: 

0: ,= 5612 (2L+l)(2J+l)( -l)S+3+3J 
ff ,J7·15 

n2J-2)U {L J sl_ {3 L 3L 
LC2J+3.)!j ~ L 2f L .3 2J J 

7ff"'= 16·28oJ2 (2L+l)( 2J+l)( -l)S+3J+3 [(2J-6)!J {L J S} f3 L 3l 
J39'77 (2J+7)!j J L 6 lL 3 6f 

The operator-equivalent factors calculated from the above expressions are 

given in Tables IIA and liB. 
'· 11 

The aff' f3ff' and 7 ff not given by Judd 

were calculated in a similar manner. 



Level 

lD 
2 

3F 
1~ 

3F 
3 

3 
F2, 

lG 
4 

a Except 

Table IIA.; 2 Operator Equivalent Factors for 4f ~ 4f6p 

Q;ff 
a 

afp t3ff 
a 

t3fp 
a 

'Y ff 

22 1m 4 212 0 
15•21 35J2i 7•27 27•7.J21 

1 3 ~1 1 1 

126. 28J21 45•77 7•45ki 13•63•99 

1 3 =1 1 =1 

90 2o!2i 45•99 8r5ill 39.99 

8 12 -2 22 0 
21.15 37!2i 7•81 27 •2l.J21 

-2 9 ~46 ~2 =4 

11.35 35f2loll 11•45•77 15 •7.J21•11 13•33•77 

3 for F2, these factors are from Judd-(See reference 11). 

')'fp 

0 

0 

I 
1\) 

0 
(X) 
I 

0 

0 
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Table IIE• Operator Equivalent Factors for 4f2~4f5f 

1 

15 

-1 

5 

22 

15"21 

1 

126 

1 

90 

1 

15-12 

-1 

ry[i 

22 

1 

9oJ2 

8 8 
21•15 21·15/2 

f3ff 

0 

0 

4 

7•27 

-1 

45•77 

-1 

45•99 

~2 -46 

a 

11·371:2 11•45•77 

-1 

99 

-1 

75 

-2 

99 

-1 

9912 

-1 

75/2 

-52 
25·9912 

-8 

-8 

-4 

55•99 

4 

0 

0 

-1 

-2 

7•81J2 

11·45~77./2. 

-8 

-8 

-4 

4 

0 0 

0 0 

0 0 

1 1 

-1 

39·99 

-1 

0 0 

-4 -4 

13•33.77 13·33n7.J2 

5 5 
21•99•13·33 21•99"13·3}/:2 

1 1 

9·13•35•33 9·13•35·3~ 

16•17 16•17 

-2 -2 

63•99•11•13 63•99e11•13/:2 

a Except for 3F2, 3H
3

, 3H6, and 1r6 these are taken from Judd (See reference 11). 
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C. Configuration Interaction Due to the Crystal Field 

The Stark levels of the configuration 4f2 may also be shifted by a 

·2 
second-order crystal field interaction between 4f and some higher 

configuration. In this case, the excited configuration need no longer 

be of even parity and interaction with the lowest excited configuration 

4f5d is possible. Because of the smaller energy denominator, this might 

be expected to be the largest of such interactions. The depression of the 

crys.tal field levels of ~2 due to· such a mechanism is 

(f2 1D2J;I vI fdlLJJz)2 

.E (37) 
LJJ 6E z 

Unfortunately) such a mechanism is not specific to the ~2 • A similar 

interaction is also possible for all of the other states of f 2 • 

Since the coupling of an f to a d electron with a tensor operator 

bf rank k always involves the 3-J symbol 

(3 k 2) = (-1)3+k+2 (3 k 2) 
\0 0 0 - \0 0 0 J 

k must be odd, i.e., only terms in V which have zero matrix elements in 

2 
the configuration f will contribute here. The symmetry of the crystal 

requires that k~ 6. Since it involves< r~d >, V~ is expected·to make 

the largest contribution. A fifth-rank tensor will couple the 
1

D2 of 

f 2 only to the ~3 , 1a
4

, and ~5 of fd, but it will couple the 1G4 of 

l withall of the singlets of fd. The triplet levels of f
2 

may 

interact with many different levels of fd, 14 for the 3H4 • Due to the 

fact that the energy differences must be estimated the results are only 

approximate, and it was not felt that carrying out these computations 

would add anything to the general conclusions obtained from consideration 
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of the 
1n2 and 

1a
4 

levels. The effect of \rd3F >, the lowest triplet 

in fd, on the levels of 3H4 was computed, however. The resulting shifts 

-1 in all components were less than 1 em • 

The configuration fd has not yet been analyzed for Pr+3 but data are 

available for Lair36 and Ceiir37 • In both cases the lowest term is 1G. 

This may be coupled to both the 
1n

2 
and 1a

4 
of f

2 
by V~ term in the 

1 -1 crystal field potential. The other singlets in Laii are D lying 2300 em 

1 l_ -1 1 -1 1 -1 
above the G, ~ at 7900 em , P at 11000 em , and ~ at 12000 em • 

In the case of Ceiii, the ~ and ~ terms are reversed and the total 

-1 width of the configuration is about 3000 em larger. The Laii data was 

used in the following calculations. Taking the energy levels from the 

=1 
Ceiii spectrum would change t~e results by less than 0.1 em 

The graph of Dieke et ala shows that the centers of gravity of the 

l and fd configurations differ by about 55 ,noc =1 38 
em • The energy 

difference between the 4f and 5d functions calculated in Sec. IV is 

-1 
42,000 em • From their work on the free ion, Dieke et al. conclude 

that it is probable that the cryst1:1l field spectra of the configurations 

2 -1 4f can be observed to 50,000 em • ThereforeJ the energy difference of 

55,000 cm-l from Dieke was taken as the energy difference between the 

ground terms of the two configurations. The effect of a smaller~ is 

to increase the shifts arising from interaction with the lower levels of 

fd more than it does those arising from interaction with the higher 

levels. =1 
If~ is 45,000 em , the shifts calculated here are multiplied 

by factors of 1.4 to 1.2. 

With these energy estimates, the crystal field interaction between 

the configurations f
2 

and fd can now be computed, if the crystal field 

parameter A§ < r~d > is known. It is usual to determine this parameter 



from the experimental spectrum" Here 7 however7 in order to determine the 

importance of such a mechanism, we must obtain theoretically at least 

an estimate of i.ts value. This is considered in the next. section. In 

Section 2 below the angular part of the crystal field matrix elements 

necessary to describe this interaction is obtained" 

1. Calculation of A; 
The potential seen by an electron of Pr~3 due to its s~roundings 

may be written as 

v = .E q,e'lr.j . 
i<j J l. 

Expanding J./ r, ., making the usual assumption that the magnitude of the 
l.J 

~ electron radius vector r,, is always less than that of the radius vector 
l. 

to the external charge-~,, and using the spherical harmonic _addition theoremy 
. . J 

this _becomes 

v = .E 
ikm 

In order to obtain a real potential the kmth term, ~may be·written 

as 

where 
1 

A~ =r~+ b~J 2 

D J
l 

. (k-m)! 2.E 
akm = (k+m) ! j k+l p . 

j 

and 
1 

=[(k-m) ! J 2 
.E 

(k+m) I_ . j 
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Changing the Ykm to tensor operators, we get 

From the data given by Zachariasen39 the structure of Prc1
3 

may 

be calculated (see Fig. 1). If p
1 

is the distance to the Cl- ions in 

the central plane, and p
2 

the distance to those above and below, and the 

corresponding angles with the vertical axis are a1 and a
2

, 

pl = 2.966 j = 5o605 a.u. a= 900, 
1 

and 0 
p2 = 2.989 A "" 5.648 a.u. a == 43°3" 2 . 

The distances agree with those given by Hutchison and Wong. 40 The upper 

and lower triangles are rotated from that in the plane by 57°39~. This 

was rounded off to 60° in the following calculation •. All the qj = -1 
~ 3 and e = 1 in a.u. Using these numbers, A

5 
may be calculated~ 

3 -3 A5 "" 0.1185 X 10 • 
5 Using the 4f and 5d eigenfunctions in Sec. IV 7 < rfd >has been calculated 

by Judd: 6 

< r 5 > = 50 ~ a u fd •/ •• 

This gives 

(38) 

The matrix elements of V~ P.9W become 

( f. 
2
sL' J" J"l v31fdSLJJ ) '"' 1310· (r2sL~ JR J"j c< 5) + c< 5) 1 fdSLJJ ) • (39) z 5 z z 3 -3 z 

2. ·Angular matrix elements of V~ 

Using Eq. (5), the matrix elements of V~ become 

(isL'J';r; I v;lfdSIJJz) = 1310 (-1/'- J;[e-;; § ~]{c~:-~ ~] 
x ( f

2
sL" J"ll c< 5) 11 fdSLJ). 
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By applying Eq. (8) twice and Eq. (9)j we obtain 

x jL"' J"' sl ]3 L"' 3L (3 5 2) 
1.J L 5}" LL 2 5f \0 0 0 • 

This gives 
L "' L v"' + -'IJJ 1 

"" 1310( -1) ZJl70(2J+l){2Ltl)(2J'' +1)(2~"' +iJ 

"{~- ~- ~} {~ ~- n C6 6 ;)[(~ E U}&~; -~ q. 
The matrix elements of (c(5)+ c( 5h for all possible interactions of ·~ 3 ~3) 2 

and 
1
G4 with states of fd are given in Tables IIIALH. 

Table IV shows the shifts (without adjustment of the center o.f 

gravity) in the Stark levels of ~2 and 1a4 arising from thes~ various 

interactions. Figure 2 shows the levels computed by Margolis2 without 

configuration interaction along with the present resultsJ after adjustment 

of the center of gravity to agree with that of the experi.mental levels. 

The numbers in parentheses are the shifts necessary to bring the theory 

into agreement with e:x:periment. The leve.ls a.re labeled by Hellwege us 

crystal quantum numbers ~j J ~~(mod 6). Due to the breakdown of LS · ·. z 

couplingJ none of the state$ are pure a..11d the 1G is highly mixed ·t<ri th 4 
the other J = 4 states. Using the intermediate coupling functions of 

Margolis (see Sec o V) J the impur:i.'ty of the 

account (neglecting the effects due to the 

1a4 has been taken into 

3H . 3 , an.d F4; o 

4 
From the figure it can be seen that even if they were la.rgerJ the 

shifts of the 
1n levels are not in the right r~tio to explain the observed 

2 

discrepancy. In order to reproduce the observed spectrum th.e ':!:1 levels 

must be pushed upwards while the 0 level is depressedo The total 

\ 



-35-

Table IIJA. ( f 2 ~ J~ I c< 5) + c< 5) I f'd 1a J ·) 
2 z 3 -3 4 z 

+ 1 + 2 "! 3 ·"! 4 

0 

+ 1 0 

+ 2 

Table IIlBo (f2 1n J"' I c(5) + c(5) 
2 z 3 -3 I fd 

1
F3JZ) 

~ + l + 2 t 3 

0 +5-!2 
99J7 

+ l 
+10 .J2 
99J7 

+ 2 _:5·15 

gg·l7 



Table IIIC. 

+ 1 

0 

+ 1 

+ 2 
+20 

99 

TabJ.e III D • 

~ 0 

0 

+1 

+2 -

,!3 +10 

33JTi 

+4 
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( r2 ~ J ~ I c< 5) + c< 5) I fd ~ J ) 
2 z 3 -3 5 z 

+ 2 

.::50 

99!7 

± 3 

,::5 

99'17 

+ 4 

(t2 1a J" I c< 5 \ c< 5 ) I fd lu J ) 
4 z 3 -3 4 z 

+ 1 + 2 !3 

+10 

33m 

+lo·f5 

33J22 

+1oJ5 

33 .]22 

+2Gil0 

33J77 

.: 5 
j.' 

+5 .flO 
33 .J2i 

+4 

+2oJlo 

3>177 



Ta'Q1e IIIE. 

..... 

I 
I 
I 
I 

-1;1 ! 
' - i 
' I 
i 

l 
I 

+4 

Table IIIF. 

~ 0 

+2 -

,:3 
+8 

33J77 

+4 

-3}-

( f
2 J,G J 'I c.(_ 5 )+ c( 5) I fd ~- J ), . 

· 4 1Z · 3 · -3 ' 2 z · 

0, 

+15 f2 

11 J 15·77 

+1 

+4 -
33Jll 

+2 

33·!77 
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Table IIIH. 

·~ 
' 

0 +1 +2 t3 
. 

0 .!F 30 

7../21·11 

±1 ··215 
7../14·11 

t2 
+18 

11../14·11 

+6 
±3 11ffl 

.!F~ 
"' 

+4 
11ID 



Table IV. Shifts in ~2 and 1G4 levels of f
2 

arising from interaction with various levels of fd. 

~ f - ~ ~ ~ lG :sr Total 

~2 Jz=±2 -.1 -1.0 -1.8 -2.9 

±1 -.1 ~ .3 - -3·1 =3·5 

0 -.0 -1.8 - oO -1.8 

1 
-.1 -.8 -1.8 .8 -3Q5 G4 Jz=±4 .o -

I 

±3 .o -.4 -.3 - .o - ·5 -1.2 r; 
±2 .o = ,.;.,_ -.6 - .8 -1.0 -2.4 

±1 -.4 -.0 -2.6 = .4 -3.4 

0 -2.L; - .1 -1.0 -3.2 
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Exptl Margolis With C I 

±I -16779.5 

- 16758.2 (21.3)- 16757.6 (21.9) 
- 16742.3(-11.1) -16742.3(-11.1) 

t2 -16731.2 

- 16651.8(-21.3)-16652.9(-22.4) 

-16630.5 

MU-28216 

Fig. 2A. Levels of 
1n 2 as a result of crystal field interaction 

with 4f5d. · 



±2 

±I 

±2 
3 

0 

3 

Exptl 

_9927.0 

-9810 

-9774 
-9762.7 

9738 

-4la-

Margolis With CI 

9913.8 (13.2)-9916.0 (11.0) 

-9814.4 (-4.4)-9811.9 (-1.9) 

-9782.1 (-8.1) -9784.4(10.4) 

_9757.3 (4.4)- 9756.4 (5.3) 
- 9746.7 (-87) - 9744.3 (-6.3) 

-9590.5 -9589.6 

MU-28217 

Fig. 2B. Levels of 
1

G4 as a result of crystal field interaction 
with 4f5d. 
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interacti9n is in the opposite direction. The interaction of\f2 1n
2 

> 

with jfd 1G4> alone, however, comes closer to producing the correct 

ratios, (See Table IV). But the only '<~ay to reduce the contribution 

from interaction with ~5 is to assume that the ~ used in that calculation 

was too small, i.e., that Jfd ~i> lies considerably higher in the fd 

configuration of Pr+3 than in Laii or Ceiii. The effect of increasing 

this 6E slightly, keeping the positions of the other levels fixed, is 

1 ' to rriake the shifts of all three components of n
2 

more nearly equal and 

thereby reduce the measurable effect of this interaction. The fit of the 

1
G

4 
levels is slightly improved by this mechanism. 

The value of A~ < r~d >used in this calculation is also approximate. 

0 6 6 6 ' 32 The A6 < r > and A6 < r > calculated by Wong differ from those 

observed by Margolis2 by nearly a factor of 4, but the calculated. and 

. 0 9_/6 6 observed rat1os A6 < r ~A6 < r >are nearly the same. This can be 

6 
interpreted as an indication that the value of < r > computed from 

Ridley's free-ion 4f function41 is too small by a factor of nearly 4. 

If such an effect arises from a simple outward scaling of the 4f function, 

42 as it seems to for the 3d function of Marshall and Stuart, and if 

the 5d function is assumed to be _affected in the sam!= way in going from 

the free ion to the. crystal, this would :i.mply that the < f~d > used in 

computing A~ < r~d > was too small by abput a factor of 3· All of the 

computed shifts would then be increased by a factor of 9· If only .. the 

interaction with I fd 1G
4 

> is considered, a somewhat improved fit may 

1 be made to the D2 levelsy but it would also give absolutely unreasonable 

values for some of the shifts in 1G
4

• Thus, one must conclude that 

while such a scaling may be applicable to the 4f function, the 5d function 
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must be changed in some more complex way and there is really no way 

to estimate the accuracy of the A~ < r~d > parameter used in this 

calculation. It is obvious, though, that any interaction of this type 

large enough to give appreciable improvement to the fit of the ~2 
will also cause shifts of the same order of magnitude in the 1a4 where 

the fit is already quite good. Thus a second-order crystal field 

interaction between configurations may contribute to crystal field 

splitting of ~2 but this mechanism alone cannot explain the observed 

discrepancy witho~t greatly altering the already fairly good fit of 

1 the a
4 

levels. 



IV. APPROXIMATE EXCITED EIGENFUNCTIONS FOR Pr + 3 AND T.m. + 3 

In this section, the greater part of which is taken from reference 

43, the 5d,· 6s, 6p and 5f radial wave functions tha.t are necessary for 

any calculation of configuration interaction are obtained for Pr+3 and 

rn..... +3, ... t 1. b ..~.w. vhese wo :l.ons being cr1osen. ecause of the availa.b:l.li ty of ground 

~ 'i·l state eigenfunctions from Ridley's SC.F calcuJ.aticns. 

Since it was necessa!"'.f to conwu.te the effect of promoting one of 

the ltf electrons of P:r +3 to an excited orbital, the contribution of one 

of the 4f electrons -was removed from the effective potential tabulated 

by Ridley. The resulting potential was treated as tha.t of a core :ln 

vThose field the excited electron moves, i.e., the ~tf and excited electron 

were assumed to move in the same central field. The inner 4f and outer 

5d, 6s, etc. electrons actually do see differe:o.t fields, ·but the present 

functions are a_ good first approximation. They are certainly better than 

the presently available hydxogenic functionso 

Ao Calculations 

In addition to the 1.-ra.ve funci;ions~ R.idley's results include a tabu-

lation of a total effective charge Z (r) for the ionp and a. contribution 
p 

to Z from each shell of electrons. ZP(r)/r is the total potential at 

any point due to the nuclev.s and the a:ll'erage t!harge d.:istribuM.6h t>f t:i:ie 

electrons. For a single electron in a s·ta,te of radial and angular momen-

tum quantum numbers n and t ~ the radial 'tve.ve funct.j.on is denoted by 

P(nt;r ), where J00

P2(n£;r) dr == 1. The effectiYe cha:rge due to one 

electron and one ~uclear charge" Z (n'.t';r), i.e.» the contribution to 
p 

the total ZP from a single electron, ce.n be obtained from ·a. differential 
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equation given by Ridley. 44 

co 

Z(n£;r). -r j ~ P
2(n'£";r

1
) dr

1
, 

r 1 

where Z(n£;r) is definea45 as 1 -Jr P2(n£;r)dr. The total Z becomes
45 

0 p 

Z (r) = 1: q(n'i')z (n'£'; r) + i, 
P n'£' P 

and the total effective potential is- Z (r)/r. The quantity q(n'£') p 

is the number of electrons in staten'£', and i is the degree of ioniza-

tion. 

In terms of these quantities, the radial Schtodinger equation.for 

44 
an electron in a state n£ becomes 

X P(n£;r) = O, (4o) 

where the distances and energies are in atomic units. The potentie,l 

is the total potential of the ion minus the contribution to the poten-

tial of the electron whose wave fu11ction is be:tng calculated; in th.e 

present case a 4f electron, 

V = Z (total) = (Z (n£;r) -1). p p 

Z ( n£; r) may be obtained from Ridley 's tabulation as follows: p 
00 

Zp(n£;r) = Z(n£;r) - r,£. ~l P
2
(n£;r1 ) dr1 

Making a change of variables in the integral to p = L'l 1000r1 we get 
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(X) 

ZP(nt;r) = Z(nt;r)- r I P2(n£;p)dp. 

Z(nt;r) is tabulated by Ridley and the integral is easily evaluated 

numerically from her tabulated P(nt;r). 

For the present calculation the potential was assumed to be the 

same for all the states of interest, Le., Eq. ( 40) becomes 

x P(nt;r) = o, (41) 

where n£ = 4f, 5d, 6s, 6p, 5f. Equation (41) was solved on the IBM 

7090 for both Pr+3 and Tm+3, The resulting wave functions are shown 

2 4 in Figso 3 and 2~ ana. tabulated in Appendix C. Since < r >, < r >and 

the Rk integral defined by Condon and. Shortley16 

00 (X) 

=If 
0 0 

Rk(n£, n£, n£ n'£') 

k 
'r 

-~l P2(n£;r1 ) P(n£;r
2

) P(n'£';r2 ) dr1 dr
2 

r> 

are of interest in crystal field and configuration interaction calcula-

tions, these integrals are tabulated in Table V alone with the one-

electron energies. 

B, Discussion 

Dieke ~ al have determined ~xperimentally the centers of various 

excited configurations of doubly and triply ionized rare earths. 38 

They found that for the doubly ionized atoms a ulot of the center of 

the configuration~ relative to the 4;el1-16s taken as zero, vs atomic 

number, yields a straight line. Although !=xperimental points are 

available only for Ce+3 and Yb+3, they also draw straight lines on a 
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Fig. 3. Normalized radial eigenfunctions, P(r), for Pr +3 . 
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+·3 
Tm 

4f 

5d 

6p 
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MUB·I043 

Fig. 4. Normalized radial eigenfunctions, P(r), for Trri
3

. 



Table v. One-electron energies and radial integrals for excited orbitals of Pr+3 and Tm+3 

(energies and integrals in atomic units) . 

Pr+3 Tm+3 
4.;. 

Rk(4f4f,4fn£) Rk(4f4f,4fn£) 

Energy k=2 k=4 k=6 Energy k=2 k=4 k:6 

4f a -1.159 .406 .253 .181 -1.452 .573 ·358 .257 

4f -1.174 .408 .255 .186 ~1.483 ·576 .360 .259 

5d - .9822 -1.060 I 
.r::-: 
'f) 

6s - .8637 ....__ - .9631 
I 

6p .7352 -.0258 -.0172 - .8104 -.0140 -.Oo67 

5f - .4898 -.0592 -.0392 -.0224 - .5007 -.0547 -.0362 -.0263 

a Entries in this row are those of Ridley (see reference 41). 



similar plot for the triply ionized atoms. In Fig. 5 the calculated 

one-electron energies (relative to 6s) are plotted along vlith the ex.-

perimental centers of configurations from Fig. 5 of Dieke et al. The 

results are remarkably good when one considers the approximations made. 

Since only the first ionization energy is available for Pr, it is 

inipossible to compare absolute energies~ but it is probable that in 

taking energy differences many of the errors have cancelled, yielding 

a reasonably good fit to the experimental spectrum. 

The 4f energies differ slightly from those of Ridley. This is 

probably due to a slight difference in the potentials used, or the 

method of machine solution of the Sc~dinger equation. However$ the 

4f functions differ only slightly from those of Ridley and the 

FK(4f,4f) integrals agree very well (see Table V). 

Table VIA-B contains the < r~n'.e~> i:o.tegrals necessary for the 

configuration interaction calculations. These integrals are not very 

sensitive to the grid size used in the numerical integration, but this 

is not true for the Rk integrals. A grid size ~ 0.005 is necessary 

to obtain integrals that do not change appreciably with a change in 

grid size. It is felt that a further reduction of grid size -vrould 

-4 change the values given by less than~ 2 x 10 a.u. 

Wong7 has us~d functions obtained in this manner to calculate 

Slater integrals connecting 4f2 ahd 5d2 configurations of Pr+3• These 

have led to an appreciable improvement in the agreement bet11een the 

calculated and observed spectra. 

i•lithout further experimental data it is difficult to establish 

any further criteria for the accuracy of these functions. An attempt 
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• Calculated 
.t. Dieke et al. 

·-_.e..---· _...-5f 

. ___ .&6p 
I!JJ,.,-..- ............ .,_. ---- -- - -

-------------·- 6p 

• • 
·- ---- ~-- ------..------ __. 

• 66s 

.... 5d. 

4f 

Ce Pr Nd PmSmEuGd Tb Dy Ho Er Tm Yb 

MU.26544 

Fig, 5. Experimental centers of configurations of triply ionized 
rare -earth ions from Dieke et al. (see reference· 38), and 
calculated one -electron energies. 



Table VIA::. k Values of < r , > for Pr+3 

< r2 > 

4f 5d 6s 6p 5f 

~f 1.44 1.04 1.33 

;d 6.65 7.61 

6s 14.2 

6p 17.6 

5f 23.8 ... 

< r4 > 

~t: 5d 6s 6p 5f ' 

4f 5·17 19.2 20.4. 

5d 70.2 122. 

6s 279· 

. 6p 429. 

5f 831. 

< r6 > 

4f 5f 

4f 37.4 i 430. 

5f 39300 
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Table 'VIBo Values of < rk n np > for Tm+3 n.(tn.(t 

4f 5d 6s 6p 5f 

4f ,). 747 0.439 0.589 
-.: 

5d 5.27 6.25 

6s 11~5 

6p 14.4 

5f 22.2 

< r 
J-t 

> 

4f 5d 6s 6p 5f 

4f 1.50 6.50 6.67 

5d 46.3 82.5 

6s 181+. 

6p 289. 

5f 73lo 

< r 6 
> 

4f 5f 

4f 6.72 109. 

5f 33000 
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vTas made, however, to determine the sensi ti vi ty of the Rk( 4f4f, 4f6p) 

and Rk(4f4f,4f5f') integrals to slight changes in the wave functions. 

Since these integrals depend on the overlap of the 4f function with 

either the 6p or 5f, any change involving only the tail of the outer 

function -vlill have little or no effect. The easiest -vray to cha.'lge the 

whole function is simply to apply a scaling f'actor that moves the 

function in and out. If the 4f function is kept constant 'i·lhile the 

5f and 6p are contracted or expanded by lo%, the integral IR2( l~f'4f, 4f6p) I 
increases 1vhen the 6p function is contracted and decreases w·hen it is 

expanded. IR2(4f4f,4f5f)l~ however, decreases with a lo% contraction 

of the 5f function and increases on expansiono The effect is about 

2CP/o for the 5f··interaction ano. 40% for the 6p. Therefore, t.mless the 

eigenfunctions are radically changed in going from the free ion to the 

crystal, a factor of 2 is probably a liberal estimate of the possible 

deviation from the integrals obtained. here. 
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V. NUMERICAL RESULTS FOR Pr + 3 

With the energies and integrals of the preVious section, the 

shifts in the individual cr-.rstal field ·levels brought about by the 

various mechanisms considered may novr be calculated. The corrections 

to the operator-equivalent factors due to interactions "Vrith the 4f6p 

and 4f5f configurations r.tave been given in Eqo (28 ): 

Using the Coulomb matrix elements from Table I, operator equivalent 

factors from Table II, and energy differences and radial integrals 

from Tables V and VI» these correction factors were computed. They 

are given in Table VIIA for the interaction with 4f6p, and L~ Table· 

VIIB for 4f5f. For the interaction with 4f5f~ 

1 

for all levels. Thus the correction factor is the same for each level 

within a given term. 

Using the crystal field pe.rame.ters of Margolis, 2 the following 

shifts 'i·rere obtained :for level of ln
2

: · 

Interaction with 

~ 6p 5f Total 
~~ 

±2 -0.9 =0.2 ·~-:~ 
-Ll 

±1 1.1 1.5 .•j 2~6 

0 ~0.4 -2.6 ..•.. =3.0 



Table VIIJ.'h Corrections to ct and B due to interaction with 4f6p 
Level . a/aff ~/13 ff 

lD 
2 0.963 L019 

3F 
2 0.969 1.173 

3F 
3 

0.969 1.173 

3F 
4 o.969 1.173 

lG 
4 1.088 o.856 

Table VIXB. Corrections to a, f3J and. y due to interaction with 4f5f 

Term a/aff ~~~ff r/7 ff 

3p 1.025 

~ 1.010 1.039 

3F 0.987 0.949 o.842 

lG o.989 0·955 o.86o 

3H 0.977 0.908 0·715 

li 1.019 1.075 1.232 
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Table VIIC. Corrections to a, t3 and /" due to 
interaction with 4f6p and 4f5f 

Term a/aff ·. f3/f3 ff 7!1ff 

ln 0.973 1.058 

3F 0.946 1'.121 0.842 

lG 1.077 0.811 0.860 
... 

3H 0.977 0.908 0.715 

Cross term 

<~H-Iv13F> 0.991 0.886 Oo779 
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Figure 6 shows these results, along "t>lith the results of Margolis, 2 

'tvithout configuration interaction. The center of gravity has been 

adjusted to agree with the experimental spectrum. The sum of the two 

interactions has nearly the desired relative values, and the fit is 

somewhat improved by the inclusion of these terms. However, the 

average deviation is still much larger than the experimental error. 

If a screening factor of 10 or 15 is applied to A~ (See Sec. IIIA) 

the fit of the upper two levels, particularly J = +2, is appreciably 
z -

~roved, but the zero level is raised rather than depressed. 

For the other levels the situation is not so s~le. vlliereas 

the l:o2 is _only weakly coupled to the other J = 2 states, the breakdoim 

of LS coupling is quite large for the other states, particularly those 

with J = 4. The eigenvectors obtained by Margolis were provided by 

Dr. Wong and have been used to compute the shifts of the 3n4, 3F
4 

and 

1G
4 

levels due to the sum of the interactions with 4f5f and 4f6p: 

3H4 = 0.98828 I 3H4 > - 0.02779 I 3~4 > + 0.15013 I 1
G4 > ' 

3F4 = - 0.09772 3n4 > - 0.87086 3F4 > + 0.48213 I 1G4 > ' 

The phases have been adjusted to agree with the convention of this work. 

The results are shown in li'j.g. 7. Some o:f these shifts are quite 

large and two of the 1G4 levels are actually interchanged. The over

all fit is ivorse than that of :Margolis. Applying a shielding factor 

to A~ has little effect on these levels because the dominant terms 

are, in nearly all cases, those involving A~ and A~. Thus the large 
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Margolis With CI 

_16758.2 (21.3)._16760.8 (18.7) 

_16742.3(-11.1)_16741.2 (-10.0) 

_16651.8 (-21.3) _16648.8 (-18.3) 
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Fig. 6. 1 +3 The D
2 

levels of Pr . 
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Margolis With C I 

- 9935.7(-8.7) 

- 9913.8 (13.2) 

- 9814.4 (-4.4)- 9812.3 (-2.3) 

-9782.1(-8.1) -9783.2(-9.2) 

_ 9757.3(4.4)c9755.3 (-17.3) 
- 9746.7(-87 

. 9729.4 (32.3) 

-9590.5 
-9582.2 

MU-28219 

1 +3 Fig. 7A. The G
4 

levels of Pr . 
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3F 
4 

J-L Exptl Margolis With C I 

±2 _6803.9 _6803.4(.5) -6804.8 (-.9) 

~~ 
_6785.2 _6781.9 (3.3) -6781.3(3.9) -6782.0 -6775.216.8~ -6774.7f.3l -6771.8 -6767.4 4.4 -6766.9 4.9) 

3 -6751.0 -6749.5(1.5) -6748.8 (2.2) 

-6709.4 (-9.3) -6709.1 (-9.1) 
3 -6700.0 

3H 
___2 

0 -198.1 

_180.6 
-174.9 

3 _143.5 
±I -133 

-119.9(11.1) -120.6 (12.4) 

- 106.1 (-10.0) 
:!:2 -96.1 -99.4(-3.3) 

3 -33.2 _28.4(4.8) 
_16.7(16.5) 

!2 0 0 

-- 23.5(23.5) 

MU-28220 

Fig. 7B. 
3 3 +3 

The F 
4 

and H
5 

levels of Pr . 



shifts in the f.J. :.:; 3, .~~-~~ components arise Ek'1inly from the coxTections 

to y in the hf5f interaction. f:iince most of the matrix elements of 

0 6 v6 and v6 are quite large, a small correction to y can lead to rather 

large shifts. This correction could be cut down without affecting 

the a and j3 terms by including second-order terma (see Appendix B), 
6 6 

or by aSSUJ)ling that ~he calculated < r ff~ > / < r ff > :l.s too large. 

If, as discussed in the previous section·, it is assumed that < r~f > 

is too small by a factor~ L!., the calculated shifts become reasonable" 

But there is really little justification for applying such a correction 

••i thout some knowledge of the effect of the crystal on the free-ion 

5f function. If it is scaled by the seJlle amou..'!lt as the LJ.f function, 

the present ratio is cor:recto !f it re1U1:1ins tmchanged vrh:l.le the 4f 

function is scaled outward, the present; :rat:io is multiplied by about 

0.85. This change is not sufficient to cause any appreciable differ-

ence in th.e results. There is also the possib:i.lj~ty that the integrals 

Rk(4f4f,4f5f) are too large but, in view of the results of Sec. IV, 

it is unlikely that t;his is mo:re than a factor of 2. Su.ch a co:rrec-

tion is applicable to all terms in ·:,r~ not just t;he sixth-order terms .• 

however. Since many of the components are missing in the experimental 

spectrum and it 111as not expected to add anything to the general con·· 

elusions, the inte:r.m.ediate coupling calculations have not been carried 

out for the other levels. 

Unfortunately, the discrepancy j_n the lu
2 

leYel.s does not seem 

to arise from any single mechanism but must; be the :result of Irl..any 

small effects. None of the mechanisms considered are specific to the 

lu
2

, and produce shifts of at least the same order of magnitude in 
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other levels. If the present integrals are correct, the interaction 
2 k . 

of 4f with 4f5f and 4f6p is not negligible and the R (4f4f,4f5f) and 

Rk(4f4f,4f6p) integrals should really be treated as parameters in the 

intermediate coupling calculation •. If this were done, the crystal 

field might then be fitted with a different set of crystal field 

parameters and many of the present difficulties migut automatically 

be removed. Until good wave functions are available for Pr+3 in a 

chloride crystal, however, further attempts at calculation from first 

principles cannot be expected to give more than qualit~tive results. 

... 



VI. Tim CONFIGURATION f 7 ( Gd + 3) 

+3 ' +3 Whereas the Pr spectrum is extremely well known, that of Gd 

has received relatively little attention. The most recent -vmrk is that 

14 of Dieke and Leopold on GdC1
3 

• 6H20, and Cook and Dieke on GdAc
3 

· 4H
2
0 

and ~d2(so4 )3 • 8H2o, 46 in which they were able to assign the 6P
712

, 
6
P512, ~d 6I 7/ 2 levels in the chloride, and the 

6
P3/ 2' 

6
P5/ 2' and 

6P7/ 2 

levels :in the acetate and sulfate. Fr'om the Zeeman splitting factors 

in the chloride they determined that the lines A
3 

and A4 (Table VIII) 

are principally J = 5/2 and 7/23 respectively. They were unwilling to z 

assign J values to the other lines, however. But Judd has shown that z 

only a small mixing of levels arising from deviations f~om perfect 

pseudo-hexagonal symmetry is necessary to explain the observed splitting 

factors. 15 He has made the assignment shown in Table VIII. 

The 6P
7
; 2 and 6P

5
/ 2 levels boJGh eY.hibit total Stark splitt:l..ngs of 

approximately 80 cm-1• There is no first-order crystal field splitting 

of the sextet states of f 7, however. This may be easily seen as follows. 

The crystal field matrix elements for the 6P term are proportional to the 

operator equivalent factor a which is in turn proportional to a reduced 

matrix element of the operator c( 2 ) (see Sec .• III-A). In Appendix C 

it is shown that for the sextet states of t:1 the matrix elements 

(f7wu6LII9( 2)Ijr7wu6L) are zero. Thus there sb.ould be no first-order 

Stark splitting of the sextet levels. Second-order effects can arise 

by three mechanisms: (l) a term that is first-order in both the spin 

orbit and crystal field interactions,; (2) a second-order c:cystal field 

effect; (3) a term that is first order in both the Coulomb and crystal 



Table VIII. i-Tave numbers of the lines in 

6 o a A and B groups of GdC1
3

• H20 at 1.7 K. 

J z -
Al 32065.60 1/2 

A2 090.95 . 3/2 

A3 121.49 5/2 

A4 144.86 7/2 

B1 658.67 1/2 

B2 698.57 3/2 

B3 739.19 5/2 

a From reference 14. 
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field interactions between levels of the same L in different config;u.ra~· 

tions. Judd has shown that the spi:o. orbit interaction alone will not 

reproduce the observed spli tt:l.ngs. 15. Thus there must( also be · some 

contribution from second-order c:r.rstal field effects or configuration 

interaction. 

·· In this section, calculations are carried out for the interaction 

of' r7(110)(11)6P with the 6P states of :r66p in an attempt to account 

for th:i.s splitting. In v-iew of the results obtained above for Pr+3, 

the configuration of 4t65f migt1t have been a more judicious choice. 

However, 4:r66p is the lmvest excited conf:igura:tion of odd parity. .Be-

cause of the greater number of allowed states, the calculation for 

4f
6
5f would. involve extremely long summations and calculat:l.on for k = 6 

as well as the k = 2 and 4 which are necessar; :t~or the interaction wri.th 

6 
4f 6p. 

Even though the Coulomb interaction Q has nonzero matrix elements 

only between states of the same S and L in different configurat:i.onsp i.t 

can link l4t7(llO)(lJ.)6P >to 5 different 6P sta;oos of 4t66p. 'r:t;.is 

6 
may be readily seen by looking at the quintet and septet st.;ates of f 

in Table IX~ A:ny of these may couple irlith a11oth.er electron to form a 

sextet, and all the s, P, and D states may couple 'lhri.th a p electron to 
6 6 . 7 6 

form a P state of 4f 6p. 'Lhus the :lntera.ction of 4:f'" (110 )(U) P with 

4r66p 6P ir1cludes contributions :from five separate matrix elements. 
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Table IX Classification of certain states of fn a 

f6 f7 

n v w u SL n v w u SL 

6 6 (100) (10) 7F 7 7 (000) (00) 8s 

r- (210) (11) 5PH 7 (200) (20) 6DGI b 

(20) 5DGI 5 (110) (10) 6F 

(2i) 5DFGHKL (11) 6
PH 

4 (111) (00) 5s 

{10) 5F 

(20) 5DGI 

a Taken from reference 47. 



(f7
5

(110)(11)6P jQj f6
6(210)(11)5p p 6P) 

(f7
5

(110)(11)6P jQj t
6
6(210)(20)5D p 6p) 

(r7
5

(110)(11)6P jQI r6
6(210)(21)5D p 6P) 

(t7
5
(110)(11)6P jQj r64(11l)(OO)~S p 6P) 

(r7
5
(110)(11)6P jQj r6

4(111)(20)5D p 6P) ~ 

-

(4·2) 

Each of these may be evaluated using Eg. (13). The sums over all in-

termediate states, of which there are many, make the calculatiop ex-

tremely long and tedious. Fortunately, however~ some simplification 

can be made in Eq. (13) for the sextet states of f7. 

Ao Calculations 

For the (ll0)(11)6P state of Gd+3, Eq. (13) becomes 

0'\(110)(11)
6
Pj i~ l/r1 jj t

6
(1fr') p

6
P) 

= 1/6 z .[z ( -1)1-L "' ( r7 (11o )( 11)6P II c(k) II r 7 w"'u"" s""'L""') 
k "'', 5 

x ( r 7w"u"" soL..,. II c(k) II ±'6( "'' )p~P) 

+ Z (-ll-L'"(f7 (llO)(ll)6P!jc(k)jjf6(1f.r"')psL'") 
if~ L"'" 5 

x (r6( 1Jr"' )psL"" "II c(k) II f\ lfr"'} P6P >] Rk( 4t4f,4t6p) 

= 1/6 Z [z (-l)l-L"'A·B + 1: (-ll-Lo" C•D J..,, 
k 1fr'" f'' ,L""" 

(43) 

where k = 2 and 4. 
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Before embarking on such a series of summations let us consider 

briefly the effect of the crystal field. As was the case for Pr+3, 

any Stark splitting which is first-order in configuration interaction 

arises from a product of crystal field and Coulomb matrix elements be-

tween the tv1o configurations. Thus it will also be necessary to cal

culate matrix elements of the fonn (f7(110)(11)6PIVlf6(1Jr')p 6P) where 

1jr' = 6(210)(11)5P 

6(21.0)(20)5D 

6(210)(21)5D 

4 ( 111 )( oo )5s 

4(111)(20)5D • 

48 GdC13 · 6H2o has only a c2 symmetry axis. If this is taken as 

the z axis the only terms in the crystal field potential which give 

nonzero matrix elements between 6P states are 

0 2 2 2 2 2 
V = A

2 
(3z - r ) + A

2 
(x - y ). 

14 However, the work of Dieke and Leopold on Gd.C1
3 

· 6H
2

0 and that of 

Eisenstein 
49 on the isomophic YbCl? • 6H

2
o" sho't-r that these crystals 

;) -
also exhibit pseudo-hexagonal axes perpendicular to the c2 a.xis. This 

implies a. relationship between A~ and ~~· If A~ = -3 A~, the potential 

becomes 

V = ·-?.A~{3x2 - r
2

)o 

This is simply a V~ term with a ne,., A~ and referred to the pseudo

hexagonal axis perpendicular to the c2 axis: 

0 2 2 
V = A2 (3z - r )o (44) 
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The work of Judd15 on GdC1
3 

o 6H2o, as well as that of Eisenstein49 
- 2 0 

on the Yb compound, has shown ~hat even if A2 = =3 A2 + 5~ the split-

tings caused by deviations from Eq. ( 44) will be smalL Thus the 

matrix elements to be computed are 

An expression for afP may be obtained in exactly the same way as in 

6 Sec. III-B. This gives, for the P term, 

a = 36 fl. (28 + 1)( =1)3J + ~+L' +-1[~2J-2l!f'2 { l J ~} { 3 1 L ~} 
f.p J 5 2J+3 I · J 1 2 l 1 2 

. . 

The triangular conditions of the second 6=j symbol allow only L ?2. 

Thus the 5p and 5s states can immediately be eliminated from the 

possible v' given above. As will be seen below, the Coulomb interaction 

is zero forthe 4(11l)(20)5D state so we need calculate afp only :for 

v'· = 6(210)(2o)5n 

6(210)(21)5D. 

The coefficients of fractional parentage (r7 WUSL ~ :r6 w~u's'L') + f) 

which will be necessary for this and later calculations may be evaluated 

from Eq. (10) and the tables of Racah (IV). They are given in Table 

X. Table XI gives the operator equivalent factors af.p for the 

6 6 +3 P
5
/ 2 and P

7
/ 2 levels of Gd • 

6 
p3/2~ 

Having eliminated two values of v" i further simplification can be 

effected in Eq. (43)~-. First consider the matrix elements 



~ 
5
(110)(11)6P 

7
(200)(2o)6D 

7
(200)(2o)6G 

Table X. Fractional parentage coefficients (f7WUSL ~ f 6w'u's'L' + r). 

-- {111) (100) (210) -
(10 )5F (20)5D (20)5G (10) 7F (11)5P (20 )5D (2o)5G (21)5D (21)5F (21)5G 

-1 - J1o .JTi - 1 J5 - .J 11 ./55 - .Jli -3 .J 5: "':..3 -
.J2i 7 7 J6 7J7 754 7 .J 21 2·J2i 14 .J 21 

-·-·--

0 - 1 -J3 -4.J3 3 .J ll 
.J6 7 7 .J 14 7 .J 14 

~-4---~~---

0 - 1 Jll .J55 4.[5 
.J6 7~ 7 .J 14 7 .J 42 

~ ..... _.._..,.,.. ___ ., __ ,..,_.,........,.,.,.,~--·"--""~ ..... ~-~-· ....... ...,. 
........... .,_,,.,....,.., . ...__.,._,.,.,.,.,._,~------·.··---··......-~·---=----· 

I 
-.:!I 
0 
I 



Level 

'. ' 

6 
., p5/2 

6 
p7/2 
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Table XI. Operator-equivalent factors a:n, for 

· (f7(110)(11)6P!VIt6(1jr' )p 6P). 

(210 )(20 )5D 

(210)(21)5D 

(210)(20)~D 
. 

(210)(21)5D 

a . 
fp 

6 

7 • 25 .[30 

a 2.f11 

7 • 25 .f1o· 

72 

25 • 49 .[30 

24 .[11 

25 • 49 .f1o 

6 

5 • 49 .[30' 

- 2.[11 

5 • 49 .f.1o 



-
A= (r7 hTUSLjjc(k)l/f7 w"u"s"L") 

= (f7
5

(110)(11)6Pilc(k)llf7 vJ"u"s"L"), 

where the v'' includes all the sextet states of f7, i.e., 

w" ;;:: 
7
(200)(2o)6DGI 

5
( 110 )(l.O )6F 

r::: 
(11) ~PH. 

Judd has shovrn that the summation involved in Eq. (14) for the matrix 

elements A can be carried out explicitly, l5 leaving a very simple 

expression; 

A = (f7;vms.L! !c(k)l!f7H"u''S"L") 

= 14( -l)L+
1 

[ (2L+l)(2L"' l)J\; f ~)( 6 ~ 6) c (s,s' ), ( 45) 

for L + L" odd. For L + L" even, A = o; The proof is given in 

Appendix D. 

Thus the matrix elements A are zero unless L + L'' is odd. With 
I I 

L = 1 this means L'' must be even and we have 

( f 7 
5

(11o )( 11)6P II c(k) II f 71t"u"6L") 

= 14 [3(2L''+l)r { ~ ~ .. ~} c~ ~ ~> (46) 

where L'' is even. But the triangular conditions on (1, L~v, k) in 

the 6-j symbol require L''~ 1 + k. This gives L''= 2 fork= 2, and 

L' '= 4 for k = 4. Thus it is only necessary to compute tvro rratrix 

elements, using Eq. (46), 



and 

(f75 (llo)(ll)6P!Ic<~)llf77(2oo)(2o)6n) = -2j.Jl0, 

(f7 (llO)(ll)6PjJc( 4)Jif7 (200){2o)6G) = (10 
- 5 7 .. J ~ 

Since Eq. (43) involves the sum ~· A • B, it only remains to 
Wu 

(47) 

calculate the B terms which will be multiplied by nonzero A terms, i.e., 

where 
when k = 2, . 

and 
when k = 4. 

Whereas A was independent of t', B is not, and for each w' ', B must be 

computed for the three values of w', 

From Eq. ( 18) we obtain 

w' = 6{2lo)(2o)5n 

6(210)(21)5D 

4(111)(20)5D. 

B = J7 (f7W"U"S "L "{ f 6( w' )fS "L" )( -l)L, +L, 

X { 7(2L"+ l)r {i ~--n c~ ~ ~) . (118) 

The c.f.p. have already been given in Table IX. The matrix elements B 

are given in Table XII. 

Using the results in Eq. (47) and Table x.x, the first term in 

Eq. (43) now becomes 

X = 1/6 E E (-l)l-L''A • B = -l2 R2(4f4f,4f6p) + 5~ R4(4f4f,4f6p) 
k *" 35 J3o 14 30 



(200)(20)5D - 36 
35 .[3 
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0 

-3 .[ ll 

14.f3 
0 

0 

-2 

.7 

· ... 
0 0 

0 0 



j 

for ~~ = (210)(20)5D, 

and 3 .J 11 2 
. . . X = _ ... .flO R ( 4f4f, 4f6p) 
····~- .. 35 . -' .. 

1om 4 .· 
+ R (4f4f,4f6p) 

2l•ll.Jlo 

. for ~, ~ (111)(21)5D. 

··Fo~ ~- = (111)(20 )5D, X = 0. 

Unfortunately, the calculation o,f' the terms C and D is not nearly 

as easy. From Eq~ (19) we have 

C = _(r75 (llO)(~)~PIIc(k)_llr6(wuu''snL"')p 6L0 ~) 

· • 7 [9(2L"' + ~) f (r7 
5
(uo )(u)6P ~ i(w"u"s"L") + f)( -l)l+L" 

{3 .• . 11.""} (3 k 1). 
X L''' ~k 0 0 0 1 (49) 

wher~ L'-,;. includes all sextets of t 6
pj and 'If'' includes the septets 

and quintets of r6. The triangular conditions of the 6-j symbol 

immediately eliminate a few terms but there are still many to be compu-

ted. The results are given in Table XIII. 

If Eq. (20) instead of Eq. (21) is used for the ~trix eiements 

th~y may be written in terms of reduced matrix elements of the unit 

tensor u(k) in the configuration i6• u(k) is defined by 

(~llti(k)llt) ~ 1, or (tllc(k)l!t) = (-.ll (2£ + .1) (~ ~ ~) (t·l!u(k)ll.t). (50) 

When we change c(k) to u(k), Eq. (20) becomes 3 for L = land k even» 
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L''' 1 2 3 5 6 
'. 

'it", k:2 k=2 
' 

k=2 k=4 k=4 k=4 
., 

L (210)(20)5D .J 15 .[3 -2../5 

35 35J7 7.f7 
0 0 

35 .. 

(210)(21)5D 3·./3~ !55 .Jll -2 .j 55 0 0 
35 35 35J7 7~ 

( 111 )( 20 )5D -9"'2 - .J 30 - .f6 2.Jl0 

5J"7 . 5.J7 
0 0 

35 7 

(210)(21)5F 0 -!22 _Jll -m ./55 
J35 2.J35 4.J2i 4-17 

0 

(111)(10)5F 0 -2.J2 - 1 - 1 . .[5 
J35 ·135 2J2i 2.[7 

0 

( 210 )( 20 )5D 0 0 -3 . .(j~ .Jli _Jii 22 

7 Jrfo 18·7 J"14 42J2 63.f2 

... __ .., ---· 
(210 )(21)5G 0 0 -2~ .J65 --165 .j 55·13 

14.J7 84J21 28-[3 21.[3" 

-

(111)(21)5G 0 0 3-133 - .J ll ru -22 

7.J5 9·14 6.[7 9J7 
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. ; ... 

D = (-l)L"+l 7 [3(2L"" + l)J·y:fL"L:"l}. (3 k 3\) · Ll· · L k \0 0 OJ 
.. ' . 

(51) 

All of the necessary matrix elements of u< 2 >, and those of u( 4) except 

for L ~ = L' "= 2, were kindly provided by Dr. ,Judd. The latter were 

computed from 

(52) 

Equation (52) was derived in exactly the same ·Way that Eq. (21) was obtained 

from Eq. (20). The c.f.p. for (f6t'' ~ r5('w') + f) are given in Table 

XIV and the matrix elements of u( 2 ) and u< 4) in r6 in Table XVA and 

Table XVB:; respectively. 

These matrix elements may novT be substituted in Eq. (51) to obtain 

the matrix elements D which are given in Tables XVIA, XVIB~ and XviC, 

for t" = (210)(20)5D~ (210)(21)5D, and (111)(20)5Dp respectively. Now 

the results of T~ble XIII and Tables XVIA, XVIB, and XVIC may 'be 

combined to give the second term in Eq. (43)~ 

x· = 1/6 z 
ljr'',L"'' 

1 L'"'" 
( -1) - C • D. 

These values are shown in Tabl~ XVII 1 along with the values of X obtained 

earlier and the total Coulomb matrix elements for various ljr'. 

Here again it may be noted that X = Y (see Appendix A). Some 

attempt was made to show under what conditions this equality should 

hold~ but the summations always involve products of 6-j symbols and 
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~ 
I 

(210)(2o) 5D (2l0)(21) 5n (lll)(2o) 5n (11l)(l0)5F 
i 

( 210) ( 21) 5F (21ci)(2o) 5G ! (210)(21) 5G L 

s-c.F6 5!22 67121 . -/22 -&!2 32,J11 
I 

-5·/590 (210) (20 )5n -- -- I 1+41 49 4lfl 21 21 147 
! 147 

( 210 )( 21) 5D '7h.2 n/6 21n }16 -!66 -4,:3 ! ..Jl430 --
I 49 98 49 14 14 147 98 

( l11)(2o) 5D 67121 -c.Jn -1716 2.F77 -217 -2-/154 -2-/1365 

441 49 126 21 21 147 147 

( 210) ( 21) 5F 122 -3J6 -2-in -1 _,r11 216 1n5 -- -- -- --
21 14 21 6 I 6 7 70 

( 111)( lo) 5F &h J66 -c.h -J11 l -2-.166 165 -- -- --
21 14 21 6 6 21 70 

(210)(20) 5G 32111 -4J3 -21154 -2-/6 2166 _.!2__ 4J130 -- --
147 147 11n 7 21 49./33 490 

(2l0)(21) 5G -5J390 -11430 -2-h365 -J715 

I 
../65 41130 ~ 

147 98 147 70 70 490 98J33 

( 111) (20 )5G -2\/154 -31J42 -2111 

t 

Ja -1231 -20 311455 --- --
147 294 21 14 .42 71462 490 

--- ---··--

a These matrix elements have also been calculated on a computer by c. W. Nielson of M.I.T. (unpublished). 
These results agree with his tables. 

(111) (20) 5G 

-2-Jl54 

147 

-)h/42 

294 

--~11 --
21 

-fa --
14 

_,i23l 

42 

-20 

71462 

31-1455 

490 

l 

14J33 

I 
-J 
-o 
I 



..... ,........_ w'u's'L' 

HUS-~ ( 210) ( 20) 5D (210)(21) 5D ( 111)( 20) 5n ( 210) ( 21) 5F 

( 210 )( 20 )5D 3'2./55 -19-115 -4-.i 55 11/30 

9·49 6·49 63/14 252 

( 210) ( 2J) 5D -19115 5·5915 ,(30 2l11o 

6·49 6·49111 7f7 77 

( 111)(20 )5D -4155 f3o -2-155 5/105 

63h4 717 63 63 

( 210) ( 21) 5F -11f30 -~110 -5J105 _rr_:_ --
252 77 63 66 

2110 .....;33•35 ( 111)( 10 )5F -2-1330 -2111 

6) I 21 126 33 
' I -l7of5 (210)(2o) 5d 13/165 -10J2310 -1'JJ1o 
I ---;-;;-4851 4851 231 

(210)(21) 5G 19126 4/858 -3-/91 5-/429 

196 539 49 462 

(111)( 20) 5G -1of2310 -34f7o 

I 
/165 38J35 

4851 539 1386 231 
I I 

a See the footnote to.Tab1e XVA. 

( 111) ( 10) 5F (210)(20) 5G 

21330 13/165 
: 

63 4851 
' 

! -2110 -17of5 
I --
! 21 539 

i 
J33•35 1of2310 i 

i 126 4851 I 
I 

l -2J11 19Jlo 

i 33 231 

• 
1 1ofuo 

' 
6 231 

i 

i -1ofuo i 29J13 
' I I 231 539 

i 
-2139 i 25-/330 ; I ! 21 1617 

i I 
! l i -5-/385 38J182 
' I 

! 462 ! 539 
' 

(210)(21)5G 

19!26 

196 

4>1858 

539 

-3/91 

49 

-51429 

462 

2139 
21 

25-/330 

1617 

i 151f13 
I 1274 l 

I 1of77·15 
f 1617 
; 

( 111) ( 20 )5G 

-1of2310 

4851 

-34ho 

539 

J165 

1386 

-38J35 

231 

5/385 
462 

38J182 

539 

10./77 •15 

1617 

-15-/13 

154 

I 
00 
0 
I 



·-81-

~ 
. ' 

I -
1 2 3 4 5 

k=2 k=2 k=2 k=4 k=4 k=4 , 

( 210 )( 20) 5D -167J2 -29312 -142_7J2 3216 
21oJi5 18o)5 9°37!35 6;,J1 

0 0 

( 210 )( 21) 5D ~22 .../22 -2!22 -19/2 
7!5 7./3 7.J105 14J'77 

0 0 

' 

( 111)( 20) 5D -67J2i -6717 -134 -4>13 0 0 
9·3515 9°35 9o)r;J5 63 

( 210 )( 21) 5F 0 -4Jil -'CN22 -11J'i0 -11J6 --- 0 
5J2i 15!2.1 24,f77 24JT7 

( 111) ( 10) 5D 0 -32 -16!2 ~ -.f6 -·- ' 0 
15J2i 15.J21 >!1 7!7 

( 210 )( 20) 5G 0 0 -64Jll ].5!55 1}.[15 26!15 

105J7 18o77.J21 18o35fll 105°99 

( 210 )( 21) 5G 0 0 2J'30•13 19·f26 19!26 19126 
2lli .. 24o7J7 8·35 21oJli 

( 111)( 20) 5G 0 0 4122 -~ ..J'30or7 -412-1o 
I' I --
' 105 63°33 63°11 j 27•77 
! I 
I 
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~ 1 2 3 4 5 

k=2 k=2 k=2 !k=4 k=4 k=4 . 

( 210) ( 20) 5D -J22 ~ -2!22 -l9f2 ·--· 0 0 
7J5 713 7-!105 14m 

•·. 

' 

( 210) ( 21) 5D -27J2 1612' -2°7912'·. 5·59/6 

35115 
I 

42·1lJ7 
0 0 

35 37!35 i ' 

-

( 111·) ( 20) 5D -2fll -2J77 -4-Jil 6 

7135 35115 . 
0 0 

35J3 7.Jll 
; 

(210)(21)5F 0 6 3!2' -J3o -6 - 0 
517 5fi 11J7 11Ji4 

( 111)( 10 )5F 0 
_2Jll _,[22 .J30 .J2 
-~~ --· 0 
511 5J7 3J77 m .. 

; 

(210 )(20 )5G 0 0 &!3 -85/5 -1715 -4ol7J5 

105J7 21°11J1 77 21o11Jil 

(210)(21)5G 0 0 J22o13 2J66ol3 2J66·13 &J6:i3 
7-!35 21°11-r:T 35ol1 15•77 

( 111)( 20) 5G 0 0 
31J61 -17,/lO -17J7{) -4 ·17.J76. 

105 21•11 35•1:1 i 15°77fu 
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L"'"'"' l 2 ' 3 4 5 

v" k=2 k=2 k=2 k=4 k=4 k=4 

(210)(20)5D =67.f7 =67.f7 ~134 ~w3 
0 0 

10r;Ji5 9•35 9·3515 63 

' 

(210)(21)5D -2JTI ~2JTI ~4Jl1 6 0 0 

3715 3513 35!15 7Jll 

(11l)(20)5D 4./2" ~ . -4·43/2 ~'2:!6 0 0 
15115 9 :47/35 m 

~ 

( 210 )( 21) 5F 0 4.f22 4Jil -5/5 -5 0 
1~ 1~ 6!11 2153 

(111)(10 )5F 0 -4J2 -4 ../5 ~3 0 
1713 15'1!) 12 12 

( 210 )(20) 5G 0 0 ~ -55o -2135 =4J30 
.. 105 1B9.f1 21J66 9•33 

' -
(210){21)5G 0 0 4.f39. di3 -w -2Ji5 

! 21/5 14 1o/7 5JTI 
! 

(111)(20)5G 0 0 4Jil Ji5 Ji5 .Ji5 
17!7 10&J11 36·~ 27•55 



I 

w' X = first. ·term .in Eq. ( 2) 
. - Y = second term in E4~(~l 

; 

( 210) (20) 5n -l2 R2(4f4f,4f6p) 
35/50 

~12 R2(4f4f,4f6p) 
37130 . . 

+ 5 R
4(4f4f,4f6p) 

14/30 
+ 5 R4(4f4f,4f6p) 

llw'30 
I. 

(210 )(21) 5D i3Jii R2(4f4f,4f6p) 
)'j{lO ·_. . 

}fil R2(4f4f,4f6p) 
35Ji0 

' 
1oJil - R4( 4f4f, 4f6p) 
21•11Jlo 

loJil R4( 4f4f ,4f6p) 
21•11'-'lo 

; 

(111)(2o)5D 0 0 

i 

' 

Total Matrix Element 

~24 
R
2(4f4f,4f6p) 

37!30. 

+ 5 R4(4f4f7 4f6p) 
7J30 

6!ii R
2(4f4f,4f6p) 

35fi0 

+ 2o4l 4 R (4f4f,4f6p) 
21·11Ji0 

: 

0 

' 

I 
CXl 
+"' 
I . 
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c.f.p. for which there are no sum rules known. There is also the prob-

lem that the c.f.p. have no analytic form which nearly always forces 

one to reduce the problem to specific cases. A formula which is just 

twice the second term obtained above has recently been derived by 

Wybourne for the matrix elements of Ci(k). CJ(k) between the configura= 

n n~l "' 51 tions £ and £ £ • This proves that the equality always holds when 

£ =f £: For t = t". matrix elements of Ci (k) • c
1 
(k) must be subtracted 

out but the equality still holds (see Sec. II~B). Judd has been able 

to give an explicit proof of this relationship. 15 It is surprising 

that a division of a summation over all intermediate states into sums 

over two different kinds of intermediates should divide the sum into 

two equal parts. If there is some group theoretical reason for this 

it is not obvious at this time. 

B. Results and Discussion 

Since the operator equivalent factor a in r7 is zero the crystal 

field matriX elements for the 6P states of Gd+3 become, to first order 

in the configuration :l.nteraction 

X (f6(*#)6
P JJZIV~jf7(110)(11)6P JJZ) 

= -2 ~ (f7(110)(11)6PlQif6(*")p6P) a (,!/) Ao < r2 > [3J 2~J(J+l)] *' ~ .. f'p 2 :f'p z ~ 1 

where the Coulomb matrix elements are given in Table XVII and the 

operator equivalent factors in Table XI. No radial wave functions for 

Gd+3 are available for evaluating the radial integrals involved in the 

Coulomb matrix elements, but a reasonable estimate may be made by 
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interpolating between the Pr + 3 and Tm. + 3 integrals given in Table V. This 

gives 

~ = 0.540 a .• u. 

R
2(4f4f,ltf6p) = - 0.0199 a.u. 

R
4(4f4fJltf6p) = - 0.0120 a.u. 

< r?fp> &'; • 74 (a.u. )
2 

2 ' 2 
< r ff> == 1.10 (a.u.) • 

Substituting these numbers in the matrix elements in Table XVII, and 

using the operator equivalent factors in Table XI~ we obtain 

J 

7/2 

5/2 

1/2 

Z (:r7(110)(lo)
6
PiQif

6
(v')p 

6
P) (~'#) 

w' D. E ' afp '~' 

0.0663 X 10~3 

-0.159 X 10~ 3 

0.0928 X 10=3 

Figure 8 shoivs the observed spectrum along \vith that ce,lculated by Judd 

for mechanisms 1 and 2 and that obtained above for mechanism 3· The 

relative spacings within a level are the same for all three mechanisms~ 

except that for J = 5/2 the crystal field levels are inverted by mechanisms 

2 and 3 relative to mechanism 1. Since the parameters necessary to cal= 

culate absolute splittings are not available~ it is perhaps more meaning-

ful to consider the total splitting of the 7/2 level relative to that of 

the 5/2 level. If the overall splitting of the J = 7/2 level is denoted 

by s7; 2 and that of the 5/2 level by s~;2 the observed ratio 
8

7/2 ~ 1~ 
? 

6 5/2 
whereas the ratio calculated from spin orbit interaction is 2.o8, and 

that from second-order crystal field effects or configuration interaction 

is -0.83. Since mechanisms 2 and 3 also have the same J dependence 3 it 



5/2~ 40.6 
3/2 

39.9 
1/2 
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(I) Spin-orbit 
interaction 
with 1DJ 

6
P7/2 

5/21 

3/2c 
1/2 

(2)Lx(6 PIVIX) 2 

or 
(3) C I 

I/2E 3/2 

5/2 

MU.28221 

Fig. 8. Experimental splitting of the 
6 P7 /2 and 

6
Psjz levels of 

GdC lf" 6Hzo and relative spacing due to spin-orbit interaction 
with DJ, second-order crystal field effects, and configura
tion interaction. 
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is impossible to distinguish between them on the basis of relative 

splittings alone. However, it is possible to calculate that part of 

the overall splittings s
7
; 2 and s

5
; 2 vlhich would have to come from 

mechanisms 2 and 3 in order for the tw·o to be nearly equaL The result 

is that about 3o% of the energy difference between 1
6P7/ 2 7/2 >and 

1
6P7/ 2 1/2 >must come from mechanisms 2 and 3. If all of this were to 

0 2 
come from configuration interaction, it would requi.re A

2 
< r fp> = 

4o -1 10 0 em . The only crystal field parameters that have been determined 

for hydrated rare-earth chlorides are those of Eisenstein for 

YbC1
3 

· 6H20. 49 He obtained A~ < r 2 r? = 48.2 em -l. If one assumes 

that the value of A~< r 2ff> is not greatly different in the Yb and Gd 

0 2 -1 compounds this would imply that an A2 < r fp> of about 39 em . could be 

expected for GdClf 6H20, Even if a screening factor of 10 to 15 were 

allowed (see Sec. III-A), this would give A~< r 2fp> of only 400 to 

600 cm-1, still a factor of.~ 20 too small. This means that either the: · 

radial integrals are wrong by a factor of ~ 20, which in viet·T of the 

results in Sec. IV seems unlikely, or configuration interaction with 

4f66p can account for perhaps 1 cm-l of the observed 80 cm·l splitting 

6 of the P7/ 2 stateo Thus the greater part of the splitting must arise 

from spin orbit interaction and second~order crystal field effects, 

interaction with some config~~tion other ~han 4f66~, or some higher

order mechanism that has not yet been considered. 
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VII. CONCLUSIONS 

In the case of Prc1
3

, configuration interaction is certainly not 

negligible. Because the corrections to the Stark levels involve sums of 

many termsJ often with opposite signs, it is possible that more accurate 

knowledge of the parameters involved would decrease the unreasonably 

large shifts in some of the 1a4 and 3H
5 

levelsJ and also improve the fit 

of the ~2 levels. However, this will require more extensive experimental 

data on the higher configurations, as well as wave functions for Pr+3 in 

the chloride crystal. Until these are availableJ further calculations can 

be expected to give only qualitative results. 

The only other approach is to put the necessary Rk(4f4f,4fnutu) 

integrals into the intermediate coupling calculations and determine them to 

give the best fit to the experimental spectrum. However~ such a calculation 

should also include interaction with 5d2 and other 2 electron excitationc 

and there are soon more parameters than terms. Even if this could be done 

there still remains the problems of shielding and the different values of 

0 . 0 2 0 2 A2 ~n A2 < r > and A2 < r f .e .. > . Thus at the present time, there does 

not seem to be much hope for ar;preciable improvement of these calculations. 

It does not seem, however, that the discrepa.nc:tes in the ~2 levels can 

be explained by any one mechanism and they must arise from the sum of 

many small terms. 

For GdC1
3 

• 6H20 slightly more defiiti te conclusions may be drawn. 

Without assuming unreasonably large values of A~ < r
2 > , the interaction 

of 4f7 with 4r66p cannot explain more than about 1 cm-l of the 80 cm-l 

splitting o·f the 6P
7

/ 2 level. However., judg~ng from the results for the 

PrC1
3

, interaction with 4f65f may be quite important. But until more 
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experimental data are available so that exact contributions ,from the 

spin-orbit and ctystal field acting l~nearly and second-order crystal 

field effects within the configuration f 7 can be determined it does not 

seem worthwhile to undertake such a tedious calculation. 
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APPENDICES 

A. Matrix Elements (£2
11 C. (k). C. (k) II U') 

~ J 

For the case of 2 electrons it may be shown that the 2 summations 

in Eq. (13) are equal and that the expression for the matrix elements of 

Q between the configurations £
2 and t£' as obtained from Eq. (13) reduces 

to that which could be obtained more easily from Eq. (6). 

First let 

X=! (-1)1_1 ,(£na:SLjj!.c. (k)lltna:"s"L") .. , ~ ~ . 

( ) 1 r L-L'' x (£na:~'s"L"jj!ici k lltn- (a:'s'L').e'sL) = L:t"'al) A·B, 

and 

Y = t"~"·(-l)L-L"(.enasLjj!1c/k)ll.en-\a:'"s'"L"").e"sL.u) 
A,~: • 

X un-\c{-··s·•'"L', ).e"sL" llzici (k) ,,~-1(a:'s.'L" )£ 's L) 

= Z 1(-l)L·L''c·D. 
,, '"" 

1./f 1./f 

The problem is then to shovT under ivhat conditions X = Y. Using (27)III 

and Eq. (8) to partially evaluate B, one obtains 

X= Z ,(-l)L+L'+ £'+ k.fn (.ejjc(k)jj.e')(.enasLjj!.C.(k)lltna:""sL"') 
1./f ~ ~ 

X (tna "SL" {I tn-l(" 's 'L ')SL ")[ ( 2L+l )( 2L "+l) r {Z ~: -~} ' 
If we let n = 2, then L '= £, and all the c.f.p. = L This gives 

X = ~"'"( -l)L+£+£ '+k [ 2( 2L+l)(2L "+l) fu II c(k) II£') 

x (£2a:SLI!Zici(k)ll.e2a:"s L"){ ~ ~:-~} 
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If' ~-C. (k) is now broken into its t1·1o separate parts, and formulae (7) 
)_ )_ . 

and (8) are applied to the matrix elements of' c1(k) and c
2
(k) respectively, 

one obtains 

X=~" (2L+l)(2L"+l).f2 (tllc(k)ijt')(..e!jc(k)llt)(-l)L+£+£'+L" 

x {£ L: '~l {£ ,L £} 
L £ · 1"..-' L £ k:' 

+ ~,(2L+l)(2L"+l).f2 C£11c(k)llt')(.ejjc(k)jj.e)(-l)L+£+£'+L 

(£ L ".ej {£ L .ej 
X LL .e' l,J L''.e kJ 

There are two sum rules involving products of' 6-j s;Ymbols i-lhich may be 

r:;l 
applied to simplify these expressions:/ 

By rearranging the rm-;s of' the 6-j symbols and applying this formula one 

obtains 

L_ ( l)L+£'+£ L"( 2L'' l) {.e L"t}·{£ L i) _ ( l)L {£ L .e} 
!..,,- + Lt'k L"llkJ-- £k£' • 

Similarly, using the relationshiu 

{
jl j2 j'} {j3 j2 j } 

~.(2j + l)(2j "+ l . . . . . . , = 0 (j ',j ") 
J J3 J4 J Jl J4 J 

on the second term, one obtains 

This gives, for n = 2 
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In an exactly analogous manner, by first evslu,.9-ting D, putting n = 2, 

using Eqs. ( 7) and ( 8) on the tvTO parts of C, and' using the sum· rules 

an eXPression for Y is obtained. 

Y = (2L+l).f2 (.ejlc(k)ll.e')(.ejjc(k)JI.e) [(-1)1 {.e' L .el + .9(£,~)-~ 
.e k .eJ (2£"+1) . 

. . 

Owing to the symmetry relations for the 6-j symbol, the ~ro 6-j symbols 

are equal. Thus for any£ ·4 £'~ 

The correction for£=£' (see Sec. II-B) is merely to 9ubtract the 

delta function term so that Eq. (A-1) is applicable for any£'. 

From Eqs. (12) and (13), we obtain 

(A-1) 

(.e2stjj k c (k) • c (k)ll'.et"'sL) =;!: (.e2sLII(z c.(k}J
211£.e'sL) =__;;;;;;,2X;;._, 

i<j i · j 2 . i l. 2(2L+l) 

or . 

(£2SL 11 1~ .c1 
(k) • :~J'k)lltt 'sL) = ( -L)r; .f2 (£ llc(k) II£·)(£ II c(k) II>) {!' ~ !} .(A-2) 

Except for a. factor of ( -1)£+£ j2 this is the same result that vTOuld 

have been obtained by using Eq. ( 6) instead of Eqs. ( 12) and ( 13). 

Since Q acts only between configurations of the same parity, £+£'is 

ahrays even. The .f2 arises from the fact that 1 .e.e '> is really c 1/ -!2) 

(I U '>.:!: I££'> ) : which gives tvro identical matrix el~ments, or a factor 

of (2j.f2) = I2 times the result compute-d by Eq. (6). In using (27)III 

of Racah, this is automatically taken into account. 
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( 2 I I , )2 . f SL · f t SL , , , Correct~ons to a, ~' and y from Q 
2 

(f£ SLJJ IV If£ SLJJ ) 
- (&:) . z z 

To compute the effect of terms quadratic in 

(f2SL!Q jn'sL) 
a= --"-:-::::---=-

&; . 

in Eq. (26), matrix elements of the form 

. J-J ( J 2 J ) 
(ft'sLJJzlv~ju'sLJJz) = 2A~ (-1) z -Jz 0 Jz 

[ 
£"' 0 2 f 0 2 ( . J = aff A2 < rff > + ·Cl.e'£' A2 < r£'.e'>fl J,Jz) 

' are necessary. The operator equivalent factors are given by 

(B-1) 

1 

0 P = ~ (-l)3J+S+3 ( 2J+l)( 2L+l) [(2J-2);.J
2

fL J S} f3 L 1}, 
ff Jio

5 
. (2J+3). l_J L 2 l_L 3 2 

1 

0 f = 12/2 ( -l)S+3J+l ( 2J+l)( 2L+l) [(2J-2)! ]
2
{1 J S} {1 L 3} (B-2 ) 

PP J15 ( 2J+ 3) ~ · J L 2 L 1 2 . ' 

~p = 2&/2 ( -l)3J+S ( 2L+l)( 2J l) [(2J-4)! ]-!{L J S} {3 L 1} 
ff · JT{ · + (2J+5)! J L 4 L 3 ·4 . ' 

f 
13 . = o, 

PP 
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· The- correction :td>' ex ·is then 

.· 
·::.:.' 

with-similar expressions for the corrections to [3 and 7" Using the 

express~ons in:Eq. '{B-2) and the results in Tables I, II, V, and VI, 

these correct·i·om:r can be calculated for -the various terms of f 2 • In 

all cases the ,l~rgest __ contribution is ;from the,_ se.corid term in Eq. (B-1) 
. ; - . k 

because .of :th~ relatively la.rge values: __ 9f < r p/ p,' >. 

Table;B-I shows the resulting correction along-with those from the 

terms linear in a. The quadratic terms are in most cases less than 

lo% of the linear· terms. The exception -is in the corrections to 7· 
; 

These corrections can only be regarded as approximate,_however, since 

6 
they depend on< rf'fQ >, which is highly dependent on the exact form 

of the 5f wave f~ction. Therefore they were neglected in the -calcula= 

:,._ """"" 

.-.. - 2 -
The a and a c~r~ections to 7 are all of opposite sign, howeverj tion. 

and if the second-order terms re~lly are as large as shown in Table B-I, 

they will decrease.the computed shifts. given ip Sec" V. 

·'~ .... ~ ' ... 
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Table B-I. Corrections to a, ~' andy. 

a -1 ' -
Ctff 

i 

6p 5f 
\ 2 . ·. '2 

from a from a from a from a 

3p - .025 -
lD -.037 -.001 .010 .ooo 

3F -.031 .002 -.013 .000 

lG .088 .015 -.011 ~000 

' 
3H ·····- - -.023 .001 

~ _r_ ;;.I ---1 
~ff 7ff 

6p 5f 5f 

from a from a 2 from a from a 2 .from a from a 2 
' 

··~ .. .019 .000 .039 .002 - -
3F •. 173 .ooo --051 .oo4 -·158 .029 

1 
G -.144 .ooo -.045 .003 -.140 .019 

3H 
·-

- - -.092 < .012 -.285 .079 
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c. Radial Wave Functions For Pr+3and Tm+3 

Table C-I. Radial Wave FunctionsJ P(r), for Pr+3 

r 4f 5d 6s 6p 5f 
(atomic units) 

.01 .oooo .0008 -.0611 .0141 .oooo 

.02 .0002 .0055 -.0554 .0412 .oooo 

.03 / .0008 .0155 -.0190 .0677 -.0002 

.04 .0022 .0305 .0247 .o867 -.0005 

.05 .0047 .0496 .0630 .0960 -.0011 

.06 .oo86 .0715 .0900 .0953 -.0021 

.07 .0141 .0948 .1040 .0860 -.0034 

.o8 .0214 .1183 .1055 .0698 -.0051 

.• 09 .0304 .1408 .0964 .0487 -.0073 
.10 .0414 .1616 .0788 .0245 -.0100 
.11 .0541 .1798 .0553 -.0010 ... 0130 

.12 .0687 .1950 .0281 -.0266 -.0165 

.13 .Q849 .2070 -.0008 -.0509 - .0204' 

.14 .1027 .2154 -.0297 -.0733 ~.0247 

.15 .1220 .2202 -.0572 . . -.0929 -.0293 

.16 ·.1426 .2216 -.0823 -.1094 -.0343 

.17 .1643 .2196 -.1042 =.1225 -.0395 

.18 .1871 .2144 -.1224 -.1322 -.0449 

.19 .2108 .2062 -.1368 -.1384 -·0506 

.20 .2352 ol954 -.1470 -.1412 -·0564 

.21 .2602 .1821 -.1532 -.1409 -.0624 

~22 .2857 .1666 -.1556 -.1376 -.0685 
.23 .3116 .1493 :..1542 -·1317 -·0746 
.24 ·3376 .1304 -.1495 -.1233 -.0808 

.25 .3639 .1102 -.1417 -.1129 -.0871 

.26 ·3901 .0890 -.1312 -.·1006 -.0933 

.27 .4163 .o669 -.1184 .,..0868 -.0995 

.28 .4423 .0442 -.1035 -.0718 -.1056 

.29 .4680 .0212 -.0870 -.0558 -.1116 



r 4f 5d 6s 6p 5f 
(atomic units) 

o30 .4934 -.0020 -.0691 -.0391 -.1176 
.31 o5184 .,o0252 -.0503 -.0220 -.1235 
·32 <>5430 -.0482 -.0308 -.0046 -.1292 

-33 .5670 -.0709 -.,0109 .0129 -.1347 
.34 ·5903 -.0931 .0091 .0302 -.1402 

·35 .6131 -.1147 .0290 .0473 -.1454 
.36 .6352 ~.1356 .0487 .0639 -.1504 

·37 .6565 =o1558 .0677 .0799 -.1553 
.38 .6772 =.1750 .0862 .0953 :"'.1600 

·39 .6970 -.1934 .1038 .1098 -.1645 
.40 -7161 -.2107 .1205 .1236 ~.1687 

.41 ·7343 -.,2271 .1361 ·.1364 =o1728 

.42 ·7518 -.2423 .1506 .1482 -.1766 

.43 .7684 -.2565 .1639 .1590 -.1802 

.44 .7842 -.2695 .176o .1688 -.1836 

.45 ·1993 -.2815 .1867 .1775 -.1868 

.46 .8135 -.2923 .1962 .1851 -.1898 

.47 .8269 -.3019 .2044 .1917 =o1926 

.48 .8395 -.3105 .2112 .1972 -.1951 

.49 .8514 -.3180 .2167 .2017 =o1975 

.50 .8625 .,.3233 .2210 .. 2051 -.1996 
o52 .8826 -·3339 .2257 .2089 -.20J3 

' ·54 .8998 -·3394 .2257 .2089 -.2063 
.56 ·9145 -.3410 .2212 .2054 -.2086 

·58 ·9268 -·3392 .2128 .1986 -.2101 
.60 ·9368 -·3340 .2007 .1890 -.2111 
.62 ·9448 -.3258 .1855 .1767 -.2115 
.64 ·9509 -.3148 .1675 .1622 -.2113 
.66 e9552 -.3014 .1472 .1457 -.2107 
.68 ·9580 -.2858 .1250 .1277 -.2096 
o70 ·9593 -.2683 .1013 .1082 -.2080 
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r 4f 5d 6s 6p 5f 
(atomic units) 

.72 .. ·9593 -.2490 .0764 .0877 ·-.2061 

·74 ·9580 -.2282 .0507 .0664 -.2037 
.76 ·9557 - .. 2061 .0245 .0445 -.2011 

• 78 ·9523 -.1828 -.0019 .. 0222 -.1981 . 

.80 o9481 -.1587 -.0284 =o0002 -.1948 

.,82 ·9430 -.1338 -·0546 - .. 0227 -·1912 

.84 ·9371 ~.1083 -.0803 -.0450 -.1874 

.86 ·9306 -.0824 - .. 1054 -.0670 -.1833 

.88 ·9234 -.0560 -.1298 -.0885 -.1790 

·90 o9157 -.02951 -.1532 -.1096 -.1745 . 

·92 o9074 -.0029 - .. 1756 -.1299 -.1698 
o94 .8987 .0237 -.1969 -.1496 -.1649 
.96 .,8896 .0503 -.2170 -.1684 =ol599 
.98 .8801 ".0767 -.2358 -.1864 -.1547 

1.00 .8703 .1029 -.2532 -.2035 .:..1494 
1.10 .8174 .2282 -.3197 -,.2741 -.1209 
1.20 ·7608 .3406 -·3514 -.3187 -.0902 
1.30 o7030 .4371 -·3514 - .. 3380 -.0581 
1.40 .6461 .5171 - .. 3247 -·3349 -.0253 
1.50 o5913 .5811 =o2771 -.3128 -.,0078 
1.60 ·5395 .6304 -.2145 -.2758 .• 0408 

lo70 .4911 .6665 -.1418 -.2272 o07)6 
1.80 .4464 .6912 -.0632 -.1705 .1058 

lo90 .4053 .7060 -.0175 - .. 1083 o1375 
. 

2.00 • 3676 o7125 .0978 - .. 0431 .1685 
2.10 o3333 .7119 ~1755 .0232 .1987 
2.20 o3020 o7054 .2490 .0890 .2280 
2.30 .2736 .6940 .3171 o1531 o2563 
2.40 .2477 .6786 ·3791 .2144 ,.,.2835 

2.50 ~2242 .6t;;oo .431j4 e;37gl ' .3096 
2.60 ... 2028 .6389 .4830 o3258 ·3334 
2.70 .1835 .6159 .5246 ·3749 ·3579 
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r 4f 5d 
(atomic units) 

6s 6p .5f 

2.80 .1659 ·5914 ·5595 .4192 ·3799 
2.90 .1499 .5659 .5878 .4587 .4005 

' 

3.00 .1354 ·5397 .6098 .4931 .4195 
3.10 .1223 ·5132 .6260 .5226 .4369 
3.20 .1103 .4866 .6367 .5474 .4527 
3.30 Q0995 .,4603 .6424 .5675 .4669 
3.40 a0897 .4343 .6436 ·5832 .4794 
3<>50 .0808 .4088 .6407 ·5946 .4903 
3.60 .0728 .3840 .6342 .6022 .4996 
3-70 .0655 ·3599 .6245 .6062 o5072 
3.80 .0589 ·3367 .6121 .6068 .5133 
3·90 .0529 .3145 ·5974 .6044 ·5178 
4.00 .0476 .2932 .5807 ·5992 .5209 
4.25 .0363 .2442 ·5328 ·5764 .5226 
4o50 .. 0276 .2016 .4796 .5427 ·5166 
4.75 .0209 .1651 .4249 .5018 .5038 
5.00 .0158 .1341 ·3712 .4570 .4857 
5·25 .0119 .1083 .3204 .4107 .4632 

5·50 .0089 .o868 .2737 .3648 .4376 

5-75 .oo66 .0693 .2316 o3207 .4099 
6.00 .0050 .0550 .1943 ·2794 .3809 
6.25 .0037 .0434 .1618 .2415 ·3514 
6.50 .0027 .0341 .1338 .2071 .3220 
6.75 .0020 .0267 .. .1100 .1765 o2933 
7.00 .0015 .0209 .0900 .1494 .2656 

7-25 .0011 .0162 .0732 .1259 .2392 
7-50 .0008 .0126 .0592, .1054 .2145 

7·75 .ooo6 .0097 .0477 .0879 .1914 
8.00 .0004 .0075 .0383 .0730 .1700 
8.25 .0003 .0057 .0306 .0604 .1505 
8.50 .0002 .0044 .0244 .0497 .1326 
8.75 .0002 .. 0034 .0194 .0408 .1165 
9-00 .0001 .0026 .0153 .0334 .1020 

9-25 .0001 .0020 .0121 .0272 .o890 
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r 4f 5d 6s 6p .. 5f 
(atomic ·units)· 

- . 

9·50 .• 0001 .0015 .0095 • 0221 • 0774 . 

9·75 .oooo .0011 .0075 .0179 .• 0671 

10.00 . .0008 .0058 .0145 .0581 

10.25 . .• ooo6 .0046 .0117 .0501 

10.50 .0005 .0036 .0094 .0431 

10.75 .0004 .0028 .0076 .0369 

11.00 .0003 .0022 .oo6o .0316 

11.25 .0002 .0017 .0048 .0270 

11.50 .0002 .0013 .0038 .0229 

11.75 .0001· .0010 .0031 .• 0194 

12.00 .. 0001 .0008 .0024 .0164 

12.25 .0001 .ooo6 .0019 .01)8 

12.50 . .0000 .0004 .0015 .0115 

12.75 .0003 .0012 .0095 

13.00 • 0002 .0009 ... .• 0078 
13.25 .. .0002 .0007 .• 0063 

13.50 .0001 .0005 .0050 

· .. 
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Table e-rr. Radial Wave Functions, P(r), for Tm+3 

•· 

r 4f 5d 6s 6p 5f. 
(atomic units) 

.01 .oooo .0014 -.0639 .0183 .oooo 

.02 .0005 .0087 -.0459 .. 0505 - .. 0001 

.03 .0024 . .0235 .0024 .0780 -.0003 

.04 .oo64 .0448 .0510 .0929 -.0009 

.05 .0135 .0705 .o863 · .0938 - .. 0019 

.06 .0242 .0981 .1036 .0824 -.0033 

.07 .0388 .1254 .1036 .0617 -.0054 

.08 .0575 .1508 .0893 .0349 -.0079 

.09 .0803 .1727 .0645 .0051 -.0111 

.10 .1069 .1902 .0332 -.0252 -;·o0148 

.11 .1372 .2027 -.0009 -.0538 -.0189 

.12 .1707 .2099 -.0351 -.0793 -.0236 

r13 .2070 .2119 -.0669 -.1006 -.0286 
.14 .2456 .2087 -.0949 -.1171 -.0339 
.15 .2863 .2008 -.1178 -.1286 -.0394 
.16 .3284 .1886 -·1350. -.1351 -.0452 . 

-17 ·3716 .1726 -.1464 -.1367 -.0512 
.18 .4155 .1533 --1519 -.1338 -.0572 
·19 .4597 .1313 =o1520 -.1269 -.0632 
.20 .5039 .1070 - .. 1470 -.1164 -.0692 
.21 ·5478 .0811 -.1375 -.1030 -.0752 
.22 ·5910 .0540 -.1240 -.0870 -.0810 
.23 .6334 .0261 -.1073 -.0692 -.0868 
.24 .6748 -.0021 -.0880 -.0499 -.0924 
.25 -7148 -.0303 -.0666 -.0296 -.0977 
.26 ·7533 -.0582 -.O!t39 - .. 0088 -.1029 
.27 ·7903 -.0854 -.0202 · .. 0122 -.1078 
.28 .8256 -.1117 -.0038 .0330 -.1125 
.29 .8590 -.1)69 .• 0278 .0532 -.1168 
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r 4f 5d 6s 6p 5f 
(atomic units) 

.30 .8906 -.1609 .0513 .0728 -ol210 

.. 31 ·9203 -.1831+ .0740 .0913 -.1248 

.32 ·9480 -.2043 .0957 .1087 -.1284 

·33 ·9738 -~.;·2236 .1160 .,1248 ~o1316 

.34 ·9977 1"'62413 .1348 .1395 -.1346 

·35 1.020 -.2572 .1519 .1527 -.1372 
.36 1.040 -.2713 .1672 .1644 -.1396 

·37 1.058. -.2837 .1807 .1745 -.1418 
.38 1.074 -.29~·3 .1923 .1830 -.1436 

·39 1.089 -.3032 .2020 .1898 -.1452 
.40 1.102 -.3104 .2097 .1952 ..• 1466 
.41 1.113 -.3160 .2155 .1990 -.1477 
.42 ' 1.123 -.3200 .2195 .2013 -.1486 
.43 1.132 -.3225 .2217 .2022 -.1492 
.44 1.138 ..... 3234 .2221 .2017 -.1496 
.45 1.144 -.3231 .2209 .2000 -.1499 
.46 1.149 -.3213 .2181 .1970 -.1499 
.47 1.152 -.3183 .2139 .1928 -.1498 
.48 1.154 -o3141 .2082 .1876 -.1495 
.49 1.156 -o3088 .2013 .. 1813 -.1490 
.50 1.156 -.3025 .1932 .1742 -.1484 
.52 L154 -.2868 o1737 .15'73 -.1468 
.54 1.149 -.2678 .1507 .1377 -.1446 
.56 1.141 -.2459 .1247 .1157 -.1420 
.58 1.131 -.2215 .0965 .0920 -.1390 
.60 lo119 -.1951 .0668 .{)670 -.1356 
.62 1.105 -.1670 .0360 .0411 -.1320 
.64 L090 - .. 1376 .0047 .0147 -.1281 
.66 1.074 -.1072 -.0266 -.0119 -.1239 
.68 .. 1.057 -.0761 -.0577 -.0384 . -.1196 

.70 1.039 -.0445 -.0880 -.0644 -.1150 
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r 4f 5d 6s 6p 5f 
(atomic units) 

.72 1.021 -.0127 -.1175 -.0899 -.1103 

.74 1.002 .0192 -.1457 -.1146 -.1055 

.76 ,.9829 .0511 -.1726 -.1384 -.1005 

'·78 ·9634 .0826 -.1979 -.1611 -.0955 
.so .9437 .1139 -.2215 -.1826 -·0903 
.82 ·9238 .1446 -.2433 -.2028 -.0851 
.84 o9010 .1748 -.2633 -.2218 -.0798 
.86 .8841 .2043 -.2814 -.2394 ,..0744 

,, .88 .8644 .2331 -.2976 -.2555 -.0690 
·90 .8447 .2611 -.3119 -.2703 -.0635 

·92 .8252 .2884 -.3242 -.2836 -.0580 

·94 .8059 .3147 -·3347 -.2954 -.0525 
496 ·7868 .3402 -.3432 -.3059 -.0469 
.98 .,7679 .3648 -·3500 - .. 3150 -.0413 

1.00 .7493 .3885 -·3549 -~3227 -.0357 
1.10 .6607 .4932 -·3553 -o3417 -.0075 
1.20 .5804 ·5756 -.3213 -·3324 < .0208 
1.30 o5089 .6380 -.2620 - .. 3004 .0490 
1.40 .4457 .6828 -.,1855 -.2516 .0770 
1.50 ·3903 -7128 -.0989 -.1908 .1048 
1.60 .3419 ·7305 -.0076 - .. 1224 .,1325 
1.70 .2996 ·7381 .0840 -.0497 .1600 
lo80 .2628 ·7373 .1729 '.0246 .1872 
1.90 .2306 o7298 .2567 .0983 .2140 
2.00 .2025 ·7168 ·3339 .1696 .2404 
2.10 o1779 .6994 .4034 .2375 .2663 
2.20 .1564 .6787 .4648 .3008 .2915 
2 .. 30 .1375 .6552 ·5176 ·3590 .. 3159 
2.40 .. 1210 . .6298 ·5620 .4117 ·3394 
2.50 • 1064 .6029 ·5982 .4584 .3619 
2.60 o0936 ·5750 .,6266 .4993 .3832 
2.70 .0824 .5466 .6476 ·5342 .4032 



r 4f 5d 6s 6p 5f 
(atomic units) 

2.80 .0725 ·5179 .6617 ·5632 .4219 
2.90 .0637 .4894 .6695 .5867 .4)92 
).00 .0560 .4611 .6717 .6048 o4549 
).10 .0493 .4333 • 6689 .6180 .4691 . 

).20 .0433 .4063 .6616 .6264 .4818 
).)0 .0)80 .)800 .6506 .6;505 .4928 
;5.40 .. 0334 ·3547 .6)6) .6)01 .5023 .. 

).50 .0293 .))04 .,6192 .6271+ ·5102 
).6o .0257 .)072 .6000 .6209 ·5165 

-
).10 .. 0226 .2851 ·5789 .6117 .5213 
).80 .0198 .2641 ·5565 .6000 .5246 
Jo90 .0173 .. 2443 .5)31 .586;5 ·5266 
4.00 .0152 .2256 ·5090 o5708 .5271 
4.25 .0109 .. 18;56 .. 4477 .5263 ·5228 
4.50 .0078 .1482 .)875 .4767 ·5115 
4o75 .0055 .1187 .))08 .4254 .4942 
5.00 .00)9 .0944 .2790 o)746 .. 4724 
5o25 .0028 .0747 .2)29 .)262 .4470 

5·50 .0020 .0587 .1926 .. 2812 .4191 

5·75 .0014 .0459 .1580 .,2402 .;5897 
6.00 .,0010 .0)57 .1286 .2035 o)597 
6.25 .0007 .0277 .1040 .. 1712 .)291 

6.50 .0005 .0213 .. 08)6 .1431 .)00) 

6.75 .000) .0164 .o668 .1189 .2719 
1 .. 00 .0002 .0126 .0531 .0982 .2448 

7·25 .0002 .0096 .0420 .0807 .2193 
7o50 .0001 .0073 .0))1 .o66o .1955 

1·15 .0001 .0055 .0260 .o538 o1736 
8.00 .0000 .0042 .0203 .0437 .1534 
8.25 .0032 .0158 .0;553 .1)51 
8.50 .. 0024 .0123 .,0284 .1185 
8.75 .0018 .0095 .0228 .10;56 
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r 4f' 5d 6s 6p 5f 
(atomic units) 

9.00 .0013 .0074 .0183 .0903 

9.25 .0010 .0057 .0146 .0784_ 

9-50 .0007 .0044 .0116 .0679 

9·75 .ooo6 .0033 .0092 .0586 

10.00 .0004 .0026 .0073 .0505 

10.25 .0003 .0019 .0058 o0434 

10.50 .0002 .0015 .oo46 .0371 

10.75 .0002 .0011 .0036 .,0317 

11.00 .0001 .0008 .0028 .0270 

11.25 .0001 .0006 .0022 .0230 

11.50 .0001 .0005 .0017 .0194 

11.75 .0000 .0004 .0013 .0164 

12.00 .0003 .0010 .0138 

12.25 .0002 .ooo8 .0116 

12o50 .0002 'i0006 .0096 

12.75 .0001 o0005 .0079 

13.00 .0001 .0004 .0065 
i 

13.25 .0001 .0003 .0052 

13.50 .oooo .0002 .0041 
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A double tensor tfk may be defined as a tenso~ operator:; s·uch 

as S • L, ·which operates on two parts .of the system, a:nd is· of rank h 

with respect to the first part and rank k with respect to the second, 17 

If the terms of .e
2£+l are divided into two classes~ 

(1) those with seniority numbers 

(2) those-with seni-ority numbers v = 3:; 7 J 11 J 0 0 ' ' 

there are no matrix elements of ~k between terms of different classes 

if h + k is odd, and none between terms of the same c_lass if h + k is 

eveno 27 

The sextet terms of r7 {see Table IX) may be divided into 

( 1) v "" 5 

(2)' v "" 7 

It is easily seen that two terms characterized by L and L"' are in the 

same class if L + L"' is evenJ·and in different classes if L, + L"' is odd, 

Thus we have 

and 

Using the eg_uations of Judd77 we may write 7 for L + L"' even~ . 

( f 7WusL!Iu0kllr7w"u"s"'L"') ""--o 

""7 -~ (f7WUSL~ f6(f)fSL)(r7w"'p"'s"L"~ r6
(f)fS"'L"')(2S+l) 

X [ (2L+l_. )(2L"' +l)]t ( 7l)I?-8+3+¥s+r,{t s S}{3' L L}· 0 (D-1) 
- - . ·-· " - s"' t o L · 3 k 

For the sextet states (S = 5/2), S has only two values_, S "" 2,30 But.,. 
;· . .· ' 

.·· 6 ..;.. . 
according to Table IX 7 there is only one state off with·S ""3J the 
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(100)(10) 7F term. The sum (D-1) may then be broken into two parts, one 

over quintets and one over septets. The latter may be explicitly 

evaluated. This gives 

(f7WUS~ i (100}(1o) 7F)(iw'u'sY~ r6
(100)(10)7F){£- ~ n 

= ~ (f7wusLfj f6(*)rsL)(f7w'u's'L'~ f 6
(*)rs'L')(-1)1 { 3, 1 E} (D-2) 

W (! · . 1 · L 3 k '. 
( g,uintets) 

, 
This is only for S = 5/2 and L + L and k even. Using Eqs. (14) and (15), 

. . 

where U(k) is the tensor opera~or defined in Eq. (50), 

( f 7wusLII u< k)ll f 7w'u' s 'L") 

= 7 ~ ( f 7wusL~r6(~)rsL)( f 7w'u"'s"L' ~ f 6
(iif)rs'L") 

x ( -drl-}+Li-k [ (2L' + 1)(2L + 1)]t {~• ~ ~} 

= 7 L(2Li-1)(2L'+1llt (-1)rn-3Gr7wusL~ r6(1oo)(1o)7F rsL) 

x (r7w'u's'i' ~ h10o)(Io) 7F rs'L' )( -1)3t ~ ~ 

+ ~- (r7wus~ imrsL)(r7w'u's'L'f
6
<tlrs' L' )( -1)L {i: ~ @ 

( quintets ) · · c~ 

But the summation may be evaluated from Eq. (D-2) for L + L' and k 

even and S = 5/2. 

( f 7wustjj r/ k)ll f 7w'u's 'L') = 7[ ( 2L+l)( 21' +1) J~( -l)L+3 

x ~r7wusi1A1oo}(l0)7FfSL) <r7w·urs:L' ih 1oo)(1o) 7F rs'L' )( -1) 3{ ~' ~- ~ 

+ ( r7wusL~i(100}(10) 7F rsr,) (r7w'u's'L' }
6

{100}(10) 7F rs'L' ){~, ~ ~ J = O. 
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(D-4) 

for sextet states with k and L + Lp even. 
- . 

Now consider the matrix eleme~ts of the double tensor Ulk. 
' 

L + L"' odd, the matr.ix elements of. Ulk are zero, i.e o , 

(f7WusLij~~~f7w"'u"sPL") 

= .7 ~ (f7WusLif6("f)fSL)(~7WPU"'S1PLP f 6('i()f S"L" )(28+1} 

x. [(2L+l)(2L'+l)J!(-l)L+s~s+L ~ s Slf3 L tL ~_o. 
la 1. lflL" 3 kf . 2 I 

'· 

For 

For S = 5/2 7 S = 3,2 only, and for S = 3 the sum over ijf includes 

only (100)(10) 7F. Thus .. 
~ 5/2. 3( p L 3t 

( f 
7
wusf

6
(100) ( 10) 7FfSL)( f 7w"u"'s''L'{f

6
( 100 Hlo) 7FfS"L" >~;2 ~- 1_n1 ' 3 kJ 

· -
1 5/2 ~ p L ~ 

= ~ (f7vi'US~f6('*)fSL)(f7w"'u"s"L"' if6("f~f S"'L'")( -l)L~/2 ~ l.0.L"' 3 kJ 

(quintets) 

Evaluating the 6-j symbols involving spin, one obtains 

~5/7 (f7WusL{f6(100)(l0) 7F.fSL)(f7w"u"s"L"'{f6(100)(l0) 7F f s"L") {; .. L 3}_ 
· . L3k. 

If the summation in (D-3) is now evaluated from (D-5) one finds that 

(f7wusr.Jju(k11 f 7w"u"s"'Lp) _= 12(-1)1[(2LH){2L"'+l)]~ 

X (f7WUSL { f 6(lOO)(lO) 7FfSL) . ~ ' 

(f7w"u"'s .. L"{f6(lOO)(lo)7FfS"L"){ ~ ~ ~} ~ 
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If the c. f. p. for all values of 1j/ are evaluated from Racah 1 s 

tables, one finds that for any * 
( f 7 ( i!r ){!/( 100 )( 10) 7 F :t'SL) = 

1 --
[6 

Putting this result into (D-6), we obtain for S = 5/2 and even 

for L + L' odd, and 

for L + L' even. 
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. ) 

This report w~~ prepared as an account of Government 
spon~ored work. Neither ~he United States, no~ the Com
mission, nor any person acting on pehalf of the Commission: 

A. Makes any warranty or representation, express~g or 
implied, with respect to the accuracy, completeness, 
or usefu!ness of the information contained in this 
report, or that the use of any information, appa
FitYI, method, or process disclosed in this r~pQrt 
may not infringe privately owned rights; or 

B. Assumes any liabilities with resp~~t tq the use of, 
or for damages resulting from the us~ of any i 0 for~ 
mation, apparatus, method, or process disclQs~Q in 
this report. 

As used in the above, "person acting on behl) £ gf the 
Commission" :includes any employee or contractor of th~ Cpm
mission, or employe~ of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 
of such contractor prepares, dissem.!~ates, or provides access 
to, any information pursuant to his employm,e~t or contract · 
with the.~ommission, or his employment wit;h sg£h ~Pn~r~c~~r . 
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