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' ABSTRACT

Assuming (w 'r) >, equatxons that determme the electron energy

'dis tribution and dm t velocxty in the E X B drift frame of reference are
derwed, mcluding a detaxled treatment of inelastic colhsxons. These equa-, -
-+ tions are valid when E B, and the dmtributxon functxon of the gas molecules}
“are spacxally uniform and constant in txme. the component of E along B is
.'neghglble. and E<< B (in Gaussian units). The equations are suitable -for

'.»v'humeri'cal‘computations if the electron velocity distribution is as sdmed to
_i:ibe isotropic in the E X B dr1ft frame. When the rms molecular speed in -
.';:’__thls fra.me is much smaller than the rms electron speed the equa.tions can.

" be creatly s1mphfxed Although the resultmg equa.tmns a.re not new, this

denvation clanfxes the1r physzcal mterpretatxon and limxtatione. '
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Electron Velocity sttrxbution in a Slightly Ionized Gas
- with Crossed Electr1c and Strong Magnet1c erlds

Gary A Pearson a.nd Wulf B. Kunkel

Lawrence Radiation Labora.tory' :
U‘nwersxty‘ of California
Berkeley. Cahforma

. November 12. 1962
Il. j INTRODUCTION -
| The dxstnbution function of the electrons in a shghtly 1onized gas under ’-
the influence of external flelds is determmed by the Boltzmann equation. , The o
i ff"f.-.felectron dlstnbutxon function in the gas frame, i. . the reference frame m
whlch,t_he mean velocity of vthe gas molecules vamshes. is usually' found by
: ;:vexpanding tlie electsOn distri.butior'x fﬁne'tlon m splierical harrl'xonics in velocit‘;y
o space ! When the rins electron speed is la.rge in comparison with the electron
' :';;-'V-idmf speed and the rms speed of the gas molecules. the expansion converges rapxdly'
and this "usual 'method of solution works well. : Under such’ conditlons. elastzc
'}:.‘colhsxons are often much more probable than any other,l‘thzs leads to further -
‘v.vsi_mpl;flcatxon of the‘calcula,tlons._ o S | -,
In' most physical sifuaﬁons either the usual méethod of solution is a.dequate'rv
or the very d1ff1cu1t problem of runa.way electrons must be faced. 2 However,
- _’When in the gas frame’ the electnc field E and the magnetic field B are per-
_'f.vpendmular with E < B (in Gaussian units) and the electron cyclotron frequency |
_'{‘wb‘ is much greater than the electron collision frequency 1/'r. runaway electrons:
-Cannot occur even though the electron drift velocity. which is approximately =
v'c[(E X B)/B ] = 'Xd' can have any magmtude less than c. We will confine our
attentlon to this problem, whose solutlon is possible because the electron motlon )

in the apphed fields is tr1v1al and only the effects of relatxvely 1nfrequent
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' .,‘vcollisione need to be evaluated. ’ We will assume that all speeds involved are non-
relat1v1st1c. :

We will show tha.t elastxc colhsxons tend (a) to heat the electrons unt1l

| "i’:;:f.‘thexr mean kmetm energy is | —2- Mv 2, 5 where M is the mass and’ {3 is -

the mean energy of a gas molecule in the gas fra.me, and (b) to epread the -
: 1,-.;7-;l,e"‘~°’°tr°n energy dzetnbution until it is a Ma.xwellian dxstrzbutxon. “The usual
. f' method of solutxon is clearly adequate except when inelastic processes are
" 'successful in holdmg the mean electron energy to a much sma.ller value, ‘
When the usual method is not adequate. 1t is useful to use a reference '
frame moving at veloc1ty .Y.d w1)th ‘respect toith.e‘ gas frame.- In this frame,
which we will call the drift Irame', ‘the electric‘fi’eld'vanishes and the gas flovs)s
y thh veloc1ty -vd perpendxcular to the magnetzc field. One advantage of thzs
reference frame is that the apparent dr1ft speed of the electrons is small 30"
that an expansmn in spherical he.rmooics 1nAveloc1ty space would converge
' ‘:_:1-apidly. : The problefr_x. thus reduces to'e‘valuati‘n:g.v the collision terms of the
.‘;_; Boltzmann equation 'w‘ith a gas wlnd instead of. aev'electrie field. | Since ,the e
:vr’e.sults‘ are relatively. compllcated.' the usualia.pp_'roach slmoilld be used wrlen..
;eyer it is adequate | o -
o In this paper, the denvatmn of the equat:on govermng the electron energﬁr |
5 '_dletllbutlon m the drift frame is outlined. We also dxscuss the evaluation of
v?v-b'_“‘quantuzes of physzcal mterest, mcludmg‘the electron drift, - These'results are.

.compared with those of the usual approach F,urther discussion and detaﬂs of

the derwatxons as well as some, numerzcal re: ults of calculatmns apphed to

:vmolecular hydrogen are gwen elsewhere.
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11 COLLISION PROCESSES CROSS SECTIONS, '
. AND COLLISION FREQUENCIES ’

The electron molecule 0011181011 pmocesﬂsw j is d1stinguxahed by the energy

2
' electrons leavmg the colhsion Consxdermg a molecule imt1a11y at rest, we

= —l--m)a melastzcally transferred to the molecule and by the number nJ of

denote the velocity of the’ 1nc1dent electron by-’-' v ~ and the velocxtzes of the out- .

: i:.';-;vgomg electrons by Vx' where 1 = 1 2 us nJ. and' we define cose = (v vl)/v vy

"For each process. the collxsmn frequency is vJ(v ) = ngv aJ(v ) where aJ(v )

| j‘;f-« . »‘-*‘f‘:ls the cross section for the process and ng ia t.he number of molecules per umt
' volume
;‘
' *iwhere { )J denotes the avera.ge effect of a collisxon proc.':ess J for speciﬁed
: incident speed v The total momentum«-transfer colliszon frequency 15
"Woo “ L .'j ' )
Venl¥ >_f, Z v @
; Processes with nj = 0 are electron_'atta{efx‘xheut proces_ses. ‘ From_Eq.ﬂ (vlf) '
'}f}-_'wé's_ee that’ \ ' | |
/- © " Processes with 'nJ 1 are ela.stic if eJ 0,, and are melastic otherwxse..%_.
' They are cha.ractemzed by a differentzal cross sectxon 4 J(G.v ) in terms of
v/f"‘d' ) ‘. . N . . FALN

- which £ (“ : L
o’ ) = 2-« J J(e v) smo do B
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 where (9 £/81);
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(v ) Zﬂn v
J :

“ if terms involving m/M are negl-e;ted. ' S e e E ;

{II. ELECTRON EVNERGY DISTRIBUTiON. m' THE D.RIF'-I‘ FRAME .

We assume that the apphed fxelds and the distnbutxon function of the gas

‘molecules are spacially umform and gonstantjn time, We can then avoid cons
..ISideri.ng the spacial dependence of the electroh vdistribution function either bY S
o assummg that it has no spac1a1 dependence or by consxdering the velocity distrp B

- _bution of a’ closed group of electrons--for example. the electrons in an avalanche.‘:f._

In the drift frame the energy of a. free electron ie constant between E

. COHISlonS’ therefore. the electron energy distnbutxon f(e t) changes with t1me
- .only because of collzsions. Because we have assumed wb'r» 1 the effects of |

" each collxsxon process are mdependent of the other collision proceaaes. and we

XU S (—f’—i> Lohie

Bt Ty \Bt

is the effect of collisions of p1v~j<>'<:é'ss"j'."4"‘r-m.
: o DT S
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In evaluating the collision terms in Eq. (8), we will simplify the a_.lgebra

by neglecting molecular recoil and by assuming that the gas molecules are
rstafionary in the gas frame Although these assumptions are not neceseary, :
‘ they are often good when the usual method of solution: is not adequate. We also"

assume that even with the strong fields, the scattering is independent of the

azxmuthal angle about the du‘ectxon of the mcxdent veloclty.
We denote the probab1hty distributxon of a real quantity a for specified

values of parameters [3, Y ¢+« by Pla;B,y «* -). where P(a:ﬁ.y +0+)20 dnd . ' “

[ Pla;8, v - +)da = 1. The funcnon P(v;¢), which is the distnbution of speed v.

2

in the gas frame of the electrons with energy € = -lé-mV in the drift fra.me,

IIV-V

' The general properties of G'(¢;¢').are that

 will appear throughout our formulas. Notice that P(v,c) 0 unless. ‘, o

d |l s v Vv, We will dxscuss the evaluation of P(vzjs) later. .

The colhsxon terms for each process J can be written in the £orm N

’ T : ) .t
b
A}

= Gj(f;e.'iftt'.t)de' Nt T (g
T U B o |

*n

9f
ot

: ‘Equation (9) states that electrons are removed frorn the distribution at a rate

i proportional to Nj(e ). and electrons are inserted into the dintribution by the

first term in a ‘manner dete:nmined by GJ(e .( ')

.Clearly, we have’ _ o '- o ' -

" Glese')z 0and | Glejende = an&a)e Lo an.
For electron-attachment processes, &/ij = 0.. 80 we have -

e e e
e

| C‘}j(e;e')::: 0
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For ionization processes, we may write

'{- v, +V!. Vv

d

|

|

:

|

|

T d
B 'GJ(G:G')=J o dv'
|

I

|

|

|

va'(_-{f ey [24 sipe n’gvf09~‘;;§-\;j(a. v;(,q]

AR lV-vdl

ey e,

Vel e e, 0, *f.'xp(e;v'v,e.e').' | (13)

e o ] 'w}iei-e Pleiviv, é,e') - is the distributien of energy ¢ of the electrons ejected

: at speed v 'and angle 6 from colhsions in which the incident electron speed is R 4‘

* | , " v'. The functlon Ple;v', V. 9 € ) -ean be derived from the conision kinematics with
the result?" o | L ' . C Thata

‘ 1/z

¥

.\'1

P(€ v, v,0, ‘l') = W

[ cos 6+2bcoae+c]

2 + Vd~2 - Vl‘Z‘ Ve e v. 2oyl ; 5 b

» whei:e ' : ”~b . ,
,ZvdV‘ S e ZvdV

P -, 'and ¢ =

"
—

. . \\ -_ '.‘- - _-
. .
o
<
<

. This function is defined to be zero‘exc'ept wheri

'.“_'-1. -(b +c)/ écoseéb-r(b +c)/ él.
. and when Bz -'l- c >0 .The latter condition simply impliea that
dl <V €V + v, mustbe satisfied whenever IV vy l 6 v' <V€+vd
is satlsfled R e

R : ‘V‘V

If the scattenng is 1sotrop1c, the angular integration in Eq. (13) ie trivxal

"Aa.nd y1e1ds . . - L < e “
o (VYe :

» | vad '




. where o’vJ(v;v')E 2w i sme ~o J(O,v.v )dB.. For ionization _p_roceeaw;

B AP GJ(e c") is nonzero for values oi‘ e between zero and approximately e' “j

S . , . . o , ) - ‘_( RN '.{ iA
‘where the limits.are' giiren' by‘ 'IV - vdl (v’ﬁ ! )

or melastic process _1. Gj(e ;e') is nonzero only for c within a definite range

i.-frame. With large w

‘the use. of o _ ‘/
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R
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For elastic or mela.stic processes. we may write ’;{"".‘f ’

| “ dé P'.(\'r;’;e.')‘ [?msine ng‘\:_r'\crej('en}')'] :P'j(vc ;v';o , ‘.?),‘- (16)

[}
AN

. where PJ(e ,v'.e e') is Just P(e .v' v,e,e') from above evaluated at vz‘évy"z ?aj o

If the scattermg is 1sotropic. the angular integration in Eq. (16) yields e

Sloen = =i [aw P(w;.;fe"') vj(m),f_r*

. vad K

1/2 S V + vd For elaatic

about ¢t - ej.”. . - L .
'I‘he function P(v e) that appeara throughout the equationa depends only

upon the angular dependence of the electron velocity distribution in the drift

b

xndependent of the azxmuthal angle abOut B, and is an even f\mction of. cos §. o o
- ‘where R is the polar angle measured £rom B. Such a distribution can be ex-
_panded in. the even Legendz'e polynomiais of cos ﬁ, a.nd P(vzc) can be written in.

terms of coefﬁcients of the expansion.v ance our procedure gives no way of :

calculatmg these Coeffl.Clents we must make an assumption. We assnme that

- P(vie) =. . for IV vdl.e v =s V + vd - (18) e

to the correct physxcal results.

e R

'r. the most generai angula.r distribution of interest ig T



':;llarge values of Icos E] are less likely than with an isotropic distribution. To .

' ":v‘l---second order Legendre polynomials). and (3) one contammg only & = 1r/2 (the - '

S flargest possible amsotroPy) PN _'f s ‘, ':_ R L ;

]*depend only upon v

. -8-" . . - UGRL-10536

FrOm-phystiéal' argu.i'_n'ents'we vex'p'e_ct the anisotropy of the velocity distri-

~ bution to be largest when ¢ = %—mvd, and to‘-décrease rapidly as'.'e' increases

‘ oxr decreases from this Value. We alsof“‘ expect that anisotropy to .be such that - ‘_

w2 .
NN
NN

111ustrate that the assumption of using Eq. | (18) can be rather geod even when the

: 13

- amsotropy is 1arge, we calculate Gj(e et) for elasttc coll*sions frOm Eq (17)

1

. for the case ¢! = -?:-mvdz.-assummg tha.t vj(v') is proportiona.l to v' -Figure 1

shows the results for (1) an 1sotropic distrxbutxon (zero-order Legendre polynonmal

_",,only), (2) one we1ghted by sin § (the largest amsotrOpy using only . the zero- and

!

. Often the angular dependence of a scattering process is not known well :: -

\enough for use in Eq (13) or (16) In. this case one can assume the scattermg
1s isotropic and use Eq. (15) or (17) For. elastm colhsiona. the elastic -
: : momentum transfer colhsiOn frequency should then be used in evaluatmg Eqs.(lO)

= ;a.nd (17) R ' R

Wxth the assumptmns we haVe made, the electron energy distributxon in

the dr1ft frame is determmed by Eq. (8) ‘ which may be written symbolically a.s

' ~——-—-———8£(€. t) ."-‘- n jX(e G',Vd)f(e',t)de . ! | - .‘ (19) E
© 8t B R

where for a particular gas, x(e < ,vd) is a kernel depending only upon vd
o Phy‘slcally‘ we expect that any mitia,l energy dxstributxon will quickly approa.ch e

-".the separable form . : o S ;..‘,; ;

f(e 9 - Cfo(e)eﬁ | v.With‘." fio(e_)d'e_"_'z_ T TR (20) -

| fwhere C and B are constants, and f (e) 30 Substxtution of this 1mportant form

' -of the solutmn into. Eq (19) shows that for a parncular gaa fo(e) and ﬁ/n




' ‘where AvJ(V)Ais the col_lieior-x’ frequency for the process.

E and where Vx' - (V % + vc1
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Once fo(e) is known, many quantities of interest can be calculated. The

5.': mean electron energy in the drift frame is € = Ifo(é)ede « The dmtnbutmn of
olectron speed in the gas frame is fP(v € )fo(e )de , and the mean electron energy‘ o
R in the gas»fra.me is % + —;— mvdz. '- The rate at whxch a collision procesa-—such as

. ionization, dissociation,.or exci_tat;on-proceeds is determined by

[",d_v ‘vj(v)'t lde P(v;e')fo(c’) = fde Nj<e)f0(e), L

IV. DRIFT ALONG -E IN THE GAS FRAME

Other quantities of interest are the diffusion tensor, which we will not

»disc'uss here, and the drift speed of the electrons 'a.long -E in the ge.s frame. ;.

oo
To calculate the latter we assume E= an and B = Ba. so that P dax' IR

From the electron equatxons of motion in the gas frame, the yoposxtxon of a.n

: electron 1s y=Y+ (v -V )/wb. where Y 1s the y- posxnon of its guiding center.‘
"One can venfy that the effect of a collision of process 3 a.t y upon the mean

= guldma cente. posxtmn of the electrons is determmed by

| ‘n.i o B S
N I (v v ! .
. Z L (Yi ‘ Y,)“ ‘vxi vx )/wb ’

s

.
P B

‘:g‘where the guzdmg center of the 1nc1dent electron is at Y', and those of the out- =
"'__gomof electrons are at Y., and where the speeds are those a.t the collxszon. 'I‘he

.'contmbutlon of collision process 'J to the drxft speed of the electrons w1th energy |

2%

E' —' S mV'2 and speed v' is -

vivy ( Loy - Y )) v, 3<v'> + (n . 1)v3<v'>]v '/w
| i=1 o

- where we have used the denmtzon of the momentum-transfer colhaxon frequency.

2 - V‘ )/Zv Notxce that electron a.ttachment processes .
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do not contribute, since for them ‘nJ. = 0 and 'Vm vJ For elastic and in- .-

- elastic processes only the momentum>transfer collision freq‘dency is important,

gsince for them nJ = 1.

By averagmg over ¢! and v! ‘and summmg over the colhsxon processes

. ;_13, we fmd (dropplna the prxmes)

Vivy ) IR
{'wdef(é)j dVP(VG)(V fra "V )v:(v)+§:(n-.l)vj(v):l
o Iavglo AT By m Ty T
' o : ) A ‘ _(Zi);.

. _""-In addition to the term mvolvmg Vit We have a term Z (nJ-l)v‘) that accounts

J

' .for the changmg nur;;ber »of electrons.A This result does not depend upo'x the

'V. COMPARISON WITH THE USUAL METHOD OF SOLUTION

In the usual approach, the assumption of "large w.

, 7" consists of re-’ -

'.lpilacing [1+(w 57)2] 1/2 by.obb'r throughout. . 'When this approximation is good,
‘ ",che two. methods of solution should agree in the hm1t of small V4 This agree-

' ment can be demonstrated R " '_ :.

- To 111ustrate the companson, we cons1der VE as gwen by Eq (21) By-

‘.‘-t',a-bsumln"f that vd << V and that P(v; e) is gzven by Eq (18), we can carry out
~ the mt;,gral over ¥ by expandmg the mtegrand in a Taylor series about V.

-' v The result is a power series in (vd/V) wn.h the first term bemg

v, . 8

' —-i—i-— —_— {v v, (V) + L (3 -1)v3(vn}
3V w, ‘. oV .

o ,-If most of i.he electrona in the dlstnbunon satxsfy the conditlon (v /V) << 1, .

5 \

. we can use thls term in Eq (21) to fmd

TVE' V4 ?( - —8— {V3[v (V)+Y (n-—l)vJ(V)]}de .22y
S 3vee eV I R Y S SR
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If we assume elastic collisions are much more probable than any other, this

formula is identical to that found by the usual method. ! We clearly eee that

' the usual method is 'edequate_ only when T >>‘ %2, mvdz and when ela.stic collision's‘v '

- afe much more probable than any other. The usual approach also shows that ,

the drlft speed along | E X B in the gas frame 1s Vg as expected.

In the same manner, we can demonatrate thereguivalence of Eq. (8) to the

_equauon in the usual approach that determmes F (v, t), the isotropic part of—
- the electron velocxty dzstrlbutlon in the lab frame By usmg P(v;¢) as gzven .
"by Eq (18) and GJ(e e') as g1ven by Eq. (15)‘or Eq. (17). we carry out the S
mcegrals in Eqs -(9) and {10) by assummg V>> vd and proceedmg as above.

" This yields (b f/Bt) ina power series m (vd/V) For melastlc. eiectron- '

' atucchment, and ionization processes the first. term in th1s expansxon is 1dent1ca1

': ‘to that-found by theusual approach. > For elastn.clcolhsmns the first term

vanishes, but because the usual approach assumes elastic collisions are much

more probable than any ‘other, we keep the second term. To'fa_cilitate comparison .

with the usual method we: mtroduce an 1sotrop1c d1gtr1batxon of veloc1ty m the .

'..drut frame by defining g(V t) = mile, t)/41rV. 'I‘hen, after a cons1derab1e :

' amoun’c of algebra, we fmd

(m I N L I
. Jelas . o ‘ .
~ where

2 elasgouga -

‘Thus elastic aoliisiOns 'cause the is’otroPic'velocity distribution g(V,t) to diffuse '
in veloc:.ty epace. the dxfmsmn constant bemg that from kmet1c theory with the

vmean iree path replaced by vd Thxs result follows from the usual approach '

only when £(¢,t) is near the form of Eq. (20), our analyszs shows that such an

: ‘asaumptxon is not necesoa'fy.,
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B In Eq. {19), Vg represehts the molecular speed in the drift frame. If
' 't‘h’é molecules are not at rest in the gas frame, _éo that they have a distribution
- ‘A'P(u‘) of speed u in the d:iit‘ frame, Eq. (19) 'i"s".generalized to
Afe, ) e :
Ear— = ;ng ff(e',‘t)de' ¥ (¢, e ;u)P{u)du. . . (24)

dZ and elastic collisions az"e'much more ﬁfobabie than any

“ other, we have shown. above that x (e, ot ,vd) depends upon V4 only through

' N |
~ When ¢ > -Z—mv

UV “in Ji,q. {23}). . Thus the integral 0ver u in Eq (24) sunply generahzes DV

' from Eq. (23) to

Dy = <u2> Let28 (vy/3 = < -Mg> clas (V)/a e
w11e£e 4:: is the mean kinetic enervgy of the mqlecules in the gas £rame.. This
resﬁlt.genera}.iz.esfh'e result of the usualvappxjoac;h, Which a‘ssumes. the moleéules
- have a B&aXWeiliazz veloc.ivt&‘distributiori in fhe :dfift fra.me.

. Thé inclugion ofA the inoiecular récoii .wilvl lead to a term in (9g/d t)ela.s
that is of zero order in (véZ/VZ), We cén “‘d_educé. this..te'rm‘ frpm the followin‘g f |

facts:

e -
“

{2} "This term cannof alter ﬁhe nu_m"bezf %Dvnfl;elecltr‘ons, 'a.n.d it »‘m‘ust'vanvish
'W}lenm/Mzo.i" o o
| (b) Wheﬁ Vg 0 and the gas mole_cules h‘.a\;g a’.‘ Maxwellian velbcify distriBu_tion,
(sg/at)elaé muét_vanish whén' g'(:\f) .'_.ivvs a Maxwalliah velocity distribhtion_ ‘

' With the same temp‘era‘cure. |

The result is that when € > }2? mvdz,

/ 8g ) o IR ‘ I . : .
=) {vavgw t) + -‘:—4- vm‘?‘f‘? W Yol o (26)

—————

e

clas .

T‘ae term in "n/lw. agrees w1th that found by the usual a_pproach From Eq. (26)
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‘ Qve concludel f:ha_f elastic collisions always tend to -rr;ake g(lf, t) a Maxwellian
vélocity disﬁri.bution, in whiéh the mean energy“of an electron is '4

| 1‘;. }EM <1.12> = %,Mv Z‘ +5>, }silnc_e for this dlistribv'.ltiqnl(8g/i&t)elas \.'anishe‘s;z thls

- result is independent of the nature of vmelas(V)_v. R

VI. CONCLUSION
By aAssuming the »é_lectron veldc’itytd.istribution' is isotropib in the drift
_fra.me, we derived aﬁ equatibn that d'eterr'ni'zfxe_‘s'.the electron ehefgy distribution
m the drift frame.‘ " We then showed how to calcu}ate quanti‘tiés‘ of physical int'er'est, |
s.uch as iohiéatidn rates é.nd éle;:tron dayri,ft. speédé; from this en'e-rgy distribution.
_:‘\_/Ve expect the results calculated with this a‘séumption to be a good aéproximation
to the corfec‘t resulits, as we discussed brifefl_y.w . ' | ] ‘.
B Comparison of our resulté with those of the usﬁél method vofv solution in the
.”‘la.,rge wb'r“ iimit [when (wb%)z >1] sﬁdwéd that the usual method is adequate |
when the mean electron kinetic energy is large coinpa.red with —lé-invdz. " When
these cénditiéns are satisfied, the effeét of elastic collisions without fe'coil is
| ,awdix’z’usioﬁ of the eilectro‘n velocity distribution in velocity space, and the diffusion .

coefficient has a very simple form.

P
Naht
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'pubhshed). These results, however. were based upon the "usual® Co
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' FIGURE CAPTION

Flg. .. The e‘nergy~scatteﬁr fﬁnction fo'r»elast'i'cl vsca.lt.te:x'ing when'-
et = —12-:m~\rd2 and when the scattermg is 1sotrop1c and the cross o

ise’ction is constant. The electron velocxty distribution in the -

~drift frame is assumed to (l) be isot:mpzc, (2) be wezghted by

v - sin g, or (3) contaln only §/2 where § is the angle between -

B .and the electron velocn:y m the drlft frame. A
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