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. ABSTRACT 

. . . 2 
Assuming (wb T) » 1, equations that determine the electron energy 

. . . 
' . . . 

distribution and drift velocity in the E X B drift frame of reference are - -
derive·d, including a detailed treatment of inelastic collisions. These equa-.. 

' .. tions are valid when E, B, and the distribution function of the gas molecules - - . 

. ··are spa.cially ~iform and cons.tant in time, the compon-ent.· o£ E along B is' - ._ 

negligible, and E << B ~in Gaussian rinits). The equations are suitable .for 

numerical computations if the electron velocity distribution is assumed to 

· · . be isotropic in. the. E X B drift .frame. When the rms molecular speed in · - -
this frame is much smaller than the rms elect:r~n speed, the equa:tions can . 

· . be greatly simplified. Although the resulting equations are 11-ot new, this 

derivation clarifies their· physical interpretation and limitations. . ,. ' . 
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I. INTRODUCTION 

, The distribution function oi th~ electrons, in a slightly ionized gas under 

the infiuence of exter'nal fields is .determine'd by the Boltzmann equation. The 

· ·· electron distribution function in th~ g~s frame, 1. e.~ the reference frame in 

which the mean velocity of the gas molecules vanishes, is usually found by ·, 

expanding tJ:le electron distribution fUnction in spherical.har~onics in velocity 

1 space. When the rms electron speed is large in comparison with the electron 

drift· speed and the rms sp~ed of the gas m~lecules, the expansion converges rapidly· 

and this "usuaP' method of solution works welL Under such conditions,· elastic 

collisions are. often much more probable than any other; this leads to further . . 

. simplification of the calculations. . ' 

.. In most physical situations either the usual method of solution is adequate 

.·.or the ver·y difficult problem of runaway electrons must be faced, 2 However, 
' ' 

when in the gas frame the electric field E and the magnetic field B are per-
. . ..... . . .,. 

·. pendicular with E < B (in Gaussian units) and the electron cyclotron frequency 

.wb is much greater than the electron collision frequency 1/'r •. runaway electrons 

cannot occur even though the electron drift velocity, which is approximately 
2 . 

·c[(!: X ~)/B ] = !d.• can have any magnitude less than: c. We will confine our 

· .. attention to this problem, whose solution is possible because the electron motion . 

in the applied fields is trivial and only the effects o£ relatively infrequent 

.... ,· 
~ •. t, 
·.•·• j .· 

.· 
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. collisions need to be evaluated. We will assume that all speeds involved are non-

relativistic. 
'; .... 

We will show that elastic.colli~ions tend (a) .to heat the electrons until' ··· 

.... their mean: kinetic energy is t Mvd 2 + (;, where· M is the· mass· ·and ~·is 

·. the mean energy oi a ga~ molecule in the gas frame·, and (b) 'to spread the 

... electron energy distribution until it is a Maxwelliail distribution. The usual 

:method of solution is clearly adequate except when inelastic processes are 
' ' 

'success.ful hi holding the .mean' electron energy to a much smaller value~ ·. 

When the usual method is not adequate, .it'.is useful to use a refel;ence 
' . . . . ' . 

. frame 'moving at velocity !d ~ith··respect to the gas frame.· In this frame, 
. .J 

which we will call the drift frame,· the electric field vanishes and the gas flows 
' . . ... 

with velocity ~!d perpendicular to the magnetic field. One. advantage of this 

reference frame is that the apparent drift speed of the electrons is small so; 

that an expansion in spherical harmonics in velodty spact1 would converge 
' ~ ·. : ·. ', 

rapidly. The problem thus reduces to evaluating the collision terms of the 

Boltzmann equation with a gas wind instead of an 'electric field. Since the '· · 

results are· relatively. complicated, the usual approach should be used when-
·, 

'ever it isadequate. 

In this paper~ the derivation of the equation governing the electron energy 

distribution· in the drift frame is 'outlined. We also discuss the evaluation of 
:.·. 

· quantities of physical interest, including the ~lectron drift. · These results are ~· 
·· .. ' 

· .. compared with those of the .usual approach.' Further discussion and details of · ·. 
! ' •' • ' ' . • ~ 

the derivations as weil as. some numerical reshlts of calculations applied to 
. ' ' ' ' i ' ' . ' 3·' -?.''.':'·' .·.''' • ··'· . . . <.'.' ,,', .· 
molecular hydrogen are· giv.en elsewhere. ·. :·; . .:'; . . · 

' ·' 
;;) ·.'· '•;.{• 

'. 

·~ .. 

1-.: 

.:. 

·' '·· 
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U.. COLLISION PROCESSES, CROSS SECTIONS, 

AND COLLISION FREQUENCIES 
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.. E -. j -

The electro:q.-molecule collision p~oc.es·~_:?j is distinguished by the 
1 . . .· ·. . ,, . . :::· . . . . . . 

('1 m:)nj inelastically tran~ferr.ed to the m~lecule and by the number 

energy· 

n. 'of· 
J 

electrons leaving the collision. Considering a molecule initially at· rest, we 
~,: .. :· ~. 

. .... . ·'··, I. , . 
. . denote the ·velocity of the· incident electron by v and the velocitie~ of the out~· 

' ;·~·.... . 
. . ·,·~: '·' . . . . ' . . . '· 

go_ ing electrons by v., where i :: l ,. 2· •· • n., ~nd ~e define cosO.= (v
1 

• v1• )/v'v .• · : 
-1 . J ... . . . . . 1 - - 1 ·. 

' For each process, the ~ollision frequency is ·::.iJ(v1
) = n :V1 (TJ('v1

) where uj(v1
) ;_>·. :·~ 

. > .... ' : ... . :·.· . ':f~ ,, . ·. . . g . ·· .. •·.:. '·:: ). 

·is the cross section for th_e process and • n is the ·number ~f molecules per uni( 
. .. ' g ' . 

volume. 

defined by 

'• :. ',. 

.• .. : "·1·., 

, .. 

:.'· 

v j(v1
) for proc_ess j is 

m. 

I 
tl'; .·· n· 

- ·-~- :_~i coso.) ·. 
•L;. . . ·.. . 1 J 

. \ 

(1) 

i=l ·. 
{t ': . 

: where < > J denotes the average effect of a collis~on process j. for specified 

. . '. ··. incident speed v . The total momentum-transfer coll.ision frequency is· 
. .. . ' . 

;:, .... 

v (v1 ) = .L .· v j(v'). 
.m .. m 

J .. 

(2_) 

.. · 

{ ~ 

'' 

Processes ,with n. = 0 are electron. attachment processes.· From Eq: {1) · .· 
J 

· we 9ee that· 
:.·· ... 

':'. 

·.,.. (3) 

Processes with n. = 1 are· elastic if . E ·•• = o. ·and .are inelastic otherwise.<· 
.·· . . . J . . . J' . . . . 

They are characterized by a .differential cross s~ction ·. u /<e;v') ~~ terms of .:' .. 
. ) " . . . . ; ... ' . . .. 

which 
. .·',. 

u_ 8j(B;v') s~n9 dB 
"• < ·' .' 

:• .. 

._..:· ...... 

. -.·,· ,•, ..... ··. ,, 
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and ~ ,• 
,. l 

'·. . ~ . 

v mj(v
0

) = z~ng v' {" ~'9i(e;v') sinO [ l• (l· ·~,S/Z coso( dB, 

:· .:l~ .. 

': ~. " : (5) 

'· .· .. 

. ··,,· 

: if t~rms involvi~g m/M are neglected. 
I '· •• i .' 

•. • '· ' ! ' .. ('~: ,' 

•t' 

•: ' · .... I . ' ' ·~ . . ., 

• ·: .... ' • ' t. • j· 
' • ' ' ,. • ' • + • ' ' ' ' ' • !• ', ·: ~' + i • ' ' ! • ',' I i ; • ) '··? ' > ': •' 

Processes with nj ;;J:.2 . are ionization processes characterized ~Y a,:: d,i~'".. . · .. 

ferential cro.s s secti.;n . u 8 ;,~/( 8, v ;v'), In te nris of whi~h ', . ' .. ,\ , h<' :,;; , · · 
' ·, ... 4' \ :: 

·\· ...... 

' . ~. 

' . '· . '. ~ ; ' . . .' 

dvcf·: o; ~~(~, ~;v:'i .~in6 dB· ' ' ·r:: · ., · • 
1 

, .' / (6) · 

, .. " .. / . ;::::~'··. 

~. . .. ' 

. ·~ f~ : :; . ~" 
'·'::·· 

:~· .. 

roo 
' I 

2Trnv J g . 

· ... I· Tr. 
dv 
. . 0 . . 0 

if terms involving m/M are neglect~d. ,. 

.: . ·~ 
: l 

III. ELECTRON ENERGY DISTRIBUTION. IN THE DRIFT FRAME 

We assume that the' applied fields and the distribution function of the gas ·. · 

molecules are spacially uniform and constant in time. We can then avoid con- .· 

· sidering the spacial dependence of the electron distribution function either by ·. ". 

assuming that it has no spacial dependence or by considering the velocity distri .. : 
. • . l 

•· bution of a· closed group of electrons--for example, the electrons in an avala.~che •. · . 

In the drift frame the energy E · of a free el~ctron is constant between · · >: ·;'. 

collisions; therefore; the electron energy distribution· f(E • t) changes with time 

.. only b~.cause of collisions. ·Because we have assumed cub.,.» l,··the effe~ts of·•·, .· 

each collision process are independent of the 'other ~ollision processes; and we '. 
; . . . ... . ~ . . . '' i ~ . . .. \ ·- !, 

... ·~~. . 1·~,~, <. ~: ~:~·;· ' / ~ ' have 

a £(e. t) 

at 

•. l. "·· ,. 

= 2: ill)· .. :.· 
: J \at J . ., 

' ~' . ... 

··• · ... ' .. · .. . 'l ,. 

.:. {. 

where (8 f/8 ~.)J· is. the effect 'of .coll.isions · o~processj~4: :·· 
' ; ~). 

.... <. 

' . '· 

{·: . 
. '. 
'',,· ' .. ·" 

··. :· 

.. 
,, 

·., 

.. 
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In evaluating the collision terms. in Eq. (8), we will simplify the algebra 

t.w neglecti~1g molecular recoil and by assuming that the gas molecules are. 

stationary in the gas frame. Although these assumptions are not necessary, 
. . . 

they are often good when the usual method of solution is ·not adequate. We also· 

assume that even with the strong fields, the scattering is independent of the. 

azimuthal angle about the direction of the incident 'velocity. 

·· We denote the probability distribution of' a real quaqtity a. for. specified 

values of parameter.s (3, y • · •. by P(a.;(3, y • • •)• ·where P(~i~, y. • • •) ~0 and 

f P(a;(3, y ·• · ~ )da. = 1. The function P(v~ '), which is the distribution of speed v 
. 1 z ~ ' 

in the gas frame of the electrons with energy ' = - mV in the drift frame,. , 
z .----------------' ' 

will appear throughout our fo.rmulas. Notice that P(v;c) :::: 0 unless. 
' . 

. ' . ' . ' 
We will discuss the evaluation of P(v;F)later. 

'. . ~I . ;, 

The collision terms for each process j. can be written in the form .. 

' •I. 

(9) 

Equation (9) states that electrons are removed from the distribution at a rate · 

proportional to Nj(E ), and electrons ar~ inserted into th~ distribution by the . . . . 

first term i~ a manner determined .by aJ(E ,. '). . 

·Clearly, we have· 

Nj(E·) =.'~~ 
00

. vhv)~(v•'~ )dv. 
) o .. 

·• .. · 

·(1 0) 

~~. The general properties of cz.l(E ;t ~.are tha~ 

.. l '•' (11) 

'•' 
(' . •. 

F 1 t tta h t ~rl ·:::. o, so we h_ave ·_··, or e ec. ron•a . c men processes, ·JJ ·. , . , . .. . , ./ 

. . ~ . ~ ' .. · 
. ··£ '' 

. ·.· ·. (1 Z) . 
~ ·. : . '. .. ·. • ; .... c., 

'• .... '\ ' ; 

' ; ,l ~· ' ' ; .. -

.'·i '·po: ... ' 
.. 

• . i. ,> . 

. ' ~ .... ~.'; ) ~ ; .. ' .. ' : ,; . .. ' . 
·,' ,;--

. ..... 
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For ionization processes, we may write '· ·,. 

( vd+V'. 

Gj(E-;E 1) = J .. 
· · IV' ~vdl 

dv' J
n 

. . dO 

0 

X P(e ;v'v,O, e '), · 
' I: ~ I ' \ ' • ' 

. (13) 

.where P(e iv~v,$,E 1) is the distribution of energy.·.~ .'of the·electr.on~ ejected:··: 
. ' . . . . . 

at speed v · ?Lnd angle · e from ~ollisions in which the incident electron speed is . 

v'. The £_unction P(e ;v', v, 0, ' 1) ·can be derived .from the .. colliaion kinematics. with 
.. 3 

the result . ,. 
t<··~ ·::·· .~· ,. f. ,' ' ·'. 

' 

. ' ; .. : "• ·. ,( 
·.' 

.,. 

. 'P(e ;v'' v,e ·, E ');:; -·-
1-- [ .. cos2 6+. Zb ·c.os8 + c'r·~/2, .::~ .... :. 

nmv4v '·· , . · · · ,· 

. . 
', .' ... _,._ ·. . ' (14) 

where 

·and c = 1 

' .• I r, • . I 

· •.... , . L\ 

.f 

. l. ;., ::. 

·.' ; . .·_,2 .. 2 ' . z ,.i,:.( 'i! 

1 .,2 + 2 _ v•2 )·'( . + .. 2 . ._-y2 .. )· ...... _ .. ,_ , I v v d . v.: . v d . . . . . . . . . , .·; . : 
• \'. I ~. . . . . . :. ·.·. . .:':· • 

2vdV ... , . , :' .. 2vdV :::,,:: ·:· .... :. · ... , . 

. . . 

q :· ·, .· 
. ·.' ., '.· 

:' .. , 

. This function is defined to be zero. ·except wh~n · ~:. 
. t I' . ' . ' 't • :_ ~ i ) ~ ; . . . ~ . i 

. '~· . 

and when b 2 + c ~0 .. The latter .condition simply implies that.;.· 
. . 

. IV .- v d I ~ v ~ V + v d must be satisfied wheneve.r I Y': .. vd 1.~ v:~.riw~'t:v d 

is satisfied. . ,'' . '·. ~ ' . 

.· andyields 

: . .. 

·.} ( •. ·: 

. ~ -~'' ' ' : .. >. 
~! • . ·j .; ' t ', 'i .... ·: -,·' 

' , ... • 

'. 

. ..,\ 
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4 ,' ·~·~ 11'. '~ . ; 

whe1~e u vj(v;v') s 21T .. l. sin8 -o:t/•J<e, v;v')d9.· For ioni~~tion :proces~.· .. '·.·?:','L: · '· · 
. J ·o :·· .. 

·' 

• • ,'. '· . • I r • , , ~ , • I ~ 

· j. Gj(E. ;G.') is nonzero !or .values o£: t; betwecui _ze~o-;an9 ~~proxi~~teJy .' ~ -~ ;j:'.~ ··: · .. · 
' :· '~ :· . ; -

·.For elastic_ or inelas~ic processes, w~. m~y v,~r~t~ · ./~·. ~._; ·,~· 
;. ,,· 

' ' ••• ~ • • • • < • • •• 

· . . . . . .: ........ · .. · . · . · ':--. · . ·. .· ,; · ... · . . .. .. · ... , z·.·. · 2 ·-" .· · '· · 
where PJ(E;v',G,E 1 ~ is JUstP(E~v',v,8;E 1 ) from above eva~.uated ~t;~ =v'. ~a.f. . 

.·. 

• • • ,1< • • •j • ' 

If the scattering is· isot'ropic, the angular integration in Eq~ (16)''yi~lds' "'{ · .. · .. ·~ · ·· ~-
• ;., 

1 
: ', • ·.: .. J'.'.· ,' ~.~· ;<· _1,· '. ~-· ... ··,.r·/_~··:~_'~ '.:. ,,,'·· 

',•., ' .. I • . ,. ~ .. ·~ r,. •: ~ 

.. Gj(E ,.,·~ ') 1 . { dv' P( ··w·:· ·.,·)· j( '). ': .· ·;·: · .. ' ·, 
- . . . ~ V .,E V V· t ., ·· ·: 
.. 2rnvd ..)' _v ··. .:.. . .,. · . : ·· .. 

. H7> 
. ' 

. ' ·. z l/2 . . \jl 
where the limits are given by' IV ... vdl ~ (vt' •G.j) .. ~ V + vd' For elastic,' 

• • ' I t ' I 

· .. ,: .'.i. , • 

' . ~ .. 

or inelastic process j, Gj(E ''') is nonzero only £or · •. :within a .de~inite r~nge · ·· 

about· e 1 - E • , 
J 

The function P(v;E) th~t appears througl)out the equations depends only 
. ·' . . . ' ~ 

. }• :' .'· 

.... 

·,. 
upon the angular dependence of the electron velocity distribution in the drift 

frame.) With large wbt' the most general angular distribution of intere~t is ·· . , 
·. '"' 

independent of the azimuthal angle about B, and is an even function of cos t • 
. ....... . . . . . ' .. ~. 

. ~ . . . . . . ' . . 

,·, 

where s .is the polar arigle measu.red from B. • Such a distribution can be ex-·: 
·. . . ' - . ·· .. · 

panded in the even Legendre polynomiais o(c~s. ~~ and P(v~c) can be written in 
.. 

terms of coefficients of the expansion. · Since our procedure gives no way ol' y· ' 'c. 
~.' ·, 

calculating these coefficients we must make an assumption. ·We assume .that . . . 

the use of 
. ,. . ~ ' . 

-~·· ... 
\ .• 

.... .. .. 

l .· · 1 1 

• • f • 
,,, ' 

~ ' ~~ 'I • 

. \ . . -~ ,r ; ~~;, : . ;. ·.' 
~ . ,. 

.. (18) , .. 

'~ . . .: ~ . . .. ,_. ,. 
,. 

~· .l : :: ' 

•• • > \ ~ 

,• ~ . 

.. .... , .. 

··, ' 
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From physi~a1 argu~·ents we expect th~ anisotropy of the velocity. distri• 

bution to be largest when E := ~ mv d.2 and to dE,crease rapidly as ·. t ·. increases 

or de~rease.s from this value •. We also~· expect that anisotropy to be such that· 
' . ' ' 

:large value.s of. I cos ~ I . are less likely than w~th an isotrppic distribution. To 
.. , .... 

illust~ate.that the assumption of. using Eq.;(l8) can be·rather_gcod e.,•en when the 

ani~otropy ~s large, we calcW:ate Gj(E ;e: 1) fo.r. ~las tic :c~llision~ .f~o~ Eq. (17) 

... 
··~~·j,;: ~ 

for the case e 1 = ~mv d 2 -assumillg t~at , vi<,ri is prop~.r~ional t~ v' .···Figure l. 

shows the results for (1) an isotropic distribution. (zero-.order.Legendre polynomial. 
• • • • • /"" I ' . 

only), (2) one weighted by sinz ·~ . (the.largest:a~sotropy. usb1~ only :the· zero~ ~nd .. 
. ·. . . -· . . ~ ;. . . '. 

· second-order Legendre polynomials), and (3) one containing ~nly. ~ = w/2. (the :\·.· 
. ' . ' , ' ' . I ~:- ' ( • ~ . 

·largest possible ani~o.tropy). 

Often the angular:dependence of~ sc~ttering process is not known we~l _: 
. ' . jl < 

enough for use in Eq. (13) or (16). In .this cas~· one can asswne the scatter~hg 
I . -.. • ' ' '. I • ·•' I • • '• • f • • ' 

. is isotropic and use .Eq. (15) or (17) •. For el~stic collis'ions,_ .the. elastic 

mo_mentum-transfer,collision frequency should then be used. in evaluating Eqs.(lO) 
• •' • ' ' • I • • ' ' ~ ' 

'and (17). . ' . ;' ~ .. 
··:. .. 

With ~e assumptions. we 'have -made, the electron energy distribution in 

the drift frame is determined by Eq. '(8)• which may be· written symbolically .as 
.. ' •·. . ; ~ 

..... ' 

a f(E' t) = n J··. X (E, 'e~ .·;.'v d) f:(E '; t)dE. • ; 
. at · g . . . . . 

(19) . 

' ' . 
where for a particular gas. x (E, E ';v df is a kernel depending only upon v d. 

,_. ·' . 

Physically we expect that any initial energy distribution will quickly approach 
. '· ~ : .... 

t ·.: •· ,. ~ ·' • 1. ·. .i . 

·.the separable form "• I • .• ; ~" < 1 • • 

_( 

. . !3t 
f(e, t} = C£0(E )e :.vith (2.0) ' ' 

t ' ' ' ' ' ' 
... where q and !3 are constants, and f.O (E) ;;.;p_;, Substitution of this. important,.form 

·of the solution into Eq. (l9) show~ that ·f():r a particula~ g~s ;·~o<') 'and ·~/ng . ;.· ·:. · ' 

depend o?ly upon v d ~ c~/B. · ·.: •· . · . . .,·t.··:~- \. : .;·: · .~ ··. . :. . · .~·· . .'·; · :::: ·. ~.' ~:·.,··: ·: .. ·· 
. ! ' ~ • ; ... ~ ( • ' • • ' ' ' •• 

. · • 1 , ; ~ • • _.;:, • _' r, .": ,· · ~. :~ ( "·:. ;" ,', 1 j ' I ,. ; 

I" ' •. · ,I, ... • '.;.,. • 

i '· < ':\:z;<~ , .. " ...... ·:-:· 
· .... , ,. 

· .. ·. 
'. 
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Once £
0

(e) is known, many quantities of interest can be calculated. The 

mean electron energy in the drift frame is E' = 1 £0(~) E dE. The distribution of 
. . . . - . . 

electron speed in the gas frame. is 1 P(v; E )f0(E )dE, and the mean elect~on energy. · 

·:.in the gas frame is ~ + ~ mv d 
2 

•. The rate at which a collision pro·c~ss -such. as . 

. .ionization~ dissociation,. or excitat:i.on-proceeds is determined by 

J <).v vi(v) }.' P(v;< )£0(~) = j d< Ni(, )£0(< ), .. 

.. . , . 

·where vj(v) .is the collision frequency for the process. 

IV. DRIFT. ALONG .;E IN THE GAS FRAME -
Other quantities of interest are the diffusion tensor, which we will not .,_ 

discuss here, and the drift speed of the electrons along -E -· in. the gas frame. 

To calculate the latter we assume E = Ea and B = Ba 
. . . . . :"" y :. - z 

I, 

so that vd = ·vda • ·· \ 
.,. X ~ 

From the electron equations of motion in the gas frame, -the y.;position of an 

. .. 

electron is y = Y + (v d - v x> /wb' where . Y is. the y-position of its guiding center •. 

One can verify that the effect of a collision of process j at y upon.the mean 
1.'' 

guiding-center position of the electrons is det~rmined by 

n. n. 
J J .. 

~· (Y. Y') I (v . vx')/wb ':' =· .. 
' 1 , Xl 

i=l . i=l 

where.the guiding center of the incident electron is at Y', and those of the out­

going electr.ons are at Y., and whe.re the speede; are those at the collision~ The 
1 . . . . . . 

. 

contribution of 'collision process j ~o ~he drift speed of the electrons with energy 

1 . 2 
·.• E 1 = - mV'· and speed V 1 is 

2 

·· .. 

. ', .~ . 

where we have .used the definition of the momentum_-transfer collision frequency, 
. . 2 2 2 

· and where v x' = (v' e + v d - V' )/2v d' Notice that. electr.on atta:chment processes· . 

. '•, 
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do not contribute, since for them. n. = 0 and v j ;;. ,) . For elastic and in- . · 
J m 

. . 

elastic processes only the momentum:;•transfer collision frequency is important, 

since for them n. = 1. 
J 

By averaging over· E' and . v' and summing over the collision processes 

j, ·we find ,{dropping the. pr.imes) .. ;·· .. ; ~ I ~'' 

v = E 

(21) . . . . 

··In additio~ to the· term involving vm' we have a_. term L (n~·l)vl that accounts 
j J 

. for the changing number of elect~ons •. This result does not depend upo~n the 

· neglect of molecular recoiL 

V. COMPARISON WITH THE USUAL METHOD OF SOLUTION 

In the usual approach, the assumption of "large wb 'T" consists of re·-. 

·placing [1 + (wb'T) 2] l/2 by wb'T throughout .. ·~hen this approximation is good, 

" .·.the two.methods of solution should 'agree in the limit of small v d'. This agree-

ment can be demonstrated. 
' . . . : 

. '· .,. 

To illustrate the comparison, we consider· vE as given by.Eq. (21). By· 
. . . 

assuming that v d << v and that P(v; E) is given by Eq. (18), we can carry out j 

the integral over i by expanding the integrand iri a Taylor· sel'ies about V •.. 

The result is a· power series ill. (vd/V)2 with the. first term being '· ·. 
. . . 

'·· .· . -.: 

_ ___,vd.._ a {v3 [v · (V) ~ L (ri.'-l)vj(V)]} 
3V2w a V m . · J . . 

. b ' . . J. . ' . ' '. 

If most of the electro.ns in the di.stribution satisfy the c:on:dition (v d/V)
2 << 1; 

. . : .. . : . _;' . 

. we can use this term in E·q. · {21) to find . 

· ... ' . ' 

.. (22) . 
. : '·· 

' j' ; 

·_.·, 
' . ' : ~ 
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. If we assume elastic ·co:+lisions are much more probable than any other, this 

formula is identical to that found by the usual method. l We clearly see that 

the usual method is adequate only wh~n "E ». ~ mv d 
2 

and when elastic collisions. 

are much more probable than any other. The usual approach also shows that 

the drift speed along . !E X~ in the gas frame .is v d' as expected. 

In the same manne;r:, we can demonstrate the'e:quivalence o£ Eq. (8) to the 
. . ' 

. .· . . ~ . ' 

equation in the usual approach that determines F 0(v, t), the isotropic part of-_ 

the electr.on velocity distribution in the lab frame. By using P(v;E) as given_ 

by Eq~ (18) a~d Gj(e;e') as given by Eq. (lS)'or Eq. (17), we carry o~t the 

integrals in Eqs. (9) and {10) by assuming v>>vd and proceeding as above. 

This yields (8£/8t)j in a power.seriesin (vd/V)
2

• ]for inelastic, electron.:. 

attachment, and ionization processes the first term in this expansion is identical · 
. . . . 5 
• _to that found by the usual approach. For elastic collisions the first term 

vanishes, but because the usual approach assumes elastic- collisions are much 

) · · more probable than any other, we keep the second term. To facilitate comparison . 

. /. 

I .. I 

' ·-

with the usual method we introduce an isotrop~c distribution of velocity in the 

drift.i:rame' by defining g(V, t) = ~f(E, t)/4nV. Then, after a considerable 
. ' ,.,.,.. . . 

amount of algebra, we find 

where. 

D·. :. - _ .· 2 elas (V)/3 
V ' - vd v .• m ~ 

(23) 

Thus elastic collisions cause the isotropic velocity distribution g(V , t) to diffuse -. . 
in velocity space, the diffusion constant being .that from kinetic theory with the 

mean free path replaced by v d' This result follows from the usual approach 

only when- f(E, t) is near the form of Eq. (20); our analysis shows that such an 

assumption is not necessaxy. 
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Ip. Eq. (19), v d represents the n'1olecular speed in the· drift frame. If 

the molecules are not at rest in the gas frame, so that they have a distribution 

· P(u) of.speed u in the drift frame, Eq. {19) is generalized to 

(24) 

When :·:7 » ~ mv d 
2 and elastic collisions are much more p;obable than any 

other, we have shown above that x {e, e':';v d) depends upon v d only through 

Dv ·in Eq. (23) .. Thus the integral over u in Eq. (24) simply genera~izes Dv· 

from Eq. (23) to 

/"~::::, 

where (;; is the mean kinetic energy of the molecules in the gas frame. This 

result generalizes the result of the usual approach, which assumes the molecules 

have a Maxwellian velocity distribution in the drift frame. 

The inclusion of the molecular recoil will lead to a term in (a g/a t) 
1 e as 

that is of zero orde:r in (v d 2;v2) .. We can \d.educe this term from the following· 

. facts: 

(a) ·This term cannot alter the number of electrons, and it must vanish " >:;:·:. 
, ........ ~-

"-·) 

when m/M = 0. 

(b) When v d = 0 and the gas molecules have a Maxwellian velocity distribution, 

(&g/8t)elas mustvanish when g(y) is a Maxwellian velocity distribution 

· with the same temperature. 

1 2 
The result is that when "E » 2' mv d , 

I ag \ 

\ 8t ) ' 
elas 

:::_ v elas (V) V g (V, t)]. 
M.· m -· -

(26) 

The term in m/M agrees with that -found by th~ usual approach. From Eq. (26) 

,,· 
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· we conclude that elastic collisions always tend to make g(V, t) a. Maxwellian -
velocity distribution, in which the mean energy of an electron is 

__t M 1
\

1
u 2 ) = .!.. Mvd2 + r;,o, since for this distribution (C>g/8t) 1 vanishes; this 2 · · :z . G · · · · · . e as 

result is independent of the nature of v elas(V). 
m .. ·· . 

. :~. ,: . 

VI. CONCLUSION 

'I By assuming the electron velocity distribution is isotropic in the drift 

I frame, We derived an equation that determines the electron energy distribution 
.... /. 

in the drift fl-ame. ··.We then sho~ed how to calculate quantities. of physical interest, 

such as ionization rates and electron drift speeds, fr~m· this energy distribution. 

We expect the results calculated with this assumption to be a good approximation 

to the correct results, as we discussed briefly. 

Comparison o£ our results with those of the usual method of .solution in the 
. . 2 . . . .· . 

11large wb T" limit. [when (wbT) » 1) ~howed 'that the usual method is adequate .. 

when the mean electron kinetic energy is large compared with ~ mv d 
2

. · When 
. . 

these conditions are satisfied, the effect of elastic collisions without re·coil is 

a diffusion of the electron velocity distribution in velocity space. and the diffusion 

coefficient has a very simple form. 

'. 

! • I ~ 
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FIGURE CAPTION 

·Fig. l. The energy-scatter function. for elastic scattering when·. 
l . 2 . / 

E' = Z mv d and when the scattering is isotropic and the cross 

section, is constant. The electron velocity· distribution in the· 

drift frame is. assumed to ( l) be isotropic; .(2) be weighted by 

si~2 ~ •. or' (3) contain only ,5/2, where 5. is the angle between· 
. ! . 

· B .and the electron velocity in the drift frame. -
· .. 

·" 

r, 

" ' ~ .. •, ... 
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