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ABSTRACT 

The Berkeley 15-inch hydrogen bubble chamber was used at the 

Bevatron to investigate n:+-p interactions at 600 MeV. Seventeen 

hundred and thirty-eight good events were found; 71.9 ± 0.8% of 

these were elastic. The inelastic interactions were almost en-

tirely single pion production. 

The elastic angular distribution was fitted by a fourth order 

polynomial in cos e . This implies that states with an orbital c.m. 

angular momentum of at least 2 'h were present. It was also shown 

that the upper bound of the total angular momentwn was at least 

(5/2) n, where 1\ is Plank's constant divided by 2 n:. 

For the single pion production, the ratio of the number of 

+ + 0 interactions of the type n: + p ~n: + p +.n: to those of the type 

n:+ + p ~n:+ + n + n:+ was found to be 5.5 ± 0.8. This result is in 

good qualitative agreement with the value 6.5 predicted by Sternheimer 

4 and Lindenbaum. The pion momentum spectra for the reaction 

+ . + 0 n: + p ~ n: + p + n: do not show the dip predicted by Bergia, 

Bonsignori, and Stanghellini. 3 A peak was found in the Q(n: \r 0
) dis-

tribution; however, it is thought that this peak is more likely to be 

an effect of the (3/2, 3/2) pion~nucleon isobar than that of a n:-n: 

resonance. Angular distributions are also given for the inelastic 

events. 



-1-

IN'I'RODUC'l'ION 

+ In this experiment both elastic and inelastic n -p inter-

actions were investigated in a hydrogen bubble chamber. The 

momentum of the incident beam was 725 ± 13 MeV/ c in the laboratory. 

Before describing the experiment, elastic scattering and single 

pion production in this energy region will be discussed briefly. 

Elastic Interactions 

The group of reactions 

pion+ nucleon ~pion+ nucleon 

1 can be described by two isotopic spin amplitudes, A1; 2 and A
3
; 2 · 

'rhe subscripts are equal to the total isotopic spin, T. Three of 

the' more interesting reactions are: 

n + p ~n + p 

n + p ~n 0 + n 

+ + 
n + p ~n + p 

The amplitudes for these reactions written in terms of the two 

isotopic spin amplitudes are respectively: 

Ae-1 ::: 2/ 3Al/2 + l/3A3/2 

A- ff 
= 3 (Al/2 - A3/2) ex (la) 

A+ 
el == A3/ 2 



' 'J'lie 'un~c~ulur dj ::rtri. but :Lon for each reaetion is propoitional 'to 

the !i:i.bsoJ ute uquare oJ' the (~orrespundJ.ne; amplitude. 

d.o (-;l C( It \ J\1/ 2 I ~) 

do e-x cL 2 I A 1/2 I ~? 

do;,_ CC I AJ/212 

'I'he proportJ.onali ty constant is the same if the mass difference 

within a given·isotopic multiplet is neglected. 

At 600 MeV there is a peak in the :rr--p total cross section, 

but not in the 1r + -p total cross section. 9, 10 Since the :rr -p 

system is a.dtlixture of 1' = l/2 and T = 3/2 states, while the rr + -p 

system is a pure '1' == 3/2 state, it follows that if this peak is due 

to a resonance, the resonance must be in the T = 1/2 state. All 

three of the a:bove differential cross sections are needed to obtain 

.which in turn ·must be fitted witl1 phase shifts to determine 

whether or .not one of them goes through 1rj2. 

+ Anotf:le r approach is to f'i.t the n: -p and :rr -p eros s section 

-data and polarization data with phase shifts by using random search 

programs. T'he partial wave· amplitudes obtained in this way are 

related by formulas completely analogous to (la). The first and 

third of the corresponding equations for the partial waves can be 

solved for both the real and imaginary parts of the T 1/2 

and. T 3/2 phase shifts. 2 Thus, by using the random 

search technique ·the charge exchange data, which is difficult 
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to obtain experimentally, is not absolutely necessary. 

For the random search method to be successful, data is re-

{ ' 

quired at several energies. In this experiment the elastic 

angular distributiorl, branching ratios, and numerous inelastic 

distributions are determined for a bemn energy of 600 MeV. 

Inelastic Interactions 

The energy of the incident pion beam, 600 MeV, is below 

the threshold for the production of strange particles. Thus, 

pion production is the only possible inelastic process. 

Kinematics permits as high as triple pion production; however, 

from this experiment the inelastic cross section is almost 

entirely single pion production. 

'l'he question arises as to which of the known resonances 

could possibly contribute to single pion production at this 

energy. The reactions are: 

+ + 0 
n: +p~n: +p+n: 

+ + 
~n: +n+rr 

There are two possibilities: either a two-pion resonance, 

or the' (3/2, 3/2) pion-nucleon isobar. In this experiment the 
\ 

total mass of the two pions cannot be greater than 574 MeV. They 

must have 'I' > 1 in the first reaction and T > 2 in the second. 

These restrictions preclude all of the establishEd two pion 

resonances. 'l'his leaves the (3/2, 3/2) pion-nucleon iso,bar. 
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N* (3,3) Isobar This isobar has J = 3/2, T = 3/2, even parity, 

mass = 1238 MeV, and r = 145 MeV. Expanding T = 3/2, T3 = 3/2 in 

terms of the isobar and one extra pion gives: 

ln+p>~ ·1~ n°(n+p)-Kn+(n°p)-i2':n+(n+n)\ 
1s V15 . . vi5 'I 

The brackets ( ) enclose the pair of particles forming the isobar. 

Thus, the isobar can contribute to both reactions being considered. 

In the present experiment the pion-nucleon total mass lies be-

tween 1079 MeV and 1372 MeV. Thus, the isobar practically covers 

the available phase space. Therefore, the (3/2, 3/2) isobar is 

very likely to play an important role in single pion production in 

the present experiment. 

Bergia, Bonsignori, and Stanghellini 3 have reformulated the 

4 
isobar model of Sternheimer and Lindenbaum. 

The model due to Bergia et al. 3(BBS) will be outlined briefly 

and then related to the Sternheimer and Lindenbaum model. This 

whole discussion follows that given by BBS. 

As seen f.rom the isotopic spin expansion above there are two 

amplitudes which can be formed with the isobar in the reaction 

1{ + + p ~ 1{ + + p + 1{0. 

\ I 
\ I 

p 
.-& I 

Mb '~ -~ . p 

~ 
Now BBS point out that these two diagrams are indistinguishable ex-

perimentally and therefore their amplitudes should be added, not 

their cross sections. Thus, 

, 
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CXM + f3M I'? p a b 

where ex and f3 are the Clebs~h-Gordan coefficients, and p is a sym-

bol for the phase spa~e factors. .BBG used a theoretical expression 

forMa and Mb which had successfully described the (3,3) elastic 

resonance. In order to calculate momentum spectra of the two out

* going pions, t11ey assumed that the N production was isotropic and 

that it decayed isotropically in its own rest frame. These assump-

tions were made to simplify their calculations, especially since 

the correct production angular distribution was not known. 

The interference between Ma and Mb was destructive and pro

duced a large dip in the momentum spectra of the outgo.ing pions. 

(See Fig. 19 and Fig. 20). Now BBS state that if the interference 

term is neglected, their model reduces to the Sternheimer and 

Lindenbaum model. 'rhis c'orresponds to combining cross sections 

instead of amplitudes. 

· In this experiment it was of interest to see whether or not 

there was a dip in these momentum spectra. 

+ + + In the BJ3S model the reaction :n: + p ~ :n: + n + :n: does not 

have an interference term, because this reaction has only one 

amplitude. 
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EXJ'ERIM!~NTAL PROCEDURE 

'l'his expe:dment was done at the Bevatron in the Berkeley 15 inch 

-hydrogen bubble chamber. . + 
The beam was a separated :rc beam, which was 

built by G. Goldhaber, S. Goldhaber, Kadyk, Stubbs, Stork, and Ticho.5 

The layout is shown in Fig. 1. + . It was origina:).ly designed as a K beam 

+ and was .ret_uned to separate :n: mesons. No change in the construction or 

layout of the apparatus was required. The circulating proton beam in 

the :Bevatron was. reduced to 109 protons per pulse in order to obtain 

- . + . 
a flux of about _25 :rc mesons per pulse in the bubble chamber. 

Goldhaber et al. have described the beam and its operation in 
.............. ---

detail.- Therefore, only the changes in operating conditions required 

to separate pions rather than kaons wil-l be discussed here. 

· As ·seen in Fig. l ·the're were two stages of separation. This has 

several advantages over a long single stage as pointed out in reference 5. 

To insure that the beam was centered at each of the two slits, three 

thin counters were mounted side by side in ·front of each slit. These 

were intended primarily to align the beam. However, even when the 

experiment was in progress the triad of counters at the first slit was 

+ used to keep the separated :rc beam centered on the first slit. While 

the pictures were actually being taken, the pion flux was too low for 

the triad to give a reliable image of the beam in a single pulse, so 

the triad was lowered 3/4 inch into the separated proton beam. The 

spectrometers were well regulated which made the distance between the 

separated pion beam and the separated proton beam very constant. To 

make this distance a convenient 3/4 inch, the voltage across the 



•• 
T 

Proton beam<E----f-/- ---4_ 
27.5 ° \.. ............... 

--~-=;..-

C h oriz 
Cvert Bevatron 

Scale 
0 5 10 Feet 
I I I 

----15- inch bubble chamber 

MU-23978 

+ + Fig. l Layout of the separated rt beam. The rt beam from the 
target (T) was focused by the quadrupole Ql onto slit s1 . The 
momentum selection was effected by bending magnet BM1, and the 
subsequent mass separation by the crossed electric and magnetic 
fields in spectrometer SP1 . The second stage was essentially a 
mirror image of the first. The steering magnet SM was intro
duced for additional freedom in the horizontal plane. Choriz 
and Cvert were horizontal and vertical collimators, respective
ly. (Reprinted from Phys. Rev. Letters 7, 188 (15()1) by per-
mission). -



-8-

parallel plates in th'e first spectrometer was reduced to 164 kilovolts. 

The second spectrometer was operated at 310 kilovolts. 

The middle COlli~ter of the second triad (B2 ) and a counter bn the 

other side of the second slit (H) were operated in coincidence to 

count the number of beam particles entering the chamber. Th1s infor-

mation was displayed on a pair of meters l8beledB2H, which were ,photo

graphed with the bubble chamber. 

The momentum was checked by stopping protons in copper directly 

in front of the chamber. This gave 725 ± 7 M.eV/c at the center of 

the chamber. The quoted error is the uncertainty in the central 

value. In analysing the data a beam momenturri of 725 MeV/ c ± L8% at 
. :~ 

the center of the chamber was used. ·The 1.8% was the actual. momentum 

spread found by Goldhaber et;. al. 5 The central value was also y'eri-

fi.ed by curvature measurements of tracks in the bubble chamber .. See 

Fig. 2, The errors in the curvature measurements were too large to 

check the spread in the beam 1 s momentum. 

The only non-negligible contamination in the beam was the ~ 

contamination. On the basis of a comparatively crude calculation 

this was estimated at about ten percent. However, since no abs9lute 

cross sections were measured in this experiment, the ~ contarilik~e:tion 

. has no effect on the results presented. 

Ih three and a third days of running at the Bevatron usin$ every. 

other pulse approximately 17,900 pictures were taken. 
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en -c: 
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.a 
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z 
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600 700 800 900 1000 1100 

Momentum ( MeV/c) 

MU-:18177 

Fig. 2. Histogram of the measured momentum of the incoming pion 
of the 1245 elastic events and the 493 single pion lJroduction events. 
The arrows indicate "(25 MeV/ c ± 1. 8%. 
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SCANNING AND MEASURING 

In scanning'the film, :Pictures with B2H greater than 35 counts, 

or with the B2H counter accidently turned off, were rejected. If a 

picture could not be scanned properly because of poor conditions in 

the chamber, or because the film was damaged, it was rejected. In 

the whole experiment 22.6% of the pictures were rejected. This in

cluded pictures which had no tracks at all; however, by.far the 

greatest cause for rejection was too great a beam flux. (B2H> 35). 

A rectangular fiducial region approximately 20 em by 20 em was 

defined in one view. Defining the fiducial region in only one view 

was convenient for scanning, .and fu:i-thermore was supplemented by 

much more restrictive criteria after the events were measured. The ' . 

clearance between the. fiducial region and the edge of the.bubble 

chamber was about 8 centimeters at the ends and 5 centimeters on the 

sides, 

The pictures were scanned for all interactions of beam tracks 

inside the fiducial region. A. beam track ~as defined as an incoming 

track which (1) entered the fiducial region by crossing its upbeam 

edge, .(2) had positive charge, (3) was within a certain projected 

anguiar interval, (4) was minimum ioniZing and (5) had curvature 

greater than a fixed minimum. 

All events, except single prong forward scatters, were submitted 

to be measured. There were 2494 '± 1 of these, of which all but 8 had 

two outgoing prongs. 

• 

' 



t 

-11-

'J:he events were measured on a digitized microscope, which measured 

the position of points along each track with respect to fiducial marks 

in two views. 'l'hese data were automatically punched out on IBM cards 

by the microscope. The punched cards were in turn used by a computer 

to reconstruct the events in space. 

All of tpe scanning was done by two people, a professional .scanner 

and the writer. There were 49 reels of film; of these. 32 were scanned 

by the scanner and 28 by the writer. Eleven reels were scanned by both 

people to determine scanning effid.encies. 

On the basis of the 1738 events that were eventually selected with 

which to do physics the average scanning efficiency for the experiment 

was greater than 95 percent. No scanning bias was found for the in

elastic events. However, a scanning bias was observed for the elastic 

events. This bias was not large, and was well determined. The details 

of the corrections made will be explained later in the section on 

Corrections. 

The writer looked at each event at least twice in order to find 

any possible errors. These were corrected during subsequent runs with 

the computer. 
" 
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DA'l'A REDUCTION 

'l'he data reduction of the output from the digitized microscope 

was done by Howard White's group using.the FOG CLOUDY FAIR system 

6 of programs on an IBM 7090 computer. 

In very brief and much oversimplified terms the FOG CLOUDY 

FAIR system breaks down as follows: 

FOG checks the internal consistency of the input measurements, 

and if these are acceptable for a given event, reconstructs'posi-

tions, momenta, and angles in space. FOG also assigns the various 

possible combinations of masses to the tracks of each event. 

CLOUDY is a kinematical analysis program. First, it calculates 

the errors in·the measured angles and momenta, and then constrains 

the· events to fit definite reactions. This is done by minimizing 

Chi-square subject to energy and momentum conservation. 6 ' 7 The 

program computes the fitted quantities, their errors, Chi-square 

and quantities that were not measurable, such as the direction and 

• 
momentum of a neutral track. Since the fitting is an iterative 

_procedure, it also states the momentum and energy unbalance before 

and after iterating. CLOUDY also performs kinematical calculations 

such as finding momenta and angles in the center of momentum frame, 

etc. 

FAIR provides the output format for the CLOUDY program. FAIR 

also makes lists and histograms of the data subject to whatever 

condit:tons the physicist requests. 

A much more complete description is given in reference 6. 

' 



• 

-13-

:Fr'c,::Do'Odu,ction 
~-.. ---:_ .... 

Since this was the first time FOG CLOUDY FAIR was used to analyse 

data from the Berkeley 15-inch hydrogen bubble chamber, it was neces-

sary to adapt F'OG to accomodate the new chamber. This was done by 

professional programmers in Howard White's group. The results were 

checked statistically by plotting scatter diagrams and histograms of 

a number of quantities. Among the most sensitive of these were SA, 

SB, and SP, each of which is defined for each track. The coordinate 

system is shown in Fig. J. 

The definition of SA is 

SA -
ex 

c 
(ex 

c 

- ex m 
ex ) 

m rrns 

where ex and ex are the constrained and measured values of ex respec-
c m 

tively. 7 If the distribution of ex is gaussian, then the distribution 
m 

of SA is gaussian with a mean value of zero and a standard deviation of 

one', 

SB and SP are defined in a manner completely analogous to SA. 

They refer to the angle ~ (see Fig. 3), and to the momentum respective-

ly. 

In order to use SA, SB, aud SP, it is necessary to constrain the 

events to some hypothesis, and to select those that satisfy the hy-

pothesis. In preproduction a portion of the events were constrained 

to be elastic. Those for which Chi-square was less than 13 were 

accepted (4 degrees of freedom). This gave samples' of about 150 

events. For each,track of these elastic events histograms of SA, SB7 

and SP were plotted. By using these pl~ts as a guide the constant 

associated with third order aberrations in the bubble chamber's 
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z 

I 
Track 

X 

MU-18491 

Fig. 3· The coordinate system used by FOG CLOUDY FAIR. The 
z-axis points towards the cameras. 

' 
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optical system was evaluated. It was extremely small. Also, the 

value of a was adjusted 0.5 degrees. Histogrruns of SA, SB, and SP 

for each of the three tracks, a:fter the constants in FOG were com

pletely determin'ed, are shown in Figs. 4, 5, and 6. These events 

had x2 < 13 and also satisfied condition (4) explained in the next 

chapter. The histogram of SP for protons includes only those whose 

momenta were determined by curvature. The SP histogram for momenta 

determined by range has little meaning because the program fixed 

the measurement error on all range tracks at three percent, and 

would not let the constrained value of the momentum be less than 

the measured value. In Figs. 4, 5, and 6 the median, mean, and 

standard deviations are given. The normal distribution plotted on 

each histogram has the same standard deviation as the corresponding 

histogram and was centered visually for the best fit. An arrow 

indicates the center point. The only central value that is dis

placed by more than 0.2 is that for SP of the outgoing pion, which 

is 0.3. 

The standard deviations as shown in Figs. 4 through 6 are quite 

close to unityJ hence the errors were not adjusted in any way. Thus 

the errors quoted by the program were arrived at on a definite 

physical basis. 

Beam Editing and Beam Criteria 

CLOUDY substituted a value of 730 MeV/c ± 1.8% for the 

momentum of every beam track at a point 19 centimeters up-beam 

from the center of the chamber ( x = -19.0 em). This corres

ponded roughly to the end of the chamber. CLOUDY also corrected 
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(a) 

Fig. 4 (a,b,c). Preproduction. There are 152 events in each 
of these plots. They are histograms of SA for (a) the in
coming pion, (b) the outgoing pion, (c) the outgoing proton. 
For each distrj_bution the parameters are: 

(a) 
(b) 
(c) 

median mean Std. Dev. 
0.10 0.05 0.94' 

•0.14 -0.13 0.98 
-0.18 -o.o6 1.03 

Std. Dev. of mean 
0.08 
0.08 
0.08 

' 
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14 
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0 -3.6 -2.4 -1.2 0 1.2 2.4 3.6 

SB 

MU-18179 

Fig. 5 (a,b,c). Preproduction. There are 152 events in each 
of these plots. They are histograms of SB for (a) the in
coming pion, (b) the outgoing pion, (c) the outgoing proton. 
For each distribution the parameters are: 

(a) 
(b) 
(c) 

median mean Std. Dev. 
-0.03 -0.02 1.02 
0.15 0.16 1.11 

-0.14 -0.11 1.13 

Std. Dev. of mean 
.o.os 
0.09 
0.09 
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16 

12 
(a) 
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4 

0 

(b) 

C/1 16 -c: 
cu 12 > cu -0 8 .. 
cu 
.l:l 4 
E 
::> z 0 

MU-79780 

Fig. 6 (a,b,c). Preproduction. There are 152 events in (a) and 
(b), while there are 126 events in (c). These are histograms 
of SP for (a) the incoming pion, (b) the outgoing pion, (c) the 
outgoing proton. For each distribution the parameters are: 

median mean Std. Dev. Std. Dev. of mean 
(a) -0.24 -0.17 0.98 0.08 
(b) 0.30 0.42 1.15 0.09 
(c) 0.04 0.07 1.01 0.09 

t 
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for the energy loss in the liquid hydrogen down the beam track 

to the point of interaction. This corresponded to 725 MeV/c ± 1.8% 

at the geometrical center of the chamber. 

Histograms were made of a, ~' y, and z which led to the follow-

ing beam criteria: 

For x ~ -19.0 centimeters 

87.5° <a< 93.0° 

3.0° < ~ < 10.0° 

63.0cm ~ z < 68.0 em 

(l) 

There was a condition on y also; however, it merely redefined the 

scanning table criterion and did not eliminate any events. The 

median plane of the chamber in the z direction was z ~ 65 centi-

meters. 

+ Since th~ elastic and inelastic rr -p cross sections are 

quite strongly energy dependent in the region of this experiment, 

a criterion was imposed directly on the measured value of the in-

coming track's momentum. The criterion was 

PCEN (l + DPEXT) ~ 700 MeV/c (2) 

PCEN was the measured momentum at the center of the incoming track. 

DPEXT was the relative external error. That is, it included both 

the er.ror due to multiple scattering and an expected average error 

made in measuring the position of the points along the track. CLOUDY 

also computed DPINT' the internal error, which was the relative error 

in the momentum based on the departure of the actual measured points 

from the arc of a circle. 
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The criterion (2) was designed to eliminate pions that may have 

scraped the edge of the beam channel and otill satisfied criteria 

(1). The criterion was very stringent, and it probably caused a 

number of perfectly good incoming tracks to be rejected. However, 

it was felt that it was vital that the incoming beam be very well 

defined, even though it reduced the statistics somewhat. 

Production 

The events were divided into two categories, E and N. The 

events in category N were obvious inelastics just from their ap

pearance on the scan table. That is, both outgoing prongs were on 

the same side of the incoming track, or by comparing two views the 

event absolutely had to be noncoplanar, or there was a Dalitz pair 

(two events). Except for the two events with Dalitz pairs, all 

events with other than two outgoing prongs (8 events) were not pro

cessed. The events in category E then were either elastic or j_n

elastic. CLOUDY fitted the two categories of events as follows: 

Category E 

+ + 
:n: + p ~11 + p 

+ 0 
~11 + p + 11 

+ + 
~11 + n + 1( 

Category N 
(3) 

+ + 0 
11 + p ~11 + p + 11 

+ + 
~11 + n + 11 

In fitting each of these reactions CLOUDY tried all possible 

mass permutations of the outgoing particles. Thus for category E 

there were five mass permutations, and for catagory N 
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'l'he:r.·e were three ma.s~> permutations. Only 6 events were found with 

more than two outgoing prongs, so multiple pion production was 

neglected. 

The beam was edited as de e.cribed in the previous section. 
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ACCEPTANCE AND CLASSIFICATION 

The acceptance of events and their classification as elastic 

or inelastic was done one event at a time. 

First, the measured quantities for the incoming track in the 

FOG CLOUDY FAIR output had to satisfy the beam criteria (1) and (2). 

If the incoming track of a given event did not pass the beam 

criteria, it was checked on the scan table. When the measure of 

the incoming track was at all questionable, the event was remeasur

ed; 

For each event that passed the beam criteria, the measured 

angles, track lengths and signs of curvature from FOG CLOUDY FAIR 

were checked roughly on the scan taple to catch any obvious errors. 

The curvature was not ·systematically checked with templates; however, 

extremely obvious momentum errors were caught. If any errors were 

found, the event was submitted to be remeasured, unless it appeared 

to be uilineasurable, in which case it was rejected. 

If·no errors were found, the measured values of the momentum 

and dip angle for the two outgoing tracks were used in conjunction 

with the relative ionization as seen on the scan table to separate 

protons from pions. This was a very simple procedure. Almost all 

of the outgoing tracks had momenta such that if they were pions 

they were minimum, and if they were protons they were well above 

minimum, and were very dark on the scan table., In a very few cases 

where there was any doubt about the mass of the particle, both 

.> 
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por;::.!iiJiLJc[; were cun:..ddered.. JL war;, of course, assumed that all 

iHLerucliurw were on hydrogen, co t11ere eould not be more than one 

outgoj ug pro Lon. ll'rackG tim\. rJLopped in the chamber were counted 

as pruLOJw . .None ol' tllece ul1owed the n-p-e decay seheme, whieh 

v10uld l1ave been typical of a stopping pi -plus. Tracks that defin

itely went backward Jn the laboratory were counted as pi-pluses, 

becaune ktnematicr; preventf; the proton from doinr; so. 

Up to thls point Lhe data for the events Here cr1ecked by a 

professional scanner. ]~wever, the writer checked all the events 

that i'aJled tl1e beam criteria, or for which a possible error had 

been J'ound aL the ncan table, and made the f.inal decision on each 

of them. 

Arter the mass ar;signment for each of the two outgoing pror1gs 

had been made, the writer made furtber checks on the output. The 

beam criterja were checked agaln briefly. Also, the internal con

slr>tency o:l' DPlN'l' and DPEX'I' was looked at. If DPINT were greater 

than DPEX~' J'or a given track, the track was checked again on the 

scan talJle for errors :i.n its angles or curvature. If' DPINT and 

DPEX'l' were both greater than 10 percent, and DPINT greater than 

twice DPIGX'l' the event was remeasured; unless a reason for the 

relatively large DPJN'l' could be found at the scan table, such as 

turbulence, or a very steep trac:k. 

r~:vents that [3urv i ved the above :..>crutiny were separated :into 

eltwtic or ~; :Lrq~le piou pro due Lion cata1.;ories using Cit i -.squn:xe. 

Before 1~oLr11~ in Lu tlli s, i L ic advant.a1\eous Lo deJ'Jne four quanti-

tiec thnt were comptlted lly CLOLn)Y, 1''
1

, F2 , F_f and Jo'1
1

• 

elar;Llc eventr; 

For 



-24-
I 

F1 was the longitudinal momentum unbalance in the laboratory 
of all three tracks at the vertex of the event. 

was the transverse momentum unbalance when all three tracks 
were coplanar. That is F2 = P1 sin 81 - P2 sin e2 where P1 
and P2 are momenta of the two outgoing tracks, and el and 
e2 ar~ the corresponding scattering angles. 

was the coplanari ty ( -1 ::_ F 
3 

::_ + 1). 

was the total energy unbalance. 

For inelastic events F1 , F2, and F
3 

were the three components of 

the momentum unbalance, F4 remained the total energy unbalance. 

The Fis were evaluated by the program before and after constraining. 

an event to fit a given hypothesis. When a neutral particle was 

assu.rn.ed to be present then F1 , F2 and F
3 

were zero before con

straints, leaving only one degree of freedom in the Chi-square 

sense. Elastic events had four degrees of freedom. By definition 

the F1s had to vanish after constraints for the fitted momenta and 

angles to have meaning. When they did not vanish this meant that 

the program had been unable to fit the data to the hypothesis and 

that the value df Chi-square was meaningless. When the F's vanished 

the val~e of Chi-square computed by CLOUDY had meaning, and could be 

interpreted in terms of the Chi-square probability distribution
8 

Now, since the fitting procedure was an iterative one, the condition 

that _the F's vanish was relaxed to that of demanding that each of the 

F's be less than a fixed upper limit after constraints. 

I F1 I::_ 9 MeV/ c 

I F 2 I ::_ 9 MeV/ c 

I F31:: .009 

j F4 I::_ 9 MeV 

These were 

(4) 

for both elastic and inelastic events. Although these numbers were 

chosen somewhat arbitrarily, it was felt that they were large compared 

to the combined measurement errors. If after constraining an event, 



the condJt.lorw (4) were uoL suL!r;J'Jed, it was uaid tltat the "fit 

wuo non-conver·genL". Ji'or the vu.st majority of those fits that did 

converge, u.U the Ji''s were aL least an order of magnitude less than 

tlleir rcspeeti ve upper li.rn.t t:;. 

'J'!Je oepa:ru.t jon wac done in the followi.ng manner. 

When the output for an event had been thoroughly scrutinized 

as previously described, Chi--square was noted subject to the 

condi Lion ( J~) on the li' 1 s for all those hypotheses that were con-

sistet1t with the previously made mass assignment and the scanning 

cateeory, (E or N). 

It wa.o demanded that an event not only fit the category into 

which it was finally put, but further that it not fi.t any other 

permitted by the mass assignment. 

'l'he process of categorising the events one at a time was 

carried through three "iteratiqns". By that it is meant that the 

measures were categorised; their remeasures were categorised, and 

the remeasures of' ·the first remeasures were categorised. At this 

point over 90f,1 of the events had been definitely categorised. 

During the first two iterations even though an event could be 

definitely categorised as eHI.Stic (or inelastic), if its Chi-square 

2'1'" ( '2'-'() . were high, that is X /,.) or X ~· , it was often remeasured or1 

this basis alone. However, during the third iteration an event was 

remeasured only if there was something specific wrong with the 

measurement, or if there was some question about an event that had 

failed tile beatn criteria, but not on the basis of Chi-square. 

Further, :it was made certain that no events remained to be remeasur-

ed on the basis of Chi-square from a previous iterati.on. Note that 
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. '· . ·; 

44 46 48 50 52 54 56 58 60 62 
y ( em) 

Mli-2i776 

Fig. 7. f3 versus y for the incoming track at x = -19.0 em. The 
band. used. as·a. beam criterion is outlined. The upper left hand 
corner :is cut off because it runs into the original 10° upper 
bound on·~. '!n the·program the sloping lines were approxiliiB.ted 
by a series of 0.2° steps in ~. 



the remeasuring of events discussed above refers only to those 

requested by the physicist and not to those which were done auto-

matically as a result of FOG's consistency checks. 

After the events had been separated a further beam criterion 

was imposed. 'l'he beam was fanned out from the second slit in the 

x-y plane just before entering the chamber. Thus one wuuld expect 

a correlation between f3 andy at x = -19.0 centimeters (See page 19). 

After the second iteration this was verified by making a scatter 

diagram of the measured values of f3 and y for about half of the 

elastic events. The scatter diagram showed the expecte.d correlation, 

and so a band was defined. (See Fig. 7) This correlation is very 

consistent with that expected from the optics of the beam.5 This 

was repeated for the inelastic events with the same result. Thus 

the band shown in Fi~ 7 became an additional beam criterion that 

was applied to all events. This criterion was for the most part 

applied after separation, using the FAIR program. 

The final results of the separation were as follows: 

1245 events were elastic. That is x2 (elastic) :S: 30.0, and 

2 x (lrr prod) was non-convergent except for nine events 

where the program converged for a different, but possible, 

mass assignment. Of the latter nine events, five had 

x2 (ln prod)> 37.0; the remaining four had x2 
(lrr prod) 

20.2, 15.5, 14.9 and 11.5. 'l~he last four events were 

separated by comparing elastic and inelastic Chi-squares 

and demanding that the constrained momenta agree with the 

curvature and ionization as seen on the scan table. 
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418 + + 0 events were of the type rr + p -~ rr · + p + rr . 

'rhese satisfied x.2 (lrr prod) :S 15,0 and x2 (elastic) 

> 100. 2 For the vast majority x. (elastic) > 1000. There 

was only one event that was permitted by the ionization 

+ 0 + + to fit both n p rr and rr . n rr , and for which the program 

converged for both possibilities. The values of Chi-square 

were 0.2 and 21.6 respectively. 

75 
+ + + events were of the type rr + p ~rr + rr + n. For these 

2 . 
events X (lrrprod) ~ 15.0. There were no events in this 

category for which the program converged for another possible 

mass assigrunent. 

49 events <iid not.fit the elastic category or either of the 

Single pion production categories, There was no bias·in 

the ratio of events. with outgoing protons to those without. 

Also no bias was foUnd in the ratio of events in category 

E to those in category N. The angular distribution was 

plotted for the events ih category E with an outgoing proton. 

Thif? distribut:l.on had the same general features as the 

elastic angular distribution, .as·would be expected. It was 

concluded that these 49 ·events were unbiased, and that 

neglecting them would not cause a bias in the experiment. 

It ,was felt that this.group of events resulted primarily 

from measurement difficulties, ari.sing either in the film 

(small angle scatters, turbulence, etc) or in the digi-

tized microscope. The latter was more suspect. 

17 events fitted more than one category. For example, if an 

event had had x.2 (lrr prod) :S 15 and x.2 (elastic) :S 100, 
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Jt would have fallen into this category. This category was 

checked :l'or biases :in the same way as the previous one. 

'f'he angular dist,ri"huti.on did not have qui.te the same general 

shape as the elastic angular distribution, but this dif'

ference wao too small to be si.gnificant since there were 

so i'ew events. Also, there were no biases in any of the 

ratios. ~'herei'ore, neglecting these events did not bias 

the experiment. The number of events in this category, 

as e~mvared to the total number in the first thre,e categor

ies (1'(-:)8 events), represents the ability to separate the 

three reactions. However, since these events show no 

signifi.cant bias there are too few of them to affect the 

errors in the branching ratios. 

474 events failed one or more of the beam criteria. That is, 

tlley failed conditions (1) or (2), or they were not in 

the band shown in Fig. 7. These could not cause any bias, 

by definition. 

l~'iO events remained to be remeasured. Over half' of these 

either had a definite error in the measurement of the-in

com)ng track, or else they failed the beam criteria and 

there was some question about the measurement. The rest 

of these events were tested for biases in the same way as 

deseri.bed for the 49 events that did not fit any of' the 

three reaetJons. Again, no biases of any kind were found. 

'.l'he events that were belng remeasuretl because of the in

coming track eould not cause a bias since the incoming 

track is independent of the reaction . 
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1) events were not anal,yued because there was, a second scatter 

on one of tbe outgoing prongs very close to the primary 

vertex. Since t.hese few events would have required a 

separate analysis wi t.h CLOUDY, and there was no apparent 

bias they were. neglected. ':Phese events were tested for 

biases in the same way as the previous three categories. 

17 events were rejected because they could not be measured. 

'I'his included 4 events with stopping protons too short to 

measure; even so, there was no apparent bias. It was not 

possible to plot an angular distribution for these events. 

However, by looki.ng at the configuration of these events 

on the scan cards and the various ratios, no bias was de

tected. 

25 events did not have sufficient output from the computer. 

This category was checked in the same way as the previous 

category. There appeared to be a small bias in the ang

ular distribution and another in the ratio of the numper 

of events in category E to the number in category N. How

ever, both of these were much too small to affect the data. 

8 events were not ana1.ysed because they had other than two 

outgoing prongs. These were made up ofr 2 one-prong events 

which had large scatteri~g angles compared to the usual 

elastic forward scatter, 4 three-prong events, and 2 four

prong events. (Two events, each with a Dalitz pair, were 

analysed as two-prong events and are not included here.) 

·These categories accmmt for the total number of events (2493). 
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Finally, when the various categories that were checked for biases 

were combined together no significant bias could be found. 

'rhus, summarising the separation of the events: 

+ + 1245 1t + p ~n: + p events 

+ + 0 418 n: + p ~n: + p + n: events 

+ + + 
1( + p ~n: + n + 1( 75 events 

and the remaining events did not cause any bias. 

The Chi-square distribution for the elastic events is shown in 

Fig. 8. It has the general shape of the theoretical Chi-square dis-

tribution for four degrees of freedom. The peak of the experimental 

2 distribution is at about X ~ 2, where it should be, but the tail is 

considerably broader than it should be. The increase in the tail of 

the distribution indicates that experimental errors should be in-

creased by 20 to 25 percent which is what was expected from prepro-

duction. The fact that the peak is in the right place even though ' 

the tail is broader than it should be indicates that the shape of the 

curve is somewhat distorted. This is to be expected, since some events 

were remeasured on the basis of Chi-square only. (See page 25). 

The Chi-square distribution for the inelastic events is shown in 

Fig. 9. It has the same general shape as the theoretical Chi-square 

distribution for one degree of freedom, but it also has the same dis-

tortions that the elastic distribution has. 

Chi-square is weighted according to the experimental error in the 

quantities used to evaluate it. Conseque:ntly, although Chi-square 

indicates how well a given hypothesis is satisfied, it does not give 

any information as to how accurately the measurements were made. In 

order to see the accuracy of the measurements, F 1 , :F·2, F 
3 

and F4 



IOOr-~~~----------------------~--------~------, 

80 

20 

50 

MU-28708 

Fig. 8. Histogram of x.2 for the elastic events. The cut off was 
set at x2 '" 30. 0. There are 1245 events with x2 ·:S 30. 
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evaluated before constraints are BlJown for the elaBtic events in 

Ji'igs. 10 through lj. 'I'hese have halt' --widtbs at half maximum of 

(1() MeVIc, 30 MeVIc, .cno, and 60 .MeV respectively. Note that the 

half-widths of' the J•' 1 s refer to tbe combined measurement uncertainties 

of all three Lracks together. 

'l'rre F1 distribution is displaced to the negative side by about 

~?0 MeV I c; there is also a corresponding displacement of about 2U MeV 

in F4. This could mean that either the edited incoming momentum is 

high, or that the .forward component of the outgoing momentum is low. 

It was shown on page 8 that the edited value (725 MeV I c ± .l. 8f,)) 

agrees with the proton range measurement in copper and the curvature 

measurements of the incoming tracks made in the bubble chamber. 

T'herefore, :it is concluded that the edited beam momentum is correct 

within 7 Mevlc as stated on page 8, and that the displacement in 

the distribution of 1•·1 , which is not large compared to the width 

_of the distribution, is due to small syst'ematic errors in the 

measurements of the outgoing tracks. 

1'\ before constraints for the inelastic events is shown in Fig. 

14. The half~width is 20 MeV, and there is no shift. The presence 

of a neutra1 track (i.e. one degree of freedom rather than four) makes 

the distribution appear more favorable than :if the neutral track 

could actually be measured. 
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Fig. 10. Histogram of the longitudinal momentum unba.lance F1 , 
before constraints, for the 12h5 elastic events. 
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Fig. 13. Histogram of the energy unbalance F4, before constraints, 
for the 1245 elastic events. 
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for the h93 single pion production events. 
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CORRECTIONS 

No biases were detected as a result of the separation of the 

events. However, it was still necessary to correct for scanning 

efficiency and 'for any bias in the azimuthal angle, ¢. (That is, 

' the angle between the z axis and the projection of the given outgoing 

track onto the plane perpendicular to the beam track. This assumes 

the beam track lies in a plane parallel to the x-y plane.) 

The elastic and inelastic events were treated separately. 

Elastic Events 

The angular distribution was plotted as a function of the 

cosine of th~ pion scattering angle in the center of momentum frame 

(cos e ) . A cut in the forward direction was made that required. em 

cos ecm :S 0.95. At the upper limit this correspon(led to a pion 
0 . 

scattering angle of 11.3 in the laboratory and a proton range,of 

0.95 em. 0 Wher.. projected onto the film, these correspond to: 11.3 -
. 0 
to 1.5 , and 0.95 em to 0.13 em ~espectiyely, depending on the 

angle¢ of, say, the outgoing pion. Now, 1.5° and 0.13 em corres-

pond very.closely to the smallest angle and track length that can 

be measured with the microscope. Consequently, any¢ bias ,should 

not b~ large for cos e < 0.95· em -

The angular distribution was divided into several intervals 

in cos e and then the folded ¢ distribution was plotted for each em 

interval. These intervals were -t . .o to -0. 5, -0.5 to 0.0, 0.0 
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to 0.), 0.5 to 0.'('.), and then five intervals of 0.05 each up to l.O. 

For cos e <_ 0. 8'.) none 9J' these <li distributions showed a <li bias. em 

For the interval 0.8',):::_cosecm:::o.90 there was a small indication of a 

<li bias; however, it was not statistically significant. The interval 

0.90 :::_cos ecm:::_ 0.95 showed a definite, although not a very large <li 

bias. The correction appeared to be 21 to 24 events for the 96 events 

that had been observed. 

Out of the 49 reels of film, eleven were double scanned to de-

termine scanning efficiencies. Two hundred and eighty four elastic 

events were found in the reels that were double scanned. Of these, 

23 had cos e > 0.95, which left 261 events in the useful part of em 

the angular distribution. 

F'or the sake of discussion it i.s convenient to refer to the two 

scanners as A and B. Out of the above 261 events, A found one event 

which B had missed, while B found twelve events which A had missed.· 

The latter twelve events were studied as a function of cos ecm and 

<li, with the result that for 0.85 < cos e < 0.95 the scanning bias - em-

corresponded to a <li bias, while for cos e < 0.85 the scanning em 

efficiency did not depend on <li. Therefore, for cos 6 < 0. 85 the em 

usual random scanning efficiency and correction to the data was 

calculated for each column in cos e . Only three columns had em 

efficiencies of less than 100% and required corrections, and even 

these were small. (See Fig. 18.) For 0.85 < cos e < 0.95 each - em-

of the two columns was corrected for <li bias. These corrections' 

were 6 events and 21 events. (See Fig. 15) These corrections were 

actually made on the basin of the <li distributions broken down ac-

cording to scanner, as well as for the data collectively. 
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Fj_g, 15 (a, b). Histograms of the folded ill distribution for the 
elastic events with cos ec.m. intervals (a) o.85<cos ec.m.<0.90 
(107 events observed) and (b) 0.90S:cos ec.m.S:0.95 (56 events 
observed). The solid lines are the observed data. The dashed 
lines show the corrections. Folded ill = 0° li.es in the plane 
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F:lrr,. J6. llicLor:rarn of the folded¢ distribution for 11'79 ob
servr·d e1ust.ic events w:i.th cos ec.m. S 0.95. Folded¢= 0° 
lies in the plane perpendicular to the film plane. 
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In all of the above corrections the error was taken as the 

square root of tl;J.e correction. Since these corrections were for 

systematic effects, the error in each was added linearly (not in 

quadrature) to the error in the original data to which the cor-

rection had been applied. 

The folded <I> distribution, before corrections" for all of the 

elastic event$ for which cos e < 0.95 is shown in Fig. 16. em - , 

(P + 0) Events 

Even though the in:coming and the two visible outgoing tracks 

are not necessarfly 'coplanar; the <I> distribution otany outgoing 

particle should be isotropic~ Thus, even though the test is not 

as significant as for elastic events, where an actu~l correction 

can be made for <I> bias; distributions both in <I>, and in folded <I>·, 

of the outgoing rr+ for various scattering angles of the -rr+ were 

1 made;· All of these were isotropic. Possibly a more significant 

test was the <I> distribution,- and. the .folded <I> distribution, of 

+ the rr for all those (P t 0) ev:ents where the proton stopped in 

the hydrogen and had a range of less than two centimeters. There 

were only six such events in all, and they were randomly distri-

buted in <I> and in folded <I>. 'l'hus, no biases were found by looking 

at the 418 (P + o) events as a whole. In the film that was double 

scanned 80 (P + 0) events were found. Of these, ohe was found by 

scanner A and missed by scanner B, while five were found by B and 

missed by A. By looking at sketches of these five events, no. 

particular configuration was found. Furthermore, the scattering 

angle distribution, and the folded <I> distribution, of the outgoing 

+ rr for these five events were completely random. 



Of these Live events onl.Y two had r;topp:Lnf:s protons, and both of these 

had ranges greater than or equal to fj_ve centimeters. '.rhus, no 

scanning llia:;e::.; were Jound .. 

It \-Jas concluded that. there were no s:Lgrd:ficant biases in the 41e 

(P 1- U) events. 'l'bere:t'ore, the scanning effic.ienc.Y was calculated 

assuming randonmess, and the total number of events was corrected 

for tbe purpoEe of estimati.ng branching ratios. 'I'his correction 

wat; 14 events, making ·the total number of (P + 0) events 4-32 ± 25. 

'l'he error is \J 418 + vi4-~ 

It is thought that the reason a <D bias was seen for the elastic 

events, but not for the (P + 0) events, is that elastic scattering 

includes a diffraction peak which contains a sizeable fraction of 

events which are hard to see, while single pion production has no 

such peak. 

iE.._+ +)Events 

The tvro charged outgoing particles were identical, so <t> dis

tributions were of little use in looking for biases. _However, the 

positive pions did not stop in the chamber; therefore, all of the 

(n + +) events had outgoing tracks that were long enough to be 

readily visible on the scanning table. Furthermore, they did not 

have to be coplanar as in the case of elastic events. Thus, the, 

factors which frequently contribute to an azimuthal bias were not 

present. 

In the film that was double scanned, 23 (n + +) events were 

found. Scanner A did. not find any events whicb scanner B missed, 

rmt scanner B found three events vhich scanner A mi.ssed.. The 



three events showed no special eon:f:Lgurati.on, so scanning effid en-

cjes were calculated assuming randomness, and the eorrect:ion to the 

total D1Jmber of (n + +·) events was found. The eorrect:lon was 1t 

events, which made a total of 79 + 11 (n + +) events. 'l'he error 

. ·~r'· lS V () 
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NOHMAI,IZATION 

No attempt was made to measure the total path length of the 

incident pions in this experiment. Instead, existing total cross 

section measurements were used to normalize the data. 

Two extensive counter experiments to measure the ~+ - p total 

cross section as a function of energy have been done in the last 

three or four years. One was done by Brisson et al? at Saclay and 

10 
the other by Devlin et al. at Berkeley. In the energy region of 

the present experiment there appears to be a systematic difference 

in the two total cross section measurements. Using the fitted 

curVes, this difference is 2.6 mb at 600 Mev., which is slightly 

larger than the sum of the errors from the two experiments. At one 

energy this difference. would not be too surprising, but here it 

persists as a function of energy. At the present time the writer 

knows of no explanation for the difference in the two experiments. 

Consequently, the choice of one total cross section experiment over 

the other is, to a considerable extent, arbitrary. 

The present experiment has been normalized to the results of 

Brisson et a1.
9 

The reasons f9r the choice were: (l) the Brisson 

ll 
data was more consistent with the earlier experiments; (2) 

normalizing the present experiment to the Brisson result leads to a 

total elastic cross section which is more conslstent with the .result 

12 
of Helland et al. 
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9 
.Fitting a smooth curve to the data of Brisson ~"t al. gives 

+ cr total ( Jf - p ) = 16 . l ± 0 . 8 mb . 

at a. kir..etjc energy of 600 Mev for the incident pion in the laboratory. 
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RESULTS AND CONCLUSIONS 

Elastic Events 

The anc;ular distribution after being corrected, as explained in 

the section on Corrections, was fitted to a polynomial in cos e 

dcr 
dn 

n 

= L ak Cos k®c.m. 
k=O 

c.m. 

The least squares fitting was done by an IBM 704 program, FALSI, 13 

for all values of n in the interval l < n < 10. There were twenty 

experimental points, which are listed in Table I. The errors in the 

original data were taken as the square root of the number of events, 

except when there were fewer than 25 events. In the latter case 

one half of the difference between the upper and lower limits of 

the 68.3% confidence interval, as determined from the Poisson dis-

14 r 
tribution, was used. For numbers above 25 this is very nearly ~N. 

As explained in the section on Corrections, when a correction was 

added to a column its error and the error. in the original data were 

added linearly. 

The Chi-square of the fit divided by the number of degrees of 

freedom is plotted as a function of n, the order of the polynomial, 

in Fig. 17. From this figure it is seen that the angular distribu-

tion is properly fitted by a fourth order polynomial. The angular 

distribution is shown in Fig. 18. 

Integrating the area under the fitted curve in Fig. 18 gives 
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Table I. The experim~ntal data for the elastic angular distribution. 

-~· .- -- ·-" --. ~- ....... ·----·-·· ·-·-··-- ..•.. ---. ··-· ---·- ·····------- ------- .. ----····------~ ___ ... ____ _______...._ ________ _ 
_________ ..,.,..:._u•••··--·"-'''"- ·--·-.••·•••'""' ,,,,,, -"""''''~'"''"-~•·•-••·- ·-·--·-·•-• .. ow••••·-~----••·•,', ••N,,, ______ __,.,..., ___ ~-··---·•-··-- , _ __,....,.:,... __ ,_,_'":"' ______ , __ ,, ______ ~ 

Interval Number of Correction Final number Uncertainty 
in cos ec.m. events observed of events (events) --------- ------

-1.0 to -0.9 5 5 2.77 

-0.9 to -0.8 (1 

(> 8 3.35 

-0.8 to -0.'( 11 11 3.84 

-0.7 to -0.6 9 9 3.52 

-0.6 to 0 ,-- ·) 9 9 3.52 

-0.5 to -0.4 0 0 0.92. 

-0.4 to -0.3 4 4 2.53 

-0.3 to -0.2 8 8 3·35 

-0.2 to -0.1 10 10 3.68 

-0.1 to 0 14 14 4.26 

0 to 0.1 27 27 5.20 

0.1 to 0.2 41 41 6.40 

0.2 to 0.3 62 62 7.87 

0.3 to 0.4 66 66 8.12. 

0.4 to 0.5 128 3 131 lJ.04 

0.5 to 0.6 144 144 12.00 

0.6 to 0.7 157 1 158 13.53 

0.7 to 0.8 179 8 187 16.21 

0.8 to 0.9 201 6 207 16.63 
J 

0.9 to 0.95 9S 21 117x2 t4.38x2 
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n 

MU-28707 

Fig. 17. Chi-square divided by the number of degrees of freedom 
for the least squares fit of the polynomial in cos ec.m. to the 
elastic angular distribution, plotted as a function of the order, 
n, of the polynomial. · 
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The angular distribution of the elastic events. The 
curve is that of the least squares fitted polynomi.al 

k cos ec.m. It is fitted to the solid line histogram 

which runs from -1 to 0.95. (See Table I.) The dotted line 
histogram shows the data before any corrections were made. 
The resolution of cos ec.m. is less than half of the cell 
width used in the histogram. 
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1310 ± 14 elastic events. The error is that due to fittingJ it is 

smaller than Fa because it has been assumed that a fourth order 

polynomial in cos e fits the shape of the distribution. Using c.m. 

this number of elastics along with the corrected number of (P + 0) 

and (n + +) events given in the section on Corrections, the data was 

normalized to CT Total = 16 .1 ± 0. 8 mb. This gave 

crelastic = 11.6 ± 0.6 mb 

Table II gives the coefficients of the fitted polynomial in 

cos e c.m. The_ uncertainties given· in this. table include both the 

fitting error, and the error due to normalization. The two relative 

errors were combined in quadrature according to the method of pro-

pagation of errors. Table III gives the error matrix for the co-

efficients. Although this matrix has been normalized, it contains 

only the fitting error; it does not include the uncertainty due to 

normalization. 

Dispersion Relations Front the fitted curve the differential cross 

section in the forward direction is 

.da (1) 3.43 ± 0.35 rob/sterad, Experiment 

where the error includes both the uncertainty due to fitting as well 

as that due to normalization. 

By using Cronin's evaluation of the real part of the forward 

scattering amplitude from dispersion relations15 together with the 

optical theorem, the differential cross section in the forward 

direction was calculated. 

da (1) 

dDcm 

2.92 ± 0.42 rob/sterad Dispersion 
Relations 



Table II. 'l'he coeffictents of the polynomial in cos e fitted c.m. · 

to the elastic angular distribution. The errors include the un-

certainty due to normalization. 

. ao 
mb/ sterad 

o. 30 ± 0.03. 

al 
mb/ sterad 

1.64 ± 0.14 

a3 
mb/ ~-- sterad 

o.o6 ± 0.22 · 

a4 
mb/ sterad 

-1.09 ± o. 31 

==::.:::::.:.-::=::: •• -.:::: ..... =. -=····-=-=-··-=-··:·= =··-=·-=···-·=·····-=· .. ::::: ..... :=.:::::::.::_-_____ ::--......... =:=: ..... -. 

Table III. The error matrix for the coefficients of the polyhomiai 

in .cos ec.m. fitted to the elastic angular distribution. Although 

this matrix is normalized, it contains only the fitting error; it 

does not include the uncertainty due to normalization . 

0 

0 .0008 ( t mb_ d)2 
s -~ra . 

l 

2 

3 

4 

l 

.0010 

.0108 

. ············-···-·-··-··----------------. ---~= 
2 3 4 

-.0025 -.0018 .0013 

.0138 -.0192 -.0247 

.0458 -.02o6 -.0562 

.0490 .0547 

.0945 
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The main contribution comes from UJe real part of the forward 

scatter:i.ng amplitude. JL was also responsible for most of the 

error. 'l'he error in the real part was taken to be ten percent. 

'l'his may be small, s.i.nce at this energy the 1r - p total cross 

section is going through a peak. 

'I'he dispersion relation' result .i.s apparently quite cons is-

tent with the experimental result. 

Discussion of Coefficien~s From Table II it is seen that the 

largest coefficients are a
1 

and a
2

. 'Phis is to be expected, since 

the energy of this experiment is still in the region of the 

· (3/2, 3/2) resonance. 

4 
Since cos e is required to fit the data, at least D wave 

c.m. 

must be present. If one terminates the partial' wave expansion at D 

4 
wave, the coefficient of cos e is 

c.m. 

45 
4k2 

where 
2i8J=i±l/2 

e J=2 A± -1 
2 21 

and 8 is the complex phase shift. (See Appendix.) Since ex-

perimentally this coefficient is negative, it, follows that both 

A+ and A
2
- must be non-zero. Therefore, at least J '" 5/2 con-

2 

tri.butes to the angular d.istrlbut:lon. 

'l'he experimental value of the coefficient a
3 

is small, and 

quite consistent with zero. However, even when the series is 

terminated at n
512

, four amplitudes contribute to a 3. 

any simple direct inference impossil•le. 

This makes 
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Corupar·Jr.;on w:LtiJ other exper LrnenL:Jl J L WUG pointed out j n the section 

on Normalization LhaL one of L]Je reasons for norrnaliztng to jJrisson 1 s9 

total cross sel; LJon wa0 tlla t JL gave a total elastic cross section 

thaL wuG more cons] lo Lent with Helland 1 s result at )B2 MeV .
12 

The total 

elastic cross uections are, jn fact, in excellent agreement. However, 

·the :Lmportant point :is Lhat ead1 of the five coef'ficient,s in the 

cos e pol,ynomial Js aJ.so Jn very good agreement. 
c.m. 

A hydrogen bubbJe c:llamber experiment was done by W. J. Willis
16 

at )00 MeV in which he found 228 elastic scatterings. 'rhe elastic 

cross sectlon varies too rapi.dly with energy to compare that ex-

peritnent directly to the present one. However, Helland has measured 

the elastic differential cross section at 533 MeV, and these resu.lts 

appear to be in quite c;ood agreement with those of Willis, especially 

in view of Willis'. comparatively low statist:ics. Other bubble chamber 

+ l!leasurements of the lf - p elastic differential cross sectionhave been 

made:, but these were done at considerably higher energies. l7 'I'he one 

18 
t1earest to this experiment is at 820 MeV. 

Branching Ratios 

Using the numbers of events already presented and the total cross 

section interpolated from the Brisson dataJ the branchi.ng ratios and 

cross sections were calculated. 'l'hese are shown in Table IV. The es-

timated errors are one standard deviation. The errors in the cross 

section include the error due to normalization. 

Since the possibility of biases in this experi.ment has been in-

vestigated very carefully, as described earlier, it is felt that the 

resu . .l ts obtained for the branchi.ng rati.os are accurate within the 

stated errors. 

-f ~)ee Note on page {;]_. 



Table IV. Branching ratios and cross sections. 

Reaction No. of events No. of events 
observed after 

corrections 

rr,.+ p --? rr++ p 1245 1310 ± 14 

rr++ p + 1!0 418 432 ± 25 

75 79 ± 11 + T(+ T( + n + 

' a 0 all other 

----- --·- ------------· ------------~-------

Branching 
ratio 

(%) 

71.9 ± 0.8 

23.7 ± 1.4 

4.3 ± 0.6 

:·ross 
Section 

(mb) 

11.6 + 0.6 

3.8 + 0.3 

0.( ~ 0.1 

.:S 0.2 

=====~===== ··----~ --- -- ---------·------· -------- -- .... - ·-- ·-

aSix events out of 2494 had more than two outgoing charged prongs. (See text.) 



'J'IJc rnu.LL:Lple pion producti.un l.JrandJJ.ng ratio was crudely es-

tinJatcd au J'oJluwG. Uix evenLG out of ~49h bad more tban two out-

go.i.ng tracJ.;.s (? :!'our-:r.>ron1r,ed events and I+ three-pronged events). 

'l'hese six even Ls repreBent one oJ' three possible channels :t'or 

double pion produc~ti.on. 'l'JJUs, 6 (J)/249h "o 0.00'(. '.rhis indicates 

multiple pion producU on is $ lfr;, since there was no evidence of 

more than two p.i.ons ever being produced. 

In this energy region the branching ratios are changing quite 

rapidly wl.th energy. There is no existing data to which the branch-

ing ratios determined ln this experiment can be meaningfully corn

pared. t 'J'he only meaningful check, which has already been discussed, 

was for the elastic events. 

Inelastic Events 

From this experiment the ratio of (P + 0) to (n +.+) events was 

found to he: 

(P + o)/(n + +) = 5.5 t 0.8 

4 
Sternheimer and Lindenbaum predict a value of 6.5 for this ratio. 

The value Willis found is 1. ~~ 
0 

,.+1. 5 at a beam energy of 500 MeV .16 
- . ) 

This suggests that as the beam energy increases from 500 MeV to 

Goo Mev,· the relat:tve contribution of the i.sobar increases q1iHe. · 

considerably. 

(P + 0) Events + 'fhe momentum spectra for the outgoi.ng 1t and for 

the outgoinp; Ho are shown in Figs. 19 and 20, respectively; phase space 

and the curves for both isobar models are also shown. All curves are 

normalized to the area of the corresponding histogram. Neither the 

1c + nor the 1t 
0 spectrum shows the dip predicted by BBS. 3 Qual ita-

tively, the histoe;rams appear to be made up partly of phase space 

t See Note on pa~e 61. 
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and partly of the Sternl1eimer and ljindenbaurn model. However, this 

may also mean the asswnptions made by J3BS regarding the angular 

distributions for the production and decay of the isobar were too 

crude. (See Introduction. ) 

+ 0 The Q-value between the rc and the rr is shown in Fig. 21. 

There is a definite peak in the histogram, centered at 210 MeV. 

The dashed curve represents a simple Breit-Wigner formula for a 

pion nucleon resonance with a mass of 1238 MeV and a width of 145 

Mev. 19 It was felt that this would be an adequate approxi:rpation of 

the Sternheimer and Lindenbaum model to compare to the experimental 

IT-rr Q-value distribution. 

The three possible Dalitz plots were made of the 418, (P + 0) 

events. (Not shown. ) 'rhese plots showed the very broad maxima of 

the pion-nucleon isobar. However, they did not indicate that there 

was a rr -rr resonance. Also, the distribution of the opening angle 

between the two pions sl10wn in li'ig. 23 follows phase space quite 

closely. Therefore, it is not likely that the 210 MeV peak in Fig. 

21 (mass = 486 MeV) is a IT-rr resonance; however, this possibility 

cannot be ruJ_ed out. 

The angular distribution for each of the three outgoing parti-

cles is shown in Fig. 22. The reason for the difference between the 

+ angular distributions of the two pions may be that the IT comes from 

0 
the decay of the isobar more frequently than does the IT • 

(n ++)Events The momentum r.pectra of both outgoing pions are 

shown added together in Fig. 24. The dashed curve represents an 

approximation of the Sternheimer and Lindenbaum model. It was 

calculated in a manner analogous to that explained in the previous 

subsection. The histogram in Fig. 24 appears to follow phase space, 

however, there are only '('j (n + +) events, which are not enough to 
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show the shape of the distribution accurately. 

'rhe Q-value distributl.on for the two n + mesons is shown in 

Fig. 2). Here again, there are too few events to determine the 

shape of the distribution. Phase space and the sirnpll.fied isobar 

model calculatl.on give very similar curves. It is noted that the 
20 

results of Stonehill and Kraybill for this same distribution ap-

pear to follow phase space. Their beam energies were 910 MeV, 

1090 MeV, .and 1260 MeV. 

The angular distributions of the outgoing particles are 

shown in Fig. 26. The distribution of the opening angle between 

the two.pions is shown in Fig. 27. These are very similar to 

the corresponding distributions for (P + 0) events. 

Summary 

The elastic angular distribution (Fig. 18) was fitted by a 

fourth order polynomial in cos e ('I'able II). Therefore, at c.m·. 

least D-wave must have· been present. It was also shown that at 

least J = 5/2 was present. (Appendix). 

The branching ratios and partial cross sections are given in 

Table IV. The inelastic cross section is almost entirely single 

pion production. 

The ratio ( P + 0)/ (n + +) was found to be 5.5 ± 0.8. The 

6 
4 

prediction of Sternheimer and Lindenbaum for this ratio is .5. 

The.pion momenttiin spectra for the 418 (P + 0) events (Figs. 19 

and 20) do not show the dip predicted by BBS. 3 They are in 

qualitative agreement with the isobar model of Sternheimer and 

Lindenbaum. There is a peak in the Q(n\r 0
) distribution. (Fig. 21). ' 

'· 
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The inelasti.c data (in particular the (P + 0) events) appear 

to be dominated by the (3/2, 3/2) isobar, and are qualitatively 

described by the Sternheirner and Lindenbaum model, (that is, the 

BBG model without the interference term. ) 'rhe detailed shapes of 

the momentum spectra, :however, and the peak in the Q(n \r0
) dis-

tribution, remain unexplained. Since the isobar model curve for 

( + 0) . Q n n in li'1g. 21 represents an approximate calculation, and 

since Hs maximum lies directly under the peak, possibly a more 

precise calculation would explain the peak. 

It would be interesting to see the effect of requiring in 

the BBS model that the isobar decay in the P
3
/ 2 state. t 

Note 

There is an unpublished preliminar~r report by Berloutaud 

21 + et al. on n -p scattering in a hydrogen bubble chamber at 600 

21 MeV. The preliminary data of Barloutaud et al. appear, on the 

whole, to agree with the present experiment. There were, however, 

two points about which there is some difference. (1) A third order 

polynomi.al in cos e c .m. was sufficient to fit th.eir elastic angular 

distribution, but they make the connnent that this may be due to 

their limited statistics (339 elastic events). (2) Their result for 

the ratio (P + 0)/(n + +), 4.6 ± 1.1, is statistically in agreement 

with the result of the present experiment, 5·5 ± 0.8, but is quite 

far from the prediction of Sternheirner and Lindenbaum.
4 

Their results for the pion momentum spectra in the reaction 

+ + 0 :n: . + p -~ rr + p + rr agree very well with the :r:-resent experiment 

(Figs. 19 and 20). 

t This effect is included m the recent model of Olsson and Yodh. 
See M. Olsson and G. B. Yodh, University of Maryland, Department 
of Physics and Astronomy Technical Report No. 293; P. Newcomb, 
Lawrence Radiation Laboratory Report UCRL-10682. 
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Fig. 19. The momentum spectrum of the rt+ for the 418 inelastic 
(P + 0) events. The solid line represents the isobar model 
without interference, and the dashed line the isobar model with 
interference. The dot dasb line is invariant phase space. All 
three curves are normalized to the same area, as the histogram. 
'l'he two isobar model curves were taken from reference 3. 
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Fig. 20. The momentum spectrum of the :n: 0 for the 418 inelastic 
(P + 0) events. The solid line represents the isobar model 
without interference, and the dashed line represents the isobar 
model with interference. •r1w dot dash line is invariant phase 
space. All three curves are normalized to the same· area as the 
histogram. The two isobar model curves Here taken from 
ref'eremce 3. 
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Fig. 21. Distribution of tlle Q-value between the 11+ and the n° 
for the 418 (P + 0) events. The solj_d line is phase space. 
The dashed line represents a simplified isobar calculation. 
All curves are normalized to equal area. 
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Fig. 22 (a,b,c). Distribution of the cosine of the center of 
momentum scattering angle of (a) the n:+, (b) the n: 0 , (c) the 
proton for the 418 (P + 0) events. 
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Fig. 24. The combined momentum spectra of the two rr + mesons 
for the 75 (n++) events. Thus, there are 150 points in this 
histogram. The solid curve is phase space. The dashed 
curve represents a simplified isobar model calculation. 
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·r 5 (n + +) events. 'l'he solid curve is phase space. 'I'he 
dashed curve represents a simplified isobar model calculation. 
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APPmiDIX 

For the scattering of spin zero and spin one-half particles, 

there is a non-spin-flip amplitude f(B) arid a spin-flip amplitude 

b .2 g(G). The partial wave expansion of these is given y. 
00 

f(B) 1/k >--~- [ (J2 + l )~e + ~A,£ l p& cos e ) 
~e ~-=u 

and 
00 

g( 8) j./k2-= ( Ad - A1~ ) P£ ( cos tJ ) 

d=l 
where 

- 1 
2i 

J The 5£ are the complex phase shifts. The differential cross sec-

tion is given by: 

da 
dl2 

wl,en the spin l/2 particles are unpolarized. 

Coulomb effects have been neglected. Also, since then+- p 

system is in a pure T = 3/2 state, the isotopic spin label has been 

suppressed. 

Terminating the series at dZ = 2 gives: 

and 



Then, substituting into the expression for the dj_ff'e~ential cross 
l 

section, the coeffj_cient of cos4 G j_s: 

The minus sign multiplies the spin-flip contribution. Sj_mplifying 

this expression further gives: 

. + 
This expression can l>e negative only if both A2 and A; are non-zero 

and the phase difference between them is greater than rr./2. 

Therefore, at least D wave, and at least J = 5/2, must be 

present. 
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