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PLASTIC WAVE PROPAGATION IN RODS 

S. Rajnak1 :and <F~ .Hauser2 
:. ~ r . 

. . 1. Introduction 

• ' l • • • 

If one examines the mechani~s of an elastoplas.tic wave traveling 

. · ... ·along the· axis of a thin rod one can readily write down two equations 

'' ~· •, 

I.·" 
~~ I 

-~" . 
~ .. 

,•1,·, • ·, .. <'. 

r,elating the stress' u . the str~in' £. ' and the particle velocity 1J in 

terms of the independent variables, the position, ;,c. and the time ·t. · The 

\-

\ 
'I\ 

j"! 

... ·. ·._' 

.. ·· .. 
. . 

two equations are obtained by use of the conservation of momentum and 
., .. ' v.:.~~'\_ y.-I..J..,· '. ' ' ' 

,, the condition of'~ontinuity on a s'in.""111 element. However, for a complete 

solution of the dep~ndent'variables one additional equation re~ating cr· to s 
• , ' , , , , . . ·, I 

is nee essary.. It is the assumption as. to the forro. of this equation tha~, 
. ., ., . \ . . . I 

.\• 1 
I ·I 

I' distinguishes tile various plastic ·wave propagation theories. , .. ;· . ~ . 
:.:_ ;" 

·. '. ',;_' ~' ·. ; 

.. ·_, 

. . - . 

· For 'the simplest c·ase, an elastic deformation, ·Hooke; s ·Law 
'· , ,' . ~ . ' f ' ' ' . , I 

· . ·: . applies 
.· .... ·:·.:. 

. ;. ~ .. ·:- .... 

. . ~·,_· . 
. ···( 

ctu 
d£.. 

=E 

I ', 

'where E is Young's modulus. Therefore, for plastic wave propagation 
·' . , . , , I ·, 

the dependent variables a-, .E.. and U:"' can· be readily computed, the 

.·,. ' only obstacle being the mathematical intricacy. introduced by complex 

/ · . boundary. conditions. 

\,... . /. 

.. 

If the stress at any point in the specimen exceeds the yield strength 

of the material) plastic flow wil.l take place and an assumption as to the 

dynamic v- €.. behavior will have to be made. In prder to permit a 

simple analytical rationalization of the elastoplastic wave propagation; 
. . 

· . roany investigators 'assumed that ·a unique ~--:-E. relation holds for 

.·a particular material. .This assump~ion, which is the foundation of the 

1. Research MathematiCian 
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:2. Associ(l.te P:rofessor of Mech •. E,ng., University of Calif., Berkeley, Calif. 

:i 
i 

'l 



I . 

•' 

.. ·. 
• ·~ . I . ·,: 

.. 

. <· . 

l· , .. , 

1···. 

,· 

.. ·, . 

'~- .:.. ·~ .. ... ,· .. 
: ~ ., '' ' ' ,. 

.. . ;. 
·.·: 1 f,, 

·'''' 

' ' r,· ~~ 
~· ~ .. 

.·· .. .:.2-
' ... . ~ . 

;·' ... · .. ,·,· .. , 
' . 1 

' . . •: ·.: ' . ' : '· . 

·. so called strain r~te indepehd~~t-theorloi plastic- w~~e propagation lead~ 
. ._, •\' ' ' . ' 1: 

where ·~p·· is_the ,velocity.of the plastic 'rave .. f is the density. and 

d cr-- is the slope of 'the str.ess-:straincurve. (1) ·However. Campbell. 
d B · ( ) - · ·-- ·· · 

. -~ ·.Simmons and: Dorn 2 · ha~e dem·onstrated that the she>ck i~ strain in 

. ·":· crystalline materials is g~ven exclusively by the shock in elastic strain • 

···.• ,.: 

of dislocations. On this basis it can be shown. i:ri contrast to the assump

tions made earlier and independently by vOn Karman (I), G. I .. Taylor <3/
1 

. . .. ·and Rachmatulin (4). that the st~ess wa:ve always has the velocity of the'.' _ 
·. '· 

. ·. 

elastic wave. Thistheoretical dedu,ctio~ is confirmed by the· experimental 

investigations of Steinglas·s· ~nd Stewart~5 ) and Alter and Curtis (B) .. \. · 
/ . 

Obviously a complete statement ·bfthe equation governing the ·. 

· · · material behavior ~ould involve the second d~rivative of the strain wit~ 
. ·~ t ,. . . . . , · ... _ . . . .. . . . . . . I, . 

. I:- ·.time in order to account accurately for the-acceleration of-the dislocations. 

·. · . , • . . ·Campbell et al (l) have ~stirrlated that, as a. ~esult ·of the small i~ertia \ff 

... · .• ' 

. ·, ··.· 

dislocations the accelerative period following a shock is comple~ed in 11ess · 
•• '· · ·r. :, · , • ' . · . 1 1

1 

··· · ·, than 10 -g sec. at .which time the plastic strain is le.ss than· 0. OOS. The~e-
.; ~ 

' •, 

fore, to agood approxii:natiqrt the const~tuti~e equation can be given by:\ 

· 1 . . .· a: :r:r- +·g:·<··a-. c. > 
E ._.,·.·d:: t··--.-. · .. ' .. · _·. (1) 

= 

. where ~ i is th<> total stl'ain rate, g't:, is the .stress rate and 

-. g ( o-~ E..) is the plastic stra,.in fate.:. ~-Thti.~ .. -the quasi.-yiscous behavior 
. ' . .. . . :, . ' . . . . . .. . . ·.. ' '".· ·:: ' •: .. : . :- . . ·., ' . .\ 

of crystalline maierials·~s:origiri'alry·assu~edbyl\1aiv~rn <7, B) has some 
• ' . - •. . -· ~ ' • J' • . . . • ', • 

~-: :·~_-)(~\':• ... ·· ·.~:.';\'·, -- ... ( . . ~.: .· 

theoretical justification.-'.:>' ·-· 
' , 

' . . ';~ : 

· ...... ' ':.~. l.:~ . .. ' . 

'· .. - .'•'' 
(' . 

~.. ~· . ,;. . 
;~, .. -~:_;_ . ·- ~ -:'·: _(;{'. -~.>: ;'~ .. 

.. • ·-: l 

•' : . ,. ... ' . _:•"'. ~ ~ . ..... .. ,' } '-.: ., 
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An attempt was made by Hauser:. Simmons and Dorn:(9) to dete~

. . mine the function g (a-:.·&) experimentally by using a modification of 
- (10) . 

. Kolsky's small wafer technique. Their results, which are recorded 

}~ . in Fig. 1, confirm the nominal validity of Eqn. 1. At low impact stress 
/ .. ·, .. > '·;'_:::· .. 

·the; logarithm of the strain rate increases linearly with the stress in 
~-\ 

~-

.. 

..... '-

.... , __ ._ 

: .. _-._ ... 

.. - .. 
harmony with the dictates of the thermally activated dislocation intersection 

· mechanism for plastic flow. (ll). At high stresses the force on the disloca

tions is sufficient to permit interseCtion without thermal activation .. In 

the absence of other dissipative mec~anisms the speed of the dislocations 

could then approach the shear wave velocity; When all mobile dislocations 

in a crystal move with the sonic velocity, a maximum strain rate limit 
. il 

, would be reached. Actually. because the stress field is not uniform but~ 

varies periodically due to such obstacles as grain boundaries and inclu-

. sions •. there will be a local slowing down of dislocations. While the 

details of this mechanism are not yet clear. experimentally one finds a 
. I . 

I 

. nearl1linear ·relation between strain rate and stress. Fig. 1 represents 

.. ·s ·• 

. a series of smothed curves through many experimental points to permit. 

the cataloguing of the g{ a-. €. ) function on punch cards for computer · 

. ' 
use . 

This ~eport covers two aspects of the problem of plastic wave 

propagation: 'the first is whether the gradients in stress and strain are 

1 · small enough in.thin wafers to permit sufficiently high confidence in the 

reliability of such data as are given in Fig.l.. The second part attempts. · 

to answer Whether .calculations of plastic· wave propagation based on.such 

·· data are in good agreement wfth the experime-ntal facts. . This issue is 

· ·· .. particularly important in view of_ the ~ell-established disc~epancies 
,. ..·' • • . . .\( . ' ! .. ·.:· . • . : . •. • -

'. 
'. ~ . 

,•.•,· 
' ~ . ', 

. ~.. .. ' . . . . 
... ·-

·. -.. :,·. 
' . ~ . 

,.· 
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. ~·' 

.. 
/". 

.· .. . ·:·:·· 

''··' .• 
.I •. :·· ·' ·, ': ''.: ·.·.,. 

·,,I 

'~ ·: .... \' 

. ~ . ; . ,.:. ·.• 

:~.·:that are.·com:rhonly Emcount~red betweeti theory and exper.imental fact!? •-
. . : .. ,' ,, . . . . -... .. 

:o/hen'the.:v6~ K~rillan.type of:;analy~is· is···attempted~· .· 
' ., • '·· ·:. • ' ••• ~·, . ' •. ~ . ·:· : ·~ ... ~ ... ·i' ... ·.'. • . • • . 

·, . ... .::- .. > 

··· .• '·':-·" 

..... 
. . . . 

· ..... 2~ Solu\ion ofthe Equations 
! •. · 

•'• .-•' .,;, 
.. Governing :Plastic· wave-Propagation. 

.,_ ~. .. 
. -:. ·.,. ; ~-

·. l ·-~ :· •. .- ·. . ., ., ' . 

. The ·syst~~ uncle~ con~idera.ti~;i\~o~sists -of.t:h~ equations:.· 
' .' ... ·-.-.;~; __ ~ '· .... ~~-:~·.:-·:: \ ~ ,..;--: ,: .... :·: ... ~··,:· .... . f: ·.• ·.·' : ··.-.· · . . •·· 

. . >·p:.· 6 u- '+ d <T" = 
·, ,' .• ' ' J ·t :· .. d oC 

•l •. ' 

. i '. 

.· • . .. ·, : : . •t : ··: ·~ .-: .. ·t . 

. ,,,' 
! ;.;._.,~ ·: 

. ·. ,, .. . ,..: 
. ,.·· 
. . . . ~- .. 

·:'' 

•. ",1 

. . . ' 
·.,._ 

. ':, 

. .. ,. 

. ~:. ~- {2) .. 

·.-:. 

. ~ .. )· 
·.· ..... 

'' ~· . 

. . . . . 
·.-·:·t. ·. 

· .. ···. . ' 

· . .-, 

.-.· .. ·, ... 
. ' ~ i . . . . ' .. 

,· .. ·• . 
··•''' 

... •, ·' 

. . ' 1 

E 
do-' 

. () .t:· 

;,. ··. 

t.g(~~· .. e_'_};==.·~··:/,· . :.>._:· 
.. :_ ·. -~·.· '· .. ··:~ ,,.) : 

.:, · .. 

'I'· /;' 

-··;:. 

·where . ::::.P· = density.· 
( • ', •· I_~ !,_ ' •;,-, ' 

. , .:. · ·, · .:; .v:--:·= particle velocity· 

·· .. · 
: ;"": t: 

·l • ~ 1 

•• : j 

:'· .. · 

;'• 

. .. 
. {3) .. I 

lj . :\ 

'· 

{4); 

-·· 

'· .. ' ·.·.'· ; . ~ . 
. : '·, .. ' ~ . 

'. ,! 

•[ 

·,,; 

· .. ·. 

·.' .. 
"• .. , .. 

. ,:. ~ ·.,. 

o- =·.stress·. 

·t. =time 

· oC = Lagrangian particle cob'rdinate 

E = total strain 

E =Young's modulus 

· · .. Eqn. 1 comes from the. conservation of momentum •. Eqn. 2 is the equation 

.o{ continuity and Eqn. 3 giv·es the propertfes of the material under con~ 

.-\· . 

. '\ { ', 

r.J t 

. ·.· . . .·.. . .. · . . . . . . . . . .. ' .. : ~ ' . 

sideration. These equa.tion,s can be solved by the method of character1stics. 
. . . . .. · . I 

. · · . . - ·. · .. ·_ .. (7. S). , 
e. g. see Malvern .. · . The·resulting equations were approx'imated by a 

' •·... ., . ' ...... _'... . .,-. ·'· . ,·., ... _ ... ··'· .•. ·. _ _... • .· . \ II 

finite differenc_e.te.chnique~·~atid the'problemsolved-numer:LcaHy6n a 1· 
. : . ,_._ .. .·' . ,. . :·.·;· .. ·' ' :.. ._ "' ' ; ' ··, ! . . 

' . (12) .. . . .. ,, : i 
·.· computer. . ·.. .. . ' ·: . . ·, 

· .. ·· .. 

. ..,•. ;.. . ... ~·· 
. • . ' . j ' ~. : 

.::~.- ·. •, • .' r·' . ·. • ; . -

·· ... , .. 
.... , . . .- (· .· 

. ;, ' ... 
· .. • ... f . 

I 
1: 

j 
···, I. 

·'i_,_·· 

. .. ,.,. 

·:·. \ · . 

·:1 
·h 
.I 



'·:71· ·•·. 
,\ '' 

_·, ·' ... _, !.::.' .. · ... •' 
. ,·' ~~ 

~· t . ' 

' ' -_. _ _,< 
. ~,. :-.~-'. 

.:/ 

• ' ~ ... • .' ; • ,1 • _: 

~.s: · ~oundary <::.onditions · · 
~-· ' 1 r, .. .-.. 

;·; -i':, 

·_. .·. 
-.. _.,-. 

·, •• ; •• -. c • • ••• : _,-· : \. • • • • ... • • ' • • ~.. • ,. _: : • .'. • • • \ •• • • • : '.. • .-'· ' • ' • • _; 

·~ The boundary conditions are determine~ by the :geometry of the 

i ,., 

.ifrom ~h~ change in the cross ... se·ctionalareairi going from the input bar 
,. i . . . . ~ 

to.the.~pecimen. The disco~tl.l1uit~ ·in E arises f~om two ~ources: . .-{1) the; 
. ' ... .,.~- . . . . . ·\ . . .. ~ .·· . . . . -.. ··. ~-- . 

'. ' '·'· .· ' ' . ' . . . .· ' ' '.' . . ' . ' 

'clJ.an~e, in stress ~cross eC 1 0 gives a correspqnding, change in .the elastic 
r· :·. . -:· 

sti.a~n,· (2) the plastic straiti·~nthe ~p~ciin:en will .be'~cm-ze,ro .at any.time '' 
·._., _;·: .. :_ :-__ :~ .. ·· __ .:: :.~ .. ___ · .... :·· . .. -·. _ ... ··:·.-:.::-.\~---_·:-~ .-~: ·:·.: __ · ... · .· ._ .. _ ,._<,._··· ·.". · ... ,·_;·: :···' _:.: ''·> '.-:.- . ·.·, .. >·-· ::.-"· . '; .. -·'. 
·:·after .the yield.stress has be~r(exceeded,· wh~le.'irt.theirtPU1 bat the plastic. 

'· . ·.; .. · ·: . .. -~· ">· ·,· · .• _, ... 1 .. ~''.'·. , ..• " .•: ·;-··.·","'•;'·,.. ,.·. ,'• .:. \;'·. »-r·: • · ... 

. ~ir~t~}:~:~r~~:~.::i~0~~~.J~;;o.•;•L0th.•·suP~rs~rip{$:f·~nd ·rr• cteriOt~ •.•... · 
~ _.: . . ' ·:~-:.:~~:} :·::·;-_:·~ ;. . . ~.r·:-> ·: <· ·, .. t .. :-\· ---~' ;_~~---~:·:·: :. '.'·_ . · ...... .-,--~----(_-.· ::: ~---- :_ ' ··: :-. _:_ .::_:~ ... :"' .. ;~-~ : __ ~;:.-: ·.) ~:'._ -,_: ~-- :- .. ' . ~-:_~·'.', '·----+ '-~-.:: ·, :: ..... ;:_ ·.' •.' . ·- : ' ~::·. _; .. : ~. . . : ·· . .-;·~:~ ·.:.. --,., .) ': . 

:tegioiil 3:~d· J+l'• ·:re spe.ctively~·~; ; Sipqe ·the ':sp ecimer( ~tid: the·J ri.pu f .oar • ~re . in: • 
': ..• : .. :0\.c·{l.::: ;:}·.,/·,·;: •• • ;: :· _::.i·,\'~·': .··.r:.:·•.···· .. <;.:(.~ ·, '.····.· .... · •.r'>:·.·•+> ;;;,;::, :•·:·.·:~.·;· / '••; .> .. '· :· · .· .. ···· .·· .. · .• ·· V .· .. · ... ··' . 

... .. ·. :conta~t~;,t~e:pa.rticle<·yeloCiti'es' acr6ssi the.:boundary.:are.'equal.>.' ,:~. . .. 

· ··I,: :.·t}}:'t::;A)oie;:~~1t·:~f:~:~·It~~s;·'·f·'~:~·)~~~;~~c;· .. ~?;!i~;'}·,.·• ;•··: ·' · ·· · ·· ·•··: .• · . ·•··.· · · ... 

.. · 

.. 

' ·' 

-~· . 

. ' ~· 

. .-f' 



. •; .... 
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. :.· 
"··,· \ . 

,., .· .. , 
. . . ~; . - . . .. ' ,· . 

.. ·. 
{, .. ·,_ 

;, .. ,._ ... 

'· .. , .. 
•,' . . . ~ ' . 

,•·.\ 

.,. -:··!' 
:'·:· 

. : i ·, 

'':'.· 
· .. ·.Therefore,.···.· 

' ... ; . _. ~ .. 
r: · n · 

v = v ·_ ·. along . - : ~ 

:d . . · 

.··,;,. 

··:' 

·::·'· . :, ·_ Th(:/:relaticm between the stresses .is obtained by equating the 'force on the\ ·. 
· · · · · · r, · · . · . ~;... . i· 

.• ' .... ·..-'<. 

: ~ .. / 

face' of the input ba.r to the :t~_rc!e on the face of the spesimeri: . ' . 

. . . . . . . . .. ·I- . . ·. .. . .·.· .. cr?1 = · · :II . · . (F t = K ul . ,I: 

~:'·.·~-- \···wher~. A1 ·.· and··AII ., are the cross-sectional areas· of ~he input bar a~cr··.··· 
: ·•'' 

, , '·spec1men.; ·respectively. · The same analysi.s applies at oC. = o( 
2

; 

. ' 
. Fig.:3 shqws. the geometry and boundary conditions for the long .. . . .. . ' . . 

... · . ·_. .· .. bar. test ·.The bo~.mdaryconditions at· .. -oC· = - oe,, ~nd .d:.. == 0 are the _.' 

. ·- . same as in the cas~ forthe thin· w~fer test. At oC = oC 
0 

the boundary 

.· .·· '· , , ••.. " . 'condition is a-. = o' for all t . since the free end cannOt Support any st*ess . 

··-: 

· ... i 

"1. 
. ·~ i: 

. ··.The method of characteristics pe~~itted the rewriting of equations 2;. 3and 4 ·~-~ . . . ' .·;;: .. ·· 
...... ;·.·. 

< ~:·. as essentially ordinary differential equations along the wave patl:J.s. These 

·:\ 
_ .. ·· . . ' . . . ' . . . . .· . \ ' .. 

equations in turn were appr~ximated by finite difference equations. The .. 

,; ;. ' '' final s'olutions were' obtained by a point by point integration of the equations 
. . . l # • : • • • :, .' ' • 

:r 

....... 
·.in the oC, t plane usingthe appropriate boundary conditions and the 

.. ' experimental g( v, ~ ) function irt tabular form. · The computations were · 
'·,' .. · 

.. '~ 

".':··', 

.. ~· . .. ~ ..... carried out on an electronic computer at the Lawrence Radiation Laboratory. (ll) 

Experimental Details: 
·. · ... ···;_:. L . 

i. Thin wafer--:the material used for the specimen was 99. 997% . : ,· . \ . 
I 

Al extruded, bar stock, which was prestrained in compression to a yield 

. strength of 11, 000 psi. ·The inputand output bars were hard Al tubes, 
. . . . \ 

. 750" 0. D. and . 580-" I. D.; a 0. 4" gage length for the specimen was 

chosen. since this -length has given very consistent results in the deter-. 

mination of the g-function~ .. 
·: \ . : . 

2 .. Long bar ~est~·-the material was the· same as that used in. the 

' . thin wafer,test.;, .:The speci~en wasmachin-~d ~~a thin·walled tube (. 750 in 
• • • '· -~1· ••• ~.;~· -~--;..-~- •• ':·. '•. '· ·':'· •••• -. ' ~ • ,; • • ' ••• 

. . " ._, ~: 
,':· .;_. :-: l 

. ' 



. -' ' ~ .. 

,.i· ..,7-
/' 
/.'• 

·.··.: 
· · ·-:' -0. D. and . 580 in I. D.) in order to reduce .constraints on the longitudina~ 

flow due to radial forces. . The fnput end .of the. specimen ari.d the output· ·,. · 

'end of the input' bar were' coned to.the' experimentally dete~mined friction; •. 
__ .. ;: .. :.. ::. ···.. ·. • . . . . . . ·.. ... : . . . . : .. · ·.. . J. ' 

ang~e of 15° to reduce the constraintS on radial flow at the end of the X·. 
. . . . ·,'. . .. . . . . ' ' . 

. ~ ·:specimen.· .. ·. ·.·.:: . : ··, 
·•, : 

. ,.·' .... ,, . 
.. ·' '· ·, __ ·:,<· .. _":: · .. ' 

: .. •.•', ,' 

·" --~ :· '. ·' ' __ , 

.... ·· · · : Plastic strains in the specimen were det'ermined by measurit?-g ... 
. . ,·· .. •. ' . ' . ' '·' 

the w'all thickness.; w before and after impact.· and \lSing tl'le relation 
. 4i ' ·' 

E. = ( 1+ L\ : )-
2 - 1 i !' 

':; 

· : · · • T,his relation is obtained by assuming ·constancy of volume and cylindrical ).) 
. :· ·~·. I t-'· 

: . ~ ---~ .· . 
,•,,. .• 

syrn:metry of the speci~en. 
. · .. 

,· .. _-?:·,; 

.: .. ·-;:·_-:·- .··Three longitudinal traces of the wall thickness .were made •. 12~1° . '·· 

·.The. measurements were carried out using a Statham gage. The 

, gage'wasmounted via .a pin to the cross~ead of an Instron tens_ile testing 
-. . . . ·. . . ' . . . . ' . . . . . ~ . 

,. -., · .. ma~hine; The' signal from the gage went to the X coordinate on an XY · .. 
. · ' ; . . ' 

plotter .. while thE;! h~ad travelgave the • Y coordi~ate. A typic_algraph< is 

. :' ';_,·.:· .-.·--. 
"··,;· 

. . -.~ 

·.shown in Fig. 4-~ Since itwas desired to obtain the strain as a functi~nof 
the ·Lagr.angian coordin~te d:... • a method of locating a given oC after · · 

.·· :.··:· 
, .. , 

~ ' .... :'." ·.' ' impact was necessary~ This was accomplished by machining very fine 

. .. circumferential marks on the surface of the specimen at interva-ls of 
"" . . . . .. . ' . . . . ' 

. · .. :· ., ..... ·.: approximatelyO.l in. These marks then app~ared as ~Jdges in the 

_ . .,. . 

' 

'.: ··<. , _.~thickness measurements b~fore and_ after impact. ·.·.Thus, .the o( co~ 
. .. / ·i 

ordinate of the marks. was kr10wn and the coordinates ofthe. points betVIeen .· . .. . '. . . ·. ·. . . 

·~he marks were found by lineari:nterp~lation: '· 
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·· 4; Results and Discussion .· · 

. - .-

' ...... 
., . 

. . ' ' '·~ . 

~ / 
: ~ . . ' . . :Thinwafer test: .·; 

.-. ;~ 
!t. '. _.- . \. ... 

<!' • ~. ' .. : 

'· :, 

_.- .. l 

,; ~--- . ' ··- ·_,. : 
. . ~.- r 

.~-· 

-The constants in :the problem were taken as 
'., .• .. ' . . 6 

-E = 10. 0 x 10 psi 

. P = 2; 5o x 10-4 lbs/in3 

c ·= 2. 0 x 105 in /sec . 

- I 

I 
·.\" 

I 
I . I. 
~\ . 

' ~. "\"' ' 

\ il 
. . . - \ ~ 

·-: ., ' 

,. '- - ( . 

. : Since the input and output bars and the specimen were aluminum. E. P 
:. 

. -

·.' and c are the same in 1all three.· The cross;..sectional areas of the bars 

~' and the specimen were the same, giving K = 1 at both the. input and output 

faces. 
. ·,_ 

.. ~- . ~- .. ~ 

The results are summarized in Figs. 5 through 9. 
,. li 

Fig. 5 shows the stress at the strain gage on the input bar (- ~].) . 

··' : The oscillations on the experimental wave are transverse vibrations in the 
·. i; 

.··• ,. . input bar. These were ignored since they contribute very little to the longi• 

; ... ··.. tudinal stress on the specimen. ) : 

·.• :' ..... , 
Fig. 6 shows the stress at the strain gage in the output bar. Figs. 5 

,·and 6 show excellent agreement with the experimental data except for the 

. ., I ·> . 

·' 
initial portion of the transmitted curve. The elastic rise of the transmitted 

:~ stress is slower than that of input str~ss. This was true for most of the 

:' l: , ., ' · .. · thin wafer tests run and isprobabl:f due to a Slight mismatch between the 

faces of the specimen and the input and output bar. In-the computation. the,· 

·'' ;rl ' 

';.! • 

. ~- .; 

·. i g; ·'-

. '·~ 

. . ' . . 
· .. _ ... 

. _ .. ,: 

~ .:.- ~ 

j • . . • 

-. · · specimen was assumed to be in perfect contactwith theinput and output 
;.·. 

. bars g~vingaperfect transmission of the input stress below 11. 000 psL 

The,;initial portion of the theoretical transmitted curve is somewhat lower 
l . . . . .. ·-_. ·. . . ' ' .. ' ' . ., . . . . . ' 

thar;that of.the expe:rimental curve and the drop due tot.he reflected stresses 
I ' ~ 

·· '--~ i~ th~ theoreticalihput ~ti~~e is faste:r than that ~f the experimental curve. 
.. . ~ ~ . ' .. , . .. . . . . . 

. l ., .,. ...: ·.·: :• '. " • ·.• . . • •• .: . ; • :·~ . .'' 
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s~rain.:se~ms to ·give a strain rate which is too large for small strains.· · .• 

.. . ' .. Figs. 7 through 9 show that the theoretical stress. strain and .•.. · ... 
' ~... . . ... ..·~. . . . . ·. . . ' ' 

· :.· strain rate do not achieve a 1i~e~r gradient across 'the wafer before . > 
·. t' 

..... . '. . . . 
~: . \ 

: .. ··t =. 20, 40 and 50A seconds,·. respectively. The ~mall :peaks on the ,, ..... 
.· .. \.·.· 

~:::\: ; ·.initiai portio~ of the stress ~t the front face are due to the finite grid 

' :si~e used and the fact that the g-func:tion is changing yery rapidly in: . '• · ... 

. ··~.this region., The strain. :rate d.istribution initially shows· very large .· •. 

. fhict~aiions. ~ This is·, due to the. rapidly <;:hanging· character Of the g-
; ··:. • •• : • • • '' • -~ :· '• • : '. • • ., r-,. 

function at low strains. 

·. ,_ As t~<:>Dthe theoreticalvalues of the variables become asymp- · .· 
.·,;. .·· .. . . . ·. . ·.r 

;.r·totic to the experimental curves·. Thus. the thin·wafertechnique .will ~\'\; · ·· 
. . ' . . 

: ;·give good results itl a dete:rmination of the g-function for a givenmateri~l' 
.··· 

onl;y il:i the region: of large strains~ 'Which is equivalent to a 'long time.· . . 
. .'Jf the ~train-rate :variation of the material changes· rather slowly as a· · ' 

'• ' I . ' ' ' • ·',• 

function of strain ihen the accuracy of the method will be increased at · 
' ; . •• ••••• ·... ••• f. •. . • 

low.e.z:- strains. · 

.· . Although the assumption of linearity in stress. strain and strain, ... 

... · rate gradients does not hold for small strains, the excellent agreement 

. ,·;·between the experimental and theoretical stress curves at the ~train 

.:·<:gages oC ~ . ..:.:C
1

• and~ =·oe
3 
show~ that the gJfunctl.on determined .· 

~.'. '· . . . . . 

<:.::< ·· bythe thin ~afet tec,hnique may be used to predict the gross behavior of 
. . ~ . . ~ . . ' :. . ' 

, ;, · · a specimen. It should be noted that the only experimental data used in . '' 
. ' 

.:·.·, determining the g-function were the stresses at - oL:
1 

and c::;£ 
3

. Thus •. 

·::· . even though non-li~ear gradients do exist across the. specimen, .the expcri-. 
:J: ... 

.·' 

ment~l d_etermin~tiori, which. assumed only iinear gradients and re~l~y deter-
. . . ~· . . . . ' . ' . . . : . . 

. :r;nines an 'avrerage'. g..:function,· g!i.ves,· ag·-fu11:ctlbn which yields internall'y 
' . . . . . . . . . . '·, i . . . . • . 

<' .• •. •: .... :. ~- ••· •• 

t,., 
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.· .. · -. 
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··.· ... -.. :: 
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· · This is not as redundant as it first appears to be. If ~11 the thin 

'-.' ·wafer tests ·had been. with a gage sectionof 0. 4" the above statements 
·.,, _) 

would be trivial. But since the determination o£ the g-function in different 
., ., 

·.ranges was made using diffe.rent gage.lengths. (0.1'' to 1. 6") the agreeme~t·;,. ' ' · .. · . . . . . . ·.,< 
···]?etween the experi~ental and theoretical input and output stresses· for a:.·· .. 

0~ 4'i wafer is more.than. just~ statement about the internal consistency 

of the experiment .. 
'}!' 

. · Lo,ng bar. test: 

'!'he results for the long bar test1are summarized in ;Figs.lO 

thr.ough.13. t = 0 is the time when the front of the stress wave reaches 
.i ' . . . 

·· .-··_ the. ~ront of the bar. t= 8/-<' sec. is the time-for the wave to travel 1 (
1
2 

...~ . ; .. \ . i ~ 

thet.length of the specimen. At t = 16/f sec. the wave has just reached . 
. _..: 

.· .. :_; .. :.·.; , .. the' epdof the bar. Fig. 10 shows that the. stress below.th.e yield stress 
-~~- I • ·.' ..... ' I . . I . . . .. . .. . . . . . 

·.·. ; .. · · .. · · · . of 11 1 000 psi is propagated elastically while the stress above 11, 000. psi 
!·· .•. _ 

'.: .. 
·. •l' 

;:,· .. <·.' 
: • : ~- ,1\ ; 

·<· . .· : ~·· 

•.· · .. 

. ...~·-.. 

.·. -'.: ~ 
: :·.:,:. 
.,. · .... 

~·- i 

···.; 

.. : .......... . 
. ·,,•·r•, 

. ·. /· .·' 
.•. 

'· 

/ 

.ha:s h~en dissipated: by plastic straining of the material. As t increases ·' 

the ll~ 000 psi stress is reflected from the free end as a tension pulse 

'·and :ih,e stress at the free end dr·ops to zero.· At t = 32/( sec. this . 
- . . . . 

· r~flection reaches the input jend of the ·specimen. ·As t continues to .·· 

·. i.ricrease the strain rate changes i,n ·such a way as to tend to equalize the 

stress· distributions along the bar. 
: . ·. . . ' 

· · · · Fig. 13 shows excellent agreement of the final experimEmtar·and 

theore~ical strain· distributions.; The strain is essentially zero fo~.~:> : · 
·- r:a in~ ·It should b.e noted that the specimen has notheer1 completely 

. \ ... · 
. :i. 

. . .. 

· · "{inlpade~ from the input bar at t = 160~{sec., ~hich is the last of '·· . ,.: .. \ 

·. · .. ·: .·• th_e :theoretical, computations;, How~ver, s_in~e the g""function is .very .··· 

small at this ti~e. the conttibution to the strain for succ~eding ti~es 
. ·, . ' ' . . ' . ·.• . . 

Will'be.~egligible., A ·tensionpl,llse reflected-fromthe __ input face of the 
.,,. . --~·:_:.<: . ·: : '.·;· · .. ·. ·,; -: . 

·.I' ~ · ... _., 
. ,., 

·.·.,·.·. 

.·•· 
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.·, 

·.·i' 

··specimen due to the 'dfsco~tinuity incross-section area, traveled back 

along the ~input bar and reflected from the face of the ram as a tension 

·:::.:::_: .. pulse. The final unloading of the specimen took pl~ce vvhen this pulse< 

reached the input face of the specimen again~· 

The results tend to support the assumption that, although the 

.,·, 

'i ,. 
' ~ -. ' . . '\)' 

,:· 

.·.,.· 

,·.' 

thin wafer determination of. the g-function gives only an average g( rr, ·E.l . ·.·~\~ 
' ~ ' 

'function, the·averaging process in fact gives. the correct result for~~> 2o/o. 
1: .;:· 

<·:·: (As was .. previously noted, the g-functioh for very low strains, E.·< 2o/o·.: · 
. . . . 

., 
\::, 
) t" 

s~ems to be to() large). In th1s region, · sc)me other experimental method 
- _, . 

·; 
.;,! 

.. ,.. ,.._' 

;: 0 k 

't .· 

of determining th~. g~function is needed~ The final verification of this 
: ' . ~ ··: .. 

· ·: ·:.. assufuptfon ·awaits. an··:expe,ri~ental :methoclof deter~ining the stress, 
., ' ' / ., ': . . ... . ., ': . ;...... . . ... ~ ·;. -, . . ,. "' . ·.. : l . ·. . ::·'-· ' .· ~ ' ·. . .' _l\·; 

straitl and;strain~rafeover ~fgage sect~on'nllich less than o~ 1 inch.: .. : .\'. 
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5. Conclusions· 

1. Although rather high str~ss~ and strain-:rate gradients ,exist. 

initially in i~pacted thin wafers, the data obtained from such-experiments 

repre'sent the average dyriaml.c plastic behavior of materiaJs. 
' . ' . 

,: 

2. Predictions of plas~ic strains based on the quasi~viscous 

beha:vior 'of dynamically impacted materials agree very well with 
. ' . ' . . . ' . . 

' ., . .· . . ., 

··experimental observations ,1f the· stress'. straini .strain-rate behavior 1·\i 
. ,,. .• ,. .. / . . . l 

· of ,the .matel."iai. is k~own .. :: •.. ·· · 
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This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Co~
mission, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor
mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 
of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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