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,.PLASTIC WAVE PROPAGATION IN RODS
S. Ra_)nak1 and F.. Hauser2

S 1 . Introductlon -

-

STy et

5

If one examines the mecha'nics of an elastoplastic wave traveling

along the axis of a thln rod one can readlly wrlte down two equatlons
relatmg the stress g, the straln 6

and the partlcle veloclty U in
terms of the 1ndependent varlables, the position, dC and the time t

“The
two equatlons are obtained by use of the conservatlon of momentum and
T M\.
SR the condition of}/

welobiy
continuity on a sm‘all element

However for.a complete o
solutlon of the dependent vartables one add1t10nal equatlon relatmg G’ to E,
. : -1s necessary-

It is the assumptlon as. to the form of thxs equatlon tha‘t
dlstmgmshes the var1ous plastlc wave prOpagatton theorles

For the s1mplest case, an elastlc deformatlon Hooke s Law

A g
—dE

b
S

-

L

- _where E is Young's modulus. Therefore for plastlc wave propagatlon '
e the dependent varlables g, 8 and ‘U"

can be readlly computcd the
only obstacle being the mathematlcal 1ntr1cacy 1ntroduced by complex
- boundary condltlons |

If the stress at any pomt in the speclmen exceeds the y1eld strength
of the mater1a1 plastlc flow will take place and an assumptlon as to the
dynamlc \)"' 6 behavmr will have to be made In order to permlt a
simple analyt1ca1 rationalization of the elastoplastlc wave propagatxon
. many mvestlgators assumed that a unlque J"‘ -—

relatlon holds for
_ ”a partlcula_r materlal

Thls assumptlon wh1ch is the foundatlon of the
Research Mathemattca.an |

L

2, Assocxate Professor of Mech. Eng. , Un1vers1ty of Calif., Berkeley, Cahf



“ 7"‘:to the conclus1on that

., tions made earher and mdependently by von Karman

'_v:f’fv'ﬂlnvestlgatlons of Sternglass and Stewart

. :-'Campbell et al(l) have estlmated that as a, result of the small mertla \of

‘where \’ 5‘ 1s the total straln rate, :

"of crystallme materlals as 0 :'gmally assumed by Malvern

o - '}_theoretmal Just1f1catlon

’.—._.- ~_.._

where C p s the veloc1ty of the plast1c wave, f is‘the density, and

SR d g~ is the slope of the stress strain curve. (1) However Campbell

dE @,
. Slmmons and Dorn"'

have demonstrated that the shock in. stram in

crystalhne materlals 1s glven excluswely by the shock in elastic stram
RS since the shock in plastlc stram is. zero as a result of the mherent inertia

: H_‘"jiof dlslocattons On thls baszs 1t can be shown in contrast to the assump-

(1), G.I. Taylor( )l

""A_I'f“_;'-and Rachmatuhn(‘}); that the stress Wave always has the velocxty of the

- elastlc wave. Thls theoret1ca1 deductlon is conﬁrmed by the experlmental

(5) ©.

~and Alter and Curtls

Obwously a complete statement of the equatlon govermncr the

e 1";_rnater1al behav1or would 1nvolve the second derlvatlve of the stram w1th

' ,tn’ne 1n order to account accurately for the acceleratxon of the dlslocatlons;

i

dtslocatlons the acceleratlve perlod follovvlng a shock 1s COmpleted in less-» :
L ;if_;than'lo -9 sec. at wh1ch tlme the plastlc stram is less than O 003 There—_

o ’ fore, to a good approx1mat10n the constltutlve equatmn can be. glven by

(5 p— - 6 G—~ +g (a——- a)

1s the stress rate and

3T

g (g—,g_ )is the plastlc stram rate Thus the quas1—v1scous behavxor

(1, 8)

~has some




N [REI An attempt was made by Hauser, Si.mmons and Dora'Y to deter- .

S wy

o mine the functlon g(agT, &) expemmentally by usmg a modlflcatlon of
= Kolsky s(lo) small wafer technique. Their results, which are recorded-
in Fig. 1, con:fxrm the nomlnal validity of Eqn. 1. At low impact siress

.

the logarlthm of the strain rate increases linearly w1th the stress in

harmohy with theé dictates of the thermally activated dislocation intersection
- ’rnechanism for plastic flow. (11)" At high stresses the force on the disloca-
‘tion’s is sufficient to permit intersection without thermal acttvation. . Ih
',i;"‘j' " the absence of other dissipative rnechanisms the speed of the dislocations
'could theh' approach the shear wave velocity When all mobile dislocations
i l; . R in a crystal move with the sonic veloc1ty, a max1mum stram Tate lunlt
L L Would be reached Actually, because the stress field is not umform but
; - varles perlodlcally due to such obstacles as gram boundaries and mclu_-
. sions,. there will be a local slowing down of dislocations. While the

¢

details of this mechahism_ are not yet clear, experimentally one finds a
:.nearly linear'relation hetweenvstratn'rate and stress Flg 1 represents:
o | .a sertes of smothed curves through many experlmental pomts to perrmt
, 'the -catalo-gumg of the g(g~, € ) function c‘n punchvcards for computer .

Clase, L S oy

. This report: covers two aSpects of the'prcblem of pll'astic wave
. prop.agatlon ‘the first is wh‘ether the .gradients-in streSS and strain 'ar‘e |
‘\ small enough in.thin wafers to permlt sufflclently hlgh confldence in the' :
e ,‘ rehablhty of such data as arée. glven in th 1. The second part attempts: .
to answer whether calculatlons of plastlc wave propagatlon based on such - )
| data are m good agreement w1th the experlmental facts Thls 1ssue 1s‘

partlcularly 1mportant 1n v1ew of the Well estabhshed dlscrepanmes o

"‘? .




2 Solutmn of the Equatlons o

Governmg Plas’czc Wave Propaga’czon

‘The system under consideration consists of the equations:

JRUIV N
Ay L

~PL‘(2)9s:_;;

'?*1(3)f:f:Hi

'u

den31ty

_ partlcle veloc1ty -

'll

s’cress B T I

time o 5 ‘- PR
4 Lagra.nglan partlcle coordmate S e =

total strain

'
I
|
b

Youngsmodulus L U :

Eqn 1 comes from the conservatmn of momentum "Eqn. 2 is the equatlon
~of contlnulty and Eqn 3 glves the propertles of the matemal under con~

_,"ji.:@__'._‘_‘_ s s1derat10n These equatlons ca.n be solved by the method of charactergstlcs,

SR (7 8) ated b

SRR g see Malvern 'I‘he resultmg equatlons were approxunated by a




and boundary condltlons for a thm wafer test The stram gages are at

Thus, the stram 1s known as a functlon of tlme at

stress and partlcle veloc1ty along oC : GC and.f/f : '70"3 are related

o the stram by the equat1ons c}" ',:'v'Eé. and U" r/pc, = £ E/ Qc, (‘;6
'Prlor to the 1mpact o"‘ £ _ __;/?/" O In F1g 2 the t1me t=0 1s the mstant

that the front of the stress wave arrlves at the ' oC—‘ stram gages. In

w1thout attenuatlon.

The characterlstlc '
A

11 Across the boundary between the 1nput bar and the spec1men 9C 0
there are dlscontmultles 1n 6" and él The dlscontmulty mU" arlses

rom the change 1n the cross sectlonal area 1n gomg from the mput bar




Therefore,

The relatlon between the stresses is obtalned by equatmg the force on the »
_face of the 1nput bar to the force on the face of the spec1men |
II O.._ KO‘“I | ».-. S e

where AI and AH

~are the cross sectlonal areas of the mput bar and’}‘i-
o 'specunen, respectlvely The same’ analysm apphes it 0{ e 2_._’

Flg 3 shows the geometry and boundary cond1t10ns for. the long

_"’v"_b_"..'.same as in the case for the thln Wafer test. = At o" = OC the boundary -

cond1t10n 1s G" 0 for all t s1nce the free end cannot support any stress
The method of character1st1cs permltted the rewr1t1ng of equatlons 2, 3 and 4
as essent1ally ordmary dlfferentlal equatlons along the wave paths Thes__e
equatlons 1n turn Were approx1mated by finite dlfference equatlons - The :

i f1nal solutlons were obtalned by a pomt by pomt 1ntegrat10n of the equatlons
in the <>C t plane us1ng the approprlate boundary condltlons and the i

_. exper1mental gla, é) functlon in tabular form The computatlons were

vf-‘_carrled out on an electromc computer at the Lawrence Rad1at10n Laboratory

e Exper1mental Deta1ls

1 ‘Thin wafer—-the materlal used for the spec1men was 99, 997%

- Al extruded bar stock wh1ch was prestralned in compress1on to a yleld

7 s § “ strength of 11, 000 psi. The 1nput and output bars were hard Al tubes,

v

.1750" O. D. and 580" L D.: ;a O 4" gage length for the specunen was

e chosen since th1s length has glven very cons1stent results in the deter—

""‘f"-._mmatlon of the g functlon

2. Long bar test--the mater1al was the same as that used m the

e L

L thm wafer test The spec1men was machmed as a thm walled tube ( 7 50 in

~bar test. The boundary condltlons at @C = - ,;(,', and L =0 are the Lo |

ol

o

e -

Sl
.1.

(11)



v.'o D and 580 in I D ) in. order to reduce constramts on the londltudmal
jﬂow due to radlal forces The 1nput end of the spec1men and the output :
end of the mput bar were coned to ‘the experlmentally determmed frlctlon v

v..angle of 15 to reduce the constramts on radzal flow at the end of the ': ;

5'spec1rnen
Plastlc strams in the specn'nen Were de’cermmed by measurmg

’”'."th‘e. wall thlckness, u)' before and af’cer 1mpact and usmg the rela’uon S

.

€ - <1+ Af; D R -'i ;_‘__

iThls relatlon is obtamed by assumlng constancy of volume and cylmdrlcal ‘

'symmetry of the spec1men

Three loncltudmal traces of the wall thlckness were made, 120 |
{apart The measurements were carrled out usmg a Statham gage The Lo
‘-gage was mounted v1a a pm to the crosshead of .2 an Instron tens11e testma
fmachlne The s1gnal from the gage went to the X coordmate on an }s.Y _
.plotter whlle the head travel gave the' Y coordmate A typlcal graph 1s S

;shown 1n F1g 4 Smce 1t was des1red to obtam the stram as a functlon of

4 the Lagranglan coordlnate OC a method of 1ocat1ng a glven oC, after o
w}flmpact was necessary ThlS was accomphshed by machmmg very fme -
'c1rcumferen’c1a1 marks on the surface of the spemmen at 1ntervals of :
.:vapprommately 0. 1 in.: These marks then appeared as rldges 1n the e
fhlckness measurements before and after 1mpact Thus,rthe o(_ co- f-
.ordmate of the marks was known and the coordmates of the pomts between

'j'?'the marks were found by 11near 1nterpolat10n




.. 4. Results and Discussion -

‘v W:_Thm wafer test'

The constants in the problem were tak.en as
E 100x10 ®psi o
c’-” 2,50 % 10™% 1bs /in®
20x1051n/sec I T o

' _‘ Stnce the 1nput ‘and output bars and the specunen were alummum‘ E, /0

o and c are the same 1n all three The cross sectlonal areas of the bars

S .. .:‘ and the spectmen were the same, glvmg K 1 at both the. mput and output
faces The results are summarlzed in Figs. 5 through 9. , : '{l
Flg 5 shows the stress at the straln gage on the input bar (- “o(‘.l).
‘The oscﬂlatlons on the experlmental wave are transverse v1brat10ns in the
input bar. These were 1gnored smcethey contrl_bute very little to ,the longi-
tudinal stress on the specimen. - , | o : B
- Flg 6 shows the stress at the stra1n gage in ‘the output bar Figs .5 ;
and 6 show excellent agreernent w1th the experlmental data except for the
- initial portion of the transmitted curve. The elastic rise of the transmltted
str'essis slowerthan that of input‘stress.' This was true for rnost of the

v::‘-; thin Wafer tests run and 1s probably due to a sllght mlsmatch between the

L.{‘faces of the specimen and the. 1nput and output bar In-the computatlon, the *

R specn’nen- was assumed to be in perfect contact w1th th)e-‘inpu.t and OUtPUf
. _bars g1v1ng a perfect transm1ss1on of the 1nput stress below 11 OOO psi.

'The 1n1t1al portlon of the theoretlcal transmltted curve is somewhat lower

( than that of the experlmental curve and the drop due to the reflected stresses

1n the theoretlcal 1nput curve 1s faster than that of the exper1menta1 curve




Thts 1nd1cates that the‘extrapolatlon of the g functlon to low values o’f“'
stram seems to g1ve a straln rate whlch is’ too large for small strams
Flgs 7 through 9 show that the theoret1cal stress,_ stram and
straln rate do not achleve a lmear gradlent across the Wafer before
20 40 and 50/{ seconds respectlvely The small peaks on the -
;;1n1t1a1 portlon of the stress at the front face are due to the f1n1te grld‘;:
s1ze used and the fact that the g functxon is changmg very rapldly 1n
'hls reglon The stram rate dlstrlbutlon 1n1t1a11y shows very large
luctuatmns ThlS is’ due to the raptdly changlng character of the g-

' unctlon at low stralns

"‘::As twwthe theoretlcal.values of the varlables become asvmpe B
ot1c to .the experlmental curves Thus the thm wafer technlque w1ll
rve good results 1n a determmatlon of the g functlon for a glven matemal
nly 1n the reglon of large strams, Wthh is equtvalent to a long t1me |
~_:fIf the stram rate vartatwn of the mater1a1 changes rather slowly as-a ’ *
functlonof - stramthen the_ ac‘c_ura'cy of the method w‘i'll. be '.i'ncreas e'cl at ":'ff._.f

low er strams

Although the assumptlon of. 11near1ty in L stress, st'r'ain' and‘ str:ai'n""’ :
: rate gradlents does not hold for small strains, the excellent agreement
‘-?between the expemmental and theoretlcal stress curves at the stra1n ,': o

dages K o= dC 1 and 04 oC shows that the g functlon determlned

’f:_by the thm wafer technlque may be used to predlct the gross behavmr of S

w 3

a speczmen - It should be noted that-the only experlmentalv data used in .

and 0( Thus

L'."f-determmmg the g funct1on were the stresses at Cl
1 even though non hnear gradlents do. ex1st across the. specmnen the expcrle "
mental determmatlon, whlch assumed only llnear gradlents and really dcter-
. ;j_':mmes an ’average g functlon, g1ves a g functzon whlch ylelds 1nternally

o “con51stent results.v_'




" This is not as redundant as it first appears to be. If all the thin -~
-':"wafer tests had been W1th a gage sectlon of 0.4" the above statements

: \

would be tr1v1al But since the determlnatlon of the g- functlon in dlfferent ':.ti

& between the experlmental and theoret1ca1 1nput and output stresses for a;
0. 4" wafer is more than JllS'l: a statement about the 1nternal c0ns1stency E

m’of the experlment " o A g

i._"j; Long bar test' '
L The results for the long bar test‘ are summarlzed 1n Flgs 10
through 13 = 0is the tlme when the front of the stress wave reaches
t:_":'the front’ of the bar = 8//' sec. is the time for the wave to travel l{lz o
‘ﬂthe‘ length of the specunen At ¢ = -16/(/{ sec f.the wave. has just reach'e'd o
the end of the bar Flg 10 shows that the stress below the yleld stress
;:';of 11 000 ps1 is. propagated elastlcally wh11e the stress above 11 000 ps1 :
_has been d1551pated by plastlc stralmng of the materlal As 't 1ncreases» i
'_the 11 000 p51 stress is reflected from the free end as a tensmn pulse :
and the stress at the free end drops to zero At t = 32/(sec th1s

. ,'reflectlon reaches the input iend of the spec1men As t contmues to
1ncrease the straln rate changes m such a way as to tend to equahze thei | :
stress dlstrlbutlons along the bar ' | | N

F1g 13 shows excellent agreement of the f1nal experlmental and

;theoretlcal straln dlstrlbutlons The straln is essent1ally zero fora( >

1".'-8 1n It should be noted that the spec1men has not been completely
.-*_'unloaded from the 1nput bar at t 160/4( sec s whlch is the last of
the theoretlcal computatlons. However smce the g functlon 1s very

small at thls tlme, the contrlbutlon to the stram for succ eedlng tlmes T

j_'wlll be neghglble'-"-" A tensmn pulse reflected from the mput face of the.__r",'__

f’ranges was made usmg dlfferent gage lengths (0. 1" to 1. 6") the adreement g



:'spec1men due to the d1scont1nu1ty in cross- sectlon area, traveled back,'._ﬂ _
along the 1nput bar and reflected from the face of the ram as a tens1on -
pulse.__ The fmal unloadmg of the spec1men took place when thls pulse

‘ reached the 1nput face of the speclmen agam. -

The results tend to support the assumptlon that althoudh the

.:'thm wafer determmatlon of the g- functlon glves only an average g( o", ﬁ)
functlon the averagmg process in fact glves the correct result for 6)’ 2%.. o ﬂ-_;.{

(As was prev1ously noted ‘the g functlon for very low strams, & < 2% :

f.:seems to- be too large) ‘In thls reglon some other exper1mental method

"

of determmlng the g-functlon is needed The flnal verlflcatlon of thls

S e .1’7'. (

and stram rate over a gage sectton much less than 0 1 1nch




5. Counclusions’

-1, Although rather hlgh stress, and stram rate dradlen’cs emst

J.mtlally in lmpacted thin wafers the data obtamed from such expemments‘»

represent the average dynamlc plastlc behavmr of materlals

2 Predlctlons of plastlc strams based on the qua51 v1scous
' behavmr of dynammally 1mpac‘ced materlals agree very well w1th
I;f“expemmental observatlons 1f the stress, straln stram ra‘ce behavzor ll

'”:""‘:'of the materlal 1s known. :

PR SR,
pav
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

-B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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