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Abstract

An accurate and efficient numerical method of solving the
radial Schroedinger eguation for diaiomic molecule has begn
employed in two tests relating to approximafe potential functions.
Firsf, quantitative estimates have been made of the errors in the
approximate eigenvalue equation derived by Pekeris for the rotating
Morse oscillator. Secondly, as an example of testing a potential
function for which no analytic solution is known, the eigenvalues
of the Clinton potential have been €Ompared with those of the

Morse and with experiment.
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Introduction

The worth of a function used for representing the potential energy
of a diatbmic molecule must be Jjudged principally by the agreement
between the eigenvalues it predicts and the specﬁroscopically-observed
term values. The profuslon of such functions in the literature is due
in part ta the difficulty of making this comparison. Exact analytic
solutions for the eigenvalues and eigenfunctions have been obtained for
relatively few potential models.

Varshnil has used sn approximate method to compare the class of
three-parameter potential functions which can be specified by the dissocia-
tion energy, De’ the fundamental frequency, we, and the equilibrium
internuclear distance, T, It is based on two approximate formulae,
derived by Dunham,2 which give the spectroscopic constants W X and Xy
in terms of derivatives of the potential function evaluated at ré.

Dunham2 used a W.K.B. method and a potential expressed as a power series

in the internuclear displacement. Since the constants De’ wé, Be (or,
equivalently, re), méxe and &, give the most important_contributions to

the eigenvalues, this method certainly gives a valid and useful comparison.
Still, it is applicable to only a restricted class of functions, and the
neglect of higher-order terms in the eigenvalue equation could in some cases
alter the comparison significantly.

Varshnil noted another possiblé method for making the‘comparison
with'experiment, but it is less attractive. When sufficient experimental

3

data are available the Rydberg-Klein-Rees method (see Jarmain” for a
recent formulation of this procedﬁfe) can be used to bulld up a potential

curve by computing classical turning points for each vibrational eigenstate.



recently proposed by Clinton,
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Such a curve could then be compared with any postulated potentisl function
but the information gained is less than satisfactory. One could safely
assume that a potential function which disagreed considerably with the

RKR curve over its whole range would give poorer results than s function
which égreed very well with the RKR curve. However, it would be difficult
to choose between two functions whose departures from the RKR were
approximately equal in magnitude but in different regions of the curves.
In any case; no guantitative estimate of the difference between
theoretical and observed eigenvalues is obtalned by this procedure.

A direct and unambiguous comparison between theory and experiment
is possible for any assumed potential curve through the use of
numerical methods. Such methods have been applied to central field
problems for many years but the computaticonal labor they entail is
very considerable when high accuracy is desired. It is only through
the recent advances in computer technology that the widespread use of
these methods has become practicable.

The present paper deals with two applications of numerical methods
in problems relating to diatomic potential functions. Following some
remarks on the method itself, it is shown how it can be used to give
guantitative estimates to the accuracy of an approximate analytic
solution. The example chosen is widely-used eigenvalue formula derived
by Pekerisu for a rotating Morse oscillator. The second application
is one in which are found the properties of a potential for which no
analytic solution has yet been given. This is a potential function
5

and it is compared with the Morse6

potential and with experiment.
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The Numerical Method

Cooll.ey'7 has recently described a numerical method for solving the

Schrodinger radial equation. It employs the N‘um.erov8 method of integra-
tion together with an eigenvalue predictor-corrector formula which is
based on a second-order iteration-variation procedure due to L8wdin.

The form in which the equation is solved is
2 2 ‘
a%y/ar® + [E - U(r)l¥(r) = 0 (1)

where ¥ is the radial equation multiplied by r, and U(r) is the effective

potential energy,

U(r) = [J(J+1,)~A2]/r2 + zazb/;» + Eel(r)'., (2)

J and A are the gquantum numbers for rotation aﬁd for the z-component
of electronic angulsr momentum, the second term is the Coulomb repulsion
energy of the nuclei, and Eel(r) is the electronic energy obtained by
solving the electronic wave equation.for each fixed internuclear
distance r;

In using Eq. (l) it is neceésary te employ dimensionless units
of energy and length. When length is measured in Bohr radii,

o 2 2

a, = 0.529172 A, the unit of energy is equivalent to hNb/Bw caOHA
wave numbers, where Nb is Avagadro’s number (physical scale) and My
is the reduced mass in Aston units. The numerical value of this factor
is 60.2198/%A. Hence, to convert the eigenvalues and spectroscopic
constants for HC1 from the values'tabulated below to the more familar

units of cm‘l, multiply by 61.4557.
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*
Cooley has made available a Fortran SHARE program embodying

fA minor modificatioﬁ is requiréd in qrdér to make his T7O4 program
éompatible with the 7090. The author is indebted to Mr. R. N. Zare
for this information. It is anficipated that a detailed description
of this modification, together with other useful ones, will soon be

available as a UCRL report by Mr. Zare and the author.

his procedurevand has reported tests of its accuracy when up to 200
intervals are used in the integration. In the present application ’
higher accuracy was obtained by increasing N, the number of intervals
used. One cannot ensure a coﬁtinuoﬁs improvement in accuracy by
increasing N indefinitely, quite apart from storage and time considera-
tions. As N increases; the buildQup of truncation error will eventually .
offset the simultaneous reduction in the error which arises from
replacing the differential equation by a finite-difference equation.

If the latter source of errcr is reduced to a virtual zero before the
former becomes appreciable & plbt of eigenvalue versus N should vary
rapidly at low N values, approéch a near-constant value and then

break away from it gradually as truncation error builds with increasing
N. This appears to be true of Cooley's program when it is used on an
IBM 7090 (which carries just over 8 significant decimal figures).
Figure 1 shows the variation with N of the six lowest eigenvalues for
HC1l fitted to a Morse potential. It will be noted that the ﬁigher

the eigenQalue (i.e., the more rapidly the eigenfunction varies with
r), the greéter is the value of,N‘at which the nearly constant portion

of the curve is reached. On the other hand the breaking away from this
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_; 0.004— E5=-447.19696

. =
0.004}— E, =—534.75590 -
-

0.002
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MU—29799

Fig. 1. Rate of convergence of numerical eigenvalues with N, the number of
intervals used in the numerical integration, The theoretical values of
Ey are computed from E? (4), using the spectroscopic constants for
HC1 given by Rank et al, I3
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region at higher N is much less a function of eigenvalue. Further,
the somewhat erratic behavior in this portion of the curve is
essentially the same‘for every elgenvalue. Both these observations
are consistent with the interprétation ﬁhat the errors above N=1000
are principally truncation errorso:

All the calculations reported in the followling sections of this
paper were made using 1000 intervals of 0.007 atomic units each. The
criterion for choosing the range of integration is that the values
of the normalized eigenfunction should be essentially zero at both
extremes. .On the IBM 7090 numbers smaller in magnitude than 10™39
produce a machine zero. For a Morse potential virtually all diatomic
molecules will fulfill this condition at a<l§wer bound of re-2 atomic
units and an upper bound of re+5. The higher the ratio of wg/&gxg,
the more this range can be reduced.

Numerical integrations of the eigenfunctions to obtain expectation
values of r"2 were made by repeated applicaticn of Simpson's rule,
sometimes called the parasbolic rule (cf., Hildebrandlc),

Values of the spectroscopic constanté were obtainéd from the
eigenvalues by the differencing proéedures usually applied in'the
analysis of spectra° (This whole procedure can be regarded as taking
the spectrum of a molecular model with a computer.) In order to
miﬁimize the errofs caused by the neglect of highef-order differences,
the fourth differences AFG were set equal to Eha%ze and

L
o and A ZB?_

Qhee, respectively, the differences APGs and AﬁB3 being used only as

an indication of the validity of the assum@tion of constant fourth

differences: All lower-order differences contributing to Aﬁfz were
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then solved the remaining constants, an@ unwveighted averagés of these
we;e tebulated. The relevant difference equations may be found in
Heererg.ll {

The entire numerical procedure is very econpmical in terms of
computer time. Cooley's prosramfreqnires dboutio,h geconds to compute
the eigenfunction at 1000 points and to correct the trial eigenvalue
for the néxt iteration. Since the predictor-corrector formulse is
based on a second-order procedure relatively few iterations aré
necessary in ordef to dbtain‘eight-figure constancy in the .eigen-
value, even for an initial trial’valuevwﬁich is several percent in
error. All the calculations reported below, including 12 eigenvalue
determinations, required about one-half minute of computing time on the

IBM 70900>

Accuracy of the Pekeris E;genvélue Equation for
the Rotating Morse Oscillator

Pekeris'h approximate solution to the radial equation for a
Morse6 potential is inexact for tﬁblreasonsa Pirst, the rotationgl
contribution to the potential‘is approximated using an expansion for
1/'r2 in which only thé Pirst three terms are retained. By treating
the terms neglected as a perturﬁation Pekeris showed that their effect
on the eigenvalues should be very slight. 1In view of the widespread
use of his approximate solution, a more quantitative estimate of the
error is useful. Secondly, in his development the lower limit of
an intégration ovef r is taken as -« instead of zero. This has been

discussed by ter Haar,12 who concluded that the error should have
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negligible effects for systems involving nuclear or larger masses.
Again, it is of interest to set an upper bound to this error through
an exact numerical solution.

The Mor*se6 potential for a rotationless state is given by

B(r-r_) ,
®12 . p (3)

Ulr) = De[l - e .

where De is the dissociation energy, T, the equilibrium internuclear
distance and B a disposable parameter; the energy being measured from
a zero at the dissociation limit. In the following calculations the
values assigned to De and r_ wvere 605.559 and 2.L0873, corresponding

13 for HCL, and B was set equal

very closely to the experimental values
to 0.988879. 1If the Pekeris solution were exact, this value of B8 would
imply a value of w, matching that for HCl [see Eg. (La) below].

The eigenvalue equation derived by Pekeris may be written

E

1]

! PAY=
v, -De+ goe(v + ) a)exe(v + %)

+

J(J+l)[Be—» oze(v VAL Te(v + %)2 + eoee ]

+ DeJQ(J+1)2 Foenn (4)
where
w = 28 fne (La)
cneice= 82 | (ko)
B, = r;2 | (be)
= —3 (p- == (4a)
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T = -§§6—~ (5 - 20rp + %grfaa - 55263] (ke)
2B reDe - .

D (rot.) = ,556,_ (h2)
& . BT D, ‘

Note that the rotationless states do not involve terms in
(v + '4) higher than the second power. Therefore, non-zero third
differences in the eigenvalues for these states will indicate an
error due to the second cause cited above.

The calculated and numerical eigenvalues for the J=0 states of
the first six vibrational levels of HCl are given in Table I, to-
gether with first, second and third diffefencesﬁfor the latter.
Within machine limits the third differences are zero and the values
of @, and méxe derived from the first and second differences agree
exactly with Egs. (4a) and (4b). Hence, the incorrect limit of
integration introdﬁces an efror of less than one part'in lO7 in
w .

Two procedures are available for testing Egs. (lc,d, and e).

The values of Bv can be obtained either from the relation

v

B = [éél = Jﬁ w&r"?wvdr (5)
. .

or by obtaining a series of rotational eigenvalues for each vibrational
state. Standard differenceing procedures can then be used to solve

for the constants in the equation
B =B - o {vib)+ v (vﬂ/)2+ ) (ny)3+'€ (v-l-f/))+ (6)
v e e @7 e 2 e 2 e Ca

Both methods were used but only the set of B, 's obtained from Eq. (5)
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Table I. Eigenvalues G(v)(:Ev O) for the rotationless states of HC1,
)

assuning a Morse potential. Since ASG=0, A?Gv+l -2 x_
and A}Gvﬁé==ak+ evd%xe{
6(v),Eq. (4)  G(v),Nunl. Ao 22 e
-581.46902 -581.46913
d 46.71311
~534.75590 ~53k.75602 -1.95577
L. 7573k +.00001
-489.99855 -489.99868 -1.95576
- 42.80158 00000
-4L7.19696 -Lkl47.19710 -1.95576 |
L0.84582 -.00001
-406.35113 -406.3512 -1.95577
38.89005
~367.46107 -367.46123
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was used tolobtain the constants &, etc. The value of Bv given by
Eq. (5) is unambiguous whereas forcing the eigenvalues to fit the
equation

B ;- B, =B J3(341) - DVJe(J+.l)2 (7)

Vqu v,0
results in a bv value that depends upon which eigenvalues are used.
The values given in Table II are the results of a least-squares fit of
the four eigenvalues for states J=7 through 10, the lowest four for
which the left-hand side of Eq. (7) retains six significant figures.

The same states were used té determine the constants Dv’ which
could be expressed by the relation

D,=D_ + (v + /). (8)

Table II gives the results for Bv; The good agreement betweeﬁ
colums three and four attests to the consistency of the eigenfunctions
and eigenvalues dbtaiged in this procedure. The very small differences
between columns two ana four at low v increasing markedly as v increases
indicates again that the principal error in Eq. (4) is the neglect of L:.
higher-order terms. To better illustrate the magnitude of the error,
Fig. 2 shows the differences between calculated and numerical eigen-
values for levels J=0 to 20 of v=0. Note that the first several states
are all low by the same amount. Hence.the rotational spacing predicted

by Eq. (4) for these states is exact to within the limits of this calcu-

lation.



Table II. Rotational constants Bv from the Pekeris solution, from the numerical

eigenvelues and from the numerical eigenfunctions.

Bv’ calc. Bv’ numl., B,, numl., L\.lB 225 A8 A)'LB
Egs. (lec,d,e) from Ev,J from Eq. (5) '
0.16981808  0.169812 0.16981818
-.00511297
0.16470616  0.164698 0.16470521 -.00005383
| -.00516680 -.00000223 .
0.15954333 0.159532 0.15953840 - .00005606 - .00000032 qj
h -.00522286 ' -.00000255
0.15432959 0.154309 0.1543155k - .00005861 —.00000052'
-.005281k47 -.00000307
0.14906k95 0.149029 0.14903407 -.00006168 .
-.0053k4315
0.1hk37hoko . 0.143687 0.14369093

€/90T-THON
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Fig. 2. Comparison of numerically-obtained rotational eigenvalues with those
Triangles with solid guide
lines indicate §E;= calculated-numerical; circles with broken guide line
show %6 = (1 - calc/numl,) X 100,

calculated from the Pekeris equation, Eq. (4).
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The final results of this comparison are summarized in Table III.

Table IITI. Spectroscopic parameters for HCl fitted to a Morse
curve. Values calculated from Pekeris' solution

compared with numerically obtained values.

Parameter fgiicgégfe?n) Solubion
@, 48.66888 148 .66888
WX 0.977882 . 0.977882
B, '0.17235495 0.17235457
o, 5.0610x107> 5.06038x10™3
T, -2.545x1077 -2.565x10™°
8, - -2.66x10" 1
€ - -1.3x10'8

De(rot) 8.6u6x10'6 8°6x10'6

B - -3x.p-8

The excellent agreemenf gives grounds for considerable confidence in
the aécuracy of the numerical procedure. Also, the calculation shows
that Eq. (2), without higher terms in J(J+1), represents the Morse
eigenvalues'to an accuracy that is sufficient for most purposes. The
neglect of the higher terms introdﬁced an error of one part in 60,000
for the separation of level J=20 from J=0. Theverror introduced by the
false integration limit is too small to be evident in eight—figure

7)°

calculations (safely, less than one part in 10
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The Clinton Potential Compared with the Morse
and with Experiment

Clinton5 recently has suggested a potential function
U(r) = -D (r /r)° (1 1n(r_/r)°] (9)
e’ e e

where the dimensionless quantity ¢ can be expressed in terms of the
same three parameters used to specify the Morse potential. They are
related by the equation

o=N2pr_ . (10)

No analytic solutions for the eigenfunctioné or eigenvalues of
the Clinton potential have been derived as yet. The chief merit of
this potential function is that it predicts more accurately than does
the Morse the finite value of r at which thg potential is zero, rc'
This has been established experimentally only for the case of H; but

Clinton5

has shown that this can be expected to hold in general.

Figure 3 shows a plot of the Clinton potential for HCL. Included
in the figure are a plot of the cbrfesponding Morse potential and the
RKR turning points for the first eleven vibratiohal levels. The latter

3

are derived from Jarmain's formulation of the RKR method. For levels

v=6 through 10 the eigenvalues are obtained from spectroscopic constant_s13
'based upon experimental values for levels v=0 through 5. 8ince such an
extrapolation can lead to serious errors the higher turning points must
be accepted ﬁith some reserve. |

The Morse potential lies below the RKR throughout the whole range

plotted here, but the Clinton lies below the RKR for r > re, and above

i
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Fig. 3. The Clinton potential for HCl, The Morse potential and the classical

turning points obtained from the Rydberg-Klein-Rees procedure are
included for comparison,
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for r < r,. On both sidesmpfxre the Clinton curve deviates from the
RKR points much more than does the Morsee While it is quité possible
that a reliable extension of the RKR points to the dissociation limit
would come closer to the Clinton vélué for L than to the Morse wvalue,
it is by no means apparent that ﬂt_will do so from the points plotted
here.

Turning now to the more direct and quantitative coﬁparisons,
Fig. 4 shows the eigenvalue separation, or AG curve, for the Clinton,
the Morse-énd experiment. The Morse points lie on a straight line
since all terms in éowers of (v +}é) beyond the second are zero. This
is not the case for the Clinton potential or for experiﬁent, The
vibrational term values for the Clinton potential are well-represented

by the equation
G(v) = 48.68621 (v + 1) - 1.56656 (v + )2

+ 2.h6h9x10-2 (v +}é)3- .'L.'(6xl()_)+ (v +!é)u° (11)

It was noted earlier that in certain cases the value of mgxé might not
provide an adequate approximationrto the eigenvalues of the potential.
The Clinton potential affords an example of this. The value of weyé,
which is almost an order of magnitude above experiment, contributes |
significantly to the emergy for higher v (e.g., about 10% of the
contribution of the second term for v=5).

Since the rotaﬁional constant Dv is very‘small in comparison to
Bv for all the values of v investig;ted here, the comparison between
calculated and experimental rotational eigenvalues can be made most

simply through tﬁe corresponding Bv values. These are shown in Fig. 5.
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Fig. 4. Vibrational eigenvalue separations for HCl computed from the Morse
and Clinton potentials compared with experiment,
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Fig. 5. Rotational constants B, predicted by the Morse and Clinton poten-
tials compared with experiment., The two calculated sets extrapolate
to the experimental value of Bg(=1/r%) at v=1/2 since the experimen-
tal value of r, was used in defining both,
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As for the rotationless states, the Morsé is much superior to the
Clinton in the prediction of eigenvalues.

In order to be sure that this test of the Clinton poténtial was
not béing made on aﬁ atypical molecple, the same comparisons were made
for the LiH, CO, and HF moleculeSO. Iﬁ every case the results were

entirely analogous to those obtained with HCL.
Conclusion

The numerical integration of Schroedinger's radial equation by
Cooley's7 procedure provides a method of testing potential functions
which is direct, rapid and applicable to any function. Besides
furnishing accurate eigenvalues it gives the eigenfunctions, from which
all other properties implicit in the potential model may'be calculated,
e.g., the expectation values of pbwers of r. The usefulness of the |
numerical procedure is not restricted to the testing ofpctential-functions.
It also provides a convenient method of generating eigenfunctions for
use in calculating properties of a molecule which depend only in part
upon the potential curve. The vibration-rotation interaction is such
a property, and a subsequent publication will deal with its evaluation

by numerical methods.



-22- UCRL-10643

References

P. Varshni, Rev. Mod. Phys. 29, 664 (1957).

. L. Dunham, Phys. Rev. 41, 713, 721 (1932).

R. Jarmain, Can. Jour. Phys. 38, 217 (1960).

. L. Pekeris, Phys. Rev. 41, 98 (1934).

L. Clinton, J. Chem. Phys. 36, 555 (1962); ibid., 36, 556 (1962).

. M. Morse, Phys. Rev. 3k, 57 (1929).

W. Cooley, Math. of Computation, XV, 363 (1961).
Numerov, Publ. observatoire central astroph. Russ. 2, 188 (1933).

0. L8wdin, "An Elementary Iteration-Variation Procedure for

Solving the Schroedinger Equation,"” Technical Note No. 11,

Quantum Chemistry Group, Uppsala University, Uppsala, Sweden, 1958.

B. Hildebrand, "Introduction to Numerical Anglysis,"” McGraw-Hill

Co., New York, 1956, p. 75.

Herzbefg, "Spectra of Diatomic Molecules,” 2nd Ed., D. Van LN

Nostrand Co., New York, 1950, p. 96.

ll Y.
2. J
3. W.
L., ¢
5. W.
6. P
70 J.
8" BO
9. P.
10. F.
11. G.
12. D.
13. D.

ter Haar, Phys. Rev. 70, 222 (1946).

H. Rank, D. P. Eastman, B. S. Rao, and T. A. Wiggins, J. Opt.

Soc. Am. 52, 1 (1962).



This report was prepared as an account of Government
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