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. A.bstract ' 

The influence or vibration-rotation interaction on 

transition probabilities molecules has been 

· ·,:. . · ; -studied through numerical solution of the Schrodinger radial·;·:~:~~~~:::"~-~·.·:~. ~- .. 
.._ r'· . ., . . , . .-.. , ::?*~.1 - .• r:~~ .:·~<~<"\ l., 

··:·~ equation. 'The ·- J:J.wilerical method described is readily applioi:::.{~t~./t{ _ ' .. ~ 
- , ·· · · - · _ . _ ~ ·~.;:.fi~_,::.:c~;;)};.' .:·:.-:.: 

-• able .to any choice -6f' potential and dipole· moment functions ,)··~·;. · >;:,, ·- · ~~ 

::::::m:::::~e:~::i:::u:::1::::~:::a:: ::c::d:e:e . ~~~~!~~(r 
economical in terms. of computer-time. re:quirements. Its use· 

•. ;·' . '\ 
• ·-.;.' •• ;. H ••• is demonstrated her~- in two applications.·· First, it has been:·: ... 

f, '. 

.• •. ! .• ,, 

',~. 

' .. 
~ . .· 

·-;. 

< .. 

> ·' :.:>used to .check the accuracy or .. the approximate. formulae for 

the F-f'actora _or a rotating Morse oscillator with a linear 
': ,. i;:,' 

dipole moment function, derived by Herman, Rothery,; and Rubin: · ···-l··· · 

It was found that their formulae were~ very accurate for 

transitions,, but .that the two ·.formulae given by them for < 

.. first and· second overtones could .introduc-e. errors. of .,._, 

, ::.percent at moderate J· \i:alues.:~·.secondly.-.. quadratic and cubi'cS-~~i~;X}it1i{~:;~ · 
· .· · t wma. J<ere ~d<i~d··t~ ;h~ dipOJ.e rdo~#ftJuietlo~ ~j>Ner t~' ~~~Jf!~~~;;;{ 
. ... estim.at~ .the ·;·s-ensitivity·. ~t :F..:ractorE('i;o·.,oharigE!·s ~·in this.,: ·-:;~~ .. t:l ~:( ~ .. : .. · 

• .. '": 

.., '. 
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The. re·aulta irtdioat'e·' .that:' for. ail. trartaitiona 
" 

> 1, the higher· terms 
. ;: . . . 

can. have Q·ons1derable ... · 
F-faotors for the lines R(i.9) and ~.( 20) , of :the 

;·~· ~·· (~\. ':'. ·~· ~-{·1. 

were 
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Intx-oduction ' . 

,, 
··:·-

'\ . '~ .. 

t .• 

• ' ' . • .. ' '_j ' • • . ' ', • ,· 

In order to relate the observed 1J1.ttlns1t7 ot · a' spectra~ 
i 

:c.:,· 

'line to the population. of 1te atate ot: ori&in it' itt' nec·ess~ ' 
t'o . know 'the·",;iboo'iu.te value . ot . ~nm' -the ;mat~iX elela~n. ot 'the:.· 

~. . . . . . 

\.\ •' 
•; .... 

,t! I 

where Yn and tm are the e1gentunot1ona ot· the two states and 

.· Ji is the dipole motnent opera:tor• Fo:J;- the partioulax- · case ot 
. ~·; ;~:. _·; . ' . . •' ' . . ' . - ' . 

· .. ·· · · vibration~rotation transitions within a given electronic· 

ot a diatomic molecule, it is customa.x-y. to assume separab1Ut7. 

-. · ot the -wave equation &nil 'to replace ·the 41pole1 moment 

by lln. alseb)."aio tu;nQtion ot _the 1ntemuoleat.' cU.It-.nce "on.lt•' 
.· ·. . . .· : ·. . .... ~.. . . , ~ . · ....... :.-· .. ;:.: ·.• / ... .'·. . .. ,-! .t.- · ..... ·. , . , ~ •. ·r 

Under tb.es~ a.ssumptic>na: thre .mat~~ -elef4tnt ot. ~- Upole\: ; .. , 
·,' ~ .. ·..,_ . / :-·'' .. :','./ .~·:, ... \_:·' ,',, :·· ,'•' :ti~'H• 

moment 18 s1ven by- · : ,.,. '-·· '",, ·, ·· . 
. ':- "' • ~! : : .. ' 

·: · .. . '~ ~ ... :_,· 
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;:: ·. ~ · .•. 'l:· l~· 
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o 1as sical turning points Qt .. th~ ·.v.tb~aitL~riALx;;,;l~els. .·.. ay- int er~~.{i·~\~·~~l..<.':}.: . 
. , • • . ." . ·. . _.-. ,·-:'·. · . .',-:.::~ ." •:: ><()_)_·/~; -.~:~\. ,·~.<~·i::~~~~.,'~~~---~---<~ ~·.··:~>-:·.:_· .. '. :· :;··.' . .. ~~ )j"';.(, .,, ~~ ' \~c~~· < ' 

polation·.a c·omplete pot:ential; c~e.iea,t~i ti~·r-C>ns·truc1;-ed front 
·,_;· . - . '. ": . . : . . - . . : -~-----: .-.. · :·;-\.-:~ ->~ .. --~,~~~~~!~~~--~~-~.:·J~},.~;~·~.J:··;.~,;~~:.:~---><--. ·. ·_... ' ;·~.!.~~~:'~·~~; ~~---,~~~~- '.­
;; these points and can he :us·ed to: :i.:~l:ve'.:ith~'::radfal·>equation fqr·\~f:{J: J~!~:~g~, · · 

. · ' ;'the v±brat~n&l-re>tatiQnal ei~~~~~~tl~.'e¥ be called\~~!~J~f~fS:J::r 
,., the "true" or .11exper1mental" pot-ent.f;~.~r;l'·th<8' aense '\';hat its ·:.<.:h":.:;:·"t':_···~~.; 

·. . .... ·. .. · . . .: .,: <o' ,:''; :;~~~1;7)·~\;.;),,.:~':~:·:::;·•;,~ ~· ~ ·. . . . · Y::5~!:~~;;;J~i;\~ :< . 
eigenvalues reproduce the ,obs$'I"Ied'":!C·~, .. val,:lilelr., ·.'The present\ .? '}~·'>;{~:~;~.::;· ': · 

--- .-( .- , - . .'-:- -.. ·- :·:·:~:.-::,;:.~<~.~~~:.~~---: ~· .. ~:-~{;~_,_~.F,.-~,-i·-· ;:~; -~-~ <- .... -·- . - .. ~--_' ;~-?~:~;~~~,_ ,:r~~fi;,~.- _;~-. ~~ 1 

lilnitation on its utility is. chiefly, t;qE('l:~C,;~ ·of sufficiently.~.··:.'· ~.::;.-.r/:": 

. · .. :. ::::~::.~:::::~P~:ed::!. :~,~~~~:=~~a:::io~fi~;;i :. : 
:, in calculating .vibration ... rotat1()n.'Q.:r:lts.td •• le;s\ts ·-probably not.····:·~;;{::.::·.:·· • . 
'~-. _·. .. . . -.- .-.:_ ~<. _:, ~::··:~ ·'_\·;~i->:y·_/:.-~/.~ .. :::.~~-':~·;:·.::~_:_>·,~-_':·_··;: ·. · _ _._ . . . ·,·,." .·:· .. ;:-~(~: ~~- ~ 

. a major sourc-e or error~· es·peoia'l;J:y.,;;cc::>~:ttt~f ·~war :vibrational··. -;~~:/::·~~, 
. . . : . ··: ., . ·_: .-:·:·.: .. ~-,-, ~-~:":;_ :y~,._.<· ·_--;~:: ·;;''"~:'-<- .-.. _'):<):-.. :· ..... : ~' . '.' . . · .. -. :· ~~;>),·-~:--<~::~·-. ~>--

. ·eigenstates .. · · Such. appl:"oximate;·.po.te'nt:t~lia(· \l'lmally are fitted ·. ::::\>. ~f;!:: .. 
. tl 

· · ·minimum and generally do not lead to· tnarkedly .different eigen-.fr-~ 
~-,-. ,· .. _~: __ .:.· ' : . -/ .. :_-';·:_·:-~- _··.· _:_ ~- .... ; --~ ---~~--. ·~- ,-

·<~·< functions fo~ . the lower states~ .'The: ;r-esu:ur,·:is:·. that 
"·. ;,:~.-- '. . . . . ' ·.. . . ";:. ,•, ~--Q~.?; .. __ :_. ':· .. .- ·. 

. , , .. <' ·· probabilities are much more ·ae·ris~tive{:t·o/t~. ~choice of dipole;. 

..- . 
'·J'" 

·. _.- -· _. -. :( / -.. ·~·,· . .. . . . ·- ~ - · ... /': ----~-- :_;_--, ... ~::·--:-~.r:-;·-, :--.{:---.::::~(-., .. _:·.-_· ·- ._ 

. ,· . .' . \ ··· . ,. : moment f\mction. than to the poten.ti~l:';m.odel·;.8,iaswned. 'This is 
lr,_._- •· -~~: ,,·' ~ r,_, ~'0·· • • ••• • -••• _.,· ~,' /1-~.;-.: :.·.:;· -~- ,.·,.: Y,,ll:.i: '..- -~·-·:. ', 

· ., '· , · ·borne out by the calculations: ·. . . ·Silverman 

r and }ltt)ore5 on the. Vi b~ti:onal10.; ~·· i.l .ml,~:l.:G:l~\;)~~~ib~~bj, 
. . . 

. :, and also by thos·~ l!erman,: · R .. · .otJtlel~:'an~~Elitttll:J'{(~;;- ."' ............... 

. rotation interaction. : .IIl.bo1~11";:\.'t1ll't,:l'~'~ ,1\t~id'~Eisi·;:M::~~·I3e· 
·:;: and· _perturbed· harmonic· , · 

...... , ,.-:. 
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. _*R. N •. Zare, to be published. . ~Th~ author is. gratef"\li to 
. zare .ror making the result·f! . . o:t his atudie·s· ayailable .to him 

, ., · prior to their· publication • 
.. -~. 

pot-entials predict intensity distributions in good .agreement.· ·':' 

.. :. ·; · ~ :with experiment .f'or all bands. of the iodine fluorescenc-e spec-.···<' .. · 
:~. 1 ':."' •• 

. i<· -~ ' ' 

... ; . trum which .have been .. :measured to date •. On the other· hand, . 
. :1_ 

:-_ .• ~;-f. . ' $, 

···.:··.',·_ 
·' · ... M:>rse eigenfunctions: applied to· the same problem give quali ... 
·~ . 

··: ,: 

•;-'.· 

. ''· . ' ' . ~' . 

tative agreement orily .oyer a limited range of transitions. . The:. 
· .. i.-'J 

·.· princ·ipal reason .f'or this dif'f'erence is the .following. · In 
. · .. · ~ : -' '~-

.. ·, ,; ~ . 4-. ·, 

•:., 
.· ;.~- ;- '· ·:; ,::. .. vibration-r~tatlon spectra., where qne ia dealing with ~ single · 

· potential ctirve, ·an approximate potential generally will devia;~e ... 
' . ~': ~ ' . ·more and more .'.from reality with increasing vibrational quant~ >. ·. 

number·. , This. Will be reflected .in the eigenfunctions by an-
. ' 

increasing shif't of the approximate· ones relative to the ti'lie ~ .· 

· ':': .:: :·., ; ~:eigenfunctions. For states of high y, the approximate eigeri- i~: ": 

_,·· .... ,;..._;·, : function may be completely-out ot phase with the true one. . .. ~ - ,, . \. . 

. . . 

. . . Neverthele·ss, ·two such appro:xilnB.te elgenfunctiori.a ·fozt n~arby· 
.~~ . . . . . . . . . . 

, .:states:· .will haVe· a re·latiye· .nodal s-t;ruottire very .similar to that .· · , , 
' . ·' ' ... : ~ ·. ., . '". . . '• . . . . . ·, . ._ .. · ... }..: . ,.· 

,. · ·be~ween. th·~ o·orresponding·.~~e ~-igenrim.oti.orm~~· · s~ce the produc.t· .;·"·:. · ,::· : 
. ·.~ ·.; -~ ~ ~ •.. (,.. ~~ ~ '.; ·~ ,~ , ' ,' ~ .• ,' \.: • '. 1' ,I " •• • • ~,,., ' 1' 

\)~ ~ ·"~, .. -'·: ~, · .. ~ .ot· the: twQ. .is ·~yolnd,~lh Eq-.:" (~lJ;h~· approJd.n1a,t~· Pair· ,.can' .give -.:_."·. ·, . , 

~.: ':.: . . :· : . · :. . :·. ;·.r. · " . . .. ·· ': .. ; 2~~~ttN~:,.'t':~~~~~~~~~~~L. , < . /' . . . . . . .. 



. ~. ' ' 

• ··I, 

· ... , 
tk'' . / . ..... , 

'. • ,j,. •• • 

t'· "' ' 

'. '(_,; ...... ·-.,.' 

... a~ . . ·~ . 

·• 

· · Jll\lch tbe .aame value tQ'.f' the. .1atesral. ae wou14 the tNe e1se.il• :• 
. .. . . t: . . . . '. . . ·. . . . . . . • . t . .. 
tunct1o~ when\ oom.bine4 with ••• tunot1on M(r ). OA the otl\er ·· 

·, . . t'"' . . . • . . ' . . . • ; 

' .. ,, ~~ the ~te,_1tj 41stribut$.on in eleotronio' ipeotra depep48 ' 

,.·on the ovel'l,ap ot tigelitUnetiona belona;iq to two dittel'ent~\; ;.\ 

·:_ i)OtentiU o~a, ~~ 1n. approXimat~ these two. po~•nt1A18 · ·, 

,._may_ oanoei to eome extent b\11; onl7 tonuttoualy~ 'l'ber·D7 4U.•··· .· 
· ... aa' -~~8117 ad~ and Pl'Oduo• ~-pattern ot overlap intearala wtdoll ·' 

• • r. '" 

~ ... 

;::· .:U entirely 8Pur1()U.-.·· Za.re''a work slvea a vernr etrild.nS 
·~ . . . . 

.· .. 

·. _; .lllu.atrat1on ot the iaena1t1v1ty of eleotron1o tntenaitiea to _'; ;. ·, .. . . . . . ' . 

. . . 

· ·· t.C)Nea. OM to accept only with extreme :-eserve el•ctron1o 
' ! ., . ' . . . ·. . . ' 

·'•, :,. ~tena~tle• oa.1cu.latf4 · trozu a~prold.mate potent1a1 modela. 
J • . 

·xn re~ :to ·the ohotc• or dipole moment tun.ct1on, at· 
' ... ' .·. ; : . . . . . '. ... . . ' 

'. ~~ ••. 'I 

. preaent neither theo17 nw •zPer~ut can ~ovide one which 1• ·: · 
.• ~ ... 

,.:· .. : .. :: · •·,:.<:. adequate ove• the. whole~~ o.t ,1nternuo1ear. separation. ,.The·: 
. ·. . . ' ' . . .· . ' ,· .. . . . ·. . . . 

:... .approach lllO"' oommonl.Y ut4 -~ 'th.e pa•~ hal.bten.to ~- M(r) 
.· · · .. 1n. a l'47lo~·~• ••r1t$ a'bQut. tbe ,quU11Jit1Uia u•~oleu- .aepar• ·· 

' : '' ;:>i· ·. • : .. , • ' < • ' • • '~ • .\' '' .-: ·/ ': •• ; ~~ • •• :'' :>{{ ~!) ~ ' .. :· ::J~<· h···,:,)f • <· .• i~,\ .. ~ t • ~ ~,i.'( \,_ :,~··;.• I·.~~.)! '·~<~·· .. · ·,-'"' .:· :: .. ,) ·t :·~' .~;~~~~\: < /; . ·~ . . ~ ,\-·' 

atio~ , ,' " • l"'t•' "- 1.r,; ,) ··.~..,'!- '' (~ • ~~,.~ .;~~5~/' "\ ! ~--<1'1: '' .,~~.,. ~', ; io 'llr :-t~ II 

. . · ; · , : ·~ · · · • · · .. · f ·}~ :·7-its~:~·~:r~.?;~(i~:r~F,~a/;l~;;:;r~;~: . . 
,........ · · · · M(~) • z M.sJ~1 · -x./1. · · · • _,_. · ·• · •· ,,_ · ar··· ... , .. ., ··· ·· ·· , .. / "' (a) 

• ! A,' 

. ,' 
·;. ·, 

' ~ .. ' . '·· ' : .... 
·•. ). ' l.,.. 'r_ ··~ .-~ , ··i ;. ·> 

·~ . :. 

I. ',• 

~ '. :_:. 
· .. :t i. 

. ' ~ ~ " : 
'. ·, (~-~--~-"·'.· .. ·. ~~ .. ·: .. ~·.-·. '··~ ~··· ... ·. 

·• 

'. ,p. ~ -~ ,_. ; . . . . . ·~ ,: 

' ' .. ···.t 
·. ~ : ~· ' ' 

'· ,.· .. 

·; :,' au expansion l8 •u'betltutecl .. ·ln .. lq~: (2) to ltv•. the. •tz-tx .· .. 
.·:>element 'u a .w. of:·:~t~,:·····~t.~.4_,v:·.th~ approptate 

. ' ' ' ';· .. ·.~·:. '·:)0,/.: ,:::·;;-::? ~t.::\,;., ',";~,'),:_:):.f.-~!_") . . ::.-~~1; / .• :_:;:; . . .ta,lo~ ooett1o1ent .... ··'· ... : .. -.~-.,:!,',.~:!··}:·~.;-· .. ~ ..... ~~,;r>·~·.:; :•··~·)-:-:.~ .. ·:~.-·· .,., .• ir"·· 

. . · . · ~ :·., · . . ·:· .. ):{;.;:>:~~\~~:?1}.~~:·:::~t~t~~;tt~}!~;~~{'·~~:-~~ ... );,:~;~~i;S~f~~~j;;~i:I:~;~);:·:.~ •·. J 
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-~ : i, ~ ~ ::: ... ·. . . 

- '·--::··'."~.; : .,·, ·. 
~ ~ 9, 

" 

.·. 
, I" 

' ... 
10 -· 

.. ; ... ·. ' rr- .. 1:0 Jlfs.l t.,/·•.~~ . . . . .. 
. . -\·. ... -~ .·.· . : ,.· ·;- ·-::. . ..... ' ~- ' ,; ' ' ·.· . 

.. When 'the t·';a are the )t)rae eisentunotio~ tor rotat1onaiea, ·:~:·~<:~,:~~·:,·~'.::~·::;.:~~ 
, . ,· ' , ~ (, · . .: ' 1' I , .,, •• ·'· -.~ ,• ..... , ' ... • ·, : , -~·; :J;:~,~'·; -1 ··"<:':, .·_,_,._.· 

__ , . · vibrational states,. t}le t~t term u _ze,o- and .th•: 11neeu:- -~~\.:\··,:~. .. ... 
,-:~-. ~ . ~- )·;?~~~\::'o_:~~~J;_~·-..... . . - ·.· ... · .. \ , . .. :_ . ·- . ·. . . . l ·_ .... · •• • .-i~·; .. -,~ :._ .. ::. ·_ .-.-. : : :_ . .. ~ .. . ·v._~-S:,~-~_::._~- ·_ 

· .'~;.;.t:.<;;·.~···f ·integral oan. be evaluated m· olO~e<l ~oN ~~ )'leld a rather : ·~~ 
· : · · ·f;·.!t;'i~~-,r.':}·!_~ .·1mpl_ e_ &J.aebraio expresa1o~. a· .. ·: A_ppro_·. -dma_ •. ·._ •-- · te __ ._-·-_·_._--_.·_ to~lae tor _ th_ e_},:_._:· · ·· · . .. . .<~:.-;~ __ t~ 

~. .. · quadrat1o lnteg%'&1 have be~ cl~rivec!:;~t7 Heaps and Herzberg,& ·• .·.·: · 

~~ tor .the cubic ·b,. o~in. a. '1'4e~e: •P1'1t ()ni,- ~0 the (torbidclen') l~~ 
' . . . . . . ·' ·. . "-..._ ...... ·.. . ' . 

. pure v1bttat1ona1 t~ansitiona. When :the ~t1'eote ot rotation are. ·1'. ·· 

inclu~e4 ;the Jbrae e~e~~tig~'are~o~14e~bl7 more. dUti-·_·.·-• <F,:;::··,_ 
> : .. · · · ~ .. ; .... ;·:·<:-! ·,.~ :- ·.· ·_ ··-~ ;·-; ··, .- .. ~-·-:. :·· .. · ··-: ~ .:. -.: ·:·.-. ,·. . . . . . . · ·· .· .· ,-_·\.'(···t'~<x. 

'cult to Unipu.late algebraicall-1.. He1'1JUUl·an4 Ru.b1n7. have . . .·• -. ·:~::.~_.;-_:·( 
,. • ' ' 

0 
', ' 1 ; ) ' ' , ' ' , ·~ ; I 

1 
' : ! '. o ~ ·, ', , ' .: ' .' • .: • • 

1

,' ' •' '~: •' ~ ' , , , ' ' , ' , ' . ; , ', ' .. ~ ~ ,•~l·· ~: ·..~;:-• 

:.· .derived genenl expresa1onil tor Bq., (4 l• ua1ns the e1gentunot1ona · ·, ,~.: 
,• ' • . . • I . I ' • ' . ' . ' ' - ' : :.• < ~ ' : : ' ' • ' ' • I ' 

.' ot the ro1;at1ns )brae oscillator and J-8~ ·~ rn&n7 te"'* . " .. 
, I,'' < : ," • • ' • ~ 0 

1 ° ' ; ' ' : ' ' • ' ' I I •• ./:•: 

0 

' 0 ' '• 0 •"; • ~ 

-~-.· 1n the aummat1on aa AJ.te desired• · .However, ~heae expreas1ona 
' \ i ' ' ' ' , • \ , : ' ' , . ,• • . , . ' , , 

0 
'. • .~ I •• ' ': I 1 ' • ' , '• ,f 

. · : ~· not ~1~able tor practical. coaput_a~1on; : --~~ Rotheey·:: an4 ·: _'.' 

~r ''; RUbin' cawted out. the tormitS .. ble al;eb~o 't~alc ot reducing . 
. ·~ . .. . . ,· ' . : .•• ; ' . : . ; '·, . • .''1··' \ •• 

. ~·,.·the tirst t~o terma t<> a mort. tractable torm,. 1;hua · obta1Jl1ns in, 

,:j .• oloae~t torm ·.t;he tr~nslt1on ~bab1tl.tiea. :to~ ·the model ot a. . _· 
' • l • • . •• • : • • :. • • :, , . • • ., 

·. < x-ote.tinS Morse oacill.t'.tor wlth. a· Un~at di~1e moment tunot1on.-· ' .,. <; ·? 
·. ::·_ .. · .. ~ .... I .• :~~,.~~i·r;_·~,~~-·--~.·;; ::. ;.::::_:·:_. -:._. ·. ;;·:~=i·~·-:·.-:··. ,. :·· _·;. , .. ·. :··-:_ .. ·· . . . . . . . .· ._::. . . .. :~ 

_ ·:: .... ·;· (The integre.l 1 '~nfmdr ia. ~~n~zerQ w!l•• e~thel" t belongs to a · · -~-

:I?f7;,r~l)~;;:;>J" o etate •. )le~e .tile ~at~o ~HQ~~'c~ knOwn 'f·. oi'Cie~. to .·· ,,,;.,, 
· .. _ .. ·_. <f.;··\t.•;.~v:;:,. \tSe th1a model.] . rh••• fgi'JIUl&e .. _..-eaot ex.ao,, and_a __ aeoondar7 .,·.\ ... ;·_~ 

<, ::i::{,;}!;j17H ~· Of ~ ... ~ .ta ,~0 ~~~' ~ ~tud. 01' t.M. ~~~~Ji;,t~ 
.. ;;-::. "~::~~~i:;;~:-: ( .. ;' atroduoect b7:. th8- aatlietsdi~1Qa1X ~'"Xbai.t:&.ou· ·\usee~· 11\.· th6u-· ;;;i~~·~~~:,:1~~~~~--~.-·\·,.-
--~ \'. .::?;; ;:~' ,: ,l~·,~ ,;_ ~ ·:~·1 . , , ~<~z: }i, ~.<:·~;' 7~!_~·: .; ~i~ .: •/ J ~,' ! )' • '" ,, --~·?; '.~,· ' I } / ~'. ,, ~~::i:~~;~)"' • '' ' ~ ,f::·~J~~.~,: ~~~!~,~:~~ :i:J. '. ~ .. ~~~ ·~{~ ~ J ~,.~ :~~~~~1'/~~~~; 11: ~:. 

-~. _;:"·.: .. - "· ·· 4eve1opment "·rn:· :-,·-,;,,._r ·~,, ,. .. ,·,-~,,,.~,l···.,.,~\ )J, .•. } ,,,~:···*··· ..... ,, 
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~- -~. 

-7- UGRL = !0644".,/ 
' . . . . .... -:.·· :~ ,. . . 

- -~. <· .<. ~-

The main purpose· of this paper is twofold. Firat~ we· 
' . ;~. 

!' ~ .. ~ .. 

to outline a numerical method which.is applicable to. any 

combination of potential and dipole mQment function. It will 

'\ .. 
.. .. -.-:!·. 

. " ' ; :' · .. ': ·~;attain .its :maximum utility only when good RKR potentials are 
~ .. . . . 

~ ' ' . . 

, . :,:·;."-'. available and especially when better dipole moment functions· ' 
• ·,t •, ;:\: ~ -~ 

~ '. ~- < . ;:· .. 
~ ... -. .are .found. At present it affords a more accurate and an eas.!Lezt · 7:~ .. 

. . 
·' > ··: · method of· evaluating the Vibrational-rotational 1;ranait1on • . ,i- ~. ·-

probabilities for models in current us·e· than does th~ approach .. 

.. •'' · ·.·. ot algebraic solution 1rt closed form. Secondly; we wish to 
.. . . ) . ..· 

, ... t·· :~.:·_:·<::··indicate· the extent to which reasonable variations in the dipole,,'/.· 
. , . ·, ~ ~ . . . • . . . ·-.:.~ ' ~."'"J>....' 

moment function will affect the transition. probabilities for a L 
. . . ,·t 

·. ~ . · . 
·· .. : . given potential modelo 

. • .-.: 

. ' ~· ,,: . · to choose Morse eigenfunctions c·ombined with .two di.fferent · 
~ .... 

. · ...... . · .. '··-~ .... · ,. dipole moment .functions D one will be the linear model already.:::.: . 

·_·...:_ 

'• · .. · .· 
.- "· 

",'1 

. -~-· 
... · 

-~ .: . ' ":."· ''.-' '' . ., .. ,·_.: . 

-~~--·~ '• ~~ ·mentioned. The a:ec·ond will be a model proposed recently by the"-:.· 
1

_. 

. .' · ·,, " .. -.. : . author8 in connection with .t.he calculation o.f pur~ vibrational :·~·:\:i.. · 
. I. ,·',_, _,·' ,· 

..... ·-' 

.... 
····transition probabilities·. .A brief description or thiS" dipOle>,;·;"\; : .·· . 
. . ,· 

·moment function will b~ followed by an outline 9r the numerical· ·~ ,·>·· 
,_,},._ .' 

. method and its application t<;> the problema just enumerated. 
• .,. .t,,• '.' 

"t: 
,; ·.,. 

':, _,, : :··:A Non-linear Dipole Moment Funct,io,!l 

.. .~~ '. 
·:, ., 

·,. 

' ""• I I.' : . • • ' ~ . • 

.. ,· .:. /~_::t;'~ lt. has been shown8,.that pure·Yibrational·.·trans:ltion pr6b~):>· . 
!' . '.·" ~;.'; • ~ . . . . .• • • •• . 

''· .. . . . . . ,,·. . ' ·' ' /' . ' . ' .:. ·. >~~"1.,-~--~~-·-. "•t" ,:· :·.·· 
"· ... · .: ·~ .. : abllitfes more aocura.te.,l;hait.thO'se,oa.lculat~d·.rrom :the Morse-•:.;::.\: ·>"?., ·.' . 

. ~ . .-· -~·.J.--·:·.,: . .- ~-:·.~-··) .:._:·.. '·. : . .. ~ · .. ~ .. ' -~ ":-. ~- ·~~ . ·--~-< _: .. ~·:. · ... 0:.: .... ~· ~q_--~.r.: :·· ~ ;_ -~)-,;~~;:·.:_·,.,~~i-;~.:~,;·~~~:'1,. ?-.~-

.;-

' ... 
. \ . 

... . ... ~. ~inear dipo~-e··;model can.~- .-obt~:i;lled.·.~nf)~he··.p·oa1;u_l:.at~~ ·tha1;;. ·~':::: ·t:r;.o. ... · \ 



,. 

->1. ~ • ','' 

•• • '< 

. ~ ' ""· . 1 ' ·•:i .. ~: . ~ ~ .,.,; . ; : ' . 
-, - .z:.· .. • ~ ' ~ ' .L ., 

'.11·.· 

',•! -e-. 
. . ·. ' 

' 

. ; • •. ,1~·· ·, ·.' 
' ' ' ; • I' ~~: •. · • 

' ..... ·.- . j.; ! 

i ........ r 

(5) ·the aymbol. o~' (1) a /. (t;,·•t./t~)t1ftl.', wher• the t*a ,: .. 
. ,, . 

: are rt>rae eisent\tnotions' tot! the. rotationles• .states •. :Explicit·, 

.:<''. tormulae to~ the o•a Q~o~illg 1n Bq;. (5). are s1ven in ~h~ ·, · . 
f. .•. \ ' •. .- • ' . • , , , , , I , • , • ' • \ • I ': < / ~ ~ 

:.· ~ '_: rete~oe cited., together with the • c.ietaiied batd.a tor the above · 

. i:: postulate. Since Eq.: (o) 'givee·'a Uriique set 'ot 'relative::·.: 
' 

:'"" ·,_ ·· ·· . ·vibrational transition p~obabtl1t1ea ·it impl1o1tly ·detinea the,·· 
- ' --~ . \. : '.' 

' '; . . ·.:··:· dipole moment tunotic>n to within a.' mu~tipl1oat1ve oonst~t 
.· 

. 1 '-::·) .. (the:'vaiue or rt110) and''an additive one (Ro,o, the. permanent . 

. )·~·:'-',.dipale JnOment). . If Eq •. (s) 11· :to 'be applied to· the· oaiculat~~~ · 
•• .. '·"'"f·,l·,' 

+-r· ·~'" .:i~ 

.. _ .•. ·. ·"·or 'v1brat1ori..,.x-otation transition probab1l1tieas ~t ·1a · ·necuissary', ·.' 

l.' 

'• •; ' ' -' •. ' ' ' ' . ' . ' ' . ' • ' ' ' •' ' ·, I... . ; ' ' 1: 
. ;to have exper1me'ntal values.' tor these'· two quantities. '-'This 11 

... >': ~ I . , , . \.,'\- , , , . . ' . , . ' , ·, : .' ' • ._',! . ~. _,? ' J \ • .).·:;• • ... 

virtually' the 'same requirement 'which was ''n<lted. above to'il 'the '. :.::~,\_-;:.~·:!~ .· .. · 

...... ·~near ·model,···airloe · toit the·· '1atte~ .the :rati9 .. MJ!Mo ·iet-..u~·ua~lf ·, .. '"\\~:;t;.~~;·~;:..~;'. 
..• :d·.·determined 'tttom obsened v&luee· ot Rl;·0_8nd RO~,O:through'~the .·· ·. ··,'.:];.;\:{.:··~~· 

,.:.-·:- • • • • • • • • • .. • • .. ' ' • • ' • • • • 1 • ' : • ! __ ... , ~---~~f>; .. ·t ,;). ~ ·,. 

· . : : · · ,': ·;;''· appro~te. x-&J.atitme • . Ml' "' a1
•, 

0
// t 1 flt ~.ell' and . ~ :: ~~; j~: . ~oh ;!~·~\.]) ~;; 

.. · .: ·. . . .,. ot thease ·>relations 1a ueU&.l1y acoilrate to'.withi;:r one; or:· two.·.· ·· .. . ~t:E,< ·:;, 
. , .. ,/' ~. ~ ' ' ! • '\'.~-- • " , '.: ! 1 \ ," , I • 0 I • .:' • ; • ., ~ \ •• 

0

\ ' ' • o • ·::·,: ' "' • • • o -; • • : • 

0 

I j : 
0 

.·~ ., l \~< 
0

-, ,· I • • '.': (·· • .-J~,~~-t~f;~: . 
. : ~ ... ,, "-~~ .. ;.:~-.·percent. ·A ·plot . ot the ct1pole moment tunotion .vera~ ~:~o~ be · · >~~}:;l'<~· .. · 

..... :_ .. :t!',, .• y,i.~(\}l'''c;;!i'(;';'·.'. ... ·,. ·.: . . .......... > ;,, ,-:;·~ ... ~ ... ~~· .... ,;, ·, .. · ...... ,,\~: .. ;· .. ·.;,.;:;j';;; .. r.~~-
... · · .. ·. · · ··' ,, oonatNoted frOm the relation· · ., ··· · ·. ,; · ·; · ., : "·. ·· · ·· , ·., · · · .· "!· .. · .. · ·· • .,., .. '~·· ' 

.• ~ ·.···.· ...•.. ;.r:., ·':'i·;;,•.·· · ... ·.····n·· i~o:••··· ....•... • ... : ·.·-~- ·~.: ',•_: :,:· __ }·:···.· :;~t::t .. ·· 
, ·.. ·, " .. M(~)·•. ~ :a . ...... tift0 .+ l:e:~:o ·a(~)t(E)dl/t0 ... : .. :~ . (sr ·/;.Z"·':'l:.·: .. 

.. .. ·· •.::·.· ·· .. ·: ... ·. · · ·· .. ~:· ... •··~•.} . :!: .. · ·••· .. :. ~. ::,, . , · ;. :·.: ; · .... ·. -~ · .. ·· · · ·_, ~;V:;·r 
.. ···· ;; where ~n:·u.:1ihe o~mam.ber ot .. the)d.gheat\bound·Vibrational·.>t"/.:n::.·:·:. 

\: .: . ', . ·. , , · :y;~~~:J"i~f,::f~:.;;,~~~~;J~;t~~r,;:t~~·': · :{:·;~{~f .· 



.;' .·· '. 
l . ' ',, 

,., 
\ ; ... 

·.' . . : ·. >-:. state, De ia the d1saoo1at1on enersr and a(B) 1~ a 1\mOtion 

·_.,, ;_')( .. ;";··.which stvep the probab111t7 of a rad1at1Ye transition from ~he> 
.. !•. ,: i':;v ground v1b~t1onal •tate t.o .the ·6o~t1nw.m. Bq. (6) 1a deri~ed 

. :. -~~· ... , . ;~ . . . r 
;-_::simply 1>1 .~dinS ~he tunotion M(~)t~ 1n terms ot the v1b~a.- ·· · 

. .'t~onal eige~ctions• · a. ~eomdqu.e · t~at· suggested by Triac~, . 
. .• and Salwen. 9. As expleJ.ned 1n ;tet~enoe e,. tor JilOst oaaea 04· ,. . . [· 

:: phJ81cal interest one can neglect oontribu.tiona to M(r) JD&d-' '.·. ·.· 
·... . ;_·. ::·;~~~-;~5.ti.~·:(·c.>: . . . . ' - . . . . . . . . . . ' .· . : ::,.·.:·;.~.;;i,:i:i/ 

· , . :, .. ;.t~>·''·'t''"'·'·~~-<~"b7 #he continuum •tate~¥ an.d b7 the hisher bOtUI.d atatea. '· >·'''''"'"·'''~';(: ,, 

.. -~· .. ' . . Ifipre 1 shows .. a. plot of M(r) ·'veraV.a r tor the Uthium · : 

.. -~ ~:·-~·· hJdrid.e JrJ.Olecule• . 'c~nt%'1but~ona to sq. (e) · ~ u1 bound · ·. ·.' ·· 

:. •tate• up to and ~cl.u.dinS the t1tt;eenth are included.· 'l'he · .'- ·· 

... ·.· •. ·value u~ed tote aO~O was 5~482 debJ~S, as measved b7 Wharton; :: ::, 

.. ·,.~:>;:···'':;~':· 1.~:. OQld and Klempere~.10 Theee lame authors reponed ... value ot·.~,, .:· 

,, ' . ·:··: .:::-·· .. '; a111 •• s~ ~90 deb)"eli. : .Prom these two values and the ratio:· . . .. 

. · ... :" ·(:~.: ·.··a1"0/a2•0 one can calcUlate the •bsolute value ot a1•0 thX'Wsh'J.: ... 
:: .~·:;·:._·.:· ... :·~~~,: .. ._ r.e1at1on dlao~eustd ~enous17 b;r the author~' · ·.·- . ·.::·· ··.·:':". ··;'.:···.:. 

. . .. ~ • Jt0•0 + Jt110J (tf/t0lt1~ + ._z;O I (t~t0ltt4'· :.~~::;;',' 
. . . .. .. . . . . . .· (T). t·:·.f<.:; .. 

' ·. .-:}. ~~ ,': :~~' 

.,. 

: 

. This lead• to a V'all.le. ot a1•0 • ~o~ 254 cteb~s·.·.·. 'l'h8 v1brat1onal))~f;:.:··, · · · 
··:- : . . . ' . ' ' . ' ,. ·. : .. . ' . . ' ' . ' : ~\:. ·.i.:·:',';.~~- ' ... 

. · ':. e1sentunot1ona ued in :Sqs •' (S) and (T) wwe ~~·· t9r a )l)x-s• }:~:~;~~r;.· · 

... l'Ote~t~l . · .•..... -~~1'·)" (.··· \ · · • •...•.•. :'··· • · . • t ,·· :...... • • ·;;~t;;.( .. 
V(r) • » [1-e · •· 12 • ]) ·· · (8) \t.-'~'··'"'' ·· . 

.••. . ·· .~dot~· b1 n.·.-···20:8$ .• o~t1~ •.• \.ua 
0

t-l an41'e • 1<69M ~· ' ~~t.~?il 
~,· .. These are baled on. the ~aaootat1on en.~ J'epWt.ed bt vewoo .. .:>f: ~-:·:!;<: · · 
~-· .. ·., . :, ·~·_; : \ ': ·:-. .. ' '<. ·,. ', · .. -' ,:. .:.. : .. -·.. '· ~~ ··.~.,:.' ' .. /. -... <·:~·{~.;~~.:1~::;:;:; ·. 

~ the ·apeotroaoopi6 oonatant•{ live~ b1:··aU..ben• 12 ·-.~~-·,,::~::~·\ ::.:-.!·· .. ~(:::~/?;~::.: .. '· 

.• ; -·' ·:·~ }\.~~?[;~i.\J:.:~:0·~·2i·~;~}~i~~~';~~~~~tl~~&;f;f(¥~~iii~~;~:)t;,;rt~;:~~t;tJ~~i:.~'. 
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·. ,,· . . ·. 

.. ·. 

. ' · .. : 

-~ · ... 

Fi~e .1 a1~·0: showS' the llriear.·dipole moment f'unction ,~ 

.. ~ ,. :i. ..; ' 

' . . '/. 

-~-9-erived from the s·ame experi:merttal data. . Using _the same Mol:tse· ::·w.j~~ >:;,·:';> 

.,.: eigenf"\lnction.s the solid curve leads to a ratio R1~ O;R3~ 0 w~ich:;::~~~,~A;'l):j,r:; 
' is 3Q% highF than that given bY the bz<oken lille• For botio~}~iJ~:,f~A~ 

·:/·these transitions the eigenfunctions~ are so small .outside t~e· ·:,;,-~::.h _.,y;;·:~--.:;. 
.. . \ . . ' ' . . . . . . :~ ... .-:-~.:.·,._:~,;~-~:-.:_:._-~·>::·:_/:"· 

.. !range ,r ·. ± 0 .• 15 .It that 1:;he. only signi.fi~ant. contributions to ~;th~ ::i_~i:';h/'i,_'· · 

. " e . . .· . .. . . i ;' .:f~lr\;9··::;r .. 
. integrals· come· from within this range, where .the two M(_r) · · :_, }~l1 ·. 

' . .. . .:--: <<~·.~:,::t· ,. ~·~··, 
functions di.ffer by .a .maximum ot i~. .·This provides .a rather "-: ~;~·:}e::·. '·. 

"' .; . . . . . . ·. .,_ . . . :_· .~ .. -/~~~ ·:':1·,~~ :-'·: .. {"'..: 
· ·. striking illustration ot the senaitivity or vlbrational trans~::: .:r:::·::·;~:-~·, 

. ·.ition probabilities to var:tatiorts 1li the. di~l-e mome~t. _tunotiori./_:~~>~:_··~ •· · .' . . ' . ' ; .. ·~~~;,·~ :.·>· 
·:.The Vibration-Rotatiqn Inte·raction Facto:r;" 

Front the computational viewpoint the·_ mQ.~t. direct. mean~t. 

:,· .. ,r¢lat:tng· line intensi.ti:.es: to populations i.e· t;;hroUgh. the 

. :evaluation of ~~jJi as def"ined ,bT.E4~. (2)~ '.lloWev~r, .it is 

. :.-'instX'Uct.tve to: ;express each matrix :a&;J· a pzt9du6t or·· twq: factors,:_ 

R"<' ,J'• Rvt ,F(m)l/2 
-y,J --v 

'. ~-~ .·• ·,- .. ~~-. 
··.,·,·:-. 

· .. J ... -wher·e ~·. is '-{;he .matrix e~ement. for· th~ (forbidden) transition 

. _. ·'. . :~t:.y-'} ·0 ~ v, ,o and F:(m). is ·oall-~d t});e: vibration-rotai;.ion .inter-
.... ;·:-~ .. · .. ·.·'~t: ... :;}l:.i:_/· ' . ' ''• •, •.,• ::-~;r~· 

.;: :..>. . _,;<·· 'i(Ff·:-Ji.ction fll.ctor.: In accord with ·oust~ .spectroscopic _ _.notation ~-.~:(:~--~ 
,· < ' ,. ; ···'"?:~~·\ .. ·;·';~·'·'·; o ,.< 

0 
• '• ,l',''~~ , ~ >"''"~ •:.,-: _;· ' 0 ,~ ,1 \ < '> ~ ·:~.~L:fJ • 

: .. · .:·~ := .:. ,(:. t~·e sy.znbol m deaigil.l!l.t·es a partic~f;tr; .... ~~)~f "'.1;;liEf v *:, ~:·P.and_ ·-~nd: >;~,:-.-y; i: · 
;·.,·,,,·::/_.£~~;:.~; .- . ···< ··.··. ·. ·._·.:~:;: .· .. :.··--· -;:t.-.-:~:~···' ·yt~l"::.:··': .. i:.~;;:"~J:. :~·£~.'.:.\! .···:::/:j"'.:, ·1 

·:, ",;•.:., jl!•1 ,: take-s ,the values ' ·,. '!-i <•'<, • ' ,• ; '_i=f. '•'<':,~ .. , 'J•{~! .. ),~:1>\ '' • • l', l 1·.;;· ·' :,.:_ 

, • , .',·.i:; ;~::?'it~~~i:ti:~;~~X~-:;,~r~:tl:.,:',~~~Rt~~Jt · i ~~t~~:;~~~~<f6 ,.~~~;;:· \::' 
, . , , ···:.·. ,_.,,,,.,., " .... .,.>.·.- ....... \:. .'J, --~·1 branCh.<- . -~· .. "··'···' ·"·'''··· ~ ,.,,.:r··x'"'· . 
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' ' 1; ;::;f}~}. :' ' . 
The p..;ractor is a f'unction.or the f'our quantum numbers v•; ~~ :.:::;;·::.~,--~~,{;::·:.'/~ 

~:" ~ : . . . . . .,_.(· v~}"·';:' ~- .· • 
· ... ~'- J'' arid J but for a given· y;' -~ v band it shows the extent to Which, .;'' · 

5 .. '. :;> -~-

the· interaction or vibration and rotations altersthe inten~ity 
' ~ ' ' 

or a given line from .that which .the pure vibrational line· would'' 

>.have u· it were allowed. Anumber_of formulae for F-f'actors 

have been derived using yarious. potential ptodels, usually coupleg. . 
. . ' 

--:~. ~--~; :· :~ 

·with a linear-dipole moment function~ Besides the papers· or·.:· 

~.·, Herman· at al4' 7 referred to prev1.ousiy one should no.te the work · 

:.,·or .Herman and Wallis~13 · This last .reference contains a _good · · 

·sununary or the _earlier literature on this subj-ect •. · 

For purposes of comparison with earlier· work, the .results 
~. ' 

. · ·. , <.' · .·of this investigation will be reported in ~erma of F-:-faotors · ... ~-

. ·, ,;:': , :c.i'rather than in tei'IliS of' the. matrix elements ~~.J1, The addi.tioll!>.i ; . 
_,_·· . . ·. . . . . · .. ' . ·. ' . t"• .'·'.' 
: computational labor which this entails is r·elatively minor since.:;·;~;,· > "::; 

'.:.: the F-f'actors are give~ by ·. · · . . - . · ·:_. :. ·-;~~iF}\:>~ 

F ~ [J fv' • .l' M,(rlty,J<ii<// fv I, oM(r)tv, odrl2
, '• '' (il) T;},. 

. '\.... ·. : . ., ;:.·c .... · ... 
r H " < ~-': .. -: ,· 

· .·:_·:·:;;.-_":~:-~_:_where· the denominator is the same .tor .every_ line .or. a given ba.na.·>:. _ .. 

. . '··' ,', \.i ,Replacing M(r-) _.in Eq. (11) b~ .the ··.expansion ,f•or it given· in.:·-:_(':·, .. ,., 
' . ' '• . . . .. . ' . . '' .. 

· -~q_. (3) l~ads to_the: warkinB; equation tor,tJle calculations:~· ,-_.·. 
-~··' ~;' ·~ :- :-.- -, •• _· • • .· ,·' .• ·,.' •• - ·.-· -~··~ .• • . ,-' ', -·-·_ "-~. • - - .•• •• -.• .- • •• • ' - - _.··. l .·' • 

. ;·_\:r..-<-~/· :\:·.· 

m 1 . · .. • · • · . . > • m . . 1 · .·. · · 2 •,{2~t1F};~; 
· F • u tv' ,J'. i!o• ~P l~/Jt~· ,o~~ ~P tv,Qdr~•1ij1~~tfi ,· 

·rn. making use or. ii*~s eXI)ansJoli ior_.}f(r) it is import.ant%:~(~;i~;:<:<,~:-:t::._ 

. . note a ~~>n,~rai prQ~~t~:;~;;~~~~~sJ;fvt.?ti~ _rira~~:;~~Zi('!t:' 
pointed. o\it 1;>7_ Dunhant.:: ::::·:,:-·Fa~· all:-~1-_>~· AV .. :f;_h~s~. -.integrals wilt:, ... ~ .. :;);"~~ . 

, ,. · · · · · .·:·:;,t~;f;:,;~:;:\~:;/~?··?·§·.,f~:~:?ti~~f{§l,;:·;~~~{;i;}:rb:;';;J;i .. ::·.:{;;.(i.:·~ ~ • .···· 

·.··,· -.· 

, _;;; ~ . -

below;_ '. 



' ... ·· . . 

i'. 

'. 
~ . · .. : 

:\· 

it is necessary to inclUde in the summation all terms with. \ 

i ~'Av. .Each .ot them will make a .. f'irst order contribution ~o: 

·. :·· ·the sum ~nless its expansion oo·e_t;f'ioient .1\ is extremely small •. 

,,·-;:.-This generalization was _made f'Or' the case Of' pure Vibrational:··., 

·trartsitions .but is valid also rorrotation.:..yj.bration lines wit~­

moderate J values. .As a specific example . the integral .·~ .. 
'' 

,. -,, 

. .. :!~: ~ .. •·• ,-:·· .. . •. < 
. ~' corresponding quadratic. in~ggral and twenty-·one .times larger · > -'::.~·,:;· ' 

. ·_.,:;~: .... {/~;~~·~,\< ·.~ .. :;.< ' 

'·· .. >: than the cubio. As J increases these ratios decrease steadily{' ,:,'"..>·;_ :::./ 

><For the P.(21) lihe ·the integral J t 1 _.2o p t 0, 21 dr exceeds i~~··\!· .... 
. . . . . . . . .~. .. ~-··· 

·.· quadratic .and· cubic anaiogue·s by. factors. or four and eleven_,.··::. 
~ . . . . . . . :- . . . :... ··' ~ 

::. respectively •. Hence tor low values o£ J, and F-f'aotor tor·:· '· .:·,; .. · ·' · ._,. 

· :.-:;~ any h.v = 1 \r~nsition :should be approximated· very we;I.l by the. :_ · '· 
.. ~ ,.., . . . ' ~ . . . . .. ' . ' . . . . . 

'.· ... \ '-:-· "i:;( 

. : ::expression 
' ,. 

-< 
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·. -13-
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' / ' 

. --.. '. '. 

', ,• 

(14) will show what ,errors are introduo-ed by their. 

, . algebraic approximations •. Carrying Eq. (12) ~o the quadrati~,~>·.(::}?~~·~:·:;: . 
~ • p • ' ' f .. ;"~~t i, "~ ", 

and cubic terms ·will .indicate the: errors .to be· .expected from~ · ··. /);\; .. :~ 1 
• 

·-. ,,. 

: ~ .. ,. . . . . ' . . ' .. . ' ' ... · ~ \ :·,'"·~·~:<:~·:.·::·ii~:~~: :· ~ ' 
. ,_:~·j;~:.t,,·,· :, ... the neglect of highez--;..ord.er·· t~rms 1n th~ dipol~ moment expa.nsi~ll.·i?:~·: '· 

. ' .·.·· J;,;·;(i.;: ... :·\·;:~·~:,.·.' 
· ·'- ~\0' : · ~·:;·; '· The Numerical Method 

: ~ . 

. ' .. ·~·1:·:::··.·:'·.; ·, 

·. ; i'~\i;\ an er::i:::~r::e:: .. ::~::~ ~:~:0::;5 ~.,:~:ew:::u~:o~ ' 
.··, >:of the radial Schrodinger equation.· His. paper· should be con­

sulted .f.or a full descriptipn of ·the .method,. together· with test~ 
' . 

•' ,.·. 

'. ~ . . ., 

'·''' 

. . '· . . . \ . 

. ·, of its accuracy when up to 200 interva~s .ar·e .used .in the numerical,.··'::-

. . integration. . Info:rma1;1on. on.its. use with up to· .2000 interva:ia 
. \ 

..... '·. ·•~ ··:·'may be .found in a recent paper by· this writer~ 16 A Fortran 
. ;, -

,· .'. ~- ' program .~mbodying h~s proo•edure has been made available by 

·.;_·· . Cool·ey to participants in the· IBM SHARE program. It· was written':;\,;~~: 
. : ·.'· :t?:·- ·' 

': -II- • ~· •. 'j'. .·. /': ' 

/ ~: fo.r use· on an .IBM 704 but can .be adapted _easily to the 7090 •. A·.;.::..,·· 
·~ . ' . 

.. . . '' .~ detailed description of the necessary changes may be found in a · 
' ' •. · ... , \. . . 

•, l'. 

: · ... : -~' .. 

.,. 
' 

... 
",- '.•. 

~.. .- . 

~ . : 

11 
.. ...r·ec·ent report by Zare and the author. 11 . Tnis report also 

.-~·: .. 
corttains a few· modifications which the authors found useful irt · 

the~~ applications of: this program· •. ·.The following description· .: 

of .Cdoley' s. prQcedure is limited: t~ the warking ·equatiorm: through: 

.·:which the results presented in thi's pa.per:·wer4! derived .• ,.,,,:: .. 
.·'- ' '. . .• . . .. ~·- _·:.·;:-::· .··: .. -~--.,~·· .. :·· . " . ·,·~~~ ··, :, 

. Let . t (r) be: 1ihe s~oluti'ort to: the' :radial:.~ Sohr0d1.pger~·":' "~:: ;. ' · 
.~:~~··:, ~ 

. '.' ·-
' . ~ .. ·' . ... ~ .. '. .. -~ 

... 

. ,· ·I 
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.... , .. . _._..,. . 
·.. ) '. :,. ·: ·: -~ •,: '· 
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. 'i4f 

·,,L,_·· instance U(r) i·s· the ·Mora~ pot•ential, given by Eq. (8) :for \,_ 
"!-'. 

, :. rotationless states. .For non-zero values .or the rotational:' . 

;•,\.:, quantum. number J, a tenn J,(J+l)/r.2 JllU.St be added •.. Eq. (15 ).' 

· :· .. ~mploya dimensionless units ot energy and length. Whe;n len§th . 
~.~ ' 

··is measured in l3ohr radii, a0 . .a 0.'52917:2 .K,. the l,Ulit or ene~~y; 

is e·quivalent to hNJ87r2ca~A wave rtumbers~ wher.e N0 is Avag~(ircf~: &f : -~ 
~· -' . f . 

_; numb'er{physical scale)_artd· ~A. is .the red~c-~d~ mass. in Aston'··."·,· 

. ~- unita .. ·.The numerical value .or. this .factor· 18· 60. 2198/IJ.A. . 

Values ·or t(r) are· obtained at n+.2 :~Qu.aiJ.y.-s·paoed ".valu~s· : ··•' .. · ;. :,. 
' • . . • ·, ., •.· . ; \' . • .. '~· .~ (; . . ·. • ' ." ~:; : ' ! ,.· ' •... 

~.1 -_:.·· _:.1, -~ :-_~ •. ~ .• ._ .. , :,·. ' ~. __ : ·'. · •. .' ·.of :r from the e.quation. 
: •· ·,!"' 

~ ,. 
..... ··' 

~~ ·,; ' ' ,. ' 

. ' ., ~' . . ·. ~ ... ". '~ ' 

. . a trial eigenvalue and 

the· separ.ation. betwee~ ad.Ja9ent·:r values,, E . .is .... 
,- '• j ' ';_• L ~··, '~: •• : ; I f' '0 ' ,' 

';.· \,_ 

./'• 

. ' 
.~ .. ~ 

.: .::·~.(17) .· 

.. 
· .. The inward . integr~tion .is begun by &,E:Jsigning :a 

'\ . . 

arbitrary value to ~tn+l and le'(:;~ing· · · 

small·· 
' ,· .... 

-:• 

(18) 

·.> 'The inward integration .ls .continued _until t i cea·ses to increase 
.. ,,f' 

, ;: < :<·, with decreasing i at a.ome· value. or r~ rm. . Then 1ihe outward · · ... · . 

. . , .·.integration is· begun· st~rting with the boundal:oy condition t 
0 

=. 9 
.and :the assignm~rit or a_.smali ~rbitrary value t~ -;1 (the -valu~r:;:~;: 
. ' . . ' :. " <._ ·. .. •· . : . ' : • ' . :.· . . . - . . .. - ,: ~:·; ~,--> .. 

ot r'o need.rtot Pt7' ze~oh':· .It_.is.:'7·ont1nued,:.unttl ~he .yalue .. or. .,.,,., ... 

:: ~· ... · .... ::·:·:: :·_'t~ut •. haa ~b·een. ob~ain~d.::;.~:,Ea~~;·t~ut·;~~.~i"!"ld:~~.:-·br:':t~u~~--: and.::~·: .. ,· ...... ;:-'r:j:i .. :~,:. 
: ·." . > ·_';·.'·,..'_L·each t~ .b~- r~:;.t,9~··giv~.+~~·~·-,-~~t~·zc~~·~~}?~:~~e:,.~·~p~-~~~<?~ .·.t~.--~:.:1.,~.::.~.._ ·., 

·. \. , :· . . . ·· . . . , ·. · :_ ~ .: 'IJ·!;_.iJ:,;.~ :1.;~~;?~1s~·:r~~~~·nr.{1~Y;~~~;Y~~*M{~,f~>i_; ' ::()>{!.f.;j;. -
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· uC'R.£~'ia644' :· · 
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I 

-15-. 
. . : ; ' ~ 

. . .- :' ;:. r,: .· 
.. ·. ~ 

!'·· 

. ~ ... _ ... _ : .. Next ·a correction to· E is deterritined f'rom the slopes of the:· / _i:·,\·:·, 
l r· ,· •., 

i- , )·: .. ·.: .• ;,_.two curves at the orossing...;point .rm, using the· relation .. 

i ~ ' :,' , .. 
i 

;.· 
; 

(19) ' > 

~; ~ ·• :_ ' ' ' .. 
. . ':e·~.: · ·: The first trial •eigenvalu~ E is repliced by Er · = E + D-(E) -Bl1~ ·; · ·, -~ _, _.;• 

'<, ~ ' • 

0 

the process is repeated lin til the ,oorrecti6n. term :ts ·ef'fect~velr :_,c:, 
. . . ·. . '•. ' '! . ·:,. ' 

. ' . . ' ,. -~ .. 

zeroo When this has been achieved the finai __ yalues. ~-t ti .are 
. . . . ~ .. . .. ' -.. ; - . . . ~ ' ~ · .... 

.... normali'z~d to the usual condition. ·· · 
,,.· 

. : .... ': . -~- ; 

- --- .. ·, ' 
• , : . "~<,, 

. -~ t '-~:-·· .. 
' .. i.· .• . ';_.: n . . . 2 . ' 2 . . J t dr -= .. l: ·ti = 1. 

1=1 ' 
-~ .. . -. . _. 

I : • ' '-~ ,,' 

··, .. 

~ •: I ' When both upper and lower state eigenfunctions have been 
't •• 

~ . _.; ' .. ·). ' 

· · ., ;: :·.. ob~ained by this procedure, one .has only to generate values. of' 

.· .. :>< ... i:·. M(r) at the same r-values in-order to calculate ~;J' from·. 
., .. ' Eq •. (2). 'The evaluation of the int-egral can be ca:rried .out oon~·-'· :.·<' i• ·., 

. ~ '' 

·veniently by repeated applica:tiQns. o.f Sintpson 1-s rule, .. sometimes 
..... ·.• 

- \ . _ .. ··' _'_ · known as th~parabolio· rule;, 
. ' . -~ .. ' 

._ ..... 
_ ...... 

. . ~ . : 
,. ~ ' 
\'.' '• 

' .- '. ···.·r · .• · .. , 
. ~- . , Th~ foregoing description covers the computational st·eps .. · 

"· '·· which would .be necessary fo_r the calculation of rotational-, " ' ,~·-· .· _, ~~\ .. 
• > '· • 

:· .: :-;·.>··vibrational matrix .eleliienta for any specified u_(r) and· M(r) 
. ' . ' . .- -~~ 

.. . 
•·. ~' ,;.:. --:~·~ ? '. 

functions. As noted above~ the present application combines a , .... · :'.< 
·' 

. . . -. . . ;,, ' 

Morae potential -with two. different dipole lnoment. functions .. •. · · 

,_,,_ > When the linear· M(I"') is . .': used the F~factors .are given by Eq ... :_:· (~4);:·/·.:< 
~; -_.· '· .. ': · ·;:. ·.\he evaluation of· whioh--.oart. bl!:··o-~rr.ied :out:.by the' ~rq~edure:~ :>:. ;:· .·:. ·~ 

· Just des~ribed•·:>:;,_," ._ - • .. · . . . ) . -·• .· /:,'<: : . . .. -·. , _:._:. · ·; /: :/ · -1: •:_ :_, ·,< 
·'·: . . . . . ~ -~~ ._-:·· __ ·,·_-~~ .. ::. ·. ~--~ '·,. t:·· 

..-~·· --:i·-.-~· ,:_.it·· ... : t.J~<f·. t: 'o! : . • -- ;,;_··--~~·\:-·.·(--.'· :,. .-.. . .,., -' ........ ~:~~· ,;·:·· : ... - ·.·~~.~_ ... •• 

:~-=~. ·:, ,. ·_: ;; · .. ·~~--. ...~. -. ·~ -::. _'' . ''f;. _:·t ': . :·s_· .,.,-_: .. -:..,.. ·> -~.~ ~'fll -' " ._ 

•' I '. 

~ .., . \. 
1 
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~. ·. :.~ ' .<~.'::~~'. :: 

,; ·. 

UCR~-iw;ti, 
~ >; ~ '1• 

·,. 

.. 'TO employ the non-linear dipole moJttent described. abOVEt .· ·;··, , · -., 
i" ~ . . ;. . 

·.: ,,/··{,· ~ ·._· .. ·_one could tcarry out point-by-point ·evaluation of ··M(r). from '\~·q·.:/i;)' ::·.,.-·~: .. ~·.; 
'' ~ . ·'l. . -~· ... • ... ·~ • ; . .. • ,• 

... ... ... (s),. as .wa·~ done .for· Fig. 1. An alt-ernative procedure is \ ,:·:~': 
i .•. 

available and is. useful in the present context. The non-linear .·.·.<. ··. ·'·· 
~ •• ' ... , .. <I 

1 ~ 

: M(r) .function can also be expressed in the form of a 
,,: 

:'t Taylor .. s 
J 

8 . 1 ·'.: 

' ..... f 

· expansion. .It has been demonstrated '!;hat. for pure vibational· .:: 
. ~ -~- .. ~- _,·· .. ~ . _,.':-., : . : ~·- .r.-

. ,_' transitions the· retenti-on. of. the terms through ~ 1rt such an "'·:•~·' · ·· , ~ 
> .' ' . . l . 

:'•,:., ,. ' 
:::·-·. expansion will give virtually the ·same value for ~' _1 as would 

-~. ~;: . , :· the· contplete. ·expansion. As noted above, this .re·sult can be· : 
-·.': ··:. 

· extend~d . to vibration-rotation. transitions . for moderate- ·values .· . , ·. , 
" - ··-· .. 

· . or · ;r. lienee-.; if orte .has ~the :Taylor . coer_ric ient a ·~- :ror any. ~--, ·::, ·, ;. ·. :· · ·. · ·:.. 

/ ·. . .. '.·'dipole model a very good approximation to the F~faotors for···': 
•'1-,;~: ·.: .. .' . ~: ,: ·,_;":" -;,.. . 

. . ~--·. :'::.;· ,· the· .2-0 band .cart be obtained f'ron:i the relation, 
.. _,: ' · .... •' ... ~ ~··. . . . ' . . . . ~;. ' 

. ... _: ;_\' 
~ ' ·-

.<· 

' .. '. ~ -~- 't·: _:~· · .. 

:. ,,· 

[: ·, 2, J'" o,Jdl'+ ~ 1 "2,J. Pto, J~ +~h 2,J' · P
2
to, ~r.·. 

:, Y =·:· .. (2Z) ' 
. --~ 
>- - :r-

· ..... 

·.:..-
-,_ .. .. [ ::_1 I .t2 oP to odr.+_--M~· J t2····o· · p·2t·o·. o·dr]

2 
.· \ 

, .. 
. . - ., ·~· -
':. ,,_-~,· ... 

'\.- "U. . . , . J . 1 . . , . . . ., . 
\. \ . ·• . . . 

' .. : ·>';···;~<and similarly, tor the 3-0 band, 
., '::,. 

. ~ . .-. ·"' 

~t 3, J .t o,Jdr~ft 3,.r 1 l't0 , ~~(~, J 1 P
2
t 0,~~ft 3, J, p

3
t 0, ~ t 

. ·. ·- ... ~. ·. -."!.:..-

'. 
. -<. . '~ ~ '. 

:·. • ..• ~- • 'v 

. '] I ' (•. ~. ~ 

·t) . 
, . 

• ... Co 

[~ lt 3, pl't o, odr +~lt 3, oP
2
t o, odr +~It 3, oP 

3t o, odr] 
2

, ' , 
'' · .. ( 23). ·•· .. : .. :: 

.. . '· . _· .. - '' .. . ~.~ 

···· ·'The f'inal computational 'e'qliation. :applied 1n _this work is.-:_:·· .. 
. . . -~ ' ~- . 

,' .:. ,._• •. ~that e:o;r· derty~g-the Taylor• co·eftiolent:s -~: .whi6h:.o.orres~~ndJ;6,:·~·<·:·:··. 
~ .. ·~--~ .' . -~ ~ ·-:· ... _, . . . ... . :· -~. :. ' ~-, .. _·.-_ ~- .· ... ' ~~ .·, ~- ·. ;.:·,,··:.:·~f....~;_,',:·-~· .. _'.:'·J::.- ...... ~ •.;' .· ·., 

"'· •: .··the . 'dipole ·lllolitent ·. tuno.tion: .JJJtplidit' · k j~q. ' .· ( 5) ~, , ,{~· ;i ·• · · .:.;_~ ·· <:· .~: ' · 

<,: '. ~ , . , . .. . \ :.~~'.'~~·~?rr~!~.-~~~:~~t;tt?:l_i~!f';h?rjc .• .. 
. . ··,~ . • . .) ... 't ~. ··~ .... ·:.' .. • .. • . ·• f. "' 

:.jj 

~ r.,. . ; . ·, ' ' . ' .. - ' -1> • • ... ' '. '. • ' •. • • .. • •• ; ! ... ' "' . 

t •• ¥ <. r·~ ·. -:~-:: .... . . ·~· · ;-··: .'···~. ·~,.. ·., 
•• •.' • ; •• ·•,; Aw~ ·.: 
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I I .. , 

-... : .. ,·· .,·- '' ·-., ... 
- .. · 

. : 

k =- 4D 1m. · - e~· e 

.. 

· · ~nd the remainirig symbols have been ·d·ef'irted previously. 

. ~~ .: . ).· 

. :: ~ . --~ ~-:~ ,. .. 

~ ~ ' . '. . ,' 

Irt the -:> ~-· · ·e,~ 
·-::;_.·. 

·. ·present. calcula,tiona th~ f'irst . SUmmation in E<l• (24:) was .carried ..... 

<;through sixteen t·erma. ''This .gives six:..f'igur-~ accuracy f'or . 

·.··:the relative valu-e of' -~ ·and at l·eaat .f'our and three, reapect:i.v~~~·:::·.~··: 
~ :and. ~. · ·:.;;·,r}~.- ·· >. :~ 

It should be noted. that the procedure just described .f'or ;: ··:·.:· 
. ' 

calculation .of' ];?-£actors proper· to the·.non-l:i.rtear dipole model, ·.;< . 

. may lead to ,errors of' a f'ew percent for higher· J values. 
~"' < 

·· <' However, this ia of secondary importance a E(l. (24) yields ~ ./ .'-. ·:,<i 

·.· -· .. :._.,-' .. ::, :::,:··· yaluea whic~ are physicallY: ·reasonable.' 1'heref'ore, when thes.e ·y:··! 

'· 

•., . - .. : ~ 

. . , { 

",,· ::- .,,· 

. . 

·::·are used in Eqs. (14)"' (22)~ and (23) we will obtain a good 

indication ,of' the magnitude of the ·uncerta.iltties tcr .be 

in the· uae of' the linear dipole model. · 

. ;;· To complete this section -~ f'-ew words are necessary on 

accuracy and time-requirements. of' the methods used. 

the solution .o:r· the radial ·equa~ion using Cooley; a ·program,. <. 

';. . the references. a:tt·ed earli-er show that. lfhen~;- 1000 points are·-;;· 
~~~~ . ·. ,. _: • .'.~ .... -~ '\' ~-:- •.. : :_1 . .' ·(.: .• : • ~--·· .. · ·; '. ' .· ::: ;i • .•. ::~·- . · ... : . ·~.·.· .. ~z--: . 

.. -.us:ect:_irt' :th~·.integratiqil-bQtii. ~lgt;!~ctio~· and.'eigenvaluea 
. ·.' . ·. . , , · ... · .. ·. . . . .. ·. ~· :, . >:.;, . : :·. : .. -,,· , ;' . <· .·.. ,:~ . . ~ . . :,· .. <> .. > 'o,'i':-~ , .. · .. · , ''·l·.:": ' .. ' 
. · :S.otrurate -~t~ ;,),it~ :thf,F:t~~at:tpg.;, eJ:'ite>rs ~o£:· 'th1:!: ?;1Q9.o~:f/:since· 

. -. . . . - 'i1~~~;f;t:1~)t:r~~&~il;;~~~~lit~fi~fii11ll~ft~}~{ ', ... 
,:.· -·- 0 

/ "f• 
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. :t·.., ·. \ :·r , --~ .. -, ·: ·- · . ~·... . .. -- ~ ·.· .. _, ~- .. ( '" . ··~ -~;;-- ~- _. _._ ... 
;. . '. .\·· -·-· ... "' 

· · · · t . .. · .. -1~- >. ' ' , uc~.~}~;~6~~; .. : ;.; 

.•· ::s e::::o:::e:h:::: ::: ;_:~. ::i::::::~~1:i::sr : .·. <;i~J{:f;,:::~· 
/ ,, .. \~ 
: . :, ~-~;., 

integrals inv.Olving these .functions are oscillatory 1n char~Ot-er: -~- :.\. 
' ' \1, ' 

' ·'f· ... ' " 

·and hence there is the poss.ibility of toeing significant fiS\lres: 
' ' ' ' ~. 

'\''.·thro:ugh c-ancellati'on.Of oppositely-.signed co.ntributions. One'' ·. .· ·_ r , .. 
procedur~ for ·asc•ertaining whether or not this is a serioua.r . :~, . · 

. ' l 

··_; :" 

. . ·. . I 
.: .source .of· uncertainty .is to evaluate a g.iven integral itt ~wo 

i"·, ,. 

·,' ;·-.." parts. .At the same .. time this checkS: the adeqt!acy· o£ the . 
' ' 

Siinpson1 s rule integration toi'DlUla·, · Eq. ,(21).' . For the·:;linear . 
.. ·. 

' . ' 
' ' . ' . 

. ~ ... •' . : '. integrals· .we have the relation: 
~ .. ~ .. 

~:. -~ . 
-' ~-. 

' .. ~. ·, ... 

•' 
'' 

·,·, · •• 1", 

.~-·· . '· .;,' ~'-;· 

,-.-

··. ,• .. 

,•.'• ' ~ '. ... 

. .. ·,: f .t' P tcir = I 't*I'tdr.- r /t 1fdr. ·. . . . .e 

/ 

·.·· .. For all linear integrals inVolved 1n the calculations 

,. ·.here it was. found that. the two sides of Eq. (25) differed by··~.·''· 
' ' 6 

.· · -less than one part in TO • The: simple·st and most significant . 

. · .. · test of the procedure as a whole. is obtained by ascerta.ining 
·./ ,._ 1 . 

~ .. 

-.·. · . ~:.r·~ .: the sensiti~ty of the .firtal answers to variations .1n the 

·I' 

• '1-:. • \ 
• ·-;r ' 

_._:·; !1 . .- ·.·computational parameters. 
·' ·-; ·, 

··~'·.:. 

In the present case the number_of ' . . : .,· 

·intervals us~d for· the integration was vaJ?'ied between 400 and 1000~ 
-·,, 

' •• < • • •• • • i~· , • 

.. · .The F-factors most sensitive ~o these changes (those for J'•20)., · 

. . · ' . , showed a ma.ximwn variation of 1ess than one part in 104, and 
':~ .'1 .: ; l, ; ·.r • 

.. . , .. · generally much less tha.n th.is .•.. In addition, the ·range .of .. 
·. . " '· ·. ~ ~- ~ 

... -~~ : 

-~. . . 

·:: ---~ 
·:. 
: -~ ... 

. t:.;' 

I . -. ~ . 
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. ~' 
) 
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-~· . 

~- ~ , .. 
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·· variations in the F-.factors wer~ again less than ·a part in~ 

.. : ten thousand. Hence we conclude · tM.t all ·~esult~:~ given betow'. · 

.are accurate to 

representation. 

·. '• . . . . . '·· t ... 
within the limits.: imposed by their graphica:~r~' ". ·. . . .. .;· ~.f~--

.-... 

·The· time req\.tired to compute . F-f'actors .f'or a band or 

.·.forty-one rotational lines,. using 1000 int.ervalQ in the 

}.':-integration, was· slightly over one minute. .·This included 

. computation or a set of :F's .for ~ach o.f .Eqs. (14)..; .(22.)., and .. · 

. (23) as well as certain other calcula~ions. for c~eck. ~urposes_~>. 

·· A program omitting ·all but essential :calculations and. output.-
' ,· 

. and using only 4QO intet'Vais for. the intggration :Would give a 
. . . ~ - ' . . . . ' -. 

. . . ' ' . . . ~ ' 

· '·t· •: .set of .41 F'a in about one·-hal.f 'i1dn\fte~ accurate to at .. least 
~, .. 

:_·:.· ... ·. '·: 

' r . 

. ,-:; .·'~ The Accuracy of . the . HRH Formulas 

. . The exact F-.factors for the rotating Morse oscillator- .· . .,. 

linear dipo,le model are given by Eq. (14}. Herman, Rothery,: 
4 \. 

·. and Rubin have given an approximate general expression .f-or 

··.:this· [their Eq. (so}] and have reduced it to a .form more 

suitable :.for computation for .the .four· vibrational bands 1-6, · 

2-0, 3-0, and ~-1 Itheir Eqs. (lA) through (4A)~ respectivelyJ~. 
-. ·.· . - . .· . . . ... ·_. ... ~ - ;~ . . . _- .. ·_ ·:·· . . :.:.:·.~-~~:rf,;_~~":·>\:.,.. 

It E!hould be' :noted .that ·.typographical errors .in their original~\~\ A;,:·;,: 
.. : . - .. . . -. -.-. . ... ~.. - ·---~ -. ;·· .- .. ,_· __ , .. __ ... -. -. . --... :-.,~ ._:.~-!-~!;~~~::~~,~r .. J.~­
. paper affected all. o.r the.se :equa,t,.onsi;> direc~lY. ,9r indirec'J;lY-~-~r,i.: {·,·. 

•Howe:::;:: e=~=n~1Pl,~4~~~~t~~~~~;~:~~~i~~~~tij',;;,::, 
·the ·present ~res\.t:tt·s~ · .~,\·~i?J~ ''·;(·:"'. ·.~~.:<·~-~~t~~:·;:~~·.\~'. :,;. ~~{~~";1/~<··~-!rr.·:· .. ~J.r,: ' 

,. ·-:.. .''· . ~. " 
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Using .the same ~rae parameters ror HF as were employe~ ~\~!i~~}i 
'·by HRH, the linear dipol·e .F-factors for the four bands menti'Qn~d -::t .': "< • 

. . . . . ·. . :\ '' ? ;;'~;::~· :: ~> 
: above were calculated numerically and compaited w1 th the HRH ·~~ ::; ).;:_~·ci.: . ~~, 

~ ··;:~· . . . . . . ·, . . . ·t: ·. ~-·<· .. ~;·:..:. ,·~:.~:'._:.~;·::.~ ._,):_·: 
. approximations giv.en in their· figure 2~ For both the 1-0 and ';)\~·~\·:··~--~-' 

, . . . . . I ... ;t ... :o.; •. 

2-1 bands the two results were identical to within ab~ut l:'A .. !;::~-,··.; : 
•. . -~ 5 :··. \...,.·,; .:, 

: the ·accuracy to which the graphs could be ~ead. This holds for · .. , 
·~ • .j 

all lines up to and including m = ±12, the highest m. values for · 

·. which the HRH results were given. ·For thE! ~-o and 3..;0 bands ·· 

· ~ignificant differences were found.; a·s shown in ·figure 2. ·· FC>r 
. ~ . ·. . ' . "· '· . · .. ,, . . ". <·. . . . ' . 

... , the 3-0 band,· only the· R-branch lines are::·,ahown 
• ... • • > ' • ' ·' ., 

.: for the P-branch .lines . were· l-ess than 1~. 

· .. The same comparisons were made f'or HCl (HRH, Fig. 1). 

· absolute values . of the deviations were less but their pattern·,>·.:·>:; .. , . 
. . ... 

was~. entirely similar to· the HF results. ·Reasons .for relying · ·';: .... i .. J . . ~' ... 

,; 'on the high accuracy of the numerical results have been given , 

<' nbove-. 
., .::1 f _;. . 

. ' .· ·~. . -~~.;· 

.· .; ._'::·· 0' . used to calculate F1 s i'or: the 2-0 band .are employed also for .. '. 

In ~dition it might be noted that the eigen.functions ·, 

· · 'the 1-0 and 2-l band. If either· were in error one would 

! that the results for ·either 1-0 or .2-1 would .also be errone·ou·s.'~: 

degree of internal oonsist.ency is not necessary in the 
. I . . 

HRH :results since the F .... faotors· for each band are calculated 
' . . ' . · . 

. 'from a different formula. Each .is~ a reduce~-form of their ..... ~~:~::';;;;!~:~~>:: .. 
. >;_.Eq. (soJ,.~ appropriate to. one bancl_:<>rl.iy': ·sin<;~:·:the .indices ·ot <the·::~ .. -~~,~~~\\~ ... ~·· 

• •,·. . : "· .. ,_ · ... , .~- .~.'. -'.· .. :i·:··· .. :;. ;,:::':·~·· ... ,.'.'·\';- :·,':,'.~·-i:."::.,:~··_',\.\·'··_·· . .''7~>: .. < ·•; ,· ;_··:~ ... : · .. ' .,'·,:: .. ·:of'···,'·. <· ... '.• _';·_:·~j~~)~:i·.J~/;,:;;·:~>>,.~ 

,· th1rte$n ·summations·. in ,that ·e·quatiQn all': irtvo;Lve .. either v.·or ;.Av~.;.,:; .·:·:_:·· •· . 

'' ·~ ' ·~ '_.'• ,"I. 
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· :" resultant formula increas·e-s very rapidly with each 
. . 

·' '::}·v· or· Av.) Hence· we conclude that the HRH .formulae 

·-~ ., and 2-1 transitions are vitually 'exact at least up to 

while their 2-o and 3-0 formulae cari..introduce ·errors 

·_percent in ~his range. As will .be .shown below1, these errors! 

···<are less ·than the urtcertainties which arise- ~~m the. neglec~!-._ .· 
. ) . . . . :~ .. ' 

.. ;. ·:. '. 

.. '1_A~_··.:·i· _> 

o.f higher. terms 1n the dipole .moment expansion. Nevertheless/.:., 

. } they are .undesirable and can be ·avoided easily .by 'using the. : 
.. · 

.:.' : ·numeric-al procedure. 
. :· -~ . :· ., .-.;' ·, 

·: ~ .. ·:. , .: F-.f'actors for Quadratic and Cubic Dipole Moment Functions 

,:. ·;..:-:. :: ·- _The dipole· moment .function .for LiH plotted 1n Fig. 1 o-an 

. ". · : .... be _repres.ent·ed by a Taylor ·series in. p, t;~e .first .four expansion: 
<: ' ·-~. -~· -.. ' . ·, ' : i·.· . 

· ·· · · · ·_ coefficients o.f ·which have the values Mo - 5. 830 de byes,,_ M1 . ~ . 

./ 

' . 2.148 debyes/lL ~- • 0.162 .debyesj.A2,, l!ffid M3 = :-o. 0475 debyes/13 

. Using these to evaluate the·Mi/MQ ratios· in Eqs. (14), (22), 

. ·;· __ ·and (23) on~ can calculate F-.factors . .for .a l~near, · a qu~dratio _·:· . 

. and a .cubic ~pproximation to E(I.' (12) •· . This has been done for";:: 
. . --- . ' '.:··· '<·.-· 

·.·each or the .1-0, :Z-0, and 3-0 bands·:_(,.r L:tH •. :'The '.results are 

.shown .in Fig. 3. 

~-- .. 

.. ·. 
·r:-

. ;'·· 

As part ! of the figure indica tea it is _only for· the . few ;<· .;~:-· .. (.' ' ~ . 
. .' . ·.--~:"'""<::·-~-;;'._·,.:· ~ j 

· highest lml values that dif'.ferences in the .three approxiiilation~~":('~~>;<·;,i. 
. '' . . . ~- . . •," •' : ' _; '. . · .. '-~-. <~~~~-:~;t~ .. ::~~ .. :<··· '. 

for the 1-0 band can be' shown. ori .the· scale used~ Irt part b if ··· ··.:: · 
. . : . . . . .. . '.. . --- . . 

'> is seem .. that the .linear ·and quadratic. approximations f'or ,the' 
. ·. . : . . " '·. ·,. ' '• 

· .. 
,.2-0 band .are' ·1:11gnif'ic&itly :different, :-while: .the c.u.bic is 

·! : ~~-:~;-~"':·- . >· ··. . . .. ' . .:. . : ' ,'· .. · ·: - " . .. . 

. . .. · gzoa~hlo~is~:ili!11!Jt.~s~3:~. fi4;~:~1<¥:<tu~dre.tto.~; :p~p-Y; :. ' 
. -~ . . ·'·. . .<);:): : 

., . ; . ' -~~: ·_ ·;. . ?~~~·7::.~:.:::~-- ', .. 
•\ ._:" ' ::····. ·,· 

• ~-... r •••• '.!<':~ ~- •.·' ·~ ~.·--~·::. ·'1;j:' 
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·part c ·shows that the F-f'actors for the· ·3;...0 band are affecte4 · ·-;~,;"~;f· 
,·, ~ . · ... 

...... i;r .·-:,··. 

·< ::.> .. >significantly both by the retention of quadratic and of cubic ' \, · 
~ ,: \ v )·.. ::·~·.,~-

.terms~ All these .results a~e .in accord with the generalizat~9n. ~ ,. . ' · 

discus-sed earlier, 'that a· Av· =· i transition probability will{ ·- · 
. - ~ . 

depend significantly on -terms through M:t .in the Taylor expa~ioll:.; . 

for·_M(r) •. The F~_factor· will be af.fected :mUch_.less by the i - .- . 
. , 

_ .:;.- .neglect_ of- higher'' terms that will the ·.element ~; J' since th~re -· i · 

-· _is a considerable cancellation .of' error in the .terms neglected 

~~ !' •. 

;~ ··.'.. ' 

·,_ 

~.; . ·... . . 

~ . 

.. ·.: .:· .. :· 

~ . . 

-- . of' J and i values studied here the 

are .always of the same -sign as the 
\ .. ~ . : 

_._· < _-FUrther·, their relative· iq.agnitudes indicate- .that a reversal of' · ~- -
:· .. · 

:·.: · .. 
~· .·. ·" 

sign would not occur until considerably -higher J values were ·· 

·employed. Nevertheless:, th~ differences betweeri the linear and' 
. ":•. ··: . . . . . . ... ·.·: ... : 

,: higher· approximations fo·r. bands .with Av > 1 can b·e considerabl-e~, 
. . _, -

, .. This is illl.lst;a,ted mo~e- o·l·early 'by Fig._ -4..:where .the ratio -of . ;'-. 

.! : 

--~_the· .cubic F ~- the· linear-'· .for the· .3-0 band -ot LiH is plotted 
.. . . ;· .; . ''.'; ~- . ~ . .-.,, .... 

' .. ·..:.. 

'· ,· ... 
. ,.;·. 

--· .against m. 

-· 
_Since initial state population is directly proportional_ 

..• · pt, Fig. -4 may be . taken as _a rough index :of' the uncertainty 

_.introduced in .r-elative_ rotational.popultation calculations 'by''/ 

..' the use of a linear dipole ·n1adel f'or: a llv ~ 3 transition. In_:: . 
; 

.. favorable cases the -line intensitieS' Diay be measured _to within 
'· 

10% or .so. From the figure it .is. se~n .that the· cubic .to l.inear .. 
. . . , . •.: 

.... 
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. It might be noted that .LiH exhibits a greater sensitiv':Lty. 
' : ". ·. \ 

' in this respect than do the other molecules investigated in~ 

this . study, namely HF, HCl and CO. .. 'Thi·s is related to the :: · .... · 
' ·, .~ 

greater strength of it:s vibration-rotation interaction, a gpod · .,. · 
. ' . ( !ti .~ :' ;' .. -:. --;. ·' 

criterion for which is given by the magnitude of the parame1;er·t.; 
-,. ,.· 

··!:.:~ .. :./}':.-.> 
:>·a e Mc/M1re. From the data given earlier,.$ for LiH has a 1: : .. tr·{ " 

value .or 1. 71. . For. the other molecules the & values are, 

·respectively, 1.18, o. 99 artd ·o. 036 .(see ref. 4 for original 

·.:references). On the other hand, the.dipole moment mo.del being ·,·:: 

used here departs relatively little from linearity. The M(r) 
.1' ' ......... 

. · "' ,,_ 

. .... . ~ '' ·. 
' . . 18 

·';·- curve for LiH calculated by James, Norris, and Klemperer 
; ~ 'It. ~ • ' .::·~ 
~-, .. ' . ·., . . . . . . .. ·. _· ~ .. ' 

much greater curvature 6ver the range plotted in Fig. 1.-
f '-'·. 

It is quite possible that the true ~ and M3 coefficients would'< ___ ::· ·. 

'. ~ ; ': .· .. 

have great-er magnitudes than those used here, thereby accentu .... : . .. 

,., , .. . ating the differences between the linear, quadratic and cubic 
'~. 

r 
· ·· __ approximations. Hence it i-a not unreasonable to regard Fig. 

' 
·, ..... :.·' 4 as giving~a . fair indication of the sensitivity of F-factors: ~ .;···). 

'{ ; . '\ . ' ~ \• . ~ 
:, . ·-

for a Av == 3 band to variations in the .dipol-e moment function.·, · ·· ·;. 
·;;: 

L:: .. ;~.·That this .sensitivity is so great for higher J values implies 
... ~'c ',• : 

,,· ~:- •. - J·-· .•. -~-- .,/·-~ ,t!.'\. 

that a very accurate knowledge<of.the dipole mo1pent function 
.. ' . 

. ·:; would be required in order to. derive reliable populations from .· 

...... 

. :! .. ·• 
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Conclusions 
-· •.""t 

'' ... ~ ' •• !.-

·' 
' ~· 

. '·. ,.! ' 

.• $ • .· .- ... 
. ·. -~' i . 

·-_., ·:_. <:· . 
. ,· } .-. -~-

many advantages over the approach of seeking algebraic form~~ae · '·' · 

·for these quantities. First, .the method is extremely flexible ·t·A. , "" I· 

and can make use .of ·ev~ry impJVovement in potential and dipo1J.e< 0~··.,; 
\ ' . 

· moment function model·s with .no essential increase in comput~- ····_ .. · 

tational labor. Secondly, i~·gives highly accurate-results 

It has been shown that .. . ·:: . . for whatever ·models ar~ chos·en .. 
' .) . ~ \ .. '" ~~ ,·--~ .. ' 

approximate solutions, such as the HRH formulae for the Morse-

y . ' ... linear dipole .model, can introduce· appreciable errors over and ·, 

above· those .inherent in the choice of.approx1m.ate models. 
·._·,,. ·.".;,· :-..: 

-~- ·~-:' ... ,;' .· 

~ ' : '• ~· ' 

:._·., 

. J" .• 

, .. 
-·;·,··· 
. ·' ,: 

·""· 
•" " 

Thirdly, the method can be applied easily and is very economical 

in terms of computer-time .requirements. . Approximate formulae, 

can involve.very tedious algebraic reduct~ons, especially in 

'·the case of higher quantum numbers, and the possibility of 
'\ 

errors arising in this procedure cannot be discounted lightly. 

<· 
,· .,. 

. ,· :: ~ . ~ 

·\·'·.,,;•.'F',,,',- ,t, 

.·On the other hand, the numerical method is no more· difficult 
.... ',' 

~ . . t> •..• ·, 

. ..:. . ~ 
:'!.·_ > 

for high- quantum numbers than for low, and the sam~ ·simple . 

• "'F, 

.-··> 
• < '.-: \ 

.,.__,·. 

,l • -~-: 

-·.:·-· 

·j • • 

.·.· 
·-. ;;-

·. · .. ·· . ' procedures are available for checking the accuracy of the resu,lts ,/ ··,. . 
.... • , .• ·~~~';.I • ~ : 

. ~ ' . ~ , 

r •• • ~ 
·· · · . The foregoing remarks are not· intended to deny the value . ot . 

.jl.~. .. ~ • 

,· .. 
. • -~- ~: ' • 4=_ 

···· , · , ~ .·._ approximate algebraic solutions for problems which oan be 
·i_ ..... 

. :-·. ~- .... _,·,_-
~ -~ -·· 

. I 

< , . ; . ·handled numerically. Numerical soluti-ons are generally .devoid ,-r' : 

. '. ~--... 

""t.' . 
. . s ~,;,..,. ' 

':. -...,· 

. ' . . 

or heuristic value fo; approachi'rig more complex problems,. ... .. ·, · .... 
•. , • :· . • -., • . • . . • .- - , ·_ • . • . • •• • • • , . • • • , •• , • , .1' . , .. ~-; ,.' ~· ·., ~ .. t r~ . • .• 

,', '.,HoweverJ .for.purposes ·.of pra.oticaJ< computation, ·'such as :de.riving<, :;' ... 
,.. ' :_ ·. ' _;. . .· '· . ' . . ',~_·_-. . _., . ~~ :.,=_.~;- -:· .. -<.i· '. ~ . ':- .. : .... . :_ . .. ~ ' ·_ .. · .. ~; _· ~-- ·._ ~ ~-. ·' ~ ._. >. 

"' '··:~1;;a.tiona.1 popu1ati~ns:::.::r~o.n(line. intensity dataj : th~ .use ·or. ·. 
~ • .-... • . <•· • ' . ~ •":f• ' ·.' .. : .•' ~ '-~ ! ;:n· '. :· r ~ T • 

'· ~--). •' ··!- -':,-.~·· ·: "·"1:~--~.... :·; :-·- . .. -~ . :::···.~,. ·_:-;:.._,_ !. ·,;.· . •• ; ,;,. . . ... 

.:;· '· ••••• :_ • ' • "! ' .. ' .. ~ • • •• 

-·>' . ~ ., _I ; • • "-' '~I ! ·:' . •-: ;,.: 
.· 1\·, 

. ~·· ;' ~ ~' . ·:.· ·-: : . . ,. . ~ . 
. ·:' )f •. ,• ~ .... -. 
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approximate formulae implies an introduction of 
· .. can be avoided easily. 

Finally, it. has been 'shown that for 'i:JJ.V. > 1 bands the 

vibration-rotation interaction factors can be sufficiently 

sensitive to variations in the dipol·e moment function to.· 

t- .•• 

.,. 
·.·'\ .; 

.~i_~·,:/ 

.introduce uncertainties· from thi·s source l{hich .are c·ontpara.bf~:·>·' 
' ' /. 

to· the uncertaintiea.in line intensity,measurements. 
• ~ , , •• -;._ ~ • • ~ • l , .:~~_:lr ' . . "> . ··> .· 
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This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com• 
mission, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa­
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor­
mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com­
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 
of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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