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ABSTHACT 

The problem of three Gimultaneous tvro-body, final-state inter-

.actions, .in a three-body final state, is consideredin the limiting 

case in lvhich .bvo of .the interactions are long range and slmdy varyinc;. 

In this special case the effect of the bng-range inter~ctions :Ls merely 

to shift the energy at vrhich the. short-range interaction is to be 

. evaluated. Applications are made to the determination of the s-1-rave 

pion.-pion scattering lenGth from the He3 experiment and to produc-

tion 'of resonant states. 
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1 ' ' 
Several authors have considered the problem of simultaneous 

interactions between more than one pair of particles in many-particle·. 

final states. Apj_)rOximate solutions have been found in cases in '·rhich 

the interactions present a~e of certain special forms. The purpose 

of thfs note is to point out still another special case in which. 

three simultaneous interactions ih a three-body final state may be 

treated approximately, and to apply the results of this treatment to 

several experiments. 

He consider .three t-vro-body interactions, one a strong, short-

range attraction, the other hm, lo.nc-ranc;e. The case in 1-rhich only 

the sh6rt.,.rance attraction is present is the subject of tv6 theoret-

ical.treatments. 
2 

The first of these, by Hatson, is based on formal 

scattering theory, wh.ile the second, by Ja'cob et al., 3 is based on 

dispersion-theory arguments. Jackson has shown that. the t1·ro methods 
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. h 
lead to the same results for a Hid0 clo.ss of problems.· Doth r.Jcthods 

lead to the result tho.t the cross scct:i.on for the ove::.~all process 

(initial stu tc into f:i.nal state) is· enhanced by the cross section 

for the t-;.ro stronc;ly j.ntcractinc; particles evaluated at the enerc;y· 

at vrhich they are produced. Thu::;, vrc have 

Cf - ( 1) 

,.,here a and b are the stronc;J.y interacting particles 1 s is 
ab 

the square of their total center-of-mans ( c.m.) enerc.,ry, and 0 
a is 

the cross section in the absence ot' t.he ftnal-state interetction. 

and (be) are present, and that these interactions can be approximated 

by effective potentials u ac and U, . 
DC 

The modification of E~. (1) 

to include. the effect of the ti-ro additional final-state interactions 

then ta1:cs a particularly simple ·form. ·· r,re need only recognize that 

the enerc;y at uhich the cross section 0 ab is to be evaluated is 

the observed but rather 
+:- .the observed energy ·s 

ab ) s ab ) enerc;y 

shifted by the presence of the potentials Uac . and Ubc in the 

centers of mass of the pairs ( ac) . and (be) • Therefore, He have 

Cf (2) 

not 

.The validl ty of Eq. ( 2) depends on hro requirements: ( i) the 

potentials u ac 
are rouc;hJ.y constant. over their ranc;e, and. 

there is nec;lic;ible scatter:i.nc; at their surfaces; (ii) the interaction 
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betw·een a and b tal~es place only irhilc a and b are vi thin the 

ranc;es of their potential:; id th c . \·Thether ( :i.i) is satisfied can 

be determj_ned from the kinematics of the reaction under consideration 

and the ranges of the pertinent interactions. Requirement (i) is 

necessary in order that the optical model be valid for a-c and b-e 

scattering. 

We nmv find the relationship· betvreen sab and 

doing so, i'le make the inessential approximation that m c 

In 

is larc;e 

. enQugh so that the centers of ;:nass of (abc) , (ac) , and (be) can 

be identified vti "c.h the rest system of c ~ This approximation >rill 

be valid belm-r in the examples tci i·rhich vre apply our results. In 

the rest system of c '· it follovrs from ( i) a,nd ( ii) that the angle X 

bet':veen the three-momenta of particles a .and b is the same inside 

and outside of the region in :t.·rhich the potentials u b' and ub a c are 

present. Then vre have 

( 3a) 

and 

. 2 -jl/2 
I\ )j ,·. 

( 3b) 

with 

·X· 

m a(b) = ma(b) - Va(b),c 
( ,.,. ) 

and 
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,.,here V is the square of the three'-rt:orr:cn"tum in the a-b c.l71. system: 

In Eq. (5L [3. j_s the velocity of the (ab) center of mass in the 

rest system of .c (i.n the abscn.<;:e of the potentialsL and as usual 

've have chosen e and ¢ to. be the polar and azimuthal. angles of a 

in the (ab) c.m. system, vith respect to a coordinate sys"t'em in vrhich 

c travels in the negative z direction. Using Eqs. ( 3a), (1~), and 

( 5) J (3b) 
-X- ·lf 

'vre can solve for s 
ab 

The energy shift 6s = s ab - s 
ab 

depends on cos 8 [3 
' 

and v . For f3 small, & is independent 

of cos e . In addition, if ,,re have u ac U =U be . and 

and U and. v are small compared to m , ve obtain the "intuitive" 
·jf­

nonrelativistic result, s ( s1 / 2 - 2U)
2

• (Note that U is negative 

for an attractive potenti~l.) In this limit a. and b move in 

opposite directions in the rest system of c . The opposite limit is 

for large f3 and small v . In this case the shift goes to zero 

. with ·. v and is greatest for cos e '"' 0 • 

. 
. As a first application of the above, we consider the d,etermination 

.of· the s-vrave, T = 0 , n....:n scattering length, a0 , from the experi­

ment bf Abashian et al. on the reaction 

p ·+ 
. 3 
He + 2n 

I_ 
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The analyses of ABC ancl JMO lead to the values, a
0 
~ 2.0 (in uni tr; of 

the pion Compton Have lenc;th). On the ot.her hand, con6ic1.e:cation of 

1 . . l . 6 ' 1 mr-ener.gy pJ.on-nuc eon sea tterinc and sine; .. e pion productlon. n0ar 

th:reshol.cl7 ,S lead to valuer:; of a 
0 

that are in the neic;hborhood 

~ , 0 ao - .... . In spite of the \mcertainties j_n the different determinations, 

there seems to be .a discrepancy betHeen values obtuined from the ABC 

8 
experiment and those obtainecl from other p:r.ocesses. 

In applyinc; our method to this exl_)eriment 1 vre may note that 

the raclius of helium is about 2 ferm:ls, while, if p exchanc;e is the 

dominant force in producinG the s-\rave pion-pion interaction, the range 

ABC use for in Eg_. ( l) 

2(2a
0
/Jr)[v/(v + l)]i/2 .enfrl + v) 112 + v112] 

+ ao 2 [v/(v + 1)~ Cl 

r . 1 -1 l1 + co v J 

obtainedfrom the Chev-Mandc1sto.m effective-:r.anc;e formula9 

(6) 

' ' . ] 1/2 . ' ·. 0 
. [',1/(v ·i· J.)_ cot o

0 
... A 

-1 2 r · · , 112 ,. 112 1/2] 
0 + -; LV/( V + l) J tn L( 1 + v) + v . 

+ 'C:Y/rc. 
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Vle have taken. the small v :forms of the above expressions, since :i.t 

is· the ret;ion v < 1/L~ in 1·rhlch a deviation from the dfstribution .in 

v predict.ed by the phase-space factors. in 
0 . ' ' 

a in Eq. (1) is observed, 

and an enhancement due to the factor altlt 
is expected. 

To. include the effect of the interactions of the pions vith 

the helium, vre solve Eq. (3b) in the small v limit and average the.· 

shift 6s over 8 , ¢ , since the directions of the ( s~vrave) piono 

· ;3.re not detected. lve find for. the average square of the pion three-

momentum, in the pion~pion c~m. system and in the presence of .the 

.pion-helium potentials 

~· 
v = v '+ u v J 

·where 

To find the correction to the pion-pion scattering length, we·set 

c
0

ABC = C (1 + U) ,' 
0 ' 

We see that attractive potentials and u 
)'(":' 

decrease 

(7) 

(8) 

(9) 

the result for the scattering length. If vre use the results of.Frank 

et al. .· for the pion-nucleus optical model potential, 
10 

-30 1-1eV 

the scattering length.changes from 2.0 to 1.7. Although the change 

is in the proper direc+.ion, the effect does not seem large enough to 

resolve the discrepancy noted above. 

• 
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We next apply our method to the cases of p 
·X· 

and N production 

from complex nuclei. Consider first the process 

1!+A _,. p+A -> r.+:rc+A. ( 10) 

Solvinc; equations (3) through (5) in the approximation v >> JJ.
2 

,' "'c 

find 

·* ) s - s = 
1'(1'( J\1'( 

where 1ve have talcen the potentials for the tvo pions to be equal and 

independent of the charge. Averaginc; over pion orientations gives 

* s - s 
1{1'( 1{1{ 

where 

= 

1/2 -4 U F1(p) V . 
1!A 

1'1. 

( 2.e + 1)(:1 - ~2 ) 1/2) (P .e< z))2
( 1 

. 0 21-1 
13 ... z.) dz • 

( 12) 

( 13) 

Here F.e(~) is approximately equal to one for.~·< 0.9 i the.value of 

determines the rate at 1vhich 

Writing S · = W2 
"t-Te thus have ) 

* V-7 - \·1 2!' 2 u 
1!1!. 1!n 1!A 

F decreases to zero near 13 =·1 . .e 

( J.!!-) 

10 From the. results of Frank ct aJ.., ve expect, for final ... state pion 

.ki~etic energies around 350 MeV, 

= +35 MeV • 
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This corresponds to the :tni tial pion I:ine·~tc encrc;y in ( 10) be inc; 

T 850 .l'-'!eV • 
1( 

For this enerGY, 1-re also have 13 = 0 .6JL Finally, at T "' 850 HeV, 
1( 

the energy of the . p is such that, if the above shift vrere absent, 

one "~>rould expect to detect the p at the energy of the maximum in 

the pion-nucleon phase-space factor. 

As·. a final application, 1ve consider the reaction 

-¥.· 
N ,. A .... N + A · -• iC + N -:· A • 

VIe again solve Eq. ( 3) throuc;h ( 5), rnal\.inc; the approximation 

>> v. 

. and obtaining 

2 
f.l. 

( 15) 

. ( 16) 

We observe that (16) is.independcnt of the potential for the nucleon· 

as long as is of the same order of magnitude as 

the relation 

u . 
. reA 

Using 

' 
and recaj_ling that Ji'.e(f3) ~· 1 , 1ve find, after averagine; over nucleon 

directions .in the pion-nucleon.c.m. system, 
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'i 

( 17) 

!f lTe agairi require the final-state pion kinetic ene:cs-y to be around 

350 :t-·leV, vre obtain a 35-MeV shift in the position of the 
·X· 

n ; the 

initial nucleon kinetic enerc,ry is then 

= 640 MeV , 

vrhile (3 ~ 0. h6, and the 
·:i-

N occurs near the maximum in the pion-

nucleon phase ... space ·factor. 

In concluding, vre i.fish to point out that, if study of the 

real part for, say, the pion potential, the present method vould allovt 

sizeable corrections to be :r.1acle in the case of boson resonances found 

in very-high-energ-y pion nucleus eiq)eriments • 
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