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ABSTRACT

The problem of -threce simultancous two-body, final-state inter-

‘actions, in a three-body final state, is considered in the limiting
dase in which twb of,the‘interactions are lohg raﬁge'and slovwly varying.

. In this special case the effect of theibng—rangé interéétions 1s merely

to shift the energy at which the short-range interaction 15 to be

.evdluated, Applicatidns are madé to the determination of the s-wave

3

experimeént and to produc-

tion ‘of resonant states.
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Several authorsl have considered.fhe problen of simultaneous -

interactions between more than one pair of particles in many-particle.

 final states. Approximate solutions have beeén found in cases in vhich

the interactions present are of certain special forms. The purpose
of.this note is to point out still another special'case in wvhich -

three sinultaneous interactions ih a three-body final state may be

. treated apprdximately,'and to apply the results of this treatment to

several experiments. )
We cénsider three twbébody interactions, one a strong, shbrt—

range attraction, fhe other two, long-range. The case in which only 

the shbért-range attraction is'prescnt is the subject of Two theoret-

' 2 . ‘
ical treatments. The first of these, by Watson, is based on formal

scattering theory,'while the second, by'Janb et al.,3 is based on

-dispersion-theory arguments. Jackson has shown that. the two methods
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~ lead to the same results for a wide class of problems.h Both methods
lead to thé result that the cross section for the overall process
(initial state into final state) is cnhanced by the cross section
‘for:thc twd strongly interacting particles evaluated at the eneryy

at which they are produced. Thus, we have

. O B .
O ® Oiabe q Oab(sab) ’ : (1)

where a ‘and b are the strongly interacting particles, Sap is
. . . ’ ‘ . ‘ . O .

the square of their total center-of-mass (c.m.) energy, and o . is

‘the cross sectlon in the absence of' the final-state interaction.

Suppose nov that long-ranse interactions of the pairs (ag)

and (bc) are present, and that these interactions can be approximated

by effective potentials U, end U . The modification of Eq. (1)
to include. the effect of the two additional final%stafe interactions
“then takes a particularly simple -form. - We need‘only recognize that
the energy at whiéh the cross seétioh Tob is to be evaluated is not
therbserved enexrgy s, , but rather. S:b , .the observed enérgy
shifted Ey‘the presence of,the potentials U, .and U__ in the

centers of mass of the pairs (ac) and (bec). Therefore, we have

¢ = g oab(oab) . (2)

The validity of Eq. (2) depends. oA two requirements: - (1) the
'potentials' Uac and. ch ~are roughly constant over their range, ‘and

there is negligible scattering at their surfaces; (ii) the interaction

2
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between a and b takes place only vhile a .andv b are within the

ranges of their potentials with ¢ . Whether (ii) is sat

o

sfied‘cgn
be determined from the kincmatics of the reaction under consideraﬁidn
and the ranges Of the .pertinent iﬁtefactions. Requirement (i) is
nebessary in order that the optical model be valid for a-c and b-c

‘scattering.

¥

. In

We nov find the relationship between s ab

ap &nd- s

.doing s0, ‘we make fhe ineséential approximation that m, is large
-enough so that the centers of mass of (ébC) , (éc) , and (bc) can
be identified with the fést'system of ¢ : This approximation will
‘be valid below in the examples to which.wé appiy ouf resuits. In

the reét'éystem of ¢ ; it follows from (i) and (ii) that the éﬁgle X
between thé three—momeﬁta of particles =& and b is tﬁe same inside
‘and outsideléf tne'region in which the pbtenfiaig' Uab' and ch are

pfésent.‘ Then we have

| A - ,1/2
2 * Mb2 + Qo w, - 2 cos x[(wag - Mag‘)(‘“b? - Mbe)] (3a)

n
[i}
=

“ab. Ta b.

and.

® .o : * % | %2 % 2 . /2
's =M2+I\’2+2w-w,-2c_os7<[(a>~ -Mz)(w 4~Me)]l,-,
-~ab a b a o} _ a a b b
. | ‘ -~ (3b)
with

v, (%)
® a(b) = “a(b) 7 "a(b),ec v

-and
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wa(b) = E(v f mi(b))l/e 3 1/2 o5 e]

(5)
- where v . is the square of the three-momentum in the a-b -c.m. system:

. ’)‘1' 22y 2 2]
voEAR S [Sab - ‘(ma T My )Sab ¥ (ma B ) o

o
V]

InEq. (5), B is the velocity of the (ab) - center.bf;mdss‘invthég
resf'systém of -é :(in.the absonge of ﬁhe.potentials), aﬁd’as uéuai‘

| ﬁg,have chosen 6 and ¢‘ to. be the polar and'ééimuthal,angles of ak
in the (ab) c.m. system, with respect to a coordinate sy§€ém'iﬁ which
Q _travelé in the negéfivé z‘ direction. .Using'EQS. (%a),; (4), and

ab ab ‘ab

depends on cos 6 , B ,”aﬂd v . For B small, As is independent

. . Ry o . : ‘ * .
(5), we can solve (3b) for s . The energy shift As = s - s

of cos 6 . TIn addition, if we have U =U  =U and m =m =m,
“ac be - . a b 7

end U and v are small éomparéd_to m , we obtain th¢ "ihtuitive”i'
ndnfelativistic resﬁlt;' . (51/2 - 2U)2.‘ (Note that U iS»negative
' for an attractive poténtiél.) In this limit a. énd. b move in |
opposite direcfions in the rest éystem of c‘. The opposité iimit is.
for largé_ B and‘small' v . In this céselthe‘shift goes to zero
'withv'y and is:greatestfor cos 6 = 0 .

As a fifstvappiicatibn of the a5Qve, we considér'the’déterﬁinatibh
aof;thé's;vave,"T.=-O', tin scattering iepgth; ad', ffom'the eﬁﬁefi-

ment of Abashian et al. on the reaction

oz .
p + 4 - He” + o
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The analyses of ABC and JMC lead to the values, ao ¥ 2.0 (in units o
the pion Compton wave length). On the other hand, consideration of

v o 6 . - :
low-energy pion-nucleon scattering and single pion production near

0

¥ 1.0 . In spite of the uncertaintiecs in the differentvdeterminations,

threshold7’8 lead to values of a. that are in the neighborhood
o
there seems to be a discrepancy between values obtained from the ABC

experiment and those obtained from other processes.

In applying our method to this e\perimcnt, ve may note that

_thc radiug .of hellum is about 2 fcmeo, while, if p exchange is the

domlnant force in producing the s-wave plon-plon'inoeraction,vthe range
of this intoraction 15 around i./lr ferml. In analysing their experiment,

ABC use for g in Bq. (1)

e
oﬁﬂ(v) = :l + 2(2a§/ﬂ)[v/(v 4 1)]1/2 zng}l + vjl/2_+.vl/2]
_ "
a02 [v/(v + lﬂ
‘ A
ML+ (ua [+ ay” W | .
r -1
= [1 FCoy VI (6)
N

obtained from the Chew-Mandelstam effective-range formula

v/(v 4 J)} Y2 cot 6 o Ao-l 4

nlm

{V/(v + 1) 12 ﬁnL(l + V)l/2 ;/2].

v AT v av/a
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We have takén,thé small"v forms of the above expressions, sincé it
15 the region. v < 1/4 in which a deviation from the distribution. in
v‘:predicféd'by the phase-space factors in go in Bq. (1) is 6bséfved;
fand an enhéncement,due‘to the factor oﬂﬂ is expected.
-To,include the effect of the interactions of the pions with

fﬁe helium, we:solQQKEq. (3b) in'the small. Q. 1imit_and average the ..
shift »As  oVer‘ e_,v¢>, since the“dirgctionS'of the»(s;ane)‘pions-'
'are'ﬁot dgtected. We.find for- the avéfage_square of thevpion ﬁhfee;
mbmentum; in tﬁé pion;ﬁion c:m. system and in the'presence-of-thev
3;pion—héiium péténtials_ |

A,

VievaTyv, - o

‘where

U

i

, 7 -2 2.1/2 | ey
/) [o, v v ] e - 8RR (®)
. Rt R ¢ M )
To find the corfection to the pion-pion scattering length, we set

COABC'= Co(l‘+ U) ; . , .(9)’

Wé’see thgt attractive potentials :Uﬁ+ égd Uﬁf decrease
’the result for the scattcring length. If we use the results of'Frahk‘
et al.. for the pion-nucleus Optiéal riodel potential,lo R

U, ¥ U _ ¥ -3 MV,

T LT
thé scattering,léngth.chahges.from 2.0 to 1.7. Although_the change
is in the proper direction, the effect does not seem 1gfge enough to

., resolve theé discrepancy noted above..
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We next apply our mecthod to the cases of p and N  production

from complex nuclei. 'Consider firs® the process
T+ A - Pp+A > o Ew A . (10)

Solv1nﬂ equations (3) throuﬂh (5) in the approximation v >> ue-,'we
find

* : 1/2,. 2.1/2 U I
s -8 .= 87U, V_/(l-B-)'/(l - cos“ 0) 7,  (11)

where we have taken the potentials for the two pions to be equal and'

independent of the charge. Averaging over pion orientations gives

S s =y () v, (12)
whére |
| v () = (o84 DICEN )J/:/ (p (2 )) (1 8227 a "

(13)
Here T ﬁ(a) is approximatély equal to one for s < 0.9 ; the ,valué of

£ determines the rate at which Fg decreases to zero near B =

 Writing s = e , we ‘thus have

Wwooow_ ¥ 2u ' G
P1E GNP ¥ A ° - T o

From the.results of Frank ct al.,lo we expect, for final-state pion

.kinetic energies around 350 MeV,

. . .z S
U:rtA = -l.‘)5 MeV :
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- This corresponds o the initial pion kinetic encrgy in (10) being

T = 850 MeV .

For this energy, we also have ( = 0.6k, Tinally, at T =.85O MeV,
the»energy of the . p"is*Such that, if‘the'aBOVGIShift were.ébsent,'.
one.would expect to detect the p at the energy of the.maximum in
“the pioﬁ—nucleon phasé—space factor. . |

As a final application, we consider the reactioﬁ;
¥ : ) . . .
N+A - N +A > 5+ N+A. | - (15)

"We again solve Eq. (3) through (5), maliing the approximatlon

.and obtaining |

n

T I R SR I P O

We observe that (16) is independent of the potential for the nucleon-

. as long as U is of the same order of magnitude as U_, . Using

A
the relation .
: vf(l+.6,z’) Yo faz - f(l-egz_)._l% dz.

'“and recailing.thatturb(a) X1, we fingd, a%ter avergging'ovér nuciéon

' directionssin the pién-nucleon.cfm. system,l
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W - = U :
aN =~ xN T TxA ‘ (a7)

If we again require the final-state pion kinetic energy to be around
. ' *
350 MeV, we obtain a 35-MeV shift in the position of the N ; the

initial nucleon kinetic energy is then

Ty = 640 MeV

vhile B N'O.h6, and the N* occurs'nedr the maximum in the pion-
nucleon phase-space factor.

In concluding, we wish td point out thét, if study of the
optical model at high energics (several BeV) 'r‘e‘veals an appreciable
real part for, say,‘the pion potential, the_present method would allow
sizeable corrections to be made in the case of boson' resonances found

in very-high-energy pion nucleus experiments.
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