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B,y use of a formula given by Perkins for the distribution of 

secondary p3.rticles produced in high-energy collisions, we calculate 

the neutrino flux to be exp·ected if· a beam of high-energy protons 

impinges on a target• 'rhe resulting simple formula for the flux is 

used to estimate the flux of neutrinos that may be obtained from a 

200•BeV AGS accelerator) op:rated at various beam energies. Because 

of the smaller amount of shl.elding and a greater pulse rate at lower 

energies, it is seen that tl::.e ·~nergy of the neutrinos to be studied 

will dominate the choice of operating energy. 
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* NEUTRINO FLUX ESTD'o.A.Tg FOR HIGH-ENERGY EXPERlMENl,l'S 

~ 

Joseph v. Lepore and Ro!:>ert J. Riddell, Jr. 

Lawrence ~~diation Laboratory 
University of California 

Berkel·~y, California 

I. INTRODUCTION 

From the time of the interpretation of beta-decay phenomena in 

terms of the neutrino hypothesis, there has been strong interest in 

using neutrin~ beams to induc::e nuclear reactions. These reactions are 

of interest not only to drawltically demonstrate the existence of the 

1 2 neutrino but also to explor·~ the host of other questions that have 

arisen in the ensuing years as a result of the discovery of the general 

area of the weak interactions. 

The feasibility of ~~rforming high-energy experiments using 

mmtrinos, pointed out by Schwartz, 3 and the subsequent demonstration 

1-t 
of the existence of two neut:~inos, has stimulated considerable interest 

in assessing the performance of various particle accelerators in providing 

n=utrino beams adequate for the exploration of 'the multitude of other 

vi tal questions concerning t::1e weak interactions. 5 

This note is concern·=d with an estimate of the neutrino .flux 

from the decays of pions and kaons produced by proton bombardment of 

an external target. Our estimate is based on a formula for the 

production of high-energy mesons suggested by D. H. Perkins. 6 
By 

using this formula, a simple formula is deduced in Sec. II for the 
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This formuln .. can easily be applied to .experiments at 
~;: ~ .. 

various energies using a high-energy accelerator 1 ancf in Sec. III the 
! . 

' . & :~~-
formula has been used to obtain numerical estimates ot; the .neutrino 

~~): 

:fluxes expected from a 200-:3eV AGS accelerator opera~ed. at various 

- proton•beam energies. 

II • NEUTRINO FLUX 
I 
I 

The assumed ex:perimcmtal a.rrangement is shown in Fig. 1: neutrinos 

would be produced by using an external proton beam to bo,mbard the target,- · · 

.T , yielding pions and ka.on::;. These subsequently decay into muons and 

neutrinos as they proceed along the flight path, L • Muons and other. 

unwanted background are removed from the beam in shielding of length 

· · . · S • The shielding length must ·be chosen large enough to remove all 

. high-energy muons, and is dc:termined by the energy of the proton beam,\ 

being approximately pro:port:ional to the energy. The pure neutrino beam -· 

is then used to study the desired reactions in the detector D • :'.·:. -.. ': 

Once· S is chosen, the maximum beam intensity at D · for high.::energy ' ' 

, neutrinos is obtained by choosing L = S , as is easily ·seen fran the 

subsequent analysis. 
: 5· 

The number of meson.s produced in the · solid angle · d~ and in ·.· 

the energy region ~ per proton' collision .in the target may be written : . 
. -~ ' 

as 
;'". ~. 

.. o 

> . 
:' ", 

. . ' . . 

· .. :· 

· ... ·.· .· 
· .... 

... 

. (1) 
. . . . ~ . . .. ~. . . ·~ . : 

··,.··, 

. .. :--·· 

.. ~· · .. .~... .' 

..... 
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Of these particles, a fraction will decay in the region between the 
fi 

target and the shield to produce high-energy neutrin¢s at the detector. 
i· 

"vle treat this decay process using the idealization bf the geometry of 
~ 

Fig. 1 as shown in Fig. 2. The meson is produced at. the point T and 
. ~~; 

then proceeds a distance r before emitting a neutrf;tno at angle ev 

relative to its line of flight. The neutrino then passes through point 

D after travelling a distance R • Thus the, number of neutrinos 

produced per unit energy by meson decay between r and r + dr is 

e 
-r/').. (2) 

where the mean path length ')... is given by 

1 (3) 

Here, r is the time dilation factor, v is the meson velocity, and 

TO is the proper lifetime. For the cases of interest, namely, high 

energy neutrino production, QM is very small, and for L ~ S , the 

exponential in Eq. (2) is :found tobe close to one so that only a 

, small fraction of the meso::,ls produce useful decays. (By increasing 

L , this fraction would be increased, but the solid angle of the 

detector as seen at the target would be reduced to produce an over• 

all reduction.) In the rest system of the decaying particle, the 

spectrum of neutrinos per ~ecaying particle is 
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J 

where I 1 is the number of neutrinos produced per un~ t volume in 
~. 

(4) 

momentum space, o is the Dirac delta function, ~·v;'l(s the direction 

of the neutrino in the rest frame, 
"¥' 

p' is the neutr~no energy 1 and v {, 

allmted in t~e rest./ system; 7 we haVe 
0 is the single value of ·p' p v v 

0 1 ~I! 2, - l! i p v ::;: 
2 M 

, (5) 

where M is the mass of the decaying particle and. 1-L is the mass of 

the muon. For pion decay this value is 30.6 MeV, while for kaon decay 

it is 236 MeV. 

The decay spectrum in the laboratory system may be found by 

making a Lorentz transformation. If the intensity in the laboratory 

is denoted by I · then 

I - I 'J , . (6) 
·1 •· 

· .where· J is the Jacobian of the transformation. ·One. readily finds 
8 · · '" · 

(7). 

,._. 

\ . . 9 
·. \ The resulting neutrino flmc at · D is found by taking the product of . . .· . · .... 

• . . . 2 
\ Eqs. (2),; (4); (6),;,·a.nd (7), dividing by a factor of R 1 and carrying _ 

:~,>> .. ~out integrations. ov~r .the:mt~son. distribution. and .flight .. path~·: one finds . •· 
· .. ·i :f•· . ; ;·.· ... ~ -~· ·~ ·· .. ··· ~ .. .: .... ·. . . "· · .... ·. ··-~ -~-- .. : ·. ·~ .. -.-~.:· . : ·-: :, . -~·- · .• · ~ .. ·. :: .. : ·_ ' ,· ,·;. 

l: :.. -:. - ~- . · ... - .•. 

· .... ···· 

.. _ ·:, 

,. ' 

• ·:- <.-~ : ••• \ 
·.· ':.-· \' .·. ··. ·': .· 

.· · ... ~ \· ,·, .. .., .. \·:. ~--. 
.. ~ . . -~ · .. :· : 

'\· 

~- '·.'-
-~ :• ~. . ·-; ·. -.... · ,,.,_ 

··:· 

•• •••.. •• f ·' 

. ·.:· .. 
. ......... ,, . ' . 

.· · .. :._,_ 
.. · .. 

·-":. ' .... ' 

.:~ :· . .... ' 

•.•. l. 

. ' .. , ~ 
"1 .. ' •· 



.. 5-

' 
co L/cos eM ::.· .. 

J J 
·, ;~. : '~ 

dE1·t dr 

0 0 

o(r p (l - v cos e ) - p
0 l v v v. 

where d
2

Nv/dA dpv is the ~umber of neutrinos per upit area at the 
!' 

(8) 

detector per unit neutrino energy, per nucleon interaction in the target. 

The integrals in Eq. (8) have been evaluated using the afore-

mentioned formula suggested by Perkins for the production of secondary 

particles in high-energy r.u,~leon-nucleon collisions o This formula is 

in reasonable agreement witl1 available very-high-energy data obtained 

from cosmic-ray experiments and with the 30-BeV results from accelerators. 

Perkins' formula is probabl:r accurate in the forward direction to within 

a factor of 2 for pion production above 10 BeV and for kaon production 

at. somewhat higher energies. As will be shown, only forward mesons 

are of importance for high-energy neutrino production so this expression 

is only important in Eq. (8) where it is expected to be the most· trust-

worthy o Perkins 1 expression for the number of pions of energy Ek 
and momentum ~ produced at ~ngle GM in a nucleon-nucleon collision 

per unit energy per steradian is 

d2N 2 
M n~ 

Ieos eMI exp[-;/T] exp[·~ sin eM/p.L ] (9) 
~d~= 2 ' . 

21C Tp..L 

, 

where T = Oo313 E
0
3/ 4 , n: - 1 2B E 1/ 4 . 

- 0 o· . , p. = Oo2 BeV and Eo is the 
..L 
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laboratory energy of the incident proton in BeV. 
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~~ ·. 

The \').ion multiplicity 
·' ,, 

is n • This formula is als·~ approximately valid for kaons if the 
~ 
~- ( 

_ ..... 
,· ,' 

. 'i 

multiplicity is reduced by a factor of 10~ Upon comb~ning Eqs. (8) 
f. 

.. and ( 9) one finds for the neutr ~no flux 

:~ 

d~ 
2 

.111 

r(l - v cos 
. 2. 
R. 

'(10) 

The integral over· ~ may ba evaluated _by noting _the relations. 

. (D =. L + S) 

. and.· 

' 
which leads immediatelyto 

d(cos a ) 
7{ . 

'2. 2 '2 l' 
D(D • r sin e.) v 

.. :. ,... ' ~ 

·- ·, 

,., . (11) 

' . :: 

(12)' 

·Using Eq. (12) to conyenierit1y handle the delta function in Eq. ·(10) . · 

·_ one. obtains: ' I _; ._:• . ' ' . < < ' <.;·, ,. ' • < ' ~ - .. _,. ·'.• 

•' :' . . .. - ._.· 

.· ._._ .... 

. ,--.-

J, 
: 

L 
; 

l 

-··,' 

; ~ 

r .. 

t 
: 
I 

}. 
I 

i .I 
~·. I 

'. 
'. 
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l, 
r·· 
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~ .. ,. 
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.,_.; 

. {.; 



~! 

UCRL-10948 . 

d
2 

N 
v 

dA dp = 
v 

1 

xf 
0 

In this expression, e0 i::; given by 
v 

= 1 
v 

which for large pv becomes, approximately, 

Similarly, 

p v 

[ 

2 ° 
:::.:::. *Y Pv 

1 
2 
*Y r 

e0 is obtained by noting that 
M 

• I 

x L sin ev = D co::; eM sin(ev - eM) 

. :• 

(14) 

(15) 

(16) 

Since for high-energy neutrinos Pr.1 >> pl. , only small values of eM 

will contribute to the flux and ~ , ev may be treated as small. 

Then 9°M is approximately given by 

·we may also note that for high-energy neutrinosp the lower limit on 

the integral over the pion-~nergy distribution; . .~ ; is to the same 

·iegree of approximation . 

(17) 
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(18) 

This follows from setting a0v = 0 in Eq. (15). In 'prder to further 

simplify the e"'ialuation of Jt::q. (13) advantage may be ~aken of the fact 
·~'· 

that very few pions decay in the region betwee~ the ttrget and shield; 
10 

. · 

i.e., 

XL 
t.. . << 1 • 

. The neutrino flux is therefore 

nM 2 L 
""' m . . 2 2 0 

_41tTp.L_D PvTO 

. X exp[ - 11~ ( 1 - xL ) eo 
P_L D v 

. I 
)! 

J
l 

dx exp[ -F~/Tl 
·0 

_The integral over x may now be qarried out to give 

nJi 
= ' 0 

~ e v 
exp [ .. :r.JT] 

• 

To procee~ further, _it is convenient to introduce the variable 

.f. 

··.· .· ' -. . .. 
'. 

,. ~ 

(19), 

(20) 

(21) 

. (22) 

·1! 
: ... · ·· ..... -

,, ... . / 
.:' 

-~ .. 

. ,·: 
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In addition we make the app::-C?ximation IJ.d"" ~· for ~p.e energies of 

interest, so that Eq. (21) becomes 

n if _ (2pv T .)i 
4 0 0 

rc T p..l D p v -r 0 M p v 

'il" 

'i:~' 

·exp[-~1/T] 
·~~ 

"';, 

f, 

00 . 

X f dy 

0 
.-l {•xp[- ~cp:o:~:Tf y] -exptr-c:o:J_: Tt YJ}' 

. (23) 

As has been remarked earlier in this note the 'maximum flux of high energy ? 

11 . 
neutrinos is obtained when S = L • If this relation is now used, it 

is convenient to introduce the variable 

( )

i 
M T 

0 
p v . 

= . 2pl2 Pv 
(24) 

in terms of which Eq: (23) becomes 

-E /T 
n Me 

1 

41t' Pov ,-0 L 
(

ET1)i roJ 2 · · 
dy e -y [e -t3y - .e '"~f'YJ. (25) 

. 0 . 

The integral may be represented in terms of the error function 

· erf(a) = 2 

fi 

The result is 

a 

J 
0 

2 -y e . (26) 
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where 

d2 N •. 
v. 

d.A dp. 
v 

= 

-10-

-E /T . -· 1 n Me 

~ .'j • 

(27) 

• (28) 

It is worth noting that for small.~, the g~ometry of the decay 

is essentially fixed by . ev , while for large f3 the angular distribution 

of the mesons is dominant. From the Perkins' :formula one sees that 

2 0 
~ p.lpV ==em 

M Pv - M 

. On the other hand, from the relation between the n~utrino energy and 

·.the decay angle, we find for small decay angles 

M Pv ( , 
E._ "" -- 1 +-[ 
~ 2 0 l 

p v 

2 9 2) pv v 
0 2 

p 'V 

. The angular distribution of the neutrinos is thus dominated by the 

distribution in meson energiese Thus we see that · 

,- .•· . 

. ~ . ..,! 

.· 
. ·, ,· . 

em 
.y 

(29) 

(30) . 

(31) 

. ... 
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In the limit 13 << 1 (high-energy neutrinos),,.the neutrino 

distribution is pa.rt1cularl:r simple: 

(32) 

In this limit1 we need only the forward production of mesons fran the 

Perkins' formula, and here it is believed to be the most accurate. 

III. THE PERFORMAnCE OF A 200•BeV: ACCELERATOR 

To illustrate the r(~s~lts obtained from Eq. (27), the neutrino 

flux has been estimated for a 200-BeV AGS accelerator. We assume that 

when operated at energy E0 it will produce a current of 

(1.0 X 10l3) X 
~~00 ( ) protons/sec. 

Eo 

The figure of 1.0 x 1013 protons/sec represents a scaling derived on 

reasonable assumptions from the expected performance of the CERN-BNL 

accelerators.12 To use the factor 200/E0 we assume that the machine 

can be operated at a higher pulse rate and correspondingly larger 

(33) 

average current when Ol)erated at less than full energy. Thus we obtain 
. 2 . . 

a neutrino flux (per m BeV sec at the detector) of 
1 

. 15 · ( E )
2 

.. E /T · 1.0~10 n.MG ..1. e 1 ¢(l3). 
6,t p 'V . T 0 p .L L EO T : . 

(34) . 
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A factor of one-third has been inserted to represent ~get efficiency. 
t~ 

In addition to this, the factor G represents the fr~~tion of the total 
~· : 

particles produced that lead to neutrinos. 
·t 

For pions \j;his is two thirds. 

For kaons we used a factor of lo% as the relation bet~een kaon and pion 
. . ~~ 

It' 

production for Perkins' formula, a factor of 1/2 for ~he ratio: of 
:! 

charged-meson production to the total, and finally a tactor of 65c{o for 
. ~ 

the K~ branching ratio. Finally, in the calculati~ms we have assumed· 

a shielding length of l mete:r per Bev·operating energy. 

Curves of the neutrino flux from pion decay have been plotted 
I 

in Fig. 3 for ·various operating energies, E0 • Similar ,curves for the 

neutrino flUx rrom kaon decay are presented in Fig. 4 • It is of 

interest to note that all of the neutrinos so far considered are of 

the ~ type. To obtain electron-associated neutrinos of high energy, 

one must either depend on subsequent ~ decays or on such decays as 

In either case, the v 
e 

intensity will be very small comJ8red to 

the· v 
.~ 

IV. CONCLUSION 

The curves of neutrino fluxes, Figs. 3 and 4, lead us to the 

following conclusions: 

(a) The maximum neutrino flux obtainable from an accelerator capable 

of very high energy is a strongly varying function of the energy at 

which the machine is operated. For example; if one wishes to study :.·· 

neutrino reactions in the region below 2 BeV1 an operating energy of·.· 

; ' :. 

~~ ; 
' •. 

,. 

~. 

' ;, ~· ' 

... 
'.1. 

,. 
I' 

... 

·•'' 
' 
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10 BeV is strongly favored C·v~r higher energies such """' 30 or 100 BeV. 
~>: 
I· 

This effect is principally a result of a reduction in;ipuise rate and the 
;.·} 

additional shield length required at higher energies.~; (The precise 

' optimum operating energy will depend on the details of the pion-production 
i . 

spectrum. Since the Perkins' formula is only expecte%-,to be valid for 
{ 

very high energies, the detailed results are not entifely trustworthy. 
I 

. i 
Nevertheless, qualitatively, the situation should be •as given by the 

curves.) 

(b) Operation at higher energies will only be indic~ted if higher 

energy neutrino interactions are of interest. It is of course clear 

that high energy neutrinos can only be produced by a high energy accel-

erator. 

(c) Neutrino production by kaon decays is not of great significance 

for most of the energy range·; however, for an accelerator of limited 

energy capability it might l:::e of importance in achieving maximtun energy 

neutrinos. 
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' . 1 1 ' .• 
·. ~· ·~ . 

. pO·(l•V.) < <.·0 (l+V) 
v .. 1 + v· Pv P v 1 ... v o 
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These follow immediately from Eqs. (4), (6), and~(7). 

9. The term "flux" is used in a slightly unconventifnal sense since 

it does not mean the current perpendicular to th@ target; however; 
~ ~ r 

the individual angular contributions correspond ~o the flux in 
~~ 

that particular direction. The total integral i~ thus directly 
q 

related to the total rate of events in the detector from all 

angles. 

10. For example, for 1-BeV neutrinos produced fran secondary pions from 

a primary beam of 10-BeV protons, the shield length must be of the 

order of 10 m. Since we have p
11 

< 2r. p0 

11 1 then we obtain 

I' > 16 and A..> 120 meters. Thus we have L/>.. << 1 • A higher 

operating energy wp~d require a longer shield length and hence a 

greater L 1 but A. becomes larger also. 

11. This is readily seen ri:-om Eq. (23) ~ For high Pv 1 .the exponentials 

may be expanded and the dependence of the flux on L becomes 

L 

The flux is thus maximized by choosing L = S •. 

12. David L. Judd and Lloyd Smith; private communication. 
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FIGURE CAPI'IONS 

The experimental arrangement. 

Idealized decay geometry. 

Neutrino flux from pion decay at 

Neutrino flux from kaon decay ·at 

''·" 

> .· _-.'• 

. ·- ~ -

···.·- .. 
·'· 

· .. 

. ' 

various 

various 

• '. 'f ;,. 

·,·, ·., 

.. ;-

UCRL-10948 

i-: 

operating energies. 
t .~ 

.-.. ~ 

<>Perating energies. 
.\ 
I 

... 

· .. 
. .. 

. ·, 

· .. .: 

''. 

·,,_·"'::·-:_..: 

·,·:_,. 

.:-· 

:...·' 

.-._-< ... 

~-· 

i• 

:_.,· 

.· 

•,. 

.. ... 
I 

/ 



-17-

I 
J \ 
I \ 

~, ~\ 
\ I \ 

I 
I 

-c 
c ,.,.. 
Q) ........ 
X 
w 

.\ 

UCRL-10948 

. ~' . 

. 
...... 

bO ..... 
_J 

r.r.. 

c: E 0 ...... c 
0 (]) 

~-0 

-

•·' 
I 

i. 
t 
:.. 
i· ·-' 
' , . 
r 
t 
) 

I 
i:· 

•· 

.... ~---~-·-· ..... ~--··-----,.-:-------------~--------·----....-....----------..;__-..----·----·-· 

'<) 
0 



'I 

I :;· 

rl 
l· 

---·--·----. ___ ..; 

~·· 

.,· 

!. 

-~·------

.• 

-18-

0 

(/) 

+ 
_J 

.,' 

---.---.__...-----· 
., 

bi>'· ...... 
~ 

,. ' .. ~ 

.·· 

UCRL~10948 

-

i. ,. 

.:': 

.. 
_.' 

; 

' 

i 
t 
!. 

! 
t· . 
f 
' i-

l 
f 
t 

1: 
! 

I 
!· 
f: 
r • 
~ 

[ 
\ 
r 
1· 



' ' . i 
I· 

; . 

-(.) 
a.> 

' : 
(f) 

I 
N 

E 
I 

> 
Q) 

c:n 
i . 11..-

Q) 

a. -
>< 
:l 

'+-

0 
c 
h. ·-::J 
<1) 

z 

.i 

I 

,'I 

II 
10 

-19-

~· 
,. 1· .. 

(BeV) 

Fig. 3. 

p • 
.... , • • ... ,j) 

:0. I ' - ~ -~ 

'i't 
~,:.' ' 

!{'" 

" f 

·~. 

UCRL-10948 

.. 

r 
' 

r 

r 
I 

I 
1 

l 

f 
I 

!· 



· .• -i 

_;. 

(.) 

Q)' 
'(I) 

(\J 

E 

> 
<l> 

en 

-
0 
c 

-::s. 
<l> 

z 

-zo- UCRL-10948 

\ ,:1 

E0 = 100 BeV 

' •'*'' 

' ~ ; 

' ,; 

' .. 

I. 
I 
i 

; . 
i 
I 

'· t. 
i 

.. ! 
' f 

i 

L 
t,. 
i 
' . 

!· 
'•. 
-~ . 

I 0 7 .__ __ _..... ___ ....._ __ __._. _ _... ____ ._ __ ~ 

0 2 .I 0 
_,··,,' 

·' t :· 

. ! 
MU-31458 

Fig. 4., • r 

i ·, 
. · •. t .. . .. .. ·. 

: #. 

-,; ·-· .. 

-.,....-......----~-----

~ .: ..... , . -· ,. .... 
• ~-. 4 • ·.... ~ 

,0 • .. •• 

0 .. 'j . 



This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com• 
mission, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor
mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 
of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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