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ABSTRACT

<

This paper investigatgs the cascade down to the ground

state of & | meson captured by an atom of solid lithium. The
cascade takes place predominately through three processes. These are
radiation transitions, Auger transitions involving the K shell electrons
of the mesonic atom, and Auger transitions involving the band electrons
of the solid. It is assumed that the meson is captured in a state of
high principal quantum number (n ~ 15) . It is found, independant of
the number of K shell electrons'remaining in the mesonic atom that the
principal decay paths folloﬁ, at least approximately, and if the meson

is captured in a high £ state, the route A n =A% = =1 . For mesons
vcaptured in low £ states there is a tendency for the main paths to pass
through states of higher £ +than that givenby An=-«1, Ag=-1.
Because of the presence of Auger transitions where An=-1, A% =0
and vhere An =0, A £ = =1, the cascades contain a rather large
dispersion away from the main paths and towards both large and small £ .
Rgasons are given for expecting the same qualitative description of
,mesonic cascades to hold also for =  mesons captﬁred‘in lithium, and

for both p~ and x mesons captured in other light solids (2 < 6) .
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I. INTRODUCTION

The obJject of this paper is to investigate the cascade down
to the ground state of a u meson captured by an atom of solid
lithium. First however something will be said about the capture
process 1tself.

The capture of a p meson in lithium is i1l understood but
‘order of magnitude calculations show that radiation capture, in Whicﬁ
the meson releases Its excess energy as photons, should be negligible
compared to Auger (radiationless) capture involving the transfer of
energy from the meson to an electron of the solid.

‘Various detailed calculations have been made, assuming Auger
capture and the ejection of a K shell electron, in order to determine
the 1nitial distribution of occupled mesonic states in & newly formed
mesonic atom (deBorde, 1954; Mann and Rose, 1961), None of these can
be considered reliable as the capture process probably occurs at
energies where standard approximations are not valid. It has usually
been assumed the meson is most likely.captured in a relatively high
n state, n~ 15 (n refers to the principal quantum number of the
captured p  meson), for if captﬁre does occur through the ejection
of a K shgll electron maximum overlap of the wave functions for the
‘meson and electron will be secured when the radii for the meson and
electron are approximately equal, that is for n~ Vu ~ 15 ,

The probability'distribution in angular momentum of the captured
1 meson is diffigﬁlt to determine, however on statistical grounds 1t
might be expected fhat within a set of states the states with higher
angular momentum would Be more populated, as the number of independant
quantum states of principal guantun number n , with an.anguiar momentum

£, is 24 + 1 .
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The specific question this paper will try to answer is if a
p” meson is captured in a high n and £ state what will be its
principal means of losing energy and through what set of states will
it pass on its way to the ground state n =1, £ = 0 . It is hoped
that from an answering of this question certain general statements can
be made concerning the transitions from high energy states of both
muons and pions captured in light elements (Z < 6) . |
Previous work, relating to this question; has been done by
Burbridge and de Borde (1953) and de Borde (1954) where they determined
thelprobable number of electrons emitted during a 1 meson cascade
and compared their theoretical results with the experimental observations
of emitted Auger electrons (Cosyn, et al., 1949; Fry, 1951, 1953). 1In
1961 Eisenberg and Kessler reinvestigated the | meson cascade process
in order to compare theoretical results with the more recent observations
of Sterns and Sterns (1957)* and Pevsner, et al. (1961) .
In all these calculations the i meson was regarded as in a
" Coulomb field and the I shell electrons were treated as core electrons.
. Ruderman (1960) has observed that since the interaction of the p— meson
with the X electrons of the mesonic afom will break the degeneracy of
the mesonic energy levels with the same n but with different £ ,

and since in the light elements the L electrons should be treated

It should be noted that the experinmental observations of Sterns and
Sterns (1957) have been questioned. See Lathrop, Lundy, Talegdi, and
Winston, Fhys, Rev. Letters e 147 (1961) . Also see Eisenberg and
Kessler, Phys. Rev. 130, 2349 (1963) .
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as band electrons, mesonic Auger transitiom can occur for which
An=0,408=-1, fhe possibility that these "sliding in"
transitions might dominate the cascade proéess in light elements, a
possibility not taken into account in!previous,work, is the reason for

“this more detailed investigation.
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II. BASIC ASSUMPTIONS

A. The Adiabatic Approximation

"Solid 1lithium which has captured a p  meson will consist of
N nuclei, 3N electrons and a p meson. The Schrgdinger wave function

¥ assoclated with the distribution of these particles satisfies the

equation
b W r Lt ) =BG L ) W ror) (2.1)
i m’ e,/ nm e,/ nm
where
. . 2 Z .
1 1 2
H(r,r r)=_ZV P v - =V +V(I‘ r I'),o
ei’ n’ “m T e M k ny uom e’ nk’ m
(2.2)
2 §
V(I‘ s T, 1 ) = y - 4 + 1
k k, ¢ n,n, ij elej |
2 27 27
DY) . y (2.3)
i Tme ik Te.n X Tmn
i ik k

with ey referring to electron coordinates, n, to nucleus coordinates;
and m to meson coordinates. Z 1is the nuclear charge in atomic units,
M . the nuclear.maés in atomic units, and p the meson mass in étomic
units. For atomic units, as used here, the unit of éharge is the
qlectron charge, the unit of mass is the electron mass, the unit of
distance is the Bohr radius, and the unit of energy is the Rydberg

- energy.

Defining a set of wave functions WA , presumably complete,



WA(re J) Tn s T o L') = ¥ (r ; I'n s rm) WH(r'n s T t) p) (2.u)

i Pk i M k
o

where 1];L is a solution of the eigenvalue equation

I-L.L,(P't‘e_j.‘° Th.’ rm) 11'rL(r'e,” Tn

n, . kﬁ I'm) = VH(rn_k’ rm) WL(re.’ r

(r_, v, %)==,V + Ve ,r ,r) (2.6)
HT.! ei nk m 1 ei ei nk m

and ‘VH is & solution of the equation

n 2 , 2
in s WH(rnk, r o, t) = HH(rnk,, r ) wH(rnk, rst) (2. 7)
- . X } C A » | 0.8
H(rnk; r)=- W 4 A B V(e s rm) R (2.8) |

k ‘ . k

and further def’ining the operators H 0 and H L by

A A
0 o VA= > 1 o
BOv, =8y, -2 ) AV 4 oV oy 2 2y
.A A A M & Ny L nk H 2 X L H

ol = L2 ‘:-L- . P n oo
" Vet Vo Ye 7 Yy W) "’H} ’ (2.9)
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Bl 220 3% v T oy e 2w 2y )

A A M " nk L nk H 2 nk L H‘>
2{% 4 Ty +L @2y v (2.10)

+EZm“’L gra W Y Hj,
it then follows that
H(r 5 r 5 r ) = HAO(r 5 rn 5 rm) + HAl(I‘e 9 r 9 I‘m)’ . (2911)
ei. nk m ei k i nk

and the set of functions WA are solutions of the equation

0 : - ; '
s T o t) = HA (re s Ty ow .rm) WA(re.y rn ).rmit),(Q,IE)

)
ih W(r’ s T
5t 'AMe "/ 'm i 0y i Pk

Tt is to be noted that equation (2.5) can be looked on as &
Schrodinger equation leading to the electron wave 'functions and energy
levels when the meson and nuclei  are considered as motionless at
positions ro and rnk while (2.7) is a Schrodinger equation for com-
puting the nuclei and meson wave functions and energy levels under a
potential expressing the energy of the atom, as computed through (2.5),
_as a function of nuclear and mesonic positions. It is thus reasonable to
‘suppose that a wave function of the form (E.M)y and thus a solution of

(2.5) and (2.7), would be a good approximation to the solution of (2.1)
~if the "velocities" of the nuclei . and meson (heavy particles) are much
smaller than the "velocities" of the electrons (light particles).

The adiabatic approximation consists of neglecting the term HAl

in equation (2.1) and thus to this approximation the solutions of (2.1)

are of the form (2.&), Assuming the variation of the functions WL
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and V. with r and r is not much wmore rapid than with r |
H n], m € i -

the relatively large values of M and u guarantee that the toerm

HAl is small compared with HAO and can be considered as a perturbation
causing transitions between stationary. states of the approximate adiabatic
equation. In the‘case of solids, the term in HAl involviﬁg l/m is known
to be very small so that only the term involving l/u heed be discussed
here. ©Since the wave function of the meson will be spread over a distance
of approximately ng/u times that of & core electron in the |

sol&d the fraction error involvéd if one neglects the term containing

l/u in equation (2.10) is of the order l/n2 . Thus for large n the
adiabatic approximation will probably be quite good and the term HAl

in equation (2.11) can be treated as a perturbation. For small values

of n the meson should not be treated in the same fashion as the

nuclei (slow moving particle) but in the fashion of the electrons. (fast
moving particles) and thus the adiabatic approximation, in this different
form; could alsé be used fop small values of n .

A practical technique for cobtaining reasonably good solutions of
the Schrodinger equatibn of this problem then consists of solving the
adiabatic equations for stationary states, which are rElatively.long live
states of the true equation, and-treating'the term HA; as a perturbation
leading to transitions among these states. Thus we can follow the
de-excitation of the u" meson untilvthe:meson is in a true stationary

state of ﬁhe Schrodinger eﬁpation, the ground state, from which the meson

either is absorbed or decays.
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B. Approximations Based ocn the General Structure of p-Mesonic Lithium

The structure of solid lithium is well known. The nuclei form -
a body centered cubic lattice witha lattice constant of 6.52 in atomic
units. This means the nuclei are well separated and the two core (1s)
electrons surrounding one nucleus do not overlap significantly with the
core electrons surrouhding a neighboring nucleus. The remaining
electronsg however, should not be considered as localized neér one nucleus
but are better considered as spread throughout the solid and treated as
band electrons.

Of course in p-mesonic lithium the wave functions for the core
electrons and band electrons near the nucleus to which the W~ meson is
considered bound will be, because of the presence of the meson, different
ffom. those of the normal (meson free) solid. However, in light of the

| previous paragraph; & reasonable model of solid lithium which has cap-
tured & n” meson‘consists of one nucleus surrounded by a u' meson and
zero, one, or two qoré’electrons (the number depends on how many core
electrons have been ejectedlfrom the solid.by the meson), N -‘i nuclei
surrounded by two core electrong and N band electrons considered as
bound in the almost periodic potential formed by .the nuclei, the |~ meson,
and the core electrons.

Thé p'amescn,the nucleus to which it is bound, and the core
.electrons associated with:this ﬁu§leus are collectively refered to in this .
paper as a p-mesonic atom.

: : - W
In considering the de-excitation of the captured p~ meson
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the énergy gi&en to the nuclei by the meson, because of the large nuclear
mass, can be neglected and only the interactien of the excited meson

with other electfons in the solid need be considered. Furthey because

of the small overlap of the wave functions of the captured meson and the
core electrons not associated with_thé mesonic atom,the interaction of the
meson and these distant. electrons can also be néglecte&o Thus when con-
sidering the transitions of.the' pn meson to its ground state within the
~solid: the only éneréy ié;eis and Wave'functions which need to be considreed
are ﬁhése-dSsocigted'with the band electrons apd those assocliated with the

mesonic atom in the solid.
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III. ENERGY LEVELS AND WAVE FUNCTI ONS

A. Thegp~ﬁeeonic Atom

| The development of the formulism needed to compﬁte the energy
EM and gssociated wave functioas of the meavnic atom will only be givep
for the case involving two core electrons. The procedure in the case
of zefo or one core electron is gimilar except for obvious#simplificatiqns.
For the latter two cases only the resulting formilas will be given.
| From (2.5) and (2.7) 1t follows for the p-mesonic atom

- 2 2 |
[' Vit =V ot Vxy rp o, rm)] UACITIE VR SO ) (3.1)

. VI[(rn} rm) ‘IIL (rl) rel rn) rm‘) 5

[- 12 192, v(, rm)] Welrs 7)) = B Vgl 1), (3.2)

where

2 2 2 27 2?7 2z

V(r,, .y T, ¥ ) = — 4+ + - - - , (3.%)
’ 1’ "2 n’ "m rT1 Tmo T rnm 1 Tm

with 1 and 2 refering to the coordinates of the two core electrons while

n and m refer to the coordinatés of the nucleus and B~ meson. In

equation (3.1) 1t has been agsumed, following the arguments of Segtidn 11,

that the influence of the particles external to the mesonic atom can -
be neglected. | |

8ince V'H(rn s rm) will only depend on the distance between the
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meson and the nucleus; center of mass coordinates can be introduced such

that

[. v12 - v?2 + V(rys T r)] \|(L(rl,:_zjg r) = ,VH(r) ¥y (rs 7,y 1), (3.4)

[avr . m} ) = Ey o) BT
. 1 o) . ‘
"= W ®) = B Wy(®) - (3.6)
where
.2 ,2 .2 22 _ 27 _ 22 :
v(?l’ re,'r) - rml * r o * T T T rg rn2 ’ ‘ .7)

> = -+ - " m ©Tn ’ . N

r=r -r R = -——::T:EE—-— ;o o (3.8)

el MM+, (3.9)
and

Yp(ry ) = () W® o, | (3.10)

EM = éLM +’Ec . ' » . (3.11)
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Because,of_fhébléfge value of ﬁ', changes in the center of mass motion

can be neglected in this problem and thus the only equations which need

to be golved are'(B.h).and (3.5)'}

Equation (3.4) can be solved, to the accuracy required in this

'problem, by means of perturbation theory. Introducing

YA ozt 27

(0] : .
VA(ry, v, ) = - == - ==- . = 5
1° 27 rnl rnz. r
where
' = 7.+ 5/16 ,
and
_ o - | i
Vl(rl, T, r) = v, (ri, T, r) + v, (rl, Y r)
where
I 2 2
Vi (g ¥) = e =,
' m Tme
v, r, 0 = 2o . A& L 38
2 1 2 r r r
12 nl n2
and writing
0
V(rl, Ty r) = V (rl,,ré, r) + VI(r33 Tos r)

(3.12)

(3.13)

(5.14)
(3.15)

(3.16)

(3.17)

‘1t will be assumed that. VI can be treated as a perturbing potential

added to Vb . Thus for the solution of (3.L4) with the core electrons
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in their lowest energy state it follows

. and -

VH(r) =_ Vo(r) + Vl(r) + Va(r) +\°A,°_-:°‘_ ’ - "::‘_‘; e ' (3“18)
with
| 07 .2
Volr) = - 3F fea ) » | : - (3.19)
_ vl(r,)'. = < oo._leaI. 00>, o S R (j.ao) '
| V,(x) = Z <OO IVII nm><‘“. 2 I °°>u . G
n m' ’ | o
V(e rp v) = Ve, vy) o Ve Ty x) 4 e, (3e22)
with
0 g3 Blrygbr) .
v (ry) ry) = =— e s o (3.{.3)
‘V'(r‘i; LY r) = Z <mEZO|YIJE ,OO> | n m> y _ (3.24)
n'nm' o

where



Ak

»<:mn|VI|p§> ==‘/;zﬁ(rl;ré)(r2)vl(rl, T r)qu(rlgré) &rd’r, ,
| (3.25)

with Wmn an eigen solution and Emn the cofresponding eigenvalue of

" the eqpatioﬁ

2 2 0, : . 7
-vl - v2 + V (rl} re) .r) \an(rl, r2} r) = 'Emnwm(rl’reﬂr)?(B“zé)

~ where m and n refer to the states of electrons 1 and 2 respeétively.
A priﬁed summation‘indexrindicates summation over all values of the indices
" except n' = m'i=-0, It will turn out that higher terms in thé perturbation

series than those of (3.21) and (3.24) will not be neéded in this‘préblem,.

V]ﬂr) is easily eveluated
821(1') = Vl(r) = Esz'":[l - (1 +t) e=-2_t] P) (3.27)
'where in this case
t = 2'r - (3.28)

The evaluation of 7V, is more involved. It follows from (3.1k)

and (3.21)
V,(r) = V@) + V&) + ¥, | (3.29)

with

V(x) - Z <OOIV1:<I>OHT>E<M|V11|OO> ’ 530
mn

mlnl
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I I '
ol v, 7]y Lnlv, T ooy
< L < 2 , (3.31)
' E.~ - E L
00 mn o . _

-Vb(r) =2
- m'n' o
~ <2%NV'I| ﬂ%) <3m|v IlO€> S |
‘VC= . ..2 2 . - : (3.32)
S E.. - E. S - g :
e : 00 mn A
m'n :
 if'wave functions Wh are introduced which are solutions of
| o2 ez'| _ | C(3.33)
[— vy -rnlJ v (r) = E v (r)) i

With eigenvalue E it follows that

) - ezélvl@ D (3.34)

P - L‘Z <°_|"1|r>. ol [0 (5.35)
‘where | | ‘

(ulvyny - f‘!fm*(rl)va(rl) ) @, (5:36)

vl(rlj .2 o (3.37)

v(rv) = ozt [EL—@ - (1 - 1 )e-ZrnlJ L (3.38)
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The expressions (373H) and (3.35) can be evaluated exactly by

‘meking use of a technique discussed by Dalgarhof(l955),~_1t is easily

shown that if f 1is a solution of
> = 2 - '
WV £(r)) Y Qplry) + Q¥ "1 (ry) = [w.(,rl) - olwtop }-QO_ > (3.39)
and Qh iis a-solution
: [471 + .U(rl)l] Q (r)) = Gn»Qn(rl) s (3.40)
ﬁith_eigenvalue »Gn, then

fQ‘rl*(rl)w(rl)Qo(rl)d3'rl - [GO - Gn} [Qn*(rl)fl(r.l)QO(rl)dﬁrl'(B'M)

Using this fact it follows that

| Ql&l@ (E, - E_) @fl@ , | (3.12)

i

leé-l&? (5 - B) '@fé@‘ ‘.s | (3.43)

where

2%,2,(r) * T vg(ey) + (e 9, (r) = ‘[vl(rQ "4’""1|¢>}"’o(ri))’
- ‘ , (3.h44

2$lfé(;l) AANCHE \lfo(rl)vlefa(rl) ='[v2(rl) - @'|v2|o>']xlro (r;) .

(3.145)
Thus
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T
N,
~
]

2 Z@Vlln\/‘ <1|f1|0> 5 (3.46)

. TVb(r)

D Glnlo, )

1%
/o
l\)<"

‘or

[ (olzys |o> <|f o <|v |o>] ', (5.18)

Vr)

vb,<r>=u[<o|fv 9 - il Qlvloy | - (3.49)

. Equation (3.L44) has been solved by Dagarno (1957) . _He~finds'

£ (r,) = 1) log(1 - v) -%(t + .l)enzvtlog('l__a- v)
-5 [(t -1) + (b + 1)e-gtJ Log(1 + 1) = g(t + 1)e 20 [etE T["t(l -]
" B[t (1 s _v)-]] . [1 -1+ t) Et] (b + v)} s (3.50)
with | .
. I'nl '-‘ I‘m‘l ) v rnl "-'v 'rml a £ = Z'I‘ , . (3.51)
r ' r )
"and'_v |
: o ‘ -t(1-v) _ ,
B[t - v)] = j Sa. - (3.52)
D S - ~00 . B .

Eguation (3.45) can be easily-solved by quadrature
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otey) = b [f Bl < x4 3 L)

+ %5 Py - % e X . %'] oy : (3-53)'
where
'X.v = Z'rl 5 y = °5772157. i . _‘ " . . (3‘514_)
Thus ‘ -

(r) = -% [ 5 ~ (12 + 8t + 1o)e'm-° + (,ht3 + 7t2 + 8t + 5)e'ht
2(t +1)%e™@" (1 + e (E [2t ] - 2 log 2t - 2y) -

2{(‘02 + 2t - 3)+(bt + W)e =0 (¢ - l)QeEtS w ;2t ]},(3.55)

vb(xj)=1l-5 [ie(t;-l)(E[{ztj - E[-4g])-12(t +1)e™?%(E[-2t] - log t-7)

(10624 12t - 5)e™Y 4 (2t - 5)5“"] , L (3.56)
- Defining
Eple) = Vo) + P, IR0

it follows, neglectiﬁg terms dependant on r which come from terms of

higher order than two in perturbation theory, that

vy(r) = 27.4° . grg + g,al(r) + ~€22(r) + &C ’ ‘(5..58)

where E;; is independent of r and in fact equal to the difference
between a first order calculation of the ground state energy of Ii+ and

the actual energy of the state. The value of ézé as obtained from some
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recent experiments is

£ = 1.57¢eV. : o 0 (3.59)

[¢]

The ease where there is only one core electron can be.analyzed

in a éimiélr_manner. .In.that case

@ - s S+ EL ), 6.6
" with | o |

ne - T [ L. (6+1) e‘gt] ; o (3.61)

Elz(r = }5 5 - (ut + 8t + lO)e + (:ut3'+ 7t2 + 8t +'5)e"'ht

-2(t+l)2 21’(1 + 2% (m [et] - 2 log 2t - 2y) -2{(1:2 +2t -3)
+ (bt o+ h)e 2t (t - 1)2 2'°} E [-2t] | , (3.62)
where

£ = 76 . o | y (_3-63)

The case of no core electron is of course trivial

vy(r) = -EE . | C(3.64)

r

For a discussion of the errors involved in (3.58) and (3.60)
see Appendix. 1.
In order to obtain explicitly the approximate eleétron wave functions.

perturbation formulas (3.22), (3;23),-and'(3.2h) could be used. However



-20-

because it would be more exact to treat the unperturbed electron wave

function as

| | ' 5 1 | ! .
‘WO(rl’, 1'2) = g__-_]-l e-(,Z -l)(l‘l+r2) : (3.65)

7T

~than as

I

o |
71> 2 (rp#r
7

ey, 1) (3.66)

for small vaelues of the meson coordinates _(é2< M ), the perturbation
technique is best modified in such a manner as to make (3§65) the unper-

turbed electrén'Wave function. - This is easily*done byytfeating

0 : ]
Ver (rlf,rQ)’ N T T

2@ -1) 2z -1) | |  (3.67)
nl "n2 _

~as the non perturbed potential and

Vé?~(r1: r2) = 'Vellk (rl’ ?2)'f Vef?} (?1’ r2) L7 : »(3'68)
Whefé ,
| Ili (b, 1) = 2 4 2 2 2 | |
R I B S , G.69)
el .1._‘9 2 rml’ rma rgﬂ rn2
v K ( ) = 2 58 5/8. ( 05}
. e' rl’ r2 o= r12 - _I‘ -. rne 7 5-7 .

as the perturbétion."Thﬁs'

Vlry 1) = Vo (v 7)) + Vo (poT) (3.72)
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In this case

r,)

N -(Z-l - -
A Sy L (3.72)

7

n m l | | o B
zgj <i' v, | 00‘:> I n%;> - _‘A 5.75)

[

o .
\l’ (rl) r2)

Ly

i
\II. (rl’ . re)

and

I ot ' I, ' 3
<1mlvel I OO>= ﬁ:ln (rl)rz )Vel (rl, I’2 )\l{go (rll re)dBrl d3r2 4 (5-7)“')

where -wﬁn and Emn are the eigenfunction and. corresponding eigenvalue

found in solving the equation

.[-vle . 722 + vg,(gl,r2)] e (rl,r ) el e’ (rjp r,) , (.B)

mnmn

'with m refering to the state of electron 'l and  n referring to the

state of eleétron 2. Thus

¥ (rl,rg,r) Z< Em;l> lmn7 + cp(rl, re) | , (3.76)

m'n?

where ¢(rl,vr2) _is independant of r . Since ¢(rl, r,) comes from

2

the first order perﬁurbation terms it will be neglected in comparison to

0 .
W'(rl, r2) » 80 that to fair accuracy

1 | '
¥(ry,r,,r) = ¥ <rl,r ) + Z< 'V< 1 OC> mn) G

m'n' mn

Equation (3.77) can be simplified by observing
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. ' _ . <m Iveil O> : Z<n Iveél O> .
V(rprpr) = ¥ilrp,r,) + Ca—y | w)+ P B ‘J n)y

-m' o T Em n EO - En

.8

»<<ﬁ,lvei|'n:? = J/;ﬁ' (rl)'Véi (rl)'WZ' (ry) djrl- 3 (3.79)

where

R R A R

et t t _ . o . . :
and Wﬁ‘(ri) s Wg (re) , and. Eﬁ- are the eigen solutions and corresponding

eigen values of the equations

-

2 2(z* -1 et ‘ ef . e! ‘
RS-l (A (r) = B v, () (5-81) 
[ 2 2 -1) ] e, el et | |
! § Vé + Ton ] ¥n (r2) - ,En n (r2) - : (3.82)
with )
- 2 . 2 |
Vet (rl)”A_ Tml T &%)
) = 2. 2 ¥¢]
vveé (rl) = rm2 rﬁg : f (3.8&)
Making use of the fact that if 5 satisfies the equation
D, 1(r) - T4 (o) + 4 (e 0,22 () = o (o) - ol I (v,
I A A SRS L M B e A e A S L R T
' | (3.85)
where 7 /
’ : 3/2  <(z*-1l)r
et . oz -1 1
WO (rl) - ﬂl 2 e 2 (5'86) )

it follows that
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Y(rpyryr) = Wo(rl,re) + [ £,(r)) +15(r,) -2 <0 |1] 0] Wo(rl,rg)‘

- ‘ - (3.87)
. o Solving equation (3.85) one finds
1 1 ; A -2t 1
. fB(rl) = 5T E(t +1) log (1L - v) - E(t + 1e log (1 + v) - T

[(ﬁ - 1) + (6 + 1)e'2?} log (1 + 1) - %(tv+ 1)e"2f {etE[;t(l )]

-e‘tE[f(l + V) ]] + % [(1 ~t) - (1 +t) e‘gt} (p+v) |,
. . ' ).88)

with in this case

t o= (Z' - ) r . ' (3.89)
If (3.80) is expanded in terms of ¥ it is found

: ?(rly rys T) = [ } - r(cos 01" + cos 8!) + +en] wg’(rl>wg'(f2>y

1 2
(3.90)
. -5
~ Where ei refers to the angle between the vectors ?hl -and’ r while
8! refers to the angle between the vectors ; and ; .

na

In the case where there is only one core electron an analogous

2

procedure, using the same approximations, leads to the expression

. = ‘ - Y L N 2 | e

W(rl, T r) —‘-[ 1-rcos6l + ] ¥y (rl) (3.91)

with . /
- 032 (z- 1)r -
e o (z -1) 1 '
bty = B TR (3.%)
: s

The next step in the adiabatic approximation is to solve (3;5)

. S ' _ aymmet ~
. using either (3.58), (3.60), or (3.64) as Vi - Since Vg is & spherically

rical potential the method of-separétion of variables can be used and thus

the eigen solutions of (3.5) can be written in the form
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() = R ,(r) Y, (6, 9), (3.93)
where Yzm is the usual spherical harmonic and ha satisfies the
equation

%11”_2 %(I‘z»?&-wf‘na(r” * [E‘nl’, - Vylr) - %r%'t'll] R (T) =0

(3.94)

The eigenvalues é; of equation (3.5) have been classified in

M

(3.9&) according to the number of nodes n in the eigensolution Ru&
. )

n o= o+ Lo+ 1 , | (3.9)

and according to the value of ¢ associated with the particular eigen-
solutioh.

The eigenvalues (up-to n =15, ¢ =14) and corresponding solutions
of equation (3.9&), in the case where one or two core electrons are in-
volved, were found with the help of the. IBM -704 computer. The errors
in the values of é%z obtained due to both errors in Vﬁ: and the numerical
techniqué of solution are believed to be of the order of 0.1 eV. ,
while the error in the difference between neighboring energy levels should
be even less. Details of the calculation can be found in Appendix 2.

The values of éE%L in' the case of one or two core electrons are given
in Table I and II.

Values, to be needed lafer, for certain matrix elements of the

form

[=]

R = R (r) " R , (r) 2 dr, (3.96)
ff ii



Table I. The energies 'SM in eV when the mesonic atom contains one core electron.

4 0 1 2 3 " 5 6 7 8 9 10 .1 12 13 1
. ; .

15 191,74 191.67 191.53 191.3%2 191.0k 190.69 190.25 189.75 189.12 188.42 187.62 186.71 185.69 184.54 183.28
14 20k4.59 204.52 204,36 20k4.12 203.81 203,41 202.91 202,32 201.60 200.84 199.92 198.87 197.69 196.34

13 221.26 221.17 221,00 220.75 220,40 219.96 219.42 218,77 218.01 217.12 216.10 214,93 213.60

12 2U4%.22 243,14 2h2.96 242,69 2h2,32 241.85 2k1.27  240.58 239.77 238.82 237.73  236.48

11 .272.6h 272.56 . 272.37 272.10 271.72 . 271.24 270.65 269.95 269.09 268.15 267.04

10 312.73 312.64 312.46 312.19 311.82 311.36 310.78 310.10 309.30 308.36

368.45 368.36 368.20 367.95 367.60 367.17 366.64 366.02 365.28
Lhy7.94 4h7.87 Wu7.73 447.50 Lh7.20 446.8% LUE. 3T 445,82

565.45 565.2%9 565.27 565.09 561 .84 564.53 564,16

A 3 w O

747.90 7,85 THT.76 T47.62 THT .43 T47.20
5 1051.67 1051.6k 1051.57 1051.48 1051.35

iy 1611.83 1611.81 1611.76 1611.70

3 2822.73  2B822.72  2822.69

2 6282.92  6282.91

1 24968.28

G9607-TYIDN



Table IT. The energies - éM in eV when the mesonic atom contains two core electrons.

X 0 1 2 3 b 5 6 7 8 9 10 11 12 13 1k
n

15 233.11 233.01 232.80 232.47 232.03  231.48  230.79  229.98  229.02  227.91  226.63  225.17  223.49  221.56  219.35
1 243.06 242,94 242.69 242,32 241.82 241.18 240. 40 239.46 238.%6 237.07 235,58 233.85 231.85 229.52

13 256.95 256.81 " 256.55 256.1k% 255.59 254,89 254,02 252,99 251,77 250.3k4 248.69 246.71 244 .53

12 276.38 276.24 275.96 276.5% 274,95 .  27h.22 273.31 272.27 270.94 26941 267.70 265.69

11 %03.59 303.46 %03.18 302.75 302.16 301.4% 300.57 299.43 298.15 296.66 294.93

10 341.86 341,72 341.45 3h1.04 340,48 339.78 338.91 337.88 336.67 335.26

9 396.13 396.01 395.76 %95.39 394.88 394,24 393.45 392.52 301.4k4

8 475k bk 43 47l 22 47%.89 473,46 472.91 kr2.24 471 bk

7 591.26 591.18 591.01 590. 74 590.38 589.94 589.39

6 773.19 T73.13 772.99 772.79 772.51 T772.17

5 1076.63 1076.59 1076.49 1076.34 1076.15

L 1636.60  1636.57 1636.50  16%6.11

3 2847.40 2847.39 2847.%5

2 6307.56 6307.55

~9e-

§96071-TYDN
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where 1 and f refer to initial and final states, were also computed
with the IBM-70L4. Where n, { 6 these matrix elements were evaluated
analytically,as for low values of n Coulomb wave functions are suff-
iciéntly accﬁrate.A The resuits of matrix element?calculafioﬁs in the

case Whefe the mesonic atom contains two core electrons in both the initial
and final state are given in Tables iII, IV, and V; The matrix elements
computed with other numbers of core electrons did not deviate too greatly
from those of‘Tablés III,‘IVQ and V. Estimated errors in thé matrix

elements evaluated are discussed in Appendix IT.

B. The Band Electrons B

It is known that wave functions of the wvalence electrons in

‘1ithium can be fairly well approximated by a modified plane wave of the

form
o (r ) = 2+ 1 Eigli 5 iK-Te (%) GIER ( R )
'k e _-vv~ TR € T AL, .e P1s\Te = By
" (3.97)
with an energy
m 2 .
E- = — k™, (3.98)
k mn ,

where ﬁh ‘is the position vector of the nth nucleus, V is ﬁhe volume
of the solid, R 1is the volume per atom in the solid, m is the
effective électron’mass in the §$iid; mv is fhe électfbn mass, k

ils a wave vectbr which labels each function, and a(z) is a function

to be chosen such that yg(re) is orthogonal to the wave functions of the

core electrons (Woodruff, 1957).
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Table IIT. R' 1in atomic units when Af =. 1.

)3
1

N 1 2 3 I 5 6 7 8 9 10 1 12 13 1k on

1
'0.687 0.682 0.680 0.673 0.666 0.654 0.642 0.627 0.609 0.586 0.557 0.518 0.463 0.370 0
15 0.1%2 0.140 0.151 0.159 0.166 0.180 0.191 0.205 0.223 0.240 0.260 0.288 0.329 0.384 -1
0.043 0.051 0.054 0.057 0.062 0.067 0.075 0.081 0.084 0.092 0.09% 0.106 0.086 -2
0.021 0.02k 0.027 0.029 0.032 0.035 0.037 0.038 0.040 0.0L0 0.038 0.031 -3
0.568 0.567 0.563 0.553 0.543 0.531 0.516 0.498 0.476 0.Lkh 0.406 0.354 0. ]
I 0.11k 0.120 0.131 0.141 0.152 0.165 0.175 0.190 0.207 0.225 0.250 0.272 0.318 -1
0.0%° 0.042 0.045 0.051 0.055 0.058 0.06h 0.070%  0.074 0.076 0.074 0.064 -2
0.088 .. 0.020 0.023 0.025 0.027 0.029 0.030 0.032 0.032 0.029 - -3
0.470 0,567 0.462 0.553  0.W3 0.430 0.k11 0.388 0.361 0.327 0.276 0.208 0
13 0.0969 0.10k 0.114 0.123 0.13k4 0.147 0.159 0.181 0.190 0.210 0.23k 0.262 -1
0.305 0.035 0.038 0.042 0.047 0.051 0.055% 0,058 0.060 0.059 0.051 -2
.. 0.0146 0.018 0.020% 0.022% 0.024% 0.0252  0.025%  0.025% - - -3
0.386 0.382 0.375 0.367 0.356 0.341 0.3ek 0.298 0.267 o.227 0.167 0
12 0.0812 0.0889 0.0980 0.108 0.118 0.130 0.147 0.157 0.174 0.192 0.215 -1
0.0248 0.0291 0.0323 0.037 0.040 0.043 0.0 0.048 0.0 0.0k0 -2
0.0121 0.0142 0.0157 0.018 0.019 0.020 0.020 0.018 -—- -3
0.314 0.310 0.304 0.295 0.283 0.269 0.2u8 0.222 0.187 0.137 0
1 0.0679 0.0752 0.0840 0.0932 0.103 0.118 0.127 0.142 0.157 0.175 -1
0.0205 0.02h2 0.0280 0.0305 0.034 0.037 0.039 0.0388 0.033 -2
0.0099 0.0117 0.0133 0.0145 0.016 0.016 0.015 - -3
0.254% 0.250 0.2h4 0.234 0.222 0.206 0.184 0.156 0.114 R . 0
10 0.0559 0.0629 0.0708 0.0798 0.0898 0.100 0.112 0.126 0.141 -1
0.0166 0.0200 0.0228 0.0260 0.0283 0.030 0.03% 0.027 . -2
0.0088 0.0095 0.0109 0.0120 0.0126 - . : -3
0.203 0.198 0.192 0.182 0.170 0.153 0,129 0.09k2 [«]
9 0.0U451 0.0517 0.0592 0.0675 0.0770 0.0871 0.0988 0.112 =1
0.0133 0.0161 0.0187 0.0210 0.02%0 0.0236  0.0208 -2
. 0.0061 0.0075 0.0087 0.009k 0.0094 — -3
0.158 0.154 0,148 0.1% 0.125 0.106 0.0776 [
8 0.0357 0.0116 0.0486 0.0563 0.0650 0.0748 0.0858 -1
0.0103 0.0127 0.0149 0,0169  0.0179 ©.0163 -2
0.0041% 0.0055%  0.0067%  0.0070 0.0064 -3
0.120 0.116 0.109 0.0995 0.0850 0.0625 [
7 0.0274 0.0327 0.0389 0.0461 0.0541 0.063% -1
-2
-3
0.00762 0.00697  0.00588  0.00436  0.002u40 0
0.0200 0.0249 0.0304 0.0370 0.0449 . -1
6 0.00565 0.00719  0.00850  0.00860 -2
0.00226 0.00283  0.00293 -3
0.000873  0.00105 -4
0.000254 -5
0.00363 0.00318  0.002k2  0.00136 0
0.01%9 0.0181 0.0230 0.0290 -1
0.00370 0.00486  0.00544 -2
5 0.00127  0.00160 -3
0.0003k4 b
-5
0.00145 0.00116  0.000678 o
» 0.00896 0.0124 0.0167 R -1
0.00210 0.00280 -2
0.00050 -3
0.000436  0.000272 [4
5 0.00496 0.00778 -1
0.000847 . -2
-3
0.0000726 o
2 o.00212 -1
-2
-3

® Interpolated. Indicates a value less than 105 of the value of RI with the same n, end £ , but with On= -1 and Af = -l.
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in atomic units when AL = +1.

UCRL-10965

1 2 3 4 5 6 7 12 13 14 on

oy
0.116 0.111 0.103 0.093 0.089 ° 0.082 0.076 0.073 0.066 0.056 0.048 0.0k2 0.027 -1
15 0.039 0.034 0.029 0.026 0.0242 0.022 0.019 - ——- -2
0.017 0.0I5 - —-- --- - - — — _— - -3
0.0954 0.089 0.083 0.076 0.068° 0.061 0.054 0.049 0.0b1 0.0335 0.027% .- -1
1k 0.0305 0.026 0.024 0.021 0.017 - - - - — —- -2
0.0140 0.012 - . - - —- - o o 5
0.0791 0.0726 0.065 0.058 0,053 0.045 0.0%%  0.0%32 0.025 0.019 --- -1
13 0.0243 0.0209 0.018 0.016 0.013 ——- -—— -—— — —— -2
0.0126 0.0102% - - —- . — — - 3
0.0650 0.0583 0.0516 0.0kk7 0.0%9 0.033®  0.027 0.021 ——- ——— -1
12 0.0194 0.0163 0.0145 0.0116 ——— - - - - 2
0.0090 - - i - - ——- - -3
0.0526 0.0463 0.0397 0.03k0 0.0285 0.023 0.018 - - -1
11 0.0154 0.0134 0.0104 ©0.0084 - J— — - -2
0.0069 -— - - - —— - ; -3
0.0419 0.0358 0.0305 0.0251 0.0200 0.0152  0.011 - -
10 0.0121 0.0097 0.0080 - R, - - .2
0.0053 - - - - _— 5
0.0326 0.027h 0.0224 0.0178 0.0135 0.0094 —— -1
9 0.0092 0.0072 0.005%k - - -— >
0.0039 —a- —- - - 3
. 0.0252 0.0201 0.0158 0.0118 0.0081 - -1
8 0.0066 0.0C50 — - - 2
0.0027% o . - - 2
0.0173 0.01%% 0.0103 0.0070 - o1
7 -2
-3
0.00850 0.00599 0.00264 -1
& 0.00279 ©.00187 0.000928 -2
0.000940  0.00046% -3
0.00754 0.0050 0.00272 -1
5 0.00155 0.000786 -2
0.00037h -3
. 0.00401 0.00213 -1
u 0.00063k -2
-3
3 0.00154 -1

Indicates a value less than 10% of the value of

a

Interpolated

1

with the same L

and ‘1 , but with An= -1 and &2= -1.
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Table V. R2 in atomic units when Af = O.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 1 Ao

0.141 0.1h0 0.1k0 0.138 0.13%6 0.13% 0.132 0.129 0.127 0.122 0.113 0.105 0.0941 0.0717 -1

15 0.02k 0.027 0.026 0.025 0.024 0.023*  o0.022® 0.021®  0.020 0.007*  0.015 0.013® - -2
o - - o . i - . pa - o - -3

0.0980 0.0961 0.0961 0.0956 0.0941 0.0924  0.0860  0.0855  0.08%2  0.07T72  0.0712  0.0562  0.0471 -1

14 0.0166 0.0177 0.0170 0.0175%  0.0170 0.0151 0,018  0.0141* 0.0132  0.0116  0.0086 - -2
—— _——— —-—— -—— —— —— —— —— —— —— —— .3

0.0675 0.0663 0.0662 0.0648 0.065%%  0.0624  0.0599  0.0569% 0.0531  0.0481  0.0918  0.0316 -1

13 0.0113 0.0116 0.0111 0.0108 0.0107 0.0099  0.0086% 0.008%  0.0073  0.0061 -— -2
— —— ——— —— —— —— —— —— —— ——— ..5

0.0456 0.0451 0.0846%  o.0hk2 0.04%0 0.0816  0.0%96% 0.0368  0.0333  0.0284  0.021k4 -1

12 0.0072 0.0075 0.0075 0.0074 0.0069 0.0062 0.0056 0.005) 0.0041 - -2
—— - — - — . — — - -3

0.0307 0.03%02 0.099 0.0291 0.0281 0.0270 0.0252 0.0228 0.0196 0.0146 -1

11 0.0047 0.0048 0.00472 0.0045 0.0043 0.0040 0.003k4 0.0028 - -2
e - - — — - e, - -3

0.0200 0.0196 0.0192 0.0188 0.0181 0.0169 0.0153 0.0132 0.00987 -1

10 0.0029 0.0031*  0.0029 0.0029 0.0026 0.0022  0.0018 .- -2
—— ——— -— —-—— —— —— -—— .)

0.0126 0.0123 0.0120 0.0116 0.0110 0.0101  0.00869 -1

9 0.0018 0.0018 0.0017 0.0016 0.0014 0.0012 - -2
—— —_— _—— —— — _— -3

0.00750 0.00735  0.0071k  0.00679  0.00626  0.0544  0.0041) -1
8 0.00010 0.00010  ©0.00097  0.00088  0.000TH - -2,
— _— _— —-- — -3

0.00420 0.00408 0.00392%  0.0034  0.00319  0.00243 -1

7 -2
-3

6 0.00170 0.00167  0.00159  0.00132 -1
5 0.000762  0.000738  0.000635 -1
N 0.000278 0.000249 -1
3 0.0000686 -1

“T" Indicates a value less than 10§ of the value of R° with the same n, and £, but with An=-1 and Af=0 .

2 Interpolated.

(%
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Since the core electrons can be considered as represented by a
wave function of the form
1/2 ik Ry

W) = 517— e 2 &, -R), o (3.99)

k e

it follows if a(¥X) is chosen such that

a(k) - [ lk I'ez lK Rn (p ( i 'ﬁn) dire ) ; .' ) (5.100) .

the .wi(re),vare orthogonol to_each onher and to:thejwave functions of  -
' the core-electrons. In this problem, concerning p-mesonic lithium, it
©will be assumed, at least when the mesonic atom contains only one core
‘electron, that the samre technique for approximoting the wave functions
‘and energy levels of a - band electron is valld and further that the

core wave functions (P,ls(re - rn) can be taken to be of the form -

22 4 12 B |
e [<] n

'. ' e ‘o _ e )
(T, - R = a7 ° o (3.101)
Thus
. 1/2
e 83’{
a(k) = '2' 8] ° (3'1()2)
3/2 k:
22151 + =)
e e
Z
e
In this paper it will be assumed
2 = 139 atomic units , ' (3.103)
and for the fermi energy
€. = 0,301 atomic units . (3.104)

f

In order to make the formula
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| 5 72/3 |
N A Y 21 v _
- &= ¥ { 31—2-”2 ] | (3.105)
consistent the effective mass will be chosen such that

m*

m

= 1.15. S . - (3.106)

C. The Ejectéd Electron
The wave function of the electron ejected from the solid through
‘an Auger transition will, in this problem, often be assumed to be a

golution of the Schrodinger eqﬁation in a Cowlomb field of chérge Ze .

Thus
byt ZE: L o ‘ ,
V(=) T 3 (kr ) Y, (8, 9) Y, (65 @i) , - (3.207)

_ » : ‘ ) .

ot w/ee |[Me 4+ 1 - :L/zat)|v.(-k re)L o Thre

J,(kr ) == ,
toe (2t + 1)1
x Fle +1~-1fa, 2¢ +2, 21 k_re) , | , | (3,108)
a = x/z_ . i | © (3.109)

It also is to be noted that for the energy one has

E = k. ' ' (3.110)
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IV. TRANSITION RATES

A. Radiation

The p meson interacts with the radiation field and thus through
the emission of photons it can make a transition to a lower energy state.
The only type of radiation transitions which need be considered_in this
problem are dipole transitions (see‘Appendix 3) with the probability of

a transition per second given by

, 1 b 20> 3 _
Vie = I3 ¢ 5T [AE]” R M =t1 (h.1)

where « equals the Sommerfeld fine structu%e consﬁant, ¢ equals the
speed of light in atomic units ; AE equals the energy of the out-
going photdn in atomic units s ¢ equals the angular momentum of the
initial meson state in units of h , &> equals the greater of the
initial and final meson angular momentum involved in the transition,

and A equals the change in angular momentum of the meson state.

B. Auger Transitions Involving the Core Electrons

‘The .interaction Hamiltonian Hi‘ as defined in (2.10) leads to
Avger transitions in which the p~ meson makes a transition to a lower
energy state through emmiting a kK electron from the mesonic atom. In
the derivation of the formula for the Auger_transition rate two core
electrons will be assumed. The brocedure in the case of one core electron
is‘similar so that only ﬁhe result will be given for that case.

The transition rate is obtained from the well known formula
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Vir 7 %E Hf‘i o(E) (v.2)
where | » )
1 V.
p(E) = = ——= kd @ , (4.3)

with‘ % the wave vector of the ejected elecﬁron, dﬂE is the differential
solid angle formed by neighboring P vectors, and Hfi is the matrix
eiement of the interéction Hamiltonian between the initisl and finsel
states of the system. Thus the transition rate for a meson going from

. one state to another is

w,.s —2V [H ka9 , | (4.4)
if (EJT)Bh fi k ‘ .
- with
Ef = Ei s ’ (h's)

where Ei and vEf stand for the total energy of the system in the
initial and final state.
From (2.10) it follows that, in the case of two core electrons and

using the approximetions discussed in Section II

Hi(ry, T, T, (5, Ty ¥) = - [vwai () B0 ¥)y ()
+ 2 61, WLi(rl) rg) 1") ¢ 61‘ \VMi(r)J s ()""6)

where 1in this and the following, the subscripts 1 and f will denote

initial and final states.. Thus

= L % 2 3, 33 , -
Hoy = = va(r) fquf,(rl, ry TV, “'Li(rl’ r,, r)d’r d’r, wMi(r)d;

2 [ * . * = 3 3 2. 3
i \lfo(r) :jﬂfo(r’l;rg,r)Vr \lfLi(rl,rg,r)d rdr, A \lfMi(r)d r .
(%.7)
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Since both wL and WL can be expanded in powers of r ,
f i

Hfi itself can be looked at as the matrix element of an operator which is

expanded in powers of r and considered taken between the initial and

final wave functions of the meson. Thus to lowest order in r

1 f* o*, 2 r 53 3
Hoy = - 0 [y (r) _[WL (rl,re,rﬁlr wL'(rl,rg,r)d r,d rg—JWM (r)a’r
T . f i i
2 KN*A(r)_ ('0*( r,r)V 4l ( | )adr.&r, Ty (r)adr (1.8
T u \‘Mf JWLf Tt YL Tt T Ty e A

where in' the expansion of WL in powers of r , wLO is the r independemt.

and WLr is the first r dependent part.

Defining ‘
* .
g(r) = wg (rl, ro; r)Wi (rl, ) T) d3rl d3r2 s (4.9)
) f i
it follows from (4.8) that to lowest order in r
B .:L * . 3 g x ~> . = 3
Hoy = o wa<r>v2g<r>wMi<r>a F oL g G sl - Ty ()
- (k.10)

Note

- ,[mf(r)g,g(r) "’Mi‘r)J -9 () T e gy ()

* = - * )
s (1) Vglr) « Vo, (0) + ) (¢) FPele) w, (1) 5 (k11)
Mf M, M M,
f i f i
and since the integral over all space of the first term vanishes (as
is easily seen through the use of Green's theorem and the recognition that

Wm vanishes at large distances from the nucleus,%



C236-

/w;f(r)- Y glr) I iy () j\lf ) Yy (r)d
| /W;;fu g(”.“’Mi(?) . ’, | (112)
so that : [;
s =-i-j [;%Mf(r)-?g(r)\lfMi(r) ’ \lfb,}i’(r)_v> g(r)-V qui(r)J d3r. L (413)
stnce .

e [ (2)e(e) r>’]=%*( ER () + ¥ (o Fal)Te, (2)
}[Mf(rAg(r WMi( J 7V, rlg b, r) + u, g(r) w,

oy e @) Ty () (1 14)

%[ ) 6 G )] -T @) e ) Ty

f i
PO ) T )y ()¢ )6 )y () (1.15)

.and recognizihg the fact that the integrals over all space of the terms

~ on the left of both (L.14) and (4.15) venish it follows

[[?7 wb*;f(r)-%’;g(r)wMi(r) - w*Mf<r>f7’ g(r) ¥ “’Mi(r)] &r

=f[w§‘<r> g (r) %y, (1) - Py (7) g (r) W, <r>] @r. (4.16)
Lr S hod
Trfus'using (4.,13) it then is found
1 * : 4% o 3., ‘
=2 f.[qufw (1P () - P () 6 (g (0 ] S, (4.17)

so that ﬁsing the equation
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it follows /

oy - W () e () lan () - 65| by ) (1.29)

;T L i

where

AV(p) = va(r)' - YHi(r) , (1.20)

. \ .
s & - SMf'éMi - 1. ) | (4.21)

Further noting that to the lowest order in r

av (x) - ozt 12 (2 -1 )7, (4.22)

and defining for this case

_ o1
z_ = 2' -1, a=X¥2_, 2o 422D gy g,

(7t - 1)°
_ (k.23)
it follows that to the lowest order in =

Hfi = (4 ag)Zeg.]rW; (r) g (r) WMi(r) &r . | (L.2k)
f

To evaluate g(r) note that from (3.90)
; 1 1
Wii (rl,r2,r) = [ 1 - r{cos 8{ + cos Gé)] woe (rl) Woe (r2) , (4.25)

and since

cos ei = Eizig Yo (e, @) Yim (e, @l) ’ (k.26)

m

while it will be assumed
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W ry) = 9 () ¥y, - (en)
. £ _
»'thﬁs it follows

% N .
glx) = - %ng"(rl) ’ é;,f O ORI CR LAY

el

> ' 4.28

x‘l'ro (re) d r2 ( ° )
if electron 1 changes state, or the same formula with ry and r2
interchanged if electron 2 changes.state° The use .of a properly

symmetrized function for WL does not change the results except for a

]
negligible factor depending on an overlap integral involving W: and

e

AN
.To the accuracy needed in this problem
) @), -1 (1.29)
o o/ ¥y T Ty 7 ’ ‘
and thus
. +*
1 §
66 - - Fr ) v (0 0) /wg (eI (03,0 WS () )0x, . (4.30)
_ |
Since q Z3/2 e
e e el
Vo (ry) = ﬂ_l7é— e p ‘ | (bo31)

and using (3.107) it follows

2 , ‘
Lal L - 88) y (o, o (8, 9), (4.32)

VT @0

g(r) =§-

where

[0.0)
Alp) = % g 3, (p) oP/e o° dp (4.33)
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a = k7, : (L.34)
so that
1/2
2 (hﬁ)g Ze \ (c2 + 32) = Im % - x
Hfi —\ "'5— V ‘Trl/g 1 a3 A(p) R in Ylm(ek, mk) s (u°35)
where
R = |R , () . (r) Par (4.36)
' £f 0%y
Im * ( ;
in 5 thmf (9, @)Ylm(e’ @)Yzimi\eﬁ QP) daa . ((lhf'?)
If account is taken of
\szlm2 '~ 3 De> (L 8)
fi -~ Bx 2¢ +1 ’ 3

M
it follows from (4.4) that the transition rate for a meson going from one

state to another when there are two core electrons, is given by

. o 2en eﬂ/a 20> ® 4 a° exp |-l tan_la/al z—§?
if 3h sinh w/a 20+ 1 |, | 2 L+ g2 e
M o=t o1y (4.39)

with

2zt -1, B=1-B=2D (g iz 2). (4.40)

a=%7, %
. e (27 - 1)2

e

An analogous procedure leads to, in the case where there is ory

one core electron,

5t . =1 e '
v = 163 e /e 24> exp|-k tan a/al 7R L =% 1,(4 1)

4f ~ 3h  sinh n/a 20 + 1 1+ 82 e
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with in this case

a = k/ze s 2, = L-1, (4.42)

If the ¢ meson had been considered as in a coulomb potential
2Zc/rnl and the interaction of the electron and meson treated as the

perturbation E/r then the transition. rate for a mesonic change in

m.]. 5

state would be given by (to lowest order in matrix elements ofv r )

- o ,
B 165 eﬂ/a 20>  exp|-l4 tan lg[g[ —— 4
vie= @) - stmwa sTa T L. a2 ZR & =21,
(4.43)
‘where
a = k/ze y 2, o= L o . (I, i)

and‘with the factor (2) only present if the mesonic atom contains two
core electfons.
Because of the similarity of (4.41) and (4.43) the assumption will
bé;made that to sufficient accuracy formulas for monopole transitions can
be derived using shielded coulomb wave functions for the initial and final

states. Thus the transition rate for a monopole transition is

16x A 23 2
Yie = @V mmam 5 %% (b.15)

Transitions involving‘larger changes in meson angular momentum
(A8 =12, t 3, etc.) appear to be negligible while corrections to the formulas.
‘indicated here for . monopéle and dipole transitions seem to be small
enough so that they can be neglectéd in a first approximation. For a

further discussion of both of these questions see Appendix 4 and 6.
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C. Auvuger Transitions Involving the Band Electirons

Through use of formula (4.2) one finds the probability of a
meson makinga transition to a lower energy state and giving its energy to
one of the band electrons

b b kg

m* V2 [ f 2
Vs — j | 1, k" kAR 494k, (b.46)

if 5 P
(Qﬁ)h_ o 0 Tk

where AE equals the energy loss of the meson, where ki and kf refer

to the wave vector of the interacting band electron in its initial and

final state, where

and where

Hfi—Jl\lrM r) v (r T"'"‘I“’ (r) ¥, (r) v &r,  (k.50)

with, Wm(r) referrig to either the initial or final mesonic wave function
and We(re), refewring to either the initial or final wave function associated

with the interacting band electron. Using the expansions

ey 1}
P = lm 3 T+1 20 + 1 Yf,m(e’ (P) Yf,m(ee’ cpe)s (’-&.51)
e (’Jm r>
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,mf

(6, o), Yy (r) =R (x) ¥, (& o), (k.52)

ana défining

[ :
im b % :
Q, = |Y (6, ») ¥, (6, ¢) Y (6, ) d 2 (4.53)
i J Lfmf s im timi .
it is tound
o lm
\ o)
Hfi = Br Z._-, 5T 1 I%m » ("""51“)
iym
with
by r
_ Y (6, 9) P -
ot % tm' e’ Te 3 L
I%m =R ‘Vef(re) LUl wei(re)d e * _j Rf(r)r _/ j
e 0 0 0
28+1 s
r Y (6 s P )
€ % Im' e Te 2 2
x | o s ¥ O Y (F)re” afar Ry (x)rar - (hes5)

e

Since the band electrons are on the average much further from the
center of the mesonic atam then the meson, as in the case of transitions
involving the core electrons (See Appendix U), the second term 'in (h.5h),v
when & 1is greater than zero, will be neglected. For the same reasons &8
for transitions involving the core electrons, the transition rates for
transition involving a change in angular momentum greater than one will

also be neglected. Thus with these approximations

1

1 00 g o ‘
I s J R_(r) g v (r) {l -1 J\y (r )r 2aq dr R, (r)r7dr,
00 f e e’ |Ir r e. e’ e e e i
Vix™ 3 g o °f el 1 (4.56)




. Y. (8, o)
= | ¥ Im e, e 3
= ; e e et | - ~ o )
Ilm R fwe re) i 2 Ve. <1e> d 1e (h )7)
i f r i
e
To evaluate 1 the assumption will be made with the same justificati on

00

as was used in simplifying Ilm that the electron on the average is
much further than the p~ meson from the center of the mesonic atom.

Thus under the integral in (4.56) v, (re) and ¥, (re) can be replaced
£ 1 ‘

by We (0) and We (0) . Through energy considerations the band electron
f ' i
absorbing the meson's energy in a A = 0 mesonic transition is ejected

from the solid. Using (3.97) and (3.107) and the approximation mentioned

-1/2
ﬂ/aa ) a,(k )2 T —
I SV 7 (5)1/2 e - i 1 8 Y Y
00 vV a 1/2 2 7 X 2
(sinh =) i
1+ —=
v 2
a = x./7 © (k.58)
so that from (4.54), (4.58), and (4.57) it follows
| N -1/2
: 27.
. §£ 7 (2)1/2 eﬂ/Ea . a(ki) 1 8. 1 ;5
fi~ 3 2V ‘a 1/2 TR 7 L 2 -
(sinh I) i
a . + )
Z
e
At =0 (4.59)
. = o g™ v R AL = 1 (14.60)
fi 3 £fi T1m o ’
m
with
* Y (@ 5 (P )
_ E im' e e 3
M, = Wef(re) —a ¥, (re) cr . (k.61)
I‘e 1

In order to evaluate Mlm it will be assumed, when there is
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only one core electron, that

L TR la) o, <re>},<u=62>

and further if AE 1is so small that the excited band electron is not

ejected from the solid that

. ~-1/2 - = -
1 :ag(kf) / ik er p
\lfe-f"(re) = T 1= L? - a(kf)q)ls(re) . (k.63)

In the case where the electron is ejected from the solid the form (L.63)
will continue to be used although its accurécy in the case of low energy
ejected elec£rons may not be too great. When A2E is above 50 eV. this
wave function when placed in (4.61) gives, with a difference of only & few
per cent, the same results as a normalized plane wave., A discussion of
the reason why (3.97) can be simplified to the forms (h°62) and (4.63)

can be found in’AppendiX Se

Careful evaluation leads to

2 -1 2
o a“(k,) |- a“(x.) 1
Mlm - 55 [ _ _mﬁ_am}_ [1 - ,_ﬁ_iu x%? 5 (4,6L)
‘with
lm- 16n

¥ ¥

fi Ik?

k,cpk +B(ksk)Y (ek,cpk)Y (ek,cpk)j 5 (h.65)

x Y, (e
: i ’ f f f

vhere



k ki. Ze £ i e
1
Iy k., + k
m AR £ i
- 1 — log = } 9 (ho66)
{ om  k,k, i - K
2 7,
_ (b e -1°f
B(ki, kf) = 5 b(ki) El - tan’ 5= b(ki) 1 -
k £
£
7, K % k. + k
e ., -1 fE E nt AR £ 1]
—tan T g~ - |1+ 5= s log = s (4.67)
ke Z, em Kk, ke - Ky
T TRVRIE SR IORIEPOY S P
K=k -k, blky) = a1 I ke) = -] R
e e

Terms which disappear when integrated over the angles of ﬁi and I-f.f
are neglected in (4.65).

To the accuracy needed in this problem it is obvious that

'a.(ki)2 . a,(kf)g kf '
1 - ’ 1+ , and 1 + == in (4,59) and (k&.64)
9] 7] 72
a(k, ) a(k, ) kS
can be replaced by 1 - o s 1l - g end 1 + ) where
_ Zy
f:2=lﬁ € Eewi2»+@im (4.69)
i 2m F A m ’ _ =
Thus one finelly obtains using (L.46)
-1 '
/e = \2 | 3/2
e =2 12 Ul G At S
1£° 3k T w | 3w R w2
2

‘x zeaa* ' AL =0, ‘ (%.70)
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Where
2
- r "
N S U s o o)
i — - b4 - T ¢ ;
1 S
1 + 5
Z

In (L4.70) use has been made of the fact that to a very good approximation

for the energy changes involved in AL = O transitions

n/a Ir/aB
= = = (4.73)
sinh x/a sinh ﬁ?aB ‘ ‘

It follows in the case of lithium

h = 0.91 7= 2 (b, 7h)

h = 0,88 P

1.6875 . (4.75)

il

It is to be noted that if the 2s Coulomb wave funct on

?, (r:) had been used as the initial state v, (re) , the factor

i
o 1 1
Loty EEEEZ_ ( @i)5/2 ( ‘e )3/2 h|
31 9} m 7 2
e
in (4.70) would be replaced by 1/8 . If the form
91/2 i °re

;17'2- e o, ()

had been used then the factor would be replaced by

3
Q7 w* )5/2 _f_fl 3/2
2bﬂ2 n Z e
. e



{59 - () (5 hj -0.161 5 (kT6)
' L _ 4

1/8 =-0.125 , (4.77)
3
7 x 5/2 € 3/2
Q e m T
(=), (=) = 0,133, (k.78)
2 m 2 : . :
2l Ze

When there is one core electron in the mesonic atom (hOTO) will be
used in computing meson transitions,; however in the case where there are
rtwo core électrons in the mesonic atom, the atom will be neutral, and
: thus one would expect the form (L.70) to overestimate the AL = 0
transition rates; This is because it was derived using band electron
wave funcH ons based on an overestimation of the attractive potential of
~the mesonic atom and thus overestimating we(o) » If plane waves ine-

stead of (4.62) and (4.63) are used for ¥, and we in’(ha56) 5

i £
one obtaing for the transition rate
% k.2 2
1 1 owm 2 i .2 M =05 (k79
Yir TR 2w J ki kpdky | R
kl

‘which in contrast to (L4.70) probably underestimates the M = 0 transition
rates when the mesonic atom contains two core electrons. Thils is be-

cause plane waves take no account of the presence of the attractive
potential found within the ‘K shell of the mesonic atom and thus probably
underestimate we(o) . Both (h,7o) and (4.79) will be used in investi-

gating transition paths when the mesonic atom contains two core electroms.
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Using (4.46) and (L.60) it follows
| -1 -1

- \2 . = 32
S m ) [1 - —-————-a(ki) j {1 - a—————-(kf) } at 2
if 12“5?‘ m § 19 PL + 1
b bx
Im 2y a0 4 9 ak ﬁe' A=t 1 {4.80)
x .j xfi ki kf d 1 e Ok, | =11, .
o

The integral in (4.80) was evaluated by means of the IBM-TOL,
If plane waves are used for the initial and final electron wave

j

functions ,(4.80) ie replaced by

k, +k
8 20> % gt Ky =0 +
Vie = 5K 5T+ 1 j kylog g 0%, dM B AL=21
X £ |
1 {4.81)

In (4.80) and (L4.B1) the effect of the band structure in lithium

"has been neglected, In the case of small energy transfers some final
states with particular wave vector X assumed available for occupation
in (4.80) and (4.81) will not exist thus decreasing the actual transition
rates from those given by (4.80) and (4.81). Since,as will be shown |
later, the transition paths of the i~ meson are very insensitive to

even rather large changes in the transition rates as given by {(4.80)
and (4.81) the band structure of solid 1ithium will not be taken into
account in thisvpgper.

D, FElectron Replacement Transitions

If one of the_core electrons surrounding the mesonic atom is

ejected from the atom by far the most probable way for refilling this
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empty 1s electron energy state is through an Auger transition in which
one band electron makes a transition inﬁo the state while
another band electron_is ejééted fromlthe solid. Tﬁé transition rate

would be

o _om | 5. .3
Wie = h d/ H?i (gﬂ)9 k, d 9, &’k a7k - | (4.82)

where k.8L and kb are the initial wave vectors of the band electrong

involved, kf is the wave vector of the ejected electron and

2

(”* *

V() ¥ (ry) Pr d¥r 5 (4.83)
LI rb'

where to fair approximation, at least as needed in (4,8%)
l .

— Ew— - -
_ a(ki) ? 2, Jikr -Zr v .
wi(ra) 1 - — e @ % .8e € a] )
| &
ik .1
V(r) === e T %, -~ (4.8Y)
Vv
( a(k,) 1 thyory, 8 “ZeTq
A rb) = |1-—5 — e S =-8e s
ﬂ v
Zej/2 -Zerb
Wf(rb) = ?75 e . ’ (,-1-985)
In order to estimate the transition rate (4.83) H.; cen be
written in the form
3 1/2 _

o [ Zg a(k, )y r
Hfi - ;375 = [1 - ]‘l,Il + 12 + .I3 + Ih] 5 | (4,86)

where 11’; - : ‘ - o .
“r ra EZer . ;ka.ra lkb rb 3 3
. e d rad rb »

Ta™ Tp (4.87)
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T4Rr -Zor 1 K T -2 x
~ik,r - ’ - :
12 =-~-81le £ a e © b : e o e €8 daradjrb ,
v | EAER N (4.88)
% v Zr iK Zr
-1 o -
I3 =-8fe T a_e eb 1 e 2 8 eb daradBrb,
r, - Ty (L4.89)
-
-ik_r -Z T 1 =Z (r +r1r.)
Iu = 64 [e ra e b - e b daradarb, (4.90)
. r -r ‘
a b
Since in this prdblem
k, ko, k <Z_, X <k, k <72, (k.91)
there follows the reasonable approximations
-7 r 1 -iifo?a 5 s
I, = [e el e o a’r &7, (L.92)
Ta rb,
z Z KT |
=7, T -/ T - o
_ eb 1 e a fa 3. .3
I,=-8]c¢e — e e a’ra’r, ,  (4.93)
r =-r
a b
2% 1, 1 ~1Ko Ty 5 3
I. = - 8 e € e d“r d'r (""-9’"’)
3 a b “’
r =-r
a b
-27 N -z, -ikper, 5 5 i
I, =64f e € —_— e e d’r d°r (k.95)
L a b
r =T
a b
An evaluation of the integrals leads to
2 2
I - ()-Hf) ) , (h°96)

1 Ze5 32(a2 + 1)2
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(hﬂ)e l6(a2;+ 10) 51
I = = k) ()"'.‘:9‘1-)
2 z (6° + 1)(a° + U)°
(l)® 32
I = = k] (’4998)
> Ze5 , ag(a2 - 4)2
N2 2
I, = @TF% 232(a +2§5) e (4.,99)
z,” (a7 +1)(a" +9)
with-
8 = kf/Ze \ . _‘ (4,109)
Meking use of Hfi in the form
| -1 1/2 |
: . = \2 3 .
a(k,) A 2 .
Hoy —"2g(a) [1 — ] <ﬂv3) 5 | (k.101)
e,
Wwhere
@) e | 2 e 33) | _26(® +10)
g\&) =1 575 3 2 > 2 2
a”(a” + 1) (& + 1)(a +.9) (= + 1)(a® + k)
. 32 o |  (baoe)
ag(a2 + h)g ] g :
it is found
-2 5. 3 :
| 256 { a(k;) ] 2[ n*, € ] ,
Vo= == |l « —=e | agla) |(—) =3 . (k.103)
N g | m Zee A

Since a2 is expected to lie between .5 and 1.0 and noting

| 5l <a g(a)2 < 13 ‘, | (4'0101?)-

when!

2 .
5 <a” <1,0 5 (4.105)
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it will be assumed as a crude approximation
2 (L.206
a g(a)™ = 1.0. .106)

Thus using this value it fpllows

=2
_ 16x 16 a(k, ) mo , ¢
vy = 2| _3.{1--—-5;—- @y . (1207)
3 z

Assuming another crude epproximation

Z, = 25 5 (k.108)
one finds.

wif = l.2 x lO13 sec -1 . (h.109)

There exist experimental values for this transition rate in elements
with Z 26, The observed rates are found to be about 5 x lOlh sec. ™t
with no Z dependence. If the L electrons are treated as core electrons
when Z 26, the calculated rates agree with the observed rates. ('Bufhbp,
19525 Broyles et al.; 1953). Equation (4.109) indicates that in the case
of light elements Z_< 6 where the L electrons act more as band

- electrons than as core electrons the rate of electron replacement in the

K shell decreases by a factor of ten or more.

E. ‘Numerical Values

Using the preceding formulas for mesonic transition rate along
with the energy levels and matrix elements found as discussed in

 Section IIJ the transition rate for a meson out of any imitial state
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and into any final state (of which we are iqterested'in this prdblem)
can be found. See Tables VI - IX for the results of such calculations.
In these tables transitions whose éum would account for‘léss than 10%
of the deqays from ény sfaté have been negleéted@ In the case of one
core electron in the mesonic atom it is to be noted that the refill
Vtransitions as computed in Section IV-D do not compete with the mesoﬁic

transitions until n =4 . In th. case of no core electrons the

"~ competition between the two processes begins at n =7 . It is also

to be noted from Tables VI - VIIT that the ejection of a core electrom

‘does not take place with. any great frequency until n =12 or n = 11,

in the case where there are two core electrons in the mesonic atom or

until n = 9, when the mesonic atom only contains one core electron.
Thus if the p~ meson is captured in lithium through the.

p ejection of a band electron the mesonic atom would most likely continue

to pontain two cére electrons until the meson reaches the state n =11

or 12, in which case one core electron would probably be ejected, at

I

n 9 +the second core electron would probably be ejected; but at

1

n T it'would most likely be replaced; and by n‘= 4  the mesonic
atom would once again contain, if typical, two core electrons; The
case where the p~ meson is capbured in 1lithium through the'ejection
of a care electron is similar eXCeptvfhat initially the mesonic atom

will only contain one core electron which it will not likely lose

until the p=~ meson reaches the state n =9 .
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the mesonic atom contains two core electrons and where orthogonalized plane waves are used for

Particle 2,
n1 Al receiving &n !
energy S 2 3 i 5 6 7 8 9 10 11 12 13 b
[} Band -1 5.30 5.30 5.14 .00 4.86 L.6h L .48 k.35 k.02 3.46 2.97 2.39 1.%9
15 .0 0.20 0.%9 0.58 12 0.83 0.92 0.97 1.01 1.08 1.06 0.97 0.87 0.72 0.475
-1 Band
-1 0.148
Band -1 2.49 2.49 2.46 .39 2.%0 2,14 1.92 1.87 1.61 1.37 0.853 0.600
0
Core -2 0.65 0.68 0.63 57 0.54 0.52 0.50 0.43 0.34 0.20 0.111
o 0.16 0.31 0.43 .52 0.60 0.64 0.67 0.68 .70 0.65 0.540 0.425 0.252
1 Band
-1 -1
Core -2 0.8 0.21  0.195  0.19%
Band -1 1.9 1.18 1.13 .09 1.05 G.970° 0.875 0.761 0.624 0.472 0.270
Core -2 0.30 0.32 0.30 .26 0.24 0.222  0.187 0.170  0.095
13 o 0.12 c.21 0.31 .37 0.k2 .44 0.443 0.429 0.418 0.362 0.257 0.149
Band
.1 -1 0.080
Core -2 0.109 0.1%5 0.160 0.202 0.185 0.145
Band -1 0.548 0.537  0.527 .500  0.M67 0.2k 0.365  0.200 0,218  0.12k
o
Core -2 0.123 0.128 0.109 .099 0.089 0.073 0.061
0 0.079 0.152 0.212 .253 0.276 0.285 0.278 0.263 0.234 0.197 0.0775
12 Band . ’
-1 0.043 0.058 0.067 0.13
-1
-1 0.080 111
Core .
-2 0.029 0.049 065 0.086 0.101 0.119 0.1%6 0.137 0.101
Band -1 0.246 0.24 0.23 .21 0.20 0.169  0.140  0.10b
[}
Core -1 1.27 1.23 1.19 .10 2.0k 0.921  0.770  0.393  0.325
.0 0.10 0.14 .16 0.17%  0.183  0.162  0.143 0.1k
11 ‘Band
-1 0.056 0.07h 0.09
-1
-1 0.070 0.12 0.15 .21 0.29 0.359  0.475  0.616  0.768  1.08
Core
-2 0.07h4
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Table VI (Continued)

.UCRL-10965

. Particle 2
n, &8 recelving 4n i
enerey 1 2 3 b 5 6 7 8 9 10 11 12 13 14
. Band <1 0.104 0.100 0.096 0.089 0.078 0.064 0.047
0
Core -1  0.620 0.610 0.572 0.522 0.473 0.387 0.297 0.153
0 0.063 0.085 0.101 0.105 0.102 0.089 0.069
Band
10 -1 0.0k2 0.053 0.067 0.090
-1
-1  0.081 0.125 0.178 0.2k0 0.349 0.416 0.545 0.715 0.975
Core
-2 0.032 0.0k2 0.053  0.061 0.065 0.049
+1 Core -1 0.061 0.038
Band -1 0.042 0.040  0.037  0.033  0.028
0
Core -1 0.267 0.258 0.241  0.211 0.180 0.154 0.077
0 0.020 0.037  0.050  0.057  ©.058  0.057  0.042
Band
9 -1 0.03%  0.044%  0.057  0.07k
-1
-1 0.075 0.118 0.167 0.228 0.307 0.406 0.536 0,700
Core .
-2 0.02  0.031  0.038
+1 Core -1 0.052 0.031
Band -1 0.0151  0.0143
o
Core -1 0.0995 ©0.0933 0.085 0.073 0.055  0.077
0 0.0113  0.0202 0.027 0.030  0.029 .
Band
8 -1 ©0.0115 0.017  0.023  0.0%2  0.043  0.054
-1
-1 0.0567 0.0929  0.135 0.191  0.26h 0.354 0.475
Core
-2 0.015  0.020
+1 Core -1 0.0343 0.0192
Band -1 0.00481
o) -
Core -1 0.03%22 0.0%0k  0.0262 0.020
0 0.0052  0.0099 0.0129 0.01% .
T Band
-1 -1 0.0053 0.0090 ©0.013% 0.020  ©0.028  0.039
Core -1 "0.0380 0.0648  0.0987 0.143 0.204 0.283
+1 Core -1 0.0192  0.0094
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Table VI {Continued)

UCRL-10965

Particle ti
DL receiving An
energy N 2 3 N 5 6 7 8 9 10 11 12 13 14
[¢} Core -1 0.0060 0.0058  0.0052
0 0.0022  0.0045 0.0052 0.0050
Band
-1 -1 0.0033  0.0062 0.0099
Core -1 0.0209 0.0388 0.0620 0.0954 0.115
+1 Core -1  0.0083 0.003k
0 Core -1 0.0013
0 0.0008 0.0016  0.0018
Band
-1 0.0018 0.0037 ©0.0064 0.0106
-1
Core -1 0.0096 0.0195 ©0.0338 0.0558
Photon -4  0.0006
+1 Core -1 0.0025  0.0007
0 ©.0003  0.0005
Band
-1 0.0008 0.0019 0.0036
Core -1 0.0035 0.0081  0.0157
-1
-1 0.0002
Photon -2 0.0002  0.0003%
-3 0.0012
+1 Core -1 0.000k
Core -1 0.0008  0.0023
-1 -1 0.000%  0.0107
Photon
-2 0.0028
-1 Photon -1 0.0105
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1 -1
Table VII. Transition rates in units of 10 > sec ~ when the mesonic atom contains two core electrons and where plane waves are used for describing the band

eléctrons. Transition rates out of stateés below those of n = 7 have not been compt}ted.

Particle .
n; A receiving An :
.eneray 1 2 3 b 5 6 T 8 9 10 11 12 13 i
Band -1 0.106 0.106  0.103 0,100 0.096  0.092 0.088 0.085 0.078 ; 0.067
° Core -3  0.202 0.19%  0.187  0.178 0.167 0.155  0.13%0 0.107 0.080
0 0.1%8 0.291  0.435 0,537  0.680  0.7% 0.800  0.854 0.890 | 0.905 0.886 0.83k 0.719 0.49k
B -1 Bend -1  0.033 0.045 0.056 0.06k4 0.071 0.084 0.096 0.111 0.133 | 0,154 0.183 0.224 0.338 0.402
Gore -3 0.085: 0.085 0.082 0.054
+1 Band -1 0.048 ‘
Band -1 0.057 0.057 0.057 0.055  0.052
0 -2 0.646 0.675 0.634 0.572 0.535 0.522  0.497 0.432 0.340 0.198 0.111
fore -3 0.082 0.07:( 0.072  0.067 0.063  0.051
W sana 0 0.110 0.231  0.36  0.403  0.477 0.528 0.566 0.588 0.598 0.566 0.520 0.427  0.268
-1 0.028  0.035 ©0.043 0.050 0.060 0.068 ©0.082  0.097 0.115  0.143  0.170  0.231
. -2 0.039  0.052 0.067  0.085 0.111  0.142  0.184  0.206  0.195  0.194
core -3 0.042  0.048  0.055  0.061  0.067
Band -1 0.032 0.03L  0.030  0.029
0 -2 0.297 0.318  0.297 0.25%6 0.233 0.222  0.187 0.170  0.095  0.0k0 ‘
fore -3 0.0%0 0.030  0.027
0 0.084 0.160 0.235 0.290 0.336 0.373  0.382 0.381  0.363 0.326 0.258 0.155
B Baxe -1 0.028 0.034 0.041  0.049 0.065  0.070 0.085 0.106  0.133
- -2 0.023 0.057 0.051  0.071  0.085 0.109 0,135 0.160 ©0.202  0.185  0.145
Core. 5 0.034
+1 Core -1 0.021
Band -1 0.017 0.017  0.016
° -2 0.123 0.128  0.109 ©0.099 0.089 0.073 0.061 0.032 0.018
fore -3 0.011 0.011  0.010  0.009
0 0.057 0.11%  ©0.161  0.198  0.22%  0.240  0.23%  0.23  0.205 0.162  0.08
12 Bane -1 0.011  0.015 ©0.018 0,022  0.027  0.035 6.0  0.050 0.061  0.08
-1 -1 ) 0.08 1.13
Core -2 0.022 0.029 0.0L9 0.065 0.086 0.101  0.119 0.136 0.137  0.101
-3 0.011 0.06 0.021  0.026  0.028
+1 Core -1 0.016
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Table VII (Continued)
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Particle ‘i
n, Af receiving 4n
energy 1 2 3 N 5 6 7 8 9 10 11 12 13 14
-1 .27 .23 1.19 .10 1.04 0.921 0.770 0.593 0.325
o] Core
-2 053 .05
o] .08 0.11 W13 0.1k 0.15%  0.140 0.129 0.100 0.059
Band
11 -1 0.043
-1
-1 .070 .12 0.15 .21 0.29 0.359 0.473  0.616 0.768  0.108
Core
-2
+1 Core -1 .026
4] Core -1 620 610 0.572 522 0.473 0.387 0.297 0.153
Band 0 048 0.066 078 0.085  0.085 0.077  0.061
w0 -l -1 .081 125 0.178 240 0.349  0.416  0.545 0.7 0.975
Core
-2 0.03%2
+1 Core -1 .031 .038
0 Core -1 .267 .258 0.241 .211 0.280 0.1%4 0.077
Band [¢] .028 0.0%8 Ol 0.047 0.04k4 0.035
9 -1 -1 075 .18 0.167 .228 0.307 0.406 0.5% 0.699
Core
-2 0.024
+1 Core -1 .026 031
[ Core -1 .100 .093  0.085 .073  0.055  0.032
Band 0 .015  0.020 023 0.023
8
-1 -1 057 093 0.135 .191  0.26hF 0.3k 0.475
Core
-2 0.015 L0200 0.023
+1 Core -1 017 019
¢} Core -1 .032 .030
0 .006 0.026 .020
Band
7 -1 -1 .006
Core -1 .028 .065 0.099 L143 0.204 0.283
+1 Core -1 »010 .009
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. 1 -
Table VIII. Transition rates in units of 10 5 sec l vhen the mesonic atom contains one core electron.

Particle ) ’ 2,
ng Af  receiving &On i
energy 1 2 3 4 5 [ T 8 9 10 11 12 13 1k
0 Band -1 hUz2 4,32 h.17‘ b1 4.05 3.90 3.63 3.36 3.06 2.65 2.17 1.69 0.920
N [¢] 0.20 0.29 0.36 0.h2 0.46 0.49 0.53 0.52 0.48 0.46  0.20 0.307 " 0.177
5 Band
-1 0.089
o} Band -1 2.3 2.26 2.24 2.12 2.00 1.92 1.82 1.63 1.38 1.12 0.846 0.480
1 0 0.16 0.23 0.28 0.32 0.32 0.38 0.738 0.36 0.34 0.30 0.22 0.131
) -1 Band
-1 0.045
0 Band -1 1..17 1.15 1.12 1.07 1.03 0.9%2  0.843  0.705  0.600  O.hkk  0.242
13 0 0.06 0.12 0.17 0.22 0.24 0.26 0.269 0.26Y4 0,244 0.212 0.162 0.093
-1 Band
-1 0.0%0
Band -1 0.570 0.555 0.537 0.513 O.474  0.429  0.375 0.290  0.223  0.12k
[ .
Core -2 0.123  0.123 0.116 0.107 0.093 0.0T7 0.050  0.036
12 0 0.041 0.089 0.123 0.154 0.173 0,181 0.179 0.169 0.149 0.113 0.064
Band
-1 0.030
-1 ) .
Core -2 0.0%5 0.052 0.067 0.086 0.106 0.125 0.138 0.1%9 0.131
Band -1 0.27h 0.268 0.254 0.237 0.218 0.191  0.136 0.115 0.064
o
Core -2 0.052 0.050  ©0.047 0.0kl  0.03h 0.026  0.016
11 0 0.028 0.062 0,085 0.105 0.1 0,117 0.111  0.100  0.075  0.04k
Band
-1 0.018 0.02% 0.028 0.035
-1
Core -2 0.029 0.060  0.053 0.067 0.080 " 0.090 0.090 0.068
Band -1 0.116 0.111 0.106 0,099 0.086 0.070 0.052 0.029
o
Core -2 0.018 0.017  0.016 0.013 0.010
10 0 0.021 0.0k1 0.056 0.067 0.072 0.072 0.06%  0.05.  0.030
Band
1 -1 0.006  0.008 0.011  0.015 0.018 0.023 0.030 0.038
Core -2 0.011  0.020 0.029  0.038  0.0b7  0.054  0.055 0.0k
Band -1 0.046 0.0k  0.041  0.037  0.051  0.023  0.013
0
Core -1 0.2% 0.226 0.210 0.192 0.162 0.123 0.047
0 0.013 0.024  0.035 0.03% 0.0l0 0.038  0.030  0.018
Band
-1 0.022  0.030  0.037
9 -1
-1 0.6k0 0.485 0.367 0.27% 0.205 0.13%2 0.101 0.062
Core

-2 0.020 0.026 0.031  0.0%4 0.027

+1 Core -1 0.0k0 0.023
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Table VIIT {Continued)

Particle £,
n, A receiving An 1
energy 1 2 3 N 5 6 7 8 9 10 1 12 13 1k
Band -1 0.029 0.016 0.0l  0.012
3
Core -1 .0.092 0.087 0.079 0.068 0.051 0.030
0 0.007 0.013 0.018 0.020 0.020 0.017
Band
-1 0.009 0.013 0.018 0.024 0.0%2
8 -1
-1 0.047 0.078 0.124 0.163 0.218 0.30h 0.409
Core
-2 0.009  ©0.013 0.017 0.019
+1 Core -1 0.028 0.015
0 Core -1 0,031 0.028 0.025° 0.019
0 0.003 0.006 0.008
Band
-1 0.006 0.008 0.012 0.017 0.02%
7 -1
-1 0.0311 0.055 0.081  ©0.117 0.167 0.232
Core
-2 0.005 0.006 0.008 0.010
+1 Core -1 0.016 0.006
o] Core -1  0.0056 0.0054 0.0049
0 0.0016 0.0027
Band
-1 0.0022 0.00%0 0.006k 0.0099 0.015
6 -1
-1 0.0167 0.0311 0.0¥5 0.0760 0.115
Core
-2 0.0013 0.002% 0.00%  0.0039
+1 Core -1 0.0066 0.0027
o Core -1 0.0012 0.0012
0 0.0007 0©.0010
Band
-1 0.0012 0.0025 0.00h3  0.0071
N -1 0.0076 0.0155 0.0268 0.0khl
5 - Core
-2 0.0008  0.0012
Photon -4 0.0006

+1 Core -1 0.0018 0.0005



Table VIII {Continued)

Particle Ei
N4 receiving /n
energy . 1 2 3 6 7 10 11 12 13 14
o} Core -1 0.0002
0 0.0002
Band
-1  0.0005 0.0012 0.0024
1 Core -1 0.0028 0.0064 0.0123
-1 0.0002
Photon -2 0.0002 0.0003
-3 0.0012
+1 Core -1 0.0003
Core -1 0.0006 ©0.0019
-1 -1 0.000% 0.0011
Photon
-2 0.0028
-1 Photon -1 0.0105

19~
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Table IX. Transition rates in units of 10 sec-l when the mesonic atom contains no core electrons.
Particle £,
n, [s¥2 receiving Ln i
energy 1 2 3 b 5 6 7 8 9
0 Band -1 0.116 0.111 0.107 0.099 0.0865 0.0707 0.0525 0.0294
10 -1 0.007 0.009 0.0118 0.0153 0.0193 0.024kh 0.0312 0.0394
-1 Band
-2 0.003%9 0.0044 0.0045 0.0036
0 Band -1 0.0438 0.0463 0.0Lk09 0.0367 0.03%09 0.0229 0.0127
-1 0.00Lk05 0.00638 0.0090 0.0121 0.0161 0.0210 0.0273 0.0352
9 -1 Band
-2 0.0026 0.0032 0.003k 0.0027
+1 Band -1 0.00298
0 Band -1 0.0165 0.0156 0.0141 0.0120 0.00905 0.00517
-1 0.00398 0.00651 0.00952 0.0132 0.0181 0.0243 0.0323
8 -1 Band
-2 0.00153 0.00204 0.00234 0.00198
+1 Band -1 0.00253 0.00140
0 Band -1 0.00518 0.00480 0.00412 0.00318 0.00184
-1 0.00319 0.005L46 0.00826 0,0121 0.0170 0.0236
7 -1 Band
-2 0.000715 0.00106 0.00134 0.00125
+1 Band -1 0.000811

0.00164

—29-
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V. 'TRANSITION PATHS

Assuming either one or two core élecfrons bound to the mesonic
atom, and through the use of Tdbles VI, VII, ahd VIII, the transition
paths of mesons captured in states n =15, £ =1, 5, 10, and 14 have
"been followed. These are éhown in Figures 1 - 12. For the c&sé of
two core electrons the Figures include paths found both using transitions
computed with orthogonalized plane waves as the band electron wave
functioné, which probably overestimate the An = -1 AL =0 traﬁsiv
tions,:and those found using unmodified plane waves as the band electron
wave functions;, which probably underestimaté the An' =-1, &A% =.0 tfhnsitibns
Both cases were discussed in Section IV - C. A more accurate |
representation of this cascade (2 core electrons) presumably lies be-
_tween "the +two extremes (between the paths given in Figures 1 - I and
. 57-'8)0
| Figures 1 - 12 assume that the initial state contained 1001mesons‘
and show the number of mesons passing through each state as these
mesons move down to lower energies. If a mesonmoved intocan £ = O
state its path was not continued. All numbers in the Tables have been
rounded off t© the nearést integer., A discussion of the inaccuracies
éf the computed transition paths due to the inaccuracies of the transi-
tion rates as éomputed from the formulas of Section IV can be found
in Appendix 6. The results of that discussion seem to be that although
a more accurate investigation of the problem of p= mesorid transition

rates would most likely lead to a slight quantitative change in the
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Fig. 1. Transition paths when two core electrons are present in the mesonic atom and when
orthogonalized plane waves are used for describing the band electrons. The initial state into
n =15,

which the meson is assumed captured is

state of the mean meson (with respect to £ distribution) passing through each n

dotted line shows the route An = A= =1 .

L= 1k,

The superscript a indicates the £
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Fig. 2. Transition paths when two core electroﬁé ‘)’arev present in the mesoni.c atom and when
orthogonalized plane waves are used for describing‘ the band electrons. The initial state into
which the meson is assumed captured is n = 15, £ = 10. The superscript a rindicates the &£
state of the mean meson (with respect to £ distribution) passing through each n state. The
dotted line shows the route &n = A8 = -1 . '
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Fig. 3. Transition paths when two core electrons are present in the mesonic atom and when

orthogonalized plane waves are used for describing the band electrons. The initial state into
which the meson is assumed captured is n =15, £ = 5. The superscript a indicates the £
state of the mean meson (with respect to £ distribution) passing4through each n state. The

dotted line shows the route 4An = Af = =1 .
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Fig. 4, Transition paths when two core electrons are present in the mesonic atom and when
'orthogonalized plane waves are used for describing the band electrons. The initial state into
which the meson is assumed captured is n= 15, £ = 1. The superscript a indicates the £
state of the mean meson‘(with respect to 4 distribution) passing through each n state. The
dotted line shows the route An = Af = -1 .
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Figf 5. Transition paths when two core electirons are present in the mesonic atom and when plane

waves are used for describing the band electrons. The initial state into which the meson is

assumed captured is

n =15,

2 = 1k,

The transition paths are only followed down to n = 7.

The superscript a indicates the £ state of the mean meson (with fespect to £ distribution)
passing through each n state. The dotted line shows the route 4An = AL = -1 . '
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Fig. 6. Transition paths when two core electrons are present in the mesonic atom and when plane
wvaves are used for describing the band electrons. The initial state into which the meson is
assumed captured is n=15, &= 10. The transition paths are only followed down to n = T.
The superscript a indicates the £ state of the mean meson (with respect to £ distribution)
passing through each n state. The dotted line shows the route An = A = -1 .
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Fig. 7. Transition paths when two core electrons are present in the mesonic atom and when plane
waves are used for describing the band electrons. The initial state into which the meson is
assumed captured is n = 15, £ = 5. The transition paths are only followed down ﬁo n= 7.

The superscript a indicates the £ state of the mean meson (with respect to £ distribution)
passing through each n state. The dotted line shows the route An = Af = -1.
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.Fig. 8. Transition paths when two core electrons are present in the mesonic atom and when plane
waves are used for describing the band €lectrons. The initial state into which the meson is
assumed captured is n = 15, £ = 1. The transition paths are only followed down to n = 7.
The superscript a indicates the 1 state of the mean meson (with respect to £ distribution)
passing through each n state. The dotted line shows the route An = A = -1.
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Fig. 9. Transition paths when one core electron is present in the mesonic atom. The initial
state into whichbthe meson is assumed captured is n = 15, £ = 1l4k. The superscript a indicates
the £ state of the mean meson (with respect to £ distribution) passing through each n state.

The dotted line shows the route An = Af = -1. V
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Fig. 10. Transition paths when one core electron is present in the mesonic atom. The initial
state into which the meson is assumed captured in n = 15, £ = 10. The superscript a indicates
the £ state of the mean meson (with respect to £ distribution) passing through each n state.

The dotted line shows the route An = A2 = -1.
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Fig. 11. Transition paths when one core electron is prezent in the mesonic atom. The initial
state into which the meson is assumed captured in = =< 15. £ = %, The superscript a 1indicates
the £ state of the mean meson (with respect to £ distribution) passing through each n state.
The dotted line shows the route An = Af = -1,
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Fig. 12. Transition paths when one core electron is present in the mesonic atom. The initial
state into which the meson is assumed captured in n = 15, £ = 1. The superscript a indicates
the £ state of the mean meson (with respect to # distribution) passing through each n state.
The dotted line shows the route An = A8 = -1.
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transition paths of themesons; the qualitative results shown in Fig-
ures 1 - 12 would probably not be modified.

It is seen that in both cases (one or two core electrons)
the general path followed by a u- meson captured in a high ¢
state, as it loses energy, can be described as n =AM = - 1 with a
dispersion towards both large and small £ . For a meson captured in &
low { states there is a tendency for the main decay paths to pass
through states of higher { than that given by &n = AL = - 1 . This
general description of mesonic transition paths also applies to the case
of no core electron ( at least between n = 10 and n = 7, the only
region important in this problem) as can be seen from Table IX. Thus
one arrives at a general result independant of the details of the core
electronic replacement transitions.

In addition it should be remarked that the use of the formulaes
of Section IV along with the tables of matrix elements and energy levels
of Section IIT allow one to calculate the transition rate for the
u” meson out of various states & = O, and for these transitions it
is found At = 0 predominates for n >8 while Al = + 1 is dominate

for n<T.
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CONCLUSIONS

If' & p- meson is captured in lithium, in & high n state, its
priﬁcipai méané of losiné énergy will‘vary as if makes fransitions to
lower énd lower energy states. Between n~ 15 and n ~ 10 Auger
transitions invoiving the band electrons will generally dominate with
the transitions An =0, and Af = -1 and &n =1, A = 0O most.prominate,
between n ~ 10 and n ~ 4 Auger tfansitions involving the core
electroﬁs dominate where An = -1, .AQ =0 and An=-1, Al =«1
are prominate with An = -1, Al = - 1 becoming thé most important
in the lower end of this range. Below n ~ 4 radiation transitions are
the most important with At =n - £ , AL = - 1 as the major ﬁransitiona
The most probable transition paths can be described as following, if
vﬁhe meson is captured in a high ¢ state, the route An==-1, M = =15
with a dispersion towards both large and small { For mesons captured
in low ¢ states there is a tendency for the main routes to pass through
states of higher { than that given by An =-1, AM = -1,

What can be said about the transition paths involving i~ mesons
captured in other light elements (Z < 6) ? As long as the modei used
in this paper can be considered valid it is evident that there should
be no qualitative difference in the transition paths. This is evident
upon investigating the transition rate formulas of Section IV. They
all are relatively insenéitive to changes in nuclear charge. Recognizing,
as discussed in Appendix 6 the insensitivity of the transition paths

on charges in transition rates one can say that for the range'of nuclear
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charge Z < 6 no major qualitative change in transition paths can be

expected using the approximations of this paper.

In the case = meson capture, because the ratio of the mass
: m

of the = meson and the u-‘meson'islso close to one ( EE ~ 1.3 )

. B
and because of the insengitivity of the trangition paths to transition
rate changes, the same qualitative description for the transition

paths holds as for p~ meson capture.
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APPENDIX 1

In ofden to estimate the error involved in neglecting third and
higher order terms in the perturbation theory solution for VH of
equation (3.4), applied to u~-mesonic lithium with one or two core
electrons, use will be made of a paper by Baﬁes and Carson (1956).

In this paper Bates and Carson solve an equation similar to (3.4) by
numerical methods maintaining five decimal place accuracy in the

energy level determination. Their equation differs from (3.4) as applied
to p- mesonic lithium in that the nucleus is considered to have &

charge Z = 2 and the u~ meson is replaced by a positive charged par-
ticle. They restrict their consideration to the case of one core
electron. If this equation (Bate's and Carson's equation) is solved

by perturbation theory one obtains

E(t) = Vy(r) - é‘-”- ok -% 511 (t) + %g(t)

_2[6 (v -2 &, W)+ @) €

o | 13 o 2 15

(t) + ] , (A1)

where é;l and 622 are given by (3.61) and (3.62) while the expressions
of the form é%n in the parenthesis of (A.l) are nth order corrections
to (3.60). Using the values obtained by Bates and Carson for E , the

expression

S5 ) = &
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can be estimated (see Table A.I). 6515 can be regarded as an estimate
of the order of magnitude of 6213 .

In the case of two core electrons 6225 , the third order
correction to (3.58), would be approximately twice as large as 65%5 since

contributions due to electron~-electron correlation are quite a bit smaller

than electron=-meson interaction contributions.



Table A.T.

units except where indicated.

813 as obtained from the data of Bates and Carson. All values are in atomic

¢ EM® € (%) Ex(t)  E) Epylev) & len) & eV
0 -9.00000 6.00000 -1.0000 0.000 81.5 ~1%.6 0.0
0.5 -8.267%0 5.37817 »-076965 -0.009 73.1 - 9.5 -0.1
1.0 -7.33109 4.37598 -0.3986 0.010 59.5 - 5.4 0.1
1.5 -6.6027k4 3.50213 -0.2340 “0.023 L7.6 - 3.2 0.3
2.0 -6.06671 2.83516 -0.1405 0.026 38.6 - 1.9 0.k
3.0  -5.39092 1.98017 -0.0501 0.01k 26.9 - 0.7 0.2
4,0 -5.02439 1.49748 -0.0187 0.005 20.4 - 0.3 0.1




&
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APPENDIX 2
Introduciné ﬁhe variable s where
s =t (a.3)
equation (3.94) can be put in the form

égéél - [2se-2sv(s)] w(s) - ﬁﬁﬁgi;ll x(s) , (A.1)

&i(s) =235 X (s) , (A.5)
with
v(s) = (D) R, (x) . ' | - (a.6)

In thé case of two core electrons

v (s) =L vr) T (a.7)
Z v A ’

while in the case of one or no core electron

vi) = -B v, e - 2 & (2.8)

N
[\

In solving (A.4) and (A.5) the initial values of X(s) and

.Y(s) were obtained through a power series expansion in é, and then

the equation was integrated on the iBM—?Oh using the fourth order
Runge-Kutta-Gill method of’numerical_integration; Because of the
form of equation (A.4) the mesh spacing used in the numerical inte-
gration had to be varied in order to prevent loss of significant

figures due to cancellation. By a method of trial and error combined
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with graphical interpolation and extrapolation it was found that
usually after only four tries the value of € could be obtained to
0.01 . The accuracy was Jjudged through seeing_how close, at a signifi-

cantly distant point the asymptotic condition of the true solution

X (s) + Y€ ¥Y(s) = 0 (A.9)

was satisfied. » | |

In order to test the accﬁracy of the numerical method itself
in appréximating the differential equation the Runge-Kutta-Gill méthod
was applied to the case of a pure cdulomb field. Tablé A.IT contains
the results of this épplication and 1t is eésy to see thét the accuracy
obtained for e is within 0.0L . Thus Tables I and IT contain values of
E%k vhich as.elgensolutions of (3.94) can be considered as accurate to <Ol eW.

The needed values of EE ‘were obtained by the IBM-TO4 using
Simpson's rule. In order to test the accuracy of thé method: some values
for ﬁ';‘wﬁen the potential was a pure coulomb potential, were obtained
thrOugh use of the IBM-T04 and compared with the known vﬁlues. See

.Table A.IIT . The acéuracy seems sufficient for the purposes of this

prdblemo



Table A.II. Comparison’of the values obtained through numerical integration with the known
‘energies of certain states. Energies are in atomic units.

n y) & é:M( numerical n £ EM E,M( numerical

M integration) : | integration)
15 14 184.00 184.00 6 5 '1150.00 . 1150.00
15 0 - 18k.00 184.00 6 0 1150.00 1150.00
11 10 342.15 32,15 5 4 1656.00 1656.00
11 0 342,15 342,14 »5 0 1656.00 1656 .00
10 9 414,00 414.00 2 1 10350.01 10350.01.
10 0 514,00 414,00 2 0 10350.01 ©10%50.02

Table.A.III. Comparison of the values obtained through numerical integration with the known

values of certain matrix elements. Matrix elements are in atomic units.,

Initial state Final state R R (numerical
integration)
n=15 2= 1k n=15 £= 1k 0.19850 . 0.19849
n=15 4= 14 n=1» £=13 0.33207 _ 0.33180

N . . — T oree e . — —

E———— Ee — — e ——— = - —

_98_
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APPENDIX 3

The question of whether the dipole approximation is to be

used in the case of radiation transitions hinges on whether
(1; . r)fi < 1 , (A.10)

where (i e ;)fi is the matrix element of the wave vector of the outgoing
photon times the position vector, with origin at the nucleus, taken
between the initial and final meson states. This value can be estimated

as follows

k = % AR (A.11)
o
Bz
~ 2 1 1. m
AE ~ p zZ ( ———n 5 - % ) < 3 5 (A.12)
£ 1 £
o _
nf .
ey ¥z | (A.13)
m
thus i 5
-> - )
¥ -7),, = H;: g- AR < g- 7z << 1 : (A.1h)
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APPENDIX U

In orderlto estimate the transition rates of Auger transitions
involving At =0, T 1, ¢ 2, a model consiéting of a p" meson and an
éleétron surrounding the lithium nucleusvwili be assumed. This was
the model, in conjunction with further simplifications to be discussed,

‘used- in deriving (L4.43) and (4.45). The potential will then be

27, 27, 2
V(re, r) = - — - T o+ . (A.15)
e ]r -
: e
Defining
_ 2z, 2z
Volrgs T) = - T T T (4.16)
o 2(z -z )  2(z -27)
Ve ) = - - - = ) (A.17)
Ir -T e
e
it follows
A ) ‘ 168
V(re, r) Vo(re, r) o+ Vi(re, r) , (A.18)

where Vi is to be treated as a perturbation. Because of the orthogonality
relations among - * electron and meson states associated with the potential
Vb 5 in the following calculaﬁions for transition rates iny the first

term of (A.17) gives any contribution.

It follqws'ffom first order perturbation theory that

wye = (en)3’5 fH?,i k d szk ‘ (A.19)

where



im .
in
Heyp = &= :E: 24 + 1 I%m ) (A.20)
£,m
and ’
(e, @)
e 3
wl (re) d T
I‘2%+l Y* (e , P )
e “1 v () im' e’ e
B e e 2 ¥, (re)
e i
x dQ r°dr |R (r) °ar ' (A.21)
e e el 1 ?
T = R () 1 R-(r) dr (A.22)
R £ i N
Making use of the fact that
3/2
Ze -Zere
\’fi(re) = ;m e » (Aa25)
_ b A, *
Yolr,) = = Z 17§, (e )y, (6,00 Y, (6, @),  (A2h)
L,m
with
1 xf2a . -ikr
Ja(k r ) _2¢e lP(§ + 1 - 1/3)1,(k r )% - e»
‘ © (o8 + 1) ! ©
x F(4 +1+1ifa, 20 +2, 21k r.) (A.25)
e =Xx/z (A.26)

one arrives at



. | ,/_: 3 \1/2 |
. ( i)a(z—e—') ‘Y (e, o) (A.27)
Tim = = VoY £1 Tam Tk %/, .
v \ /
with
® oo r -
¢ . : : ~Z r 1-¢
L L 1-2 e e
= i -+
Rfi J Rf(r)r fre Jt(k I‘e)e d".re jre
o . 0 o
r2£+l "Zere |
x I-,—Em 1:' JL(k I‘e) e dr Ri_(r.) r~dar. (A.28)
- Thus
w = wL B (A.29)
if if
: L
where
L 2
T on
8 S i :
R ) T R (8.50)
‘ (22 + 1) ' -
m
Explicitly
0 °r r 'reg ' ' -Zere 2
Rpy = fRf(r) j [-—r— - re] Jo(k re) e dr . Ri(r)r' ar,
0 0 - : - (A.31)
lR T T ./ -Zere 1 I‘e5
o1 = f Rf(r) f J:.i\k re)e ar_ + f v 1_3_ _ l]
0 0 0
' -Zere 2
x jl(k r e dr R(r)r“dar , (A.32)
e ; i
. < @ Zr
2 2 -1 “Cele 2 : '
= ' . I‘ ~ ]
Roy fRf(r)r fre 32(1{ r e ar Ri(r),. a1 (A.33)
0 0 ’
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Sinée the core electrons are on the éVerage, at least when Auger tran-
sitions 6f this problem are energeticalij possible, mich further from
the center of the mesonic atom than the u~ meson, the second term in
(A.28) has been neglected in (A.33). This should not change the

order of magnitude of the results of this calculation.

Thus as regards to order of magnitude

1/2 -1/2 1/2 = - =tan =
R, - @ T d) (-2 R ’ (A.3k)
e
v 1/2 1
N 1/2(l a2 L eele, /2 4 5 ( = ten”a
i a - In X}
(A.35)
so that | .
P 7z ° P .,
I = L (¢, f'f) O(a) '—‘—'E—_e_____ P) (A.36)
W Z_R -
with
( S S (A.37)
L (2, ¢ = AL = - 2 AT,
i’ r oy - 1 o) s
1
(2¢, +4) (¢, +1) 4
L(&i, Lf). = 1 - AL, =2 (A.38)
' L (2/&i +3) %
(2¢.+ 1) | 2t (22, +2) ' 8
L(t,2,) = —7— ] ——= [-—z-,(z,+ 1)-2J
i’7f 2%i - 1)2(2Li+ 3)2 3 1’ i 2
- (A.39)
AL =0 , :



“91-

and ‘ ) o 2 tan'la 2
8 1 ‘
0fa) = 3= (1+e) -1 ) (A.10)
1+ ha
where w, and ZR are connected with the transitions by o= - 1, vhile
2
Yy and ZeER2 are connected with the transitions A%E = 0, to .

Tablé A.IV presents ‘0(a) for various wvalues of AE . It is
immediately clear that the transitions
smaller than those involving At = T 1 and thus, assuming the model
of this appendix sufficiently accurate, can be néglected in a first
approximation. The error should usually be less than a few percent.

In order to estimate the needed corrections to formulas (4.43)
and (L4.45) dﬁe to the neglect of higher powers of r in their matrix
elemerits it is to be noted expressions (A.31) and (A.32) can be written

in the form

1/2 -1/2 ‘
R, - - B - o272 £l B(r) r® [1-K ()] R (e ars
(A.41)
/ / /o - 2 tan"ta
e 1/2 _ =1/2 -1/2 a
1Rﬁ'_= (-2&2) (1 - e-2n/a) (1 +a°) g 7
X Rf(r) r [ 1- Kl(r) ] Ri(r)r2 ar |, (A.h2)
with / : / N .
1/2 1/2 r r
Ko = () (1 - /2 ‘1+6f[:§-— -;g] ol r,)
‘ 0
-Zr
X e €€ dr 5 (A.IJ-S)



Table A.IV. Values of 0(a).

2E(eV) o(a)
10 | 0.01
25 0.0k
50 0.08
500 0.38
1000 0.80

1

The values of t are in atomic units while those of AE

Table A.V. The dependence of K, and K, on AE and t.

are in eV. -

0 1

1\\AE 10 100 1000 10 100 1000
0.1 0.09  0.09 0.09 0.01 0.01 0.0%
0.2 0.18 0.12
O.h4 0.33 0.13

0.5 0.38 0.13

0.7 ' 0.51 _ 0.32

1.0 0.60 ‘ ~ 0.35

..»26 -
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1/2 1/2 1/2 2 tan ~t
K (r) = (=) (- c2t/eyT () - ‘\_a Z,
o r e D e o '”'f
X V[~ [ 1 - —%— } jl (x re) e -©a r, . o (AJbY)
- ,
0

'In the case where kr <1l and % r <1 the integrals in (A.43) and

(A.44) can be evaluated as a power series. This is no restriction in this

problem‘as‘
x VAR , : | (a.45)
uZ2 . l '.‘ .
AE & —3 , | ‘ (A.46)
nf '
2 .
r g = . , (A-h7)
Thus L2 1/ o
kr g (-—j;‘;—-) <1, . (A.48)
2 | |
. nf . .
zr § Lr & & < 1. o (Ab9)

. For the case kr <1, Zer <1

Ko(r) =t [1 - '2'16 QL ae)t + -'9% (19 - 5&2)t2

'2"51_26 (157—80a2+3a1‘) £ + J s (A.50)
| (1 +8°) gt' e o » 1. '2 2
K, (r) = =5 e ten 8y [1-%t+§8(11-a)t

(A.51)
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where

t = Zr (A.52)

Formulas (4.43) and (4.45) were derived assuming that the values of

Kl and KO are negligible compared to one, at leasf for values of r
for which the mesonic wave functions give significant contributions to
the integrals in (A. L41) and (A.VMQ), Table A.V contains K, and K,
for various values of AE .,

In order to estimate the correction which should be applied
to (4.43) and (4.45) in order to take into account the neglected factors
'Kb(r) and Ki(r), this very crude procedure might be followed. Assume
the principal contribution to the integrals (A.41) and (A.42) comes from
a region very near t = Zer = E ,where n is the smaller of n, and
n, , for this value of t estimate Ko(t) and Kl(t) from Table A.V,
then assume the corrections to (4.43) and (4.45) are c, = (1 - Kl(t))2

and G, = (1 - Ko(t))2 respectively. Values for C

1 and CO obtained

in this way are given in Table A.VI . Presumably Cl can also be

considered as an estimate of corrections which should be applied to (4.39)

and (4. 41) .



Table A.VI. The values of CO and C, for different meson

states. Atomic units are used for . t .

‘n t K K - C c

0 1 (e} 1

15 1.10 0.62 0.40 0.14 . 0.36
14 0.96  0.58 0.34 0.18 O.hk
13 0.83 0.55 = 0.28 0.22 0.52
12 0.71 0.48 0.25 0.27 0.56
11 0.59 0.43 0.20 0.32 . 0.6k
10 0.49 0.38 0.15 0.38 0.72
9 0.k0 0.32 0.12 0.46 0.77
8 0.31 0.25 0.09 0.56 0.83
7 0.24 0.20 0.06 0.6k 0.88
6 0.18 0.15 0.0k 0.72 0.92
5 0.12 0.10 0.02 0.81 0.96
4 0.08 0.07 0.02 0.86 0.96
3 0.0k 0.0k 0.01 0.92 0.98
2 0.02 0.02 0.01 0.96 0.98

1l 0.00 0.00 0,00 1.00 - 1.00

_96_
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VAFPENDIX 5

. ] a(k) iK;ﬁn - -
It is to be shown that the terms : e N (r -R.)
n=

in the wave functions

| o 71/2 iker
‘lf(re) = [l - a(g) :i L "[e . Coa(k)

give & negligible contribution to the integral

*
Y (9 s @ ) '
~ * (o Im ‘e’ Te’ 3.
Mlm B wf', (re) - 2 ‘yi (re) a Te
' e

(A.5k4)

compared to the contribution of other terms and thus can be, to a good

approximetion, neglected. It follows from (A. 53) and (A.54)

o -1/2 , q-1/2 o
T a(ki) 1. a(kf) N 1(-kiv kf)are
m ™~ | © T T vyJ°©
' 2 Q
Y, (6, ) i(k,-k,)-R -1k_p
1 / : i
x = reg, e d5re - e £/ " n [a(ki) e o, (p)
e n=0
K i_1;1"-5 * 2 lm(ee" (Pe) 3
+a (ko)e P (p) -2 (kf)a(ki);qals(m} % 47
. Ip + R l
n
(A.55)
where
5 =% - R . ~ (A.56)
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Since from (3.100)

a(k) = [T 9 (r)dr (A.57)

- - -
2 ~ R e con-
and because for terms n > 1, Ylm(ee’ we) and |p + Rnl L cand

sidered constant under the integrél, the contribution to (A.54) of terms:

of the form
= iX-R L.
a(k) }::j e n @ls(re - Rn)
‘]ff_— n=1
can be estimated as
5 -1/2 5 -1/2
My = [ ) - T RS T
00 1(El-§f) ﬁﬁ
- pal) - 8 xplale) | Y S 106, 9,0 ()
n=1 n

or approximately

ak,)? 1720 a)? 1MPalx)) )
B, = - [1 - —= ] 1 - — } o
< 1(k, - kf)-ﬁ_ ‘
xv[~ e Ylm(e, p)dRA X , (A.59)
a

where d 1is the distance between neighboring atomic centers in the

solid. The contribution due to the first term in (A.55) is



0
=
=
i
——
-
'
o
Lol Iy
-
e |
o
1
o
P
Lol ey
H
S
| IS |
<+

Thus > =
iKep
&My a*(kf) a(ki) ;f € Yim(ee’ cpe) dredﬂe
5
0

where
K=% -k
I RS
In evaluating (A.61) it is found
¥*
8, a (k.) a(k,)
: - f i . (K d)
m‘= Q JO J
A
and since
B 1/2
a(k) < 8 ("—3') s
Z
e
Jka) g1,
it follows

gﬂ@ < 6hs
&M, S g Ze3

(A.60)

(A.61)

(A.62)

(A.63)

‘(A.6h)

(A.65)

(A.66)

-
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Thus for lithium

SMB

N
O
~J

(A.67)
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APPENDIX ©

In order to get an idea of the sensitivity of the calqulated
transition paths to errors in the calculated transition rates of
Section V, corrections will be applied to these rates.

The corrections will be an attempt to take into account the
factors K1 and KO', discussed in Appendix 5, which were neglected in
computing Tables VI-IX . Using the factors CO and Cl as given
in Appendix 5, revised transition rates are computed for the case of
two core electrons in the mesonic atom and using orthogonalized plane
waves as the wave functions of the band electrons. Because of the
relative magnitudes of CO and C; as given in Table A.VI these
corrections.will increase. the. frequency of the sliding transitions.
Ln = O s A = -1, Figure A,]1 shows the revised transition paths
if n {15 4 =10 . It does not differ qualitatively fram that

of Figure 2 where these corrections were not taken into account.



15 1 b 13 38 100%
1k 1 2 5 12 2% 18" 6
13 1 3 4 9 16 2587 m 25
12 1 3 5 7 12 207 % 29 11
11 12 3 5 .97 16 22® 18 1
10 2 i 5 107 o1 3% 8 7
9 ‘5 5 77718 o 29 m
8 2 6 87 17 26 33 1 :
7 1 4 ,,8// 16 23% 33 18 §
6 2 .17 18 23 % 18 '
5 L7 17 24 382 18
N 13 24 398 19
5 13 %% 21
2 11 208
1 557

Fig. A.l. Transition paths when two core electirons are present in the mesonic atom. The initial '
_state into which_the meson is assumed captured is n = Al5, £ = 10. The superscript a indicates
the £ state of the mean meson (with respect to £ distribution) passing through each n state.

The dotted line shows the route An = AL = -1. k
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-

mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the
Commission"” includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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