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PRIMARY AND SECONDARY PROTON DOSE RATES IN
SPHERES AND SLABS OF TISSUE

Roger Wallace, Palmer G. Steward and Charles Sondhaus
Lawrence Radiation Laboratory
University of California

Berkeley, California

July 30, 1964

ABSTRACT

A code has been developed for the depth-dose relation in spheres

of tissue due to primary protons and to cascade, evaporation, and hydro-

gen elastically scattered secondary protons. Hydrogen elastically
scattered protons are assumed to be emitted in the forward direction,
as also, on the basis of Metropolis's calculations, are cascade protons.
Evaporation protons are assumed to deposit their dose locally. It is
shown thatthe dose rate at a depth d in a slab due to a normally in-
cident parallel broad beam of protons is the same as the dose rate at
the center of a sphere of radius d when an isotropic flux is incident
upon the sphere.

The depth-dose results are checked by experiments using 730-
MeV protons, and compared with Monte Carlo calculations performed
at Oak Ridge for 400-MeV protons. The results show that the depth-
dose pattern varies widely with proton energy and sphere size. For
certain intermediate proton energies, the primary protons cause a
peak dose rate at a predictable depth in the sphere. The secondary
proton dose rate increases with increasing incident proton energy,
sphere size, and depth. Protons of 730 MeV cause a secondary proton

dose at the center of a 2.5-cm-radius sphere which is 14% of the total

" dose, 35% for a 10-cm radius, and 48% for a 25-cm radius.



I. INTRODUCTION

During recent years depth-dose distributions in tissue due to
incident high-energy proton fluxes have been under investigation in
order to determine the space radiation hazards to biological organisms.
Simple methods of calculating these depth-dose curves are of limited
value, since they yield only the effect due to primary protons incident
usually upon slabs.i’ 2 It is now clear that neither the effect of second-
ary protons nor the effect of the geometrical deviation of animals from
slabs is negligible when considering incident protons of energy greater
than 100 or 200 MeV.

The work presented in this paper is part of a research effort
centering around experiments using the Lawrence Radiation Laboratory's
cyclotrons to irradiate animals in a simulated spacé radiation field.

The radiation field to be simulated is an isotropic flux of high-energy
protons (say 20 to 730 MeV) in an energy spectrum depending upon the
solar flare conditions.

Depth dose due to an incident isotropic flux of monoenergetic
protons, including the effect of primary and first-generation secondary
protons, was determined in spheres of arbitrary size containing tissue-
equivalent material. The sphere was chosen because it is, for present
purposes, the simplest reference solid useful in showing the effects of
the variables. Throughout most of the development of the equations
presented here, the tissue-equivalent material is water. The effect
of a continuous spectrum of proton energies can be approximated by
summing at each dose point the dose rate due to each of several energies
of arbitrary relative intensity.

One of the results of this effort is a fast-running IBM 7044
computer code which calculates the depth-dose curves described above.
In later sections of this paper, each of the equations solved by this code
is developed (Section III). Emphasis is placed upon several approxima-
tions incorporated into the equations (Section IV), although comparison
of results from this code with experiment and other calculations in-
dicate that very little accuracy has been sacrificed (Section V). Results

of the code calculation are presented in some detail in Section VI,
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Dose rate due to primary protons and three classes of proton
secondaries are treated by the code. The treatment of primary protons
is simplified by neglecting straggling and approximating the range-
energy relation by R:qu, where p and q are constants over each
of five energy intervals, and E and R are respectively the energy
and corresponding range of the protons. The author feels that strag-
gling is only a second-order effect when the flux is isotropic, and the
Bragg peaks are therefore already dispersed in the medium.

The first class of secondary protons is the cascade protons.
Using a Monte Carlo code based upon a nuclear model, Metropolis
et al. 34 have estimated the energy spectrum and number of cascade
protons created. Functions that approximate these nuclear data are
the basis of the present calculations. Since the angular distribution of
cascade protons is peaked in the forward direction and the primary flux
is isotropic, it is assumed that all cascades are emitted in the direction
of the incident primary, thus eliminating aﬁgular dependence.

The second class of secondary protons considered is the evapora-
tion protons. Again, functions approximating Metropolis's data are the
basis of the calculation. A Maxwell-Boltzman energy spectrum is used,
which gives almost entirely low—ene‘rgy protons, so that it is assumed
all the energy of the evaporation protons is deposited locally.

The third class of secondary protons consists of those which
have undergone elastic collisions between hydro‘gen nuclei and primary
protons. The code treats both the scattered primary proton and the
recoiling hydrogen nucleus. The angular distribution in the lab system
is again peaked in the forward direction, so that angular dependence is
removed by the forward scattering assumption. However, the energy
spectrum of these protons is calculated by applying conservation of
energy and momentum to the p-p elastic -scattering differential cross
section.

The dose rate contributed by each of the proton classes described
above is tabulated as a function of depth in the sphere. At each depth,
the dose rate deposited by protons in each of eight energy intervals
(0-1, 1-2, 2-5, 5-10, 10-20, 20-40, 40-80, and 80-o MeV) is tabulated
separately for each energy interval and each.class of protons. Onthe IBM
7044 computer, approximately 0.12 minute is required per dose point

for this entire calculation.



II. THE EQUIVALENCE OF MONODIRECTIONAL CURRENT
INCIDENT UPON A SLAB AND AN ISOTROPIC FLUX INCIDENT
UPON A SPHERE

At the outset we wish to present an analysis which is a very
powerful tool relating the results presented later in this paper with a
convenient experiment. (See Section V.)

The flux at the center of a sphere of radius r, due to an iso-

tropic monoenergetic proton flux & (Eo) at the surface is

To
¢(ro)= 4?; 49 do exp(-jo ER dr),
where d2 is the number of steradians subtended by one square centi-
meter of area at the center of the sphere, do is the elemental area at
the surface of the sphere, and the last factor is an exponential proton-
removal probability (see Fig. 1). Since dQ = 1/ro2 and da':Z\TTI:OZdﬂ.,, we
see that the flux at the center of a sphere of radius r, due to an isotropic

flux of protons at its surface is

_ r, 1 T,
P
¢(r,) = 5 exp(- Zp dr) dp = @ exp(- Tp dr). (1)
0 -1 o

The flux at depth d in a slab due to an incident monoenergetic

collimated beam of protons of & (Eo) protons per cmz—sec is

d
d(d) = & exp(—f ZR dr), (2)
1]
which is identical to equation (1) for' r, =d.

This shows that the flux at the center of a sphere of radius d
due to an isotropic flux at its surface is identical to the flux at depth d
in a slab due to an incident collimated beam of protons. Since the pro-
tons travel the same distance in theus'phere and in the slab, they arrive
at the dose point with the same energy in each case. Thus the flux and
energy are identical, which leads to the conclusion that the dose rate

deposited in the two cases is identical.



The above analysis is rigorous only for primary protons, of
course. A less trivial development, not presented here, shows that
thi.s same conclusion holds for the secondary protons, because the
assumption is made that they are all emitted in the forward direction.

This important equivalence, pointed out above, can be used in
two ways. First, by running the simple experiment of a broad beam
of monodirectional protons incident upon a slab of tissue, the results
presented in this paper for dose rates due to isotropic fluxes when the
dose point is at the center of a sphere can be verified by experiment.
Second, if (as assumed) the depth dose profiles are correct, the re-
sults presented here can be transformed into semi-empirical results
by normalizing the central dose rates to experimental results by using

the simple experiment described above.

&

!



I1II. DERIVATION OF EQUATIONS

In order to achieve an analytic expression for the various proton
dose-rate contributions which can be incorporated into a fast-running
computer code, many approximations are necessary. The usefulness
of the results depends largely upon the skill with which the approxima-
tions are chosen and how they are incorporated into the expressions.
This section presents the detail of the calculation. ‘A summary of the

approximations is presented later.

A. Derivation of the Equation for the Dose Rate Contribution from
Ionization Due to Primary Protons

It is assumed that an isotropic flux of protons, &(E ), at energy
E,, is incident upon a sphere of radius r| (see Fig. 1). The flux of
protons at the dose point P due to protons entering the sphere through

the surface element do is

—adf2do = — a 2T r
41 4w RGZ 0

where d2 is the number of steradians subtended by 1 cm2 of area at

1
o o 2(1[3 protons ’ (3)

cm -=-sec

the dose point P.

From the law of cosines,

R, = [r2+(r,-d)?

. -2 (r,-a)p] /2 = R(E,) - R(E, ), (4)

P

where R(Eo) and R(Epp) are the ranges of a proton of energy Eo and
Epp (the proton energy at the dose point P).
Differentiating (4) gives

R
0 dR
dp = dE__, (5)
rylr,-d)  dE |g PP
PP
dR . . . .
where I is the inverse of the stopping power of a proton with
E

PP

energy Epp'
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Fig. 1. Calculation of primary proton dose rate.
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Again, using the law of cosines, we have

(r, —d)z - r% - Rez

e
1
1

(6)

2R9r0

Substituting (4), (5), and (6.) into (3) gives

2 2 ‘

r ¢-(r,-d) dR

i) o ‘70 1|

4(z,-d) |[R(E,) -R(E_)]° aEly e e

_ protons

striking P at energy Epp from the surface element do.
If we include an exponential removal probability, the flux of

protons at P becomes

2 2 Eo
®(E,) T -(r,-d) dR| dR .
$(E )dE = — +1 exp|-| Zp(E)—dE/dE_,
p PP 4(ry-4) | [R(Ey)-R(E__)] 2 dE IE E dE
. pp
PP PP
(7)
where ER(E) is the macroscopic removal cross section.
Integrating (7) gives the total flux at P,
E[R(Eo)—d]
E,
A
3(E,) ryo-(r,-d)° dR [ 4R |
o = +1 exp!- ZR(E) —dE! dEpp,
4(ry-d) | [ [R(Ey)-RE,IZ JdE | | E ]
PP PP

E[R(Eo)—ro -(r,-d)]
(8)

where E[R(Eo)-d] , for instance, is the energy of a proton with a range

of R(Eo) -d.
The dose rate is given by
1 dE MeV
D(E__)E__ = ¢(E d Sl —_—
( pp) PP o pp) Epp P drR I g-sec
: PP
5.75X% 16°7° dE rad
=220~ H(E ) —— dE — 9)
p o pp) dR pp hr (




where p 1is the density of the sphere material at p. Equations (9) and

(7) give the dose rate at P due to protons of energy between Epp and
E _+dE__,
PP pp
2 2
-5 r 2(r -d)
D(Epp)dEpp: MQ——@(EO) 6o 0 2+1
p(ry-d) [R(Eg)-R(E_ )]
: pp
E
0
X expir ; > () & 4g | 4E (10)
L R dE pp’
E
ppP

and the total dose rate at P is

E[R(Eo )'d] EO
1.44% 10'5<I>(E0) r2-(x, -d)? | | 4R
D = 5>+ 1| exp | - zR(E)de dEpp
P(ro "'d) [R(Eo) 'R(Epp)] E
-7 “'pp

E[R(E,)-r, -(ry -d)]

(11)

The range-energy relationship for protons in water (which is,
for purposes of this paper, a tissue-equivalent material) is approximated

by the function
R(E) = p ET , | (12)
where R and E are the residual range and corresponding energy

respectively; p and q are constants. Inverting and differentiating

Eq. (12) give other forms of the function:

1
E(R):<fp—_‘>/q , (13)
dR(E) _ pqEq-i , (14)

and

dE(R) _ 1 /R 1/q-1 (15)
dR <_



Substituting the functions into Eq. (8) and (11) gives

1/q
pqu—d

p

_ [ roz- (r, -d)2

¢ .- 1 +1| pqE q-1
$(E,) 4(r -d)| |[pE3-pE__ 9] ° PP
0 . 0 0 PP
1
pqu - r,-(r,-d) /a
P
EO
-1
X - = (E)pgE1 " "dE |dE 16
exp ,R( ) Pq pp (16)
/ E
2

where _%E) is the primary proton flux at depth d in a sphere of
0

radius r, per unit incident isotropic proton flux at energy E;. The

corresponding expression for dose rate is

[pqu_d}i/q

P
2 2
D 1.44%x10°° r," ~(ry-d) '
B 7z
- q. q
3(E) r -d [PE, pEpp]
1
pqu—ro—(ro—d) /a
P
E, |
X exp [- ZR(E)pqEq_idE} dE . (17)
E

PP
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where D is the primary proton dose rate at depth d in a sphere
3(E,) Y P

of radius r, per unit incident isotropic proton flux at energy E,. The
rads/hr

protons/cmz sec

0

units of D are
LY E;)

When P is at the center of the sphere it is clear that no inte-
gration is required, since all protons of energy E, at the surface

reach P with the same energy, implying that Epp is a constant.

2
0

When one integrates p from -1 to +1 and includes the exponential

Returning to Fig. 1 and Eq. (1), recognize that Rez =r and a=1.

removal probability, the fraction of the surface flux at P becomes

EO
®_ - exp -/ Zp (E)pq E? 14k ' (18)
PP

for d=r_ . The proton energy at P is E[R(Eo) - rO], or, from Eqs,

0
(12) and (13),
L\
E :___.._pE‘:i-r" /e
PP '

p
Substituting this into the above equatiod yields
E,
$ _ q-1 1
q ]1 q
(pEO -,
p

for the special case when d=r,.
From Egs. (9) and (15) (let p=1.0g/cc for tissue) the dose-rate

equation becomes

E,
-5
D _ 5.75X10 ~ exp | - £ p(E) paEd-1dE rad/hr
P _p_E___O_ﬂ-r A ton/ 2_sec
(E,) pq< op ) 1/q proton/cm

Pqu - Ty
P

(20)

for the case when ry = 4.
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B. Derivation of the Equation for the Dose-Rate Contribution Due to
First-Generation Cascade Protons

Table I gives the energies the protons have, in terms of the

energy variables, at specific locations in Fig. 2.

Table I. Definition of energy variables.

Location on Correéponding proton energy
Fig. 2
Secondary Primary
do _— Eo (a constant)
S E E
S - P
P | E{R(E_) -[R(E_) - R(E E
R(E) -[R(E) - REE_ )]} op

The major assumption of the calculation which is to follow is
that all cascade secondary protons are emitted in the direction of the
parent primary proton. This is a reasonable assumption for high-
energy primary protons, since the lab system angular distribution is
peaked in this direction. 3 However, one should recall this assumption
when evaluating the significance of the results presented in this paper.

This assumption makes it convenient to define a function
F(Ep, ES) such that F(Ep, Es)dEs'dEp is the number of cascade
protons in the energy interval dEs about Es’ henseforth denoted as
(ES, dES), emitted per incident primary proton in the energy interval
(Ep, dEp). This definition is more easily understood if it is realized
that the primary proton energy interval (Ep, dEp) is identical to a
primary proton path segment (r,dr) at the point S in Fig. 2. Thus
the function F(Ep, Es) dES dEp represents the number of cascade
protons at energy (Es, dEs) emitted at S as a result of primary
proton nuclear collisions in (Ep’ dEp)..

We may now write the flux of cascade protons moving toward

P (the dose point) from S as

E_,E ,E )dE
¢c(Epp s14Ep

E = E__)dE E ,E )dE_dE_, 21
P ~dEPd s = ( PP) PPF( P 5) 5 P (21)

p p
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MU-34429

Fig. 2. Calculation of secondary proton dose rate.
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where ¢p(Epp)’dEpp is the primary proton flux reaching P in the

energy interval (E dE p) to which the exponential removal probability

pp’ TP

factor is applied only over the path segment T The. expression for
¢p (Epp) dEpp’ which will later be substituted in Eq. (21), is given in
Eq. (7).

. We must determine the permissible values of Es, E ., and E

p 9%
in order to find the limits of integration of Eq. (21). One reasonable
assumption is that no secondary proton is emitted with an energy

greater than the primary causing it. * Thus

E = E_. (22)

S
max p

Three factors determine the minimum energy that the secondary
proton may have. The first is that 4. 6 MeV (the Coulomb barrier
potential) is assumed the minimum energy that a cascade must have for
emission. This 4.6-MeV figure is actually for aluminum, but we will
use it here for oxygen with, we hope, negligible error. The second is
that a secondary proton emitted at S must have enough energy to reach
the dose point P or it clearly will not contribute to the dose rate at P.
The third is that at an energy of about 0.025 MeV the proton will pick
up an electron and become neutral hydrogen. Since dose rate due only
to ionization energy loss is considered here, the neutral hydrogen cannot
contribute to this dose rate. The second and third minimum energy

criterion yield (see Eqs. (12) and (13)

E. =[E%-E q,0.0259) /4,
min p pp
Combining this with the first minimum energy criterion gives

E = MAX {[qu —Eppq+0.025q] 1/q, 4.6} . (23)

s .
min

" Secondary protons of higher energy can be created by nuclear
bombardment by secondary neutrons, which are not subject to ioniza-
tion energy loss. These protons, however, are beyond the scope of

the present calculation, since secondary neutrons are neglected.
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Notice that the integration over this variable, E_, is in effect
an integration over the energy spectrum of cascade secondaries emitted
at some source point S.

The minimum energy that the primary protor can have and still
contribute secondaries that can reach P is limited in part by the as-
sumption that secondaries can be emitted only in the forward direction.
Thus no Ep< Epp can be allowed. Also it is assumed that no primaries
with energy less than 16.5 MeV can cause secondary protons. The yield
of secondaries for low-energy primaries is Qery small, and in fact
usually such data are not given for primary energies less than 25 Mev.3’5
The reason for choosing 16.5 MeV as the cutoff energy in this case is
that the mathematical function (derived later) which approximates the
cascade proton yield goes negative when the primary proton energy is
less than 16.5 MeV. Thus the minimum permissible primary proton
energy is

Epmin = MAX {Epp; 16.5}. (24)
The maximum energy of this primary proton causing the cascade

is the energy at which it enters the sphere. Thus

E, =E, . (25)

max

The integration over this variable, Ep, is in effect an inte-
gration over the path R(9) (Fig. 1) or r,tr, (Fig. 2).

The variable Epp is the variable that represents the direction
of approach of the primary and secondary proton, since, given an in-
cident proton energy E,, Epp uniquely defines a path length in the
sphere and thus an angle (Fig. 1 or 2). An integration over the variable
is thus an integration over the surface of the sphere, which is just what
- we performed in deriving the dose-rate contribution from primary
protons alone. The limits of integration over this variable are the
sarﬁe as in this earlier derivation, for exactly the same reasons as
outlined in the previous section. Thus (see Eq. 16),

q 1
[pE° " T~ red) :\ /e (26)

E
ppmin p

s
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1/q
q-ii‘ . (27)

We can now write the total cascade proton flux reaching P,

from Eqs. (21) through (27), as

.q dit/q
o' 5] o "p
b= | dEL, dE, AEop (Epp) FIEL Eg) ¢
E q_ - _d 1/q
PEy " o~ (xo-d) MAX{E_; 16.5} ~/MAX{(EL-E q+-°25q]1/q'4'6}
P 2 S PoPP (28 |
)

The task of calculating the dose rate due to this flux is straight-
forward. The energy of the secondary at P 1is the energy correspond-
ing to the range R(Es) "Iy which is equivalent to the expression in
Table I. Using Eqs. (12) and (13), we can write the energy of the
secondary protons at P as [Esq - qu + Eppq] 1/q, Equation (15) gives
the corresponding stopping power as [1/pq][Esq— qu+Eppq] 1/q—1.

Since the dose rate due to ionization energy loss is just &(E)(1p)dE/dx),

as in Eq. (9), we can write the dose rate at P due to cascade protons

as
d,1/q
/[Eo-ﬁ] ,EO
575><10‘5
D = -2 - E_)dE dE
¢ p ct)p< pp) PP P
Jﬁpqu—ro—(ro -d) 1/q
MAX {E__;16.5}
P pp
L.
E
p
F(E ,E )dE
X ( p ) s (29)

1-1/q
E%EY+E_Q
pq[EA-EC+E

MAX - . Y,
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To find the function F(E E ) we use the data presented in
Figs. 3 and 4. Note from Fig. 4 that over the primary proton energy
range 0.4 to 1.8 BeV, the slope on log log graph paper of the cascade
proton energy spectrum from aluminum is approximately constant,
This slope is not far from that for uranium.? In the absence of better
data when this work was begun, this slope has been assumed valid for

'10/“dEs approximates the slope of Fig. 4.

tissue. The function Es
We want the integral overall possible Eg of this differential energy
spectrum to be the number of cascade protons emitted per incident
primary proton per inelastic scattering. Thus we write

E

- 10/11 _ _ cascades
NO(EP) ES dEg = fO(Ep) ” primary-inelastic collision

E

4.6 (30)
where the limits of integration are the same as the ones discussed
earlier, No(Ep) is a normalizing function, and f, (Ep) is defined by
Eq. (30).

Note that f, (Ep) is the functional representation of the curve
plotted in Fig. 3. This curve for A = 20 is approximated by the function
E

o1 p
f(E)) = 17gln 155 (31)

and it is assumed that this curve is approximately valid for tissue.
What will finally be needed to obtain F(Ep, Es) is the number
of cascades per primary per dEp interval. This simple conversion is

indicated in the following steps:

_ cascades . .
fo(Ep)Zilrl (Ep) = Primary -dR ’ where Zin(Ep) is the macroscopic

inelastic cross section;
dR cascades

fO(Ep) Eln(EP) dEP = prlmary-dEp

where 4R = pqE q-1 from Eq. (14).
dEp P _



-17-

T T v T T Ty T T v |1 rrrr] T T 1 T rrrr

A=60
4+ A= 120 —
— A=220
W A=20
e 3 | .
<L
2 t— —
'+ —
O - e iR | 20 1 | I | 4 P S T A
10 20 30 50 100 200300 500 1000 10,000

EF’ (hAeV)

MU.28233 -A

Fig. 3. The number of cascade protons per incident primary
proton per inelastic collision, 'fo(Ep), as a function of
primary proton energy, Ep. and atomic weight of the
target. From Metropolis et al.3
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- Cutoff at 4.6 MeV

1840-MeV > .
incident protons'

460 -Mev N\
) incident protons— \
10 l \
o] 100 1000
Energy of emitted protons

or neutrons (MeV)

Fraction of emitted protons per MeV

MU-26624 B

Fig. 4. The cascade proton energy spectrum. The fraction
of the cascade protons emitted into unit MeV interval,
f(Eg), as a function of cascade energy. From Metropolis
et al,
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Thus Eq. (30) can be written

E
P q-1
_ pq E Z. (E) E
N, (E_) g “10/11 4p . P m P 1, B (32)
1*7p s s 1.76 16.5
4.6

_ - q-1
where Ni(Ep) = pq Ep zin

(E)) N (E ).

By the previous definition of F(Ep, Es) (the number of cascade
protons at energy Es per dEs interval emitted per incident primary
proton of energy Ep per path segment corresponding to the energy

degradation dEp) it is apparent that

- -10/11
F(Ep’Es) = N1(Ep)ES . (33)
Solving equation (32) for N1(Ep) and substituting this into Eq. (33)
gives
E
q-1 P
1 PAE," 24 (E ) In yg (34)

F(E ,E_) = '
p’ s’ TTIX1.76 Es1o/11(Ep1/11_4_61/11)

Finally, substituting Eqgs. (7) and (34) into (29) and letting p=1.0 for

="

tissue gives

2 (s _q)2
Do 7.a2x0”” To” T {me g a-t
®(Eo) o -d (pE 9-pE q)2 P4 pp
P "Ppp
1
pqu-ro-(ro—d) /4
-
EO
oot E E,
paE 97tz (E ) In B 1
7 /11 > exp Bg(E)pq ETTdE
E / -4.6 Ep
! e
MAX[Epp,i().SJ
E
p
dE
X s . dE_|dE__{ . 35
o (35)

10/11 q q11-1/q
E E 4-E “4E
s Pq[E - HE ]

MAX[(E_9-E__ 9+ .0259)1/9; 4.6]
p pp
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This equation gives the dose rate in rads/hr per proton/cmz—sec
for cascade protong at a depth d in a sphere of radius r; due to an
isotropic flux of protons of energy E, incident upon the sphere. Notice
that the primary protons have been exponentially attenuated (removal
due to nuclear reaction), but that this removal is neglected for the sec-
ondaries. This is an approximation that significantly decreases the
computer time needed to solve the equation, and it tends to cancel the
error introduced by neglecting second- and third-generation cascade
protons. Including this exponential attenuation in the simple case of a
collimated primary beam incident upon a slab decreased the cascade
dose rate at a depth of 25 cm by about 10%.

For the special case when P is at the center of the sphere the
integration over the variable Epp disappears, as it did for the primary
protons. To treat this special case substitute Eqs.. (18) and (34) into
(29) to get

E, .
D qEq Z. (E) In &
c -2 -6 Pd &, in'"p 16.5
= 2.96X10
2 (Eo) E 1/11 4 61/11
MAX[(Eq 2 t/a, ; 16.5]
E0
X exp -[ P\(E)pqEqu
E
P
-
i dE
X / S dE (36)
10/11 q, =a_ T _Lay1-1/q P
I E, PAlES T+ E - 5 -EJ]

J

r
MAX[(qu -EZ+ p—° + .ozsq)i/q; 4.6]

This equation gives the cascade proton dose rate (rads/hr per

proton/cmz-sec) at the center of a sphere of radius T, due to an
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isotropic incident flux of protons of energy E,. In this equation, as
with the similar equation for primary protons, Epp of Eq. (35) has

become a constant whose value is

o 1/q
- (g9 . 2%
Epp (E0 5 ) . (37)

C. Derivation of the Equation for the Dose-Rate Contribution from

Scattered and Recoil Protons Resulting from Elastic Interactions

Between Primary Protons and Hydrogen Nuclei

The assumption can again be made that all the scattered and re-
coil protons are emitted in the same direction as the incident primary,
since scattering in the center-of-mass system is not far from isotropic,
and the center of mass is in rapid motion in the direction of the primary.
However, the energy spectrum of these secondaries is derived by
applying conservation of energy to the angular dependence of the differ-
ential elastic scattering cross section.

The forward scattering approximation makes all the equations
derived in the preceding section for cascade secondaries valid here also
for the elastically scattered protons, with the exceptions that the function
F(Ep, Es) _becomes a different function, FH(EP, Es), and the limits of
integration will differ in some cases. See Table I and Fig. 2 for the
definition of the variables. |

Let us first derive the expression for FH(Ep, ES), which is
defined to be exactly analogous to the corresponding function of the
preceding section. That is, FH(Ep’ Es) dEp dEs is the number of
scattered protons in the energy interval (Es, dES) emitted per incident
| primary proton in the energy interval (Ep, dEp) (see the previous verbal
_expansion on this definition on page 11). Since the p-p elastic scatter-
ing cross section has the units

(scattered + recoil) protons in ('T],dQ)
incident primary in (R, dR)

2

Ty (E M) dRdR =

the function FH(EP, Es) dEpdEs is given by
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d dn dR
F = Al
H(Es’Ep)dEpdEs Zel(Ep,ﬂ) I aE dE H_E_p dEp ; (38)
where M is the cosine of the center-of-mass scattering angle, and Es
and Ep are the secondary and primary energies, respectively, in the
lab system.

The required solid angle relationship is the familiar dQ/dn = 2,
where the plus sign is for the scattered proton and the minus sign for
the recoil proton. Differentiating the relativistically correct function
Es = 1/2 Ep (1£n) gives

dn
dE
S

2
+ T

p
where the plus sign is again used when ES is the scattered proton
energy and the minus sign when it is the recoil energy. The stopping-

power expression of Eq. (14) gives

dR _ q-1
P
Thus we can write
) 2TPq
F , E E E =Z (E, ——2 dE dE . 3
u(Ey B dE dE = 3 (B n) —Ei dE dE, - (39)
P

To set a function to the elastic scattering cross section we divide
it into an isotropic and an anisotropic part. The scattering due to the
nuclear potential is not isotropic in the center-of-mass system at high
primary proton energies, though the assumption is made that it is.
Experimental data indicate that the scattering is peaked in the forward
. direction and that the solid angle included in this peak is a small fraction
of the total solid angle. 6 So the author feels that if we include Rutherford
scattering, which is the dominating anisotropic component of the cross
section in the limit of low-energy recoils (and thus the most significant
biologically), no major error is encountered by neglecting the anisotropic
scattering component of the nuclear potential. This reasoning leads to
the conclusion that we can write

S (E,m) = By(E ) + T (E,m),
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where the sevcond term is the Rutherford formula

N 4
H 1 -1
ZAE M) = < 5 cm
E Sin -2—
which is identical to
NHe4 1
z_(E_m) = —— = .
P Ey (1)

where Ep is here in units of ergs, 7N 1is the cosine of the scattering

angle in the c. m. system, and N_, is the hydrogen atom density. We

allow this Rutherford cross sectii to represent only the recoil proton,
which is of low energy, so tl"xe primary, which is only slightly degraded
in energy, may continue unaltered as an approximation in this develop-
ment. This means that the Rutherford cross section will be excluded
from the removal cross section used in the exponential attenuation factor
applied to the primaries. Thus, considering ES to be the recoil proton

energy, we use the expression ZES = Ep (1-n) to give

_ -27 Ny -1
EC(Ep,ES) = 5.2X10 — cm
Eg
where appropriate constants have been employed so that ES is now in
units of MeV. The atom density of hydrogen in tissue is approximated

by using C7 H7O O32 N2 as tissue-equivalent material with a density of

Ny = 6.09X 102'2 atoms/cc.

Data from reference 6 for the isotropic component of the elastic

cross section is approximated bythefunction

Z(E) = Nyo (E) = bE™, (40)
where b = 0.00584, m = 0 for E <5 MeV,
b= 0.00292, m = -1 for 5 < E < 125,
b = 0.000234, m = 0 for E >125.

Therefore we write the total differential elastic scattering cross section

as
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S (E,E)=bE ™y 0000316 cteradian) (41)
el' p’ s P E 2
S
and FH(ES,EP) becomes
_ 4mpq . m , .000316
FH(ES,Ep)d EpdEs = = = (bEp + T)dEpdES . (42)
P S

This expression and the limits of integration of the variables
ES and Ep represent the only differences between the equations being
developed here and those developed in the preceding section for cascade
secondary protons. In a manner exactly analogous to the development
of the preceding section, the criterion that the secondary must ;'each
the dose point with an energy of 0.025 MeV yields

E - [£9-E_94+ 0259)%/d
PP

S .
min p

The maximum energy of the recoil or scattered proton is the

energy of the primary itself at that point, thus

s 2’
Since there is no backscattering, the minimum energy that the
primary can have and still contribute secondaries to the dose point is
the energy of the primary at the dose point, or

E =E

P in PP

The maximum primary energy is clearly

E =E .
pmax 0
The limits on the Ep variable are the same as before:
1/q
E - [g2 -4 , and
ppmax p

E .
pPp__ . v P

min

[PEF-r, - (r-d) T/q
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Now substitute Eq. (7), FH(ES, Ep), and the new limits of
integration into Eqs. (28) and (29); this gives the hydrogen recoil and

scattered proton flux,

1/q
d
[E, - =] E, E,
= E_)d dE dE_F. (E_,E ), 43
g pELVAE o sFHE,E)),  (43)
q 1/q q q a,1/a
E,* - - - E E *-E_ 14,025
PR~ ~ 7, (rp-d) PP (B By ]
P
and the hydrogen recoil and scattered dose rate,
1/q
d
[E, - =]
P
Dy 4 [[r,2-(r,-d)°
H _ 1.81X10° [ro ~(xg - +1] bqE. 41
Q(on rg -d (p'qu'pE q)Z PP
PP
1
(pEI -1, -(r, -d)j‘ /4
L P
E
0
E, E,
-1
exp[—f ER(E.)pqEq dE] (bE m+.000316)
p T L 2
EP Es
: dE _dE_dE
X E ¢-4 (£ 3-g4g 91-1/a s EpdEpp
P s P . PP y
1/q
Ed-E 94 .0259
Fpp JESG-E ] ]
(44)

in units of rads/hr per incident proton/cmz—sec at a depth d in a
sphere of radius T, due to an isotropic flux of protons of energy E,

incident upon the sphere.

For the special case when the dose point P is at the center of

the sphere, the Epp integral disappears as before. Equations (18),

(29), (37) and (42), and the new limits of integration, give
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D
H . 7.25x107% P
®(Eo) Ep -4
‘) q To 1/q
E 1. =
(E,1- 5
E
p
<bEpm+ .0003216>
E
X 2 dE dE (45)
s P

E 9.E 9+g,9- To_ 1-1/q
s 7p p

T 1/q
[E-ES+ — + 0259
p p
for the dose rate when P is at the center of the sphere (r0 =d) in units

of rads/hr per proton/cmz-sec.

D. Derivation of the Equation for the Dose-Rate Contribution

from First-Generation Evaporation Protons

‘The major simplifying assumption of this derivation is that
each evaporation secondary proton deposits all its energy at its point
of formation. This is a valid assumption, since 70 to 100% of the evap-
oration protons always have a range of less than 1 mm. 8 Thus the
variable Ep is eliminated, since now only those secondaries created .
at the dose point contribute to the dose.

It is useful to define a function S(Es, Epp) such that S(Es, Epp) dES
is the number of evaporation protons in (Es, dEs) emitted per unit

length of travel of a primary proton per primary proton. Thus the dose

rate is E E
5 ppmax smax
5.75X10"
D_ = =22 -~ E E E S(E ,E__)dE . 46
E P ¢p(pp)dpp s SEg pp) s (46)
E E_
ppmin “min
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Two further approximations are used to derive S(Epp, Es)' The
first is that one evaporation proton is emitted per inelastic collision.
The data’'in reference 3 indicate that this is approximately correct.
The second approximation is that the evaporation protons are emitted

with the Maxwell-Boltzman energy spectrum. This gives

E

.. 8

S(Es,Epp)dEs = [1.0] [Ein(Epp)] [‘T_z_(—E_) exp[—Es/'r(Epp)] dES] (47)
PP

where Zin(Epp) is the macroscopic inelastic cross section and 'T(Epp)
is the effective nuclear temperature, in units of MeV, required to give
the proper Maxwell-Boitzman energy distribution. We approximate the

data of reference 3 for T(Epp) by

TE__)

2.41 In(0.1 E__) for E__ <50 MeV,
PP PP PP

n

'r(Ep )

0.29 In(1.222X10* E_ ) for E__ 250 MeV. (48)
p pp PP

The first of these functions requires that there be no evaporations
emitted when the incident primary has an energy less than 10 MeV.
This is probably not unreasonable anyway, since evaporation proton
emission is bound to be unlikely if not energetically impossible for low
primary proton energy. ’
Incorporating this requirement into the limits of integration of

E__ from the previous sections of this paper gives

] 2]1/q

E = qu
PP ax P

: pqu - T, -(r0 -d) 1/q
and E = MAX 5 ; 10.0

PPmin

Now we can write, from Eqs. (7) and (46),



5.75X10"°® fr 2 (r -d)2 q-1 =. (E_)
N ) 0 in" pp
DE— 3 > +1 pqup >
ot B e :
p(ry -d) (PE, pEpp ) T pp)
pqu-r -(r, -d) 1/q )
MAX 0 ;10.0 )
P
X exp|l -[Z (E)pqE_q—1dE | E 2exp[—E /T(E_)] dE_ | dE__,
R s s PP s PP
E
PP E,
min

(49)
where 'r(Epp) is defined in Eq. (48).

Performing the integration over the variable E and letting p=1.0

gives, for the dose rate due to evaporation protons of energy between

E and E ,
S . S
min max
1/q
[E,3- 2]
Ve p
2 2
2.88%10°° 1y -1y -d)
Dp= —5—— 7+
0 <pqu-pEppq)
1
pqu—ro -(r, -d) /a
MAX :10.0
p
E,
NG | P ) +r(E__)| exp| -E /T(E__)
L Z’T(Ep ) *min pp ®min PP
2
ES
max q-1
- ——=T 4E +7(E__)| exp |-E /T(E__)|pqE zZ., (E_)
27(E_ ) s1'1'18.x PP : Smax PP PP meo PP
pp
[Eo
- q-1
X exp Tp (E)pqE? dE qup _ (50)
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in units of rads/hr per protons/cmz-sec, where

E = 0, and
s

Owing to the shape of the Maxwell-Boltzman energy distribution, the
. exact lower and upper limits of integration of Es are not crucial so
long as they are very small and very large respectively. Thus zero
and infinity serve perfectly well.

For the special case in which the dose point is at the center of
the sphere, Epp becomes a constant given by Eq. (37). So, from
Egs. (18), (46), and (47), the dose rate from evaporation protons at the

center of the sphere of radius T, simplifies to

E,
-5
5.75X10 q-11 ;
DE = f ® exp |- ZR(E)pqE dE
by 1
£a-2 )Y
° p
E
s
max >
s
X . (E —_— e -E /7(E dE .
inEpp) 2 xp[-E /T(E )] dE,
PP
E
s .
min

Carrying out the integration and letting p = 1.0 gives

E,
Dg -4 _q-1
=1.15X10 "Z, (E_ ) exp|-{ = (E)pgE"" dE
in'"pp R
&(E,) X0 1/q
(qu- -_)
2 2
[/Es in Esmax
>ik———£3—— + E +7(E__)|exp|-E r(E. ) -—22E + B, 47(E_ )
21(E_ ) ®min PP/ smi\/ PP" |"'27(E_ ) ‘max - PP
PP pp
- : 51
X exp[-E,  /7(E )], | (51)

max
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/q

1
r
where E o = (qu - pL ) , for the dose rate at the center of the sphere

due to evaporation protons.

E. The Breakdown of Dose Rate into Energy Groups

To determine the LET of the protons at the dose point one must
know the energy at the dose point of the protons contributing to the dose
rate. This knowledge is easily obtained for the primary protons by

integrating Eq. (17) in steps. For example, integrating Eq. (17) from
[ PE, -1y ~(r, -d)

p

rate which is deposited by protons between an energy’

1/q
to 20 MeV gives the primary proton dose

(pE, L -1, ~(x, -q) 1/q |
and 20'MeV. Then integrating from 20 MeV to
- p
[pE, 4-d|1/a
B gives the remaining dose rate resulting from primary

protons with an energy at the dose point greater than 20 MeV.

Similar information is obtained for cascade protons by inte-
grating the Es integrand in Eq. (35) in steps. A cascade proton with
energy 0.025 MeV at the dose point has energy (qu—Eppc-l+O.025q)1/q at
the source point S [see Eq. (35) and Fig.2]. Thus setting the upper
limit of E_ at (qu—Eppq+1.oq)1/q, instead of E_, gives the dose rate
contributed by cascade protons within an energy range of 0.025 to
1.0 MeV at the dose point. This type of consideration yields the in-
formation that will be found in Table III.

The same limits on the Es variable are used for the hydrogen
recoil and scattered protons as for the cascade protons.

To obtain the dose rate due to evaporation protons in any energy
in Eqs. (50) and (51) by the

interval just replace Eg and . Esm

min ax
lower and upper limits respectively of the interval.
The proton energy intervals for which the computer program is

presently designed to calculate dose rates are 0-1, 1-2, 2-5,5-10, 10-20,
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20-40, 40-80, and 80-x MeV. These dose rates do not reflect the
energy deposited at the dose point (LET), but rather the energy lost
by the protons at the dose point (stopping power). The difference
between these two values is normally small, 9 and an estimate of the
energy lost at the dose point can be obtained by multiplying the dose

from each interval by a factor (which is different for each interval)

<LET> / <dE/dx> ,
where <LET> is the average LET for the particular energy interval

and <dE/dx> is the average stopping power for the same interval.

F. The Zero-Range Approximation for Recoil and Scattered and

Cascade Protons With Energy Less Than 1 MeV

In order to simplify finding the solution to Egs. (35), (36), (44),
and (45) for the lowest-energy group (i. e., when the protons causing
the dose rate have an energy less than 1 MeV), all secondary protons
of less than 1 MeV are considered to have zero range so that all their
energy is deposited locally.

To satisfy this approximation we scan, at the source point, all
secondary proton energies Es’ pick the value of Es for which the
secondary proton reaching the dose point has an energy of 1 MeV, and
require that it deposit this 1 MeV at the dose point. So in effect we are
eliminating the E  integral from the equation that gives the dose-rate
contribution from the 0-1.0-MeV energy group.

A mathematical trick which gives us the required equation for
the 0-1.0-MeV energy group is to make a change of variables from
Es to Esd’ where Esd is defined as the secondary proton energy at
the dose point, then multiply the Esd integrand by a delta function
~defined as §(E_,-1.0) = 0 for Esd;é 1.0 Mev

and

0
- [ S8(E_4-1.0) dE_, = 1.0 MeV.
o0
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The secondary proton energy at the dose point is (see Table I)

E  =(EY-£%+E ‘1)1/q .
sd s P PP
When we make the indicated change of variables and multiply by
6(ES -1.0), the ES integral of Eqs. (35) and (36) becomes

1.0

d

J

F j 1-1/11q
( P pp )

for the 0—-1.0-MeV group. Similarly, the Es integral for Eqs. (44)
and (45) becomes

-4
bE ™ 3.16X 10

P (1.0%E_9-g_ 9)%/d
P PP
(1.09+g 9 -g_9)1-1/a
S

for the 0-1.0-MeV group.

G. The Inelastic Scattering Cross Section

The inelastic cross section, Zin(E)’ is chosen as the inelastic

cross section for protons in oxygen. It is approximated by the function

_ _ h
Zin(E)—Nain(E)—gE ) (52)
where g = 0.0347, h =0, for E €5 Mev,
g = 0.06405, h = -0.381, for 5 < E < 125,
g = 0.01019, h =0, for E =125,
and N = atom density of nonhydrogenous elements in tissue.

The basic cross-section data come from references 5 and 10 and

is presented below.

E o
(MeV) (mb) Reference
25 524 5
50 407 5
100 316 5
200 283 5
400 281 5
3.0 BeV 314 - 10
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The following approximations are made in finding the atom
density of oxygen in tissue:

(a) The molecule C7 H?O 032 NZ is representative of tissue.
(b) Tissue has the density of 1.0 g/cc.

(c) Carbon, oxygen, and nitrogen are all considered to be oxygen.

Thus N = 3.56X 1022 atoms/cc.

H. The Removal Cross Section

The removal cross section, ZR(E), used in the exponential
attenuation factor is considered to be the sum of the inelastic and the
elastic scattering cross sections. However, the Coulomb (Rutherford)
component of the elastic cross section is not included, since the re-
sulting angular deviation and energy loss would be negligible.

The inelastic cross section is identical to the one of the pre-
ceding section. The elastic scattering cross section includes only
proton-hydrogen events. The reason for including this as a removal
cross section at all is that hydrogen recoil protons and elastically
scattered primary protons are treated as one of the sources of secondary
protons. Thus the hydrogen-scattered primary protons must be removed
to prevent duplication in the calculation.

The differential elastic scattering cross section is taken from

reference 6 and is approximated by the followihg functions:

T, (E)}dQ = Ngo _, (E)dQ = bE™ ZQ—E, dE' (53)
where -3
b= 5845X10 ", m = 0 for E <5 MeV,
b=2.92X107>, m = -1 for 5 <E < 125,
b=2.43X10"% m = 0 for E > 125,

E is the energy of the incident proton, and
E' is the energy of the scattered proton.
The relation E' = 1/2 E(1+7) is used with dQ/dn =27 to give

i 4w

aE' - ET

where E 1is the primary proton energy in the lab system, E' is the
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scattered proton energy in the lab system and n is the cosine of the
scattering angle in the center-of-mass system.
Now we can write the total elastic cross section as
‘E

m 4 N m 0.025
Z(E)de=bE™ & dE' =4mbE™ (1 - == ) (54)

Q ;0.025
Note we have assumed the differential cross section to be isotropic in
the c. m. system.

A peculiarity of the proton-proton differential cross section is
that it reflects the probability of finding both the scattered and the
recoil proton in dQ2. Thus for our purposes here we must take one-
half of Eq. (54). The removal cross section becomes

0.025 )
= .

T (E) = P 4 27bE™ (4 - (55)

I. The Range-Energy Relation

Range-energy data for water are used throughout and they are
found to follow closely the function R = p EY The range-energy data
from reference 11 are represented by the following function (where R

is the range in centimeters and E the energy in MeV),
R = pE?, (56)

where the values of p and q are:

E P q
<5 MeV | 0.002245 1.698
5-100 0.001903 1.800
100-300 ~0.002640 1.729
300-500 0.005207 1.610
> 500 0.01192 1.477

In order to minimize the computation time for the cascade and
recoil secondaries, when the triple integral must be evaluated, the

range energy relation is limited to

R =0.0027 EV %9 forall E
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in the Ep and Es integrands only. This expression fits the data very
well in the interval 40 to 400 MeV, and holding p and q constant
greatly simplifies the computation. The more accurate step function

defined in the above table is always used in the Epp integrands.
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IVv. SUMMARY OF APPROXIMATIONS

Before any results of the calculations are presented it may be

wise to have well in mind the assumptions implicit in the code.

A. Approximations in the Primary Proton Calculation

1. No flux intensity gradient is maintained in the region of space out-
side the sphere.

2. The range-energy relationship of protons in the sphere material is
R = qu, where "R is distance in cm, E is energy in MeV, and p and
q are given in Eq. (56).

3. Straggling is neglected.

4. The density of the sphere material is 1.0 g/cc.

5

The removal cross section of the primary protons is
h m 0.025
Zp=gE +2TbE" (1- —p—)
[See Eqs. (52) and (53).]

6. Only interactions resulting in ionization energy loss contribute to

the dose rate.

B. Approximations in the Cascade Proton Calculation

1. All the above assumptions given for primary protons are also used
in the cascade proton calculation. '
2. All cascade protons are emitted in the forward direction.
3. The number of cascade protons emitted per incident primary proton
per inelastic collision is given by
1 ing Ep )
1.76 16.5

4. The energy spectrum of these cascade protons has the functional

behavior ES_10/11dES for all incident primary proton energies.

5. A primary proton of less than 16.5 MeV cannot cause the emission
of a cascade proton.

6. A primary proton cannot cause the emission of a cascade proton with

energy greater than that of the primary.
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7. The only interaction of cascade protons with the sphere is ionization
energy loss. That is, no second-generation secondary protons are con-

sidered, and exponential attenuation of the cascade is included only in
Figs. 5 and 6.
8. The inelastic scattering cross section is given by

Ein = gEh.
[See Eq. (52).]
9. No cascade proton can be emitted with an energy less than 4.6 MeV.
10. The range-energy relation R = 0.0027E1-739 is used in the Eg I
and Ep integrals (i.e., p and q are constant for all energies in these
two integrals).
11. A cascade proton at 0.025 MeV captures an electron, becomes

neutral hydrogen, and no longer contributes to the dose rate.

C. Approximations in the Hydrogen Scattered

and Recoil Proton Calculation

1. All assumptions used for primary protons are continued.

2. All scattered and recoil protons resulting from elastic interactions
between primary protons and hydrogen nuclei travel in the same direc-
tion as the incident primary.

3. The only interaction of recoil and scattered protons with the sphere
is ionization energy loss.

4. The range-energy relation R = 0.0027 E1‘729

is used in the ES
and Ep integrals.
5. The p-p differential elastic scattering cross section is represented

by an isotropic nuclear potential component plus Rutherford scattering:

0.00126

220225y 4g,
212
Ep(1 mn)

_ m
T (Epm) da = (bE T +

where m is the cosine of the c. m. scattering angle. [See Eq. (40).]
6. A recoil or scattered proton at 0.025 MeV captures an electron and

becomes neutral hydrogen.
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D. Approximations in the Evaporation Proton Calculation

1. All assumptions used for primary protons are continued.

2. All the energy of an evaporation proton is deposited at its point of
formation.

3. One evaporation proton is emitted per primary proton per inelastic
scattering.

4. The inelastic scattering cross section is given by

T, =gE" [See Eq. (52).]

5. Evaporation protons are emitted with a Maxwell-Boltzman energy
distribution; no skewing due to Coulomb repulsion is considered.

6. The integration over the evaporation proton energy spectrum can be
extended from zero to = w.ithout significant error.

7. The nuclear temperature needed to give the correct spectrum is

(in units of MeV)

7(E_)=2.411n (0.4 E_ ) for E__ <50 MeV,
pp pp pp

0.29 In (1.222X10* E__) for E__ >50 MeV.
pp PP

tl

T(EPP)

8. No evaporation protons are emitted if the incident primary proton
energy is less than 10 MeV.

9. Only first-generation evaporation protons are included.
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V. AGREEMENT OF THE CODE WITH EXPERIMENT
AND OTHER CALCULATIONS

The literature'contains very few data, experimental or calcu-
lated, with which calculated results of the code can be compared. Un-
fortunately, no depth-dose data in a sphere, due to an isotropic flux of
protons at its surface, which includes the effect of secondary protons,
could be found with which to compare the code calculations. Thus all
attempts to compare the results of the part of the code that calculates
the effect of secondary protons must be limited to collimated primary
protons incident upon a slab (see Section II).

The First such comparison is with a cyclotron experiment in
which the beam of 730-MeV protons incident upon an ionization chamber
was interrupted by various thicknesses of Lucite and copper. 12 Since
in the code the approxiration is made that all secondary protons travel
in the forward direction, depths in the slab which are greater than the
depth of the dose point cannot contribute secondaries to the dose point.
Thus the code calculation at depth d in an infinite slab can be compared
to the experimental result obtained with an interrupting slab of thick-
ness d. This comparison is given in Fig. 5. The code, of course,
calculates dose rate only in water (.a tissue-equivalent material). How-
ever, the Lucite and copper experimental results form an envelope for
the code-éalculated water result in a way one would expect them to.
Note that only the shape of the depth-dose curve is compared, since the
absolute experimental dose rate is not known.

In the second comparison we illustrate the code's capability to
calculate depth-dose curves due to secondary protons. We compare a
calculation by the preéent code with a calculation performed at the
Oak Ridge National Laboratory. 13 The calculation at Oak Ridge utilized
a complex Monte Carlo code which includes the angular distribution of
the secondary protons, uses a nuclear model itself to calculate the
number of secondaries and their energy spectrum rather than functions
approximating the results of a nuclear model, and includes not only
first-generation secondaries, but also all proton generations. Thus

one would expect that the Oak Ridge calculation serves to check the
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Fig. 5. Code-calculated depth dose ( ) from a collimated
beam of 730-MeV protons incident normally upon a slab of
tissue -equivalent material (H»O) compared with experi-
mental values for copper (----- ) and Lucite (-+=-----).
Total dose rates have been normalized to unity at 1 cm
depth. Note that Lucite (CgHgO;), tissue (H»O), and
copper have effective atomic weights of 13, 16, and 63.5
respectively (neglecting hydrogen, which does not contri-
bute to the production of cascade protons).
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general validity of the present simpler calculation. Unfortunately,
Oak Ridge calculations for wafer are not available, so that the com-
parison given in Fig. 6 is for, an Oak Ridge calculation for aluminum
with the present code calculation for water. Both calculations assume
a collimated 400-MeV proton beam incident upon a slab. One would
expect the secondary-proton depth-dose curve for aluminum to deviate
from a similar water curve in much the same way as the Oak Ridge
calculation deviates from the present calculation.

The third comparison is a confirmation of the code's capability
to calculate primary-proton depth-dose curves due to an isotropic in-
cident proton flux. In the limit of large sphere radius or low proton
energy (or both), the sphere depth-dose curve becomes identical to that
of a slab. The primary proton depth-dose curves in a 50-cm-radius
sphere with incident isotropic fluxes of 60 MeV (range equals 6% of the
radius) and 100 MeV (range equals 15% of the radius) are compared to
depth-dose curves in a slab due to isotropic proton fluxes of the same
energies. The slab calculations were done by hand, using an approxi-
mate method described in reference 2. We see in Fig. 7 that the 60-
MeV curves agree well in shape and magnitude, and the 100-MeV curves
reflect a small effect due to the curvature of the sphere.

Finally, we compare depth-dose curves, in a sphere, due to a
solar flare spectrum of an isotropic flux of protons. An estimate by
S(:haefer14 of the relative depth dose 4 and 16 hours after onset of the
radiation surge, using Bailey's solar flare spectrum, 15 is compared
with similar code calculations. Schaefer's curves were for a 15-cm-
radius sphere with 2 g/cm2 of shielding. Simulating this situation with
the code, Schaefer's data at zero depth is normalized to the code at a
2-cm depth in a 17-cm-radius sphere. Figure 8 indicates good agree-

ment.
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Fig. 7. Code-calculated depth dose ( ) from an isotropic
flux of 60- and 100-MeV protons incident upon a 50-cm-
radius sphere compared with the depth dose calculation,
using the method of reference 2, for the same fluxes inci-
dent upon a slab (-----).
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Fig. 8. Depth dose in tissue-equivalent material using Bailey's
estimated solar flare spectrum. Code-calculated points
for 4 (A) and 16 (V) hours after onset of the radiation surge
are compared with Schaefer's depth-dose estimate in a
15-cm-radius sphere with 2 g/cm? of shielding for 4 () and
16 (O ) hours after onset of the radiation surge. The effect
of Schaefer's Zg/cmZ of shielding is approximated by nor -
malizing Schaefer's surface dose in the 15-cm-radius
sphere to the code calculation at 2 cm depth ina 17-cm-
radius sphere. The depth-dose pattern for code-calculated
points is irregular because the code approximates the con-
tinuously varying solar flare energy spectrum in discrete
energy groups.
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Vi. RESULTS AND DISCUSSION

We now put the code to its intended use and concentrate on depth-
dose calculations in spheres of tissue-equivalent material irradiated by
an isotropic flux of high-energy protonsv. Calculations have been per-
formed for a large number of sphere sizes ranging from 1.0 to 50
centimeters in radius, each of which is irradiated with protons of
several energies between 20 and 730 MeV. Three sphere sizes are
chosen for study in this paper which give representative depth-dose
patterns for varying sphere size and proton energy. The 2.5-cm-radius
sphere (see Fig. 19 and Tables X andXII) is chosen for its similarity in
mass to the rodent that is widely used in radiation experiments. The
25-cm-radius sphere (see Fig. 20 and Tables XI and XIII) is chosen
for its similarity in mass to man. The 10-cm-radius sphere (see Figs.
9 through 18 and Tables II through IX)is chosen for a detailed examination
of depth-dose patterns, since it has been used as a reference in beam-
degradation experiments at the Lawrence Radiation Laboratory, and
also because it approximates the size of the small primates that are
used in radiation experiments. A

Figure 9 contains the three basic types of primary proton depth-
dose patterns. Type 1, represented by the 40-MeV curve, drops to
Zero before reaching the center of the sphere, since the range of these
protons is less than the radius of the sphere. Increasing dE/dx and"
decreasing flux compete and usually form a slight maximum before the
curve drops to zero. The major effect that decreases the flux with
depth for the Type 1 curve is that the surface area of the sphere for
which the dose point is within the range of the protons decreases rapidly
with increasing depth. The 100- and 110-MeV curves of Fig. 15 are
other examples of the Type 1 curve.

The Type 2 curve, represented by the 150-MeV curve of Fig. 9,
is produced by protons of sufficient energy to penetrate to the center of
the sphere, but not to penetrate the diameter. A largé fraction of the
protons enter the sphere and pass near its center, producing maximum

ionization density near a depth of Zro - Ry, where r, and Ro are the

0
radius of the sphere and the proton range respectively. A maximum in
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the depth-dose curve resulting from the superposition of these Bragg
peaks thus occurs at this depth. As this peak approaches the center of
the sphere, the peak becomes better defined, the maximum becoming
greater in fnagnifude. Had straggling been included in these calculations
it would have had the effect of slightly broadening and lowering these
peaks, but only in the cases in which the peaks occur near the center of
the sphere. See Figs. 14, 19, and 20 for further examples of the Type
2 curve.

The Type 3 curve is represbented in Fig. 9 by the 180-, 400-,
and 730-MeV curves. These curves are produced by protons with range
greater than the diameter of the sphere. They are fairly flat curves and
may increase slightly with depth if the energy of the proton is small
enough so that the dE/dx increase with depth can overcome the effect of
the exponential attenuation of the proton flux. However, these nearly
flat curves usually decrease monoto.nically with depth owing to the ex-
ponential proton removal probability. Figures 19 and 20 include other
examples of this Type 3 depth-dose pattern.

Although the above discussion has been limited entirely to pri-
mary proton depth-dose patterns, it can also be applied to the total
proton dose. The total depth-dose f)attern is very similar except that
for large spheres and very high proton energies, the secondary protons
become more important and may even contribute sufficiently to trans-
form a monotonically decreasing Type 3 primary cur.ve into an increas-
ing total curve. See Fig. 20 for an example of this. However, the
secondary proton depth-dose pattern is always such that the total curves
can easily be recognized as Type 1, 2, or 3. See Figs. 13 and 18
through 20 for examples. ’

The depth-dose pattern of each type of secondary proton is
governed by more complicated factors than for primary protons, so the
secondaries display a greater variety of depth-dose profiles. Neverthe-
less, the profiles from secondaries produced by each of the three types
of primaries can usually be distinguished easily from one another. The
Type 1 secondary pattern is defined as the pattern due to secondary
protons that are produced by Type 1 primaries. Type 2 and rI"ype 3

secondary patterns are defined similarly.
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The cascade and recoil proton Type 1 pattern passes through a
maximum and then to zero (Figs. 10, 12, 1.5, and 17). The Type 1
evaporation proton pattern decreases monotonically to zero (Figs. 11
and 16).

The Type 2 cascade profile may be recognizable as Type 2 only
because of a very slight inflection (Fig. 10), or it may have a very
marked inflection or minimum (Fig. 15). Similarly, a Type 2 evapora-
tion curve is distinguished by an inflection or minimum (Figs. 11 and 16).

0 ’
where it becomes fairly flat and is so until it reaches the center of the

A Type 2 recoil curve increases monotonically to the depth Zr0 -R

sphere. In every case, the irregularity in the secondary proton depth-
dose pattern which marks it as Type 2 occurs at a depth near 2r,-R,.

The Type 3 secondary depth-dose profiles are characterized by
a monotonic rise for cascades and recoils and a monotonic fall for
evaporations (Figs. 10 through 12 and 15 through 17).

Now we briefly consider the biological significance of each of
the three types of depth-dose profiles. Type 1 protons are responsible
for heavy surface doses. Generally they have comparatively low energy,
and the lowest energies may have high LET. The secondary protons are
usually insignificant.

Type 2 protons can localize a heavy dose at the maximum of the
pattern. However, to produce this maximum the incident protons must
be monoenergetic and the proton beam cannot be contaminated with
neutrons or gamma rays (a situation often not realized in practice).

Also it is not known how deviations from an exact sphere will affect

"this maximum, and animals are not spheres. Nevertheless the Type 2

pattern may be useful in indicating that a heavy dose may occur in a
shell within and symmetric with the volume being irradiated if a segment
of the surface of this volume approximates the curvature of a sphere.
The significance of secondary protons in the Type 2 pattern increases
with sphere size (Figs. 19 and 20). The detail of a particular Type 2
pattern is presented in Tables VI through XI.

The Type 3 pattern gives a fairly flat depth-dose profile. It is

the pattern usually used in laboratory experiments. The penetrating
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and secondary-particle-producing ability of the Type 3 protons make
them the most difficult to shield against. Since secondary proton pro-
duction increases with increasing primary energy and increasing sphere
size, we expect the Type 3 pattern in large spheres to exhibit the greatest
secondary proton component, which is indeed the case. Figure 20 shows
that almost half the total dose at the center of a 25-cm-radius sphere
from 730-MeV incident protons is due to secondary protons. Secondary
protons in the Type 3 depth-dose pattern have special significance, not
only because of the magnitude of their contribution, but also because
they are in general the only source of low-energy high-LET protons.
Detail of the Type 3 depth-dose pattern is presented in Tables II through
V, XII, and XIII.



-49.

T T T T T T T T T T
600 —
Q -
L
£l -0
315400 _
o
L K=
o |8 <7
lo 2 -
8
o 200 _
5 A
® —o
wn
o
o
0 ] L { ! ] { { ! [ |
0] 5 10
Depth (cm)
MU-34434

Fig. 9. Primary proton depth-dose patterns due to mono-
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material.
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Fig. 10. Cascade secondary-proton depth-dose patterns
due to monoenergetic isotropic fluxes of protons of
indicated energies incident upon a 10-cm-radius
sphere of tissue-equivalent material.
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of tissue-equivalent material.
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Fig. 12. Recoil secondary-proton depth-dose patterns due to
monoenergetic isotropic fluxes of protons of indicated
energies incident upon a 10-cm-radius sphere of tissue-
equivalent material.
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Fig. 16. Evaporation secondary-proton depth-dose patterns
due to monoenergetic isotropic fluxes of protons of
indicated energies incident upon a 10-cm-radius sphere
of tissue-equivalent material.
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Fig. 18. Total (primary plus secondary) proton depth-dose
patterns due to monoenergetic isotropic fluxes of protons
of indicated energies incident upon a 10-cm-radius
sphere of tissue-equivalent material.
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Table II. Primary proton depth-:dose data for 730-MeV protons
incident upon the 10-cm-radius sphere of
tissue -equivalent material.

Dose
Depth Energy interval 1076 rad/hr
(cm) (MeV) proton/cmz-sec
0.2 681-730 131,
1.0 683—-728 129.
2.5 687—-724 126.
5.0 693-718 124.
7.5 699-712 122.

10 705 : 122.




Table III. Cascade secondary proton depth-dose data for 730-MeV protons incident upon the
10-cm-radius sphere of tissue-equivalent material.
v -6
. 10™° rad/hr
Total Dose rate per energy interval
Depth ton/cm? -
(o) dose proton/cm®-sec
rate Energy interval
' ({MeV)
0.02-1 1-2 2-5 5-10 10-20 20-40 40-80 80-o
0.2 29.8 0.478 0.4890 1.44 2.05 3.03 4.10 4.96 13.3
1.0 38.0 0.600 0.597 1.79 2.59 3.92 5.39 6.47 16.6
2.5 44.6 0.648 0.645 1.93 2.83 4.39 6.25 7.74 20.2
5.0 49.9 0.677 0.671 2.01 2.96 4.68 6.82 8.70 23.4
7.5 52.3 0.688 0.681 2.03 3.01 4.79 7.05 9.12 24.9
10 52.9 0.690 0.682 2.04 3.01 4.82 7.1 9.23 25.3

_29_



Table I[V.

Evaporation secondary proton depth-dose data for 730-MeV protons incident upon the
10-cm-radius sphere of tissue-equivalent material.

. 10—6 rad/hr
Total Dose rate per energy interval
Depth dose proton/cmz—sec
(¢m) rate Energy interval
(MeV)
0.02-1 1-2 2-5 5-10 10-20 20-40 40-80 80-
0.2 5.01 0.007 0.042 0.429 1.36 2.20 0.939 0.042 0
1.0 4.92 0.007 0.041 0.421 1.33 2.16 0.921 0.041 0
2.5 4.81 0.007 0.040 0.412 1.30 2. 11 0.900 0.040 0
5.0 4.70 0.007 .0.039 0.403 1.27 2.06 0.879 0.039 0
7.5 4.65 0.007 0.039 0.399 1.26 2.04 0.868 0.039 0
10 0

4.62 0.007 0.038 0.397 1.25 2.03 0.863 0.038

-€9 -



Table V. Recoil secondary proton depth dose data for 730-MeV protons incident upon the
10-cm-radius sphere of tissue-equivalent material.

Dose rate per energy interval

-6

rad/hr

Depth 'gotal proton/cm2 -sec
(cm) ose
rate Energy interval
(MeV)

0.02-1 1-2 - 2-5 5-10 10-20 20-40 40-80 80~
0.2 4.04 0.017 0.017 0.050 0.079 0.148 0.265 0.445 3.02
1.0 4.99 0.022 0.021 0.063 0.100 0.188 0.336 0.558 3.71
2.5 6.02 0.025 0.025 0.073 0.118 0.223 0.402 0.674 4.48
5.0 6.98 0.028 0.028 0.082 0.133 0.252 0.459 0.777 5.22
7.5 7.46 0.029 0.029 0.086 0.140 0.266 0.486 0.828 5.60
10 7.62 0.030 0.030 0.088. 0.142 0.271 0.495 0.844 5.72
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Table VI.

Primary proton depth dose data for 120-MeV protons incident upon the
10-cm-radius sphere of tissue-equivalent material.

e
rate

0.2 355
3.0 409
6.0 507
7.3 595
7.9 666
8.5 783
9.1 1032
9.4 1321
9.7 1426
10 1328

-6

Dose rate per energy interval rad/hr
proton/cm -sec
Energy interval
{MeV)

0.02-1 1-2 2-5 5-10 10-20 20-40 40-80 80 -
1.24 1.28 3.84 6.42 13.0 28.2 56.4 245
2.47 2.54 7.63 12.8 26.1 63.4 144. 150
5.22 5.36 16.1 27.1 55.6 127. 270. 0
8.09 8.30 25.0 42.0 86.2 189. 237. 0

10.6 10.8 32.6 54.8 112. 245, 199. 0

14.9 15.3 46.1 77.5 159. 347. 123. 0

25.1 25.7 77.3 130. 267. 507. 0 0

37.7 38.7 116. 196. 401. 532. 0 0
0 0 0 63.6 804. 559. 0 0
0 0 0 0 1130. 0 0 0

_99_



Table VII. Cascade secondary depth dose data for 120-MeV protons incident upon the
10-cm-radius sphere of tissue-equivalent material.
1070 rad/hr
Dose rate per energy interval
Total 2
Depth proton/cm é-sec
dose
(cm) rate Energy interval
(MeV)

0.02-1 1-2 2-5 5-10 10-20 20-40 40-80 80 -
0.2 7.38 0.281 0.283 0.856 1.16 1.53 1.70 1.31 0.271
3.0 12.3 0.399 0.399 1.20 1.72 2.54 3.19 2.63 0.252
6.0 11.1 0.393 0.392 117 1.70 2.57 3.15 1.68 0
7.3 9.90 0.387 0.387 1.15 1.68 2.52 2.89 0.879 0
7.9 9.28 0.387 0.386 1.15 1.68 2.50 2.69 0.486 0
8.5 8.61 0.391 0.391 1.16 1.69 2.50 2.35 0.132 0
9.1 8.02 0.415 -0.414 1.22 1.78 2.55 1.65 0 0
9.4 7.96 0.452 0.451 1.33 1.93 2.65 1.15 0 0
9.7 8.57 0.521 0.521 1.54 2.34 3.06 0.592 0 0
10 8.93 0.539 0.541 1.59 2.41 3.89 0 0 0

-99-



Table VIII.

Evaporation secondary proton depth dose data for 120-MeV protons incident upon the
10-cm-radius sphere of tissue-equivalent material

-6
Dose rate per energy interval 10"~ rad/hr

Depth Total proton/cm2 -sec
(cm) dose .
rate Energy interval
(MeV)
0.02-1 1-2 2-5 5-10 10-20 20-40 40-80 80 -
0.2 3.74 0.010 0.050 0.449 1.20 1.55 0.465 0.011 0
3.0 3.52 0.012 0.057 0.467 1.17 1.42 0.391 0.009 0 I
6.0 3.24 0.017 0.070 0.506 1.13 1.21 0.299 0.006 0 N
7.3 3.08 0.022 0.084 0.551 1.11 1.07 0.235 0.004 0
7.9 2.98 0.027 0.096 0.591 1.10 0.970 0.190 0.003 0
8.5 2.82 0.035 0.417 0.660 1.09 0.805 0.121 0.001 0
9.1 2.68 0.051 0.160 0.785 1.06 0.578 0.054 0 0
9.4 2.68 0.071 0.206 0.907 1.03 0.437 0.027 0 0
9.7 2.95 0.125 0.328 1.20 1.01 0.278 0.008 0 0
10 3.29 0.082 0.339 1.54 1.15 0.179 0.001 0 0




Table IX. Recoil secondary proton depth dose data for 120-MeV protons incident upon the
10-cm-radius sphere of tissue-equivalent material.

-6

Dose rate per energy interval 10 " rad/hr
Total 2
Depth d proton/cm “-sec
(cm) ose '
rate Energy interval
(MeV)
0.02-1 1-2 2-5 5-10 10-20 20-40 40-80 80 -
0.2 3.46 0.109 0.106 0.290 0.419 0.668 0.891 0.794 0.182
3.0 7.50 0.223 0.218 0.607 0.893 1.46 2.03 1.87 0.194
6.0 9.45 0.357 0.348 . 0.956 1.38 2.17 2.74 1.50 0
7.3 10.3 0.461 0.448 1.22 1.72 2.60 2.97 0.891 0
7.9 10.9 0.540 0.523 1.41 1.96 2.89 3.00 0.529 0
8.5 11.8 0.666 0.644 1.72 2.3 3.31 2.91 0.157 0
9.1 13.6 0.926 - 0.8914 2.34 3.08 4.02 2.35 0 0
9.4 15.8 1.22 1.17 3.04 3.88 4.70 1.82 0 0
9.7 19.2 1.34 1.31 3.67 5.46 6.33 1.07 0 0
10 19.2 1.21 1.19 3.35 5.05 8.46 0 0 0
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Table X. Total (primary plus secondary) proton depth dose data for 60-MeV protons incident
apon the 2.5-cm-radius sphere of tissue-equivalent material.

6

Dose rate per energy interval 10 ~ rad/hr
Denth Total ¢ 2
(cfn) dose proton/cm “-sec
- rate Energy interval
(MeV)
0.02-1 1-2 2-5 5-10 10-20 20-40 40-80 80 -

0.2 711 6.84 7.06 21.6 36.0 70.5 150 419 0
1.0 907 13.4 13.7 41.7 70.0 143.0 364 261 0
1.7 1275 27.6 28.4 - 85.6 144.0 300.0 690 0 0
1.9 1519 37.2 38.3 115.0 194.0 406.0 728 0 0
2.0 1526 1.70 1.85 41.0 234.0 490.0 757 0 0
2.2 1374 1.50 1.71 5.50 7.40 492.0 866 0 0
2.5 1337 1.45 1.65 5.49 7.46 9.70 1310 0 0
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Table XI. Total (primary plus secondary) proton depth dose data for 250-MeV protons incident
upon the 25-cm-radius sphere of tissue-equivalent material,

-6

Dose rate per energy interval 10~ rad/hr
Total >
Depth d proton/cm¢ -sec
(cm) ose '
rate Energy interval
(MeV)
0.02-1 1-2 2-5 5-10 10-20 2040 40-80 80-
0.2 247 0.81 0.8¢ 2.79 4.92 = 8.22 11.9 19.4 -198.0
.0 283 1.18 1.23 3.96 6.73 11.7 18.5 30.7 +209.0
10.0 322 1.51 1.56 4.95 8.40 15.0 24.9 43.0 223.0
11.5 338 1.65 1.70 5.38 9.09 16.3 27.4 48.0 229.0
12.5 352 1.75 1.81 5.71 9.65 17.4 29.5 52.0 234.0
14.0 338 0.82 0.86 2.87 4.92 7.93 19.0 60.5 241.2
17.0 328 0.81 0.84 2.80 4.83 7.83 10.6 32.9 268.0
25.0 325 0.80 0.83 2.74 4.73 7.71 10.6 15.2 283.0
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Table XII. Total (primary plus secondary) proton depth dose data for 730-MeV protons incident
upon the 2.5-cm-radius sphere of tissue-equivalent material.
10-6 rad/hr
Total Dose rate per energy interval
Depth ota proton/cmz—sec
“(cm) dose .
rate Energy interval
(MeV)
0.02-1 1-2 2-5 5-10 10-20 20-40 40-80 80-w
0.2 161 0.44 0.47 1.74 3.22 4.75 3.90 2.98 144
0.5 165 0.52 0.55 1.98 3.57 5.26 4.53 3.62 144
1.0 167 0.55 0.58 2.08 3.73 5.57 5.03 4.20 145
2.0 169 0.58 0.61 2.16 3.87 5.81 5.42 4.71 146
2.5 169 0.58 "0.61 2.17 3.93 5.82 5.46 4.75 146
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Table XIII. Total (primary plus secondary) proton depth dose data for 730-MeV protons incident
upon the 25-cm-radius sphere of tissue-equivalent material.
1070 rad/hr
Dose rate per energy interval
Total 2
Depth d proton/cmé -sec
(cm) ose .
rate Energy interval
(MeV) _
0.02-1 1-2  2-5 5-10 10-20 20-40 40-80 80-
0.2 170 0.50 0.53 1.86 3.37 5.31 5.70 6.66 146
4.0 184 0.68 0.71 2.38 4.16 6.80 8.42 10.7 151
10.0 189 0.70 0.73 2.41 4.20 6.97 9.08 i2.2 152
17.0 190 0.69 1 0.73 2.40 4.17 6.97 9.28 12.8 153
25.0 190 0.69 0.72 2.37 4.15 6.94 9.32 13.0 153

-ZL_
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VII. SUMMARY OF RESULTS

Following are some conclusions concerhing isotropic fluxes of
protons incident upon spheres of tissue-equivalent material which may
be drawn from this work. '

The depth-dose patterns for both primary and secondary protons
fall into three main categories, each with very distinct characteristics:

Type 1: the primary protons cannot penetrate to the center of the
sphere;

Type 2: the primary protons can penetrate to the cénter, but cannot
penetrate the whole diameter;

Type 3: the primary protons can penetrate through the diameter of
the sphere.

Type 1 primary protons cause high surface doses, are easily
shielded against, and do not normally cause a significant secondary
dose rate.

Type 2 primary protons cause a heavy dose rate localized at a
depth 2r;-R;, where r, and R, are the radius of the sphere and range
of the primaries respectively. Secondary protons usually are not very
significant, since primaries are present in much larger quantities.

Type 3 primary protons create significant quantities of secondary
protons, since they are present in large numbers and they are the only
source of low-energy high-LET protons. For Type 3 primary protons,
the secondary proton dose rate increases with increasing incident
prbton energy, sphere size, and depth in the sphere. For the case of
730-MeV protons incident upon the sphere, the percent of the total dose
rate at the center of the sphere which is contributed by secondary
protons is 14% for 2.5-cm radius, 35% for 10-cm radius, and 48% for

25-cm radius.
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APPENDIX

The Computer Code

The methods and approximations used by the computer program
to solve Ithe foregoing equations is summarized below.
| In the ES and E_ integrands of the formulas for the dose rate
due to the cascade and recoil secondaries [Eqs. (35), (36), (44), and
(45)], the range-energy relation [Eq. (56)] is approximateci by letting
p=0.0027 and q=1.729 for all energies. This approximation is also
used in the exponent of the exponential attenuation factor wherever it
appears in each dose-rate formula.

All integrals are evaluated by Simpson's rule. The integration
process is terminated for each integral when the results of the ith itera-
tion, Ii’ differs from the preceding iteration, L ¢ by less than 1%.

That is, the integral is given the value Ii when

1 I.{ <0.01.

i-177
However, to prevent excessive running time, an arbitrary maximum
number of iterations, N, is set. That is, the integral is given the value

IN whenever

I_,-L | #0.01

i-1
for any i <N. The value of N is chosen so that the integration
usually converges. But when it does not, l IN-IN_1 is never larger
than 10% and almost always less then 5 %.

Integration by parts was performed on the Es integrals of the
cascade and recoil proton secondary formulas. This eliminates numer-
ical integration of a pole, and préduces greater numerical integration
accuracy, since the magnitude of the resulting boundary term pre-
dominates over the remaining integral. The E_ integral in the cascade
proton formula can be written as

Em

1 =| (1~:q-K)1/°1"1 dE =/ udv.
S S S

=1

m
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Let w=pg "9 °. g
S S S

1-a-q

Thus  dv = (Esq-K)i/q'iEsq'1dEs.

The integration then yields

-EM EM

_w 1-a-q,.. q _.1/q -(a+q) ;. 9_1/q
I =E_ (E_ %K) -(1-a-q) E, (E.3-K) "/ YdE_.

E E
m m

Similarly, the ES integral in the recoil proton formula can be written

as

M / -4\ / 1/q-1
I =J <bE m, 3.16X10 >:E q-K) dE =[udv.
R p 2 {1 7S 8
E \
E

S

m

Let u=£ "9 (bE™ + 3.16x107%/E %) .

Thus dv = (Esq-K)1/q'1 Esq‘idEs.

The integration then yields

E
.. (E K| M
I, =(bE ™E +3.16X10 "/E ) —S +
R P s s E ¢
: s E
m
E .
S
M (1+q) 3.16 X104 m | (Eg K /a
+ P +(g-1)bE dE_.
. P q S
E E
S s
E
m

The remaining integrals are evaluated by Simpson's rule as described

above.
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Difficulty in evaluating the Ep integrals for the cascade and
recoil proton formulas was due to a very rapid increase in the magnitude
of this integrand as Ep approached its lower limit of integration. Ex-
perimentation showed that the rate of convergence of this integral was
greatly irnprov-ed by the change of variables,

_ T3
E = EppeXP[E]

where Epp is thbe variable in the third integral [(see Eqs. (35), (36),
(44), and (45)]. Thus the Es integral was rewritten as

M M

_ T
f(E]))dE_ = f {Epp exp[T]

or

M
3
f{Epp exp| —;—3}72 Epp exp[ér— ] dr,

s

m m
I—{
s

m

where M and m are defined by

=3
M:Eppexp[(—l‘%)—]
and
3
_ ()~
m—Eppexp[ Z ].

Running time of the program was greatly reduced by preliminary
evaluation of the Es and Ep integrals for the cascade and recoil
protons and tabulation of the result as a function of E__ .in 1-MeV
intervals. Such a table was produced for each of thirty values of E0
(the energy of protons incident upon the sphere) ranging from 20 to 730
MeV. Now, in calculation of the cascade or recoil proton dose rate,
parabolic interpolation is used on this table, eliminating the necessity
of repeated evaluation of the ES and Ep integrals.

This computer program has been written by Anthony Scheaffer,

and the techniques developed in this appendix are due to him.
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This report was prepared as an account of Government
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implied, with respect to the accuracy, completeness,
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report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
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or for damages resulting from the use of any infor-
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mission, or employee of such contractor, to the extent that
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of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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