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'·; the final results with those 9f the, BCS method. 
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. In Sec. II;· we derive ·the variational equations oor~sponding. to a ~cs .. . ···~ 

t • ' I . .:··+. 
state that conserves particle numbe:r, '· · · ' . , · 
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. '.. . . . . . . . . ·•q\ J. 
· · · In Sec., III1 we generalize this treatment to odd numbers of nucleons, and: ; 

J I < • ' l ' • • • . ' • ' ' ' ' ' : ~ .. I ' I • , •-:! 
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l·· • •• •• Sec. VI we present result& obtained· from a numerical solution of our I .... ~~ . • 
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' . ' : ' li ~ [ <, a! •. I. V. .;+ a+ 8 ' 8 , (2 1);1~(,\~j.j_·) 
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, . in .. whi.ch .at .. and. a~. ttt:e orea~ton·a~d armibilat~~ ope~to:re~reiipectively,;: .·· >i:{:/:~~ 
. . .~·ti~~~ ~ 

of part1cles·.in·state v J .. Ev a.re e~ngle•partiol$.,energies ~t shou.ld._contain· .. ~f, .. 11·:.~:; 
, ' .• • 1 ! . ; ! ,' · '.- . o • 'l':J ·) • 

t~ part o:f the· ~aJ. JlUOleon~nuoleon (N .. N) interaotionj c~ :(t . ·: · · · ' . ·· ·~· t'·i··\::.7?{;: 
:1; I I' t' •i '•' ... 

.. , ·;.:::·· ···:· "'. ·., V . ·~·~··:··. · • 1/4' (v v lvf:~ ~j ·:J'; .. ~.; .... :I.: .. ~:·,t .. 
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i, wh~:re.; .;(vi.~afv l,v3v4~ .1b the u;tat:rix ... element ot the lf .. N·. irlteraotion 'between antt .. ,; ·~·:·'! 
t .. l . . .. '. . ' . ' . 

':,! · symmetriz~ll;. a.nd. ~o~~~~ed ·l?~~~ta. of' ~~n~le-~ic~~. ~~~- ~o~i~GJ ~and .. v 
... 

·''''i.~·; ·: stands ·.tor; the. ~~it ot .quant~· n~ere that define. a' single-~art1ole state .Ut. 
''.o. ' \ • • • • ' ' '• • ' ' ' . • ' • t • .: ' :· ' ' • l ' I '. 
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\ ;): ..... : .. v !i!.(6,.J,,m<o), .• ·· . ·.:::·i.,\::~·:1· 

~ . ( . • . " . .. • . t 

:: -' w~:e-: : ::t::::::; 1 ' :, _::·; ' : ' ~;,~-~~; 
. t .'. ;r :: . a ~= any additional quantum numbers that cbar~ct:\'"~Z~: th~ 'state.;:. . <{:";--() 

•• '1 "":.. ~ .. • . . 

. • .. I t f-/~.{./j 
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· .. -The :.tU.stinction between Gt&t~s with posittve and negative UJ.S.gnetic qwmtum num .... .''~i:: :.~ 

· · be:rs 1s, of cOu:rae, merely a matter' ot convenience .•.. We choose a representa~ion ··.::.:f};~~·~ , 
,, . 1n'wh1ch the Hsmiltonian without interaction· :b diagonal. 
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."':~; .'/ ·1;·:>\ .... ;~j·~}. -~.' .. i'';;:!·. ;/;:::';1
; :·.:·:.~ ·:~· i.· .... '·~' ' .,., 

· ~s1ngle-pa~1cle energies ev·~ ~-~·.'iUI"l'e~· -~ ~la' ot either a harmonic·.; · 
. . .. ·-~ 

'; .. { . 

. osciUator or a more ~alistic s~e .. pert1cie ·'pf)teJ:ltial'. :.:.L · . ." ,. 
• . • . . L '• t . • · I ' ·, • '. 0' . • '· '• ;· • . ; ; '. : •.; , · , I ... ; ;: '.. l ".:-· i ·' , '.' I } . <' '· . .-. ; ' 1 

. · .. ··_Furthermore we. use ·a phase convention tbat is pa.rticular].7.,.eonven1ent 
. ·•.• , .. <"f.· i '.' 8 ' ! '\, ' .··' . ' . . . ' ' .. . : . . ' . 

in· the ros ... theory. It can be related to the us\11,11 phase cCIZlVent1on ot Condon 
' 20 . 

. ,· an~ ShortlY. in the following way-1 · All s1ngl.e.pa~1cle states with negative., 
.'· • ! 

,r .• ' _-;, ·;._. 

magnet1c.quantum number>.m.< 0·. ~ffer fl"Om the :correspond1zla states 1n the. 
I, I , .. ' . . . . . .: . '. -~-: >t• • 

Condon-Shortley (pa) ·COllVentiou. ,byna factor (•).J+l-tm (I m Orbital angular ma:D.en:tum), 
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. , { . 
• . ·-.. . ' 
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"' ... ' .. 
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::.and t~'-' pnQ t~t: co~•pond.e .to~ a;d.~ ~yimnetri,Q, :n.~. ~t~ .de~~~ed· ·' : . . 
, f • ' ; ·, ' ' ~ ; • " • ' < ~ '' • • • 

' ( . nucleuS' (~ee ~e. ~ .. def()~ti~ -'p,~t~r· " . ~f ~ilsi3on2~ ~· 4.2)." : ( ' -. . ' 
' • I ~' ,.·: • ~·; ' , , > ' ••• , .~ ' I. -; '. ~ ' . "· / • . I" •, ' ' ' •· ·. ' • . '. • ·• •. • , 

1 • <' ·· We bav.-_also per:to:t'med ~~ c~ations 'Vith·more com;pllcated· toreea wch .: : 
' ... ' . . ' . . . \ ' - ' -. ' ' .. ' ' . ' 
: ·a.a delta.;. plus ~ole and. ·. fini t~~rq~ ' tore~& and baVta :fou.nd. the expected. resul~ • 
. ' ' ' . ' . ' . ' 

' _- t~t.· 'the error&' a.u.e to nan~~a;rr~t1<>~-·of partto~ ~ber d.O' not" depend _ttiu.Qh upon .;-:\; :,; 
·.·• .. ',,.'' •! t,, ';:'~ I' ·, ·, .~.1~.~:.•· ', ·,. • •.~·:~ .... ,..·, 

.-. the speois.l t~e of' foro&& but mid,n~ ·on the :relative et~~ngtb of the a~trac.tive l ·~ 
: '~-

' ehort.~tane;e · p~ e>t the·. force, aompar~· to the aver$Se · lev$1. spacing$~ Thuu, 1 t iP · · : ·: . . 

· : sUfficient to· stuey th.e question -~f ponoo~~l"W.t~on o.f particle number in the . Eip()o~al 
. ' ~ . . - .. 
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·' ' ' '.·' '• . t •' • ' .. ·,··. . ... 'i; .,.' .. ·.s: .. !~.l'.il~~· 

'; ,!n:·t\1-f).:~S treatn\e.nt ·$-if, ~pr tn· absolute· val\l• than .. '\;he. exper1mental. odd""~V~ mass'· 
i' ::,! :'';:.'- i· .•• , •~. "/., .:\· :·~. ',.::, .. ·•!; >::! 1"'t~~;l~w.- ·: -::: ::,• ~:,''!· · ,.;.• .:-.' · . :. ~:(;~;.J:.;\•{':!·:: ·.:;~;•<.-
. d!tferences where ; :.:. ;;/'.;;·· ; ... : :' t .;r . . -r· , ,:· ,. . } , ,.... · · .. ;·~~;~.:.·~-":::~_··~_.;;. · . ;i .. i!;~{' 

.. :..1 •.. ''·~~\ -t~; .•. . it·.•, :~ ,. Jl{ .:;·~:·,__>:·l,;·.i!.~~·~(1_~ 1._ ... ,_..,,i·_;:·~~:~~~~·~:.~.~~~ ··:~; ~1!'-,..~· 

'' .. J ' . '' .. ' ~~' L: x:· '':~~ i ·:;,;~r.:_;;. L ;_,}~ .. } ::: ·.f:,;::t' .. ;, > . ','' " ,, ;y~ '; : Z1'~-~ 
_ f ;; !/.;_· ·' ,~; '··,\I' ' • '~'· \ l ·- ·' ,,. · .~'( · •·YoifV\i ..... '• 1. \f ':i•• V .'; o><>;· ;- ·;.!· ,..,,.._,,,,, ·• • •·il a',,\ l ··,I,'·)\ I~., ·· ,,_' <. • ·'1 · · ... •·· :· .: '· · ····r ··/!:.... ', ·. ,, 1' r~ 1 ... : 1' ·.,;-·{·:·>•<\~.·-· ··.~~ .',·.. _·: · · . , 

' I ~~:, 1 

, : '~ t :i .. 1° ~ .: ~-' , 

1 1 1~ 1.:.:-{ ~ :.~·~~ t

0

,: \ o ,;..'}.l .. :,' t;,,~:?,:f .. f"r.~',f;;, ~,~,t,,,o\· , •• ,~·~w·, j. ~,.:,,,; 1 11 
L: 

I'\ '' ' • . ' \ i' " . .. . """' ' '. . ·,. '' ;,,· .... ' >' .,.... . '~ . • ' ., • ' I > 

: t'•t'j"·~ •• .J: J 'r"':'' I /)\I .,;.,.t'.'' . .J..,tr·t~{~~t··1.'l'J.l .,.,,·~ .. ~--' .1 .... ol,t'h.!"..4\·''-:.l•tlJ!'··~L, .... ~' \t:~"''~·vti.f,"! ,, .. ~ .... ~~~ •d' 1. ~·-¥'..-: 

·,, ''I·, ' ' J' ·<·•;' :·~i;;:~::, •',: ,:·l· .. '," 1', 1··;:\ t' j ~ ' (~ :' '.1. :,: ',: : ~::: ·,~ >:.:~:):, :':. :l~'!: ~I i ::·;::;:~:{:'!'' ,;:: /)• :- .. ~;:I ·:· :~,~~.;::I'\ 1 ~->~: ,' \'' '. 
;·;·· ... ~ .. ~·~n .. ~}.!.,.~·.-l·;.~i~~l)·t:·-;,! ~; ~f.:·,"~··~·r~-;·~1!f,,::,.;~'...iJl\t 1,X:\· ~~ ... ·l:.,t"./t. , l/~,"'·~..'~·.:li:')}J:lX 'i;·):.: ~·.\~:'~~·':,;''~. (J~ .... ~J"'~ ... '··.r:~:· --~~ 1 /;.:~. t, .. • 

~ Jt.··~ ,~~ ~·'· .... t'\11· ·~ t\~<l". , .... : ~·r J • , .. .:.·.". ·:~·~·. :. ~\.-·.\ ,"":? . \·~ t ~-::~·-.! ., .•. ·i , ... ~ ··~ ... ·;· .,.t~ ~~ . .~-,. I 

· · ,t'l'he;,r~cw.~ ·~t,·,l·.~- -. ~.:"~~!~r,'~.<~,t~':· ··-·~:rt:·~~; #nten~~~r~~- tb.e>.~tOr:j·o:r .. ~·:~),; 
• '· ~t '·. • : '··.·· ····~ ... ,· ·,··.·· ;~~·:.:., ,, ·•· .• • .r_ . .,..· ·,··· •.. - .;· .. ':.·~-<:'·\ ...... ;·· . '1, ~~ ;· .. '.~ , ..•. -~-~;~::·~.\· 

. : :~s~~,,~n._~q~ ... (2~~~)-~:l,.'.t'b.fo·.·~~~~~ ;,ep~c~:-~ .. ~"'-'o~a~~./~erre-f~n~_:to·-.a.nuelear 1 
. :(.~::f.:~,; 

~it~ti'~~ .. '-~ ,·~~ ~· .Pb~ l·· .. l:~io~ .~~- :~~e:··~~d~ll .. :mas,cs .·.~~•ren~e.~ ~ ~o~ .. t9 .. ~j-,.~ . 
.I' • ' l, ·.. q ~ ~ ' ·~ .• ' ",\. .· ' • . • . ! ! •. ,fl'; l 

· .. of tbe orCJ.~r-. . of. i.() Mey •. ,;':hle·· -~~.t.~t: 7 y .~. •* :·.mwJ\ be ~ega.rded: as, a. stro~ .. :p~r;' 
,

1
,., •! ·:·.•.'', 1 "\, 1 1 . r , t •• ,~ ':· ··:~':.',"; ., ol> :, •. ,:.,;,.,,,·~.\:~-~ ''·.~ ! 1-~. -~ '' '· ,• ' 

: 1~ ~n~eraat~on1\.; .. v ·~;-~ :r.··?,·9. (~Vl.1• .. •~U.l .~JUgh~~·.strqn~er, than -re;-:u.8;1.c, 
.W • • (),45· .18· tiJ.igb.t~:.~~r ·~han ~ealietio, .and': l1 ~~; .. . 0.2 ·.' 18 e~remely Weak, 

·~· ·I .,', , ~, : • ,, .: '-1 ~ ,. •, ,' .••• , • · 1• • • · , • • :' · .. ·.1 .. •'. • • ~ · ~ • · ·;,·. 

j l * .. {:. i ~ 
... :... ,Il); ~.~.;c.ue 5~t. 'h~,,ef~?~~~-~ .. -.s~t~~ ~.l.e~ _th' -~.evels B.re .. ae(!ene~a.tet ,.j 

For,.~~~ :.case~~ ~~~ :~~it~~· .. ·. pk .. · u. · ~~~ : ~ ·o{ occUP..$t~~n ~~bab1llt1es .. for;;f:{' 
" . . ~ . . . . '. 

all. the· degenerate 'l:llagnet1q· subate.tes of' 't;he. level:·'fitb angular momentum 
' .. ::, I • ' ; l : ' •; •, • .' I t ' • ~ • • ' :' 'I 0 o ',·, ' I :,l .: ;, : ''' • '~ ' 9,' :. ' • ' 
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. .' -~-:.-~~~:: . , . :· ~· ;:;t~~. ·.~ ·.; ':29~~~---; ,:: ::~;- .,. ' . , . ~: , ·:. .UC~ll08} ·.: ·i 
__ . and, plot· them ~pinsi .. by~ j tor· aifferent- p~r .~um'berp· '; -r\, ·. and different ~re~~·::j:,: 

I t ' ' > .. ~··, ' ', ',,..l. ,f~ I ,1 '.' ',~' • ~. •,.·: ., '' ~·, f• .. · ~-:~~.#~ ~ I (~' ' . ' • I•: .'.,.····~}i.;.:.~ 
. ··cOI1stari1;s '~, ·.No· 18. 4Qne in J'iga; 71 8, and 9 for the cas~ of spherical nuclei:.;:· 

~ . ' \ . ~ . . ·. '. . . . 
' :.We can leatn :amrat·. thi~a from thea~ ·di~~·· (l) .The mnaller th~ occupation~-". 

· .. · · prebabiUties or the··~tates· ·in '<iue(5t1on;' the ·iar~er. the .eri-or~ 1~ .'both the· ws · · :.~·· 
. ' .. :·· ·, *:: 

;.: -oc6upa.t:lon prbbab~Uties ·and the ones obtained bf pro.Jectionj ·. (2) The. weaker· the :-
• l ' I ' '-. ' ' ' . • . - • ' ' ' ' ' ' ' ' • ' I o ' I ' ' I ' , I . . • ' 't ', ' ', ' ' 1 / :. t .. \ j~ : 

· pairing .... ~t.Pe interaction the larger the errors of both methods •. In. this connection~-

, We '15tres$ that- the' p~Jected' ool'lltion' :;t.s 'only :better than the ms aolution for strong 
' ' . 

' ' ' ' ' . ' . ( ' ' . '. 

e,nd lll()dera.tely strong paittng ... ty,pe intex:a.otion, 1(hereas· it m.a.y be worse in the case• ':· . 
·, . . • • ' . • • ·. . ' ' . ',, . . , . ' ;I . 

of '.ve8.k paid.rig :l.nteractionsJ (})' In Ul the 'oases con~:t.a.eired1 the. solution obtained 

. '. b/ ptOJeotion y.ie1ded ct;'OCll]-lll-O.~upat:Jl.Ob',~pr.obabii±tie:s' fG~ -ttie ~a.kly· OCCUpied··· . 
. ; . • • 0' . ~ 

,· ievelsir In· othe~ wOrds, the_·p~Jecteci a"oiut1on·,senerall7 undb;~e~t~tes the 'sm~~i,ng 
. , 1 , 1 I . • , o ~ ' 1 ;r• • 1 

1 , . l • • '~ : ! ~ ' ~ , O' , , \ • . ; 

out of the Fermi surface. ~ . ·. · . ~:,,,c:~<. ~ .. - . · 
{ • • • ' • • .... ' ; ~ • • ' ' ' • '. ,· • • • 0 • '. ' • • • l .. ' • : . . • .· 

. . Figures lO ''tfo l' shO~. the cont)spoilding plots ~ the . cue 'of ·a.· deformed nucleus. 

. 'Fie;W;-e~ 10 a,nd ·ti OhO'it the' ooell;pation probab111 ties 'as a ~ction ot. the single-p~icle . . . . ' 

· .·energie$.· .hv ~ .· In 'the ~s.ae ot' th~ very tie~. ~~l-ring inter~oti~n (w ~ ~- 0.2} the F~rmi 
. ' • . . . • . . ' . ·\ • .• \ ~ • • .. ·• !• . . •. . . ·' ' •. f ' : . •.• . . . .- ' ·: 

·· surface is praet!eB.ll;v' stia.i-p~ .··ln. this e&:te ·th' QCaupa.t1on probabilities of the weakly· 

. occupied levels conie ·out~ in. th~ ads trea~nt by facto~e ~t 100 or' mo~e, and'. ' 
~ . . . .. ' . . 
~~. . ' ' . . " : . \ .· ··.. : . ' . ·. . . . '• ,_ . . . .. . 

~hey become ~en wrse.if·we pr<?Ject ~~ correct p~icle n~er :from this. solution• 
I{ ,. . - . - '. . ' ' . • . ' - . . . - . ·. 
Fortunately 1 the case of' an extremely trealt pairing 1nteract1_on is not the one 'tore are:, 

-~ ' • ' • • ' : < ' ' I '' ' • • ' ' • ' < ' •• 

· '£aced 'With 1n nuclear physics~ · The d.i.st:ributions are v,ery smooth now, and no shell ... 
' . . . . ' . ' 

. ,- . effects are discernible.· Figures l2 and 13 as'ain show the .t\ccura.cy of BCS 'treatment( 
~ . . . 

and ~:f the It'S calculation with aubsequent projection~. Evide;ntl.y, ·the statements we.· 

have mad.e tor the case of the epher1~oi nucleV.a remain correct also for the deformed. : 
, ! I ' • ' ' ' . . ( 

. nucleus.· For the' case ot a,' strOllS pairing ... type. force the projected solution beco~es a 
. very good appro~t1on. 

i ' • 0 ~ ' • I < ~ \ • • ' 

Fis\u-es 14 and 15 o.re supposed to show the accuracy\ ot thef saddle-point method 

· . for the caae 9t iind.t vidual integral$ ~ • W$ define the ~t1 tyo ~ ( v) · as 
·-... 

'-

·, 



\ \:\:: ; I ' -~, ~ tl 
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1 ~ '· ~ 

-· ; :'1!~ ... :· · , :.so~· · ~! 
) • ~. ' • • • . :: ') • ~ .w'... . 

··. . ; .. -':I . . ..... · .: . ,_. . • 
' • • f"' . • ~. t • . t . • ~ . ' 

J ,fi .~,:-~ ·• 0 :· • t o s • ': o ... ••• 0 .. •A ,- ' 0 : 

• \ ·- ·" ; · \ l -... 1 ·. ·>·. ·' rr 1 .<. _:>_ o I oil·:.} · :. · · · 
.~ .. > ;·; ·: .. ·~ <~_ .;._ tlli ·-~-- ·:aol CB0.\ ... ;~::;:100; ·-~_;: 
\~ .. ~/. '1 ':·-~" ~:·l ~- • _.t' ., . 

r -~\ • • '· f. ~-. . . .-.. 
\ ;: ~ • -~ . • " t • ' • ' • . . ·• 

'l'h~. ~tttt~s .. ~(-~) .. _.~· .yalue.ted_aa·a ~eti<m ot tho.~~~.~:f' v~ tha1;:il3 obtained 
.I . • ' . . ' • I ' ' ' ,.• ' ' . . . ~ . ' ' . . ' • • . ' ' 

froll1 a solution ot the OOS equations. · Henoe, ~t .the sadd.lo-point method "rere co~ect, 

!. : ; •• th~ -~ti~~e~ .. Qi ( v) · ~~-bo -z~-:~~~kna tc) .t hu b~en sai~ 1ri · Se~ V ._ · 
• • . ! ' . • 

' . ....~ 

' l . ..·. . .. · '., . 
. !l'he. ~ ( v) ca:n. aJ.eo b~ w.ritten , . > · .. · · 

. 'I . 

:; 1 '/ I'~:· ~ i~;~ (i~' #>;(~2); ·' '~~· /,' ' · .. · .·. ·.. '~' (6.9) 

. · .. :. ' '.; '~:_ ' ·.:,;L.:~.:~:•,:';i L'.';,; y ·.··:·' . ~-· ••••.. · ..•.•• : .·, .. 

. · . '• ·.'i.e_: i: : 1lhe . ~ft~~~a j,~~~eil ,·t~: -~-~a~10n. pro~a~iit tie,'·: ;;;s~ .. 0~ t~e 00& theoey . 
' . '• . . .. ' ... · . . . . .y.. ' ·. ' . . . . . ' ' .. . , . ' . 

··· ·_· _and the occupat~~n p~bab1l4t1-~s :· •,.. o~d,by subsequent proJection gi_ve a direct 

me~ure , Of the? a.dC\U_'~)". Csf· th~· le.ildl~~potnt -hod.. ' : 1!or' p~ical patr~ interactions 
:\. . . .. ; . ' : ~' 2 ,' . . . . . . . . . . . . . . . . . ' p2 

the· tru~· occupation ;l)l"O'babtUt:t~s ·;· ev ul;rually Ue ~et~en ~he. Q)laJltities. e~ and. 
res2 .. _· . . . , . . •i • . . . • • • . • 

· '- ; : ; v v · • · rua meane tha~ ~o:r tb.epe Qa.Ges the· :aos theory ia more :rellabl~ than one W0\1ld 
; .. 

',, . . .': expect. from c;onsidering ~bo accw.-a.cy. of the sad4J.e .. po1nt method ... 
: . ' ~ '~ ~· ·~ ., . . 

· ·' ;.·} • • :;· ·~? ·: : In the caee ot odd nuclei.·· we ·oQtain · dif'te;-ent nuclear etates by putting the 
; . 

:. ·: :.-'~peired nucleon into 'dttt'erent orbtta.la ... ':he st~te ot lOwest energy is the ground ... 
~ J 

' ,state of the odd nucleuAf the oth$;-e repre&erit excited. states.·. ~es~. states e.re. 
+ ~ ~ • • • • • • 

-') · .. ' cal~ated 1n dJ.f:f&%'ent ~qJ:Pi'OJd.mat.iont.l in the literature •. x:r':we &z, not conserve the 

f . 
' 

' 
· .· ·p~1o~f:!l numbex- ilf the patl'ing modt;il1 ~ w1w tbo 'W'a.V$ tu.netion ~ · ot an odd 

'., .,.. . . .., ·<· :· . •. . . . . v ' . 
. · nucleus· v.t tll the unpaired ,nucl.$on being ·tn state · v _ as 
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: 4nd·we obWn ~ ex~t.at1en',energy,. ~ trQDl .· 
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Where .. m-0 ·"te the ~:..tat• ,_~er~:~f _the ... odd. :nuclewi"'~: .. xn·:·~st app~xima.t1on)·. · 

'. ' • • • • . ~ .• • • ~ .. 1 ... 1 : . . ' c ~ • 

. Ce.P~i'QXima~idn q ; t.n ··ns/'16), ~-'tlie· .tliriatio~ $q~t!~~ .-correQI)ond!nS· to·: an ~rd.i~ . . ,, . ' . . . .. . .. 
' ~ • :t ., \ ' .. ·~ •I' ', 1 •''. If :,J :•/'i"!,,' '•• I ,,, ',· •: l•4 l ,,. ' ,r i:·l~ 

BCS 'state 1 ...... ;· .. • ' .... , ' "··, ,, •. ··:· (' ·,:.:· ..... ~.\··_·:·.•::.:.,.;; ::h~··:·:· ·· .. ,.,.,,, ··•n:- ·.· • 

., . . . ' : ·; :> i;·,: '·';:Ji:(~.f·v ··). '1 ~~- .. ' ).: .. ·:),;~;, . . . ··: . ·.· <L~l 
· ,;,, .. •: . , , ; •. ' ;' • : ·: .~ ;: d· '~. ~-·~ .'{I' ;\; v, ?:• · · <1 

i:L':;, ·:~,:, '::' ., ':' ::,'l,'·C':(tif', , :: ·: ' 
· · ire.~eol:~l an¢ the:,~ectatiofl ~' 'ot the number·-~ell'lit~ ;t.e kept_·e~ ·to.-th~:.: _: 

.. i ' . ~ i t • ' ' J .. ' ' •' • . ' ' ~ ' ,< l t . : . ·. •:··;: ' ·' '' ' • : ' : .:•': • I ·• 

. ;re·qu!r,ea · 0<'1d,;..parti4le · mUn.'ti¢~ ~· \ ; .. ;aw Oe\ .; Qt· .. :. tJ;,,- : .~ ,·;., rl \·, thWJ 9b~ed $-!J use.~. to .. :·r;.~.:; 
·.. . , I . . . ·. , '·' ' . . . . . . .. .. ' 

. :: ::eai~Ul.a1;., I. IV \: MCOJ"dins. te.J 6.·u~ ( A bette~' apt>~:ld,ma.tiQn' (approximation· a. il:l .F~g~ ; .. 
·, ... :;16) -¢ons1sts-·in solving t\l$ .kiEW~Bpg~ equations. con-est~~~cit%18 to tp.e trial ~t&:~~. 

· (6 .. 10) • : ·One can. hope ·to· ~rove -~s lattel" appt.oximat1<m. by proJ~~4s .~ so~u~i~n 
~~\. ' ' ' ' ~ J • I ' ~ . • . • . .. ' ·. ' 

~)'.»'~the: correct ·eigenstate 'of the-number _ope:rator .(a;pp;rox1,mation BP i!;-F1g. ·16) •. ·, ;,, i; 
.t~t . . . . . . . ·. . .' ·. . . . :· ~ . . ~ . . · .. 
. t'!;-. -~ ·. · · · . · .. In Fig.," ·161 reSUlts of thea~ thl'()e·. metllods ar~ comp~ ~rJ.th the result of 

\:·.·~'f~ . . : . . . . ' . ' . . . 
. ~~\?~e theory with C0n$erved.p~cle nUmber. (method. C), .. . :·; .': ;,;>~· 

r~J-. 'I'he casee of 1'.{ 15; .171 ·19,· EUld .el ·nucleo~s t~ 25 Ni1~~on ·orbitals: are· .. ~.-::·· 
'(;:..·:~, . .. : . ·. . . . ; . . . ;, . . . " . {·.·~': :~: 

, ~eonsidered. ~~·.a 't}• force-!~ u$ed ~ -pairi,ng 1ntera.otion.: .. ':he orbitals corr~spond 
' . ' . 

: : to the. actinide ·region ·ana the wcl~~ SU.Qoer~sivelf to All1 ~~ JJ?, Am,_.Bk._ .. Ha:vi_ns ~-.:,. 
~ . ' . . . . : ) . 

. ~ neglected ·th~ neutron-pmon ·interaction ;~ do not pV.t ~ ~hasier upon obtaining 

. etg:reement With experi.nlent •. liJeveTt.helet.u,l, ·'bhe .~u.nd .. atate spins come out correctly. 
·r . ·. . " 

We are intel.'eated only in the camp$.V:l.eon of results .of the, different methode• ·· 
. . . · .. 1' "!<' 

. ' ~ ~~ . 
Approximation Q .iu p{,or. ~ almost ell,. caaee. rille excitatiov,. energies aif'fer 

' . . . . . . . . . ' . · ... : ·\ ' . . ' .· . . . : .. 

us~ by more ;t.ha.n lfX1I, · from the va.lueQ obtf.Wied l4 tb. the . theory w1 th conserved ' 
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, from ~ few k.ev up .to. 700 ke.v,: an.d ne1gb.box-1ns levels eometimes come out 1n the 

- wrong order 0 ' 
' \ 

. i.' 
. i' 

l· : 
! -

-· Sub~~~~t prOJection (BP) imgroveo the bl~~ cal~tions for the case-
. . . . . ' ' _,. ' ',; 

- of AIJ1 Pa; and Np, where the pe1ring intenacti~ is relatively strong compared to : 
• 1 ', . • • • 

( ' ·. . ~ 
the average level distance~ In -~he .ctrum of Am this procedure br~s the levels. 

I. ' . ' ' 
' -' 

2 _and 6 into wrong order~ : -~ the case ot Bk the solution obtained by subsequent 

proJection ~~ definitely of poorer a~curaO)" than the ein(ple blocking calculation, 

In this case, _the pai.V:J,ng iilteraction is weak relative· to the -avel"Sge level distance. 

IJ.'hua, we find again_ that sUbsequent projection does not improve the BCS results it 

the pairing 1nteracticm i$ ~l.atively weak. .. 

General.ly speakirlg, the errors :du.e· to noncon,l!.fervation of-particle number are· 
' ' 

, · considerably ·larger tor _the -eicitation' enerSies than. for the occu.pation probabilit:t~s. 
. . ' . . . 

<'.' 

Furthermore, these· errore are usually of dif'terent magnitude for neighboring even .. 

even and odd-even nuclei. : '12ds ·qu.est1~ iG etudi~ 1u detaU 1n ·a- i"orthcoming 
: ;; . . . 14 ' . 
, paper bY Nilsson • 
. . ~ 

.-
!list but not least, it should.. be mentioned tha:fl the total energy E as 

. 'obtained fran the BCS theory,· trom the :OOS the017 with subsequent. projection, or 
i . . • • • . . • . 

finally f"ran. our·.tormul.ation with :rigorous conservation of particle number differ. 

usually only by tractions ot a percent. The reason 1s that the main contributions 

to the total enerQ origiJlate frCI!l strong]¥ occupied levels. AS· we have seen be:fo;oe 

the occupation probabU1tieu tor stronsJ,f occupied lwela are by tar more accurate 

than the ones corresponding to weakly occupied levels. 

. : . ~- ' 

- ' ' 
' i. +' • '. '.~ ! • ' I 
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contailiing a product Of · flQ ,: ~us; .. lf we ll1Ultiply·· all quotients , . 
• ', • ·~ ... •••• t _... '~ ... . : • . • • . ~ • ' . ;_ 

th1a factor cAncels ill '(A ... l}! _ rus means that 
. . . ' - . . . 

'· . evenrl:tr-1~ the rest.rict1n c0hcu.t1011$ (A~2)~ the file~ of' uv,vv 
•• o .t , : '• I • .• , .~ • ''' ~ ' , ' j, • ' I } 
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~ • f . • • ' ' • ' ' • 

•• :t. 

l' 

'· 

' ' 
.j :. • \. ~ ~ 

... "'1.'' I, 

'~ .··,. ', I 

•.· 

'· . ~ : ' 

1' 
'\·•-

. -~ 

'l 
.• 

·, t 

'f ",f. 
t ~ ,'\ ·, 
'· ' 

1' 
''! t . t 

~ .. 
I ~ '' 

•i' • 

- .... · _ ... 
!'_ .• 

'" ,, 

' ~ .. 
·.' 

.. ...,._, 

·/:· . 
,.,, 

./ ~;i-:.:~.~ .... ~~ 
. ).. ~f.j. 1 ~ .. ,.t 
~.!{ . ·.L 
.... 

--~. ~: ... -. 

~t. ·~ ~-
'· 



'· I 

; .. 

r. 
' 

_,. 

of the ·solutions does· not exist in the ms theo:"T• .·. N~, we v!en to ehow that w ma; . . . 
.assume the 

. . ' l . .. . 
-to be real w1 tbou.t loss of general.i ty, · T• 

i(:(M.- k~z _· r.7l+:· ~he.: -~~~:.of, v~Ou,rpl~x_l~?e;f'fici~nts .. :::·v -v~~and:.;u~ i~ the .t'otal :energy _E:-la g:i.vell 
, " . 
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~. Equation (A-lo)' has the uivta~.' aQlUti:n 
' j ,' 

' •' 

.•• 1 

·! l ; 
; ' .· ,;,C ·~ '.' I ' _. . 
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,. 

l 

' 

.... . ' .~ . ; . \ - : ;. . 

.. _ _.. l' ._~ • ' ~· ' f ' t ' • I .~ ' ~ • • <.i,\ I ' " ~' ' •,~, ' ,• '' ' ' 

UCRL;..ll08} 
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. . " .• . . . • . . .. ! ~ ;· ' . ' 

Since ~ eo.mznozi .. p~~. factor of &l.l pa,ram(\tcre _. .. \ V~ ·;. <:8lJ. 1 be, .:lln:mediatel.y replaced.. 

by. ;rl, (~;.;lf)' correspond$ to a s~lution wlth. real1-' poe1t1ve eoeff1c1.entfi vv 
., 

. . :, ' 

and '\,·:; · ·the on@ e¢rud.de~ in Sea.· ll •. ·. · ', ··: ... ; .. , ' ...... ·· : .·. '. , 
I . . . ... .. 

.I 

(A~u: 

' .. ' ~ 
. I '' ~: '• ' ' \ • ' ' l ' !, ' ' r~. . ' "' . . . '4 • : t . <· ' 1 ·, ' • ' . I ' • ' ; ' • ·: f . 

We assert· that ·this. solution corresponds to the lowest energy E, 1f the 
' .. 

· pa1~1ng~typ~ •trtx elementS· f.lre aU nee;~tive,. 'J.'hia·· 1G th~ ca13e for an attract:f,ve 

inte~action ~~ the phase ~nvent1on ~fined 1n ( 2. i.•), and. (2 ·: l 11
). Proof~ Suppo~e · 

. :· . ·, -· . ' . . . . ·. . . .· · ... .' . . - . 

we ha.ve fou.nd 8: ~olut.ion of th~ Euler La.srange eqWit1on$ (A ... lO) and.· (2.ll)l.(2~ll) 

:'being ·modified by :the phasee tn the above-mentioned Waj]~th a set oi' :p~ea 
··* • 

: .. • arg v~ F ,conat1 anci · E0 being the energy correapondill8 to this solution •. 'rhen 

\ "re. can ce~~ find a ~r ~el."~i. El. < E0 . by·. repi~1ng all the Qosine factors 

: :by l~ ~ since the set . of .. fu · l ·1 I v · f , is. co~fti.~~ent on~ .·wi tli' tb.e set . of nonconstant 
. . ':• ' . ., . v. v . . . . ·. . . 

J?~Se.~1 · El does :no~ correspond to a BOlU:tion of', t~e. variational problem~ fut 're 
. ,. . . . . 

~ n<:"' determine the minimwu of ~ b~ variat1an of JvvJ and luvl ~eeping 
.. . . ~ ~ ' ) ... 

.. ;.: . 

t 'I • ., . 
• t 

. I 

'.' . ' 
,· 

~ ~ •• • . 1 .- ' ' 

-. ~ ';"'I. j. ' • • • • •• • • l . • • • ~ ' •. • ~ . ' .. . . ' . 

. · ':faia ·variation lea{la tQ tho ~E'it of equati:one (_2.U) ·and to a ~otal energy E2 · that 

'. ' ~ . ; 

'\'! (_ 

.. 
' 

.• ' :l· . 'l!l• ~ E ·< l'!f' I \ 
. ~: 2 l '. . 0 . : . -t-~ • 

,. 

·.' 

, . 

. . . <. ~. :. ' ' 
'1:r the ~eeond .ve.rl.atton-ot ·~<!I Hit> ~~ positive ·in the .ne1ghbor~o¢d .of our 

· solution. 'l'bia must 'b~ th~ CtilSe · for an.v phys1e~l.l;y f-ea.aona.~J.a BQlution. 
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.' ·From. a.efiniuon.(.2.-8) of the• "st~ ~tesral·ve can immed.1atel..y e~ that the foll9~ 
' r • • • \ ttf . 

··~"elation holds; . · · 

1:$ 2 v v 
,, 

• > ~ •• 

' . 
~ : ·•'t ' .• 

• .;_ •• ' ... '"~:- • ... ~ ... '"'· !:"· : 

· hom (B-') it be~ ·a;p~·~\:the term_ A :te~ (2 .. l6)l~e~ll ~~at~. 

; c. Use of the Saddle~Point Method 
;tbau 

Integral&· ot the. type 
' > •. 

.. \ ·. 
o~:t(z) • X (~) dz 1 

(- . 

' ~-~· .· 

~ . : .. 

' . . ,. 
. ' . 

• " ' ' ,J ' • 

0 where ~ t . i.e real ant!. pos1 t1 vs .. and .f(n) ; 'x( S&) . arc a.naJ.yt1a on the path of 

. •1nte~tton,' oan be e.pproxinutted by- the tn.ethod of steepest deecent (see ±·or 1nstancf!;'~ 
. ' 

. If f(z) · exhibits a eaddle point z0 .some'tlhere botween A .and B, the path of 
. . 

" , integration should bo Qhosen so as to eroeo ·the saddle point on a line of steepest 

descent. In this case the 1ntegre,l I ~ be approx1ma.ted by (eee2~) 
:. •I:. G. 

l -I It :t=(z0 )!~ 

; i · in z0 • If t'"(~0 ) ~- o, t(t) can be expanded ne~ z0 in the. form 

\. 
{t . 

. i . ' 

I . 

l 
i'l 
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' . ' ···. , 
,· i . . '- ' ~ 

the directiq~ ot the _pat~ 1n_ · •o . . 2' .· . ; ; 
negative.. . :· . · . ' ' 1 · . : 

haS it, be ·suub · that ': ( z..,z )2 t" ( z · ·) ~ is i'eal and · . ' · 
. . . .. . . .. · 0 '. 0 .· . .~ .. ...... 

. . ' '. l .. . . . . . . . . 

, , . Equation (C~2) -~resents the til:'et term of o;n aeymptotic expansion (see 
• ' •t I. ~- '• "\, '"' . ' • 

' ; ,' : • • •:.t-,t .. ; • • ' ' ~ I ' ' 

reference 25, P~- 502) •. ·fh$ higher-oJ<der tel'mS of' this ~ane1on· are in general -__;··: ,. 
difficult to 'obtain. 'Rheref~e, it 1e (11:f'fteu1t to obtain.~ :~liable estimate of the . . . . . . 

aecurae:r or formula (C""2). b error vill certainly be l:lmall, i:t'·the dominant cont~it;. .. 
' 1 • • ' ' 

butio~s to th~ integral c~ ~~immediate v_teWty 'oft~ saddle point~ 
. . . . . ·.'. . . . \. ' . . . . . . . . . .. ,,. 

·In the ease _of ~ i reeiduum intesrals the saddle pc>int is at . z0 = l and -. 

~ ~t-egrate ov~r. the unit circle, . ~ quantities t'(z), x(t) are defined in (;.2) 
. . . . . . \ . . ·' . . . . . . 

and ( !$~·'). Let "/J . be the ·angle 'Where the ~nent1al . ef( £) hd d.roi>ved to ! . . 

· . .f2 
fll I ,~ , 4 -~ ·1 ; 'D 

I .r••( r.o>l ~~ :_. 
t ~ ·,. • 

o\ 

t• t ' .\ 

·. 
total path length 

.:··t';_., ' \. . ,\ . ·' ;,' : .. \ l • f 

l 

'. (?1. "e v~)~ » ··~ • " 
I i 

\ . (C-5) 
/ ,. 

. \. ·~ . 

The product u. V -1~ ·different :1:)-om zero onJ.¥ if v. a.e weU e.e u i~'- \·_. v y. . . . . .. v v 
. 2 I t 

substantially d1;f':fe~t ~ 01 i.e., o'nl3 in the .region, ri, where v drops \t"rom. 
v ', \ · . 

.., 1 to al.nloet 0.-. (eee Fig. 17). ~9 uses the e.W~nma~ion .\ 
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This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com• 
mission, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, ~xpressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa
ratus, method, or process disclosed in this report 
may not infring~ privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor
mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 
of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 


