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\ﬂﬁffueeful tool in nuclear physica.5 Beveral authors have applied the theory to heavy o

o

' .number of levels that are. neither empty nor fully occupied 18 1arge cqmpared ¢Om
o one.g For applications of the theory in nuclear physics this condition ie generally ' i

| toplc have been published this year and have just bécome known to us. - ,f{;*

'5i pumbers of.particles.l6 Meanwhile, varioua pairing,mpdel °al¢ulat;0§s,havevbegnn";“'

of %he number 0perator 13 kept equal bo the required particle number.

as we. evaluate»the entering expectation values with the saddle~point method 9 A

pom e T e e e

When the theory of. aupﬁrconductivity.had been developed 1* ;t was pointed

' "cut very early by Bohr, Mottelson, and Pines, that thia theory might alao be a

e 3

and medium-heavy nuclei and have dbtained encouraging results on the basis of a
3
simple constant-pairing interaction. -8 In both formulatione of the theory of

auperconductivity 4he particle number is not conserved, only the expectation valuewg?
One ‘can easily proaect fram the' Bardaen-coopernschrieffer (Bc8) state an‘
eigen-state of the number operator.9~ Baymanwahowed that starting from auch an

eigen-state of the number operatcr, w¢ are led back ta' the BCS treatment a8 long

crude estimate shows that the saddle-point method can be trusted as long as the ‘“—‘

' poorly fulfilled. Besides Bayman, Blatt considered trial vave functions of the BCS "

10

- ;?  type that conserve the particle number.' o -*.fJ. ..j s :’ Co ;-.f,.,%if“: o

Kerman, Lawson, and’ Macfarlane cumpared the results of the super-conductivity '

' model with the resulis of an exact diagonalization aseuming agein & constant-pairing

11

3 interaction. ‘This 1nvestigation showed the results of the superconduetivity,h,:

‘model'ﬁo be in remarkably gooﬁ agreement with the results obtained by an exact

diagonalization, even for small'particle'numbers. Several papers related to ourkpﬁl
12-15 o

In.azreeent paper Hogaasen—Feldman investigatea the components in the

- .ground and first excited states of the pairing model that correspond to different

e




o

[

- usual superconductivity treatment. This, of couree, ean already be found 1n

variational equatione and compare them with the oormsponding resulta of the

performed with more realiatie forces such a8 &—fore% ’ ‘7 a-plus quaérupele -

S Ee ey ".‘;1;

forces ,17 and f:.n:!.te range forces ,13?19 alsc taking 1nto account the effect

',- of the residual 1nteractions on the He.rtree—?cck field. 'm vieu of th:!.s in- - L

"‘:4..

. creasing number of applicatims, 1’6 seemed worthwhile to atud;f mora widely the

efrors expeeted as a result of the noneonnemtion of particle nmnber, t‘ormxlating

the pairing model conaistentl,y with consemtiou of parbicle number and ecmparing

the final results with thoge of the BCS method. -

i N i

:m See. IT; we derive the variational equatione corresponding to a Bcs

,,-

state that eonserves particle mxmberp

In Sece III, we genemlize thia treatment to odd numbers of nucleons ’ and’ ;

s

in Sec. IV to neutrone and protona. In Bec. V we shw that use of the saddle-j ,

point method for the evaluation of the e@ntwmn integmls leads us back to. the :

9.

Bayman s paper. Ve includs the proof for the aa!w of completeneana

Sec. VI ve present resulta obtained fmm a numerieal solution of our

BCS treatmenta

o

‘l'he appendix eontains proof that we can raatriet ‘the variatioml parameters
of the BCS state to real positive quantities without loss ot generalityc




R um-noes

"' _II. . The Euler-lagrange Fquations Corresponding to a BCS State That Conserves. ,;_‘,‘f :

3.

‘ j';'{./ In occupation number representation, the Hamiltonian for 91}35;69312
Mtemoting nuclecns hes. the form L P N

‘ 5 H a Z €V av av. "' ’ Z lvavsvb 891 ﬂ a Vu 5 B (2..1)
[ t 18 . ‘ ' » ! t(vl’va’vs,vu) | L b N ' L v';;_ . ‘

1n which ay and a, are ereation and amihilatien opem‘berg’remectively’
of particles in-state v 5 s, ave single-partiole eners:lea that showld’ eontam

& part of the Teal nuolecn~nuoleon (N--N) interaction; SIS ."f

SRR g g i
ey v, o 1/1& (v v lvlv v ) ‘
SRERBRSIINY 125% 12 !&

- symmetrized and nomal.tzed produota of a‘lngle partiole vave f\mctions; and v |

5 . I :
B o B e

+ stands for. the set of quantum numbere that define a aingle-particle etate L
"?“’51,13, chosen 1.;"ep_resenta‘oiﬁ,.on¢:, gaing j;hse J=-coupling scheme v hav&:_ |

i X Av o V ﬂ (GJ d} m >g)’ A A "3:”4“'«“‘? T ; .‘.

é; s, Y "".‘Jn H ;'.""'v'.‘ ! B iy R ,_';“y."-‘,'.' e T RS ! “.
LA . - b .
L e (a» .‘h m < ol,
'v s - . *
N e ) ) '.(~ . !
3 “

o where J = total angular mementum;. E N e

N

0N mos magnetic qu.a.ntum nu.mber, :

b 3 . g & any additienal quantum numbera “that chamateriw the atate.

The distinction between m:ates with positive and n@&ative magnet:lc quantmn nume
bers 1s, of ccmrse ; merely a matter of- convenienee. Ve choose 8. representation

in which the Hamiltonien withcmt interaction ie diagonsl. We may think of the
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sing1e~partiele energies e és diserete energy hvela bf either a harmonio'
N , oscillator or a more realietie single-particle potential. '

iy Furthermore we use a phase comrention that is particularly eomreniemt

“in the Bcs,theoxv.a It can be related to the usual phase convention of cOndon
and Shortly 1n the following vey? - All single»particle etates with negative
magnetic quantum number m, < o differ from the correspcnd.ing Btates in the

A P R AR T TP I U B P TRRIE IO P Lo e '
i e R ey ﬂ':\“(!‘. L '12, Car WG i ';‘t-‘.-;=?‘ O O A N AL A 1

o

xumh(-l)”“”‘

1 l»m)‘:8 for . < 0 v Gew ot (241") ,

ootk -,'-' 4 R O 2 ‘.(jf _ti,‘ e ey _}',,‘“- Sy i
{ i, .4- Lot sy *-,_,,,\ I ‘;.,x:v,.a.vy. K

' . Ve describe the syetem by 8 trial atata !’ tbat we ebtain by pro,jectingl»
from the Bcs state an eigenstate of the :mmber cyerator y ~§;_ R

'J:his state ‘I can be written 1n the furm

»

‘fac ¢ §°d§no

§

»

W (ui;t-v ga ) QQ s

Rt t'.—'w‘
. .. : s m P . e T X X . e : b . - ;
s < b s e e LT T o .o ) . Y PR e

e 0 G memome, Lo

- By 1s ‘the mamber (of nucleon paire; TR
and - € ia a nomal:lzation constant that Ve, define b;r reqwiring

s Y, N o ° . ‘e gt o . ol . . + . . . . : R
[RAERES VI LA U TR B PR SN N LA TN R ; L o L D BT ioarral
A . T . N N + N

e - 1/(«1»1?)30

[For the definition of xg gee Eq. (2-8)] G
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"""condition (a-h) by the use of a Iagrangien multiplier, va havc to dea.l with t.he

: M(wlw)om(wlwnao.a - ,' (e~7) .

T-'Rg( o""z Vg)ﬂ‘a-?i ﬁdﬁ'a e

For interactiens that exmw.t- mgative“painns—tm matrix elements we
obtain the lawea'o-energy solution for real ponitive u and Ve (For proof
‘see Appemd.x A) Furthemom we may’ requim s ' '

vkl I T U im e \(" Y "5"«.'_’,"' i‘.,‘,zv!";,j,,:
pebe S _ : { i .
TR R 1'0-‘ ty,o oo Lo
T O I R P - LA U B 3 b
o . IR N .ml
SR AR . Date o
R N P R S 3 o :
Vs ""n T e ‘7,'”'.' x._f.-'l" Lyl ‘f' ‘e',r’ S" Vo ! r' £ad H .
l', ; . A : .

(BM APPe“M" A)' Hencefom, Ve wili tharei‘@re ccmidnr the u aﬁ&é“fw} ; "__
‘a8 real posmve quantitiea, aub,ject eo condihm ‘(a.s) ‘

defined by the variatmnal prablem (aee Appendix A)n ;

restricted by eubsidiary conditiona (2-);) and (2..5), Diaposing of the rest ric tive_:g-‘f'

s

)

v.;.variational problezu, B TR ST A '_' '»:.';f‘

*y . .-
“ ¢

we define the following tuncttons as residma ct s!.mle emtour s.nteg-als in
the complex plane;

;;:_ \'.",,’ [ T

( "’n) -1('- o
El " ne : //Vﬁvl,-ncvn(u "'2'"7 ) (21-8)
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gr‘ther some useful mathemtical propertiea of the ﬁmqtmns %( AL v, )‘c‘. L ,

(ua vaq). ‘ _-éOr ;‘bhe pmd.unt contninav 3
Physicallm., “o‘ 48 the. m'oe xmmbar ot patr staten (v,k,«-v) t.hat ,'

. we ‘take mo cmaideration ina siven pmblem. In Appendix 3, ve hzm put, to-n

m extzend.ed only wer statee sd.th pos&tiw__ magneti.c qmm mnbers«

IORFEL NIRRT '-".
B Se, ] ho

Variation ef (2.'»9) wm: respact to v ana My ,‘ with cmd.&tion (2-5) halding,

.:) oo
K [T ?
S
...vasum.“_ T =+ )
lﬁ. Cer s f L S 'v.-‘: ;
I . - A
o, E x T
Fe
E RN







=
i
<

P

s . o - UCRL-11083

.

e e
T

*“ quantities '¢f the Bcs thee-ry when the’ mad.dle-pbinﬁ nethod u applied. ,
| The Quantity 1\, bas no cwnterpart in the equativns of the BCS theory, {; :
' Vhich contains instead a constant.chémical potentisl, This potential 1o chosen -

i

80 as t0 make the expectation value of the number operator equal to t.he required
'-.particle nurber. . In the derivatim ot the eqnat&ons (2-1.1) the quantity.- Ay o
'arises from the differentiation of the residuun 1ntegrala wit.h respect to A\ and
u, (see appendix B) In the i’ormulation (2-15) the recure:lon relationa (B-l)
',vand (B-2) have been used. - R S i
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by blocking one of the available pair statea. xn w.r theory with conaamd

partzgle numbw, a ayatam with an xadd number oi‘ particlea wﬁl be described by,'

the atate

01’ couxee, c 1& again tbe nmalizauon metant given ’oy

qmntum s‘cate v 1.3 ocoup:{.ed. by the odd nuelaono m fmﬂaa tbat we will obtai:!‘ Y

 starting fran state (5~1) can be alumost, guasaed vithm @a.lmﬂatiom ALl nesidmm
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with the odd xmcleon wil be repreeented by a spec!.al tem that- will modiry the

',;.égﬁnitiom of tha q_uantities ‘v m A The tatal‘_'enexm E hae the form gk

4

|

':).'




T Tt
B Tl hcr: Tl ]
PIRACRE:
T S B
S J:.m.%.,

/2

)

el
4 4

o

)i

i
Veyvey

211

"

L

0

LIRY
R

)
{

¢

'
Y
Y]

1

M
Wy

3
-

ot

¥V
SF

eqdatiéngﬁha%
V)

V-

(
V vy
!

o
o H
L and

b

| -
SN SN
o e~ - =~ . -
Rl -3 R < . AR
. , _V IR . ;
[ - - ol LT T
.. ﬂom‘ . - -~ - -
L . . i " s
e Tt S o o T N .M w..
. - . E - T,
PR R PO ..v . . - -
N . S S w N L. - w Y
! B ’ (m¢ R R .. N
- - o N
E .
- o .- PO [ ?
o s e
t - [ - .
: : e R
. - .
! . L
J . . -,“c
Cum e s o .
o el g 2 B N T S PSS S AP
e - e g A et ot o
. _ ) : g e
~-. v P «




fferant

Blocking' of a

The lowest of rl‘tvhela‘e energles :t..a' the

f

onss

mumber; the other

hd !mv. . . - .- e .. BN
o = e e e - s .- C e
LR R s ’ el
m,\m B I o - : e C .
o s Ul sl g e o4 . e .
oo PRI Ve TR R X e o i .
i AT R . W T e . P
- . . ‘ .‘. RN . 2 ‘A ..... .... ; . - Fha .< . s ) w .
. o ; I . - . Lot
. . . : BRI o : . - - . - )
. . R 3 T : R . LT



#,

) might be usem td have them available tm' munerical ealculauona

We deacri;be g
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"‘m‘"e“’ Y » Vi m “v sV, are the variationsl Darmeters for protons and
neutrena, respectivelyc TP L s S

Ao AR
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We wwn'm atmy zhe Mft‘arannea bmw tlw ms %heory an.d t,ue meum

number, (b) the atxengl;b. af ﬁhe pai.ring Wpe lntemctiom ana (e) the. lmre). apectmﬁ
~ For thiﬁ m uee 'ah.a apacial me of & lwal syatem with 1.5 padr. st.a.tea a.mi a,n attra.c.t.
iva 5~mncticn p@t«entia.l, af atrangtb qenemm 13. W@ ecmaider sepaxately the case o'.r
e level apeetm ’ehaté aemnpondu te 4 apharieally s:,mmtzx':le mxclms (ae@ Mg. 3.)
e.nd Lo one t-hax eomeponds t,o an a.xﬁ.a.l.ly gynnnatr:&e, rathep. étrongly dﬁfarmed
nuc].eua (aee Fig. 2y dﬂfomaticm parmiser v . Qt X@ilascm 5 ls f«.’),' L
- * We heve also parforma s?me ealcnlatim mm moxre semplicated faxeea auch.
as delta«plua guaﬁmpom and. ﬁniﬁg-mnge farcea and have fmﬂ the expeabed resum
tha,t. *:,m errora am t.a nmecmeawatmn @f mrticla mber do’ mt ‘depend much upon X

% '.‘..'

the apecia.l. type oi’ fom@a but mainly on the relmiw atrength of the aﬁtmc’cﬂ.ve ‘

ahort—range pm ‘”f i‘;b.a ’f"m* Qﬂmpw‘ed b0 th& average level ﬂpacingq Thus, it :!.a

2 sufﬁcient t,o study the cauemicn cf nomonwmmm of pammle numbm? in the apewﬁ.al,
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In tha case’ af our syheri@a.l mclm 9B (tmsular xm,antm k, magnet.ﬂ,c

R qmntum nr. m) PWS&W@ v' ia tlm wemgﬂ: fiald ae;tiﬂg on a pm;mla in 51‘:&179

" It, depeuds, of mrae, on the inmre,at,ien strength W ané an the number of

parbielea. '



in the Bcs treata:mt 13
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differencea where

,Eqr i '( 6_—5) 1$ a foeren ccméntian;“
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- different pa.ir mmbem. e

of h:!.ghex' energy i& mre stmngly oqmied. tba.n a, neighboring ona with lower energj.j
. - - This ha.ppena if tha ga.in in po.irina energy 3,3 mger tha.n tha loas $,n singla»xmrticle
energiea. Thia phemmenon iﬁ wllmknown ainca t.he wly dm of the a!mll model. »
| o i A clemr yictm of ‘the errmm conneetea wﬁzh noncanaemﬁion of partic.le
| riumber can be obtained. frw Figa. 7, 8, and 9:

occupaﬂm mwuuuea ot’m iﬁdn 112 nubstaten aha ﬁmction of hm ror three =

a@mpation pmbab:&litgea e?Q 1& ca.lcu.lated meording *ka (e.,;m from th»a eet of va
'bnat, has been obtained aﬂ ! aa:lm;icm of tzhe BCH eg;w,ﬁionae L
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A procedum that is m:;uently med tc» 'hnprcw mm raault of & ms treatmen'b

n':;_

S T
o consista in firet aolving 'the B}S ﬂquatiow and t,twn :gm,jacting f‘mm ‘hha qbtainea B&”&

»' s’hata the mquﬁre& @igenﬂtata of the nmnber epemtnm - In thie cese, a nev set of

w.,‘ﬁ

: iy In order to mamre ma aceumy of the BGS solution a.na. of 'hh@ aolm:ion ;
- obtained from 1% by pmaeqﬁm, we d@ﬁ.ne tba qmtw:les o '_ S
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o a.nd plot them aga,inst hv f_or d;[fforont pair n\mbera no a.nd different atrength
.: conota.nts w, 'L’hia ie d.ono' :!.n Figa. 7, 8, and. 9 for the case of spb.erioe.l nucle_.
" ;We can J.earn sevoro.}, thine;a from these diagramsz (l) The ama.ller tho occupation .
"pmbabilitioa of tho statoa 1in question, ﬁhe 1arger the errors 1n both the Bcs
: :.." occupa.tion probabilitiea and the ones obta.tned ’by proaeotionz (2) The wea.ker the |
’ 'pairing-type interaotion tho 1argor the errors of both ‘methods, In this connection ’
" e etreas tb.a.t tha projeoted sol\xtion .‘La only bettor tha,n the BCS golution for strong
" and modorately at:rong pa&ring«typo intera.ation, mxereaa u xnay be worse in ‘bhe case
- of weak pa.iring intoraetionaz (3) 1n o.ll the oa.ses considered, the solution obtained _

by proaection y.{eldad rboovsmall:oecupation probabilities for the wea.kly occupied

i levelsir In other words, the proJectod eolution generally undér-—ostimatos the smearing

" out of the Pernd surface. e ' o R

| ! Figures )0 t.o 13 show tho corrosponding plots 1n tho case of 8’ dcformed nucleus.
'Fie,urea 10 end’ 13. ohow the' oooupation probabilit.ies as a mnotion of the aingle-particle
‘.'energiea h ' In the caao of' the Vory wee.k pairing in‘s;eraotmn (w = - 0.2) the Fermi
surface is practically sb&rp In thio ca.ﬂe tb.o ocoupa,tion probabili’oies of the weakly-

‘ - occupied lovels cone out wrcmg in the Bcs treatment by fa,etora of 100 or more 5 e.nd

'they become even wox'oe :i.f we prcmect tho correct partit:le numbor from this solution. |

- if'ortuna,t.ely, the ease of’ an extremely woa.k pairing J.nteraction is nob the one we are

o 'ﬁfaced wj,th in nuclear pmioa. ‘J.‘ho dist.ributions are very smooth now, and no shell.

.,;Teffects are diooerni’blo. Figures 12 and 13 aga.in show the a,ccura.cy of Bcs treatment,z»i
and of the HCB caloulation wlt,h aubsequont projection.. Evidently, the statements wef"
have mads for the case of th@ Bpherical nucleua remain oorrect also for the deformed_f?

t"

o nucleus, - For the case of‘ 8 strong pairing-type foroe tho proJected aolution becomes a

| _;‘-fvery good approximation.

B ‘ Figurea iw end 15 ars oupposed to show the accumcy of the Baddle-point me’c.hod
! for the case of individual :!.ntograla xﬁ Wo detine the quantity Q:L ( ) as .



o ; ,The‘ Q'J. (v) can. glgo be written
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. 'rhe quantities ql(") are a'valuated a.a 8 ﬁmction oi’ ﬁhe net of v, that is obtained

from a eolution ot tha BCS equations. ; Eence, 12‘ tha saddle—:point method were correct,
the quantities Q’l (v) shculd be zere accordins %0 vhat has been sald in Sec, V.
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B fg..a., the Mfferemea 'between tm accupation prdbabiutiea sz of che BCS* theory

e,nd. the occupe.tion pmbabiliuee ePa»' o‘ntained by subsequent; proJection give a direct
meaaure of thef a.ccuz‘acy of- the aa.ﬂdlenpoint me‘bh@d, FO:' Pbyﬁieal pairing interacticns

2
the trua occupaticn probabilities ea- usmlly e he’ween the quamities ef end .
s 2
' VBCS ’J.‘hia means tha’a fcr t):mae ca.ses t.h.e ms theory is move reliabls; than one wuld

,Z_V.

expect frcsm considering ‘t,he acma.may oi’ tm aaddle-point mathod.

In the case of odd xmcle:. we obtain dﬁ.ffarent'. nnelaar ata.tes by put‘hing the

i R unpairea nucleon {nto difi‘crent. ormmm The state cai: hweat energ:v m the groun&..

¥

) atate of the odd xmclms the others repres.ent excs,taa atm;es. Thesei stat;es e.re :

ealcule.ted in different gpprox:!.ma,tiona .‘Ln the litera.ture. " 4f we o not eansem *ché. '

' ,' pmiele number in the. pairing model, ws wim 't:hﬁ wam ﬁmcftion gb.. of a,n odd

L zmcleus with the unpaired nualeon being in atata ";7_ &8

.% = a’;;' ”v iv . (uv * Y 5‘: a’:v). 57 R (6-30)
and -‘we obtain the ezé#s,’;.atién energy -  from .

4 - . .
¢



where" ," N {15 the groundustaw energy qr tha od.d nucleuﬁ. lln:'crudest approximation,;_(

(a,pproximatian Q ;’m Fig. 16), f:.he Variationa.l equatioua earrespond.tns to en ordinary o

" s state’” Y n

" vcalculate Ev h.ccording to (6~11) A babter a.ppro:dme.t:!.on (appro:d.mation B in Fﬁ.gq
.116). eonsiate 4n solving the MQr-Iwange equationa corresponding to the trial state

(6—10) One can. -hope 4o inprove t.h.is latter aspproxﬁ.matmn ‘by pro.jecting from solution

| \' b B the correct eigenataw of the. mmbar opera’cor (approximation P in Fig.- 16)
In Fig. 16, results of ‘hhes@ th.ree metha(la are compared wl.th 'che result of

'I'he casas of. 1}, 1.5, J.’!, 19. a-na 21 nueleona i.n 25 Nilsmn orbita.ls are

'ﬁeenaidered. Again, a'd rorca 3.5 uaed. a8 pa.iring Mtermtion. The orbitals correspond

to the. actinide. regian ‘and the melei sucoeﬁsively to Ao, Pa, Rp, Am, Bk. Having
neglected the nautron«pmrbon 1nt.erac1;1.on wa de not put any emphasis upon cbtaining

i . agreement vith experiment.. Navertheless, $he e;round-—atate Epins come out correctly. " |

I

" We are interested only in the comparison of results of the different methods. |

: g Approximati.on Q ia poor. 1n almost all. caaea. Tﬁe excitation energiea differ

usually by more than 10036 n-am tbe va.luaa obta:.ned wmz me theory ﬂith conserved

. particle mxmber. A R | Cohi e B o




)

-wrons Grdero\. S ‘j"'é‘"

[ SR
!$ ‘H}‘.a,

Pl
A R D
. v L I3

&

T, “ 3 . : . ._ T ) . - s

"‘ ’

f ) l'he blockiug ealmlatiom (B) give relatively better results, Hmever,
- there are still emrs u;p to more t’hexl 100 kev for ex¢it.ation energiea mnging |
from 8 few kev up to. T0Q kav, and nei.ghboring levele aometimea come out in the

.g-.

Subsequent proaeetion (EP) mrwea the bloekins ealculationa for the case

~of Ac, Pa, and Np, vhere the pairing mterecbion is relatively strong ccmpared to f{ -
the average level dia’cancm n the spectrum of An this procedure brings the levels .

2 and 6 inte wrong ardar. ! In tha case ot Bk tlw ‘solution cbtained ‘oy subsequen"c

3 pro.)ection is definitely of poorer mccuracy than the ﬂimple ‘blocking caloulation, ', '
" In thia case, the pairing Mtemetion 18 weak rela’cive to the average level diatance.

| Thus s we find egain that subaequent pro.jeetion does not imprwe the BCS results 1f’ |
. the pairing mteraetion ia relatively weaka , N v L

Genemlly speaking, the eryors due to nanconaemt.ion of particle mxmber are

= considerably Larger for tha emitaticm energies than fcr the occmgpat‘.ion probabilities.
. ' B ‘_Furthermore, these errora are usually or different magnitude fcr neighboring evenw 7
- f_ 1-even and oddaeven nucleio 'mis‘ qu,zestion is studied in detail in a forthcoming

1

‘f.,Faper b}}' I‘Iilssono o | ST | S :_’Y?

Iast 'but not; leaat, it should. be mentionad. thatz the tetal energy E as

i . abtained from the BCS theary, frcm the BCS thearw vith, aubsequent projection, or .,:
) ,: finally from our furmulatim with rigorous consewat&on of particle nunber dif’fer N
‘( usually cnly by fractione of & percent. The mamn 1s that the main contributions
- to the total energy originate from strongly occupied levels. As ve have seen beforé '
~ the occupation probabilities for strongly occupied J.emls are by fay more accurate .

. than the ones corresponding to weak.ly occupied levels.




, Diacuaaicn oﬁt’ the Boiutﬁon of the Varie.tional Equationa

"mtherzgmsidaofxq. (A-l)amamoftmseach

i
%

i conta.ining a product oi’ ”‘O factora v u, gthua, u we mltiply a.ll quotients
ivv/‘-"v‘f-f"ith a comuan fm xt thiﬂ factor e.ancels iﬂ (A-l) This means that

@’

e ,with the restricbive e,onditions (A-u?), the set ef' u ,v " 3s &etermineﬁ only

!
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Micali,v maaningml quantits.ea nkg ttw pmbabiutiaa of occupation 92

o &

cr the botal energy E are 3.nvaziant under the tranafomation (A-h) Thia ambiguit
of the Bolutions doea not. exist 1n the ms thaory,. Hext, wa wﬂ.ah to ahow that we ma

-t

a.aaume the v, ancl u to be real without loss of generanty. f.j:. uv, x

; 4;;;.;-- 1o 3 fln the, caaa off @omplex !Foeﬁiﬁiem& ,vwand u "bhe total ernergy E is given
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Varia.tion 'with regard to the quntities Iu |

1i-

v of equations that we have derived in Secn

o pairing-type matrix elements are nmltif)iied 'by cos[arg v
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Equation (A~10) has the trivial solution - e
' . i Co. ' . Tl L ' t‘ A ‘s « : ’ ":
v;‘. R U - A R s g BT
; erg v ~s= oomst. o (aeny

31nce 8 comnon-phase fm’cor of aJ.l parametera | v can be imed:&a,tely replaced.
by +1, (A-ll) eamsponds t.o 8 aoluticn with mal, posmim coefficlents v,

e.nd u‘v . the one mnsﬁ.dﬂred in Sec. I.I e ;‘: o |
w@ a.aser‘b tlmt this aolut:lon ccrresmnds to the 10%51‘. ener@ B, ifthe .'

pa.iring-.type matrix elementa ara e.ll. negativc. . This 15 the caﬁe for a.n att'x‘-activé
in‘ceraction aud the phaae convention defined in (2 1') , and (2 l") I?roof: | auppose
we have fou,nd a solu’cion of ’che Euler Ixagranga eqmtiona (A»lo) s.nd (2 3.1)&2 11)
being modified by the phasea 1n the abave-menﬁic:ned way]with a set of }?h&ueﬁ

:_ arg v, # conat 2 eml E belng the energy corraaponding to this solution.- Then -

: We can ¢er’bainly ﬁnd e lmler ener&r, El < Eo by repl&cing all the ¢osine factors .
by Iyt Since the set of Iu ’ [v Q ia consiatent, ouly wAth the set.of nonconstent

x;asee » B doea no’a eorz'espond. to 8 aglution of the varia.tional problem. But we

1
can now detarmine the mininnm af El 'by variat:i.qn of lv | end [u | Leeping N

. lula !Vlg e (a2

Thia variation lead.a to thec ﬁet of emtions (a 13.} ana to a tetal. energy E, that
s J.owez‘ or: equa.l te El’ ‘ " ’ '

[N

I
’ . A': “:'.-‘: : : ‘/ . . 'A,'.". = ,‘ » »IIRF- '. ‘ . 'v ' T . ?|
e B b E::.,'.‘-Ea_,f S N

«

| 1f the segond, ve.riati.cn ef' t(‘EIH]Y) iﬂ 29061@3-’9’0 1a f?m mmhb"”h""a' of ur

! v

. golution, This must ‘ba tlm case’ fo:e any pmrsica}.ly z:eaeombla aolution. -
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" Rel&tian (B-l) m uaeml

I i “Lat of the aaaale-pom mthod. (mh addle poi.n'b at zo - 1) relaticn ey
(&1) baccmas the nomalization condtticn o :_,-: B

resi&mminte@alauillh&vemluesbetm 0 aml + 1 ifthe u am’i v

[ TulfII condition (2.3). (S R ;

\ ‘. B .

: :f'f’%: o In the &eriva:bion or the W—Lagra;ﬁ equatsiom, wa have to efvaluate variation—
n.;V T S : .
a.l derivats.vea of the residmm integrala L H R ;-
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From deﬁ.nition (ma) of the me:.ﬂamm mtegral wo can immedj.a.tely ges that the followi)

B}
¢

rela.tion nclds; S :_ o

e
-

AN . a
*f

BRN (Vl- vovn)

| ;s.. .”‘;ﬂ" 8 v ﬂ v {Ilg_'l (leQQVESV) - g Cvl¢,¢vﬁ) } “0.' s " (3‘5).

iy v

 From (5-3) 1t becones spperent hov'the tern A {ses (2.16)] comes ©> extob.

N Use of the Saddle-Point Method

, Ixitegtals*of the. type

R x-.-j ME L x0T (e

et

" where 't 'is real and positive and £(z) , X(x) are analytic on the path of
E 1ntegra€10n,i¢an be epproximsted by the method of a%ee'peéb descent {see Yoy J,nstance@

o somwhere batwveen A and B, +the peth of

. integration ahould bea ahoaen BG 88 t.c» eross the saddle pcint on g line of si;eepest '

descentu In this case the integrsl I can be approximated by (gee 5) . .g'

1
2

T Pﬂw x(z,) 4(2’;>§ . r“%n , (c-2)

~

fe

. Tn(C-2) a te the'-‘a.ngla betwesn the positive real s and the direction of the path

o 40 the form

) e tla) ¢ 3 na® la)e s L (ed)
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. uhe direcztion of tha path 1n By ha.a to be auch tbat (zng)2 _f"( ) As real a.nd

negative.a? § S e R B S
.ﬁ Equa.tion (c-a) repreaenta the ﬂret term of cm asymptotie expaneion (see
reference 25, .. 50‘>). ‘mm higher-ordar terma of f.his expansion are in general
difficult £ obtain ‘I.’herefore, 11:. 19 difﬂcult to obte.:ln a reliable estimate of the : -
accuracy of formila (c..a) The error vil.l certainly be sma.l)., 1f the dcmim.nt contr.m.ﬂ.
‘butions to the integre.l came from the inmzedia%;a ’v:xeinity of the saddle point. i
| ‘ In the case of our reaid.umn integrals t;ha aaddle pc:!.nt 18 at . 2, ' |
w integ,mte over. the un:lt cimle, 'm que.ntities f(z), x(z) ave defined in (5.2)

=1 ana

© and ()-5) Let w be the a.ngle whem ﬁhe exponentiai &f(z) bas aropped to -i—

of its value a‘t; 30 -i Ths equation for w :m given by

| "= *'""“*—“r '!\(2" . '"JQ ' 1“"""*“—'3: \fe'—-'f C e
f};{,ﬁ‘f’l lf“( )*g lno ‘E v ‘ '? u v I » :j\' ) .; . ;
o ': . . ) o X 5 “ R E . Coe, B

. LR . o . . .t
1 . N . : . A

j?or the’ saaﬂ.le-poin’b method, to ba am:lic&ble, 12:}/ ighoum be emall bompaﬁéd to the =+
total path 1ength 2y e S e T e e

The product \i v, 18 Mfferent frommonlj e v, aswena.a u 3.5‘\‘

< i\)<

substantially different Srom 0, L.e., cnly in ¢the region\ Iz » where v é._roﬁ';;s \groq . 1
~ 1 to alnost; Q (see Fig, 17). mmn9 uges the appm:f:ﬂ.mticn |

N ) . . . < N o .
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m larger | a s.a, tba more reliabie t‘.ha saaﬁa.e-pem nmnoa Bhould be. La:rgé ,

is fav'o('ed ‘by strons zsa,iring s.n’cerac'biona. On the at.her hand. the Bcs atata conserves

i
]
i
X

pm:;cle mxmber in t.he ca;ze of a aharp Fami surface.‘ Thua it is to 'be expected that

'ﬁ.n the ls.mi'h of very small gz t.he arrara connec‘:.ed with the noncomervation of -

}particle nmn‘ber anould 'be ml.l tso,9 'amereaﬂ the aadﬁ.lewpoint method can be subatant.

*mng in 'ahie caae. Thi.a :I.s 'boma sut by our numerical results (see Sea. VI).
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Figure 1‘ Speetnm or atnsle-particla energiea ror spherical nucleus. R
Figure 2., et.mm of single-‘perbicle energies tor deformed nucleus (nm]_‘5 son~ : .2)
Figure 3. Level occupation pk aa a runcmon of. the (ael.f) energies hkm R
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’ xFi,gure h, Level occupetiom pk ae a nmction of the (aelr) anergies hkm :
BETS SN
vE ;tor sin pairs. (no 6) am‘i different Mtemction atrength‘

BCS theory

Figure 5. f.evel occupatian Pk as a f\mction of the (self) energies hkm “

TR for ten pairs, (n - 10). 4,.;;,;;;, -

Figure 6. Occupqtion probabil:.lty fm' the m= 3./2 magnetic substatea fer L
- strength dopstant W = = 1.0 and for different patr mubers,

" . C l.f{,f'A , theory with eonserved particle number
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. A «-----ms method vith subseq_uent pro,ject:lon
g Figure 8,! _ Accuracy ot ocaupatz,an probabi.lities m methoda witb:out conservation
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mgu.re 9. Aceumcy of occupation probabilities m methods without consemtion 3
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behal{f of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.



