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ABSTRACT 

The possibility that the Y: (1385-MeV) spin is 5/2 has been investigated. · 

* . . -
Identification of the Y 1 as an F S/Z state is excluded; the DS/Z assignment is 

found possible, though is not required by the data. Of the states P
312

• o
312

, 

s1;z• and P i/2.' only P 3; 2 is acceptable, the exe.ldded hypotheses having con­

fidence levels of order iO -b or 10 -'7; this conclusion strengthens slightly tha 

authors' earl.!er sel~ction of P'3/Z' bae:ed _chiefly on study of the eA dependence 

of two components o£ the decay N s polarization. This more definitive report 

results from the application of the 11 moment analysis" of Byers and Fenster to 

a sample of 895 Y; decays obtained from K- •P interactions in the. 72-inch 

" bubble chamber. 
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I~ - INTRODUCTION · ·· •. ·' ... . . . . :_ ... ;_.:',;, * •' .· ' ,· 
The spin and parity o£ ~~ Y i ( i385 MfiJ has been investigated for . 

-- J = 5/2., 3/2, and i/2.. The-:id~~ti!ication o/~~ Y~ ·as an FS/2. state is excl~ded; 

... ' 

; 
_ . ., 

. _ .·the DS/~ assignment is possible, though not required by the data. Confirmato_~Y .. : .: , 
' . 

· .· ., e~idence has been obtained ~~r .. t~e authors' ea.~Her ~election of Pl/7.: ' .. · .. ;:· , 

... :·.': . .'::>Chiefly on the angular d~pe;nd~~~e olthe decay--4,•,8 polarization. 1 .:·",<····~: 
~;· ._. :.,. "' •• • . ~ ·••• ~ l. • • • • • •• 

•;·:>.t~ ·. A number o£ reported experiments s~ov/considerable anisotropy in the : · 

';!:·angular distributiol!- of Y~*' -·A+ tr-4! decay and:thus:permit the conclusion that tbe · 
. Ill . . 2 . ·_.· .· . . . . . . . 

. ~ _Y 1 has a spin > i/2. Two experimental g_ro':lps have found that the average l'olar•. . ,,. . . ·. * .. ". . '·... .· 
.. ·- .. · i~(l.tl~n of the A indicates that.the Y i is either Si/2. or Pl/Z." 3 A recent study of 

. _.· ;:·.:'.' :y~0- A+ ;r0 . events c::oneludes £~om an Adair .distribution that spin 3/1. is proba.bie. 

~.·but that spin S/2. is unlikel~.4e 5 . · ' · 

The analysis reported here utilizes the complete angular d,istribution of alf_ ' . 

. · three components of A _polarization (whereas the earlier study treated only the 
·,,"'· 

.. '-

· .· q, A .. averaged distributions o£ th~ pulariza~on '?ompon?nts in. the plane o£ the. A and , 
. .. . . . ·. .· . .\ 

the production,normal) •. The parity conclusion:::i.s based on a compariso_n of the 

polarization components transverse and parallel to the A direction: this comparison ··.: . 
·-.; ·. . \ '• 

· i is similar to (but iS more general than) that o! the normal and "magic-direc:tion•i 

·.· >components of polarization ~ad.e earlier. In this present study, the !ormalism'of ·.' . . _,.,.-.' .. . . ' 6 ' . . . . ... ' ... '. '· .... 
· .: Byers and Fenster . is applied to the distribut~ons of A direction and A polarization - · .. :. * .. \ ', 

· :: :0 : resulting from Y 1 decay. , . · · , . . 
):, 

,. .. .-· 
.,_. I ' \ : ' ~· . •,,·. 

11. ·THEORY 
.:!_ 

. '· ··.'' t'. 

I' •,·:. • .• • . . . ' . * 
..... : -: As Byers and Fenster have shown, the decay process Y -A+ w -can be . ,, 

.. . _· _· .. · . .. ·.. M -. . . .· .. ·: 
.,· .. conveniently described in terms o! expectation values t L of certain spin• space : ·· ... 

; __ .(~:op~ra~ors T~; 7 these expectation values are ,~esign~ted as .',:~~ltipole paramet~rs~i• 
/" .. -. .•" -~ . ~- '~.,. 

. . . -~~ : ~ \ ":.::~.. .: ,' · .. ' l ... 

. '· '. 'j ' 

,. 
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Thus the angular distribution of the decay A is given by 

\ M M* 
I(9,cj>) = ~M!YVLO tL y L (9,cj>) with L even, 8 (1) 

where ~O is a constant determined by L ·and j (the Y: spin); y~* (9, 4>) is 

the charge conjugate of the usual spherical harmonic; and the normalization is such 

that J I (9, cl>) ciD = 1. The angular dependence of the A polarization is represented 

by 

m \ (m) M'* 
IP1 (8,4>) = L GL'M' YL' (8,4>) 

L', M' 
with L' even, (2) 

where Px; represent; a spherical tensor polarization component 

[ P
0
1 =· P • P

1
1 = - (P + i P )/,fl; and P~1 = (P .. i P )/"-'2]; and G(L~M) , is a 

Z X y· .a. X y . 
m+M' · m+M' 8 9 

combination of tL' + 1 and :tL' .. 1 • ' The angles 8 and <1> are the polar and 

* aZimuthal angles of the A momentum as observed in the Y 
1 

rest frame (in a 

coordinate system determined ·by the production process); the z axis is most con­

veniently t~en as tJ;e normal (n) to the production plane, as all t~ with M odd 

must then vanish ~by reason of parity conservation in production). 
. . . * 

For the determination of the Y 1 parity, Byers and Fenster transform the 

above components of I P(8, 4>) into components longitudinal and transverse with 

' . M 
respect to the A direction. Both of these involve only the odd-L tL as before, 

though the dependence on spherical harmonics is very different .•. '!'}}~,longitudinal 

component has the form 

... 
I Fj1 = I P · A = I· ;h)LO t~ y~* (9,¢) 

L,M 

and the transverse component can be represented as . 

~ ~ 
IP

1 
=· IP • AX(l\Xn)- iL:=- · (nXA) 

with L odd; (3) 

(4) 

with L odd, 
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where.;rtJLi depends on L and J, J9tr,1 is the usual rotation matrix, and 'Y = + ,1 

or -1 in accordance with the Y: parity ( J = .£ + 1/2 or .£ - 1/2). 
M . . ··.· 

The . tL multipole parameters are proportional to the "moments" 

of the I ( 8, c!>) and I P((), tj>) distributions (and will hereafter be referred to as 

"moments") .. These can be evaluated by multiplying each distribution by the appro.­

priate Y~ (or by~ ~1 fo~ the transverse polarization) and integrating. Thus ' 

from the angular distribution, 

avLO t~ = fdn I(O,<jl)·Y~ (G,<j>) 

and from the longitudinal polarization, 

for even L; 

for odd L. 

Finally, from the transverse polariz'ati.on;. 

.. M* ;, 1/2 f t(I...L 'V -m/Li £ = ((2L+1)/4rrl dOw Mi (<jl, 0, 0) I P1 (8,<jl) 

\ .cri* m* for odd· L. Since P 
1 

= - .J2 ~ ov m 1 (<j>, (), 0) P 1 , Eq. (7) reduces to 

(5) 

(6) 

(7) 

_A; tM = (2L+1).:.1/2 y /FVLi L JciD I~ Y~~m + B:r_. ~ JciD I~ Y~:': J (8) 

1/2 ·where m 'has·values 0, +1, or -1; AL = (L+1) C(1. L-1, L; m, M-m) and 
1/2. . · m 

BL = (L) C(1, L+1, L; m, M-m); and P 1 ~epresents a spherical tensor polar-

ization component. Comparison of the quantities evaluated from expressions (6) 
* ., 

and (8), as shown by Byers and Fenste.r, determines y and hence the Y 1 pa,~ity. 
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III. APPLICATION 

In practice, an angular, distribution moment is determined by evaluating 

the appropriate Ytt for the. 9, <!> angles of each event (k) and summing over the 

N events to find the average: 10 

(9) 

(Compare with Eq. (5). 1 Polarization moments are more difficult to evaluate 
\' "' 

because the polarization itself is an average, found by summing direction cosines 

of decay pion momenta in the A rest frame; thus 

n · n ( )1/2 
P·i\.(9,$)=(3/o.n)L 1Tj·~(9,<j>), or P~(8,<j>)=(3/o.n).L ~Tr Y~(e., . .;J}:), (10) 

J = 1 . ' . J = 1. . J .. J 

where a. is the A decay parameter (a. = - 0.62), j is any event with a A traveling 

in th~ e, q, direction in the y* 'rest frame, w is a unit vector along the pion 
..... 

direction in the A rest frame, and A is along the direction of transformation into 

this rest frame. Angles @., q,, refer to the 1r direction in the A rest frame. 10 
J J 

·Equation (6) for the odd·L moments o£ longitudinal polarization becomes [ with 

absorption of the s\ll'ti' of Eq. (10) into that of Eq. (6)]: 

( 11) 

Equation (8) for. the odd-L moments of transverse polarization becomes 

1 The expressions above obviously are sums of complex numbers, so represent 

separate sums of real and imaginary parts. 
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Errors are evaluated for the real and imaginary parts of each moment by 

the use of such expressions as 

(i3) 

for the real part of the cross-section moment found from Eq. (9), and 

o(Re tL) = (1/~o)j L. (Re YLJ (11. A) ol L ReYL w.A /N (3/o.N) (14) M ~~ M2 -" "' Z r~ M " #o]z · Ji/?. 
~=1 . k=1 

for the polarization m<?ment of Eq. (11). (The second term U:s~ally is very small 

in comparison with the first in these e·quations. ) 

IV. EXPERIMENT 

The formulae developed above were applied to the Y: decay distributions 

from 895 specially selected events from a sample of 1650 identified as 

(15) 

at 1..22 BeV/c incident momentum. * The selection criteria were that the Y.... mass 
l 

· be between 1340 and 1430 MeV and that the production angle be such that 

#o* #o · . lfc+ *· I Y · K I~ 0.8. The mass limits gave good separation between Y and Y bands 

on the Dalitz plot, shown in Fig. 1; the restriction on production angle enhanced the 

observed polarization or alignment. (For other details, see the earlier reports. 11·) 

The various t~ moments determined a~e presented in Table I. (The 

negative-M moments are omit~ed, as they give no additional information, t~M being 

· M M* 
equal to (-) tL . There are two evaluations for each odd-L moment, one from 

longitudinal and one from transverse polarizat. m. These are compared below. The 

power series in sines and cosines necessary tc describe the data a:c·.e obtained by 

using the experimental moments of ... .:. .~1le I in the expressions (1) through (4); e. g., 

the longitudinal polarization for the a..:.:cumption of the Y: state P 3; 2 is given by 
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I p . A = ~otf y~ + '3'ot; y~* + arot~ y~* + ~ot;2 y;2* 

= (3/4Tr)
1
/

2
[0.126 t~ cos8·0.379:~r3:5)~}/~;(Reti sin

2
e cosecos2<j> (i6) 

+ Im ti ~in2 e coae sinZtj>) - 0.379 t~ ( .J7/2..J3HS cos 3 e -3cos8)]. 
. . 

To decide the spin of the Y:, the maximum complexity of non-~ero moments 
... 

was determined. A·chi-squared was constructed1 o£ the form 

(17) 

where ti or tj represents a real or imaginary part of any t~ moment (e. g., ( 1./~Pvzc 

( Re Y·~·:)) and (t1) or (t) designates t~e expected value; the moments included 

were those needed to describe the decay of a spin 5/Z system ( 17 real numbers). 12 

The G- 1 is the inverse error matrix; each term of the error matrix is given by 

·' N ( 

Gij = 5(t;- (\)) 6(tj ;(tj)'t ~ (i/1\1:) ~i l{i- N)(;j 0 (Yj)) (18) 

(For diagonal terms Eq. (18) is the sa..vne as Eq. (13) or Eq. (14)]. Data from the 

angular distribution and from aii polarization distribution were used. 

2 '* . The x for Y 1 spin equal to 1/2 was found by using for the expected ( ti) 

the experimental values for t 10, Re t 11, and Im t 11, but taking all higher-L 

( t) 's to be zero (as required for spin 1/2). ,The x2 
for spin 3/2 was obtained 

\ 

in a similar way. Th~ results. are stated, with the number of degrees of freedom, 

in Table II. A. 
1 ~ 

To determine the parity of the Y:. for each spin hypothesis, it was necessar~ 

to test equality of the corresponding moments for longitudinal and transverse corn-

ponents of polarization with the y of Eq. (1.2) assumed equal to +1 or -1. 

2 
The x formed was 

z \ 
X = L 

i, j 
(tL tT/ I) G-1 ( tL .. T; I) . .. " . " 'j . - y.. . 'V , 1 1 1 J J 

( i 9) 
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where the indices i and j again designate any Re t~ or Im t~ (including only 

those permitted to be non-zero for a given spin), and where superscripts L and T 

denote longitudinal or transverse moments. Each element of the error matrix has 

the forn"l 

The constant v' was given a value of +1 to test for £ = J - 1./2 and -1 for 

P, = J + 1/ Z. Results of the parity test are given in Table II. B. 

(20) 

Another method investigated fQr treating polarization data w~s a ratio technique 

also advanced by Byers and Fep.~ter. 13 
A ratio of the experimental evaluations of the 

two parts of Eq. (12) (the AL sum and the BL sum) was compared with theoretically 

predicted ratios for various spin-parity hypotheses. The evaluations of a x2
[which 

tested (part A}= partB)iXR, with R tl_le predicted ra~io] were almost identical with 
2 . ' •. -. '. 

those of the parity X discussed above and presented in Table II; however, the results 

permitted no-discrimination between spin 1/2 and spin 3/2. 

Additional attempts were made to discriminate between spin-3/2 and s?in-5/2 

hypotheses. 
" .· . ·; . . ·, . . . . ' ~ ' .· ·: . l ·, 

The experimental moments of Table I were used to evaluate 

. L ( 2 L+ 1) It~ 1
2 -~ 2 J + 1 

L,M 
(21) 

and 

2 L (2L+1) It~ 12 ~2J+ 1,. 
L,M 

(22) 

I . 

both of these deriving from gen~ral properties of the density matrix. 
14 

Both in-

equalities were found well satisfied, within er·:·ors, for J = 3/2 and J = 5/2. 

Another study o~ spin hypotheses invo~. ~d the explic~-- .:ol: '·ion for spin J 

from the Byers -Fenster relation between lon,_,~tudinal and-..:.:.. ;;:.nsvc ~ .::;e polarization 

moments. 6 The equality 

~1 ~ 
t.. (:ongitudinal) = tL (transverse) (23) 
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demands that 

(24) 

where Pil (LM) and P 
1 

(LM) are the L, M moments o£ the distributions in Eqs. (3) · 

and (4), andare evaluated according to Eqs. (11) and (12). As shown.by Byers a~d 

Fenster_ Eq. (24) is equivalent to 

(25) 

This equation should hold for every value of Land M for which a polarization 

moment can be defined. The use. of the four lowest moments {p~oportional to 
0 2 2 . 0 . . 

t 1, Re t
3

, Im t
3

, and t
3

) to evaluate J from Eq. (25) indiCates that the spin is 

likely to be 3/2 rather than 5/2. (See Table f~~;). A simple x2, of the form 

(26) 

yields confi<fence le.vels of 0.005 for J' = 5/2 and 0.22 for J' = 3/2. However, 

these x2 
values cannot be considered reliable. [ They differ substantially from 

2 , (LM) (LM) 
those of the parity X (Eq. 19), though based on the same ·~I - P

1 

relation, Eq. (24); the differences are much too great to be accounted for by the 

neglect of correlated errors in Eq. (26)]. The experimental values · J. of Eq. 
1 

(26) 

are not Gaussi_anly distributed; as they depend on the ratio of P
1 

(i) to P 11(i). The 

11 parity'x~,··,, however, does test a Gaussianly-distributed quantity, 

( 1/..-rV' ) p (i) - ( 1/'V rtV' ) p (i) 
LO ll I Li 1 . 

The value of J was varied in small increments in the "parity x. 2• 11 with 

first the four moments appropriate to. spin 3/2 and then the nine moments appro­

priate to spin 5/2. Only a slow rise in each x2 is observed as J is increased 

from 3/2 to 5/2; the .confidence levels for the four-moment x2 are 0.45 and 

0.2.1,- respectively. (Se~: Fig. 2..) It is evident from the form oft:::~ .line-moment x2 
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as a function of J, that the inclusion of the · L = 5 moments has no significant effect 
' 

on the x2 {as might be expected from the fact that these had near-zero values); 

the x2 minimum is :still near J = 3/2. These results represent the best reliable' .. 
..:.~:"t.1 

discrimination between J = 3/2 and J = 5/2. obtained from the data. 

V. COMPARISON WITH EARLIER ANALYSIS 

The coefficients or moments obtained in the study presented here were 

checked by comparing distributions obtained with the functions of lesser complexity 

that the authors previ9usly derived and fitted to the dat~. The distributions given 

in Eqs. (1) through (4), with experimental t~ substituted, were averaged over the 

azimuthal angle q, and then compared with the angular distribution and polarization 

distributions of the earlier Y; report. 1 ( 1~1 was compared with 

(NP· &+ NP·~}/2cos8, and ReiP
1 

was comparedwith (NP·m ... NP· n)/2 sinO]. 

The relative magnitudes of coefficients and their errors compared very well. 

VI. CONCLUSIONS 

The assignment of spin 1/2 to the Y~ is excluded by the existence of 

angular distribution and polarization moments of higher order (L = 2, 3) than per-
, 

mitted. Spin 3/2 seems quite acceptable, since moments expected for spin 5/2 

are consistent with zero. Spin 5/2 is not required by the data. (See Table II for 

2 
X valuesJ. 

The parity assignment demanded by longitudinal and transverse polarization 

moments is '( = +1 or P 3; 2 . for spin 3/2. This confirms the earlier report. 1 

Although the data do not suggest spin 5/2, an< assignment of o
512 

would be very 

much preferred to F sjz: (See Table II. ) 

A further study now in progress treats the Y; data with a maximum likeli­

hood ._approach to find morr..e:.1.ts. Preliminary results on data ranging from 1.15 to 

1~ 30 BeV / c are similar to ~:he results given above. 
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A qualifying remark should be m_ade with respect to confidence levels 

stated In:~ Table II. As is no doubt obvious to the informed reader, quantitative 

values can be changed by a small amount o£. b.ackground. Thus the 10-6 or 10"'7 

confidence levels should not be taken too literally; but conclusions should be weighe?­

appropriately with other pieces of evidence (which also have statistical ~nd back-.. . . 

ground uncertainties). It is reassuring that several experiments showing strong 
' . 

effects give consist~n~ resul~s for the Y:. Perhaps the application of such technique I 

as the moment analysis to Y; ~vents in new:. K":' and w experiments will permit 

discrimination between P
3
/ 2 and n

512 
hypotheses. 

·I 
' 
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. · ization oi each_ T~,. as in. Byers and Fenster, ·is ·such that the density matrix. 

· £or the Y~ sp.in·states is: ·p = (1/2J+1) · L (2L+1) ti::* Ti:: • 
~. · ~, L, M 

· 8. These expressions result £rom the requirement that the angular distribution be 
. . 

a scalar quantity (as it is specified by one number £or each 8, q,); and that the 

polarization be a vector. quantity, i.'~· • a tensor of rank one. · The T~'s have 
M ·. 
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: ~ 
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10. Particle four-momenta are Lorentz-transformed from the laboratory system 

.· . * , to the production c. m., then to the Y ,~ rest frame, and finally (.A decay 
:.1. 

A 

products) to the A rest frame. The 9, 4> angles for the A and the 0, i1> angles 

for the 1t are determined by taking appropriate direction cosines with respect 

to axes obtained by 11 direct Lorentz transformations" . of x, y, and z axes 

(incident R.Xn, R and 6. directions) to each successive syE)t~m.. The direct 

, Lorentz 11transformationu is simply the odenting of x, y, and z axes the· 

same in the new system as in the old, with_ respect to the ~ direction of the 
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conventional Lorentz transformation. ,(See H. P. Stapp, Relativistic 

Transformation~ ~£ Spi~ Directions, Lawrence Radiation Laboratory Report, 

UC.RL..:~S0:96 •. Dec~mber 30~ .1957, unpublished.) .. 
' ~ . . ' . 

H .•. Preliminary results are given by J. Button-Shafe:r, D. Huwe, and J. J. Murray 

· in· Proceedings of the International Conference on High-Energy Nuclear Physics, 
.. 

,·:.·:( Geneva 1962' (CERN Scientific Information Service, Geneva,' Switzerland, 1962.), 

/ 

.,: ..... 

p. 303; · more ~xtet).sive analysis iS present,ed in referenc~ i. · '· ·,. 
. . . . . . . ' . . .. > . . . 2. < ' 

12. .. · Moments higher than L = 5 ; have not bee%1 e:xa.minedi and a x for spin 5/2 

is not presented~ . ,From th~·Jaet that aU .iO independent parameters for the . 

L = 4 and L ::: 5 moments were ci:msiste~t with zero and £rom the lack of any 
...... 6 . ' 

evidence £or. ( A·n) ·polarization terms in the earlier study, these are expected 

to be zero. 
._.. .. ·. 

13. N. Byers and s. Fenster (University of California. Los Angeles, Department 

o£ Physics), department report, June 1963,-· and private communication. 

14. See Byers and ~ ... enste-r, reference· 6. See also R. H. Capps. Phys. Rev. i2.2, 

929 (1.961) for discussion o£ Eq. (22)~ the Eberhard•Good theorem. 
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Table II. 2 
values. X 

A. y* 
1 

spin 

2 
Degrees of X 

freedom 

77.0 24 

10.8. 15 

B . * Y 1 parity 

Parity 
2 ' 

X 

(-) 0.07 

(+) 0.34 

(+) 3.7 

(-) 44.9 

(-) 7.6 

(+) 45.3. 

UCRL-11105 

Confidence 
level 

2X1o·7 

o. 79 

Degrees of Confidence 
freedom level 

1 0.80 

1 0.56 

4 0.45 

4 <10- 7 

9· 0.57 

9 8X10-? 

Table III. J values from Eq. (25). 

to 2 2 0 . 
1 

Ret
3 

Imt
3 t3 ~ 

2.1:±:14.1 0.65±0. 73 -1. 7±1.6 1. 7±0. 8 

' \ 
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FIGURE LEGENDS 

: : • • .... • •I • 

_., .. · . . ' + ...... ', • •: '· ·. ; ' ; ' "•, ' 
Fig •. 1.. Dahtz plot o£ A-rr 1r: events from K:-1)~ interactions at t.ZZ BeV /c~ .. 

Projection~£ the events,<?nto the Aw+ .-~ass axis is displayed to the right 
·:·. ,! ,,\ •' 

of the figure;. the curve l'epr~sents the· fitting of B~eit-Wigner resonance 
"'. ·. : ' ' ' '·_.· +'::· .. ·' .. ,, '·.' 

. .. expressions to the Aw · a,nd .A'If syste~s.· -~-- . ~· 
. ; . ; ' . ' .. : ' 2 :.·~;" ' .· ' . ' ' ' 

Fig. l. Dependence of the 11 parJty x u (Eq. 19) on: spin J. The solid line represe11 
'' ' '. ' . z ' ' ' ' ··.· ..• ' : ("•! ' ' ,y:i. . . ' . ' '.' . ,: .'._. 

·the X. obtained from the four moments_. (L = 1. 3) appropriate to spin 3/2; 
' ' ' . z . · .. _. ,. •' ' . 
the dotted line represents the x evaluated for the nine moments (L= 1.. 3. 5) 

·appropriate to spin S/Z-. :>··The number pf degrees of _freedom £ is 4 in the . 

former case and. 9· in the latter. 
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