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,~)~i{:n:::·[},(::;_;;t_.il·::: <.· .. ;· We have ·analyzed;the problem of extending the three-body· scattering· . 

. ;?;/i~;~~~d~~.:/i1/f:~pli:~de_::t~ comple~ val~es. of ,the total angular momentum. \ole. have·. f~d · ~· . ,··.:' :;_;: 
::_::·i:;~:~,';{·~:r~;:?;;-};:·. \ · .~, :·. ·· · ,. 
:;::•:\'-:;:'.:}n_'·''~"'>:\i;. four main difficulties:. · {i) the disconnectedness of the collision matrix~ · .. ·j :-:: 
::-;?\'.Y>;:;::·,;;p;;::)X:: · · . . .. . . · . , :· ·.:' -~ :· 
;:-~{:;:~:::~:i.i) .. :·::-~<,_-{11) the cOmplexity of kinematics, {iii) the release of trio.ngulnr '· •,.;·~-~--::::~:.:~<, 
~\'YZ!:~;~:~h;;.\t,·. . .· . . ·. · · · . . · ·- • ,.. · · · , :;·~·''·. 
/}.:,'//::-.;·.'::::;);,.inequalities or of in:equalities like IHI < IJI ·, .. when· ·'J is compiex,: : · ·,_. · · ·-

rt~r:~{';;~~'/ :~;::~:h:i:::.::· o:n::::::-n::~:i ::::h 1~:h:o::.:::·::~:::g0nt ..•.. ~ .:_j;,':: 
;:\·{~~>~:~?:~.~:: \:·:·~·:.5~ . J . • • . ' . ' • • • ::· •• .,·~~:-
~>::>':::.:.·~;.-:··.;;),·.Of the three natural techniques--using the Schrodinger equation, extending . <'::; . 
. :..:./(·~~~~/- ~ ..... '';;,'.· '. . . . . . .· 

:::..::::.;.:·r:,.:·;. ;.~ ;'{ T' the Fadeev equations, or extending the Fredholm solution of the Fadeev .·. . .- ·,· 

:;--{~))>.'~_.:: / equations to ~omplex values of J. --oil.ly the thf~d -~~e· avoids difficulty ... · _::_:·};~L. 
··~;4_:~·: ... ~~... . . . . l_ ·. . . \ . . . . (~~:~~<~-~~;~!~:-i:. 

· ·:s ~~ (iii). The. Fadeev equations ·take care. or difficulty ·(i) ~:- e.nd difficulty ... ( 11):.: '· . .-~.~:_,,; 
';/-:..:_;::. . . . . . : . . . . .. . : . . . .· . . . . . . •. . . ' ' . ' .. : . ;:,;·f:-'j/:· 

,:,;~~;',·'k~,:.{,~.: .. _;_·_:_:;_:. d .. · __ :~_ .t_:~:~· ~::.~ •::t::~:_ f ~:b:::_::1 g1•_::.~::~:2 t~:~ :~:::lu :_-.:-_:···.:·_:~.::·_:• .. :_:.:_._._.: .. ·.~:'_,_ •.. _.::_,_:_::·-·_:_-.:_:.~::··.·.···.·.:··,.::':·:·: ... :.·:~.·-~.:_:_:···:_ •. '.· 
:;/,_~{~;;<>:,;.;! (-:examined. in .. the pre·sent paper. . .. ·,..-, ·:: . , _. 1::,. , • •. _ ·;-: • • .. _ • 

·~:~-.::;;;:.' .. ·' .. · · '.: : ~' ··' !The· extended' s~lution is .. expret~sed as, a quotien~ o~ tw Fredholm- ·'>:-:;:,:.):}::-b~:: 
~~· .. ,~:!)•':, ,• !~:~· l.' ... ·,,.·:·, .· ..• ~ .. :;\.• ' ·:., .. '¥ ,' .. 'l,.:~1' :.-.·>~~· .. ,'·~·I',, ~>::·<~:·~~,;~::~,::~• 
·;.-·:-.. £:., . type series~·: E:ach-term in the: series' is ane.J.ytic.·in'·.-·J .: in· a halt-plane •.. ·_.;-,.-,,_:.:,·:~· 

fJf~)\, ;{:! j;y,fiij[~;_,i1l1~~~%··-,:,:~}·Jft1~~:.fl"~ :·~~~i:i·;~~?~.;;~~f~,;~fL~,:::V?~}> ... tt~.:\ :,{)!)~.::·f .. 
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0 

'~ '4 '1"1'•~ <' ', .; • '·,;· • , ,.'-~,( ,'·'~·~J/',l,: ~.,•'>: ..... ''! '' _., 
\ ~.· 

•• I' f, A ·, ; ,, .. O ~: ... : l • O :.· O ·~.:·. 0 

,' O O 

.:J~~("; ..... •: ·,;:'. . . . ··~··, · .•... , · .. -.I.· ~:~:·:· ;·· ·;,, ····r~:·:··. :,d .. ··•·•· ~:··.·.-<{W~\::''r:.} ~1: ;(\ 
~~;;~;:,· .. ~<· . This pe.per_}S devoted to an extension ~ the liiOI>relativistic '.·:•;,.•_:., >;).:(',:'\:.i 

~;.~:.:: :::,.:~· ·. thr~e-bOay scattering amplitude to complex values of the total a~ ·::)\ :~'·._:.:/)/.;::.·.:··:_)f 
: ,,~;·-~ ~ -~·.'. . .· ·_ •. ·-·.:··.~·.,__:_·; ___ ;· .. :~~-: .. ~,._::--r·.-.:. ·r, 

' '•\ -~~I:, ' • ,:: •: - ~ . 

.':-~);··Y,.: _:_~omentum J •. It is admittedly of an exploratory character, without a~ .. <, .: .. <_; ~: ·: :;· ! 
''"'~.'_'f,"~''\/ll:',~.....- ' , \ , , : , , ' 1 1·.:' ••• ~./• :. :,,,, 

_;-,;_.\,.;, .. ~··:,·attempt at. mathematical rigor;:-. .. ·. · :;:':>· :::~.,-.(·.:·,.. 
:.:~//~<-?::•;:.;,: • • ·. • • •' .;':\ 'oe •,; :/. ;':;·,1, ~--~ 

.lti.{;:\'T . , .··. Regge bas shOwn that the t~o-bOOy scatteri~ amplitude is a ;;··, ; .... i• ',IN 

. :·:.:_,f; ., r :.'/ merom.orphic function or _the total angular momentum. This result has . .- ,(-(· '·:. . ., : ·. ,:.1 

.~f&L:{;-J, been proved far the scattering of two nonrelativi&tic structureless pe.r5:::,·~ \it.Y-?'1 
;!{:Jg;;~f';:)>~:.ticles interacting through 'a sufficiently well-be~ved potential, for· ... ;··:·.:',~:> · ·'·:·-.::T.I 
.~~,,::.;;~~:~\: .. ;:/:~.'. .. ·. · ....... ·:·.t .: :. ~:.r;···J 
,:·,;;,\\':\'·.<,:;.::-.. instance/a superposition or Yukawa potentials. ' It is then found that _; . ·;. ,,,_;'/.::I 
·~ '.>:)><-~::·.~l' ,:,.:·.:: ~-- ... ~: ' . l , ... · ....... : ;~ ·.' :·.: -; \, ~- . · . .: 1 
·~-. • • ~ ~. ... i , .. I .. . . .. . ·'I ,. ... . • 

·::,:--;.:):·~:)\·;.:-~the pole in J ··of the partial-wave amplitudes, or Regge poles, controlS\: : .,. ;,.;··<·.' i:.! 
::;~_:.ij~\-Ld-r; ~ · · :: >· .. : ;-:-·.:,. ·::'~ : 

Ji:!§!(;i:!;i· the asymptotic behavior of the scattering amplitude when the manentum · .. ;; :_·_::_ .. _-_:_·_··.··_·:_::_·_.·:_._.:····.' ... :_:.· •. -.·:··_·.:::·····.::··.·.:_-:_····.:_._:·,···.·:·_._· .... ·····.:·_,l!l 

·;·;(!jf\.;;}:\.;,:, transfer tends to infinity. Furthermore, the functions which: give· the. . . ~ . . 
·J:\r.~t::;_r~:> . · .. 
-~~hYt f~:.~\:~< positio~. of these poles in terms of the total energy interpolate the bound .. ·.:<:.:')_._:{_'· 

}::.:j'::!·::::_:_:.}!·(states and resonances of the system. In other words, a·Regge·trajectory:~. -.; ... . _ _<.:·; .·, 

}~:~0·\(hL'corre spondls to ~ell-defined internal quantum numbers. · . · ·· : ... :;f' :.< · :, /;::-~:~ 
; ·~' . .'.~/.~-~>>:\.~·.~·~.> ~·,/ . . .. •.. . .. ~ . ; ~. ~ '. \; l·f~·:. i 
:,;li':··\!:) 1,;:;~'··,, These two properties are so fundamental that it. is necessary ·to· -. ' .. :'·:::.: .'_·:. {;;;, :1 

~:~:u;f/C.::::). know their degree of validity. Of particular importance ·is their · ·. . : .' ; .. ·.; ,.:_ i- .. ·. :_;_.\\ .. ) 
.':"··'~;,·f:'.·~~. ;•,:' . O O 0 ) ~ ,·~.~·',J A.> .. {.•;'•'.t 

;.:_;~;/:~~r.~;~~/ possible extension to the relativistic case. 21 3 However, the relativistic·-::.: .. ;/.··:·_.; >·(·J 
;_:i;:;~fiJ/JjL_,problem contains to many new featm:es1 ,like inelasticity and. c~ossing, . _"·(:~ .'J_}t~~'·l 
'... ·:., ••. •.• .. ;.,. . • . . ' ' " .. ,.: ., · .. -t 

.>{;;:~::·cF.::.:;~_Ythatj. up to now} it ha.s -~elded very few re~uits. 4 ·. The most ·interesting .•·~·'._·:.· .·~<~~~;(.! . " '· . . '. ' . . . " . . .. l 
/{:<~·r:J;,\·:.:·:_such .. result is. the disc~~ey\~y Mandelstam that ·there cannot be only. Regge. \~{-,;:,::::.1V;k/~ 
.:::·~-~-';·_;!.::::y::~_r· . · · . · . . _ . . .. ~ ·-: , . · ... · ... ·. . .. ·: .. ..-: . , ·. .. . · . -· :--· .~-;:;-:··)~·:::·~.~f 
· .. ~· ... _..y .. ,{·-.:·;·:.' poles but there also must:, be :cuts which;·. ultiinately/: go\rern the asymptotic ->::.:_.•_: .. ·.y·;.;· .. 
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.,.,. ··: .' :. ·,·.·, . '. · ... 5 .• 6··.'·_ .. :-'·.·' 

• .: '·' 'I:.'. :•., 'r • , , 

·, -.: .. , .. :- ·:.'-;-. behavior of the scattering .amplitude when the energy tends· to infinity. . ·: .. · 
' • .' ' I ' r ~ ' • • r·~'1 

·,~ • .. •••.• .. ~." J, .) ., :· ~':: ·:; • ' ,_ •• l •• ~ •• , •••• 

~~~~~~~~,f 
I,:::;!:"!";',)"{>~ :::: ::::i::e~:t::o:::~plications dUe .to croSsing, The inter-, ;', :~ 
• .. - ·· ,_ .. ·· · · ···· , (a) Is it possible to extend the scattering amplitude for ·three· particle's · .. t: ·~ .. 
~·.:· .. :.:.~·:): \.::. ~-·~··· .. ~.: ~>'t.: .. <~.. . ' . . ~·· 1 -~·:~ ·~ ~. 
' If' ~· ' •,. ' _. f ' _,. •' •: ... ~\ ,,: , , 1 ~ , \' 

:_:~.:;·;".>,:~: ... :.~_j'i_'.:.::.:_::_:'(~ .. i.~.·.~. (:~::~: t:~::::~e a a ~::::c c:::::: :~ ·., •. ;' ' ; , .: . : ·, 
: ~ \:: ,:·:.'>/: :: ''•.• • (c) Do the sirigule.rities of the extended amplitude control the asymp-: '[\ :.« !,' ·:· 
': ;: .. ·.:">J~::':· .. :·\_'::1:;,:,·;:':.': ' :. \::' \ .; _ _. :~ 
.:·:-::.·::::·:;·.:·.;.·: .. s·.:.:.-_:.::·'. totic behavior of the total three-body scattering amplitude when some :.1~~:::;--::·:~, .::. 

' '·,(!;,':-::;,,.(;/~·'manentum transfer tends to 1nf1ni ty? Or, in other Words: is it , ·, ::,:' <,: : 
:;:·:.:::,_;y ·::i:>~.:\·\.·::::-- possible to define a Sommerfeld-Watson transformation of the e_xp!.nsion ,., .':' :; :; : 

.:_::~:::::: .. ~;.: .. ~~·:·:1·.\~,\':-~ .... : in. partial waves ~f the three-body scattering amp~itude'l7 · A tentative:·,:·<: .. ,:.· -~~~.' 
·;.,;.:,:{;<:!;J~,, answer to1 these questions ;;>,i~ .,., the subject of this P'l"'l"• '· ,. ', •. : 

':_·.:: .. ~~· .:.:<·._;.,_\.;:; . .. There are_ also other ~mportant questions, like: '· ·; ·. _·:, ... -~ 

.. ~~{: ::·~~\.~::~~ ~:~,:·:.~-//·. (d) Are the Regge results 'v~iidfor the scattering of-~ ·;particle on a bound:;:>:_,__' 

'/:·:'··r:·~:r~·, sta~e?6 . . . ·. >·< . '' ) ' . ),.,; 

.:.(r;{r::?.::i;.·.~~~:.: .::·:es:t:::· ;i:::i:=:::;::m:::::n a;,:'~·:'. 
:·.~.·.';·)· .. ·:,,:;::~.· .. ·,:-_:;.":words: does the interpolation property: of Regge;poles apply only to ... ~::.:.''::·.><·;; 
.... ;.~ .. ~·.:.;~·:\~·~·::.;:.··,'~: .. ~•<. • '• I, ·•· .. ~ ·~""' • ,· ~ .·.' • ·, ... ::.·•::,' ·._',;\,,'~l~f.~o.,~, 
.-:.:•''· ~~!·:' :r· · .. virtual particles or can. it .be extended to external ;particles?·,: . .,:,,•,· .. r:o'·.<~·:;·;~t~ 
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'" ... !, 

: ·~ .-.·:.this subject. .. . _ .. · ... 
/: · . . ·: 

,; . . . 
't' ~ ·. 

.. ~.' 

: ~ ... ,; ,'· ~ .. ,' ~ · ···t f ~~> .·'·Lf ·~ 
·• .. t,,. 
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In order to investigate the two-particle problem, two.methods have 
/ 

:.\ .. '.1_/::.·.: · . been used. t . :·_;,~. 

'. ·, 
-~ •• ; . '; l • • 

. .·'··. 

.. '/ ··. 

;njr::&' (a) Regge has .extended the Sc~Oding~r equation to comple~ :vaJ.Ues of ,;1.';_·~0 

·::·:·.:~ .. ::_ .. j.''i;;/:~"":~:0Fi'vel, Lee,,ana Sawyer haveectended the Lippnann·Schwinger 1 , .< .,;} 
:~ ., complex J .n . In f'act1 one could propose an alternative :~> .. \:~,··. · ··_;.!·:·,.{.C'::. 

:.'<:~·;·:.>><?- . . ;.i·.'~_.;,: '-.:· ·: }: .. :<.:·. 

:' ;·, • : Ji: (:~th::e::: Fredholm solution of the Lippnann-Schwinger equatioil• ; ;·; .::,;,> ':·,·, •< 
:~.: ;~~~::~·~·-:·.:~ .. :~: .. ::.\;..< ' ' ;:;_: ... _:· · .. ·~. "} .. ' < ··.:, 

">~~::_::·:'::··:.:;:While the distinction between methods (b) and ((c) is pure;ty: academic:<:·~:::.\::.' · ':!:;-: 
·:.~.; .. ; ·:;·;.t:: ;. . _;;:.- ... :;-' 
··; ···'·s· ::: .. in the two-particle case, _it _will turn· out to be significant in the.: '<·.::>·:- ... ·~·.t•. ·.· 
; .:·. f: ·, .:·. ,•: ·~: ; . . ·' . : . . ~ . . .. ! ... \ t . ~ • ~ '. 

-' \:. · ... :;. ;';;\' -.:· three particle case .. · · · ·:,::·, ~> :·: .. ;.: >:· :!·' 
,;;·:;_/.'/.·:.~ .... f.~~- ·~ . : .'. . . . . .. ·' :· ;>:-~ .>·--'.>:. 
:-:.}:::<<:):t;;:r Bef'o~~. choosing to use any of' these methods f'or ·the three .. body . ''" :·. 

,:•.:;·:·~:>·. : ... problem, let us _tcy to see what essentially new difficUlties we shall ... ;. 

f;~·,;n. encounter: ' ' ) ·.•... ' .• • .' < ,; 
:/}/:~L-\r {i) :'lb.e collision matrix co~sists ~f'· a connected ~nd ·a;:~.isconnected part.12 ·.· · .. :.:.JU 

.~~f~.f{Ji_i;!? ~. • .:,;;~" i~,i.,., :. l:be•~l'•• .iJ;,;;f; two. of the thre.~ pu-ticle.~: ~ collide .w1 thout : .• )J,j 
· · · t one.,.·.~·--... :._···:··_.:·.·._.:.· ·;· ... ·.'·::~.~ .... i.··.~·.·.:.:.:._:_·,·.~·.:·.·• .. ·, .~. ·. ·: ·:·:',.::'/·f~;~.!'~:· .. /: 

::.:~-;-;-::·:.f:t:\: · ·sur:er~~ _allY ,in~erac~io~;·,~ h: the .. third .. ,.: ·'-:; ... : .... .-, . ... .-~·':.:· .. ~·: . .. · .. ·.: . ... :;<~··:. :.
0

• ••• -~ >·;_·;·{\~t~ 
~: /;).<,:··,?~·: (:i.i) !!.'he kine~ tics .:is much. mare' canplicated. _,:.~:·~}.:.~/~:~·: ~--~)-.:~_:;.;.:.... · .... ,. l ;:;·.\~·:.::.;:~. ·.~. :,.:.:<.;:~,;'>~:~.\ 
;•'1, .1; ~·- .... f/ :·~ 

.;1:.~;;]'~~,; 
. ··.·} 

.' .·. 



.... ·, 
• r, 

4 . ·~ .. :·~::~.·(~:~<."J· .··· \' ·-- '· . .., .. , .... ,·:·.· ;.· ... ·.·.;·~~: 
. :<:·::,::·.,-:··,:\.·(iii) Alth~ug~ these ~vo diffic\llties are alrea.d~ m~t. in e.ctua.l physical,-··:~ ·::.:\/.:;:·: 

, I• , .· . 

·.:~·.:,:_·.\'' .. :._::problems, a·third one vill appear when J ·is made c.omplex. The·reason is :::::·.·:·:.· 
. . :, -~ .... , . . .. ; . '. 

i .::: .... ~~ .. ~-~>:.:::.'.~· that relations like the tr~e.ngular inequeJ.i ties between coupled angular '·. · >::::·· . . 
. ; ...... ·.,· .· .. · ... · .. · ... 

' ·. : ,- ;: ·momenta, 
: ... l ••. I·~ '• ,.·:~<~~·~<~:;. 

.~_:..._:.~·:. :_-. / :·· ~/"' .· 
. . . .. : ...... It t I < J < t ... + t ; : :. . , . :: .. . , . 

;~·~:: .. :~·.:-~.:.~:·;:';:·~~-.:J .. :,.~. 1.- 2·' ' 1 2 • ·' .. ·: .. ·.···.,···.: . .-. ,·'.. . .... . 

I .. ,,~: ~, 
~~;}2'S.j < :r:h:::·::i t:•• be!:.: :mn::::•n C:::::::: ~ 

0

:e~i~ ::~i:.' .::~ns ~' \;. 
,(, ·:··., .,:':;, . : ; :·.. on M or on angular momenta involving Clebsch-GOrda.n coefficients beceme ., .. :.: 

. . . 13 14 . '.':.: 
sums and. lead to convergence problen1s. • · · ::. 

·'·. 

eJti.stence or sev~ral momentum transfers between the· initia.l. arid the :\ _>· 
\1 .. 

state ieads to complex singular! ties in any one ·of the cosine a.n~les ' .. .,- · 
ir: ~· ' ',' ', ' 

:';:.:_·~··:(,·:~.~~;:_/,··linked with one momentum transfer.· ·This also leads to difficulties or . :: .·, 
.';-: .;:~_·:;f.;:~··,:;S;·y: ·. ··· ., 
· ~ .. ···.~.· · . ···~ .. :;·~· ~- convergence. . . · ~:,. 

~i. }::N:?]}.. · . . . ~ese four points seem, up to nov, to be .the o~y existing dirticlllti~~; 
>:;:,·.:.t;.>.:\<0;".:._;: _;·~Let:us. reviev the three possible methods (a),. (b) and (c) in this light. .. 

::;·J::}~;~·;;~··:·;.:;/:i_~::.:·, (a)~N~wtqn15 and Hartle16 have. tried to eitend the three•~article Schrodinger·.·:<: 

i;}: ,::.t_r{~~;·.,;:/;.,:;·equa.ti~n to complex vt\lues or J • I~ . .fact, the dittere·nti&l.-equat'ion . :··~.;-
:~ ·:--:i :~·. ~;·;~~>~-':-~~'::~:~ ':'/:. - . . . . . . ·! .. J 

.. , ':: ·,::_-:.: ~ ;<;:;.:>formulation or the problem completely conceals the d~.f'ficulty or d_isconnected- ::·. 

;t'.;.~;;~~i~:~·{ ness. Fur~h~rmore; their :treatment. of the kinema~ic/ le~s th~ deeply into .... ; .: 
· .. :.-. ·;:.::··., ·:;:J :::··_,_.the mentioned· problems of' convergence. .It seems vert. unlikely that one 0:\;\~:· 
. ! j:::; ::·;·!:' !]:,:}/ :-:-:' . ' . . . . . . . . ' 
:·.':. ~.:·:._.: .... _ :~\,.-~ vill be able to givepany.;,vell-Justitied statement by using this approach. . :> ·:, 
··:, . ..; · .. ~ .. ~ .. _~}·: ,.-·~:·: ··:-.).:·:. ·. . . . . ··. . . . . . . . . . . .'• ' :'' 

J~< ::.;>:·.,;--;'.~; __ ~{-:~,(b) As. vas mentioned· in_. the preceding.:paper,. the. di_fficulty of .disconnected-.. ··.,:. 
tl. • .• '. 

implies ,that. the Lippmann-Schwinger eqU:a.tion':to~ ~he.three-particie 

. ' .. , 
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,;~;':<;:;c . .. . ~ -5-17 •...•. ,.: . ·; .. •· •. · •.•. ·;:::r., 
.,:'(··: ; · / _'·.: .. problem is not of the Fredholm ty.pe. How~ver 1 the Watson equation~_·<: ... : > .1 ... ;·· .-.·· 

::~";;'·,,,:,';··:e::::~:e:::::::
1

:h:e =e::d==~~ t:: :::s ·::i:ty.·(i);o·.~H;·~: 
_;._!.'?<.:.~.;.;.·:~~~-·>. In ord~r to avoid the third difficulty, it seems advisable not to·.;:;: 'Ci··-':~<~· 
~·::'~:X·(}).';:!:. use any wmecessary partial angular· momentum. ·'This was made explicit ;·:· ··.·.·{_::.·:_·_;._·.;_ .. : __ ·.: .. >_.;; __ ··_:_:_ 
.!.'.~./-~·'·:.>\\~,::; .. ~ .... :. . . ~ 

-::,;;:_·. :.: :;; _ _;.J;;: .:in the precedihg J8per, where ·we proposed to use as a ·complete set of •: · :· :·;, · ·~ 
;:;·~·-·,_·~~ .~;· f.\~)\~ .. c•~ '• • . ' • ' . . • ·:(_~.; :·;.-:·~. · .• 

·:.:;~:·-',;!:: .. ·:;-;···commuting variables the center-of-mass energies of the three particles.::.,·· .. 
:~~-:p~.<:-_.·::~-;~>~~-~: .. : ELnd . .-<:·.~-. '· .. · 

'.:/z:·_;}>~y~-};·;~1 _, m2, and ~ '· the total angular momentum J//~:s ·projections on a ·:; , .. 

,·~ .. ;~\l:r.-.: .;: . body-fixed axis M j and on a SI8Ce-f1xed. axis m. In fact, m 1 · · 

·~p.t::r:r·~,'J>. · . . .. _ 
·~~.:~i:);':\''~: :~::_\,'::being a .trivial constant qf the motion, will never enter into the equations. 

f~;')}i:;g~;.:,\This was a well-defined answer to difficulty (ii). Of course, other. 1
\• . 'J\• ;i 

>::.<>>_:;.)'_,;)·.:choices are possible. For ·instance, one could replace m1 1 m2• ~nd: _m
3 

.. :,::~;·_-:J_:•::: 
... r{ /:_·P>>~-:~-~-~i-~,.. . . . . . . . < ·. ~~·.:.~:.:·~·_.:)·> ~\ . 

•. :.·;;··:··_:_::•.· .. :·_·.·.~.::·:~::··.: ___ -.·.'_:_:_·._._···,·.·.:.·· ... ::_·:•_·.·.'.·._·:·.: .. _·:_·.:_:·'·:··';·_;·,'_··~·.:.~_~::_._ •. ·: __ .•• ::_._._::·.·.-,::._:_:_.:'·:.:·:··.·.::':,·:.'_~_ .• ::'~b.·~··.yonatlhe:~cstumianEs -~=f .m
1 

+·m.
2 

+CO, and .introduce a •. ~om~l.~te set of ·o~~os~.:~·\ '2). '/?·]·)·::. . . . . . .. ·.. . . • ~· "'1 /E ; . "'2/E, and "'3/E. 
2~ufu,\;gh this new choice > :<,: .'J. ;;:)'J 

~·.<::·,::;;:),:::·.·:'.:~.,:seems_ to be advisable in order to discuss the problem of sense .and : c: ... ;, .;,·..._•, <·. 
~>:~.-~:~;~~i~;:;:;~;;_.~:.~;:: -L~ -~-- .. .. . ; . . . . ·. ~ .: {. ,· -~~. _:-::-;-_:. ':.'; .. 
::._;.;\~: .. <.:\/ .. :. no:q:seilser.c 1 channels, it w1ll not be use9. here • .:.:;_: ,'.,. :>)r;::~:·:x; 

~~~~i~~;·i\]f,_}thr~e-;:c=:::t::::1::d~r::: ~=i::::n:h::e:i~L.··?f ;:;)~ 
,~·J;~:\,:X M . fran J to + J • Therefore, when extended to :cmplex values of . ··i. . r·, 
.<<:>-:>··.<.-.. J, :the Fadeev equations 'w:Ul" contain a sl.llnmation on. :M . from -oo .. to :. : ·:·.::.:. '• ;.:·: _:::. 
'~· ... /·~·-~·:.~:~<-::"''· ·. . . · ... · ..... . 1_::-~·:·'\·_·;,·~-:-;;".:<"1:. 
·~~ • ; . '·.:'. ·.~ · .• ~,·~· ,:,<<' 
.. , · /. ;:::: ... · \: : +oo It. could theref'()re .. hapPen .1: and · indeed. we shall sh6w it .in the .. :< , . · ; ;;; ;.)" 

~ .. :-:.;;~-~·-:~~ .. :-~.- . . • . . . • . ,:-·· ... ' ·,. ,.· : . . . .·: .:. :. • . '! ,:,, ~~ • 

·. ~; :::.~.:~!:::·.~.: -.:following, .that. the extend~d'-<Fade~v :eqmtions make: .. no · ~ense according :t6;·;; .. · .. ):;'_:-L :_.~-

:'·1 
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-:;.,:t.·:"'~ :'( c ) . It is clear that, if we. are able to find an extension' to canplex J 

': ·~.:. ,· ... ,; . ··,<. : .. of both the numerator· a.nd the denomina.to~ of the Fredh9lm soiution ·of the·.' 

::~ ::·:~:r:·.,· ::.:.:_:::;.·.:~·. Fa.de~v equations with a. ~·ood. choice of kinematics, we shall. a.t least ·:·.' · ... · .: 
I . ' .. • ~ :• • , 

· ... 

··: .: .. ..-::. :··>· .. li'U".St·::thilee::dii'ficul ties. 

:·1:\(~.·:".\i;:>· . This paper is essentially devoted to defiiling such an eld;ensioil · · ·· · · 

_; ·;'>:;':,:: ... :.~-~:\;,:. dt. the Fredholm solution •. No serious attempt ha.s been ma.de ~0' investiga.t~:~;:;· .. ,. ·. 
,• ' '1. ;·· •·' 

't •·• • •I • • 

.·· ._,.,. :: - .: ~: .. the analyticity properties of the extended Fredholin solution so trat1 

.''/.:·.;,:r~ ·{: .. <:'from a. mathematical standpoint, we ca.n just cla.im to ha.ve· stated the 

',.:-·_.,::'_t~~;· ·.}':..:;.··.problem in a form a.mena.ble' to a.na.lysis. . However; :ther.~ d.s\: no:; !;leb.t·ion of 
,.;_~·>>';.·.<_;· .. :·f .. ·:;:.·;.~. . . . . . ' ; . . . ' ~, . 
~·: : i.' :. ·, •:~ . . : ~~iffi'cUl.ty ·~dv.)·;l.,",tn:lt'he ·-present );m.per . .:. ~ratG~is1.:our.~.b.eli-efr-t'hat~.this~·-'difficulty 
: .~ :: .~ ~~: .:<. '_:•_: : ::· ;.· ~ ; • . , ' . . : . , \ • , • ' . , I ' 

-': · ~: ... :~ ..... _:·, :is·::~the:·.reaJ> probl.:em\· BJ14 · ve· :expect.:to").say0mor'e JLb.PU.t:·;tt inta.::·~ture-: ~i"::, .. L.:.h 
:··. • ; ¥ ~ '· •• " 1 . ·. 

~:-~:· .. :··,:·,!•. '.',·, •(:•' '··--..;: ·•;•• •'•_. ... •, \ .. • ·,,l:'lo":;'·,·t, 't•,''.,"' '\ j,O, ~~·--.'1 ,,f.: 1 It'" • ,._. :-. · .. -'··~aper .•• c . .:· •·~ lh·.;e •""'·~·-·->11:..1 .. ·.· ..•.. ),, ... <~·-"·~ul .• _. .. ·... . . . . . . 
•• •''··. ,<, 

·, 

; ,··: :: . .;.', ·. ;. :.: · In Section II1 we give the expression of the complete three-body 
····' 

·,. 

._·, ,· 

·:; ~: .. :.·::::. ·. :> scattering a.mplit~e · G~1 ', p2 ', P;' IT l'P1, 'P2, 'P
3

} a.s a series of partial..: ... , 

r> ;; !i '":;;"' ~ .~pl~ tudes ( ")_ 
0

' "!! 
0

' "3 °' M 
0 I~ I "'J.• "2• "3· M) • This relation is '., 

~- i . ·· .. · : ·. :~'·r.:.::cJ.oaeyanalogous to the eJCilB.nsion of the two-body amplitude in termp of 

,i . 

; : ,'~ '(;partial-wave amplitudes, ~xcept that rotation matrice~~3 ,;£ ~oM(R) . \ . 

·· ... ,_ .. , .. , '•. . ' ... . ... 

, . ;;_. ·. <:.·.::_: repla.c·e the Legendre polynomials . PJ(x. _)., .• In fact,. we need to know -~;.f, 
... ··· · · ·· · . · as well ' .. . ... c[J 

· --'.:.>; :·.~·;· }· ··,.,· .:l.::·~theJ.IM'M(R) .fa.s we know the PJ(x).· Therefore, in Section III· 
.· . . ~:. ·\ .. ;.: . ' J . 
• . ··.·.:.·:~ ,;<,"; a.nd Appendix I 1 · we investigate the properties of the :z5 M~M(R) 

·.~·{::·;::::·<:·'::J.)J'. .. when J is ·'complex, and we define second-kind rotation matrices 

\/ <:.~.·· _..<.-::>· ... · t J {~) w!4ch bea.r the sa.me relation to the .. J5 J 
1 

(R) a.s the Legendre 
.·;:--.:.:,·.,-._,.~. M'M''' .. -.~~:··1 ·· .· . MM ·· 
::; ~· :.· :~ >. :.~t: :·,_ .. functi~ns of· ·the second :kind, ~(~~bear ·:to :the:·!Leg~ndre •tunctipne. fi,')· .:r..::~::-·n 
. I • 

·.r:::_:.': ;·,:'·f).·;· ··o~i··the·.,fii'st:·~ridJ \i'~ _~pJ;,·:·{x}'<:::.- ~~··_dn,.pe.r:tic~:r.,:.:the (Well,~kno:rm.··N~~nn 
< .··:· ;. '.; > ,.<::_ th~orem)which a.llaws/?Ibe e~e~~' th~ . Legendr~·.:c~~f~cien~· .·of.~ analytic · 
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equations as stated in a preceding paper. In Section VI, the inhqmo-· 
.... ... , ..... 

geneous tem of these equations is extended to compleJt values of J, oy·ius~ o 

I' ,•,I 

'•. 

'. 

.. 

the generalization of the Neumann theorem: For this we need to know the 

analytic and asymptotic properties of the off-the-energy-shell two-body 

.scattering amplitude which a~e investigated in AppendiX. II and applied 
· .. ,. ·:. \' ·. '•/ 

; · · · · :·to the domain of definition of the inhomogeneous term. 
,. ... :: .} In Section 'vri 

·· . ···"·. . we show that, while it is possible to extend the inhomogeneous term and 
... :~._.-:. ·~_.? ... ~.' .. ~; ·. 

··· .. :£ .. ~ ....... ·~- :.;:: ·che 'kernel of the Fa.deev equations to complex values of ,J, it :f.s impossible 
<'. ''.• 

i:-' >,~C.\;:·:l.:~·i.·'·_r:.::.' to extend the equations themselves. 

·~.·:· .. :· .<:·.:.·::the Fredholm solution. Finally, in Section IX we show that, ~ltho.ugh.':.this 
'·· :· •:.:.• • ' ,· 26 I 

. , . . .... ; . , . ' .. : extension can satisfy the condi tiona of the Carlson t s theorem, no 
1 
\; 

In Section VIII -we show how to extend 

• '!. . • ~ \' '. )' ..: -... • ·: 

;<~· '.:~ ':.: . 
•. • •• ~-. ~ J •• ; 

Sommerfeld··Watson· tra."lsf'arma.ion .can be used in the three-body problem, because 
< ~.1 • :::, 1"j • J:-'1~~ .• ; ·:. !-~·"' 

, . ., .. ~ ·· : .· .: ~~~·o~·~:~n: the infinite values assumed by the helicities •. · 
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where R is the rotation ~ ~)-l which carrie-s 
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Equation (2-rl) is the generali~e.tion of the expmsion or·:the: 
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... · ~ . two• body scattering amplitude i~ partiai .. wave amplitudes, 
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ua·1.r.g the orthogan.ali·ty property of the r!Tvation matrices, one · .. · . 
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can invert Eq. · (2~2) in order to get an explici'l:; form· o{ ~he three~bod*~ 
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. . ~ ; encloses this segment. 
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When the analytic ftmc·!lion of. x, T(E;· :x), has only a cut -~ :· · ~ .1 .: 
. ;· . '· ~~;:·. ~. 
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> 1 to +ro ·along which its discontinuity.': ..... .. :. 
o o- - I • ~ • 

(2~7) can be replaced by 
, .. ,. ·.· 

' . ~ ·,. .. •: 

. · .... ·. 
, : ~~ · .. . • f ~- .... 

·· .... ., ;_. ., 
x) QJ(x) dx; .·: 

.,. . -: .· 
/" 

··(2-8' . ~ ,· 
- • I ... 

. '• .. ~ . /· .···· • ,\.,1' ., 
/ • • j /' 

. . . . _,; ~ ~ . 
1- •• / .> ' 

· .. 
• ': ',o It' ·~ ' • ' ' ' ~81 ' 
;.· · · · '· · , .which .is. the l!"'roissar·t·-Gribov form:uJ.a. \.Aa QJ(x) clecreases when 

... :. . .. _.'- ·"-~. 
; . . ~ .· . ' .· .: 

:" ·.. .•. . . . .. ;> • J tends to in'fin:tty, the .Sommerfeld .. watson integral (2·-t6) 
·.· . . :,,?, .... . ,, .. •' .. · ' J 
·· ·: , ;. _-. _;:. ; when a , for any . J , is. replaced by its expression (217} o Moreover, 

. • .. ·.;· 

I' 

converges ~~~ 
. \ . 

.. ·, '.' .. ·.·: .. ·:···_ ·:~: .. >·. :: .. accord.ing ·t·o ~ the~rem.:by.,Ca.r~son, 26 (2,.7) is "the unique interpola·tio11 '· 
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III. SOME IROPERTIES OF THE ROTATI<N MATRICES 
I<,,', 

·,. 

.· '. 
; ·: · :'; ·i<. ·.·_,. -: .analysi.s while extending it to the three-body case. However, that ... _,_ · 
... ·. . ,. .... : ·~ ~; · ... c .. ·~! ,:·· .. . . .-:.... 

' · .'-'.: ;.··:·:. -'.' · .. :·:'means that we she.ll have to substantiate some well-known properties· cf ,·. 
:~ ' ' ' ' I 1'. ' '; • I , :' \.; 

•' •.. · ' ·~;. { ·:· ~ •• ,: ' . \. • :~ . ~ . ,l . 

· .; ... :,,· ·;·. (·.: ,c_-. ·,'the Legendre functions which were tacitly assumed by corresponding 
... ,:·. • -.~ ;-. 1•,<:\. S; '. \ ' . . 
! : :- • -~ .; . ..... • . 

.,,, \ 

; ~- :. ' 

· ·. ,. ··:-··:: .. ·.-::.>·properties of the rotation matrices. 
• I ' \ : ,: ' , ·, , ,' •',1 ,: ·, ~ 

. ' . .-\· ::::~/:~~; \ ::;·;_:/:(~ 
_· '.· :~. {.>/~·L :::j:~ .' '·.· set of differential relations 

' . .: ~. ' .. 
:.:. <: ~~-· ·--: :::.~ .. -... ,1' , .. \ .. • ~ ' /. ', 
~ ·• ,..,: ..... • •.• • ••.•••. :· i '. • ,! . 

~~I 1,, I 

' . . ~·. , '·r • 

The generalization of 'the'Legendre 
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: :.. ~. t 

equation is given _by _the···.>- ·. 
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.:·.:·:::·_'·;(·:~·· ":\ :< · '1 z ~ ·, ·MM' :··.· · 
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-~·:;,· . . ':_.-~---::· .. where. Jx ,. 'Jy ;_ .Jz are th~ a~ulS:T momentum operators of the symmetric 

:~~:··; · .. :-:··:-top, 1.~•,-differe~tial 'operators with. respect·:to the Euler angles (a:,· f31 r).29 
; ~ .. :· . ;: ... _--~-~ :, ,· . . . . . . . ) ... .' ., ,. ----.... ~...,.:. ... , . . . . . . . ·.. . . . ' ; . 

·' ·. J (resp.· ·J ) .. is the pro,1ection of the total angular manentum upon the .•' .. 
', :;::·.:.. z . . z . ·. .. . . . . ' . . 
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.•:,. ·I· ,.•, 

" •,. ~ I o 

. ~ ~ 

\.': ; • ' .• • • ·, ;... -1 . ~'l l • '·· ·;": 

., (. ·>: .. 15- .·~-.~--- .. ~~ ·.·.'::,·.;·.·:,·· .. :~.· .. ·.-·· .... :.:···· ·, .~· .. ·• ~~ ....... ~ .. · ...... ·:.~ .. :.!~.··./.··.·. ,, ·V'· :f_.' 
·;.~ ..... ; ' , 'I •• ) • ; ' ' . ' . . ... ···._-·~ . .~ ,· . '> • • :~ : •• ~-~;~(··~~~:: ... .'_·~~ 
,:. .:,· .. :: · ., · . · ),\rhile the first· of Eq$, (3 .... 1 )' gives a. differ.ential_ equation analogous· ~o ~ th~ ·. \';:/f:.:·} 
:~:._,::.-._::·'-: ... :,';-,:~:Legendre equation (Eq. ··(I~2):; of Appendix I.~ •. ··:_Just ~6.~0 the· Le~endre.::·::·::';::·;:·S~::·:·~}~~:~ 
· .. : .. ·.<: -':·:.::.: ~-- ' . .. ' ·;·:·;.\:·_ :: . .-<:.:;.(-;:·.-..... >· 
"', . . · .. ·functions are defined by the Legendre equation, we shall define the . . . . . . . " 
:.~·;)-;;(:\·.:'! .. J '. ' : ·:·~_.. ...... ('.' .. :::-:;,·, 

,:,;_ )~~· .. :·:·:·:·• .. ;._; d , (~) as the regular_ solution at cos ~ ·= ... l.·of this differential,>:,:.</ .. ,:<.::._;,:;· 
'.: __ ·.;·.;·.-~i ... /.:.' .• :.,;. . MM. . ': . . .·. . .. :-·~<< ·t- ";.;·· y:. :~.~~; ~ 

. ' ·: •. · ~ ·- .. ·) . ·: : ·:. ::: .. · .... 
)'. · i·:.} :.\.; :_;::·:· equation for any value of J · • · .:· ...... , . .:. , .. (. 'J.. 
-~-:~~{·~::.(}~:~; ... ~ ... ~.~:~;·,·.;. . . .·:'.\. ;_ -· ;.. ·,·':~ 
· ·:::·:.:·-~··::::·r:~r:::~· :tn Appendix I ·it is shown that d~ ,(~).has essentially the:';;:/.··:·'·: .. ?<.- ::C 

MM ~{. . .:--~::.::::::>·:~ X:::,:·)::· 
properties as PJ(x)1 . namely: . ,, . . .. ',·. . . : >>~-~:-J(: "-~;';.:::'::X;t: 
a function of! x = cos ~ it is an analytic/functiOn with a. cut.·\);· .-~:·,::.'> 

. . . . > 2 1/2 · .. ·. . ·:.. : >. ;.;~~ • • ,' : >"J 
- 1 if M + M' · is evenJ or (1 .;._' x ) . :. times such.;:.~·:::':/.~ ... -~/~, 

;i';\~:;}\{{kf:w::7:ic t::t::n ::it: + i: 'in:e~~: , ~;-;_. e~ ~. .• • .,. · 'I\; \;~~_.;;,_:\~tf 
:We shall define a second .. solution ~' (x) of the differential . , , . , :_.: <:-~: 

.•;:~ .. ~' ; 'I •·. 

dJ (x), regular. at infinity. The precise normalization -is·_:,_::,· ·· .... 
t . . . ' . . . · ... \:::· 

MM .· · . ·'"Clo~e~y -~ ~ . . .. ;··· ·. :, 
in. Appendix I. Its properties· ar~ .·-.f:::f1 analogous· to the properties. '.·;.-·,· .:·· · 

. . . ·.~ . ' 'II •. . .... ·' . ' • ; ~ ; ··'. 

~J(x), namely: "·.''.' .. " ,"' , .. , .. ;;-~::.-.-~~;·:f~:, 
flplction of x ·: it.:_is· an analytic:_~c_tion with a 7ut going .~fr()Dl.: .. ·::':::::.\.:A:.:··~ .. 

t_o+l; ··. ·,· · ...• '·· ...... "."',',' ~.-·,;·> .. ~_-_:)._~_:!·: 
' . . ;, ~ .:· .. -. 

J tends to infini-ty, it beha~~_,·like.-.QJ(x)_ 1 .. : ... :. · :.:.·:.~~~~;·/·:~;-;:_·_<_: :;:~:".··~>, 

.·. Howev~r,··_while_ t~e · __ QJ(x) _is ~.meromorphic f~ction -~f ... _::·~-'·.:·;, .. ;;~\:~\':<:/>·. 
'.. l . . ... . .~ 

...... ~·:'·:!.- .:; ~.;'-:.'"<with poles at. J = -1,· -2· ooe; (x) has also singularities _at :·:; ,':;, ' .. 

{:;:~::t-:';;:!/,; = o, 1, • ~. {max IMI - -~, IM!?( + Accord~ w .the _valueS ~Jtc~:';1";: :, _ .. , 
SH•'E·:'\/ M and M' , th~se .•~ities: can bE! poles or ))ran~~P<>int ·~ ;i;;.·Ji: ~.: ;::,:'; 
:,-;;/.:'· :,:.:, .. .. , larities •. They are .indicated in detail.in Appendix l;.• :;;_·.: . : ·:,::·· ~· ··:· :;;.:.-··:.'·:···).:···}:::. 
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eJ (x) .has only a 
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Let t(a, ~~ r) be a function 'defined 'oVer the rotation 

analytic in cos @ and sin @ in a neighborhood of the segment 
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In order to continue the right-hand member of Eq. (3~7) to complex 
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Here F2} is the two-body scattering amplitude · ~<'P2'p3' IT23(z-wl') IP2"p3':> 
in terms' of the variables f3 ·.· and '1' • . The kine- ·. 

situation~is illustrated in Fig. 1. 
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l:>i.':,.::' .. :·:/,:;'::·:: '·in addition to (o:, 13; r), the angle between th~ (p1, p2, p
3

) triangl~ an~ . ' .' :: 
>:·:.::,\;''·.~:'.)'.\.; .. :, . It • "' " ' ...... /:: 

:· ······>:~.~:::::>the (p1 1 p2 1 p3 ) · triangie as well as the two undetermined sides of this)_.:· :.'~::::: .. 
1 

:<.,.<<·>'.'· :last triangle. · Then KJ2_. ~J will assume the farm. (5~11) whi~e f will , · : .). ~:';,)' 
:.:· •. :~·,;:·· ... :.·.:~.: .. ·. . ' ·;· .. :·.'··. 

• [~,', ~,r: _,,, contain ::::·::::::t:::t:::l::ude~ :d :~:~p::~:::e::~i:~s .• ' , ' } , 
1 ·,.:,:.\ .. :.t.;j;_·~ · .. ~. The generalization of this approach to any term of the Born-series· .,-:.·· ... : :: f 

,:,;:;:: .. ;:. S:•e"l"'nsion of 1f j .. is obviOus. UntortunateJ.y,. it. beoanes more anl more .·' ' : :· ' + I 
·;.;·\;., ;>:. in';o~VlOa' as: ~e ~.~o~side~~ ~her ~de;r: :~ t~~ am this . seems . to be 0;; ~; ·;: : ': r 

.: .. ~~~'.:· .:· .. ·.··.· '\ ·~·;:· . :·:. :..::· ... ·.~. . . 
. ),,.; ... ·.1!,• ......... •··•···. ~· ~ .. r •• :. ·.·:·_-.x.·~ ... s ,.,i -=~\.·:· ... _~-·\··.;.! ···, ...... ~··., .. ~ ~ ... •'.' "'tl 

.· .·· 
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the price to pay for the three-body kinematics. In order to say something 
',, ... about the extension of these terms, and particularly (5.ll),we need to know 

more about the analytical properties of the off-the-energy-shell two-body 
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CONTINUATION OF THE INHOMOGENEOUS TERMS ' I ',.· .. · 1, 

' ·.:. ·.· 

The off-the-energy-shell two-body scattering amplitude 
..... ·.::-,1< ~·. :/ 

... :· .. 
:·~ ....... ,, 

:~·}'.; f>.·:.T(it, p'; ~) .. (where s is the cc:mplex total energy as· it ap;pears in the·· · 
: ; ' :<. . . . . 33 . , .. >; > _. ; 

. :--: ;·:.· .. · .. . ;· · Lippmann-Schwinger equation), can be considered as a function of· 
: ( ;.';.<.·. ·;;. 2 r2 ' 

...... 

(
-+ ... , ) 2 
p ·- p • • ' 

• l .• 

... ·,·:' ... .:. ·::·,· ;,· s and of the three invariants p ·' p , and· t = 
~:_:···:··:<~;'<<\~~--~~~-:- ~ ' ··. · .. \ . . . ' ,·{ : 

2 .. 2 .. ·:· 
· ·; .; .. ,;.·:.' A sketchy analysis_; given in Appendix II indicates that 
• .~ ... • . ...-; \'.::. :: ~ I • 

T(p .'.1 p ', t, s) : · . 
. . . ' 

.,. · ·:; ·.·_>;.' ·" ·. . 2 r2 

. ·,:;,:· .. ~:··.:: is an::~ analytic function of p 1 p 1 t , and ~ with the following singu-

,' .. :.;;:>)>:7· .la~itiest4 '·' · r/ .. ··'· 

:;;: t:::~y ( i) .: a cut in l f'rom 0 to infinity, · . . . .·. 

~:~~~ {/t.\'. ~ ::~) :·;: ;:: ::, :•
2

;•: ~:~ :: ::::::: _ ~ ~1 : bei~ the ra<€e Of ~hO ~pten~iU, } i 

~:>:. )<;·\(iv) .~ a cut in z • .. ··. f'rom . 0 to infinity,. ·.· , / 
~-- ··.:; ..:. · .. , :·~: .: l -t) ·· - poles in z for values of z which are the energies of the bound states. · ·: i 

..... •:· .. -:-. ' : .::.· . .-: 

.:_,-~\_," :.( ; , ThO ~e singularities give rise to singularities of r12 (<J>; 0>1 z ;a,~ 1 1 ) , · · I 
:·:;·(,. :~:::;.~:·.,/:_: in Eq.· (5"tll) which, for ·fixed values of o: and r, are singularities : ,~ ·,i ::<···.J 

1:,~;.;~·:r.Ec-1n. cos ~· ! ~ singularities _in r _.of the two-body scatteri<€ amputudes .· _ .•.. ·. ·. j 
:::.'··-~;·. ·~ ... · .. ···_.:-; always take place outside of the integration domain in (o:, f3,r). · The singu- ' . :~··I 

·','" . _. ·.~ ,,,;, ·' .. •. :' I 

','ii .. •·:.'' .. ' , . n2 ' " . . ' ·.. , . ·}:: .. ,.! 
,;,·<<:·.>:.,-larity in ~3 . of F23 (ro _,.cD 1 z - ro1 ) , for instai)ce, can 'touch this . · · >.:>{J 

i ..••• ::.: .. :~:·.:_._.-.\ ... ·.:; •.... ~ .• _,: .. _·.·.' ..••... :··~···:··,.·::·._-.·.··:.;:··:·.~.-.·······:._,-.',.l!s.hyituas~tcailonrwehgier __ one····. ·:n fact, ~,:;2 .~ 0 corresponds t•o a kinemat1ca1 . _ ' , ••• ,;:;.-,j 
_ : .. .. . p2 .. and p3 are ~qual, and this can _<h~_ppen'-:.~nlywhen : :< <. ~ ·:._:···.:···.:·.~._:·,,·.j· 

'i .•• • ; "-.'• •. : /' ' t ( ) 
.:·;·-:-~·.i . .':·~ .. ::·:·ro1 = 0 or ~1 · · .= ao2 ... ;see Fig. l. Therefore,· except for·.a set.: ... ,.-':<~~L:··.} 

: ... ':':,:)·/·';/::: ·:~·of zero me~ sure. of the ~itia.l and final variables;· ~~e theorem (3~ 7). ', ·:::··::.:··:::;:f.~,·.::~~~:/_ .. : 
~:~·~.~- .. :.:c··::-!·.-~- · ~. · · ·· ·--. l. _: • ·. .· . · .. • •• ·• · • · · :···: ...... · -.: . · : • :. ;: ..... _.··._-~·-. ~.-· ·-;~-~:<<:-~~~~,-~:. I 

· :'· · ~ :::,'~,·_:.,:.~:can be. a~pli~~ ~ ·; wi ~h~u~ special c~e~ and. all~s us -~o. de~ine .th~. _contin~~.ion -\!. >}~:~·J 
.... -·· . ' ' J .. . : ' .. . ' ..... ·!!\ -~ 
.. >~:.<~·;_;,;.or. t~e. fU:~~ : .. inhom~eneous, -~~~- .. KJ ~-.:· . to rompl~~ ~lues of J .• ·· : .·. ·,. .· · '/.·;;·~.' ::~ ;)>! 

. (. ~ .. 
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' . ' 

. When ·:.:: .-:;.::::-:~ :''·/ the second inhomogeneous 

. . r 
2 J is being extended 

term KJ .[} I more care 

· .. · must be ::exercised, because the second triangle (see Fig. 2) is variable 
.. ' ... . { 

and there 'is. always a kinematic situation where, for instance, 

,· 1 ', t • • , .. ·,. 

,., ' 

. . ' ... ··. ..... ' 
.,,, pl. = However, since the integrand is also analytic in 

. ' . 

' ' 

" '• . . ( ,..,.. . ·. " 
",. ':.·.::. . / .... ';'. (.1)1 ; ro

3 1 and · u , we shall ~ssume that it is• possible to displace slightly · · 

. ·.' . . . .... · . '• 

·: .' .'• ,: 
.... 

r, ·. 
·,.::· .. .. ·' 

"'• 

... ' 

. ··' ' J. '' 
. " :~ .'. ·: . ... ,, .. ·. '~. 

. the contour of integration of these variables in order to avoid that 

·singularity~ As this ·kind of sine;w.a.rity only touches the physical · . . . 

region without crossing it, such a displacement ;s1
alwa.ys possible • 

·· We haVe up to now. replaced Eq. (5-rll) by 

.,·' ,· .. 

.·· .· 

.. (6~1) .' ' 

.. , · · .. : .~ r . , ... \ 

. . . : '.: ·~ :. 

~;~ '.: ·:: · •.. ':· . 
•. 

.where a: and r are integrated _from . 0 to 21C . and cos f:} is integrated 
. ,.·.:.. ·,, ... : . ' . 

::.: .. '.>·. · :along a contour whieh encloses the singular:tties of the· :i.ntegrand and goes 
, · .. : I , 

··.·.·;,;·· ,-., ~· ''·'. therefore to infinity. The equivalence of Eqs. (5~JJ.) and. (6·d) as·wel.i 
·v: > .:·: ... ' ':<.< ·.: . . . 

·. ·• , .. ,' ·:·, .·:· · · ·as the existence of th~ integral in Eq. (6-:-l) depend upon the asymptotic 

. <. :<> .. :: ·: ... ;,.: ,: ':·.behavior of' ,~12 .(rot, (.1)~ z; a:, 13 J r) when cos (:) tends to infinity • 
. . ~ ·~·. ~··· ·', .. ' .: ·~; . ' . :. 

. :., .. :,.· .... ·• ::· .. When cos 13 tends to infinity the components of the. vectbrs. 
- ~·. . . 

J'L' }: ( ' > i?1 ', , i?2 :, i?3 ' · in Fig. l ' become i.nfi~i te (and compl.e~) while. ro1 ', ~2 ;: , 
... , ... · ·. ::. ··::<:: .. and ~ , the squares of ·their m.odtll.:t, remain finite.~ ·. Accordingly : /':; . 

-~ . . 

. . . ~ " ~ ,. ......... •, . 

::· ·;</:_ ;:'::_:.: ..... p' = · p1 : -.. ~·:_P~(.:b~~omes· .:nfin~te as wel~ as the ~.m •. momenta. 

. ·<:· ...... :~,.~. .. ·:<::x>>.~·:·t·:·:.:::;:_:; .... , ~ ... :.. ,· .. ·, ·' .·. ·.·:·· :·-
• ' 1 :' ' ,•' '• ' ,•• '• ·,' ~I • ~- • ' '' ( • ' ; 

} I • •' ' ,· • • •, : ,; , ': '\. >.: .. '' ', .. ' '·,:::, > 'I ' )' 0 • : ,_ ,_ :: ' , , I ' '• • , •, , ~ I ' ·~ j 

:··.-;/' ···,:::·:. ·:'·<,:,.,(· .,, ::·:: .. :.· ., .. ·,---·· ·.:.: .. ··.·.--:: .. : ... :;.:·. 

... : 

' . . 

: . ~. ' 
•' •••••• j' .-~·\: •. ,._ ,_:--.<.~.:;·:~ ... -~-... "···· ··:.··.· ..... 

. •' (• '. . . '• :: . . . : ·.· : .. • ,··\ .. : . . . . : d,·.~:. :-: ' ,: . . t '. ' ~' >: ~' . :. j . :' •· ' ' 
I ~, .·.// ' .•, • , , , , • i ' ~. ', • '. <I' ·., ,• ,

1 ' , <' , • ••, , , 

': ;··'·::-·.'' I,~~:,.,·./~, .. ~· .. /, '\.':·:~ .~·~' t\' • .J'~,,I :. :~.· : .... ··,,:: ,·:, ·./ .. 

.. :· .. .. 
' t • I '". 

· .. ' . 
.:,'· .. ,, !". 
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The fact that the :scattering angles tend to infinity could lead · · · ·. ·:.· · 

.. . · 

_::··_:(:;·.··:-,;._one .to ~elieve that the Regge poles of the· two-body scattering amplit~~ \;·;; ,_.·,.,:­
\··· 

determine the asymptotic behavior' of the integrand in (6.1). However1 it.:: .. '. 

is shown in Appendix III that the fact tha:t the center-cit-mass momenta.:. 

also tend to infinity compensates that ·effect, and that.,the overall _: 
. . . '· ' . . . . ). ' .. , ... 

;;-'; : ; behavior of F 23' fat' instance, id _ . . . . ,; : .... 

;;',::;:·~··:::;'~>-··.. F
23

((J)',· (J); z Cl].'; a., 13, r)·.~ (cos ~r1/2 ·:.'(·. .·_:·:. " 

tr-)m~,t'_{: -J~l According -~~- Eq.(Irl5Jot Appenda 1~ · · e ~. <x~ .,~~ve. :;ie :-/; .. . _ _ • 

;';.'· :,\; ;,, x ,, when ·. x ..•. -,._ to ~inity and, therefai:ei . the irltegrand · ' .. ·• ~-~;;";;c~!:~"f:;c{\•j',~. 
·:.<:·:<·::· .. ;{:::in Eq. (6~·l)'bebB.~s··:·:i1ke .. (cos· (3jJ-; .. when c~s (3 tends to infinity; c .. ,~ •• · ... • •• .;.Y,:. 

''• 
*'~~ ·, r' •' ... o' 

• 1._ ·: .... \ 

·'· .···· ·; :.::.:' . ~-: .. :.···\:\:;:.~><:::,?:·::} 
.. _:: ..... ~:-.s·~~~:;\ .. · ~· ·--~ 
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so that it converges when Re J is larger· than 2. 

Accordingly, the domain of analyticity of·the inhomogeneous 

J 2 J . term.s KJ.::J and· KJ £] of the Fadeev equations can be eXtended to 

··complex values of J in. the half-plane35 

Re max· , .. 1; 
. ;· 

) 
This result holds true for any term of the Neuman~·expansion 

. ' 
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... , 
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: .. ·.·.;: ot the .solution of the Fa.deev equations. 
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:· ·,: " .. ' . .• ' . :' ~. , r~ ~~·;;,)~i5;· ,·;: ::. We have found that the inhomogeneous terms of' the redu~ed' Fad~7v···· ·· .. ::: :l :·-·:_. .! 

'::;)-:\.:.:i;.>:·;·: ·~quations can be extended to complex values of' .. J .·.into analytic :> • . · :·.:· ... :_:: :~: ,·)) 
., , ...•. ' . ' ' ,.' •., .;' ... · ;·' t. 
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To conclude, we see that extension (a) does not satisfy 

·.:·~ condition(t) • 1 

' ·: ·'. '·' .. '., .. 
· If we use extension (b), the argument is the same as above up to 

. ( 

Therefore, · Eq. (7.8),where PJ(cos ~) has to be replaced by QJ(cos ~). 
. ) 

·: ... : ·:·.". .... ,;·. . . . 
.' .. · .. : .: ·:·:; · .. ·.. :· , •. both the terms of the kernel and of the solution tend to infinity l:l.ke 

: ·:_:::<;J·/:.: .':·.'::· ~,'·.: J~1(2 . when J tends to zero and the sum . (7.,6). .has no mean~ng. . .. 
. , 

.... :· . Therefore,·we cannot find an extension of the Fadeev equations to 
I .: ' • ' " 

complex values of J which has the physical sol11iion when . J is ·an integer. 

'' ·, ··· The reasori must be traced to the existence of nonsense channels for 
. ·, '/. •, . ,. 

which IMI >. IJI • 
:' I I ~ , , o , J w' I I 

., '., .· ... · . ' 

·,.,·· 

. . , ·' 

The preceding negative results should be very strange if the 
1 ~, :· '.,' .. ',' .· ... 

;, 17. 
I 

',· , .. 
. . . . ··' .. ·>extended ~deev equations had a solution, while not satisfying condition . •,' ,· 

.. · 

· .. · 
4. ·:' ••• 

•:, ... 
.· 

·, .. 

. •·· 

"' ···' 

I ~ ' 

····' 

'· ·' . . . . J J ·< .. '.'{'-.). In fact, the asymptotic behaviors of d (x) . and e · (x) . when 
MM' . ·· MM 1 

. I 

M and M tend simultaneously to infini:ty is exponentially increasing 

r. (see Eqs. (IT20a) and (I~21) of Appendix I) so that Eq. (7,2) has 

an unbounp.ed kernel with' both ;' extensions (a) and (b) • Furthermore,· 
. .. . ' . 

. . . . • . .· J . I 

if we assume· that the solution. -.U , bas the same behavior in M and M 

.as in s.;matrix. theor;. ~·as v3 

·., ~ ~he asym;~oti.c behav1.ors of d_J (x) . :: 
.' •,'. . ' . ' ' 

J . . M M M.M . · 
and e (x) when M' · tends to infinity (as given by Eqs. (IT18) and 

. MM' .... 
(I,.l9) of Appendix I). show tJ::a t the summation upon ·M1~ in Eq. (7-r2) · . -: .... 

. . . "' ~ ' 

· will never ·converge • 

To. conclude: the removal of the .C'onstraint .IMI < IJI when 
.. ··. 

J . ia complex~ . which. has. no 'counterpart. i.n the two• body problem, is 
. . . . . 

enough 'to rend~:r._a.n.:· .. ext~n~;i.on·:-,of ~,.i;,he .F.adeeV.; :equations·: devoid o,f:: . .e.l,l :.meaning. 
: . ·_,··~: .:;,.-:c ~.-:··~ .... ~:·: ,.~...._.:: :~:~ .. ; .• ; -' ;.:_.,.' ~.,. > .: . ·- .... ·:"=1. :· •. ".~ ., .· ... .t' .•• 

. ·, ', 

. ~. 

.. . ~ 

. . :) :_: : . . ~ . . ·. . : ·:· .. 
• \ ·.,··'.' t, '... ,' .· .... 

• t • ' ~ .. •• • • • • : : ' ; ·, 

· .. i :· 

.. ··. 

.. ' .. 

~.. . .; ' .. 
. ,' . . •' ' ~ '' . 
• •, • • • .: .t 

~ . . ' ' .. . .•. 

.. 

.,: 

' . 
L , .. •' '1 _ ' .. o '. ...... • c ·~ : , • 

. ,· . . . 

• r : 

'·' '. ' . 

' .•' 

'·•· 
,) '· ,!' . :' ' 

I,.; 
.,; :.-~ 

·r'':,_ 

. . 

'.·.' 
. . ' . 

.. 
' ~ . 



'. y -- ~.-

.·.~ ' .. -
•,, 

'-'··· 

,· 

. , :~. 

,:< ,;7/; :;~ .. 
.. ,f.·,. 

•'•·, 

. ,. ~-: 

.· ::'-'- w~e;e39 ,,_. 

'· ... 
'· ~. 

·, .. ,., ~- . 
·},' ·. 

1,./.·t • ·, • 
,I,·.· ... : ' 
··;_. f • ·<.( 

- -~. 

; ..... _.' \' 
.... , .. 

. .-

. .... '_(·~· 
;;·:-~-:-~ .. -.·~· . 

'• i ·;l.' 
. ~. ~.: ::. ' 

••• < ' ... " ..... 

,;·: ·., ... ... 

'! 

·',,. 

.-· 
: ,_ f~·-·'~ .• / ·~ 

'· 
,4 ..... 

>. ·.~ ·) 1- .,. ~ ' • • •. • I 
!•'' 

for.'.:P~sical <:J ;' (7.,1) ·,as "'·. 
• I ·.• ' ' '• '> _. ~,I 

' .... 

• 
.. \ .' 

; /·: 

is c_~pletely continuous_, since, according 

has that property;· and ·.a.'lso satisfies 

. . . ~:· .. 

I . 
: . j'' . 

) 
2 ~ . 

+ l Trace ~ KJ , < 
. ~ 

. : -~ ... · .... · .... •,' : .. ~~ ' 

·,. 
··.c~:· .. 

' ...... 
I • ~ 

; . .-
oo. 

. , .. 
•'." 

",· 
. •. -·· 

; (:-/. 

· .. 
·;. ·t· 

, ... 

-:.'·' 

~ · .. 

~ . ; 
{." 

'. 
··{: 

{ 

I 
.! 
l 



·, ,. 

. · .. j:: · •.. f. .... 
·: .':;·• ... _; 

.· .. 

' I,', • 

·.·· .· 

j ' ••• :· 

. ~. ~ . 
" . .. . 

'•. 

·~. : ' ' I 

", ';'' 

.···:. ,··· ',.._ ·.···. 
\'·/,', /~ .. • H < 

't 'i'r •· · 

. ·. i ~ -: .. 

' . .' ' 
'. : ' ~ 

. '·' \, . ~ 'i .·' 
:·_: ... ,' . •',. 

.. . ·~ ... -

. ,· 

·' ·.: 

'• 

·,., 

'• ' .. ·· 

= 

.·. 

.,·i ..... '· .. ',• .. ' 
." , I ~ {/ 

.·.· . .... ' 
'I 

···. 

1 0 _J •• 0 •••••••• 

:. 0. • 0 •••••• 

.. · 
•••••••• 

! :I) ' ,··,, • . . .......... ' ................. ~ ........... . ' . 

•·. 

·, 

. _2n-2 ., · · · · · "' 2. · · · _2 
K lK:J • • • • • • • • • • • • K... ·K,. .· ... K -K~ n- . --:I. .., · · · n u 

I ' • ' ,.i •,',:. ', l ~ .. ' 

.1' 

··::l::.c· .. 
•• I_ We have introduced the notation -· .. , ... 

,··· . 
'' ~' ' . ; ' 

,) '~ ..... 
··'·'·. 

:.,.. 

K ·. = 
n· Trace :rdn 

j 
'•, 

I ~· 

.. · ... ;· 

. '• ', ' ,·.1·. . '•, .· ,.• 
·-.:· .. 

. .. ,.·· 
' ,. 

··, 

We have. already shown how to extend terms like· K n ·v· ·· . ·to 
... J ' J 

; 

.... 

'4':. 

'· 

. ; .. <:·:.complex values of J • Let us shoy now ,how to extend the quantj:ties 

. ! 

.... 

.. 

...... ; 
' ~. . . .. 

, 0 O J o I' 1 ',, 

,.'I> i 
\: . 

' .. ' ... • ;' 
. ' ';' 

. <·. .. . 
.. ·' .. : . ~. '; -' .. 

' '~ ; I 

,. ' -_·,,· 

. ' 

' . 

In1order ~o express i:n 
.J 

:for physical :w.lues ·of' J, we shall 

.. use the same kind of variables as in Section V, .;f..J::.::>·;~ ~-·' ;;·. ~>;: ··:. i.e·.>- .::. 
! . ~ 

·.·;· 

a rotation R(cx, ~~ r) giving the rela:tive positions o~ the initial and 
. I .. 

·.final reference _systems plus other momentum and angle variables 

·labelled collectively y · which determine the relative position of 
. :-· 

the 2n<1:·.; 3rtl .• •: 1 2n - 2 intermediate states when i:n 
J 

is expanded 

. ,· 
: ' .. ,"in terms of ma:~rix elements of two-body scattering amplitudes • Then one 

•' 
t .. _' ...... 
. ''•· 

·' 

I''< ' 

·-~: .. ,. 

... 
. . ~ :- ~ . ' 

·,.. ~ . ' 

. ,.,.,. 
: ,·' ':. 

:.'.'1, 

·, 

·· .. · 

..... 
. ,( .-··· '. 

. ; ... 
· .... ··.:. :: 

: ... ·, •: 

· .. ·. 

,,, ..,. 
\_': 

. ~ ; 

.: ·' . 

... ·. 

··. '·~ . ' . •' { 

:·1 

·, 

'· 



.; 

. ' ,.,., 

.·_; 

.. :.'".-

' .. 
-,~, '~ . " ... : i: ; .. 

I, ' ~ ·: ~.... ; ,, I ·, ~' 

•,' ... f' 
. ·. 

'-r' 

.:f. 

.. · .. ·· 

't ' ' ' 
., 

.· .. :.39-
.',T,•" 

·' 
:.' . , . . ~ 

\, 

t • ' ~ 

: t ~ 

;• 
'., 

I ' ' ' • 

. .' . ~-... ~ 
"t. 

In order to evaluate the trace of the ro~tion mat~ti,:_ it~is . ;·. 
. . . ' 

to define the :r;otation . R by a unitary·_.vector fl along its 
··•' .· . . I _.·· 

(or, equivalently, ·.the spherical angles e ana· fl) ~d tlik 
. . ' of 

·of the rotation~ ' Then, ·one has· 
i.· 

'··'•: .. :·-_·:: 
.. : 

·- .. · .. 
···: ... 

'.'( ,·· .. ;; •\'. 

,,. J ,. ·: 

·.· L ·. ~~<;,~~~·,~ ·-·: = 

·.' ·M=-J 

........ 

',. 
· ..... -.-. ,·.· . 

")", .. · .. · 
:'·'I:·~::.:· ~- '•' :: 

' •.. =::--,·.':' 

' 

'.· ',') •' 

. ·' . -..·· 

,-,_,. .. ,.· .. :• ... :. .. . ' . ~ . 

' ···: ··:.:_ 

.:;··· 

.. , 

..... , 

I 
' ·I 

. ~/- · ... ~. 
.i 

'[ 
. ,r.: r 

. . . : ~ .• ~ 

·'· 
~ ~· . 

,:.-t' 

·. ~ .. .~ 
~ . ; f . I 

f 
.. '·'! .I 

.:·z 

l 
I 
t 

·~ '.~ . ~ ,,., .... ! 
·· .. :.· .-.j::: . .-·· 

... · .. 
.· .··· 

··I 

J 
> ·. t 
.. I "' .''. l •.; ,· .. ; 

... ~. 
"i· 

···. 
• .' ::,,,·::,•:{:: 'l.'.:. •'• . : .• r,, ,;,::.,:·,;~.·.:·~.~-- ' 

• .. ~ <-
.. :·. :~}:-; 

·:-:: .. : . 
'· .•. - j•.•, 

'~ :. ' ·,.· 

A .oUt~"~.;,;putati.,;. .~;;.;., ti.;,:. ,... . .;: ; ' \; ' ' :-. I 
::: .. >" ;:.,:''~··!,;-.. <:<~::>:. ··~· ·.g.i p:. :;;;;.:.lliJ.·!·l~~fJ;·:·' >-~ .· ·. • -· .. · .:: I 
: 't) · ·· ,, ' _, 'i;' :".f' dc~s~ d7 t ·· 2 sin-~ d Cos ~;~. ~:~--~ ,d~:;';;;; ; ·. . .· (8•10)• ... _· · : -~ 

.•·•·.,' .• 'J ,·1, • ·••.'r :, 1 
•, ' '~ .: ::;; ~.~. o./ _-_::•,.,,;,'.·~· ·.~~··. '• '• • • ''l,,: '~1. 1 ' ' 1 ,'~· 

0 
, '• :' • ~· 

/, .:. • ' ~ ;. '· • • .... ··--r·. . • . > • • • ··.·~·' :· ::. ! ... .: ;·:: ::.:<.~· ,' ' ' ~ ..... :;•!"~',F_<,•,''·\ ·, ~ : • • • •l •:,·. . 

·-:!;. •, ·::·.·:·y.~;:~·<,'?,:·; .: > .. - ·! 
' .. '·' .. ~ . ) ' ' . t~ .·· :· .". :. ' '·; .. t 

;:;'. ;; ' :.1 
'·: ·"~:;i\>';.': ,, ·-~ 

;,. 
"'· . ~ -~ .. 

I· 

·~·/~. \ .... _ .... 
.. . . ··; .~ 1 . ~,·i 

:;,.,· 

' 
) ~ .... .' .· ... . ~ ·~· 



,:.~:l. 
';. 

~' . ; 

I ·,"' ... , 
'i,· 

' ' '. ~. ·', .. 
~ ·~ 

.:·:' 
. ' r ~' 

.. ., 

-4o-
• .. -, 

' •' . . ; .... . . , .... 

. : ' : -;·: .:xn' :· ~ J ... ely. 12" • , a~J· 1Co . 

'\ ,' . .; ... ' +1 
' 
' ' ! •• 

dcose J 
. . . p 

(n\ . sin(2J+l)z·:: p p 
2f' '{.ro,ro;y; e, ¢, p) ill2 dcos2 • 

--
• J ' I ' .. ·.. . ~ ', 

'., o4. •• •• ;'.. ••• 0 ;· 
'.' ... 

' .. ~ 

.. ··. "· . '.' . , . ~: 

.. ·: ... ;., 

'·· ~ . 
. .. .. 

' ... 

.'1. 

. ~ ... 

-1 
sin £!. 

2 
·,' 

t ~ ; ·, 
• o,.. '•' I' I ' '· ... 

. ·.: 
·,.,, .r 

, .. -.; .. ,,· .. 
Let us now use the fact that two rotations with opposite axes·· ~ . ; . . .~ .. 

'·. '·. < · ·and angles are ·~n_ fact ident~cal: so that '. 
.. ··. '·r.-. 

.. · .. 
'' '•, . . 

~· . ' .. " .. · 
'r';. 

··.·· 

··' :· 
:, ,· 

. ' 
·:.\. -··. ; ' 

ro; y; 1C .. _- e,. ¢ .+ '1!, 

. . .'_'; 

''.·• 

... :·· : ·and introduce 
, ... 

. ·, .. 

' ~. 
'• .... ·, 

;}, ·~ 

~ ' . ·r .. 
·., .. ). :· 

'\ . '~·, .. , . : . . ... :.( ·. '• '". 
' . 

.. :"•'/ ·.:., ... · ....... \' '., 

·' 
': 

···\, 

','•, 
. •·' 

., .. 
~ : . 

. •','. 

... : • F(n) (m;m;y; e, ~Osfl. ·· .~: ···~ ~ (~{m,ro;y; e, ~' P) + 
. '\•'. 

t I ·~ .i • 
::.' ·· .. ' 

'.'. 

i ;: .-. 

~(n) (m,;;y, .r~e, ~ >]· 
(8-:13) 

. -~.-:~.:>: /·-··;··;·:;·_~:~:A~cording to Eq •. (8~J2), F(n) .:-~~.the analyticity of the two-body 

·. _ '.:--.: '}:'> ... · . , s-cattering a~plitud.es, .F(n) (ro,c.o;y;e, ¢, p), 
'. 

is e.n e.ne.:cy:tic function_ of'.··; 

/ 

·~\, ·_. ,.,· 

; ' :, "• I:~ i •• I f' • ' .. _ . . . '.' ·, ) . ' 

·' ',,•' ·: 

·· .· :•:>.. :_:: cos· P/21 and one has 
. r. ~ • . 

. ', . ' '.· .f . 
,·t, ·.' 

'~· 

. ' ... ; .. ~ ,,··· .. 

' . .': ... · .··. 
. ; ' 

. ,. 
"./ ... • I .~ 

; ... 
~. ·. ' 

' . ,· ; '.' . ) ~ 

·• .·· 
t'i .. I •: ~·,I.-: I '' : ,• ~~. ··•' 

' · . .. ·•:. "; 

. '. : ~ '~ :. ·. 
.. f ' • ' ~ 

·, 

. (8~14) 
~ .. 

····. .. "'' 

' 

: ·. '· 
:::.;;:. < 

'·· ·.• 
. ' -,· 

' .. 

··· .. 



.. .. 
. : -~ ~ -~ 

:;./.''{, :: 

: .•.. l . •' . 

.. C is a contour enclosing . the segment . ( -1~ +i). 

we deform the contour . C along the can now procee~ as before: 

";.<:,;,':..:·singul.B.rities of ·F(n) (ro, ~; y, e, ¢, 
.':~;~_r:~,_~_; :( ( . . ~ _; .. 

x). As the Tchebysheff functions 

_:;_~_.:;;-.,<:;:::i;:Y··.~-f the se~ond kind have exactly 
4
:he same asymptotic behavior in x 

.. '· ·:· _:in·_. J .'as the Jacobi functions, . all the_· discussion of ·sect~on VI,. 

and 

,,·_ ·-: .. 
·.•· 

· .... 
--~f~~ about the ronvergence _of E9.. ·: ( ~·:1) _ can be carried out ~ithout change, .. · ,_, 

. K · is~~ anaiyti~ tun6.tion of.· ;:.ii~::t~e::half-plane ·· .. 
·-.•· n.. . ··:. ·.· 

,. ·•", I • ~ ' ' ' • t : ' :-. 

• . ~ • . :: • , , ' \ . : l '~, ; ; ; . ' I . ' • ; , ' ·', , • ·. ,''• . • ~·-~: '· 

\·. .· . . .'. . ' . ' '~ ~ .. · : <:: 

-> Re'.,._:J:·--~.; __ ~ 1/2;. .:,.,_.:<">.··.~ 

. i_:-: _{un~ortuna:t~ly:;~--;- ~~e_>P~~e~senc;.e,_ ~~::- ~P~~J.ex·:~:s~~~:~G.~ ~fj-s:: -~~:.;~~~7;j:~~~r ~-: ~ 0 : :_:_:: · ·-~:~\---~~::t::~i.;,~ [ 
· __ ;sllc~isty; t:he.: eon9..i_t-~onl5:·9fCG:~~sqn.~~~~o~.~~ :._~;:.~~-~- ._~(.~~·~_;;·>-.:()';:;;::ij;.·_: .. ;.: ,;:- i:, :·,. __ !;\-:·.:·;~··: ~./. :-:,~- ~;_: ~:. -~ 



~~-~ . .--. 
· ..... 

-42-

20. Putting these results together, we see·that we are able to extend 
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.in·order to investigate the asymptotic behavior of the connected part: of 
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. . .t .·. ,_, . . ~~(a, a,y l ,9~. (a, a,y) + f(a + •• a,y+• l s;Jr-t~' (a+•, a,y+•il : .( ·.': .. ·, :·. :•·' < · .. I 

~.·:;. :· .: ~ ~: ~ ;: ~ ~fca, a ,v: + ( -1 )M+M:
1 r( a ~ ~, s, y +WJ J S ~;(a, a, y;:::t;{: .;~: ·:)!:~;;;:1 

~~-)(.'; This does not change the integral. Since. f(a, s,· y)_ is defined ·on the , >-·-· .:'< !: 
.· .,} '· .. ·; rotation gro~p (and not SU2 1) one has ·' : ·· v ~:-:- ·; •·· ·.· · · · \ . .-·(f 

• • • "• :·: . ' , . • ' • I • ,' .~ ~~ 

' ; . ' - ; . ., .. . ' . ' ·:: . ". t 
.;;_._ ~ -~-~:~;· ,. r(a + '"•s , y + 1r) = r(a, a, y); j' ..... .. . (I-13). ~,·-;··:t 

( (-l)M+t~', r(~~-s,-~ ]= ;(a, a~ y.) .·:_~: _;. -f 
' . · .. _·_., , .. f 

Since r( a,. a, y) is an analytic function or cos a and s.in B.'~ F(a,B,y)'i~ - ;· I 
' . ! 

··.,·:,·I 

is ·eve~ and· sin:'lS times an . · f 
.l\,· :_:··· . ' 

. . \'' . . '··;. ·._J 
when M +. ~' . is odd. As ...... _ ... ; •. ; \ :.. .: .• '/'::J 

is always a~ analytict~ ·~unction of co~ 6 , -·~·,'': ·: .'.:-:: :: :::.:. t 
·. ····~ / .· · .. · .. • .. ~-. ' .·· .. ·- . _· __ · __ ._)·;_.·.tfl 

.~. ' . • r ,: . , : ... :' .. : .. ~ .. -. . I 
: . . ·, : . :· . . .. :. : ·: :~ ·. .. t :~ ' .... 

!. ·' . . . . ,·,,, ·~ .. 
·. . . . . ... ~-- ·,>;'! 

tberefore the.integrand contains 
'. 

·'· 

· ... 
' ' 

an analytic functi~n of cos S when H + Mi 

.· i' analYtic function or cos 

l+(-l)l-1+f'.P+l J . 
B . .· d1~1 ,(S) 

. /. 

· ·: .. '·' .. sin 
' ·. 1~:·~: . '·: .• ' . 

·. .-:­
' : 

· Eq. (3-7) follows· from Eq. (I-ll)~ 

28. Asym:ototics 
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. :. ' ",, .. ·: ~ 

; , ·· All the asymptotic behaviors given belov can be obtained by using ·the ·.·-: ,J 
.. , _.:• '· . . .· . . I . . ~ . . l 

·.;._ . asymptotic properties or the hyper.geometr:i:c .funct.ion~ a.s gi'Y'en by Bate~an. , :.: .. "': ·.·.··I 
... 
.. : as well as· the !~entities satisfied by ~hose runc~ions. · · .. · · ·. . ; . ;:_·:·>:·j 

\' . t 

;; {1.) llhen x tendo to infinity, . . ' . ·. · ..... ·-; . .. · ' · · ... ,· ?AI 
•' •: , · : ••• · d~4,C~l*,r(2J+2) [r<J+~~)r(J+M',;7)r:(J-~+~)r~J-W+l~::l/2 (xi,~ {I-~4i. :.•t! 
'·,,,. :6:!·tJ .: ·;: . .'.·.ji~ (M ~•), · ... '. ·.; '· ·o; '; ....•.. ', .· . /2 
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When J: tends to infinity (x, = cos ~), 
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' J ·: d {cos ~) 
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-: .. ~·.··~<. 
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29. Grouplike P!operties ... · .. 
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. ... ~. 
.;. 

···."' 

A fundamental property C!f the rotation ·matrices. is their group 

property 

,· 

'/}.J ~ (R.'R), 
. +-M·. 

' . . 

... ·. 

'·'• 
.·M''r::J· ,\ 

~ 2: .,_. .. ;& J <~, ,. 
" . . . MM" ; 

M 'f:!ll .. ;r , .. .'· ,, ·'. 

.' 

.... 

·I 

( 
·• .r· ... 

· ... ,. 

' . ~· 

. .... 

'· 

'where R and R' are 'b'fo rotations. cha.raCte:rizGd by. theil;" Euler angles 

',t. 

. ·,:· 
i •. ;-. "' ·, .... : .. .- ....... ·(a 

•·· .. ·';.'. ·-· .. ·. I 
; .. ~ .... , 

. ·,··:-. l • ••. •·: 
·;.·'. It 

·' •' 

._;,\~,;·: > .'-~ ._ .. ~: 
..-:· 

.··.· 
'• I ,< ~ •: 

. -~ .... l·.·.:. 
.· ... 

(a', ~',. r:) and R 'R .is .~l:J.e product of R t and R .• 

can be extended to. M.y :'value o~ · J ·by giving up the conditions on 

•13,14 . . . : 

..·,· 
~- ' ' I • '.' ' 

... · .t'': ' .· .i( ·' ' '; ~: ~- .. , 
'• ... ·,, ._ .... ,.; .. 

· ...... .. ... ,, .... M":O:+oo .·· .. ,. ·,. ·, 

'· .. . ,. 

·. i;., ·' 

'•, 

li 
I• 
;• 
I. 

• ! 

:,' :. E:.(R'R)>=, M"~a> I) :)R) o&-~.M·~' (! ... 22) .· 

··· .. '_ .. :··. ·: ... · ': . . · ...... , 
•1,_ ··. !~ ·· .. ,: ..... : 

;.' •:· 
, .. ,.· 

... 
, ...... ... ·., ... ,.' 

'i· 

·.· .. 
·~ \ .. • ; 'l~ I . ' 

... :l. . ? . ··" :·; 

:; ·"·· 

A particular case of ·:(I~)·: is the' well .. lmawn ·addit~on :pro;PertY • of 
. . .. ' . . . . . ) . . . . . . .. 4' 

Legendre f'unctions, ...• 
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:·~·~: · ·· ·· + L :PJ· ~os .~ .. ~J :. ~~~.J~ .. ·cos mp .. , . 
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' ' •, • I " . ' • • ' • ~ ~ ~ :• ·'!, ; • . 'ol;" • "• ' • 
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55 •.· ·_· -.··.·!· :'~:.·.,~ i '!",:,:' - - (• ··t ,. ' < ;' ~ I:',.:,~·! .,:'; 
• .. : . . ' i "'! •• • ' • ~· l 

·~:: ._ ... :·. :· .· hi. h i ti ular a of Eq. (1~22) fo~. M = M1 · ·= 0' wher .u -~ : ~-~ ,.~ ,:·;.: 
'<::!~--<.~:·::~:;-_w c sa par c_ c ~~ . , 

1 
e 's · :·::·-~-~~';:::_:·<-! 

'>· _ .,;· .. ·_:· has_been made of Eqs.(I~l:')and(7:..3.)'and where we have defined ¢ = '1 +a. ·:./·: 

:/,·::\- ':\·-?.~ <, . One .carl prove .Eq:· (I .. ;2) in several ways. Fpr simplest proof, . - ·. ':_·: : -~ j 
v , ~\..:' •; :._ ._. consider the Fourier expansion of. dJ (cos -~ cos ~' + sin ~ sin ~-'--·cos ¢) · .. , -·· ... . : : 

:·/.·::..;: :::·,j ·:in a series of terms proportional toMM~"¢ • Theri, except for convergence,~ . ·, -)i! 
. : ~~: )_.:~. _:;·;_··~~!: .. ·: ·, ... '. . . ' . .· ' . . . ' . ·_.· .... · ... · .. ·: .. ~ 

._.· .. ··.'-./:-_,;· considerations1 Eq. (I;22) is equivalent to the· set of equalities·:·· · · .·,;~.,·. 
' .~ '' o • ' • : I ' ' ' •; < t :,~. :: •:: o ~.' _, t-:' • ~· 

! >_\:_\_::_: .... 1. :_,· ~:. '.1 ~ :. .·• • .•. ... . :ti> ,. '\' .. f •• ·:. :··. '\,. ·--~. 
' :: -~ .. ! ·_; '. . . ,: ~: ·,·~ .' •l 

~ ·~·':f ~; ;.~~ . •, ,. ' 'i.• :·;'·::· .: .. :: .;:~·-• ..• ~ :-..;~_·'· .• ·~ . .. · . .-.·/" 

/:·~:~_:·j:\i,r.~·: 't :2"', .-_. _:· ··: .. ;: ... -;:· ·_ .. -_ .. : ~ .z.· ~ . . ·) . . ~·(.· . -~- . ·- -··. 

, .< u:. r, : : 2~ -l / a3 · <cos ~ .~s ~ •· .. ~in /sin: ~ ; .o:·P. ;· ~.~ m".~ a¢ :·. L \. ::. ' . ,. 

·.:t~.~:.·_:·.·_:_:: .• _ .. :_:·(···_!_"· __ ._,_._._·.:_,:·.;;_·_;j_•_;;_~ .•. ·_:_?. ' ; O :· )n{ ' .· ·._ ... _ ,\ ... , _ _ ., ·; : , ;.; \ ; ;;:!f• :/ :, ' , :. j~ :; :: ··•·· I 1 • • •. ••·, ·~ : : : 

~ • • " : .. • 1, '. •·• r~ :. < >· ·;··· _,'•· ,:_,· .. · .. , ·.~· ·. !~ '·~_::.· "::._.· .. , ·~- ·~ 
:~.,' Y·:·~: _:-:· ~:· ;,· ·= · · dJ. "(cos ~) dJ (cos ~-') • ·;:· .. ~ ;i · - , _','- _;:.,_- ··.· · · (I~23): ·~--

,,~:~·.;::::~_>:_.:;·.~t?·.: ·.·,MM.: .. ::·_ M"M' .. : · .· '.... ":·:·· ,·_..:., .•. ~·- .:.' 
,', •;:'! ',. I , ' ' '.,·'\ Jo •'· • llf 

•. : t ,. ' .,t', / .. · •. ·.' ': • . . ' . ,' ..• : '. ~ l . .. i... . . t;; 

·' .. 
'. . . 

• '~ •• < • ••• • : .' 

. .. · <:'·>; ~:),-~<:--> . ' -' :_. . . . ' .. 
~ . : )' ::'Sl·'.· Equation <~·~, . ean be proved by applying the di:fferential operator that • • , 

"·, :, --'-'' .... appears in(I .2). to the left-hand'· side in order to prove that the right- ._ •. ,·· 

:.<:··- l:':~~:-~I;·.: hand side 
1 ~s pr~portional to · dJ " (cos -~) • . The calculation .. is -.in fact · : .,: ;: .... l . • ::~: · 

,, . . . . MM . . >· 

/~::'<>'·r_\.:\(.rather tricky. ', ' ,. ·; -~ :,. ~:·.· 
~ · .. ' 

. ':, ~' . . ~ 

. ',•· 

) 

Another·proof consists in considering real values of--~ 
' . 

and 

sucli that Ieos ~-~' Ieos ~'l, .. _and.lcos ~cos~'+ sin t:} sin~' ~os ¢1 
·~-~ •• r 

···.·: 
~· ~- •. • •. ..t 

:_-_:;:·:~·. · :-·- stay· less than ._1 when cos¢.·. runs from .:1 to. +1..' Then,- f_or M M' <:·!"' · .:~:~,~-~.-
: .:·\;·:· .. -· " '. : .· __ ,<:;:~_:·•·:·:'::·;·x. 

,., ,.·.··.:_::_:·.:::··.and M fixed, Eq. (I.,23) ·is true for any positive integral value of,' . : ·._ ·,-·. :,< 
,,.:.··~: · · J .,. Furtrermore~ ·Eq. (r .. i6) shows that both members.do not increase;>. -·-• ~·,; :· 

~- •• ·:·· ~ -~~ . :'t. .!. :·. :"'·;;· ·:/<. :_ '\ 
ei1Cj ·. ,. 

~ . ' ' . ·. ~ . . 
.... ~· .· ~ .· . ' 

. ~. . . 

· as· rapidly as when tends to-infinity. Both members can be 

then extended thro~ to .complex ·vaiues of 
. . ' . j ·. in a way tln t satisfies , · 

,, !· '.• I . ··;::;., 

.... · .,,_ 
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' . 

:. . . ··' the conditions· of Carlson's theorem. Therefore Eq. (I.,.23) is true 

···'. 
for any value of J· The conditions on cos ~ 

I 
and cos ~ , can be 

removed· by noticing that both members are analytic functions of cos f3 
.,, : 

·and cos f3 1 
• Finally,· Eq. (I.,23) is true as long as 1·cos ~ ~- -1, 

. ··,·1 

COS f3 I -11 and cos f3' + sin f3 sin f3' cos ¢' . does not pass through 
.. . . . .. . 

'' 0 I 00 .;· -1 when cos·¢ varies.f'rom -1· to +1 In:.·fact1 even that last . . . . . . ~· .. :. . . •, . 
_ :. : ·. ·. ·:<: .. ·.condition could be removed. by displacing the. integration c_ontour • 

. . '•· 

: .• :· .. ~ .} . 

The domain of c.onvergence of Eq. (I~22) ,{s easily deduced from · . • 
'· .. ·. (I-22) 
· · .:· ~-·.:·.: /: Eq.(I~l8) • Equa~ioxr:Z converges inside a corona (set closed by two ' .... 

I ,'• 

:· ,. ~: .··~: .. ; ; .' ·' ' ' ... 
'circles of radii I R and .. R , 

·;·. :i··:- f .. cot f3 11 = 
_.' ... ~ .. ~A~~-: .. n,.-~ ..... /. 

., 
. . ,· .. 
- cot f3 cot f3 • 

RR' = 1) :passing through the point 

. :\1: 
. I 

•' I ..... ' .. ( : 
,·_1 . 

. .. ~;j ·:<·.· :, ... ) · . Equation· (I-,22) can be extended.to the rotation matrices of the 

. ' : ·.: .· :. · : ... ·: \ · .:· .; :_second kind as follows for ·1 
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. ;o~·". Analyticity properties. . . _,.,-; ;_.: · . ·. ·-.~ ·: 
.... · '' ' 31+ . . ' . . ' ... ! 

· :.'•:;::~:: .. ' ··. ·We need to know the analytic properties of the off-the-energy .. shell· · .··. :;,;:: .'! 
:·~·<<-~~-~~ ~~-< ~). :· ' ,. ·. -+ -+t .·~ . 

. ·:::··.·• · .. "two-body scattering amplitude. T(p, p, s) 'solution of the Lippmann.;. , ·~.·· .. 
~ ~_,:;:~·,.<. · ... ~'. 1 \''.~ .. • • • • _. / ' • ·:· ;-. •• , ' 

L: .~ .. (;:; ~ ', >:_ Schwinger· equation. · · 

1
. ·. ' ·, :· . :- ·) 

-: 
1
-,-:; .... l,_,· _ _.,:., ...... ,. -.... . . d; 1 T (Ci, p', s)(II..,l) . ., 

.::9:T)i T(p, p '. ~) = V(p ~ Pl) + (2~i' V<P - ~) q2 - ~ ' ; 0' . 
.. ; · · · ··, -::·:-•· where · , ' 2 ,2 ( ... -:+, )2 : · 
:.;/(1 >i:'/h .. ; T(pl p '1 s )¢an be considered a.s a. function of the ,:l,.nvaria.nts p 1 p , =t=- p-p : . , , . 

r:::,.~;[:'·.,!:·r..•nd or ~. ~ue a11 ~he teChniques Yhieh !Wre be:n applied ror investigating • ' .. 

>:':'~·:_<:\·~:;::.";~·.:·.:the on-the-energy-shell amplitude give some information on1~the off-.the-energy-: :·: '·., 
.. 1 ,· .:-: . • ~ .... : ••• :' ... • • ' : • . • t ; -· ~ .. 

:~·;;::~:}\~{'::;::~::_..shell am~litude, this new \problem is more compli~a.ted, since it involveR ·. _,;· .. :~:-
~:~ ... ~~:{~:·-f.;//-.. ~{._-:· .... ·.~··-:· :,'· . . . . . ~ : ~ . · .... :: ... ~~ 
-;; :···;~, /-.::'.:~·a function of few complex variables and not only of two variables.· Therefore ·. , .. · 
~;;:_'::.y;:·::>}·{·/: . ' . ' . . .. : ":· 
~·;,_~;:;.".~··<:\~;:.::,:,:our approach 'Will rather ~ve a. trial-and-error character:tha.n tm form . 

\':;)7.c;_._.:::,·:r~-:.:·o~ a.n e~ct proof. ; .· . . . ·.'.::·: 
. '· •. i~-.·. ·,,. ' . ' :. ,. 

We shall restrict ours·el ves to the ca.sefwilti~b' the potenti~l V(r) is ....... , 
·,·. ' .. · :-. 

. ,'.a superposition of· Yukaw potentials and, for simplicity, we shall :only write _·: <;·; 
t. ·"' ' ' •;;,:·.' . '!Only . . · . . . · . . . 

·:; 'j ;,_·explicitiy /the case of an _isolated. Yukawa. potential .v(r) = ge -IJX' /r; so tha:t ··it~ 
:· -: .. '; -~· '. . ,\ . . • . . ..... • . . J 

., . . ',· "' ... 2 2 -1 . 
· ·. '::''.'··,· Fourier transform is V(p) =g(p +J.l ) • It would be easy·to extend our results ·.' 

,-'· .... ~~:·~-:-.-·., . . . . . ' . . 

.~.:; :<::': ··;;> ·.·:· to the ino~e general .case. ..' . 

. ~-)·. ·<. ::~ .. -:.·. -.: :·. . " . '· ' '' ·, 
:::;·\· .. :':··;·):;'/! Let us first consider the_ prope~ies of T as ~ function of s•::. It ·. \ 

·; · .· . ·· :. • ·:.:-:.is well-known that the Lippmann-Sch'Winger kernel is of· the Hilbert-Schmidt. .-· .· ·.,> ... ' 

-~--~~:.-·.r--:·/~:·:-=~~:-· ·.. 46 . : . ·- .: .. - ,· ~~--~·-· .. :.~~-~> 
>·. :.:~!· ·;,·:·:~:-· .-;::· 1.':'type. As it is also bounded and operator-analytic· as a function of- s1 T . .'.-<: •:, .... 

:~· .. '~~~-_::··~.:/:~-- . . . ' ··.·-~~~~-·~·· .. 
·· ;.::·_.>.·:~:·: '·:: is a.n analytic function of. s except for a cut going :f'rom· 0 :to infinity and. ·::;:_;;;· ·, > ·; 
. ::.('"~:·><~;:· , .·. · ·· · . · · · · · · ... · · · · · .: -~Dt-~·-> .... 

. : ,·' :<;'·.poles which are located at the energies of the bound states. The position ::: .. · ··· ,; .. :~: 
• • ', ~ •!' ·.': .. ·:, ·, , ' ' ' ' ' . : ! .-. .• ,~ '•j • 1 · • 

. :_ ~-- -:;;,:::_::·~·::~.>_ ot these singulatities is independent of· p2,. p '2 , and t • · :: ··: :;:T\··:;:_: . 
:':r,.·. _.·_. ·;·(.·.~0 : ;._ • • • • •• • • • •• .•• • 47 , ._:·.':_-,_·~. · 
... .'.!'-:-.. ··::?.·:'··: · . · Let us now go to the analytic properties in t.,: Let us write :· .. 

/.:t~.·-~··:;_:·n<-~r:;.;.·T~:··· ..... ·)_r-ii'-irx+'Y>-iP'2Pr.t:_~,··_..1/~ ~ .. ~ -<~~-2·.: ~· · ~· ... · .. :.·-- ·.· __ .· ~:·~---'·.: .. 
·:<>~-~·.{:\/ :'·~? (t: \~' .. · ~-,-'·-~· J~ :. ~. ,· .. _. . -~ . · ~ ." ~ _(x)~·\X;.~}-~?~ .. (.~~~~"'x d~y) {II""2) :.::·· _:. ~;_; .··." 

;·:~·:: .)\'_:_~:·.~:_ .. : ;.• .: . .::::: ';· ··. ··.: :;. : ..... : '. ·.' . '· .;';:;!: .. · ·:-~-· '. : ·: :,:: ; .. · .. ' -.: .. :-:.:.·~ ... ~:'. ," > •. :·;._ ··•· ·.i :, ·': •. :: . · .. : -~- >~:.:: 
j • (' • ' • I "' , • .·:- • ' i, • '• . '.:.' • ., .. ' ~~ .,:':, t ~ " !. ,· ' •. • 
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: . , where ·. K(~, y, 0 

which is L2 • 
' ~ I • ' 

' 

~.... · . 

. . 

' ' 

is the resolvent of the kernel VJ./2 1 ',;/2. 
Ho - s ' . .... .. , . . . 

Keeping· p + p fixed, and using the expone~tial 

·decrease of the potentials when. x ·or y tend to infinity, it is 

I '; • 
·easy to show that T is analytic f;or· 

• ,1; •• •• 

\. 
. ' .,, 

:.: 1. 

lim<~.·+ P'~) 1 < ~12 
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/, 

(II-r3) 

Since · T(p, p' 1 s) is :rotatio~l· invariant,; it i~ 'a.n analytic :f'unetion 

o:f' the invariants p
2 

1 p '
2

, and ·t in the image t:. ,p:f' ·the domain 

~ >~, , · .. , .. ··.. ·. ~ · (II-?3) ~- The :f'orm · o:f' 1::. is rather complicated,· hovieverj · when J? 
.··: ·. ··,; '. ;.· . I 

and 
\i . ,2 . 

. '. p. are real. and positive the projection o:f' t:.. ··•', upon the I • 

t .. complex . • 
I 

'48 
plane is the interior of the parabola. 
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····.·· Our only need fcrr this dom9.in is to make sure tha·t the Legendre 
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series expansion of ' T as a function of the scattering angle cos e=-p:-:;jpp' 
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:."_~·:. ·;--:; .'.:~: ... The· inhomogeneous term has a singularity at 
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(II-:6) 

tp' ±iJ,L • . Letting p 
. :_."· 

· ·.· ·.··: · · · · become complex in the 'integral, we see that the integral is convergent and 
·: ': :· (·::' :-(~~[ 

; ' ~ ., . I, ' ' 

·· ··. :·~ .. _ ·. defines an analytic function of 
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the same way by using the LippmannMSchwinger. equation for the initial 

state. The results are of course the same as for p • 

Let us now notice that the cut at · p = t {'i'"" d.o~s l'lO't in :f'a.ct 

.exist for the full amplitude •. Inde~d1 it would mean that· there is a: 

singularity in s which depends upon the -value .of 1'1 which we have 
\ . 

shown not to be true •. 

.The singularities at :P = ' :!; iiJ. dO!·;,,; -p not exist in the 

2 t2 
i 

p = p .,/' ~ full ampli 11ude. Indeed, if we put 1 we know that this 

singularity is absent. It represents"the left-hand cut of the partial.-wave 
. 2 

amplitude associated with.the singularity at t = +J..L of the full 

amplitude. The same argument holds for the singularities at p = 
This analysis, whose :r.esults are given in Sectio~ VJi is admittedl.y 

sketchy arid: .. nonrigor9uri. •. · 

. . *!' -4>' 
We need to know. the asymptotic behavior of T(p1 p 1 s) when · 

both p'. 1 and ·cos e t'end to infinity like 

complex p3.ramete~ rui/2 : · . . 

some constant multiple of a. 

'· 

cos. e ; B J-/2 
) 

· .. · of integration. .we sball therefore use the results of the analysis of 

•. ·, 
•· J. 

. ··. ·.·· 
:·;-

:u 
Eq. (II-:6) . by Brown; F1~11 Lee,and Sawyer. ·They have. shown that this. 
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equation is of· the Fred.hoil.m type when the solution is soUght within the ., :~ 1 

Hilbert space with ~etric. dq(q
2 

- sf\ when Im s I 0 Therefor~ ; ... I 
the solution T .t (p, p ', s) . is a meromorphic function of ~~ for fixed .t : · · . ., . J 
or of .t for fixed· s . . Its P?les .are the· zeros of the Fredholm ·d~ter- ... /. ,, ··:· -·: · ·:· I 
minant · · ',• 

r 

n(.t, s) = 0 • 
. '• ;·.· (II~io)· · 
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, ~~ :.: ~ - . .. . . 
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• \ •• l 

• ·: '1.'< .; 

' .I 
~ : ·... . ~ . \ 

<·. . ~ ,. .. ' ·. 

~ ... '~ 
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' ' ..... '. 
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::·.·~.'::~:.·,.\; .. where. ~(p; p', s) is the residue of 
·.·:/.'.~·\:_~;: : ·-

r-
and 

.. ' 

\ \ .. :; ;. ex( s) is the leading Regge pole_-. 
•• •t ~· • 

.., 

. ' 
In order 'to find :the behavior · of' ~ (p, p' '· . ~ ) . wh~n. · · p' · tends to 

·'' 
' ' 

: ·,·~. . 
' .. ~ 

't' ·.; 

infinity, we shall notice that it is equal, up to. constant factors depending -~· 
. ' ' . . .. . . ' ~ ,. " ' ' . ' . ) . ,_· . -

only upon · £. ·, to the scalar product of the· inhomogeneous term .of Eq •. (II .. 6) 
' . . 'r!-

1 • ' -. 

"'" ~ .. '• ~ :-
·and the solution .• : t : • • V,t(q) of the homogeneous-equation:' ••• 1'. 

J." ...... ~~-· ~ 

.·. ··-
. ', i • .. r' ;~_·: _::. -. ... _, .·. 

-···.; 
- ~ ' ' : ' ~ •' I' 

~ • :. .._ ,1_ 

:··· ·. ·"'~· 

, ..... 
.. 

. './f .·'·'· 
: • . I' ... 

f • 

,. 
:.:. 

' . . .. , 

. ; .· 

: .· . (!!.,,12) 
. ~ ~ .. ' . 

' . l 

. ::•/ . 
. . '. . . . --~ . . ' 

. . ·, ~ 

f • ... :· 

•• t .·, '. ~ •• _.. 

' . : . 
·,. ,. 

• ... ·- J ... _, .. · 

•. --·". 

. , · .. 
•, . ,, 

' 
, ··, ~I' 

, . ;~ ;.-- -_r .. 



-.· .. 

· .. ' . where. t(q). satisfies 

.. · . .. : ~' . 

' >. 
c··l 

Joo t.e(;p) 
dq - ( 2 2 2l o:(s) ·:(II-:13)1 5. Q p+q+f.l t.e (q) .• ' . .e 

= 
. ;2 - ~-

, . .,. 
1£ .e 2pq 

. :\ .. o· 

. ; 
. When .e is an. integer, we. know the asymptotic behavior of 

·, i ' / . ' 

In fact we· know that t(p) must be equal to· the/Wa.ve function divided : 

· by p2 (a: factor p for the one in Eq. (II-:5) and another one for the 
.' ' .. ·. 

· · .. ., .. ,. . metric dq 1.n place of q2 dq . in Eq. (II"~6 )J. As the configuration· · 
. . . . .: ·+ . .e i l' 

: · ',·-:,: ... space wave fur?.ction t.e(x) behaves like r when r-+ O, t,e(p) • 
',/ ..,.· ·; 

·. -t-1 
-". · behaves like p ·when p""' oo • 

. . '·. 

,, 
··'' 

~ . '· .. . ...... 
_:._·: .· .. ., ·, '·: .~. 
' . ~ ~ ~ . . · .. 

One can show, 'using Eq. (II.,13 ~ that this beha~or is still con­

sistent with comp::ec values of .£ • In fa.ct, let, us assume that 
)"J>·-~- >·. , 

, r. ··~ · ·. ;. ' 1 . :: • :· -£ .. 1 ·. . \ . · . . ~ ' 
. t(q)·":' q .. within the integrand of Eq. (II-,13)• Let usnow split the 

'1: 

'' ... ; .. ·:;~::·' ':·,:···:~.:':,; .integratipn 'do~in into two parts going from · 0 to pp and from 
.. '•• . 

· : .... ~: : . pp to ~ , where. p is a fixed number ·p << 1,. say · p. -:. 1/10. Then 
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APPENDIX .III 

TCHEBYSHEFF FUNCTIONS 

41 
The polynomials 
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The cancellation between the Regge asymptotic behavior and the 

behavior of the residue is the mechanism responsible for t~e 

. i cancellation of the Arnnti-Fubini and Stanghellini cuts (see reference 

''· .. ' 
5). These results could be extended to show thi~ cancellat~on in 

the sum of all three-body ladder diagrams; in fact, it is easy to 
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FIGURE·. CAPTIONS 

The variables used for evaluating the contribution::· KG' to the 

inhomogeneous term. 

The variables used for evaluating the contribution 2~ K -.:.J to· the 

inho~ogeneous term. The variables are 

Euler angles (a,a ,y). ·. 
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