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ABSTRACT

The results of two previous papers are carried on to a formulation
of the Fadeev equations due to C. Lovelace., This-allows showing that the
nonrelativistic scattering amplitude for an elementary-particle on-a bound
state is a meromorphic function of the total angular momentum. - An extension
of the helicity amplitudes’ to complex values .of the total angular momentum
and of the'spin of phetbound state. is indicated. One is.thus~ab1e‘t0'define
therécattering-amplitude'for:a'particle on a Regge pole when the energy of

the Regge pole is in the physical sheet.
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In two previous papersl

we have shown how the scattering amplitude
for a three=particle collision can be extended to complex values of the total
angular momentum J ., We found-that this extended amplitude satisfies an
integral equation whose: kernel has elements. that are analytic-functions of J .
Obviously, this is not: enough to prove that the amplitude is a meromorphic
function of J and this-probiem~needs further*investigationa.,However,'if we
reduce the kernel to values of the magnetic quantum numbers:- M and M' smaller
than, say, an integer N , this truncated kernel is operator-analytic as a
function of J ., On the other hand, the scattering amplitude-deduced from the
truncated kernel is a meromorphic function of* J which coincides with the
physical amplitude for all integral values of J smaller than M . This is,
in our opinion, a very strong hint that the true amplitude itself is meromorphic
although one must recognize that the convergence of these truncated amplitudes
has to be considered carefully. Anyway, we shall in the present paper accept
as an ansatz that the threé-body scattering amplitude"-is-‘meromovrphic°

This discussion in papers I and II has been restricted to-the case
in which no pair of particles can give rise to a bound state. This leaves out
of the discussion the fundamental problem of the scattering of a particle on a
bound state, .ArgumentS'have been advancedvby:Udgaonka.r'andeell;Mann';2 on the

3

basis of a model, and by Newton™ in a work which we have-already discussed,

that the corresponding amplitude has cuts. - On the other-hand, J. B. Ha.'rt‘.le,,)4
in & work“which closely parallels that of Newton, did not-find any evidence for
these cu’cso5 Applying the method of the two preceding papers,-we-shall show
that, actually, the amplitude-is a meromorphic-funetion J .

In order to formulate-the equations for-this problem;, we use an extension

of the Fadeev-eqﬁationsG'wpich have-been given by C. Lovelace.!  The necessary

“background is provided in Sec: 2. In“Seéo'S; one" shows how to extend the
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scattering amplitude of -a particle on a-bound -state to a complex value of the

- angular momentums In:Sec:-k4, one-considers-the-extension-to .complex values of
J of. the Born approximation-to which the results of: Sec., 3 do not:apply. .
directly. 1In Sec, 5, we show how the helicity amplitude for physical or complex
values of 'J can be-extended  -to complex values of the spins of the bound.
states, i.e., we define the scattering amplitude .for -a particle-on-a Regge pole

in nonrelativistic theory. S
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2. THE LOVELACE EQUATIONS
In the two preceding papers; we have used the Fadeev equations as they

6

were originally written by Fadeev himself~ and we have indicated how the. results
compare to.another-set-of-equations: found by:Weinbergcs' When one-wants_to:
consider expiicitly'the'possibility,of bound:- states, it is-convenient to work
with a third formulation:qf the problem,; due to.Lovelace, which is very close
to the original Fadeev equations:, Needless to say, all-these formulations are
actually equivalent.

Whereas=we considered-only. a scattering amplitude  for-the reaction
3 particles -+ 3 particles which we called. T(z) , we -now consider also states
made up. by one particle-and a:bound state:of"the.twouothers.' We label by an
index 0 a state of three particles and by an index l,:for-instance, the state
made up. by particlef 1 -and a bound state of the pair (23). - Accordingly, we
introduce a set of sixteén amplitudes Tas(z)v,,where'-q,'ﬁ =0, 1, 2, 35 it is
convenient to caill Vl' the potential of particles.?2 and:3'and"V0 .a three=-
body potential which we shall suppose to be identically zero., Accordingly, we
call Tl(z) ‘the two=body scattering amplitude of particles 2 -and 3 and'T0 = 0,

Lovelace has shown that one can: write the:following set ofiequations,

Tapl2) = L Va»~=-Z~Tv“Z> Go(2) Tyglz)y (1)
S#8 y#o

where TOO is the three-body scattering amplitude. The amplitude for the
scattering of particle 'l on a bound state of particles 2 and 3 with wave

function ¢(g23) is equal to
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3 3. 4% (4] ' 1 ' vl
fd 5y P00 8 (2 (2 22 B's T By 2o psy 0lgy)e (@)

(all notations unexplained here are to be found in the two preceding papers.)
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3. EXTENSION TO COMPLEX VALUES OF J
The kernel of the Lovelace Eq. (1) is in fact identical to the kernel
of the Fadeev equations, so that our preceding analysis applies to this equation.
It is therefore possible to state a system of integral equations for the ampli-
(zyw= E: V6 ﬁrojected on well-defined values J of the total

B
6#8 : :
angular momentum, The inhomogeneous terms of these equations as well as the

tudes T
o

terms of the kernel are holomorphic functions of J. Although this is not
enough to make sure that the’solution is & meromorphic function of J , we

shall accept this result as an ansatz. We shall therefore.define reduced matrix
elements <:TQVMJ (w',w), which we shall split into the first Born approximation
JB and the rest 26 R aS‘foilows:

T as M"MJ (wiw) = By g (075) *12, Tts0) . M

Let us recall that w stands for the set (wl 5 Wy s w3) of the kinetic energies
of the three particles in the total center-of-mass system, and M and M* are
respectively the projections of the total angular momentum J on two axes
invariantly related to the momenta. ggl sP5 %23) and gg'l sP'o 5233) « In
practice, in the following, these axes will be chosen along by ‘and -Bﬁl 80
that, when we considgr the scattering of particle ' 1 -on & bound state of
particles 2 and 3 , M and M' will be the initial and final helicities of
the bound states. (For simplicity, we always suppose-that the three particles
1, 2, 3 are spinless.)

"As shown in - II, the momentum«space matrix elements-are related to the

reduced matrix elements by
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o
(2 2’2 323 IV (2) | By sRy 4B3)

~d
= constant ZE:' (23 + 1) . M'M(wv’ m)“ch,MJ (v, 8, 0) (%)

JMM 8

where (@9 8, #) are the Euler angles of the rotation, which carries a reference

system linked to (pl sPo ,p3) to a system linked to (p'l ,p'2 D) .

1

3
Let ﬁs now consider in more detail the scattering of particle 1 on a

bound state of particles 2 and 3 . We choose the initial reference system as

having its 2z axis along Py and its x axis in the plane determined by

(Pi 5 By ,p3). If one calls 0 the spin of the bound state; then the wave

function is given by

W(255) = 8,(ap;) BT (cos ) , ' (5)

where q2 is the relative momentum of particles 2 and  3° in the center-of-

o=

- mass system of the bound state and- Yy is the angle between ~§1 and .3239
The formulas that more precisely define these kinematical variables can be
found in 1.

If one introduces a fixed reference-system with its -z axis along ng9
calling X and X' ‘the azimuthal angles of 323 and 2;3 s, noticing that €

and § are the polar angles of p°’ and that everything is-invariant with

wl’
respect to a rotation-along p,, then, introducing Egs. (2) and - (5) into Eq. (k4),

one gets -
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<,£1?,J' JM? Iu‘ll(z) Igl,J, M>

- ) for.a. i(M=M')9 J, .. J,
= constant g (27-+°1) e dM,M (e) A ‘oo (wy 2oy 0Z) (6a)
where

A I “2) = 8 (ans) PN (cos v ;)
MMQUOV. wl 'ml ! (4] q23 o Y 17

o~ J ., p M 2 2
P cosy )d q. 4d 6b
"/llM'M (w's w) 5 (q23) P ( Yl q23 Ay3 s (6b)
where, for instance d2 qQ = 2 dq 4 cos Comparing this result
9 ’ 23. q 23 23 Yl'

with the Jacob-Wick formula shows~that—the integral in-Eq. (6b) ‘is the

helicity amplitude for the scattering of particle 1 -on the-bound state.
. ‘ S

Now, the matrix </ 1

‘parts s, and 2(‘ » We have agreed that Zyll is a meromorphic

, that appears in Eq. (6b) consists of the two
11 - 11

function of J . Moreover, the position of-its-poles depends only. on: 2z .

Therefore, the-contribution of->?{: to the-helicity amplitude is-a meromorphic

function of - J as long as the integral in-Eq. (6b) -converges uniformly. The

domain of convergence-will depend on the asymptotic properties ofil?z J as

well as the value-of J .,  However, we don't know enough yet about these

asymptotic~properties~to'find'out-the'cohvergence'domain.
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L, ANALYTIC PROPERTIES OF THE BORN APPROXIMATION

&

11
matrix element of the potentials V2 and V3 o We shall now show difectly

The foregoing discussion does not apply to J, namely to the

that the contribution of V for instance, is a meromorphic function of J .

2 9
Let us use the same fixed reference system where the polar angles of

9 9 R
P1 s Q3 s Q3 s By are (0,0) (a5 x)5 (a®, x')5 (8, B), with y; = a and
cos qu = cos a cos © + sin a' sin 6 cos (@ - x') . (1)

Let us consider,'for'simplicity9 the case in-which the potential V2
is a pure Yukawa potnetial with range u”l . Its contribution to the helicity

amplitude-is given, according to Jacob and Wick, by

f¢o<q;_3') B My X! N0 g T(e)

M 1MX
x P
) P Bs (q23) s (Y]) e
la 33 = 951"+ v
X d3 q a3 qﬂ d cos 6 4g . (8)
23 23 °

Noticing that the quantity to-be integrated-depends only upon u = x = § and

u’ = x' = @', one gets
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f Bolagg) B (v)) emiM0 a  T(e) el g (a,,) B o (1))

I 2| (o 0P ae aq
x|lagg = a5l +w 1,5 Gp3) da,, dagg
xd cos & d cos a® d cos © du du’', (9)

where; in the case-of equal masses,

oy, - 53l = (e, -2 = (. - g'ay)|
413 = 413 281~k o3 T A 23

' 3 '
= p 2 + 2 + 2 4 2.9y cos ©
#r, P ) %y L £ PP
_3 3 ' '
5 P; Q3 COS O + E.pl dpy COS o

*

, .
ox a' + ai C o
2 4,5 %23 [cos o cos a' + sin & sin a' cos (u = u')]

+

39, q23 [cos a cos. @ + sin o sin 6 cos u]

3p', qéS [cos o' cos ®+ sin a' sin ® cos u'] . (10)

Let us consider Eq. (9). The integrations upon- u -and ‘u' can be split into
~ an integration upon - %(u + u) and upon %(u =u') .  The integration upon

1
%(u + u'), taking Eqs. (7) and (10) into account will give (sin O)lM'M I
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times a function analytic in cos © in a neighborhood -of the -segment (=1, +11).
This is precisely the factor-that allows one to apply the reciprocity formula
between Jacobi-functions of the first and second kinds (Eqs. A<10 and A=l12 of

II). Therefore, when J -is an integer, Eq. (9) can be replaced by

- =iM'u' J iMu M -
Jfﬁ (q23 (Y ) e e’ (8) e ) o(q23)2’0 (a)
¢ 2 2 ”l ? 2 )
x{lay5 = a3l +w (0, d3) dap 49,5 (11)

xd cos a d cos a' d cos @ du du’,

where the integration upon cos @ is now made along-a contour I which encloses
-1

the singularity of {|q132 - qi3|2 + ug] . The integral (11) converges

for any value of - J , since the singularities enclosed by T  are only simple

poles.
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5. EXTENSION TO CONTINUOUS VALUES OF o
Let us see if it is possible to extend Eq. (6b) to-values of o. and
o' which are'not‘the.spins~of'physicalfbound;states"but“any"number,-the wave-
function'"¢o being the. wave function-of a-Regge‘poletﬁith?éﬁin-0*59 First,
in order not:to spoil‘the convérgence-of the integrations upon: q23: and - qé3 M
‘one will have~to:keepflﬁé(qé3).~and'_¢Gv(qé3) square-integrable. 'This means
- that the mass 'm*-offthe~bound*s£ate'will have to be taken in-the physical
‘sheet (namely'inlthe:complex'kinetiC'energy*plane*éﬂi"from~ 0 to-infinity),
while o -will take-its values on the Regge pole trajectory.- Since o{(m) is
bounded in that sheet-of 'm in which the'potential‘isra*superpositionbbf
Yukawa*potentials;'there“does:not*seem to be any-reason  to-pass-from formula
(6b)-to an analogouS‘fdrmnla“witﬁfthe*Legendre*fﬁhcfiéns*"PdM- replaced. by
functionS'of"the'secbndrkindA~¢GM_5“&S'in the"FroissartaGriboGzfofmulaolo
(Moreover, -there-is-no evidence-that. such-a transformation is possible  here.)
“A new difficulty-that appears when o takes:on.continuous values is
: that'the~point“c05"yf ==l in POM(yl)‘begomeS'a'singular:poinf“where E'G
behaves like (sin yi)”M/2 . We have then to-show that-the integral (6b) keeps
- a meaning.  We shall give-a different justification-for -the-contributions to
(6v) of'"'Z(ll, and- of B .

11

"Let-us firsticonsider"theicontributionjof""quia

in the same form-as Eq. (2) of II, where the terms of the kernel as well as the

- If Eq. (1) is written

inhomogeneous: terms have a form analogous to Eq.-(25).of II, then one can. see

“that-the kernel contains aufactor dMM";(—euiJ) and the inhomogeneous term

- contains a*factor'liké:fdM MJ(eij)é'where"eij', for instance,is the angle

between the reference-axis- i~ and *pj «" For-physical-values-of--J , one can

solve the-one iterated-Fadeev equations-by-iteration, since the kernel is

completely continuous; -Taking-into account the foregoing remark and the
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J

explicit form (14) of II of the-rotation matrices, one sees that- 7(11M“M

. . _ L M, . AM" .
is proportional to (sin eij) (sin eij) when the triangle Py sPp sP3

collapses:; Then Eqs: (20a) and (20b) of I show that 2(11MVMJ is proportional
L

)M sin Y'l) when- Yi or y'l tends to zero. This behavior.can

be extended by continuity to complex values of J , and it allows the integration

to (sin Y1

upon v, and Y’l in Eq. (6b) to convergé.

The same result can be shown for the céntribution by 19 namely:

M
use Eq. (9) and integrate upon u , accoring to Eq. (11); it will give (sin o)

1

times an analytic function of cos o , which is what we need.
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6. CONCLUSIONS

We have shown that if ar ansitz of meromorphy for the solution of the
extended Fadeev equations is correct, the scattering amplitude of a partiele
on a bound state is a meromorphic function of the total angular momentum J .
Moreover, it is possible to define the scattering amplitude of a particle on
a Regge pole as long as the energy of this Regge pole-is kept within the
physical sheet, ,This is'not'enough'tO'be'ableitO'define'the7§cattering of a
particle on a resonance; as was proposed by-Zwanziger.ll

There remain two important mathematicalxproblemé<to-solve:

(a) to justify correctly the meromorphy of  the solution,
(b) to investigate the limit process when 2z , the complex energy, tends to

the physical energy.
These- two problems will eventually be difficult. but, according to the importance
of the applications one canvget from the notion of scattering of a. particle
on a- Regge pole, it seems worthwhile to investigate them in order to work on a .
firmer basis,

A fundamental Question would be why the scattering of“twé.elementary
particles and the scattering on a bound state, which are described by such
different equations, have so similar analytic properties. The elucidation of
the property and its connection with the basic groups-(like the Galilean group)
cbuld'shed new light on the problem of the formulation of good axioms for

S=matrix theory.
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