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THE EFF~CT OF COLLISIONS ON ION CYCLOTRON WAVES· 

• I ~ 

, ,,' 

Dav14 L. _ SaehQ' 
'. . . 

Lawrence Radia.tion' Laboratory 
Univflrolty ot CalUom!a 

Berkeley. California 

Auguet 1 t. 1964 , " .. 
,'" II ',,' • ",' . ,: ., :~ !> '-'.: '. 

. , . . ' .' • ." :" '. , ' l .~. 

The behavior of a tranlJverse electromagnetlc wave propagating In the 
~ . .; ; ~ 

direction of a unUorm magnetic field in a fully ionized pluma ill examined. ' 

Linearized kinetic equations with collision termu ,,1 the Krook-Bhatnager-Oro •• ', 

tyiX' extended by Liboft to include lnterapec:ies colUsional effects are used in the 

,,',> solutiono£ a. apatlal boundary-va.lue problem. The region of ion cyclotron resonance' 
'"'... . . 
• ' .• '., • • ! 

is c100ely investigated. and the transition of the dispersion rel&tlonfrom. the'1ow-. ' 
, 

temperature colUaion-ciomina.ted regime to the high-temperature regime i. oba.rvec1. 
" " . 

It is found thatmomente of the equations are adequate in the colli.lon-dominated. 

regime .. but the kinetic equation for,the 10na must be \lOed at higher tempel'aturee. 

At these higber temperature8 a complete solution of the problem requireD numerical 

work near the source plane. Far from the source. expUcit .olution. lor the fields 

can be written. 

: ~ \ , .. ' ~ ~, 
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" , I. Introduction 

Thia paper is concerned with the beha.vior of plane tr~sver.e waves in 

plasm#l. propagating in the d1r~ction of a Uniform magnetic field. These wav~a 

may be decompos~d into two types: a right-handed circularly ?Olarized wave 'I 

whose vectors rotate in the Game aense alS the gyration of the electrons ot the 

plasma about the uniform magnetic field;- a left-handed wave whose vectors, 

rotate in the sense in which the positive iona gyrate. The left-handed wave ie ot, 

interect to the contr(\lled fusion programs. At. frequencies close to the lon cyclotron 

frequency, this wave becomes damped and gives its energy to random motion of the 
, , 

plasma. i.~ •• heats it. Stix has investigated this wave in bigh temperaturo pl~.ma 

t Z 3 ' 
where collisions are infrequent; ., Engelhardt. in low-temperature plasma 

where the thermal effects such as viDcosity are unimportant. -4 _ Both authors ~on-. " , . 
, . ' ikz 

sider the epatial dependence of the wave to be of the form 41 • 

-lc.:t ' 
AsSuming a time dependence of the form e with 6) 1'41&1, we ~onslder 

,the problem of a wave propagating in a plasma that fiU. the semi-infinite spac~, 

z > O. There is a. uniform magnetic field in the plasma perpendicular to the plane 

boundary z ro O. The magnetic field of the wave is given as a boundary condition' 
• • • .' • ~, I' \ 

.' ... 

at z =. O. Beca.use of the existence of damping there is no di8turbanC4it at •• ... 

The solution of this boundary. value problem shows that the simple form, 

eikz , adequately describes the wave only when the thermal eUects are small. 

Criteria are determined for th~ amallnesa of thermal effects and the adequacy 

of simpler solutions. 

The result of thie study will be a cont~uous observation ot the properties 

of the wave. from low temperature, where colllsions are important and thermal 

effects unimportant; th:rough intermediate temperatures. where the thermal 

',' , 

properties of the pla.ma become important; to high temperature. where colUslons ,'" 

, : ,:;;·':;;;'X:'~ 
·':":·,3t.', ~ 
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are infrequent and thermal effects are r&sponaible lor, the damping of tne wave. 
, 2 ' . 

This thermal da.mping (called cyclotron damping by Stlx I) i8 analogou8 to the 

Landau da.mping that occurs for longitudinal waves. .. 
", " 1 ,.\ \ .~ ." \, 

II. ' l<bletlc Esuation 
.; , ,: ',,"\' 

•. :' I , l. '., : ,)~": ~~. " ,) '.',~" , ' I '; "0 '1 
~~t fj == fJ. ~ fj • where the Maxwell distribution function lor the unperturbed . 

.• I ' '" I j" ,. 

'pa.rticles of type j is 
, ... ,.' !. ; ,". ,',;, :;1 

0' ' '3/1. 3' , 1.' Z 
fj = (n~/ 1\' ,aj ) exp(-v /aJ ) • , 

• ".- f ~ • .' i:.!', /, ._ ,-, 

, ' 
I' '. I 

I 
1 I: • 1\, ,{ 

,'j I ,.',." '. >" • 

with aj ::,' (ZTo/mj)i/1. • the moat probableepeed of particle j. wh~re'} !iii l~e ; . '. 
. . ' . . ~~' .... ".: .. ; :.: ... : ". ~:i~ 

for ions and electrons, respectively, and ,To is the temperature of the unperturbed;;', 

plasma. ,in ene r iY unit 0 • Both:iona .::and ."electrons: ~a.vil ::.the !~utiplri-turbed' dena ity ,: ,no. 

The linearized kinetic equation is then 

( 
8' '~~ " . - '" - ) 1.' q, . E-.' -v' f 0 = ~J) ',", " 

, .art V'V +CA)jc v Xz· V~v ,tj ... iitjl . vj : t, , U'" '",', ~",':: . . co, 
" '. . . 1. '. 

.. ' , .. : ~ . .' ,,'. : 

, , ,I,. , 

where (,ljc =- qjBo/mj c. the gyro frequency of particle j. and . Boil the maanl~ 
• , . I . • I', , . ;. .. ':'" , ~, .. ". " ~'~.: : • 

tude of the uniform magnetic field. which' is in the 'i direction.'" :";'':,.', " 
. . S ' '. . ," ~"~tt,.,.t1"·J'~:·i:};'ii'::~. 

We uee collision forms developed by :Libol!. which are extensions of th'. . 
. ..... 6 ..' .', '; , ..... ,. . 

Krook, Bhatnager. and Gr088 model. According to thie model, the col11sion form 

is a term that would cause the distribution function to relax to a local Maxwellian • 

-" DO ,+ 11(1'. t) 
fLM == . 

z~ [To + T(r, t)] 

. 

{ - -- Z} -m[ v - u(r. t)] exp _, 
Z[ To + T(r, t)] 

. / ; 1: . 

.' I .• ;' lot': .. 

", 1 

, . it: .~ ':.' 1 \': ,: 



.. 
temperature .0.£ a species.,Libof(incl~deo t.erms, corresponding to the tendency." '. :' .. 

of interactions between the ions and electrons to reduce differences 1n their averale 

velocitieo and temperatures. His expression for the ions is 

8£ )" &! C~ll :: -

.: I, 

• I' ' 

The term 1~ braces in thecolllsion expressionle simply f ·:"'·:"'f'.,i;;;,\'\~~'¥/·'D 
. . . total· , ;·LM", .'. ,'. ; 

, j. ", ," • J ,,~ •. 

wh~refLM is 'expr~s~ed in terms ot fO by mean'e ~f';a Ta.Ylor' expa~8ion'~1,~ t~e 

perturbed q~antitie •• '. The ter~ mi' is the reduced' ma.s~ e . 
) ; . :. ,t . I' l : ~ : ; .... , ,; 't: ,'. l ~ . . 

, . , .. 
• • , , ,1 '" .' \ ';1 ',' •. I : .:-, ',t ',' 

'To obtain the collision term for the electrons,aimply .. interchaJige the'sub .. ·' 

scripts "itt' and : "e. 'tt Henceforth,' the electron equation will be om.itted •. ' The .te~m . 
vi' the ion collision f~equency ~ repres ents the. rate ~t, which the lon, .di8tr~but1on 

\ • " . " I • • ".)~.~:i:~~~"'~~?'.i'·fr'j;.,} 
function approaches a local Maxwellian; v .has the analogous meaning for elect rODS , 

. ,e. . .... ', .... 

\; l' the n'lomentum-tranofer colUslon freque,ncy.represents the r~te at which~he . 
.. " . ".' '. . 

. . . - - .' .. difference of the average velo<:ltiee of ,the' two species. 'ui III u~ ,. approa~bes z,~roJ' 

"2' the energy~tran8fer collioion fre~uenc:y,.repree~n~. the rate at which thedlf

ference of the temperatures of the two specie •• T f. - T e' approa~bee. zer~~ .. The' 

term V z i8 smaller than "t ,~y a~utthe m~es ratio. ot.electl'OD8to lons., .! 

Numerical work by Spitzer using the Boltzmann equation leada to the estimAte 
, ., ,'. '7 

for the momentum transfer collision frequency 
. . 3.7no.tnA 

____ ~~_ sec· t , 
v t II: To 3j2 

t' f • ';' : ~" , '1 ','f' 

~ I'; .. 

where 
t.24 ~ to· To 3/Z 

Aa: / lIz 
. j no", .... 

,~ I 



-4- UCRL-U.407 R.ev. i 

The dimension of no is cm-3 and tJ1e dimension of. ,To is,· K. This" 

number is obtained from Spitzer' s value. for the. plasma resistivity, f)" bycom-, . 

paring hb definition of TJ to our definition .of "i. This collision frequency l~ .. 

a.~plicable to the case of high magnetic field, wec > > Y t' f~r relative veloclt~es 
, 

perpendicular to the ma.gnetic field, which is our case of tuterest. For' relative 

velocities parallel to the field or if Ca)ec < < II t' about half the above value Is 

correct. 

Y = e 

. . 7 
Ii one then chooses Spitzer'. self-coUision frequency for v, 

. /2 ' 
1.03 Y 1 for electrons. For lone, one hae vi:; (me/m!)· . ve • 

i 

one has 
,i 

' .... 
". 

.•. !.:; 

\ ,:"j 

We substitute the collision term into our linearized kinetic equation. 
• '. 1 ';' ;. . . ~ , . ~ r d' 

-' fO ... Zv fO h V _ : -z- ,we ave 
v a 

Since , 
, " .. ' ~ ~ i" ~.;i ;>; .~ ."j 

" '~'l \ \' 

J' ,.~. It'" '. -;. ",i':· .,' . ~,. '! . , t, t r ~! 1 

" 

Choosing cylindrical coordinates for the velocity vector," ,we"find'themag~etlc • 

field term simplifies." For , 1 , :':. ! \.' , '. I. 1. \ ~. , \' , '. , ' '01 ! ,i ~ . 

. -' .. ' .:. .' .," "., 

v ='v .lco •• ~.,. v .lain + ~ + Vz' 
, ' ; ~ j, '\ . :, " : . , . : i. { ~ 

, " 

we have . ' ... ,. 

" . 
- I"!. -8f v ~z • v ~f ~ .. n . 
. v 

.Ii .. ..... 

. 'j. 

'. , 

1i 



~'. . .. ' , 
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,' .... :; . '. , :,": 'I 

The macroscopic vectors t ~ and u~ appearing on the right-hand slde of ",:,.' 
.J ..... " . 

Eq. (1) are put in the form' 
, , , ' 

E :: E ... (i + 1 9) t ,E'<~ .. i t) -+ EzQ. 
, f, /:':' , ',': 

' .. " 
ABsuming no spatial variation in th~ x-y plane" we have 

. I '.,' , , : ~ . :.: ( . •• .' 

•• t i . ~r ;'" . 

'"' ;, 

(2) 

where 

t 
!) : (. j. 

" 
. .' 'I .. 

and ... ;i ,,'<1' 

, 'J m ' m," 
Ie '1e 

- Vi) ui .... v~ - u m i " Z "mt em ", ',' 

2 Z ' ' 
n1 l (v /ai ) .. 3/2] , " } 

t- Vi no + 'To ' (vi Tl .. "zl Ts. ... "raJ) .' 

A similar equa.tion results for the electrons. "I, 

" " ,I 

The form of the right-hand aide of E'q. (2) suggests a separation of fii", 
-- : .. 

into the form , I ", 

. ':'. ~ .!,,~~ ..... J~' •.• 

, \ 
, , , 
.; 

Equating coefficients of like exponentiale in Eq. (2) produces,',". , 'i; " , " 
;' 'I! 

.... 

t, " 

~ . t: , : 

and 
" 

, ' • ,: ~ 'I 4 ~ • " • 

;. 'flo 

, " 

, , 
1\." : 

.: . . ~:).',t ~ 

. . ~ .' 

,! . '" 

. .~. 

I, , 
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To complete the equations, expressions for E, u. n, and T are needed: 

sinceT c: 

P .. nT 
o 0 
n 

",; . '.' , 
o 

, ' . j 

~~ dV1 dvlIf (~. 3/~; 
o a ' J 

D u· =jv fi d;' ::: z"I(v..l dv..l v dv £ , 
o z z j), Z ZO 

.. n. u .. 1=t e+l4>fldV=1VJ.ZdVJ.dV.f. • 

MaxweU' s equations furnish E in terma of -' u: 

4'11' en. , 0 

For E z • the equations 

and 

are sufficient. .... ... 

The equations uncouple into three lete of equation. for the three independ.ent 

sets of quantities: 

fo ' Ez ' uz ' n.~ T: 

'+:" • E+t u+; 

f . • E • u • 
-l. - • 

f", 

The firet 8et corresponda to the 'longitudinal wave. This problem was Arat ' 

considered by Landau. 8 neglecting collislone and lO'nl motion and 'baa ainee been the 

. subject of many papers. " , 

f;. 

,-
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The second set correeponda to the elec~ron cyclotron wave. This wave, baa 
~ . '.. ' . . . 

been studied by Shafranov. neglecting coliis{ons and the effect of ion motion. 9 
, 10, ' 

Platzman and Buchsbaum extended his work to include collisioD8, but considered 

the unperturbed distribution function to be of the form 

. ,f ! ,. ,- ~ :" .. 

rather than Maxwellian. for simpUcity in the numerical work. The qUantities' N 

a.nd 0. a.re normalization factors chosen to give rise to a specified density and 

temperature. The col11010n form used by Platzman and Buchsbaum Is simply , 

Sie) '.. t at' =-v! • 
t. coll e ' 

The neglect of ion ~otion reduces the LlboU c:ollbioD term. to 

ale ') i ,= .. ,,{ + 
at 'coll e e 

.. " 

'! " 

'"',, 

I 

. '.! 

l " 

since ne = Tell: 0 for the transvor8~ electron cyclotron wave. Since," O""t (inle/m." 
the second term on the right-hand elde is negUgible a.nd we eee that the coUl.ion form 

, , 

used by Platmman and Buchsbaum is adequate for their case of interest. However. 

their form i8 completely ina.dequate for a treatment of the ion cyc~otroD wave because 
" 'j .' ,,' 

of the importance of the electron motion and. because 

, , ' ,Ii 
The Lico!f expression iBneceesary for an ad.equate treatment of a two-specl •• pla.sma 

, , 

when both species are perturbed. '; 

. .. ~ ~ ";:' .. : .; '. .'. 

" 
" I ' ~ •. ' ,.1 1 ' • 

" '." : ' ,I 
, . 

, .. '.' ;, 

, i " :: ;1". .; f 

.. ' .. : ":' 
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We are interested in the third aet, which corresPonds to the Ion cyciotron, 

wave. Dltipping the ~nue -sign subscripts, we have the following aet t,t equatiolll: ' 

" ,,;. ! •. ' :: ~ ~ .• t .. ~. ", . 

We have defined Cl,)ec' to be positive.,. ; .,: ' , I ' " ,'l 

For &Dy perturbed quantity, 'P(z. t) =: P{z) eiC4 , we have themathe~ti~~ 
condition , . 

. ~ . . , ..... 

P(z) =I 0 ,tor s ~ 0 , ; " 

" ." { 

",..' \ 
. : • • , • : " . '. '.'. i • \!;:: . \' ~ , ."' t • 

P(z) :: 0 for z < 0 t 

since we are interested in the determlnation of the cUeturbance in the region'II'> 0." ,~'" , 
. .' . , .' • • " i. .' ..'. . " \:, ~,'),',' ( • ;, i !. , " {\.i: L ,(~ I~' • , 

I " , 

in terms ot ita value at z =: O. The appropriate transform ia the one.aided J"ouder 
, . , , ,. "! ~"", I' 

transform, ~h1ch is' Identical i~ theo~y to the iAplace t~ana~~m. t t 'De'ftn~'" ", I , ,',_ 

j f; ,'~' :.' .. , ·;.~I;: \'.~; 3.,;: '. ," I!' ~ r ~~:'::-:!.:~.: 

, ," , , ,,', '1,]' '.to· 
P(k) = '2'i' . , P(z) adz." : 

0
,' I 

~ '. 

The inverse transform is , 
,I.,: ... , i . ~ l 

::', . i' eo.
IY

"", lkz 
i P(z) ,!= " , "dk e, P(k) , 

, , ,.co-iy" 

,I ,',: ",," 

", . 

,tt 

, , , 
• i ," ,~ :_. 

';" ' 

",1, . 

,,_, f 
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where y ie choaen 150 that the contour ,in the k plane is below all singularities of 
the inte'grand. This insures that P(k) existo and P(z) = 0 for z<O. The'require:

ment that no disturbance exist in the limit of infinite distance from the bounct&ry' 

means that P(k} is regular in the lower ha.lf k plane including the real k axis 

because of collisional damping. We therefore may take y to be zero. / 

Taking the traneform of the equations, we have 

I,'. (3) 

Z!~O;J. [~E+ (-1- :!;-t)ui + m~:tueJ 
i ' . . 

( 
-ic.>+ikv .. lw + v ), f ':= 

Z ec e e 
. . 

. ", 

and again 
" 

, 

v,lib , ...... -z.n:-. 

n U i ' ;: 1r '1' if V.l.Z dv.l. dvft ' ,~' .. 
o. . .e, "z • e . 

, . , ' . 

• j •• ' , '. 
.: I 

1 '! .f·· .. 

" .,-' . \-", 

.. , , 

Now all perturbed quantities are the F~ur1er transforma anc1are functions of k. 
( \, 

The quantities with subscript b are the boundary values 2 

"... .,. . ' 
~ I:: f(z;: 0),,' 

.. 

and 

.' E ,-- 'u' m 8E(z) E' ( 0)' 
b 1:1 =:, Z=, • 'z-o 17Z 

Solving for ui ' we have 
. ',!. .. ' 

" ; . 

, j(' .. ', 

r 



-'to-
.;'-:.' .' : .. ~j 

",", ' 

It' J ' .... 

':;t· th ~ '::te • {ue] 

-./. ~ 

where 
• ,I. 

. ~ \ . 
,'. , " , 

- ~,~ 

.,- . . ,," ~ '.' \ .. \ . 

and, ' .. ',' 

(4) 
.... , 

Similar reeulu obtain for, ue . ,Solving for ui - ue ' we find ," 

, It ,', ,), " •. ,," 

. , , 

Now 
,"t,_ .' . 1," , . 

l •• :~ ; ... ,'-." {. " . . ' ·~::.t~'!'~i~l~~~.~'f!~,:', . 

, " 

.- ','" )\.1,';" : It 

• : • ";" !. ;. ~ 

,-
I, . 

i 'j'.o ;rrz.': ' 
" -to 

, '. Z 
dt exp(:..t ) 

t - ~i • 
," 
.. ' .... 

where • ,t, l .' 

.' I : : !. ,'"r:: . .'. '.)~~ .. : 
W - wic ... i "i 

<ti = k a.s. .. , " 

II 
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In the definition of the transf~rms, we have 'k real. 'Therefore. lo~' _'~ 

k > 0, we have 1m 0 i > 0, and. for k:< 0, we have 1m '.1 < 0.. Upon evaluation 
, , 

of the inveroe tranoformatione'later, 9(k) win be analytically contlnued off the' 
'" 

real' k axls. For the positive real k axis, this analytic continuation le effected 

by moving the path of integration of the ~above integral in the t plane eo aa to b~ " ' , 
'. . . . . , ... , . ",.\ .~. 

. \ ;' 

always below the pole at t r.: (1)1. In ,the analytic continuation of 'Q(k) from the, 
~' 

negative real axis the path of integration must remain above the pole at t = .10// ' 
. . ( ) ~ ." '\ . 

. . • .~: '1 I . 

The t - plane contours ar,e illustrated i~ Fig. 1. 

AlthoughO(k) has different de£iDitlonc depending on the eigno! k, it 10 

continuous at k 1:0 0 and. k =: 00 : 

\ I 

lim Gi(k) = lim G1(k) r.: 0 1(0) = -!/(~ - Wi' +- 1 "i) • 
k-o~ k-O+, c 

'j .,' 

lim Ci
i 
(k) = lim 0

1 
(k) =: 0

1
(110) III 0 

k"'oo+ k-co-
" , 

"I' 

The function defined on, and ito 'analytic'continuation lrom~ the poaitlve rea,l k: 

axis is ealled Of. It is related' to . Z(I):,' the P1a,8~a Dl8per~f.on ~~tion~ which is' 

tabulated in Fried and Cont~. l.Z 'Now' 

1 1 •• ,.' • 

z· ,., 
dt exp(-t ) II! Z( ,~) 

t .. 0). , 

whe~ the contour is belovi the' pole. • We then ha.ve . 

and Similarly. 

where 

~'= (~ ... w '+ tv )/ka, e ,ec e e 

! ' 
" ( 

: : 

, \. , 

" . . .: ~ , 
" .. ', 

\ .... 

:.1 .,', 

'4. • 

. ' ..... \. 

The function defined On. and itl analytic, continuation from. the negative 

real k a.xis 18 called 0-• From Fig.! and the definition of Q we see that we 

L ," 
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ha.ve 

.. 1>'· 

""'" 
/' .' ;', 

and , !., 

, ~, • j", ".~., . o 

, "';," 

Since we are interested in obtaining J(E). we use the 'relation / {;, 
-~ ~-. 

, , J :: en' (u
i 

-' u ) .. ' , oe 
i' i ~ 

, ,,' " :' I ,,',, , 

.'! " 

• J i: 1'··;·· 

where 

We thus have ., 

, 

" . 
Subfltituting the exp~esGlon for "J(k) into Eq. (3). we obtain anexpre8s1on 

for E(k) in terms of the bound.ary conditions t . , 
;' I ~' I 

where 

Finally. E(z) is given by the inverse transform 

. ,', , ',' ' . 

,.', ',;:! ." 

,', 

" ' 

, .. '. .' 

'. . 1 ~ -. '., 
t .. !" I ...... :,! ~ , .,. \ :. . 

" 

... . . ; 

(6) 
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It appears t~t in addition to, ,Eb and, ~',. j(k) muet be given t'o specify , 
" • , ,I • • I '. 

the solution.', The ~xpression for 'J(k) to be UGcd is not known. since It depends Oft ' 

the unknown qua.ntities,fib and feb. ': However, by using certain eyriunetry 

properties. we may express the integral involving"'! in terms of known quantities. 
: .1; 

We use th~ assumption of specula,r reflecti~n 'ot'particles at,the bound&ry:~"-
, " 

fb(v ) ::: !. (-v ) , 
,Z D Z 

which shows that the integrand of (4) iD. even in v z: " 

. " 

Thus 

• ',t , 

t ' •. 
,,~ .' . 

" ' 

" 

.:.: , 

} i :' , 

/ 

" I 

The specular reflection &osumption removes the part of 1" that is even in' ~,.\' ;',1.' 

The re~ainder will be chosen so as to satisfy the ceconti.'; bo,Undaryconditio~,at ';},' " 

z c:: 00. 
" , 

, Wea,8sume that the value of ~bt, ,is, kno~. TbJ.~ 1e onebou"ndary.cO:nditlo~.' , 

, The oecond boundary condition is E(z lit ,10) lei O. ,This aecond condition Is equivalent, 

to the requirement that E(k} be r~su1ar in the lower balf plane. Wi~h the k integratiol: 
.' " . , ,.'..., '. . 

contour on the rea.l axia, the requb·emftnt 18 equivalent to the st~tement that 

E(z) :c 0 for z < O. That ls. for z ',< 0, the 'contour muat be elo.odin the lower 

half k plane. Since E(k) is regular lr:i..the lower half plane, the, result of the ·inte~ 

gration. E(z). is zero. 
l ' 

" , 

'" '. 

" ' 

" , 

~ '.' ,I 

.. ,' 
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ir':' "',, :';'.'! 

ucaL~ t i.O? Rov.t 
. , 

Retur·tu.ng to the definition of '0,' we l'Jee that O(k) 1: O(-k~.·, The refo're t' by 
inmp$ction of their definitioDo, we have 

nZ(k) :;: nZ(_k) 
", . 

. ,1 

and 

J(k) = - J'( ... k). " . ',: f '., 

,... . . Z . . " ,.' .• '., "., 
Using these properties of n. (k) and :r(k) and evaluating Eq •. (6) for a < 0, we have 

'. :' .. 

': .. ' I ~, • ,; , :~ : 

, . 
• f: ',',.. .:. ~ ,t, 

z . z z Z 
k - (Ct.) Ie ) n ( .. k) 

' ........ ,: ."" 

" ',';" 

.. ,', ' i ~. " 'I :. I ~ , 

: . V~.'·T.!'::+-:'~'~{1':·\t·t:o;t,:r ' • 
i. ~', I l. L 

. ,.:;\ :' .;;!!';.;:,.~~;:!~ .' . Replacing the dummy variable k. by ,-k. we have 
.. . ~; 

'0 = 
z z z z . ' k - (w,jc ) n (~) 

I . 

. " '. ' 

.. I .. 
Therefore ., . . , 

. qke.:.~i~r~ h (lk ~~Z1f) ~ (4ft iw/c Z) J(k)] 

k2 _ (w2/e Z) nZ(k) 

'" :' :. " . 

.. 

" 

Now for II > 0, I z I = z 'and 

:', 

, ' ,. 
j , ~, .', I '; J /:' ' .. I, 

, ; " ;, 1 ' • ': ~ I { I, I .... 
':.t.". 
~.: 

t' 

. ' 

I ' " 

't "', ',.;' .. t\;:·, 

~ '. "\! I.' • 

':~, ' 

," 

t 



.. ' 

:J 

. -', . 

The result is 
/1 .! 

• !. , • 
, , 

':,1. ' 

'" 

, ' 
. : ~. ~ ~ 'I '.:~~:: \" . 

. : ~./ ' ~ . 1 .' 1 • 

• ~ ~ 'l., ' • • • . ~ .. 
\'" . 

. ' '._'\' 

;"~' ' , /' . 
1, , 

< ' ( 

'r.,;: " 

. :, ~ ,,;: ." ' 

~ ,'.' •• : i';; '.: : 

I": '. 1.'\\ , .. ~ ~', 

E(m) :& 

E(z) I: 0 for z < 0 
, ' 

• 
. ..... 

, . 

· ,"" 

· ;'r ,,(7) 

:, :, .' .. 
. ' 

,,' r ," 

",' " 

We have eSlumtla.l1y choaeii, the boundaryvaluea. Eb an~ :T(fib• feb' e~ &8 

to eUminate the 80lutions that grow rather than damp with z. ' 
, . 

We are interested in'the wave ma.gnetic' field.· which 18 8imply related. to tbe 
, 

'spatial deriva.tive of the electric field by one of the Maxwell equation". If we, WZ'lte 

we ha.ve 

Hence. 

" 

- " ;'>, .. iea.t -i VXF,(x-i y)e, . I: '"7: 

'/,', " :' ~1 :~.' 
,'of ... 

ft a(y~l x)e -~~ ., 

• B III! -Ie 8E 
-c.;) 8m • 

Udng Eqa. (7) ,and (8); we obtain the equation8 

a(lI) :: tor .. ~ O. 

.8(z) • 0 101' IS < 0 , 

" , 

,', . 
, . , 

10' " 

" .:;-'. . \ ' 

(8) 

· " 

,-\ 
, , 

". 

'x\ 
\' . '. ..~. 

. '. \j . 

. " ~ . " 

'" ','( 

, (~) 

;.F ':: " 

·f· 

" 



" 

'I 

,i 

, .. t6 .. 

To obtain B(z) by contour int~grat1o!1,~emulSt analytically continue, nZ(k)',' 

off tho real k. axis. Since the l.ntegrand of Eq. (9) cC)DtainBboth 01 and, 0e' 

there are two branch cuts in the upper hal! k plane: one separating the functiona 

°1• and. 0 1-; the othe"r separatin'g the function. Oe'~ and 0e·' Theae c,ut8,,' 

ceparate the upper k plane into three regione. Both cuts extend from k'~ 0 to C 
." \ +' " , . , ' 

k = -. G (k) io the analytic continuation of O(k) from the positive real k, axle 

into, the complex k "'p:l'a n e ...... \ G -.( kJi, -Ls·· tli e a.n: a 1 yt,i C. ,c, 0 n t.in ~ (i;,t:i ~ n.:.,:· t~.;.ti:,yn 

of O(k) from the negative real k axis Into the,'complex k plane. To maintain 

G(k) Dingle-valued in tbek pla.ne. we must cut the k plane along 80me patht,;t-""~eD. 
'. '. 

k :: 0 and k =, -. We therefore eee t~t each cut in the k plane separa.teathe " '. ' region of the k plane where we use 0 (k) from the region of the k plane where 

L . " 

Z ' .' 
Since, G(k :I 4110)=~. n (k &: .), ~ i., and we find that the integrand in ~q. ,(9), 

vania he fJon a semicircle at infinite k. We may therefore add this aemlcizocleto 
I 

our original contour of intogration, the real k axle. without changinl the result. 
, " .,' :", '\ . ' . 

, , 

Vie then "hrink. the resultant closed contour tOAa 8~11 an area a8 Po"ofble.be1ns';. 
. - : ~ .. ~ ., . . : 

care£ulnot to cross any polea of the integrand or the branch cuts. A typicaleltUatlon 
. '/, • . ' :':/;'; !',;,,:, .• :,: ... .: •.•. ~: 

is oho'wn in Fig. ,Z, The determination of the positions of poles anel-cuts Ie explained 

later. 

Denoting the three reglone by the numbers t. 2., and 3, we bave three,corre- . 
Z 2. 2. ' 

sponding different functions 1'11 (k), 'IlZ (k), and n, (k) in the integranel. Corzoe-

sponding to ng. 2., we ha.ve • 
2. ' 2,., .... 

I1t • n (01 • Ge ). 
I· ',r." 

2.2(0'" G'·)' n2. • n i; • • 
, t 

,.' 1 . '. r 
.~' . , ' 

" 

.~, 

, . ,. 
", .\ 

,', \ 
. '," 



.~,' " 

., 

';'17-

Assume that there are N1. poles of th~ function, 

:ikz 
H (k):# -...,..;.;;k_.t!l ____ -r--

"' .. , t . kZ.«}/c:Z)nt2(k) 

" , , 

UCR.L~i1407Rev; t 
; 

• I. '.' .'j ' •• 

, , 

, •. ' • .';.! 

" 

. ~. '. '.' I 

I ~', " : 
~:! ~: '.,. !. 

,'# • 

!, 

;, in region t. NZ poles of HZ(k) In region Z. a.ndN3 po,lea ofH3(k)ln rea1~n 3, where 

. ,; 

.. , Z'" Z' -, I 

, HZ and H3 are, defined as in Eq. CiO) 1,n terms, of n Z (k) and n3 (k). Let' 
.. " 

" " 

I !, ~ I 

t, :' 

;' _j • t" .• ! I, 

where 

when k(lio a ,Simple zero of the denomina.tor of ,Ht (k).'!BZ, and'; B~, ha.ve ~l,ml1a.r .. 
" " • : ' , I • \ _ • -. ~ • 

dcfinitiona for regionG Z and 3. ' The general solution 11 then 
., 

" : .' ,. 
, • f i ~ "I. . '.: 

. I'; . .," .~. • l .' ", jIo 

, ' ' 

, ': B(8,> ~ Bt + BZ tB3-t B tZ +- B3f. • 

The contribution BtZarloe. from the integrafalong the'branch c~t 'aepar~tl~'

regions t and i." It i8 expreeaible In'term. of the diUer'ence"ot" H~(k) 'and 'HZ{k).': 

We then have 

. ~ , 

" ' , , 

":. t, 

~ ,:/ 
", 



-is .. UCRL-i t407Rev. t",! 

and where the contour' Ct'l. is along the cu~ be,tween regions i and Z from 
'. " 

k :: 0 to k III. co. 

Since the exponentia.l part of the integrand drops sharply to zero at,both end' 

points of the contour. the integral can be a.pproximated. by the method 01 steepest 

descents. t 1 The result is 
. '.' 

" . 

where 
-til 

J .•. 
,~. . 

". ":, 

" .: 

and kai • the saddle point. is det'ermined by 
" , 

.j 1.1 

, , , ., ... 
" 

The eteepect .. descent approximation requires that the contour,CiZ' be along 

a specified path from, k :: 0 through the saddle polnt, ka1 to k ~,.~ ,Thus the po.eltion 
, " . . . 

of the branch c~t in the It plane ,is chosen tJo that thC!' resulting integral for ~ 12 . 

(Eq. 11) can be evaluated by the method of .teepest descent. Slnce g(k) is relatlvely 

alowly varying, an approxlmat~on to kai is obtained by ignoring the term"~ " 

to obtain 

,'(kal, ,: . 

g (kst) : '. 

. tf3 

kai %. ., 
' . 

• • 1, 

: '. 
'(tZ) ; 
, , . 

:: [Zi( w-wic ' + 1 "i' J 
a z' . 

Again ignoring the dependence ~f g(k). ~e find that the criterlon~~ va.1id1ty~it~~ :: .' ! 

~ .. 
steepeat-descent approximation, . ' 

\ ,'.,., 



UCRL.11407 Rev. t 

l«t. ", ' . .' l' " ; 

l f " (k )] 37 z 
'. . sl. I 

J .. 

: " " 
• . i· 

• " ; . :;,~.i .... ~ \ ~ : 

... 
lea.dc to the requirement 

; I • 

... -... ~ 

«i·.·· (t3) 
, .', '. 

: I . , . ,":,' .. '1.·':, 

Uping Eq. (12). v..re find that the method of steepest deccent 18 adequate at large ·distance. 

from the boundary. The criterion 10' . . 

II > >. .8.7 at 
; . 1 eM .. wic l' i )Iii • ." , 

The reeult is then 

" . ~', 

.-

,; ...... (~" .. ~ .. ~~~, ... ::.;.·:.I 

, \ ~ ' .. " 

:! .. ,I "., ,., •• 

.f, ... •• 

. ,~ . 

i. • " 

. " . 
'J '. 

'" '-.' ~ 
., . : 

. . ~,' ~ , . 

f.' :' 

'. 
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where 

, '. 

These results are correct when requi.~rilent·{13). and iUl analog for the el~ctron. are 

llIathfied. T1-te exponential partQ of tho expretu:ion for B3i and BiZ a.re then very 

. small. The term 8 31 for tho electron branch cut b much emaller t:tlp.m.the.~ten:n f 

B tZ for the ion branch cut for frequenciea ~atilJfying the criterion. 
, . ' 

I," 

. " • ' ' ' , ., •. 'j" :: ;' ttl:' ';"':., 

Thio criterion is satiofied by the frequencies in our range of interest., B
3t

may 
. .,.... ." ..... it 

therefore b~ neglected. The 0lectron thermal effects which occur in BtZ , and n 

are alec n0gUgible for the frequencies and wa\l'olengthu of interest. This. can be' 

explicitly shown by consideration of tho. function 0e -. whichcontalns thee'e e!fec~.~ . 

Since the wa.ve numbers of interest are ouch tha.t 1m 4) e .< Of:' 0. -h~s the .. ·.. . 
, . ,: .. . , ~ \:. ' .. 

asymptotic expansion for large argument 

0-1::1 
e ea»-w +1 II 

ec " ~i"'. i 2 ~. 3" t' !!!6"" ., •. ] • 
ze 4~' 81J " .. 

e e' e ' 

(14) 
I':'" . 

Since the wavelengths' of i~tereBtaresuch that ' . 

il e ~ I ~'e' I Z > > t • e . 

the fir.t term of the expansion is kept and the reatdiscarded..l~c~ be .ho~t3 that

the expansion (toft) correl!lponds to the. \lae of the truncated. set·of equations for the' 

moment" of the distribution function.. Eacll term of thtt expansion eorr.apoiuis to .the 

retention of another moment of a. hierarcby .of mome~t&. The ter.~ '. e, 1s the ,nieas¥l'e 
. , 

of the electron thermal tlfiects. When these effects a.re small. the expa.nsion o,r the' 

electron mOMent equati~na may be used. Replacing °0". by the firat term in the ex-
.' . 

panaioD and neglecting the electron br.anch cut is eq~ivalent to Using the moment· 



• 

i !.:", 
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equa.tion for the electron flow velocity and neglecting electronviscoeity andt~~ 

higher moments. Since. -, ',' 

: ,1· ~. " ~. , ':, ; .~~ , " 

. \.; " 

where . : \ 

R ~ 2> O· . , e e . • ,': 

the contribution of the electron branch ~ut is not expandable in term8oft/.~;-'.·:; 

and is therefore. uno.btainable from the ~runcated momen~ equations •. ; .. . . 

With the; electron therma.l effects ignored we have 

" f, 

". .' ~ .: .' 

.'. 
" 

.'. . ~ 

\ . 
; I 

.. , 

There is now no electron branch cut and therofore no. region 3. B3iI#B3=O. Region t 

now includes 'what was region 3. 

... 
Ill. ·Solution by E2'lnsion 

The asymptotic exp.ansion of Cif. i.e 12 

• 
.. ','I.,' _ I 

Y I: 2, rc .,( ''I!' 0 . " 

+ t· 'Y == , 'Y- ... i· 

..",' 

"f 

, : . ." 

;'.J.' ' 

." ", ' •• ~. I 

•• ~ ;. 'y' 

• ~'. I , 

. , , . 

, , 
~ .' t., ' . I ,~ 

(16) 

',,.; ',--fer 1m IIf:·Oi~·' ';;" '.' 

•• ' ":/"',ff l.' : 'I~ ,,~; ... , r~'" ~ i 
j. for 1m. > 0 • " '.: ~I'~:>t;~!i~(~;/~. ", 

.' " ) ,':. ,. . :.f:, 

USing .tbe~ moment equation. rather than 'theldnetlc equation.leade' to the above . .. ' .......... . 

expansion with tbe exception of the first term. Then the expansion 1. the same tor ' .. 

I., 

\'. 



UCRL-1.1407 . Rev. t 

°11
' and °1-. Keeping higher moments In the moment approach!. equivalent to 

keeping higher terms in this expa~8ion. However, the use of the truncated 'moment 
.. ;.,: .......... ; ... !. 

equa.tions precludes a.ny knowledge of the existence of the branch cut, Ilnce these • 

equations lead to the same expreatdon for 0i (k) for all, k. Since 01 (k) appears to 

be §lingle-va.lued, no cut appea.rs and BiZ is noncxiatent. ,. 
"-

The moment equations. then. may be incorrect for tworeaaon8: First. 

BiZ' the bra.nch cut contribution which is Unobtainable ,from the moment equations, 

znay be significant. Second. the expansion (16) diverges for any finite {Oi. According 

to ,the theory of asymptotic expanaionD, 14 the best numerica.l approximation to ,°1 

'is obtained by t.he use of a finite number of terms of tho expansion •. The error i8 

of the order of magnitude of the last term used., Therefore. the number of moments 

tha.t should be retained for a qua.ntitatively a.ccurate result depends on the magnitude' 

of 

. ~' 

which im not known until the problem is colved, that ie, k( w) is found. " The retention 

of too many momento leado to ina.ccurate reoults. 

We shall first solve the problem by keeping juot one or two terms of the ex-
'. " 

The amallneac parameter of the expansion is 
. ka Z 

i . ' 
We define 

• 
y z: t .,. (w-CA}c + tv i) 0i ..-, 

. 2 
The expres.ion for n is now 

Z 
n =1 -

z y[ Z ·Z J 
w - '- W i (W4-W ) -w 1 "'1 p w p ec pe. '. 
(w-w. )("*W )+iv1w+iy[(lo'i-(ml/mi)"'1)(w+w )+lvi", .. (mi 1m)}. 

lC ec e ec... e e. ' 
(17) 

.... 
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Retention of just the firot term of the IlxpantJion reduces Y to zero." We 

then have 

and the solution 

ik III 
B(z) =Bb e .0 , 

'. 

I (k) > 0 
. m 0 ' 

(i8) 

This io the result obtained by using moment equations and neglecting ion viscosity 

and higher moments.' The retention of the"first two terms yields 

, (20) 

exhibiting the lowest-order thermal correction,which causea the index of r~fractlon. 
I 

. to be dependent on .k in addition to w,;. 

where 

and 

The solution is now 

.. 
. Z 
& = m i met (f.t)aWiC ' (~we~) -t' i ., t w] L Woow1c' ~ ~ "i1 

ToLme(w+wec)-t·1 m ie v t ] 

" 

• 

'" .", 

~., : " ,.' 
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This. U the· result obtained by- using m.oment equations and keeping the ion 

vicco.ity but neglecting ion heat flow and higher momento. (The .01ution~ of.the dil. 

peroloD relation. k i and k Z' have no relation to the region8 i and Z previou.ly 

mentioned. ) 

The importance of col1191000 to the applicability of the moment equationG at 

resonance iD apparent from the form of t i • The wavelength must be larger than'the 

mean free path for Ion collioion6, that 10. -1/k > a l / v
1• When this criterion is 

satisfied, the heat flow may be neglected. However, the viscosity may atill not be 

negligible •. The criterIon for neglecting ion viacooity is moreatrinsent inth •. 

resonance region. .For vi < wec ' the ~riterion is seen from the denominator of· 

(ZO) to be til' < < 1, where 

Therefore for ca.oeo where I. i «(t,)::w1c) I < < 1 and heat flow is negligible ·~e may find 

t1' ~ 1, indicating that 10n vlocoaity 18 not negligible and may significantly ~lter the· 

results of the cold-plasma theory. 

In order to display the beha.vior of the solutions',· we choose v,a.luea of density 
. . is . 

Qnd magnetic field representative of a wa.ve experiment conducted at the Lawrence 

Radiation Laboratory,. Berkeley •. Thea. are 

and 

D = 3.5Xl01:' cm-' 
o 

• 

. 4 . 
Bo c t •. 09Xl0 gaus •• 

We then ~ve the following value a tor a a.e\ltel'iumplaama:. 
; 

i2 -t 
i W II i.06 X {Osee • 
! P • 

wec:'fI. t:.9Z X 10il aec- 1; 

wic= S .. Z4 X t0
7 aec- t • 

,', . 

',' 
.. ' 
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""""04 -K. h ' , 3 45'XA09 -t d 5 '9""07 ' -t For To:; IioA& we ave., till. & sec , ' an '''i 11:' • ,AI. ,8ec , 

Figure 3 hi lit. plot of the trajectoriee ot k{ and' kZ' in the complex 

it pl&ne for this caGe; k ' in the figure 10 the result obta.ined when viecosity ts 
o 

neglected.: ~t 0 s::: w/~c. The quantities ko and k i are plotted fOl" Q values 

between 0:1 O~5 and 0:1 2.0. while ka la plotted for 0.95 40 ~ 1.0S. Beyond / 

this region, kZ becomes too large to neglect heat flow and higher momenta, 'Tha.t i8, 

, I , • i.,;· 

, 1 , 
,. .:" ~ I 

. '. ~ 

becomes comparable to unity. nullifying the vaUdity of the expansion and therefore 

the' moment approach. Where this 10 80, tho coefficient of the k Z wave, , AZ' becomea 

negligibly small. (I Azi ie plotted a8 a function ot 0 in the lower left section of , 

Fig. 3.) Thel"efore, the behavior of. ka is not known where it is 'not needed ... !U 

0= 1.015, however, I Azi I: 0.35. At To:; !XiO". tberefor~. the viscosity 1. at, 

the threohold of importance. 
~" 

So for 0.95 AEt (l ~ 1.05. the expression (Zt) la necee/iary. Beyond thi"; . : . 

region. expreasion (19) suffices. 
". 

For order-o£ ... magnitud~ estimate. of dam.ping,the viscosity may be iFol".d 

and expression (i 9) used. 

At lower temperatures. it 18 found that the kZ wave may be entirely ignored~ 

The coefficient, A:l,remaino essentia1ly unity. k t II¥ ko' and k2 recedes to infinity 
• 

. corresponding to zero d.aunping length. 

We now derive the criterion for neglecting. the thermal effects In tel"ma of· 
, ' . . 

the density. temperature. and magnetic: field of the pl&sma.· We have 
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We choose for k Z the value which 119 obtained from the nonviscoua dispersion 

relation. (t8) when C/o) ~ w. • We have 
1C ' 

The first" 'term on the right. which corresponds to the dia?1acement current~ '~ay be" 

ignored in our region of interest. where 

Substitution produces the criterion 

«00 11:. 

Vic 

T o 

, \' 

.. ' . 

.. : 

,f ! • 

. 'I': 

: J ~.. 

;" . 
\ I ,,:, "./ 

Ineerting the value for parametere pertaining to Fig. '3~' 'we ~~ain the value 
. .' . I . 

0.28 < '1. Figure.3 then reprecentc a' case in which the 'criterion, is barely'satUfied. 

NoUclng that the criterion is hea.vily temperature-dependent,', we examine the ca'ao 
4 " , 

when T 1:1 3Xl0 • K. We then obtain the value 2.1 > t. Now the vialcooity muat be o 
, " 

kept. Figure 4' is a plot of the traje'ctorlee of Itt and ka for this ca.se. .. The 

trajectory of k 0 ,is' included for compariaon and I Aa I, ie plotted a.~ before,_ The 

coefficient I At I io approximately i-I AZ I, t and io therefore not plotted in n,la.'] 

and 4. 

Now it ie found that, lor 0.9 "n cst i.i. expression (Zi) 1s n,ecesoary. ltia " 
, ': 

;" 

aleo found that the wave k i no 10DSer ldentifies with k 'J kiltil k at n:: 0.9. but. , 
o 0 '" 

k Z = ko at 0 == I.i. Az varies Irom negUgib1y small values near g It 0.9 to ne&r~y', 

unity 21.t Q c,'1..05. At and AZ are about equal at Q a:; f..Ot ... Now, no order-of-
f' .. 

magnitude estimates can be ma.de for the damping a.t resonance by considering one 

wave alone. The disturbance la"expressed in terms of two wave lorms. 
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We illustrate the .wa.veform of B' (z) at resonance on Fig. 5 lor the -
. .-

. . 4 . 
temperature T == 3XiO .K. The upper plot is Real [ At exp(lkt z)]. the contr~~tion . 

. . , 

of k
t 

to the total .olution. ThemldcUe plot is Real[ Azexp(lkzz) 1. Th •. lower. plot 

ilD Real [A~ exp(ik t z).1 + Az exp(ikZz». the complete 801~tion as ~lven by Eq.(Zi""J· 

For comparison, w~ include' Real [ exp(ik z)]. the 80lutio~ without Vi8C08ity~, . Since 
o . . ,. " . 

B =:.B (z) (yo. 1 ~)e-iwt , - , 

. ; . ~ 

. ' ~ 
-1,_, 

we are plotting the component of B In the direction (.j) cos CIJt + it sin CAt) . at time' tas 

a function ofz. Reie:trbig to the lowest plot, we !iz:td tha.~ both waves are· severely 

damped, but the wave ~hat incltidesthe vitllcosity effectD does not. decr~a8ea8\:;.'" 

"ab~uptly 800 the other wave. The viscosity acto to reduce the ·.he~~; ~a~~e(f'by the. >. 

cpatial variatio~ 01 tho wave field. 

The question &rioee &0 to tho effect of the next term of the expanaion (heat 
I ,.' . . . ~ , , 

flow: on these solutiono. Will a third wave form arise? mclucling heat flow " 
. , . . Z .' . . . . " 

necessitate4H:Jolving a. cubic equation (or k (w). Since heat flow is unimportant ~t. 
", ':':" . ~ 

unless Vie have II i ~ 1, in which ease the moment expansion is invalid. nothing i •. 

gained by ito inclusion. Instead, the moment expansion 10 abandoned. In tho next' 

oection, the problem 'is done without the expanoion. T~o method 18 ~ necea,a&ry for ',' 
.' .. . . '. 5 .... 

c i ~ 1. Solution of Eq. (ZO) show. .1 "'1' in ~he resonance region 10'1" To. t. 10· K.. 

Therefore, for temperature'" of thicaoJ."der and higher and for the previously mentloned 

va.lues of density and magnetic lleld, the' expansion' method cannot be used. 

No limple criterion exist" for the determination of . -1 in general. -!'- .coarae 
.;\~. ":;~" ,,'~ r. . • , . 2 ' . .' ;;~':··";':":!~~'~·''':''~\i!;. ' , ;,1' .',. 

., criterion is obtained by again using ,k 0 (w1c) in the expre',81.on for't·~~'. At ~ .•. "le" .-
we have 

. 0 
e~ :» .. 

"" 'I" 

' .. ; ;., it. ,. , ,t; ;: .. ,fl ," ", 
~ .. 
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Here To = 105 corresponcis to Ei
O 

III, Z8~' Th~L~oa'r8e criterion i.to~pe8almi8,tiC.', 

Figure 4 ShC;~s '(ki (CtJic ' I < lko (~lc) 1- Lacking a simple expre,lalon 'for, th.,~rtlllent' 
values of k1 or kZ' ,"'10 < 1, will bec~ngidered a sufficient' coriditi~11 £('n.'Ual~g, t~, .. 

moment equa.tione' a~d' neglecting hea.t now~ U' -10 > 1. but n~t by :m~ch. 'if ~u1d be 
worthwhile to neglect; heat' flow a.nd check ;tbe 'value,' of' i~ : pe'rtalning 'to,'tlie' llIo1utic;,;,s '< 

. , \, ~. ..' 

k1 anci k'~ where th~y ar'o important~,,;,' " " ,~" ',., ""~"!ii::"';:~;:~::<';"'~'''''' , 
. ' I . , ' 

'.. ' I:!', .. : I", .• _~~ 

thernlal effecta ignored and using the, functionB, 
• t " 

• ,t, I ,i _.:... .;: I ~ ~!~. i. 

we have '.: 
, , 

. :' ' 

J.' : . . ~.;,;' .,'. "'. '. . \ ~ ::"1" ~;.: 
t 4 , \.. ,.', • • ." ~. ,,-: ,: I 

where '. ,,' • 0, , •• ,' \ ': 

.' " 

X(Y)=(w-Wl)(~ )+l,v"w+iY {"l(CtJ~CtJ )-mi v"t,(fA»W '/mi)-(i~l/m' ;l},;' " ,c ec -... , ec e 'A, ec e ," . ' , . ' '. .~'" . . . ~ :., ',t.: ~ . '. ; .. ,'. '. 
and. 

• fl' !'} . 
,) ., 

i : •• 

The "i" aubeeript on ka baa been 'dropped. 'We use" y+ 'in regiont ancl 
• 

y"in region Z when looking fo'r zerol of the function" .. , 

kZ _ «QZ/c2)n2(y) 

which corree.pond to the poles of the, integrand olEq~ (9). 
. ".'~..," .', ~. . . r', '.. . : . ',~, ,:" .~. '. 

\: i .. 

" 
\ I .' 

, : ~ . 
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UC'RL:"i1407R~v. i . . ". '" ... , .. '!,..'.: . :; 

" ' " . < ; ~ 1 .) 

eontO'iJ.r t III position in ,the k. plane mUlJt beltnovm in relation to thepolca. " T,ho" " 

: . ,", .... ;~ '.. r ... 1 

Nu.n1.ori.cal work ",h'lwS tue c,ontour to leave the: prigln a.t the angl!! -:-. 
, ;', I 

, I, 
, ' , 

0. :-C, i1.r.g «(U-wic '+ i"l) ~d tend to infinity at. the, angle '-;:11. "with or '~~~out the, It\~lusi~a' 

}J£ thetQrm, .1n gOt} in the fIIxpl'~~8ion ~O1" 'f(ie). "With g(k) ,cncludec1' ,th~co~t9urha8 

an aayu"ptote at k.., (3/Z) ,Re ks '. ' ~Qxamplo, of the conto,u1" ~aa: o.~~tched in Fig., 1.. 
. . ~ , 

The,al!yr.npt~t~,andtbe contour ciln,~,~ect~dby g(k)., We defin~~"'::'i';"}}' "" ,';' 
i' 

. '.' ; 
,,":,:. :" 

'. i 

< • I ' . . '". '.: . ~ ~ ) I ~ I •. ',', I' J 
"',, :" : At thi$ value 'of:, we find that the contour path and asymptote fAre radically . .' . , . 

, 
chaneed by the, addltionoi' g(k) when the path paPJt8Ge ~lose to a pole.:' This is . 

" . . " '.. ',' . 'j, 

precisely the Dituation for which the path muet be accurate aqd hence g(k) must be 
.~' ,,~:,! l·', ~. :' .' l 1 

•. 1 , " : ;1" 

·t !' For· z <. z', , .. : ". the'stee ...... ('HJt·descent 'aDproximatlon becomes 'inaccurate: ne ... r ¥" ". ' r 

io ,then 'the :smallest di~ta1\ce from the bound~ry for which the eteope!lt-descent 

contcur and. the vahvt of B12 arc boWn to a r~3.0onable degreo of accu'racy (about' tO~ 
, , 

For th~ parameters 

',:. J.' 

and 

",,,'. 

'i4 .j:' 
no :I '3.5)<.10 .cm • 

B ,= t.O<JX104 gauss; , 
o •. 

", 
. 'I' 

T» ZXi04 -it; and' ~~tO~·~ 
o 

, , 

, 
" , 

"" 

Ii; t t, ' , 

prcV10udy used. the resulte are verYG4IIarly identical to thole p:re~ously obtained. 
• .,' • I " 

W4J find only two polosi whoalfJ t,:rajectorleo follow those outlined in Figs. 3 and 4. 

Defining " 
, , 

,,' 

" 



and 

.30-

B1 :: a 1Bb exp(ik1z) •. 

52 =, aZBb exp(ikZz) , 
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, !, 

'. 

we find that the coefficients a 1 and a Z agree to 10/0 with the coefficients Ai' and Al". 
,,' . 

" 
The sum a 1 + &Z is unity to a good approximation. This means that, 5 1,2 i$ negl~,gible, 

at z:: O. since 

requires 

&1Z(0)= i - 80 1 - a Z ., (22) 

At znear' a i2 '= 1.0· Z0; znear is quite small. Its m~~imum value is about 3,'cm at 

W :: wic • Thus B 1Z is completely negligible and the expansions (electron viscosity,· 

and lon heat flow neglected) p"cv',:>usly used are adequate for these low temperatures. 

The next case w.e conside r is 

.-' 

where we found the criterion for validity of the expansion to be violated. At this 

ten'lperature we still find two poles, ,kl a.nd kZ• However, their traj~ctorie8, which 

a.ppear' in Fig. 6, show that their magnitudes are ~malier than those of the lower~ 

t£>rnperature case of' Fig. 4. A third pole, labeled k 3 , also appears 'when n' > }.t. 

Its trajectory is sho'~ in Fig. 6 for 1.1 ~ n E> 1.2. The trajectory i8 not carried to 

higher (2 because this pole doea not contribute to the solution. It is a pole of the 

function .. 
; 

.+ 

and it occurs to the left of the steepest-descent contours for z' and . near 

. Z", = Zz • which are sketched in Fig. 6 for 0 = t.Z. Only poles of this' f~c. tion , . ~ar near ... . 

which lie to the right of ' the contour contribute to B(z). Notice that the contour 
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approaches the lmagina:rya.xis with i~creasins, z. At aome II > > zhr' the. 

steepest-clescent contourwiU be on the other aide of k3 at n:: 1.2. Then k3 

~' will be part of the complete lJolution. However, ·at this ,"U.tance (. to metere) the 

contribution of t~s pole. to the solution hi lnfinitecimal. since its damping length {" 

1. cm. 

Vie therefore haVC!l only two c:Uatinct wave" from the polee witbexponential 

cpatial dependence. The branch-cut contribution~ ·B iZ' which waa negligible at 

lower temperatures, ie now on the threshold of importance. The coefficients at 

and &Z are plotted in Fig. 6 along with . &1.Z(O).' The m.aximum value of a t2(0) 
.:. 

occuro near resonance. whera &tZ(O).~ O.Z. Thus B(z) may still be approximated 

by the two exponential solutions. However, the moment equations incorrectly 
. I 

deacribe these .oolutio~s. Tb~y must be obtained by the kinetic treatment. 

The final case we conlider 10 

'T :: 5 Xi 0 5 • K . 
I) .' • 

, . 
This caee la repreoentativeof the low-colli,don-frequency regime ill which· B tZ 1. 

tI ignifi cant. We again find two poles.. Their trajec:torlee are plotteclln Fig. 7. 

" t' ~ 

A check of the results using a colllsionleo& theory ohowa ee.entiaUy the lIame' results 

for xt ' kZ' a i! a Z and therefore 8 12(0 1= 0). .At To' = 5Xi05• K. we have 

5 -t 7 -t "'1::7.7XiO aec «Ca)ic::'S.24Xl0 aee • 

Thus collitdoDS are negligible when w I w1c• At. resonance the function 01 in the 

index of refraction baa the argument' -1:: lVI/kat • Since lkall at t.7Xt01 sec- t 

for both k i and kZ near reaonance, we have I 1)11 a 0.045 < < t. Now. toJ' 

~ small ~1' 

IJTf 
~ .. 

1 

, .. 

~. 

i· 



The leading term ia independent of vi~" So for' ~1 < < (l)ic or for, .II! < < : 1'&1 ~re.onanc~ 

the dielectric constant, 'Eq. (17). m.ay be repla.ced by the simpler result obta.ined in a 
.: "I •. ) .. ; ,'1 ' ..... 

c:oUlaionlesG theory, 

" 

, ,~ ~ . I I I ,': • l ., ~ 

with very Uttle change in the solutions, B t ~and Ba' 'rho criterion for 'neglecting 

collisions a.t resonance is, .. ~ ! \ .i.:' -',' '. \'~ J .:; .• ;,.' 

'/, I 

< < 1.._ 
• £ l, 

,',1 .. ;: /:.y 
';,'" 

, I' t.1 ,.: •• ,' . ' -j. ~ . 
. ' .. 

We now obta.in the value of k at resonance. Replacing Qby the firat term 

of the sma.ll ~ expantDion, we ha.ve 

, . 
",,' 

" 
J f, t 

Ig~oring ,""Ie < < Col) ec in the third term, we have " '1 
. It·· . ": \.. . \ 

, , ' . ',: .' ., \ \. ~ ... \ 

since 

. )': 2- 2. w w. " Ee = '..a. 
Cot) tl,)ic, 

• 
ec. , • , 

'.' ,,'1, _ • I'.' 'r ,:., I" ;:;:" 1 ~ 
, , 

:":l. " 

" ; ': .. I. .: : .: ~ . 

SInce wpl > > ,wlc • the t~ret ter~ U negligible c"o~p,ared'wi~h th~~hir~~ , The 

third term b not negligible compared with the second. l~ is about half the magnitude 
, ' . 
of the second term in this cs,ee. This. indicate. that the contribution of the electron 

.,~. \. 

current to the dielectric constant that produce. thitll term shoul~ be kept even at ion' 

cyclotron reeonance. For the purpo.e of obtaining an order-of .. ma.gnitude approxi

matloD to k. we lSDO.e it he re and ,~~~,~n 
. ,1'1., .! ,',. 

, ' 
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3 ' k III 

I 

Z i/Z * 1 (I). Col) i ,W ' " 
lC P " ' : ~ . 

',' -
, ' I 

" : .. ' ~ 

( . :.: . 
10 ;",'1 J.: " ',' 

',; i => 

Our criterion 10 then , : 

" ,( ~"', ". : ... ',I 'I _ • I ~ " i ~ 
. .I .', 

for ignoring collisions in obta.ining at.. and B,Z it , ,::" 'c· ,,' ".",", •• ',:~:,; " 

This crit~H'iori is of no use for. BiZ' Th<!l branch-cut c:o~trlbut1onle:bea.vily 
, , ~ .... 

dependent on colUtJlons. Neal' resonance we have " ,;. 

, . 
. •... ,., ,I,:' ~ ~.' 

' .. ' 
. ; . ~ ;. ~ 

j i ~ . 

" ; (. .'. '. 
Therefore ~1 (k.) III 3 at resonance. We then have 01(~i) replaced by its 

, .,' ' " , 

a.symptotic value for la.rge a.rgument to obtain, 0t. ., -'1/1 vt. :. 

In contrast to the caee of the pole. where ~'!I < ~t" ~. 0, 'ialadependeDt 

Vi I 01 Vi' we have ~ 
, , 0 1 

> 1, and 01 ianow dependent on "i. " , 

~ , j'" '\ ~ \ . , 
Tbwa at higher temperature.. at which the criterion (Z3) 1. satisfied" the 

• I , 

coUisiono muot atill be kept for the investigation ot the branch-cut contribution when 

this contribution 18 eval1¥'ted by the method of steepest de'c~nt~ 
I ,.t, :' 

For this low-coWo!oD, ,regime, the significance of the branch cut iD 'urt~~J", 
., 

illustrated by the following occurrence. R.eferring to J"ig. 7, we lee that the tra., 
. . '. ; .. . 

. . 

Jec:tory of kZ now remaine near the, imaginary axis throupout the fr,equ.nc~ :1"an,. 
of interest •. 
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For W < wic ' the bra.nch cut 18 in. the upper left quarter plane for all IS, and 

k Z is on another sheet,kz ,therefore makeo no contribution to the solution. ' -For 

c&) > '->ic' the branch cut Is in the upper right quarter plane for all ., and k Z Con

tributes to the "olution. Of course, the total solution ,varies continuously through, 

this appa.rently discontinuous change in the relvlta. Since, B tZ is evaluated At 

znear' a diatance at which the contribution of k Z to the solution Is le •• than iO·38 ,_ 

for W 11:1 wic ' the presence or aboence of k Z is imperceptible., At z = 0, the presence 

, or abeence of k Z 1B important. aince it haa a -eoeUicient, a Z IllS 0.7 tor c.l ., wico, \ 

Since at ~ 0.65 for c.l 11:1 wic ' by Eq., (2Z) we must have aiZ(O) = 0.35 for c.l < w1c 

and atZ(O) =, - 0.35 tor w > «.\)ic. Thia illustra.tes the futility ~t attempting to 

attribute independence to each of the, three terms B t , 132, and, BiZ. The existence 
" 

of B t and :Sz as eolutionD and the value of BtZ are wholly dependent on the choice 

ot the poSition ot the branch cut in the k plane. 

Thus B t2. i. eignificant nearre80nance in the low-collision-frequency' regime. 

However, thftsteepest-deacent approximation we bave used does not give us the torm 

of BiZ at .mall z. The smallest distance at which the approximation lG vaUd, ' 

finea.r' 1. of the order of metero for To = 5X10
5

• K and W. c.lic.At this distance 

.38 -16 Bi and aZ are lesG than to Bb , and Bt.Z 11:1 10 ,Db. The Iteepe.t-de.cent 

appl'oximation determines BiZ accurately only where it is .mall. This re.ult has' 
'. 5 ' . 

been useful at low temperature. (T 0 ~ 10 • K)~ where it demo~8trated that B tZ : 

could be neglected compared wi,th B1 of· BZ• At thoee higher temp,raturo8, bowevel'~ .11 

will be neces.ary to abandon the ste.epeet ... doscent approximation near resonance In 

oreler to study the behavior of BiZ at reasonable elietanees from the bound.&ry. A 

numerical integration ot the complex integral in Eq. (U) Would have to be pertormed4 
• ,of 

We have not attempted this nwnerical analysis.. In thia low-colli.ion regime, 1n which 
, . ' 

"i < < wic ' the effects. of collisions may n9t be adequately repre.ented by~. 

LlboH colU.lon model we ha.ve used. The rea80na tor'thi. are given in the concluding , , 
, . 

section. 
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';'35 .. 

We havo.'ahown that ,colllalC?Ml e~e,c,tDon the i~~ ~yclotron wave ali~~'#~e I :;< .. :. 

wave to be described In terms of ~"cold plasma theory (~hat lit" via the moment:. " 
" '.,. • ..;. ,,(' r' 

equations with zero pressure tensor) when the criterion I' !, :-: '; . '",j. 

, 
, •. ! 

< < t: 

, ,~, 

is satisfied. The dimensiono are 
, 

L ::', ',', '. ' '=" " • I ~:;,! .,.. . 

preSGure tensor that lead to 'viscosity it the reoultant VILwea have' ,Ik ~i I/"l' < i a.t 
1 • 
'I " 

rel'Jonance. A coa.rse and pe8Diml13tic criterion 11 
, . 

, ~~ . ,\ :, ~ : 
, ,,.. 

-' 
, r ,i : ::. t 

"',,', - .,' ,,"," ... I 

, l~ \' i·;', ',~~ .-
~:...: \w,~) ~ 

tt • 0 = t. tho resultant waves might stUI, have , . ' . 
-. 

i,'" .• , , , ,,' , ';"., l' .j "~ •• ~ ::" ,'; ~ , : , , " ',' 

tf not. the mom.ent equation approach mustbeeba.ndoned., Under thOles con.ditions, 

the use of even bigher momento than the pressure tenDor is of no help, e~ce the " 
• ,,} " t 

addition of each higher moment 11 equiv-.lent to keeping another term In an asymptotic 

expansion of the pl~Gm.a dispe~eion function. Sinco the ~aymptoti~ exPansion 1'8 In';' 

valid fori k &lllvi ?; i, the moment expaaeloll will 'then be incorrect." . ;,; 
i ' .,,' . " ~ 

" " :". Using the kinetic approach, we ebowedthat the 80111tiOn of 8. bound.&rY"~\1e' 
~ ~ , ' " ,; . ~ r' 

problem fot the Javelecontains .• neVi t~rm which can be important'nea.r r$.onanC$' . " 

at low colUsion frequencieG. Th1Bte~m hao the exponential dependence 
. " . I.- ~ . 

:j '.1 '/ f , 



" t', '~ ,.' . . " 

... 36., UCn.L-U.407, Rev. it 
. ' 

., ' 
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"', 

at large z.' ~hich led Sha.1ranov. 9 wht,di8covered 'a G!~lar torm' by uGin~-a 

collieionlcas theory tor the electron cyclotron ,wave, to call it the dominant tel"m 'near 

renonance. We have shown that thio term is neither dominant nor negUgible nea.~ 

resonance for l~w cC!Uislon frequenclea. and thnot its value is negligibly sma.ll and 

strongly d.ependent on c:olUoiona at 18,rgo m. where the steepest-do.cent method is 

vaUd. 

According to our kinetic model. collision" have no effect on wave. with 

dependence elks near reaonance if "i < < Ik all. Using the COIUG~~nle~' theory, 

to eotim.a.te k at resonan.ce, we find the criterion for neglecting collisions to ~e 

< < t • 
,. " 

Figtlre 8 18 a logarithmic ,plot of the Une" It 00 :: 1. f 0 1: it' aitc1 • S c' t all a ' 

function of den.ity and temperature for tho cae. B =10" ga.ulc. ' The lour casca we 
o 

have treAted are marked by ch .. cles. 

The region bel~\V the Une. 00 • i, cow,bts of the valuy, ot'no and': To' lor' 

which the thermal $Uecto may be ignore~ Between this Une and the Une' .0= i. 'the 

therma.l effects ~y be introduced by lOA viGQosity alone. 'Thus below .0' = i,' the " 

moment equa.tion approach with heat fiow neglected 1s valid. Ah~ve 'tho line II 0' &: t. ' 

thfJ kinetic 'treatment muit be used.' Above the line (i='i; the c'ollielonm have no ~ 
, , 

eUaet 012. the wave. wiill eikz dopendence a.ccording to the colli810nal model we u8e~ 

In this region, tbe new term becomes important, but is inadequately deocrlbe'd without 
\'. ,1, • , 

numerical analys1 •• 
, ,i , 
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Further work will beneoess&.1"Y for the, region above the Uno 
t, . 

• • to ' This 
" , 

region where numerical o.l1a1y01. will be neceosa.ry i8 al.o the region where the re-

laxation colUoion model of LiboU,5 which we have used. may bOinaufficient for tho' 
, 16' 

dC'!scription of colUsional eUects. J. P. Dougherty has recently introduced a model 

P"okker .. Planck equa.tion for the colUelone of a. single specie., of particle.' "His model, 

which neceosltates solving a diUerential equation in velocity lllpa.ce.requi:rcs' nu

merical analyois. He shows that 1£ "'1 < <. "1<: his model pred.ic:te larger, e"~cto, of 

ion-ion c:olliolonG when appUed to ionospherIc ra.dar ecattering thail doe. a limpler 
... ~ 1 • . • • i 

model of the form we use. For" v 1 ~ w1c' both model/) give similar resulto. 

,,', 
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This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com
mission, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor
mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 
of such contractor prepares, disseminates, or provides access 
to, any information pur~uant to his employment or contract 
with the Commission, or his employment with such contractor. 




