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'.' 

A methoc1 is·proeented that alm-pUIl.a the phyalcal content of an expel'l-
I 

, . 
mentalreault by removina a maximal number oll"edundant variables. A 

aet 01. N primary blDary variable. ~a poatulate4 to characterize eacb "event" 

Of ,the' ·sample. and. an N.blt blAary algnature 11 cOlliltrUcte4 that awnmarlDes 

the behavio,.. of each cavent ,..elatlve to theae N val'1a.bles. FoJ' weU-chosen' 

val'lablea alul an unblas.c1 oxp.dmeuta1 aa.m.ple. tho aet. ol slgnatu,..ea occur­

dna ireClU8ntly can be UD1quelV 4ocompos.d. lAta physical.lubaeta 1I an appro­

priate kb\c1 01 phyaical ,..elation hola. amoDl .. ~. vadabletl. Tbis glve. a 

alobal picture of ~e correlation. amoci the baalc variable •• t&cl1ltatea the 
, 

.eparation ot real from backaround event. and Ilve. a phyalcal picture of 

. the phy.ical channo1e CODtl'ibutinl to ·the expel'1mental c!1atdbuUOIl. Tbe 

Boolean minimization apPI'Gacb ln1~t.a by Qulne 18. u.04 and the calculations· 
. ','I 

.',' &,..e pel'lol'med. for lal',e pa-oblem" ... · by a' compute 1'.: . '~A detaUed example 
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Separation 'of fundamental from redundant variables. that often tedious 

necessity. can be facilitated by a Boolean Algebraic technique that decomposes 

an experimental sample as economically ,as possible into physically significant, 

parh. With certain physical assumptions. the decompo,sition b unique. The 

calculation, which baa been reduced to a computer code, is based on an 
. .. ... 

t ' , 
analysis initiated, by Quine. The major "ariablea of the problem, however, 

must be expres,slble as binary variables. We d1scusa the method by using 

',' : an example from high-energy physics. '. 

2 . ' 
An experiment was pe,r£orme.d i~ the Lawrence Radiatlon Laboratory's 

72-in. Berkeley 'hydrogen bubb,le chamber to study the reaction tr" + p - tr° + n, . 

as discussed in the preceding pa~er. 3. There were two major experimental 

difficulties. broadly speaking-detectability and validity.' There were large 
" r 

variations in the detectability of experimental events and many events we r0 , 
of questionable validity. Baciui'se validity and detectability may be correlated 

it is important to study all the variables together and achieve a global picture 

s~ that we may computeco'rrocUy the simultaneoua influence of detection 

'biases and background contamination. 

The seven variables chosen to cha'~a~terize each. 'event ar~ listed in Table I •. 

Variables X 2,· X 3, and X 4 refer to ~e prot~n track and its situation relaUve 

to the film plane (which is parallel to the plane of the glass top of the chamber) •.. ' 

Variables Xs and X6 refer to'the ;nissing mass calculated lor the particles 

assumed to be emitted in the Original re.action. Like X 6 ' X 1 ls also a measure. 

of the validity of the event., The parameter is less'than 2.706 for 90% of 

valid events (one constraint). The variable Xo is included because we are 
. . . . 

i~te·rested only in'eventa having for~ard neutral plons, wo' s and we w1sh to 

examine any correlationa that may arise. Variablea X2 f1nd XSmeasure the .J' 

stringency imposed on the 'correspondb:lg validity' requi~ementsXt and X6 and, . 

consequently, their rellablU,y. , ' 

.' . 
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Thus ea~h ~vent we analyze is characterized by a series of seven binary 
"' .. - . .... 

, '! <:;., • ',,' . variables. Consider. for example, an event for which cos oC',m. = 0.6Z,' 

' .. ' ..... , .... 

, Z, " ' 2 "; 
X == 1.4S; 6~ = LS2 deg. L = 0.91 cm, ~ II -41.1 deg, 6MM II ZO.O Meylc , 

" p , 
, 2' , 

RD = 1.S0 (i.e., MM = 1.6S.0 Meylc instead of the ideal 135.00). The 

.. '. ....... :: . : 
..... : .' 

'.. .. , ,. 
,(: : .. ; .' ~. 

. . ~ . .-. 
~ ~, '" 
\',' 

:~. . 11....'-

. 
values of the variables (X6, X S' X4,' X3 , X Z' X1.' a~d XO) are (0,1,0, .0, 0, 0" :' 

, , I 

and 1). ' We could write them in a more compact string .01.0.0.0.01.. read it as 
• 

,a binary ,numb,er .. (01.oOO.o1)Z = (33)1.0 and consid~r its decimal equiv~lent, 33, 

the signature of the event. In other words, for the set 'of variables X., we 

con·struct I~O Xi";\1 and· cali that the signature of the event ... Becaus~ the 

signature is based on binary variables Xi' we may call it' a Boolean signature. 

This signature expresses unambiguously in a single number, the character 

of the event with respect to the basic binary 'variables • 
. ' 

• Having computed the signature f~r each event, we plot 'the distributlon of 
, 

signatures. In general we may 'expect that not all possible signatures will be 

represented in the statistical sample. Rather, if the basic variables are 

" , 

.• ';: .• j 

'. , 

well chosen and are pbysically significant. we may expect that certain combina­

tions of variables will occur more frequently than others. In particular, there 

might be correlations between variables that will exclude the occurrence of 
.. '" . 

;'-

, . \. .,. ." ~ 

'," , 
., ~ 

" : 

I ",,', 

i ' .' . ~ 
f " • 

, " 

.; -J 

,. "'. ' 

'~.': ' , . ; 

" . 
~ ..... ' .. ~.' .. 
, . , 

.' '.' 

certain combinations. One must remember that nearly all the physics lies 
-', ..... . 

in the choice of variables. ,indeed, the method does no more than summarize. ' 

economic,ally the physics thus fec:1 in. To understand the effect of choice. we 
" 

:'~~~, .. ;' .take the two extreme cases. 
.< . ' ;: " First, assume that all possible combinations of variables (signatures) 

':" are represented approximately equally~, The result of the analysh is that all 
, ,. -

, , 

'~: :.' ". 

the variables should be considered redundanti no combination~ of variables 

charac~erize' the experimen~alset' •. ,The experime~t does not distinguish any 
, , 

physi~ally significant combina!~ons ,from am,?ng the possible cO,mbinations 
~ ... .. .. .. ' 

/. 
I 

presented.' , ·'t' ',J, 

'. ,i.. 

. .- " . ~ . 

. : . 
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Second, consider the case in which only one combination of variables 

(signature) occurs. In that case there are no ~edundant variables. , The 

'"experiment distinguishes exactly one physical combination. and each variable 

1& needed to specify it. I(U fol' example. one variable were redundant. Ulen two 
. ' 

combinations differing only in the one redundant variable. would occur. ) 

In each of these 'extreme casee. the method gives no huorrnation that is 
• 

not immediately apparent on inspection. The ~ase8 do Ulustrate, though, the 
• 4 • • .• 

domaln of the method; the compact e,q,ression,oi the results '0£ ~n experiment, 
, ' . 

relative to a pre-chosen set of binary variables. 

one ~~cee~ngiy imp(lrtant assumption shoUld be, stated explici~,y. We 
, , 

,assume any two events to be similar to each o~er 1£ they cliUer in the value 

of precls~ly one variable. U the kind of similarity being treated in a problem 

h not of that kind, the 'analysis we follow is us~less in its simple form. 
, , 

, We have specl£ied. then; a ·~et of basic binary variables each of which 

has a def1nlte value for each experimental event., For each event, we compute 

a Boolean ,signature relative to the set of binary variables, and we examine, 
_ , ' . ~ .' 

> ' : 

the distribution of the experimental signatures. Some' 8ig~tures are relatively 

popUlar. and sO,me. unpopular. Here,:'a, second and last insertion of physical 

information occurs. :One must decide, for each signature. whether it is interest­

ing.. What h called "interesting" depends on 'the problem. A signature ~y ". 

be interesting because it occurs often-. because ltfaUs to occur, or for any 
. . ~ . ' 

reason. The signatures we choose, for a given appllcation., to call interesting 

(' "are expressed by this procedure in ,th~lr most compact form • 

Is there. for an arbitrary lIet S, ot interesting Boolean signatures. a 
. " 

unlque most compact expres!iion? ,No. in ge~era1. ~e.re are several. Each 

, ... ' of these., however, has a certain set of terms in common with aU th~ others. 
~~ • I : :' 

··E:'ach such term i& called an' ··'essential cell1t
.,·' . ,',. I:',. -;, 

• ';,' :\;' :,'.''':. I .;. ~.,' '.~: i I ,''''~ ,',!, . 
. \ . '. 

J 

, " 
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We can Ulustrate the terminology with a simple exampte. Suppose we 

have three binary variables and that the interesting signatures are s: = (0) +, 

(t} + (3) + (4) + (6). We remind ourselves that the signature' (0) means 
, " 
, " 

" 

. ' 

' .. ' 

': . " ~ .. 

Xo Q 0, and Xi 1:1 0 0 and Xz = 0: the signature (6) means XO. 0, and, X t I: t, . - ' 

, and Xz = 1. It is usual to ind~cate Xi Q t by Xi' and Xl I: 0 simpl~ by Xi. 

" " Thus ,the signature (0) ,is written XzXtXo' and the signature (6), X;XtXo• 
, ' . 

The set'S, then represents the union of interesting cases which la written, 
. ' " . 

in Boolean Algebra. as a sum of produc~8 

, S = (0) + (t) + (3) + (4) + (6) 

~ S = ~,XtXO + XZXtXo + X,XiXO +~ZXtXo + XZXfXO = SO· 

Now the following relations, among others, hold in Boolean Algebra: 

X + X'~ X: X + X Q i: 'xX I: 0: 0 -+ X • X; o· X = 0: -t + X II 1: i· X = X. ' 
, 

Withthese,we seek to simplify" the expression for S. 

For example the second and third terms in S, XZX1. Xo + X,X i Xo have 
- . 

the common factor XZXO• '~ve remove it ande~ress the terms as - _. - ..... ' 

X,XO (X t + Xi) = XZXO (since we have X ~ ~ I: i for aU X, in th16 algebra). , 

Similarly, with the £our~ and fifth terfns. we have XZXfXO + 'Xz.X1.XO II 

XzXO (Xi + Xi) Q X,XO• Thus' we ca1!' express S in a more sucdnct form, 

S = X,X t Xo + ~ZXO + XZX~ = St' whi'ch has, 3 term~ with ? variables in 

, all, where the original expression. So had 5 terms and, tS variables. , The 

'expression Si' hpwever, is not. yet all succinct ~~ possible. ': We ca1l" si~plify 
.;- " '" : ,',", , . , " '., ,it by using t.he theorem . , , ' 

, .' ._.., . . , , 
" , 

'.: . 

. :~' ' . We prove th~s by writing 
, I " 

:, . " f '. 
, I 

, .. ~ 
r.1 . 

...... ' '. 
!.... -- . .-' . ..... ---

X 2XO = X,XO ~Xi + ,Xi) ~. XZXOXi ' ~ 'X,XOXtO,' 
, " 

.': '.r:; .. \ " 

, . 
.-

, " 

I',' : 

, . 
, . 

, " 
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.' ~:", t,:·. ~. . 

, ", '.; 
. '" 

. , " '., .~~.: '"; ," , ' 

',./;":,' ' .. :, .... ,Then" uslngX;+ X II X. we bave 
""~~' :::.~ I .~~ :' • ~ , • t . 

.. , . . .. ,. ..: ~; . "" 
. '. • . L'f: .i .••. : ..... ',';- '." .' ;" ',' , 

, ~ , 
".' " 

• 'j • 

. " ; '-. ' .. ",;~ 
,," 

. . ,' ~, . 
" '. 

',.," 

'., , .. 

. , 

-,' ..... ; 

" '" " - -. ' ..... 

A,' \ • 

.•.. 

~ ,::. . 

'. , .. : . • XaXo + XaXt Xo 

• c, ;;.,'. '; S· XaXtXo + XaXo + XoXa • St 
. " -.. .., 

• XaX{ Xo + XZX{ Xo +' X2X9 + ~oXa 

. • XaX{ (Xo + )Co) + X2XO + . Xo~a • 'XaXt +' XaXo + XOX2 a 52 •. 

Thus 52 baa three term~. a8 d~e.S t' but contains, only six variables whe re 

" S 
t has seven. The expa"e.slon S2 la therefore more economical than St.' 

. . - .- -By aprechely analogou. ar~ument we can _hOw thatX2X O ::I X
2

X
O 

+ X
2

Xt Xo 
::- . 

'and ultimately. that ' . 
'. ' 

Collecting our expreaalona we have 

two diUerent mlnimal expre.slona £01' S that are equally succinct. Notice - - . ,that tWo terma X2Xo and X2XO appeal' ln bo~ mlnimal expresslons. Each of 

the.e le what we have called an essential cell. (We have not proved that 
• ' • .' I 

these expro.aiona are the moat succinct ln the form o£ 8um. of products, nor that 
, . 

~ '. . 

they are the only ones. Both of theae 'assertlona are true and are assumed In . 

thla dl~cus410n~) 
.' • 

, " -,'" . ' ~ We now give a aeometr1c interpretation 01 the procedure we lollowed 1n 

the example. Each algnature baaed on three blna'ry variables corre.ponda to 
'." 3 .' 

one 01 the a II 8 vertex points of a three-dimensional cube. The aet 5 for-me 
'.- .' . , 

I , " a subset.ot the,e vertex points. For exampie. the signature (6)11 X2Xt Xo i .z.:' 

I , 

I 
1 
I 
I , 
I 

. -.. ~. ~ 

.. ' : ." meaninl"XZ II t.· and' Xt II t, and Xo Ii 0" correlponds to the vertex point ..J 

.. " <' ... '. '·(XZ' Xi' XO) • ~;.~. t. 0). In 'Fla., t. aU v.~e~ po~~a ~or'respondlnl to intere·.tlnl 

81gnatW'ea are marked 'wlth circle. containing the corre.ponding signature. 

". ' .. ,". • 1 

, t. 

%--
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In our Boolean reduction above we expressed the signatures (i) + (3) == 
:', :',,: '. 

,:,', .... :", :';",' XzXt Xo + X 2X t XO· XZXO == (Et )· Oeometrically this is repl&c1ng the two 

"#" .. 

"; " points (t) +(3) by the line E t • The expression for the two points names six' 

. variables. Its cost is i + Z ::I 3.' The systematic search' for common factors 
.' " - . - . 

',e', that leave factors of the form X + X always gives the expression having the " ..... 

" . '. 

" '._".' 
" 

. , ,,:' 

., . 

,~ '. ,.' , 

lowest' cost (cost .a number of terms + number of variables named). Further, 
• 

this procedure i~ equivalent to expressing the original.set of points as a set of 

a8 few cubea of as high dimenslon as possible. In the example, we replaced·· 

the five points (cubes of dimen~ion 0) by three lines (cubes of dimension i). 

The econ~my l,s achleved by removing a maximum number of redundant 

. varlablea (variables that are not needed to .describe. S). 

It is useful t~ notice a geometric property of the cells Ei and E Z• Why. 
. , 

after all. do they appear in every m~nimal covering of S? Lotus look first 
, 

at cell E{ and vertex (3). We. notice that E t is the largest cube composed 

entlrell of vertice·. In S that contains vertex (3). Even more, every suc~ 

cube is contalned In. E t • 

In particular. the two cubes (3). and (t)":+ (3) are contained in Ei' and 

there are no larger cubes containing (3) 'that are 'composed entirely of 

vertices. in s. It is als~ true that any. cube, C, composed entirely of vertices; 
.. 

'. , . ;"',~.,, in S appears in every minimal expression for 5 if C contains any vertex V ... , .. 
",:, ' " in S and all the vertices in 5 that.are adjacent to V. In particular, E t is 

" . 
>_ . ;-' ': ,such an essential cell. since,lt contains (3), vertex in S. and all the vertices 

f " • I : ,..' 

I:. ::,.. .. :', ">",' in S that are adjacent to (3), 'namely vertex' (1). SimUarly. E Z is essential I ',' ":' ,,',.' , ' , , 
I ,::,~;:': .... because It contains ~ertex (6)' and the. ,only vertex. (4). in S that 1& adjacent 

4 
~ .. . ~ 

• • .:. >~ • 
to (6). , 

';'" 

.' .. , 

:::. 

" ' 

. On the other hand. C t is not an e8sent~al ~ell. It cO.ntaina vertex (t). "" .i' 
•. ' I. 

. ~ .' , 
'but it does not contain both the, vertices in S. (0) and (3). that are adJa~ent 

. . 
. to (i). 1 Similarly. it ~ontains, vertex (0) ,Lbut hot aU the: vertiCes in 5 that are, . ... 

. , 

" 

adjacen.t. to it. In th~ s~me way, we find that .cz ,is nO.t an eS8ential cell. 
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If'a cell. C. is composed entirely 'of vertices in S. and contains every 

cell in 5 that covers 80me vertex V in S, 1t follows that the most economical' 
." • I • 

',:"." coveri~g of V (and we must cover V and every other vertex in 5) contains C. ,," 

r' 

~f V were covered with 80me 'other 'cube. 'C'. that cube, 'by our assumption, , '~ 

would be of lower dimension than C (since C contains every cube that covers. " 

V).' Then C· would contain more variables than C, and the resulting expres ... , . 
. . '. . . 

. ' alon (or coverlngj' would be l,es8 economical than 1t would have been had we 
" . 

used C instead.', The covering containing C' therefore'is not minimal. This 

explains why all the esatmtial cells appear in every minimal covering of S~ 

'I,'he f!rst '!Ite? in the reduction ~f any set, S. of B~olean signatures to ' 

its minimal expl'eaaion. then, 18 the searching out of all essential cells. 

,Those signaturea. R. in S. that a.re not covered by essential cells must be 
" .. 

covered separa~~ly by cell" C. There will be no unique minimal, covering of R. 
( . , 

In the example given. esse~tial cella E t and E Z cove,r the vertices (1), 

(3). (4). and (6) but leave a residue R ~ (0) of one uncovered verteX.' The 

latter may be, covered minimally in two waya. by C t or by Cz" This concludes 

our gene;ral introduction to the ,problem of the reduction 01. an arbitrary set of 

Boolean signatures to 1t~ minimal form. ,. 'Th~ referencea give'a more satis­

factory" complete. and rigorous discussion of the general arguments indicated 
, , 

above. 

'We now put some pbysical con:ent .into our discuasion. T~ this point our 
...... Z 

, ·general concluaion8 have held for arbitrary lIets of Boolean signatures. . The' 

;'. " aets that occur. in physical experiments ~re not arbitrary; . and we wish to 

take advantage of th.eir apecial qualities. In particular, we wiah to show that, 

in a certain approximation for aeta of physH:ally significant signatures. only, 

the essential cells are of interest and there 'ia~, therefore. a qnique result. . ~, 

This hinteresting. because it,permits us to a8sign to an experimental· 
• • • • \. ,~ .' I • '. ;"., • 

, <": 

. ' .. , . . . " 
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,distribution a unique signature that exhibits nakedly the dependence of the 

distribution on what it (the distribution) finds to be 'the fundamental variables. 

To understand the approximation and the appropriate conditions, let us 

consider an analogy. Suppose that a clan is a set of individual members 

such th,at each member has an intimate relationship with every other member. 

Assume too that no person outside the clan satisfies this description. It is 

,usual though, for members of the clan to have intimate friends outside it. 

For a large enough clan, there may be one or more me-mbers who have no 

intimate relationships outside the clan. The relations of such a recluse define 

the boundaries of the clan. If every member of the clan (including the very 

young) had at least one intimate relationship outside the clan, then the boun-

daries of the 'clan would be harder to find. In the more clannish clans, the 

latter is not the case. Some members operate entirely ~ithin the clan, and 
• 

their relationships,- unalloyed with foreign substance, define it. We could 

pick a clan out of a crowd by looking for such members and knowing their 

friends. 

.. 

The essential cells are analogous to the clannish clans, with the signatures 

playing the roles of the clan members. A friendship corresponds to member-

ship in a cube that is completely filled with elements of the set S. 

If we may mix our terminologies, ,our procedure seeks to break the set 

S into' clans, leaving a residue R, .. of perhaps a few signatures that are un­

affiliated with any of the clans. We then assume that the character of the 

set S' is e?,pressed in the clans it contains. 

We need only justify our emphasis on clans (essential cells) to complete 

our,heuristic description of the method. We assume first, that the Boolean 

signatures are computed relative to a well-cho~en set of physical binary 

criteria. Second we assume that two signatur"es in S that differ in precisely 

one argument are similar in' a physically interesting way. Last, we must 
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asswne that the aet S 1a an unbialecl representative of the phyaically 

inte·:re sting signature s. 

We' should comment on thoae assumptions belore proceeding. A iooa 

set 01 criteria helps inaure that, tbe composition of the set S wUl contain 

thea interealing phYlicalinformatlob. It the criteria do not dlatin&ulsh 

physically lntereeting from pbyolcally unlntere.t1ng ca8es. thec:ompact 
• 

expre.slon for ~e lIignaturea S atated to be "'lnter •• tlna ll will have, no 

phy.lcal content. 

Becauae the'method of Booiean reduction looks for cube. filled with 

intere8ti~g sli~ture8 (8ee the example above). it cannot analyze caees where 

adjacent vertices do not correspond to physically .imUar situation.. Fo," 

. example. suppose we wlshed ·to analyze the similarities ot a set of signature a 
. ' . 

that had the property that the binary representation of each had the same 
, , 
number of It,," bih. In particular. suppose that there were three argumentlil. 

and each member of this part~cular set of Interesting signatures had one "t" 

bit. The interesting alanature. then would be (OOt. 01.0. tOO), S fI (1.) + (2) + 

(4). Since no two of theee signatures are adjacent on the 3 cube. no reduc­

tion Ie pOlslble. The method would 'atate that the most economical expression' 

for S' in terms of luma of products 11 S • (t) + (2) + (4) (1. e. the form 

'given it originally). In doing 80. the method would ignore the regularity 

. we know to exist. Thla emphaelzes the point that it 1a essentially the . . 
,adJacency relation. of S that are analyzed. Th~ method la unsuitable for 

analyshl of any other kind of simUarity., U a problem has another kind of 

almUarlty. 'It muat be recast .. or another method of awysla used. 

The laat assumption 1. that S be an unbiased repre.entatlve of the 

physically interesting signatureu. Th1e statement. as well aa the first. two •.. 

'i. meant to indicate .limihonthe valid Use of the method. . ' 
.0, 

, ' 

.J, 
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~. .': 
A representative set of physical signatures is unbiased if 'all physically 

... :~, . ".:,.' interesting signatures are represent~d. For example. if a statistical sample" :. 

':./'~;':;'''' '.,~,,:~:;;.:~:. is analyzed relative to. t~o large a set' 01. variables. many signa~ures may be 
. '. ..;: .: :', ~ . . . . 

;;-::' ',' .. : ...... ":~" physically Interesting. but unrepresented because of the low statistics. ·We 
" .. . !. ' ,~ . . 

' .. 
~ . ". < .. ' , '~:' :: .. -' 

" ',,". , .. ~ ',"" '. . . . ~ 

should regardthia assUmption a. a restriction on the number of variables to be '. 

.';'~". '. ····':r···~: used In'the analysie of a statistical sample. Other biases may be Int~oduced 
• :.,:" /'.', :" '. -':.. -<'. .. : ' 

by adding or di8~ardlng slgnatutes in an unphysical way. ' . 
. '. i' 

The method is most useful. obviously. where ~e ~umber of redundant 

variables is large.. A large clan is more likely to have members who operate 

.... entirely "'!.ithin.lt. 'having no intimate friendship. outsl~e the ·group. Such 
, . " 

:. : clans, we have seen, are easier to pick out of a crowd. Analogously. essential 

... 

. '. 

, '. 

, .... " " 

,', 

J .;. • 
" < ..... 

\ .. 
'·1 , .. ,': •. 

:. " 

cells with many redUndant va'riables (1 •••• 'large cei1s) are more reliably 

ascertained by our 'method than are small cells. Crantlng that the results 
I . . 

are weaker for cases of small. essentlal cells, we must note that they are les8 

interesting as well. since for such cases, the results are often derivable by . . 
, 

inspectlon without the apparatus we have developed. 

We now give results of the analysis of the experimental set ot Boolean . " 

signatures derived from the actual physical 'experiment descrlbed at the start.' 

~ , .. 
'I' 

,'~ .. The seven criteria were given in Table 1, and Fig. 2 '!lhows the' distribution of 
'. 

, . 
, .. 

"d.',· . 

<:, the experimental Boolean signatures for aome ~ SO events. We choose to 
~... "", . 

',,'';. ' 
.', " 

- ... ' 
I ',,'_ '. , 
• , it .':#': ",'! 

. "; ,'·.·.~.>.·\L> .~·consider interesting thoae slgnatu~es that o~cur more than twice. The set 5 :- .. " " 
.~~':):;.,,/::':~,;~:::,':: b~,·:'~i' . . . . '.... . - . ~; .. '~. ',', -

. >'. " .. ;<.:,< "'?) , ,then conalsta of the twenty signatures 5 .. (0, 32, 3'3, 44, 66, 78. 97, 9.8, " . ' 
, . :.~ ... :!.-' . :>':" '. '. ' . - '.'::, . 

. ':·o:,'r/·'.: 99, tOO. tOt, t02, t03, t08, 109,·U,O. tH. i13, iiS, 121,. each involving' ,,,: .. ' 
<'.... • .. : ,0,: ':, ~, :. _... . ' ., ' . ' ,',,' 

1~·.~:\'.:,,:,,8even variables. The "cost" of thls.W1.reduced, expression, SO' is therefore . 

.. :,::':."';:':' 20 + 7 X 20'. i60 •. When we reduce S, we find tbat there are seven essential I" 
:, ,f i ~ .. '" : ~ " , . 

; :<, : cells (clans)-one c'ompose'd of valid,·: and six '0£ spu~ious; events. Further,·>, ..... 
..' ~~ ,),:' , " .. ' ',' .... ' . _ " "~ , • .' ) _'. ; ,; . '. ..' ',., .,' iJ 

'0,.: .. '"one signature (3'3)18 unaffiliatedwl~ any 'c1anL ~t is, ',R :- (33) •. This" 
", " '. ',." . ": '~";'~':"'. , .. ,: :~k~:';':';""i":" ',':-.i.,.~:' ': .. ,', ·r .. , :.L·." ~':' "-:' :"~:.' '. ;,,;. <l." .. ', , •. 

.- , .~' j '.' ~o t',:', ", .' , • e: .,' ;;. . " I' ' 

" ' .... ~ ~: . 
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" : '~' ... 

, , 

" 
" ' 
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, supports our contention that the, 8~t ot.-signatures w111 split into physical seta. 

:- ','" Are there any other internal checka? Yes, 11 the essential cells really 

'" corl'8spond to different physical seta, we .howd expect them not to ctverlap , 

or elae to overlap very llttle. The latter la the case. Three aignatures 
# , 

(t 08, t t 0, t t 3) repre.aenting a very small number 01 experimental eventa 

(see Table U) appear 1n more than one essential cell. Thls may be regarded 

iu consistent wl~ our In.alstence on separat~ness leI' the ideal case. In 

" thls instance. since the 8tatiatics are meager for several of the signatures. 

'" , ' and alnce ther~ ar,e relatively few redU:Ddant variables in 'most o! the essential 

cells, we may regard our result al conslstent with e~pectatlons in !tretorder. 

.' t, 

, ' 

Note too, that when a signature does appear in two eS8ential cells, at least 

one cell haa only one redundant variable. ' 
., .. 

• Table n 8ummarlzes the results of the Boolean analysis ot the part of S . , 

resolvable into essential cells ... The remainder R. II (33) compoaed of a single 

~lgnature is l~nored. Sln~e our variable a have been chosen so that Xi = 0 

correaponda to the more desirable alternative in each case, eventa,having the 

algnature 0 are acceptable relative to each"friterlon. We are most anxious, 

theretore, to examine the essential c.sU ,containing the ~ignature 0' to see if 

,it contains any other signatures. ' The implication of tho presenc,e of events of, ','-

, I such a signaturel& that the distribution regards them as physically slmilar'-
.:., :' 

relative to the basic variables. We might say, alternatively, that one or 

I,,·:,>' 
','0 . 

! 
1,',:': " 

,more variables thought originally to characterize the clan of valld events 

. :;", , are redundant from the point 0" view of the d1etrlbution. .We must stress 

r' ',' ,r:' ". 
~hat our method 1& phenomenological from the point of view of the physical, 

. . ' . 

,j, 
j,) .. 

r·' , 
'l .' 'i 

Inlorm~tion'.' It ylelda only tbe information given by the distribution, and it 
. ; ~ '. :~ • ",: • J 

" ., ... recogniZes no gradations In fundamental importance between the variables 
, ,-

,i 
, ' 

: ... 
'presented to It. We may regaJ:cl our procedure as an analys1s of the cor­

relations between frequency of appearance and th~~rude be~vlor, 01 certain :".' " 

' .. 
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variables approximated by two-valued variables. Having understood the 

correlations, we eliminate as many variables as possible that do not cor­

relate with the high frequency of experimental occurrence. 

With these restrictioI,ls in mind, we examine the results given in 

Table ll. We notice that the distribution separates signatures (0) and (32) 

from the others, regarding them as indistinguishable from each other. This 
• 

implies that we ~hould suspect the p'resence of valid events [signature (0)] 

in the clas~ [signature (32)1 of events that ar~ valid but weakly constrain~d 

in that the errors on the computed missing mass are large. : That is. we 

fear that some valid events look suspicious because our information about them 
". . . 

. is not precise, just as some innocent men would be lost to society if it were 

the custom to convict all suspects who lacked an alibi. We apply an appro-

'priate correction to our experimental results. That no further signature 
, 

lies in the same class as our real events implies that the distribut~on itself 

distinguishes the valid events from all except perhaps those invalid events 

having signature 32. This may be taken to justify a confidence that no further 

corrections are required. and no other sour'ce of spurious. inseparable back-

ground exi,sts .. ," 

By inspecting the larger essential cells, we can grasp a few. global 

characteristics of our backgzo\.md. Examining. for example. the fifth and 

sixth cells in Table II (which do n~t overlap, are the largest cells, and sum­

'marize the behavior of well over half the rejected events). we see that both 

. are characterized by high deviation of the missing mass from its ideal value 

relative to a high error in that calculated mas s. Further, these events all 

'have low dip errors. This is a global statement about the bulk of the back­

ground that is as general (economical) as the d~6tribution permits. Mqr.e. 

detailed statements, containing equally succinct information can be had by 

'. I. 
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·2· 
examining the seven essential cells in detail. The cost of the final expres-

sion for S given in Table II is. equal to (number of cella) + (number of 

variables named in the cells) = 7 + 39 = 46 as opposed to the original cost 

of 19 ... i,9 X 7 ;; t5Z to express the 19 signatures of seven arguments each 

in crudest form. 

We have 8ummarized the properties of our experimental distribution, 
• 

reassured ourse,lves somewhat that the acceptance criteria we have applied 

are physical, achieved a crude global characterization.of the background, 

and subject to the assumptions of our method, found an argument to justify 

our estimate of contamhiation by inseparable background. These results 

were extracted with plausible assumptions, and confer. within bounds, a 

kind of order on our picture of the experimental results with less mechanical 

effort than would have been needed by conventional analyses • 

.. 

, . 
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Table I. The binary criteria used to characterize. each event. 
,t 

Criterion 
. No., 

1 

'0 

1. 

2 

3. 

4· 

5 

6 

;.." 

Xi relates to the phrase 

Forward 

. 2 
Chi ~quared (X ) 

Dip error (6~) 

Projected length (L ) p 

Dip [relative to top glass] (~) 

·Missing mass err<.tr (6 MM) 

Relative deviation of the 

missing mass 

RD:: [MM-M(1fo)]/6MM 

" 

Xi= (0,1.) 1£ 

cos eC • m. is (~,<) 0.7 .. 
X2 . is (",» 2.706 

6~ is (~. » 2.S deg 

L is (~. <r 0.7 cm p 

I ~ I is (::;;.» 60 deg 

6MM is (::;;.» 16.0 MeV/c 2 

RD is (~. » 1.65 



.~ ,_ ..-.. ~!...2..:, _._J._"~"'~---------"-'--__________ ~_.' __ -,-____ _ 

Table 11. Summary of Boolean analysis of fitted events. 

" MM-M(1r°) 
Pip of ~rojectibn Dip error 2 'Forward Class' Representation Number 6MM of 'ev.ents recoil of .recoil of recoil X "", o? 6MM .. ,11' 

.r 
(0, 32 X6 OX4 X3 X 2 Xi Xo is " low - flat long low" "low' yes 

(44~ 108 .OXSX4X3X2Xf Xo '1. 2 high flat long" high low yes 

(66" 98), X6 () X4 X3 X2 X:1XO' :15 high flat long low high yes 

- - - " \ 

(78, if 0) X6 OX4 X3 X 4 X1. Xo 8 high flat short high, high, yes 

- -(t 00, 1. 01. X6XSX40X2() () 56 high high flat low ' " 

1.02, '1.03, '., 
i 08, 1. 09, • H.O, fH) 

(97, 99, X6 X5 OX3 X 2 OXO 50 high high long. low ~ no 
1f3, HS) 

- - -(1.13.121 ) X6 XS X4 ()X2 X1 Xo ,7- high high steep low ' low no 
l.i 

" 
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FIGURE LEGENDS 

Fig. f. Geometric representation of if. set S 01 interesting signatures 

S = (0) + (i) + (3) + (4) + (6) 

and its two minimal coverings 
. . . 

and • 

Fig. 2. Distribution of the experiment events among the 27 =i28possible 

Boolean signatures. 
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or for damages resulting from the use of any infor­
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this report. 
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mission, or employee of such contractor, to the extent. that 
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