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." The object ~f thia note .is to shO"W in a. simple way ~e physical. content 

/ of the close e.grernent betlleen the Da:vydov-chaban (tc) ctllcul.a.tions and. the 

experimental rotational. energies described in Ref. l and, f'urther'mOra; to sus• 

gest a qu.alitative explanation for th~ remtdning deviations. We shall shaw· 

that the ideal of a spinning nucleus being stretched out under the influence of 

the centri:fugal force, "lo~hen incorporated tn an elementary classical treatment1 

is capable of reproducing the quantU!!l•mechanical tc calcula.t1ons2 and thus of 

accounting, vith reJllAl"ka'bla accuracy; for tbe rotational spectra. 

Let. u.s assume, as .suggested by Bo~ (end DC) 1 that the energy of an 

axia.l..ly symmetric nu~leua consists of a potential encre,y, quadratic in the 

deviation of' a defcrma.tion pe.rameter !} from. ite equilibrium value e
0

, end a 

kinetic energy of' rotation equal. to 1'i2z(I+l) divided by tvice th~ moment of 

inertia of too nucleus (a function of 5) ; · 

E .:;; P.E .. + K.E .. (l) 

11" we aesuina that ~ is proportional to ~2 (!;l == 3Ee2, 'Where B is a. constant) lie 

have e. aimpl1f'1ed version of the problem that is solved qUWltum mechanically by 

DC. The tvo terms o~ Eq. (l) are represented e;r;.'lphica.lly in Fig. 1 tor several 

values of I.. The m.in:imum 1n the sum o.f the P.E. and K.E. for o. given I repre-

aents the equilibrium deformation of a. nucleus w:!th a given angular momentun1. 

It 1s clear from Fig. l tt.r.nt the minilJ.U!n l>TUl move to higher values of f' as I 

incres.st.~. To obtain a qu..in"'c.itetive relationship e:Y.pressing this centrifuenl 

stretching we differentiate Eq. (1) vith reapeet to~~ equate the result to 

zero thus obtaining the equilibrium VEU.ue of :3 1 and. then substitute this t3;eq 
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into Eq_. (l) to obtain the classical result for the energy · E as a function of 

angular momentum I. A comparison -with the 00 calculation for the energy spac-

ings shows that, with a .suitable choice of :S and c, the claesical formula repro• 

due e.· the quantum mechanical result to better than l/r4 over the entire region 

of spina and nuclei discussed in Ref. 1. 

It is not immediately clear why the classical formula does so well1 

since the zero-point vibrational ~.mergy11 included by DC but not 1n the classi

cal approximation, varies appreciably with I. (The result is that a given set 

of ex:per:L'11enta1 levels Ex requires somewhat different parameters B and C if one 

uses the classical or quantum mechanical formulae.) It is not difficult, however, 

to make an estimate of the zero-poilit vibrational energies. The second deriva-

tive of Eq .. (l) with respect to tl, evaluated at ~e 1 gives the curvatrire·df.·the· 
These curvatures, q ·. 

effective potential for· any·.,I. · · .f. , if used to define new :parabolic potentials, 
> 

lead at once to an estimate of the zero-point vibrational energy as a function 

of I. Adding this energy to the classical formule. based on Eq. (l.) gives 

exactly the DC quantum mechanical solution (r:c Eq. 2.ll) eo long as the DC 
4 . 

quantum nu.mbe• v is integral-and this turns out·. to be an excellent approximation . 

for all but the lowest spins of the ~erst rotors discussed in Ref. 1. 

The foregoing is, then, a simple, semi .. classical. derivation of those 

features or the DC calcu.lation tl'>.at are essential to the explanation of the energy 

spectra of Ref. 1. The simplicity of the semi-classical treat."llent enables us 

to go :further than DC end to test the effect of different input assumptions; in 

,. particular the result of varying the forms of the potential and kinetic energies 

in their dependence on (3. 

E~~~ining first the kinetic energjr term, one might question the hydro

? 
· liynomic e.re:.'ument for using moments of inertia proportional to (3 • 1 since, in 

absolute mae-:::nitude, the hyclrodynmnic moments are vrong by o. factor of six or so. 

. . . 2 
Fortunately at least a partial teat of the (3 relationship is possible. The 

moments of inertia derived from the firs·t (2+) rotational energies of nuclei in 
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the region 150 <A< 180 have been plotted in Fig. 2 against their retpective 

ground state equilibrium de:f'orm.ationo (13 ) 1 as determined :from the appropriate . 0 

reduced E2 transition probabilities, B(E2;0+ -+ 2+ ). The data are primarily those 

of Elbek et al.,5 who have presented and dlscussed such plots. The ~1o heavy 

lines corres:pond to the rigid rotor and the hydrodynalnic 'estimates for the 

moment of inertia. The dashed line through the experimental points is a parabola 
·-~-· ~ 

and shows that the point& do happen to be approximately representable' by~~ qua.d.-
6 . r , : 

ratic dependence of ~· on i3• Furthermore, Grodz:Lna has shovn that this depend-

ence holds over the entire periodic table if ~ varies "With mass number approxi

mately as A 7/ 3 instead of the e.h-pected A5/ 3• This suggests that if the ma.as 

parameter B is given this same smooth variation vith A, the kinetic energy term 

in Eq. {1), with~ = 3~2, may be useful for all even-even nuclei, irrespective 

of their s®pe, 

' 
Although the quadratic dependence or~ on !3 seems grossly adequate over 

this lL~ited region of deformation, it may be somewhat different for the higher 

spins considered here, and must eventus.lly fail at higher deformations. We 

bave therefore ex.aroined the effect on the calculated energy spacings of assuming 

~ <.c 133 and ~ c.: (;:.-a), where a: is an adjustable ;parameter. The resulting energy 

spacings differ characteristically :t'rom those obtainedwith ~ cc ~2, but for a 

suitable choice of the avnilnble parameters these differences can be made leas 

than 1-2% over the entire range of spins of interest here. ~us a precise ~2 

dependence of Z is not essential for agreement vith experiment. A different 

· dependence 1-1hich presents certain advantages would be: 

'Where 131 is a parameter. With thia choice, the moment of inertia is awroxima.tely 

parabolic for Jnoderate deformations and tends to the rigid body value ~or large 

deformations. 

.; 
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.. 
As regards the potent:ta:l .. energy part of Eq. (l), deviations :f'rom a 

parabolic dep~ndence on (B ... a ) m.a.y be expected for large deviations of S ·from 
. . 0 

its equilibrium value, The nature of these deviations is suggested by the func-

tional form o'f the deformation energy used in Ref'. 7 in connection 'With an inter-
/ 

pre~a.tion o'f nuciear· masses and defor-.mtions. The essential. :f'ea.tures of this 

. /p~ential are a' broad (approximate) parabola in [:}, re-presenting the restoring 
/" / . 

• ·• . :> • 

potentia.l .. associated , ... ith the nuclear surface tension (modified by the electro-

static ;·~pulsion) and a cent:t·al gaussian bump of rel.e.tively short range, repre-
" ' 

s.enting shell effects. This bump ia negative :for rmclei clOse to magic numbers, 
/ . 

~stabilizing the spherical shapes, and positive for nuclei bet'Ween closed shells, 

/ producins stabl.e deformations. Several. typical. caseo are illustrated in Fig. l• 

1m important feature is that for large values of. t3 the potential-energy curves 

of neighboring nuclei are all essentially identical. The immediate prediction 

is that "£or rotational states of ~ufficiently high spin one m.ight eipect .all 

nuclei to be forced over against this common part of the potential, with the 

·result that all neighboring nuclei should have similar rotational spacings at.· 

high spin. Just such similar bebavior at high spins -was, in :tact, one Of the · 

striking features obaerved for the nine.nuclei studied 1n Ref. 1. 

A second feature of the "mass-f'orurula potential" of Ref. 7 is that 

nuclei approaching the region where ground-state det'ormationa disapperu:- (bad · ·· 

rotors) .are characteriZed by a omEi.ll gaussian 'l:mmp; ·.the potential energy tends · 

therefore to be more nearly ·quadratic in ~. Under these conditions the DC 

. equations describe quadrupole aurf'ace vibrations of a spherically symmetric 

nucleuS and one lmows3 the solution is essentially a harmonic'-oscill.ator spec-

... 

' . . earlier in the present note 
• tru;n. ·With this potential., the sem.i-claseical treatment outlined ' /· also gives · · 

a series of very net.u-l:y equally spaced levels (spaced as ..{i(I+l). except for the 

the O+ state, -v:here the zero ... 1X>:Lnt vibratione.l energy has to be rather carefully · 

considered}. One misht hope, therefore, that this simplified treatment is 
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// capable of .tracing in a continuous way the transition of the "rotational .. states 
){;1·~·· 

into the.higheat•s:pin member of the "vibrational11 multiplets. I:f' the observa-

tions of Grodzins rea.l.ly ·imply that.; apart :from a smooth variation with mass 

number, the kinetic-energy term in Eq. (1) is the same for rotors and vibrators, 

it would follow that the ,character of the spectrum. is determined essentially by . 

the shnpe. of the potential. Tbe potentials suggested by the mass formula of 

Ref. 7 ~ould then appear to provide a possib~~ choice for unifying the pheno• 

menological description of rotors and vibrators. T".nus when the gaussian bump 

is large enough to produce a minimu.n in the potential energy with su:fficient 

curvature to hold t3 appro.xi.rl:ultely constant with increasing I, one has recogniz

able rotational spectra; but when the curvature is small (the bump is small), 

~-changes appreciably with increasing spin, obscuring the characteristic I(I+l) 

rotational energy dependence. 

· · .c We now turn to a qua.l.itative comparison of the energies given by the 

mass-formula potentials with those given by the DC parabolic potentials. It 
. l 

appears that both of the syste:na.tic deviations of the cxperi..>nental data from 

the DC solutions are in the direction expect€'d. on the OO.sis of the m.e.ss-formula 

potentials. The better rotors {low first excited states) were fitted Ver!y well 

by DC up to spin 10 or l2, but thereafter usu.ally. had Smaller level spacings 

than expected. This can be e:>.');>lained by the decreasing curvature of the :potential 

for large S, which the 1nass formula predicts for good rotors as they are being 

driven over against the broad surface-tension parabola. In fact, if the surface• 

tension parabola v;ere reached -while the kinetic energy was still :proportional to 

. -2 . 

. ~ , one would expect harmonic oscillator spacings as discusaed in the previous 

paragraph. This limit is not reached in any of our experiments, and may never 

-~ . be reached, because the kinetic-energy term will eventually deviate from~ · as. 

~ approaches ~rigid. A calculAtion ignoring zero-point energies has sho\m that 
. . -2 . 

a reasonable mass-formula potential together \v1th a~ - kinetic energy term does 

. reproduce the smaller experimentai spacings at high· spi.D. without affecting the 

excellent fit at lower spins. 
!,~;;·o;,,;·<:>'<::.:,:,,c,:-"."'·,., :;i;--,.,..f:..;~ ... :~:'.:';.::.:::; .. ...-<. ~ -\:>::,>,:~:::}:"· .• ;:-:~ ": -,-,. :·· ·• .... ->~·;._,.: ..... > .. -·~3--- ;~-- ·,.;;;:~-;-. .. ~~:.:..._ '.:~~:::~..:L.: .. ~. ~ .::~·-- ·-,.~~- --·i·~·.-,r~ ':_[:.;:.;;_,r::~ .. ¢.·~;':~: 
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. 
'!'he other systematic deviation of the ex:perimentai data :f'rom DC occ'l..tr's 

. . 

only 1n nuclei' near the rsvibra.tional" region (high i'trst excited state energies) .. 
. . 

Here the lowest spaci,.ngs, particularly the 2+ to 0+ one) are larger than expected 

from a 00 calculation fitted to the intermediate spin· states. Again the data 

deviate in the direction ot the ba.rmonic oscUla tor; and this, as we have noted 

before, is. what the mass-formula potential. ~edicts when the gaussian bump is 

small. 

Perhaps the best test of these ideas 'W<:>ul.d be thei measurement of several 

E2 transition proba.bilities within the same rotational band.. The increasing de

formations expected at higher spins should produce larger E2 transition probabil

ities than otherwise expected. The existing data8'9,lO indicate that this is the 

case, but are not accurate enough to afford: a quantitative test. such measure

ments .. should be quite feasible in very poor. rotors where the expected etfeets .. 

are large {see Ref; 8). 

In sumn1ary1 it seems that the OC calculations can be reproduced by an 

elementary se-.rd.-cla.ssical treatment, which brings out the simplicity of the 

underlying physical effect (centrifugal stretching) and l>lhich permits an examine.• · , 
: \ . 

/ 
/ . . 

~-:i:6u of the· forms of the potential and kinetic energy expressions assumed in the .. 
·'·· .' -

_. .. /-· J 

// model. AJ:t;.hough the DC kinetic e.nergy expression see.'ns adequate ·over the region· 

o:r deformation for which there are date.., the mass-formula potential of Ref. 7-

woul.d ·appear to be a significant improvement ov e r the potential as slimed by DC; . 

~e indications are that using the mass-formula potenti.al. and the simple semi .. 

/. cb.asica.l treatment, it may be possible to follow the "rotational" sequence of 

/ le"Vels into the region of good "vibrators." For this general approach to be 

valid, it is essential that the potentials and kinetic energies of a particular 

nucleus be smooth functions of the deformation, and it would appear. that this is 

the case, at least for the U1lclei atudied •.. The more conipl:1cated: problem of cal

culating the required i\irtctions explicitly from the detailed behavior of the 

· nucleons, ren'l.ainS to be 'solved.~· 
·' :...., ... ~.;,; :;,~,.,,.,,..,,,,..~ .•.• ::r 

,· 
'· .. 

'.;; . 

' '· 
~. -· . 
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FIGURE . CAPTIONS . 

· Fig. 1. The heavy solid curve is the parabolic :potential-energy term in Eq. (1) 1 

and the heavy dashed curves are the corresponding kinetic energy term for 
· represent . . 174 , . 

three values of +". These curves :'fc·· those required to fit the 'ttl data. 

(right-hand ordinate scale), except that.for comparison purposes~ is 
0 . 

plottecl at 0.25 instead of the measured 0~·26 ± 0.05. The lighter curves 

. . . · . __ 174 194 H ~00 · 
tll"e the mass-formula potentials for w- , Pt 1 and. g in descending 

. 4 . 
order (le:f't-band ordinate scale). The v[J-7 potential as determined :from. the 

0 

7 · · · · · 0 '- 2 3 ·+. 5· .25e ... 23 •1£}~;:M.,.V: '"'""d the · nuclear masses, is eiven by: E = 32.4''3 - 12.0,3. ..... ~· 

extremely ·-close agreement "r~ith the experimental parabola near the rainim'U.."'l 

is undoubtedly some~hat fortuitous. 

Fig. 2. The solid. circles are the experimental moments ot inert.ia for rotational 

nuclei (in units· of the rigid sphere) :plotted .aga;tnst the measured 13
0 

values. 

The trie.na'Ul.D.r points are for vibrators and ~ 
0 

presumably represents an. rms 

'Value of t3. The heavy solid lines are the rigid rotor and hydrodynamic · 

estir:mtes, and the dashed line is a. p..eu-abola.-,_~ssed through the experiment~.l 
. .. . ·. . ·. ·. 4 . 

· data... The ope-a. circles are the measured moments of il:lertia "fOr wl-7 > up to 

spiril4 plotted aeainst the DC calculated 6 vnlues. ~te ·13 . -val~~s ~t ~f74 
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