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‘I‘he objecet of this note is to shovw in a simple way the physical content
‘of the close agrmﬁnt between the Davydov~Chaben (DC) caleulations and the
 experimental rotational energles described in Ref. 1 end, furthermére, to suge
gest & qualitative explanation for the remsining deviations, We shull show
that the ideal of a spinning nucleus being stretched out under the influence of |
the centrifugal force, when incorporated fn an elementary classicel treatment,
is capable of reproducing the quentunemechanical IC f::f.x.:!.cmlen;1ons=2 and thus of
accounting, with remerkable accuracy, for the xotational spectra.

Let us assume, as suggested by Bohr” (end IX), that the emergy of en
axialiq,' gymuetric ngaleus consista of a potential energy, quadratic in the
deviation of a deformation paraznetér 8 from its equilibrium value'a o? and &
kinetic energy of rotétion eqﬁal “w ﬁ%(ﬂl) divided by twice the moment of
inertie of the nucleus (a function of B)3

1, raa 2. A0
E = P.E. + K.Bo = 5C (8-3)° + =67 1(1+1), (1)

If ve aBsume that % is proportional to 82 (3 = 3852, where B 1s a constant) ve
have & nimplified version of the problem that s solved quantum mechanically by
DC. The two terms of Eq. (1) are remsénted graphically in Pig. 1 for several |

"Mueaj_ of I. The minimas in the sum of the P.E. and K.E. ,f;o:r'a given I repra-
gents the equilibrium deformation of & nucleus wi’ch a given eangulay momentun.
It 4 clear froa Fig. 1 that the minliawm will move GO hfggher *)alues of 8 ag I
ircresses. To obtain ;‘z quantitative relationsbip éx;ireasing this centrifugal
stretehing ve differentiate Eq. (1) with resﬁ:ecﬁ to 8, eguate the result to

‘zero thus obteining the equililwiwm velue of 3, and then substitute this B
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into Eq. (1) to obtain the classicel result for the emergy E as a function of

- engulay momentum I. A comparison with the DC caleulation for the energy Spac-

ings shows that; with a suitable choice of B and C, the claasical formula repro= 'y1§;y5 

duce’ the quantum mechanical result to better than 1/2% over thm entire region
of sPine and nuclei discussed in Ref. 1.

It is not immediately clear why the classical formule does so well,
since the zero~point vibdrational energy, inclixded by DC but not in the classi-
eal epproximation, varies apprecisbly with I. (The result is that a given set
of experimental levelé EI reqnireslsomewhat different parametérs B and C if one
useg the clasaical or quantun mechanical formulae. ) It is not difficult, however,’ 
.', 1o make an estimate of the zero-point viarational energies. The second deriva~ o
tive of Eq. (1) with respect to 8, evaluated at B, ¢’ gives the. curvature St the.
o These curvatures

 effect1ve potentlal for eny:I. /. . if Leed to define new parabolic pctentials,
lead at once'to sd estimate of the zero—point vibrational energyvasya function '
"of I. Adding this energy to the classical formuia'based on Eq. {1) gives

exactly the DC quantum mechanical solution (¢ Eq. 2.11) so long as the DC -

o quentum mmber v is integral--and this turns out; to be an excellent approximation&ilif  '

for éll but the lowest spins of the worst rotors diggussed in Ref, 1.
| Thé.fcregoing is, then, 2 simple, semi-classical derivation of those
Peatures of the DC calculation that are essential to the éxplanation of the énefgyh :
.,spectra of Ref, 1. The simplicity of the semi~clgssi¢al tregtmentiénables us
to go further than IC end to test the effect of differ-éﬁt input assxnﬁp*oions, tn"
: particular the result of varying the forms of the potential and kinetic energies
:vin their denendence on B. '
Sxamining firet the Kinetic ﬂnergy term, one might question the hydro-'
“@ynamic argument for using moments of inertia propartional to B“, since, in
absolufe magnitude, the hydrodynamic moments~are-§rong-by a factoer of six or so.

Fortungtely at 1east.é parfial test of the Be relationship is possible. The

* woments of inertia derived from the first (2+) rotational energies of nuclei in
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the region 150 < A < 180 bave been plotted in Fig. 2 against their reapeotive -
ground state equilidrium deformations (3 ), as detenntned from the appropriate
reduced E2 transition probabiuues, B(E2;0+ —»2+). The data are primarily tboee
of Elbek et al.,5 vwho have presented and discusged such plots. The two heavy
© lines correspond to %he rigid rotor and the hyﬂrodynémic'estimatés'for the
moment of inertia. The dashed line through the experimental points is a parabola
and shows that the points do happen to be approximately repreaentable by a quad-
ratic depenﬁence of § on B« Furthermore, Grodzins6 has shown that this depend-
ence holds over the entire periodic table if J varies with mass number approxi-
metely as A7/3 instead of the expected A5/3. This suggests that if the mass
parametur B is given this same smooth variation with A, the kinetic energy term
in Bg. (1), with § = 3332, may be useful for all even-even nuclei, irrespective
of their shape. ‘ | | |
Although thé éuadratic dependence of § on 8 seems grossly adeguate over

‘this limitea'regioﬁ of deformation, it may bévgomewhat different for the higher
epins consldered here, and must eventuslly fail et higher deformations. ﬁe

have thergfore examined'the effect on the calculated energy spacings of assuming
9 33 and § « (3-0t), wvhere @ is an adjustable parameter.VFThe resulting energy
spacings differ characteristically from those obtained with § « 32, but for a
-suitable choice of the aveilabdle perameters these differences can be made less
than 1-2% over the entire range of spins of interest here. Thus é precise BQ
dependence of ¥ is not esseﬁtial‘for agreement with experimént. ‘A different

- dependence which presents certain adﬁantages would be: - |

3(3) = Bygea(®) _['1-9_-(5/61)2

'where &1 is a parameter, With thié choice, the menent of inertia-is apprbximately
parabolic for moderate deformations and tends to the rizid body value gor large

'3bdeformations.
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_the 0+ state, where-the'zero~point vibrationél energy has to be rather carefﬁlly

Whao ' UCRL~11421
As regards the potential -energy part of Eo; (1), deviations from &
parabolic dependcnce on (5w8 ) nay be expacte& for large deviations of 8 from
its equilihrium value, The nature of these deviations is suggested by the func-:

_ tional form of the deformation energy used in Ref. 7 in connection wiﬁh en inter-vfi?'uakw

‘ preta%ion of nuclear messes and deformations. The essential features of this

potential are. & broad (approximate) perabola in 8, representing the. restoring

notentxal asaociated with the nuclear surface tension (modified by the electro-’7

static repulsion) and & central gaussian Bump pf relatively short range, repre-
-gﬁnfing shell effects.‘ This bump is negative for ruclei close to magic numbérs;

" ////stabilizing the spherical shapes, and positive for nuclel between closed shells,

/

producing stable deformations. Several typicalbcases are 1llustrated in Fig. 15 :

An important feature is tnat for large values of B the potentialwenergy curves

‘of neighboring nuclei are all essentially 1dentical.~ The 1mmediate prediction ,~7'“"“

is that for rotational states of sufficiently high spin one might expect all

nucled to be forced over asgainst this common part of the potential, with the

b~reeult thet all nelghboring nuclei should have similar rotational spacings at
" high spin. Just such similer behavior at high spins as, in ;act, one of tbe SR

-.striking features observed for the nine. nuclei studie& in Ref. 1.

A second feature of'the mass~formula potential" of Re;. T is that

: nuclei approaching the region vhere ground~-state de;ormations disappear (bad

- rotors) are charagterized by & small gaussian bunp} the potential energy tends

therefore to be more nearla qnadratic in B., der these conditions ﬁhe DC

. :equations deseribe quadrupole surface vibrations of & apherically symmetric  ; :E;j'7

nucleus and one knows3 the solution is essentially a harmonic-oscillator spec~
earller in' the present note

 trua. With tbia potentiml, the semi-claseical treatment outlined / ‘also gives -

a series of very nearly equally spaced levels (spaced s VI(I+l) except for the

considered). One mightvhope,'therefore,-that'fhis simplified treétmenﬁ.ist;' e
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e B
"3yf" capable of tracing in a continuous way the transition of the rotational“ states
into the highest-spin member of the "vibrational" multiplets. Ir the»obeerva-'"

tions of Grodzins really imply that, apart from a smooth veriation with massi_

number, the kinetic-energy term in Eq. (1) is the sane for rotors and‘vibrators,

it would follow that the cheracter of the spectrum is determined essentially by .

© ' the shepe of the potential. The potentials suggested by the mass formula of

B Ref. 7 would.then sppear to provide a possible choice for unifying the phen0¢
menological description of rotors and vilrators. Thus vhen the gauSSiap bump v.
is large enough to producé'a miniman in'tbe potential energy'ﬁith‘suffiéient
curvature to hold 8 apprdximaﬁely éoﬁstant with increasing I, one has recogniz-
able rotational gpectra; but when the cufvature ié small (the bump is small),
B_éhanges appreciably vith.incréasing spin, obscuring the characteriatic I(I+1)
rotaﬁioﬁal eﬁergy dependence., . | -.) ,

s ﬁe now turn to a qualitative compérison of the energies given by the
mass~formula potentiéls with.thoﬁe given by thé DC parabolic potentialé. It
appears that both of the syatemtié deviations of the experimental datal from
the IC solutionslare in the direcﬁion expected on the brsis of the mass~formula
potentials. The better rotors (low first excited states) were fitted very well
by DC up té spin 10 or 12, but thereaftef usually had smealler leVEl spacings -

~ then expected. This can be explained by the decreasing curvature of the potential
for‘large 3; which the mass formula predicts for good rotors as they are being
driven over against the broad surface-tension parabéla, In fact, if thé surface¥
. tension parsbols were reached while the kinetic energy vas atill‘proportional to
f3“2, one would éxpeét harmogic csclllator spacings as discugaéd in the previous
fe  paregreph. This limit is_ﬁot reached in any of our experiwents, and may never
| ‘be réached, because the kinetic-energy term will eventually deviate from B-? 8
vvv 3 approaches & rigld” A calculation i{gnoring zero~point énergies has sﬁown thaﬁ

a reagonable mass-forﬂulu potential together with a 6 kinetic energy term does

 reproauce the smeller experimcntal spacings at high spin without affecting the

»e“cellent £it at 1owe¢ spins. R
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v The other systematic deviation of the exPerimental data from IC oceurs ;':
only in nuclei near the "vitrationsl" region (high ?irst excited state energies) fr :; Vv
~ Here the lovest sPacings, particularly the 2+ to 0+ one, are larger than expected_iiffk;_
fram & DC celculation fitted to the intermediaste spin’ atates. Again'the data s
&eviate in the direction of the barmonic oscillatory and this, as ve. bave noted
before, iB what the mass-formula potential prcdicts when the geussian bump is
small. ¢

. Perhaps the beat test of these ideas would be the measurément of several .

| fv E2 transition probabilities within the same rotational bénd. The increasing de-

formations'expected at higher spins should‘produce larger E2 tfahsitioh probabil-
1ties then otherwise expected. The éxistihg dat38’9’l {ndisate that this is the  ;  N

| case, but are not accurate enough to affbra -3 qnantitative test. Such measure- -

| ments should be quite feasible in very poor.rotors where.the expected ezfécfs}, ;f.

| are large {see Refs 8). | | '. ' - ’ . t RN

In sumeary, ;t seens thaf the DC calculations can be reproduced by an
elementary éemi-classical treatment, whicﬁ brings out the simplicit& of tﬂé-iu
underlying physicel effect (centrifugal stretching) and which permits an. examina~1¥ f£'1_
ticu of the. forms of the potential end kinetic energy expressions assumed in the. #‘l2‘
;ﬁgf lﬁodel. Although the DC kinetic energy expression seems adeqpate over the region: if 

Cof deformation for which there are date, the mass—formula potential of Ref, 7¥ ERE

/-would‘appear 16 be a aignificant improvement dvex-the potential assumed by DC;;f  iffg
The indications are that using the mass-formula potential and the aimple semi~ )

classical treatment, it may be possible to follow the "rotational"'sequence of

f_ levels into the reglon of good "vibrators. Fer this general approach to be

"vali&; it is éssential that the potentials and kinetic energies‘of a particular |
nucléus be smooth functions of the defornation,”and_it wduid'appéarlthat this 1s
the case, at least for the miclei studicd. Thé ﬁore cbmplﬂcated:problem of cal-:‘ s

culating the required func»ions eyplicitly frcm the detailed behavior of the:if

" nucleons, remsins to be solved.-,-‘i
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. FIGURE CAPTIONS .

-F:igA. 1. The he&vy sol:.d curve is the p&mbolic potential-energy term in Eq. (1) 5. )"_i'; .

and the heavy dashed curves are the corresponding kinetic energy 'ta:m for
‘ represent - 1714

three values of I. These curves -/ those required to fi’c the W da‘ta. o

"v(rie,ht-hand ordinate scale) , except that for oamparison purposes By 15

plotted at O. 25 instead of the measured O. 26 t 0.05, The ligh’cer curves

191} 200 |

are the mass-formula potentials for Wl7 ; end Hg ™ in- descending

order (left-hand ordinate scale). The Wl7 pctential as determined :i‘rom the

_"nuclear msuesj is given by. £ = 32, 8,8 - 12, Oﬂ5 + 5.25e -23. 1‘8 MeV, ‘and the - 5 Lo

extremely close agreement 'aith the experimental para‘bola near the minimum o

- fis undoubtedly somemha't fortuitous,

Fig. 2. ‘I’he solid circles are the experimental moments of iner‘z.ia Tor rotational
nuclei (in unit3'> of the rigid ‘sphere) plotted ,aga-;nst the meo.sured B, 've.lues n o

The trianbular points sre for vi‘oratore and B preSumably rep@esents an Tms P

o value of ,‘3». The heavy solid M.nes are the rivid rotor a.nd hydrodynamic

| estimates, and the dashed line is a parabola. paaeed through the exper.tmntal L

E B dataa The open circlea are the measured mementa of iner‘tia. for Wl7h up to

snin 11+ plotted against the DC calculated B walues. Tr.e {5" values of wl?h

f'-‘.h&S been roughly measured o be o. 26 £0. 05, -;
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