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Multiple-?recision Arithmetic and the Exact Calculation of

the 3-J, 6~ -3, and 9-J Symbols

| Robert M. Baer and Martin G. Redlich

xﬂt"oduct*on. In recent years the 3-J, 6-J, and 9-3 symbols

- [1] for the three-dimensional rotation group have found in-
creasing application in calculations in many fields of physics,

 expecial1y in nuclear and atomic spectroscopy. The 3-J, 6=3,

and 9-j symbols will be written as follows:
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The 3-j symbol equals (2J3+1)‘1/2.(-)31‘32‘m3 times the

vector addition, Clebsch-Gordan, or Wigner coefficient [1].

‘ The vector-addlition coefficient is defined in the theory of

the sinbse- and double-valued representations of the three-
édimensional rotation group SO(3). The coefficient is an element

of the matrix which brings the Kronecker product of two represen=-

~tations labeled by the integers or half-integers J; and jp in

“reduced form. The 6-j symbol equals (- }J1+32+21+22 times the

Racah coefficient [2]. ’
- Many tables of the 3-j and 6-J symbols have appeared.
One of the most complete 1s that of Rotenberg, Bivins

Metropolls, and WOoten Jr. (RBMW) [3], which-gives these

| symbols &as sguare roots of products of powers of prine

numbers. . However, even for calculations made with a desk
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N calculator,ione sometimes needs symbols which go'beyond

the Ji or Q; ='8viimit of.this_table;:-Furthermore, symbolsf;gaﬁf .

S with Jq~ 50 will be needed in the interpretation of recentitftd
‘a»experiments in the field of reactions between heavy ions

‘and auclei. ~In the brcsent paper, we describe a eystem for ‘,idt
| “making multi-wordicalculations on a digital computer in tﬁe‘ff=;
fixecd-point (integer) mode, and the application of this B
system in subroutines for-thefcalculationjcf theuexact values

£ the 3-j, 6-J, and 9=} sydbols. . These subroutines are
called THREE J, SIX J, and NINE J. |

Multiple-ovrecision fixed-point arithmetic. Usually, only

limitedvaccdracy canvbe-obtained for calculations performed .
with floating-point arithmetic.  In some instances, fioatingg3_
point arithmetic of single or double precision may be in-
‘sufficient for the required accuracy,i%—accuraey in a com-

| putation,because of the accumulation of truncation errors.
due to many arithmeticai Operatidns. In other cases,‘there
may be great loss of accuracy in subtractions of numbers |
which are nearly equal. Thus there»may be considerable
”uncertainty as to the actual inaccuraCy of the result,
”especially.in extended computations which are tOO[cempli-
'-cated for accurate error analyses.l’All cf'these consider- '2
1:*atiqns apply at'least to some extent-to'the calculation of.
,'the 3-=3, ,‘J» and 9=J symbols, they apply to a still larger
extent to prograns in which these subroutines are used.

Such difficulties can be obviated for. calculations’a?

'which can be carried out entirely in fixed-point arithmetic. e

-2e
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- numbers, square roots of large numbers in irreducible form
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" Then the only reason against relying on fixed-point aritc h-

“;h”'neulc 1n machines with fixed word size is that numbers may
"occu‘ which exceed the available word length of the machine.
"cxamples of 'such large nunbers sometimes ocecur . in the square

_ brackets of equation (2) given below.’

This. difficulty is overcome by new multiple-precision

' .fixed-point routines (which we shall refer to as MPF roﬁtineé);

‘These routines accept as input quantities, and return as oute

put quantities, number-pairs (X,N) where X is a (sometimes

large) integer and N is ‘the number of (machine) words

occupled by X. The basic MPF routines are addition, multi-
plication and division. Thelr input and output may become

.larger or smaller freely, restricted only by space consider-

atlons relative to the overall program,(and these are usually

fimmaterial as a real restriction).

Another program of the MPF package supplies.combinatorial

'}functions [such as the relatively}prime numerator and denome

inator resulting from the square bracket of equation (2)].

'  Additional subroutines supply prime factorizations of large

J

c~"the sum of two fractions, and, finally, conversion from MPF
-~ to double-precision floating-point form. All of these
_.routines¥ are FORTRAN II callable on the IBM 7090/94. They

should prove of considerable use 1n other areas of physics

-and mathematics where a convenient way of dealing with large

'Vintegers°1s réquired orrdesirable.”
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| - The 3-] Symbol. For programming, We use formula (l 5). of

,Ramw but e write 1t in the following way, which requires ;‘;fi”

only one comblnatorial calculation. The definitions of nl._ffu -

n2,...,n12, x, and A are given firsty
ny = Jo=mo, ”,'h5:=-31 *Jp * J3, o ng = §p my

L]

g =,J3 - n3, g Jll+ 5y - 33 ﬁllg J3 =g+ m |
nu' Aa,“jl + ml, ‘ n8 °Jl - ml, , . n12= J1+ J2+ J3 + l

-

K = Max (—nlo, —nll-, 0), R A= Vlin (n7, ng, ng)
| ‘The coefficients fy are defined for k =x by setting fe = 1,
and recursively for « < k < A by '

r1® =f, (n7-K) (ng=X) (ng=k)

. | , TK+I) (nig+k+1) (n11+k+l) T )

Then the 3-3 symbol is‘ iven by.

(Jl ‘2 33 v

_ ( )51-32-m3 [nl!n2ln3!nuvns,n61n7'n8'n9

(2)
1/2,

Ty -

‘12(n7-x)!2(n8-z)12(n9-t)'2(n10+x)!2(n11+<)l2n12131 kex"¥

Examination of the’ details of the calculations for 1nput
,'Jij{jrjl, Jp» and I3 2ll 4 85 shows that the numbers in intermedi-
:’J_iate steps and in the result occupy at most six words - in - 'l
;fscomputer storage (l word.va3 4 x 1010) We have arbitrarily%”l:
:lallocated at least eight words for each quantity which |

becomes 1arge.

.‘,y;u_' ,
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The output of the subroutine THREE J has been checked
by comparison with the table of RBMW and by the sum rule
for the squares of 3-3 symobols [RBMW formula (1.14)3. ‘
'~f,Some examples are given below.‘ Each symbol is given as
/SQRT* NUM/DLN with obvious abbreviations. (The magnitudes
of the symbols in all tables of this paper haVe been checked
by sum rules.)

‘3-j Svmbols

23, 2i, 2j3 2m; 2m, 23] SQRT .. NO DEN
33 35 60 19 35 -54] 8136 72717 7 29 00794
50 50 50 10 20 230/ 10477 35777 10678 15050 77155 |-2801 |186 61339 54893 85958
125 105 200 87 103,'1901 9655 90053 31483 43182 39567 40406 | =38 |746 37851 43782 28977

The 6-3 and 9-3j Symbols. The expression for the subroutine

SIX J 1s entirely analogous to (2). Formula (2.3) of RBMW
is used, agaih rewritten so that only one combinatorlal |

‘calculation is needed. Three examples follow:

6-1 Symbols |
2j] 237 233 2% 2, 29 SQRT NUM DEN
37232 327 327 32 3% 1 -6 09746 98475 891 35684 026
152 48 48 48 48 60| 2180 38965 _ 14 11155 14639 . 4572 02818 94899 559

82 84 86 80 80 80 |19654 02978 |39418 16285 88653 39149 '|166 50423 19820 78087 41419 722

The 9-J symbol is expressed as a sum of products of 6-J‘ 
Symbols in RBMW formula-(3 1), This formula‘is used by.
subroutine NINE J to calculate the 9-J symbol.' An alter-" S

'nate subroutine for ‘the calculation of the 9-J symbol has
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" been progrhnmed this subroutine uses a modification of RB'W
';§(3 1) sinilar to (2) . for the 3=] symbol, so that only one
_combinatorial expression appears. This latter-subroutine .i ¢;  
 ﬂ-t1s roughly 20% faster, but requires 2 26&10 words storage ’ ;
compared with “2610 for the former. one. The two subroutinesﬁf{
" have been used to check each other; 1nAaddition; their |
"output has been checked by.the sum rule of squares.of 9-j
;_Msymbols (RBMW (3(6)].- This sum‘rule also serves as a check
on SIX J. | o
) A eomparison was made Qith a sample consisting of 1155 |
o symbols from a table of 9-] s&mbols calculated in the floatinge'
point mode [&];i Eleven of the symbols in the sample differed
in the fifth significant figure from the values calculated
- and checked by the present subroutines. One other 9~ symboi
~ of this sampie, the first of these given below, differed

‘in the first significant figure. from the Vaiue calculated

\
\

and checked by MPF subroutines. 'Again, some examples foilow}ve : ;
9-1_Sym bols R B T
. . : . . . ‘ . : ﬁ : —:‘;"M L
39 2_‘]12 233 2j4 ' 2j34 2J13 2334 2j.§ o SQRT 1 NUM - o DEN 5 ‘
o8 57 12 10 1214 1ss - 8316 - ¢
28 /15 15 26 30 - 24 40| 129 64479 | 719 |23 07087 96750 . . ..
6 16 - 16 16 16 .30 26 3212 09778 98214 | -143 | 7 29644 soa7svjf'“-‘~ o

i

f". Storage Space andeTiming. The total space allocation

'fef“required for THREE J SIX J and NINE J+ 1s approximately

'*f300010 words, the space allocation required for the set of L L

’Gf:ﬂMPF routines is approximately 400010 words.is;isjefjife
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" ‘The execution time of THREE J varies from ¥ 10 milli-
;'séc. tb v~26'milli-se6, fbr input (J1, Jo, J3) varying from
(l, 1, 1) to (16, 16, 16). For SIX J, the range is from
'fYV‘l2 milli-sec. to » 1 sec. corresponding to input argument'
values rangiﬁg‘from all J's and I's v+ 1 to all J's and Q's

“~ 16. This execution time‘increéses sharply with increasing
size.éf input values; féf all argument values - §, ﬁhe time
~is about 160 milli-sec; For NINE J the execution time fangés
from 60 milli-sec. for all J's“ 1 to 6 sec. for all j's

' .-. 8: |

. It must be emphasized ﬁhat‘the limiting input values to
the present subroutines can be made as large as may foresee-
ably-be desired. This is accomplished by a trivial change
in space allocations and in a corresponding input tova
combinatorial subroutine. ‘

Check of Calculations. It is difficult to be certain that

any computer program 1is entirelyfcorrect, and especially

| difficult to know exactly what its limitations are. In order

to ensuré the correctness of any long calculation, it appears',
most desirable to have two.separate, independent programs,
and thus to use the computer to check its own work. For-
'.tunately, in angular-moméntum algebra it is usually possible .
- t0 develop‘two ihdependent formulas for the same quantity. 
Thefefore, it 1s possible to be nearly certain about the
correctness of results even of long calculations. |

In particular, two long, independént programs for the .

same matrix elements of nuclear interactions have been
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L written.her%; using MPF arithmetic. 'Thése programs both

- use thelSubgoutines THREE'J-andMSIX_J hundreds of times

for each set of input values. ' The results of the twé'
“ 'programs have checxed exactly fo; many such sets, thus
giving further indication‘of the Accuracy_of these‘sgbnifjly‘
‘routines. | | -

| Fdr the construction of some of the MP?Aroutines

we are indeoted to Mr. G. John§on;‘and’Mr$;:E;vxrasnow,  f
[of the Computer Cehter; Berké1ey, and;Mr§ J; Bril;hart,f

" of the University of San Francisco.

Computer Center

: UniVersity‘of California,fBerkeley' s
Department 4 Physics and oL

Lawrence Hadiation Laboratory , . “*§ o .& lT.,
'UniVe:sity of'California,_Berkeleyf,u. L

N ,



;hese routines are available from SHARa as Al Bc MPAS
MPF MPRD MPDV ca BC Koo, and AL BC MPFA.I'”"'
uThese routines are- submitted to SHAR’ under the desig-,
“nation 3 ac JSYM. they require the package of routines
Tmentioned in: the preceding footnote.‘ Another package,
:jc3 BC PHYS, contains sone simple multiple-precision'

fphyeical subroutines f

tqckhese 1nc1ude Racah’s reduced C(k) matrix element

j--;[',2:1 and the SL=3J transformation coeffieients7ror

“two particles.:r,,:;_

196& | Part of this e
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