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ABSTRACT 

UCR~-11541 

The variational-approaches in statistical mechanics are 

discusSed. The relationships among several formalisms and possible 

simplifications are pointed out. 

~e principle is applied to the equation of state of gas-

liquid, the Ising modelJ and the· Boson system above the transition 

temperature. ·No essentially-new results are obtainedJ but through 
I 

· these simple examples, it is seen how to ,use the variational principle 

to make a thermodynamically.consistent appro~imation and how to 

obtain the stable· solutions. 

Part II. 

Some equilibrium properties of He3 are calculated by 

using thermodynamical Green's function formal~sm. · The T-matrix 

integral equation is solved·by neglecting the statistical factor 

in the intermediate states andusing the effective mass approximation. 

The effective mass and ground state energy are calculated 

and the correction due to the statistical factor is estimated. 

. \.. 
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I. II:JTRODUCTION 

Among·various ways of doing calculations of the many-body 

problem, one of them uses equations of motion (or the Green's. 

function formalism) which usually neglects multiple-particle correla-

tion in order to solve the chains of integral equations. Many 

other approximations are based on physical arguments in different 

kinds of problems, .for. instance, the Bruckner reaction matrix 

m~thod, Landau's theory, generalized . H-theorem, and R. Peierls' 

variational principle. It is the purpose ~f this first part to 

show that all the methods mentioned are essentially the same varia-

tional approach with different approximations. 

We first.review the so-called 11variational principle 11 in 

the literature and show the relationship among these various 

approaches. Actually, here is a very general way of calculating 

the self-energy of single particles in the system by using the 

variatiopal principle derived by Luttinger and Ward. It seems, 

however, extremely hard t~ carry out in any realistic problem. 

The simplified way is to use the quasi ... particle approximation, 

assuming that the system consists of interacting quasi particles 

which ar~ defined in different ways in different systems. 

It is pointed out that one of the advantages of using a 

variational approach is that it helps one to decide whether b'bt":not the 

approximation 1,1sedwill give an· acceptable answer.c 

In III. A · the principle is applied to the gas-liquid system. 
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.• The Ha.rtree approximation is made,' but as ,the .totaL volume 

is reduced because of the hard core of the molecule's; a curVe 

of' Van der Waal' s ty;pe is obtained. The thermodynamical stability· 

. condition gives .'us a :prescription for discarding certain solutions' .. 
that gives the·usual cUrve of the equation of state. 

·. .. ' .... 

~ ... :--. 
III. B. is the application to the Ising Model. A trial 

. 
solution that does not include correlation among :particles at ., ., 

different .sites is·. the well~known Bragg-Williams zero approximation. · 
···.· ' ' 

·If we start with a wave,-ty;pe s~lution (similar to spin wave in ferro-

. ,•-' 

-·.- . 
.... 

magnetism) it .is better,· since the free energy is lower thS.n the first 
I, 

solution, but it does not illustrate the differences due to dimensi~~·s 

of the system •.. If "right II states are chosen at first, . one obtains 

:i:. the exact solution of 'the one-dimensional :problem w1 th no ~gnetic. 

· field, but the extension . of ·it to two dimensions is almost im-. ·· 

:possible because of the complicated combinatorial factor associ.ated 
' '. . . . .. : 

with t:q.e counting of. the states. 

III.C is a brief·note toshow tmt a self-consistent Hartree· 

. a:p:proximat~on is not· s~able· on the .. ~as'is of the 'pbB.se shifts··. gi.. vert 

.by usual·:potentials studied in the literature.· 
'. 
~ ' . .- •. 

' '. 
; 
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II. GENERAL.THEORY 

Several works on this subject are brie~ly reviewed in 

this chapter. First, R. E. Peierls' variational principle, and 

papers by Gira~deau, 1 Cohen2'3 and Riesen~eld and Watson. 4 Later, 

we show that the most general ~orm is .contained in Luttinger and 

ward's paper.5 The usual applications mentioned above take only 

terms o~ the ~irst order. One o~ the advantages o~ putting the' 
. > 

calculations o~ the statistical mechanics in variational ~orm is 

thB.t consist.en:cy, which will be discussed later, is assure~ and, 

~urthermore, the method indicat.es where the approximation breaks 

down. 

The general theory is hard to carry out at ~ini te tempera-

ture, and a quasi- particle approximation is suggested. It is 

simpler,·but it cannot be mathematically justi~ied; only the success 

o~ its application gives the physical pictUre o~ the system con­

sidered1 and the validity o~ our ~pproximati.on. 

The variational principle ~or statistical mechanics, which 

is best understood :in· terms o~ the extension of the variational 

calculation.o~ eigenvalues. o~ the Schroedinger equation, should 

be attributed to R. E. Peierls, who derived it thirty years ago. 

1 It has recently been extensively applied to the many-body problem. 

The principle is extremely simple. 

z = L(ale~p[-~(H- ~)]Ia) ~ 
a· a 

(1) 
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•-where_ ·H total Hamiltonian, 1-L' ·= chemical poten.tialj and .. 
F. .. .. . .I , 

' . F -
var 

.. ' . . . -1 _, " . , ' . -i '. :__ . .· . . . 
:free energy = , -13 . . .en Zvar ; _ with 13 - - :=;;! kT ; then 

.... , ' 

z = z . 
· .. var only:i.i:f a is .the true wave function of the N~particle 

•. J .. '\ 

system • 

.... • .. 
. The usefulness of (l) is tbat though.it J.s almost impossible 

> to evaluate (aje:xp[-~(H.- J..LN)]Jq), it is easier'to calculate 

{ajH ~JN:Ia) when· a --is an-arbitrary state vector which may: 

·contain some variation~l parame_ters. The essential features of the 

-- system ar~ ·contained ·in . F 
_- .. . . .. var if· a is properly chosen. 

·instance, in a condensed Boson system we. would use ai 

where· 'I) 
... i 

takes onall possible integer values·and a:k+ 

' 
. phonon creation operator. The result of this formalism .is the same 

-~.:.;. ....... 
~· .. )" -,.·-.... -... 

. · as the ·;esult n:Pa,ir Ha~ilt~nian 11 for~J;ism. This is rather natural, 

since . in. (l) 'J all off-diagonal elements in a representation are . 

·neglected. Applying this. forma~ism' to a- supe:pconducting system, 

_.we can derive BCS. theory. 
6 

Even. though·we might. at first think : 
i!'. -

. . 

that the usual problems that are to be . solved can also be framed 

'' into this theory,. it 'is actually not possible when more involved 
r • • • • ' ., • • • ,, • .•. 

.. 
calculations are attempted. •. Certainly, it shou;Ld be argued that_ 

more elaborate trial-wave.ftinctions will provide all results tbat 

can possibly be derived from other methods, but the discussion.is 

beyond what we _can include here. fu.sically, this variational 

approach cannot be. better than the Hartree.:.Fock approximation •. 

As a matter of:fact,·theyboth- gl.ve the same ·equation for·the 
... 

' 

.<,J 

• 
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f'ree energy. 

It is deri veq. in .l1Ref. 1: 

F var 

where Wi Wij are the kinetic and potential energy in c.ez:~a.~n 

specific representations, ·and. the distribhtion function is 
., 

1 
exn A (Wi + W. . f. ) + 1 ' ~ ..... l.J. J -

which is to be solved for fi 

all the equations are the same. 

In the Hartree-Fock approximat~on, 

The so-called "self-consistent" method is actually the 

same ap;proximation; so is.::the generalized 
. 4 

H -theorem ... Let us 

see from the entropy 

' 

TS = -13-l[fk £n fk + (1 + fk) £n(l t fk)) 

the total energy 

u = 

j, 
'! 
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_:where. f'k is the distribution function ~of par~i-cl~f_. ?'i th momentUm. 

k,- v(k) _the Fourier transform of_potentia~.-: U~ing\_ >, · • ,. :..:-~~-:.-
.' ~ ~ 

• ~ ·. il. 

. ·~ : i ' 

.. ;·BF ;_: __ .5(~ .:·Ts·-• .- !JN)·= 
• •. ;. r• '· '.. ~ 1:, '~ •• .' "' • ' • 

~ .. ·f.'· ·. ·' ~ ' 
1 .. • 

L -
: -~- . ' · .... ' 

we obtain 

·.;·. 
~: .. 

and---
~.-. 

1."• )i.. ••• 

;-:: 

) . 

k 
l_ •• 

. ,._ 

- ·_-- J------- -- :. -
,_.' 

o, 

--· 
: ~' 

.·. '•· 

rkk' (V(O) :t V(k 

. ] . 

(4) 

' . . ~ 

.· .. 

·It is not surprising that --this answer is the same as we obtain 

from Eq_~ (2), since correlation is neglected in (3), and (4) is the 

consequence with only statistics taken into consideration. Similarly,· 

. the gener~lized self'-~C?nsistent2' _4 approximation as it is used is 

also a variational approa-ch. -It' differs from the above formulation -

only in. that a parameter s is introduced, so that· 

-.-

·-. 

.. 
' . 

.\i-

\1 
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where Fkk, is the two-particle density matrix; if o, 

u is exact; if ~ - 1, the approximation is the Hartree Fock 

approximation. With the u given above, and requiring 

·oF 
= 

... 
0 , we then have 

dF 
ds (5) 

( 

when fk and · Fkk, depend on s . This formulation .is said 'to 

be useful for the calculation of properties of electron gas at 

intermedi~te densities, but in practice, finding oF /Ot:··· . = o .. k 

with Fkk' . unknown is very hard, and any approximation with 

oF/o'f.k = 0 not satisfied will .lead to a thermodynamical in­

consistency (which will be ·discussed later). 

1Though some important problems can be solved approximately 

in the formalism mentioned above, it is by no means general, and 

is very hard to-generalize. Furthermore, it is perhaps easier to do 

variational calculations if we can write down the total energy and 
\ 

entropy and vary F. = U- TS - ~~ but actually entropy is much 

harder to calculate from Tr p tn p than from F · = Tr p • Unless 

some approximation is used, it is hard to start with F = U - TS - f,lN 

and, generally speaking, entropy is physically clear only in some 

simple system. Recently several people have established the 
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expansion for free energy, in terms of either the single-particle 

.. Green's furtction5 or occupation number in momentum .space. 7 Since 

the expansion given in Ref. 5 is the general expression for free 

·.energy, which' is shown to ~atisfy a vari~tional principle, it can· 

be used· even .in practical calcUlations where some approximation is. 

made to include only a sweries of special~zed: diagrams. 

We sketch the theory given in. Ref. ·:5 .to indicate how it can 

be used •. Free energy can be witten as ·. · 
"f" '. • • .•.: f.' • ~ 

't.· ,.~-1 r ~ exp (tt o++n(er +Gr(tt) - tt) 

•···· . ;<(tl ·er - Gl"(tl))-1 e,.{tl)}+ y', 

where r ·denotes the quantum nUmber ~nd specifies th¢ states, and-

ll 
' ·' 

S,e ~Y be an·even or odd integer·depending on whether we have boson$ 

or fermji.ons: · The · Gr(s_e) · art: tht: proper l?elf .. energies, which are 

· given by all linked· closed diagrams w.i. th one line removed~ We 

do not give here the r~es of ~alculating "closed linked diagratns, 11 

. ·which are given in Ref_. 5. . If'·we define skeleton diagrams as diagrams 
·, 

are the contributions-from .. 
1 

·all closed linked skeleton diagrams with propagator . t.e _ Gr Gra.e) .' 
·1 . 

instead of 1 and with one line opened •. Y' is the ·• · · L ... -e 
. • /(J. . ·r 

contribution of closed.:skeleton diagrams. It.is shown in Ref. 5 that 

'.. . '· ... _·· .. 1 ,: .' ;-"· • !. <!< •• -

}_, . ·' / 

. \1 
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·" 

oY' 
o sra.e) = ,Gr(t_e)' 

._. ' . 

. . 

. .. 

s (~ ) . r .e . (6) 

., 

if and only if = 0 . Equation (6) actually 

is a complicated integral equation which determines ·Gr(~.e), since 

Y
1 

is independently giveri. Furthermore (6) has to be satisfied 

\ 8 
to guarantee thermodynamical consistency. 

In practice, (9) cannot be carried far, and only the Hartree-. . \ 

solution which takes 1
(\ • · • · 0· ! c.-:0 as ' , . 2\_J . 2----- y, 

. . 
Fock 

~s been investigated; this procedure_is equivalent to Peierls' 

variational principle,as we.have indicated-before. Numerically, 

· even th~ H-F approximation is already too difficult to solve, not 

to say the random-phase approximation and the T approximation. 

Usually, all these a~proximations are not consistently calculated, 
~ .. ' . . 

and therefore some thermodynamical equalities are not satisfied; 

for instance, the entropy thus calculated is not the same as the 

·derivative of free eri?rgy, and the theorem of Hugenholz-Van Hove will 

8 
be violated. Since (6) is too formidabie to handle, we aSk what 

one can do if the properties of a many-particle system at finite 

' ~' . 
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'-temperature are wanted and self-consistency is required." In 
. '· . 

'' · Eq. (6), Y. .·. can )>e an arbitrary number . of diagrams, and the 
'.J 

. consistency is still maintained. In practice, (6) can hardly 

· be solved, if more terms than the Ha.rtree-Fock approximation are " ' .. 
.. -"' .. ~.. '· · . ., 

included.· 

't, 

· . We define : f as the quas:L- p3.rticle distribution",function _ 
. • o;- ...... - .... ·-~-~.;... -~· 

• . , 

··for convenience,_ and take it in momentum space. (Whether the quasi 

particle so defined will describe the system very well is ~nether 
J -

,;probl~m.) Entropy·'is given by·,·· ·, . ' .. 

. . TS: =; ..• ·~:~-~.-~ (f. tn ~ t/cr·;·;f)tn(l 
.. ·• . ' . ' . 

. . . . . 

+- f)-]· i~ a 
' , . " ' 

· ... 

I. -•. 
1\1 -.. , uniform system the· distribution function is diagqnal in momentum 

. ' 
Sp3.C_e,, 

. . ··~ 

· ... 'N 
• .. · ····:-'-·. 

.. 
. .. -~·. ... 

and the total energy U 
.· ... 

')".-

y' will consist of all the diagrams tbat we need i;o ke~p in order .. ' 
. ·. ~ 

. ·to make a 'good approximation;' .then-·we put oF . - o(U ·- TS - !-IN) = o; 
• ... 'f.''"' . 

.. · .. ·.• ... 

~k - : [e; ~(~ ~-:z~ (k) 

and .. -
··.·1 

'' ~ .. 

(7) 
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.Thus, for instance, 

S=(·~\.= 
3)fJ.,V 

as it is defined. 

Furthermore, (7) guarantees that the Hugenholz-Van Hove theorem 

·· . is satisfied. It should be emphasized that fk does not have 
~ 

direct physical meaning, ·unless the U and S calculated are 

good enough to justi:f'y saying that the whole system is described by 

quasi particles with a distribution function 
I 
·I 

The ch.oice of . y ' is not easy. In th~ exact expression (6), '!,, 

it is well defined, but in the approximate calculation, I 
y is 

chosen according to whether it yields good results for total energy 

or ·not'• Furthermore, the validity of the quasi-particle approximation 

depends on the nature of our approximation also. Bruckner's reaction-

matrix approximation can serve as a goOd example. First~ we know 

that' in his calculation the imaginary part of the self-energy is 

neglected, and the correction was. made later. The correction term 

is proportional to higher powers in the R matrix. If:::·this kind of 

calculation is.extended'to finite temperature, we write down the· 

entropy and energy as 'beiore, with y 1 consisting of. all ladder · 
~.:.._:_ 

diagrams in his ealculation. Out; way of writing entropy or just:i.'fying 

· the quasi-particle concept depends on whether or not higher powers 

in the R reaction are really small. Furthermore, it shows the 

-,; ·, 

.• 

'' 
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'· ., 

.. ,difficUlty 'oft extending. the calculation to finite temperature; 
....... 

. '. that is, several important quantities,. such. as rearrangement 
,.~ . 

·. · .~ energy and renorma.lization factors; are most likely very important, 

. ' ' . .but a 'c6nsist~nt. calculation is :perba.:ps too formidable·~ 

-~- . 
One of the advantages to applying the Va.riational:princi:ple .. ' ' . ~- . . . . 

. . . 

is that not only is it an approximation./' but it also :provides an 
·' 

. . . . • . ~ .. .• -t 

indication of where it breaks down •... It means 8F - 0 · is the· 
8pk' -

equation from ~hich'one. obtains . pk ; but any acceptable solution 
· · · . . ··. . ·82F. · 
must· also _satisfy. 8 5 . . > 0 to.· insure the stability. of the 
· . . · · . · PkPk . · e . . · · 
solution. · The ·si~n of;·:- B 

8 
B F is discussed in the Hartree-

.. . . . . ~~ . 

· · Fock a:p:proxima.ti6n 'ih:Re.f." 9; we take. free energy:· F in. c3 )/ theri·""'~·. 1.\\ 
' • • •• .j ;; • 

·.·' 

. : : ·~ 

- -.~ .... 

. ;·. ' ·• .. ,.· 
·, 

.; .• 

,· :f/ ·. ' . ~ . . . {. 

. ' 

.. ' 

; :j ~ . . . . ·. . .. '• : : ... - ;, : :' .... ; ~ .~ . . '· : . ' . ·. . . . , .. ·. . .._ .. ,... _:. 

·· · ·:. · To disc,uss the sign of· this ;quadratic, one needs to 'know the 

eigenvalues _ot ~pi ~tri~<.rfJI ckk,II , ·.where 
,.,_ ·-' -, • : • 'f" ~ • • . 

•, ~--

. . 
. . '~;· ' 

'· ,·.' ,·; ,_. 

·,' ... . . ,. 
·;: !!-_. 

w ... :~, 

Unless all elge,nva.iues .are·· :positive, B2F will not be :positive 

fot all 

~- . 

·. . ..... . . ' 

"': ·"" 
~· .,. ~~ ~ 

·;. ,...-

-'!'' 

.:~. · .. 
_,. .· 

.. 
,, 

I·· • 
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To discuss (8) even in simple approximations is not easy, 

not.·to mention more complicated approximations, but whenever an 

approximation is made, it is necessary to examine o2F • Though 

o2
F in the general form is always too hard to see, it would be 

much simpler if dp ·. (8) op were specified as op = ·~then would 
j.l . . 

be easy to calculate. 

in (8) is the same as 

If 

dN 
op is fixed this way, the sign o2F 

~, and -
Oj.l 

(Jp 
dV must be positive. It seems 

that perhaps it is not necessary to carry out the general discussion. 

Instead, we may only have to know whether or not thermodynamical 

stability is satisfied. 

. ·: 
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I!.I. APPLICATION 

In this chapter, _the variational ;principle is ap:plied to 

three :problems~ . First; we consic1er the gas-liquid phase trans.i tion. 

· · Equations of: staie. for the gas and liquid are- ~btS:ined by s~ple 
' ~ -· • • • • . ">I ' •• • ~ ••. . . . . . ... 

calculations which:are only a consistent Ha~tree approximation. We 

. also show that the soltiti~n deri~ed :from the .variational :principle' 
. . "'~. ' ~. .. . ' . 

• <..' , •• 

. in some region is· n~t ac~e:ptable, and this breakdown indicates a' 
. • • ! . 

;phase transit-ion. Though .~t is not a theory for the :phase transition, 
'. 

it ;provides a c~ite:dori for calculation. . : . ··~ 

-The va!'iational;l?rinci;ple is applied to the Ising. model. 

It does not sim;plify·th~ :Prob],em. We can solve only the one-dimen-

sional ;problem and: show h~w the . "quasi·.;particle", that ~e l?ick · u;p 

to calculate the ;pro~rty'of the system Will influence. our results. 

The :phase transition in t-he-Ising.niodel is due 'to long-range correla..:. 
. . 

. . . . . 
tion, and.wrong conclusions can bedrawn if an ap:proximation which . l 

takes _no cc:msid~ration of .this point is used, and vice versa • 

. In.the J.S:st section,,we discuss the calculation of the Boson 
4 .. ' ' . ·.. ·, .. ' . 

He, above' transition tem:perature. . It is shown, from the system, 

:point of view of .va.i:iational· :prirlCiple, that the existing calcu-. . . . . 

lations on the subject_ar~not to be acce:pted •. It needs more 

elaborate .. consideration than .using the Hartree-Fock a:pproximation 
. ,.' ,·. '·., . . . . . •. 

with the effect~ve i~t~r~ctin.i ;potential given by th~ phase shifts.· 
.)·. . -~ . 

Some ;possible, im:provements are suggested •. . -~ . 

u J,, ,.· .. 

-"; 

'' 

,. .... 

. ' 
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A. A Discussion of the Equation of State 

The equation of state.is not easy to calculate in general. 

It is a matter simple in principle but complicated in practice. 

The discontinui.ty in the equation of state, or the phase transition, 

has been the concern of physicists for many years. Until Onsager's 

exact solution of the two-dimensional Ising model, it was even doubted 

whether starting fromfirst.principles, the phase transition would 

appear·automatically.10 

Generally speaking, there are two ways of approaching the 

problem. 
', ll 

In.the early works, the system is assumed to consist 

of several components to. explain the mechanism of phase transition, 

and discontinuity shows up .naturally as the Gibb's function of 

different components have different values. Certainly we do not 

regard this approach as theory. Another approach examines the 

free energy directly;~for instance, the method of cluster expansion. 

Some remarkable progress;bas be~n made concerning the relationship 

of the phase trahsition.with the force between interacting particles. 

However, we know that force is not the only thing important iri phase 

transition. The weighting factor may also play a decisive role. 

Bose-Einstein condensation is an example. To sum up, a unified 

approach really does not exist in the theory of phase transition. 

It is not our intention to discuss the theory of phase 

. 10 
transition. 'The question is how, with a given two-particle 

po~ential, to calculate the equation of state •. · Sincewe_~:realiz€L it 
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.' ; ,' is impossible to present a Wa.y which might be appliqable f'or all 
. ·. ;t, '\.. •. . ' ·.t. 

. . . ~ . ' . . . . .. 

.. - ;· kinds . of' syst~ms, . dif'f'erent systems must rui.ve dif'f'erent appro:ici-
·. i'J ' 

mat ions~ Here, is the simplest application.· · . :.' ... · :. · 
.. '~- . ~ .... 

..... "'t:-:· 
. • As ·f'ar as the g~s;-liquid .phase transition is. concerned, 

it is. the type of' the force which· is responsible. We know the ·Ha.rtree 
r' •• " ' ; .· ",• 

approximation.is reasonably good f'or long-range,.weak potentialS] 
' . 

' . 
but cei,"tainly brea~s· down for· t?e :tn:f'initely. strong, short-range 

, .. f'orce which exists in-molecules. ··Since· the interaction considered· · 
..... l . ;.· 

is' weak except f'or the hB.rd.core, we e:icpectall'particles having a, 
.-~. < ·. 

l . . • • 

certain momentuin k .·to move in a self-consistent f'ield. 
;·· ··~" ·. . .:. •. . . . . ~· . . :. 

.-h 
\ ·,, Because .. of'· the :hard core one needs ·to take higher and :-·· .. 

: ...... 

higher powers •· of' the· potenti~l · (esse~tially. the ·ladder diagram) 
-: . ~ . 1 

/ . 

. . . . . . .. . . . t. 

·.~to ~rrive ·at ·aliri6st 'the: same solution 'of' the· pseudo-potential method .. 

As we h.S.vesJ:iown, we do nothave.niuch difficUlty in obtaining· the· . . ·. . . . . : ·. 
. . . ... · ~-. . 

same result. ~:tt will .be advisable to give the pey~ical argument~ · 
, • '·,._ : ', •. .. ;_ : ' ·.' I_ • ' , ·.' 

· · of' how po write a:reasonably.'good two-particle. density matri~ in 
.~-·: . . ... . ', . :_-, ~ ._:<~ :: .. .-:~·:.\~: '~-'· •. ... ·.: . 

terms of' pl·' ;:·. · · · · ·' 
~ .o; :." ·' 

. ..... 
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Here 

) 
/ 

= 

-17-

:r.. = r . ., .. ) r·· 
xl. ..v...L · iV2 

!3(H IJN) 
p = e 

Here ( ) is used to denote the ensemble average, k the total 

momentum, and k,k' the relative momenta of the incoming and 
I 

outgoing particles. In the region· where R .:;:;- a, R ~ a, 

... 

the a is the radius of the hard core; *(1), *(2) do not overlap. 

Several ways can be used to say the same_thing, namely, the integration 

of R does not extend to whole space V; rather N (1 - Na3). This is 

a very important factor for obtaining in order to obtain the discontinuity 

in the phase transition.· If the interaction is weak and is not strongly. 

dependent on the density of the system, then the whole system will 

reduce its volume continuously to zero. It is the term (1 - Na3 ) 

which forces changes of the structure of the system to take place 

when the volume is sufficiently reduced,· comparable to Na3 • 

If p2 (k, k; k) is ind~pendent of k and set equal to 
. I 

p(k)p(k) in the Hartree approximation, there.should.be another 

consideration, viz., integration over R (or R
1

) should not be 



. i 
·'· 

., .• · 

. :..· 

.. ·,. 

,,, 

.. 

.. _, 

' . -;_ .i 
r . . ·' .·, ·.· 

~~- . ,_ 

... ~·· 
. UCRL~J1S41 

·. ~ : . 

-~ ''"t ~ . "' • . 
t ~. ~ ... ). ' . :. '.;""' : _ ... 

-~ • . '"f .r. .. ~- •. ;_ 
i· 

. ' .: ., 
'-~ 

... -18~ 

~· ,f • 

· •. >; I'' • 
. ~ ··. . .. '. ~. 

... ··.·. 

:·~-­
~. 1 

.. ~· 

. . ..... ' . ·, 

· extended through the whole space as argued before • TJ::le .result 

. ~~ ,. 

.is the' same a~us:i.ng. the .~riationai .principle i~ ~)'-·.> 
' ~ . . . ·. ~ .-. . ' ·. . 

' . ;~-
.. ~ --~-~"~· :"· .. 

given as·· 

,·' ., 
,'-.,v. ' 

.. -... · 
: ~ -~ i ' ' 

......... 
k).~ 
.2.: ·.·' 

·.Ja :/ ~' (k - k )2 ]! _: 
. ~ '' ·.. . 2 . v 

. ·;- ..... 
:~ ~ ... 

,· 

. ' 

..• 
-:t• : 

"l'' • 

.· ... -' 

are· all constant:• More 'complicated- potentials will obscure our dis.:. 
..... -. 

· cussion. · Aiso, this· potential does give the· ess.entiai· featurs of. 
>· 

any reaij,.sti,c potential of' the typ~~ith hard core and weak attractive 
I ~#. • .. ,_ · .. 

tail .. 
--:' .. 

. ~ ·( ... . 

p2(~k2)e.· ~~::·Pi(lS_) P]_(k2)," . We use the . H-F approximation 
; • • ·.: .• 1 , .• - • 

but we.must accoU:nt·for·the·l:lard•core effect. ,It-is included 

. . ' .: ·• ' ~ • I, • . -

) : simply by reducing the yolwne of the "'fhole syste.ni . 

-~ ·.< . , 
~-. : ( . . . . ·. -~.. ~-· .. 
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·tr N J k2 "tl (k )- d . N (N - 1 ) r = gm· Fl wk + 2 ; _ 
4 • 

'.; 

Use 
' ,·' -.· -

oF = . 01 

. and:?J.(k) . depends on · k as follows: 

I , 

pl (k)' = A(k) . for k -~ k0 1 

-. B(k) for k :? kc) 1 

Here 

' ' 
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The second term is the correction to an ideal gas, and PV is not 

an inf'ini te ser~es ._ of, 
N . 

p"or - .which diverges at thepoint of v -~ 

condensation,· as .is discussed in ·the theory of' cluster· expansions~. 
·, .,_ . 
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We realize.the simplicity of (9) is. due to our appr9f:pnation in 
.'\1. 

. 'It· f 

.· . V(k • k
1

) i but the point that we want to make is ho{r':to obtain 

the equation of state from the variational point of view: 

-~ 3 

= J A(p) d P = 
P1 .. (2n)3 

. l ' 
-1 1:'/~.'~ .T kT'(1 - ap) (a:pl + f) ~) 

e e· · . 

0 

I
p 2 . 

. -n /:2m*kT 3 
X. t:l ~ . . d ;p , . ·.:· 

. . (2n )3 · · · ;,;·• .. · 
0 .· . . 

. ·. 

1 l ' = m -. (1 - ap) f) p , 
* m· 

(10). 

· · 1 -~ ... .... . Po · 2 * · 
- ·1 IJ./kT kT.<.~-~p,}Jqp1 +f)pl) J ~ -p / 2rru,'!d d3;p (ll) 
p1 - e e e . . . · · . p e . 

3 . ·. . : . . . . . {2n:) 
. . .· b' ., 

1 co 
-p2 /2m kT -1 'IJ./kT -··,-r p2(1 - ap) I d3:E . · kT (12) p2 = e e e e 

(2n: )3 

Po 

and 

Pi+P2 = p, the density of the total system •. - (13) 

Ecrua.ti.on (1) can be written.as 

(14) 

'I 
'I 
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I .... , fl 
.. 

. - ... ~ .. ' 
. . . ·~ . 

. ,• 

and 
·, ., ··,. 

•• J.'' ·-

. c. . '}.• . (15). . . ~: ' 

. I 
. '." 

From the definition of, p
1

, p
2

, p
1 

and .c, _the. equation 
I· 

·of state is that of the ideal gas-plus some correction term . 
. . . . . . . ~ .. 

Since a N/V is always less than I, C ·essentially determines the 

p ... v curve •. 'And.· a, ~', r are 'of the same 'order of magnitude, . 
'l •• 

although they would vary from· substance ~o substance. Jf0: most 

.. ) :· likely is strongly density-dependent, although we must go beyond ' 

the Ha.rtree ·appr~ximB.tion:to assessh6wit depends on :the density. 
' . 

·From (13), ·. (l!J;), arid (i5) 'the sign of C 
~ . . . . . . 

. . ' li' 
is de'cided by whether··:·-~--'· :' 

' . ' 

· there are more high-momentum particles (k > k0 ) than low-
~ ... :,.;.:~-;.;.- .. -... ____ ,.- ...... ~,~ . 

·.momentum particles (k .< k0 ), o~ whether p
1 

>> p2 and vice 

versa. It. is an inevitable feature of using ~eparable potentials.: 

:·. that C depends on the momentum of the individual particles rather 
. . ', . .. . ._._. 

than on ithe relative momentum •.. · 

We may have a qualitative discussion of the solutions as 

follows. With density fixed, whEm · T increases, one can see 

· from . (10 ), : (11 ), (12) ·and· (I~) that. .. pi.· decreases, ·and sinc.e. 

= p, p2 · becomes more important. . It means high-
t-·. 

momentum particles increase in number, ·a natural consequence of 

·increasing temperature. 
... ( ..... 

. ; ~- ·. :·.··' 
_,. 

_ .. , 

·,,. '. 
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SimilS.rly, with.the temperature constant, when p increases, 

p1 increases, but not as fast as p2 • 
I 

Although a, ~ and ·r 

are not well known numbers, effective mass usually does not 

. increase very fast and is always finite • It seems when · p is very 

large, p
1 

will be "saturated" and p2 will increase without limit. 

Let us consider the P ·- V curve·from Eqs. (14) and (15) 

for a given value of p. It is just a,cubic equation of p, 

. 'kT 
+­'2 

cY 
N 

It always J:ias one root greater than zero. 

= 0 • (16) 

·From the curve for- (fJ [fJ, one sees the solution V is 

. greater .than or less than. v0 .= . k~ (ideal case), depending on 

whether! C is greater than or less than zero. 

According ·to the previ.ous qiscussion, e is· negative when 

the density is high, and vice versa. This is j~t what Ref. 4 

means by the change from "essentially attractive" to "repulsive" 

when the density becomes high. 

So far-we are discussing the limiting case of very high and 

vex;y low d.ensi ty. - The equation for ·existence of. these real roots 

for Eq. (16) is · 

I 

I' \. ,, 
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Actually, since b and c are both small qUantities, it is clear 

tha~ in ( 6) ;th~re are ~ot tl1:i-ee ·solutions. for' large P/kT or 

· small values of N 
v This indicates that the equation of P 

is realiy a curve of. Vander Waalrs type •. . ·. ~- ~ .. 

One of the most ·important questions is the ~lidity of 

the entire approximation, namely, whether, o2
F. is positive or. 

. . 

not. It is not hard to.see from general discussions or from 
-~ . ,. 

. general discussions or from: the nature. of cubic' equation (14) ' 
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. ~) > 0 , but when .There are two solutions which satisry 

two stable solutions exist, the only one that should survive is the 

one that makes F relatively smaller. This means that because 

·of the structure or the system, . the gas system at c·~rtain T and 

pressur.e must undergo a dynamical change to form a liquid, so that 

the volume of the system. is changed in such a way that F assumes 
- .,.__,._ -.,..," ~ ....... 

·. the smallest possible value~ · 

.. ' . 

. . 
. ,· 
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·B.·.' The Ising Model in· the variational MethOO:·'·l· · 
.... ,.. • ~ ,' f ~ ~-. 

· · : The· Hamiltonian in which ·we are- interested· is · 
. "' . ~ J.' ' 

·'· ,..., . ' 

' : 

' · . ' H.··} :' J t . ~!:di::' 01+1; .·:. ·. ~ : <·~. 01, z / 

· .. ·~. ' '· 'i. i .. 

. ~. 

. ···. 
\ ··~ .-_(.... .. .. _ .. ..· 

~ '. -. 

'. 

where J is positive ornegative depending on whether it is a 

ferromagne:tic or an antiferromagnetic system •. The trial density 

matriX. is taken as the product ~f ·nq~s·i-particle" density matrice·s. 

·.As will be .explained~ ·the. different "simpl~-parti~le". ·pictures·.· 

lead -eo different answers• ;we will try to show below how ~one 
. . 1 .•• '. : 

.. ' . ~ 
picture M:s more· ad vantages than the others. 

'. ' ..... ,_. .. ~ - • .: ~.·_. t . ' _c.~ - ~ -t · .. 

If the· "q~si,particles". h~r~ are "individ~l" particles 
' ~ ' ,-.. _ _.' ~ . . . -~ 

in the lattice, 

·,;·.·' 

. ~; . . ; i ~. 

.. ~. . .. 
·' . ' .r·_ 

. ·-.. ~ .. 
is in the spin-coordinate system.and' 

... ~. t_hus 

.. 

The entropy is 
. . t--.~ 

; .. · .... ~ 
-,' .. ,. ~ ·.: 

. ~ . .-. ' .. 

.-..... 
). .• 

.~ ... · 

.·. ... 

:· 

·' 

·', ~: : 

k. 

.. 

·, ···!' 

ll ,, 
:' 
' 

c ·- ~ • 

.;,.: 

·' 
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".j. 

and 

E = Tr PH = .. ,J L ( 1~1 12 
.. lb1 1

2 
)( la1+1 1

2 
- lb1+1 1

2
) . 

'i 

·-1-1-H L la1 1.
2 lbil 2 

.• 

., 

i 

Let 

· Using the equation o (-s +~) - 0 . and ·choosing the coefficient 

' ' . 

of oRi _to be zero, we have 

0 ' i = 0 ••• N 

If we take R1 = R , · · .· 

R = tanh 2 1-LR ~ 2~ (17) 

~ ... ··; 
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.. '· '. '• . . .· .. : ' . ·. 11:,> 
. We then have the we1l .. kn6wn Bragg-Williams' solution. ;; .,. 

,'··. ,' .. . 2 1; . ' 
·. · · · · 8 F .. 

The stability-of this sol\ltion, i.e.,·. BR > o,· is discussed, 
. ,, ' . ' ·: . ' ' ... '. 11 .·, : .. ' .. · ·. 

, .. in books· on statistical mechanic.s. . · We know this solution is·· f~r · 
. ·".' 

•, ' 12 
·from the . exact . one of· the one;.;.dimensional Ising model, but the. 

curve of the specific heat obtained from this solution resembles . . . -~ . 

the experimental ctl.rve. Perhaps this. indicates that our Hartree 

. approximation. is goOd only for. the ·long-range force, i.e., the more · 
~ 

interaction particles with range of the force, the better. As a· ... 
·matter of fact, ·it .·has beim shown that ·the 'one-dimensional Ising - ·.·' 

'·, r 

solution. The success of the theory of high..:density elec'tron gas, 
. · .. \\. 

' •. . . . : . . ' 

using the r~ndom phase approximation, is ~nother.good example. 

As has been ·em.pha~ized,.' q~si particle.s are .not well .. 
'defined; different: quasi :P8rticies, will be used ;·:to examine which .. · .. · 

• > _,_ • ' 
' . .' 

-~. ·. 

; ' . ~ 

(18) ' 

.. ,' ~- . 

., ,I 

. . . ' 

where a •· is the interparticle distanc~, I)!' .the number of particles. 
(· .. 

. . In Heisenberg's theory of ferromagnetism,·. R(k) will be a spin-.. · . . . ·,.· ' . •' ·,. . .' ' ' . · .. ·. , - ~ . 

wave operator~ and :OUr Va~iationaf· pr-inciple can b~ used to obtain. 
' . . .• -- : !· - . . . 

;'J. 

, the r.esults of; the, spin .. wa;ve theory in. a similar· fl:!-shion. Certainly 
f -· • .. .... . . 

- :. i; • ': -, ~ -':·. ·_' ·'!' .. '(- ~{ ·, '~.: • ·-~· ,~:; . -: - .. 

. ·this r.esult is not surprising, since :it;.is only. the Ha.rtree-Fock 
-t~.. :- .·:: ·.··.-•. ~.- .... -~· •· _·~ .... ~·-.- ·.,.J·--··_.·-~: ~ .' __ ~ .. ·. 
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approximation. 

If expansion (18) is made in the Ising model we will obtain 

R(k) = tanh 2[tffi+2JR(kl.icos ~J and this answer is better than the 
· _ kT N 
·. ' 

one given in (17), since it yield~ a lower free energy, but does not 

change the essential-features. 

In our approximation, correlation of particles has been 

neglected·completely, and this is the primary reason why there is 
. ~ 

a phase .transition in two dimension, but not in one dimension, as 

R. E. Peierls has pointed out. Therefore, we do not expect any. 

reasonably close answer to the exact solution in our approximation. 

It has been emp~sized that the power of the variational 

principle is that we have the freedom .to use the most appropriate 

· quasi~;particle~ 

Our previous approximation is not valid. for the Ising model, 

but we can improve it by taking different ·quasi particles. Let us 

specify 1the states by the number of foreign.neighbors in the one-· 

dimensional problem. (We courit one foreign neighbor as one conse-

cutive pair with one spin up and one spin down.) Denote this state 
. n 

by fk ·_, with n the number of spins .up; 2k the number of 

·foreign neighbors. The contribution of one configurai;;ion to the 

It .would be wrong to pU:t the 
. . 

total entropy to be the summation over k, and n, since there 

are 2N possible ~onfigurationsj each configuration does not have 

the same weight·. _The energy of ,this configuration is -J(N-4k)f n 
k 
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·: . (there are 2k foreign neighbors in. the confi~atio~) which is 
. . 

independent o~, n in the absence .9f•.m.a.;gnetic field. · .. In the one-·· 
;,: 

dimensional problem we always can pick 2k latt:i,c'es among 
t ·' .·• 

N 
. · .. ' 

, particles to form 2k pairs or' 'foreign neighbors. For .:i.nstan~e, 

., iri the. pictur~ we pick.: :,:i~:>r· ;, 'd ..;.• 

., l:·· 

'• ,. 

A, B as two arbitrary : 
. • ' --~!-<-~ •. -.-~~-

points.· and change . the '• .. ·' 
·.., __ 

:· . . 
.directions of spins ~- .. - . . ·. 

' 
. ' 

between A ancr. B. • · . 
. \; 

;·-
. . . 

\ Thisn process can be' coir1:;iriued,.:and,has nothing t'o do. with the 
• ~ • ••• • • • • • - r 

· · orig.inal· orientationai· spi~s~' 
-~--- .. ~ ' 

·. -_ ··. < 

. :Furthermore_, . ' 

. '~ 
~--~. ~- _,-... ' ,..,~' 

.... ·- ~ ~ 

7\'. _;.;.< ''1\ ,·:.-: 

. ;;·-

·--:-; -~ 

I •.' , ... : ,·• .-:·-!··· -l 

' .. •' 
., -~ . ' .. 

thus ·-·.' .•. 

._·.('._;_· ··-; ., 

'·· ... 
'-.·. k. 

(~T):_1·.~. '.cNk · ~ ·~n f.··.· .. ·, ,. 
f-' L k . k, ·· 

... . 

total i:mtrol?Y -~ · . 

-~ . 

,·, 

·. ~-. . 
., ' 

-k~.~ -:_;~~ ~--~-~-".:..- -:;-~·-.:--~~ .-'·.~ -~:~-- --·.-::_;.-.-

-!3T(N. -':ik).· , ... 
·.' ·• . ~ 

'"~'f. :-"'l 
,. ~ -~. ·" . . ' .~ :: . ' 

- 0 _,implies :··fk =: .ee .. ~.:·.·•., 1 .' 

'. . . • y• . ,,· •• · .. ' -, .' •; 

oF ,• 

e -F/kT ': ~:ot:;/ '~~;:: ~;(N -~~ ))' (• J/kT.~ e -J (KT )N 

···~· ,:; ... · • := : (2 cOsh J(KT) 
'· ... ·.t i ., 

. . 
..... • . 

' '· 

• . 

! . 
d 
!. 
'I 

. -~- . 

·' 
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.This is the exact answer of the one-dimensiona~ Ising model. 

Since it is simple to obtain, it seems useless to do it our way, 
' 

but our purpose is only to illustrate the idea of usin~ the variational 

· principle. 

Our method is hard to extend to the two-dimensional problem~. 

Some early works on the Ising model engaged in the "counting" 

of all possible configurations ran into the same problem. Since it 

has been reviewed intensively"; we do not repeat it here. 

' q 

.. 

. ,' . 
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4: .· :., : ': 
Statistical Mechanics. of He Above.the Transit'~pn TemperatUre 

, .. 4'.. . .•. •. ; . 't' ,' 14 .. · . 
·The specific heat .of ·.He has been rec~ntly ~alculated, '·. · 

'' .. c. 
'~-. <·. . 

,·'• ·.. -~ 

. :, .. by use of the Ha.rtree-Fock a;ppro~imation· •. , Th~ ,.:pseudo·~:potential · 
' . - . ':, .:, . . ' \. '.·~ .. · •-'/ .~ . '. . "· · .. 

·'•·'t... 

'approximation is used foi! ·-the :ha;a:·.co~:~./ .~ni··::'·:~:-: .. ': :-
.. · . . . :·: r~·~:'.~.: :,;·:.: .... : . 

,. ~~- f . . '·_..;. • ; 

: • ' .. : ' '"'. ·, ;·i ' .... -~ ... _, . ~. 

•. ·•, .. 
. .. • .·.:. 

I ~-~·~·-~·~~ .;. '..... ..J·~ :f. 

{kjVatt~~~t~v~: ~rtjk}. -~ ~~c/~ f3k
2 

... :~ .· ·,': 
~ r. -'1:. , .~. • ~ 

·.· ·· .. 
. ·_ .·. 

; . 
·' 

.is assumed. ,'1' 

.. _· 
...... 't··--· · . 

:' .. · .. , . 
•. ',!.-;_ 

· .. 

... ·. 

' j. ~ 

.. ·_· 

.... 

: ·~ 

As -· V ·t .. t : : .t. : -~s f'ini te. andr.converges fast· enough. for • . 
. a rae ~ ve . . . . .. . . , . . , , 

large distances, o: and f3 ~~e .defined.>. ·c1h~ .6-12 :potential is used 

. in Ref.· 14.) . The total ;otential :i.~~'· o: '+. f3k2 + a (a is the 
'' 

>radius· of the hard core) • 

l 
!I ., 

'. 
~.' 

! 

•t' 

Above the.transitioritemperature the result of this calculation 

·gives a specific heat five times as high as the experimental Values, 

·• but there are ~wo que:;;tionable :p~ints. in Ref. 14~ 
' ' 

Firstj the 

'· ' 

· calcula~ion. is thermodYn,amic~lly inconsistent: the total energy 

· ·. dF · ' 'is not the same ·as given by di3 ; ' here _F = free energy, ·f3 - (kT)-1~· 

oF ·It is hard "t?o see. wey one has t·o use . di3 . for total energy. Another 
,' ( . 

· . question is ·that to use the Ha.rtree-:Fock ap:proximation, it- is necess~ry 

> to examine wh~ther the solution is thermodynamically' stable~ 

. ; ; .. The potential with a hard ~ore does ·.not have a . Fourier 

. transform, the only more. or less. satisfactory way to do the 
- ' . . . . ' ~ 

i .· 

. calculation ·.is· t~ ·put~:· _C >~:-:··~- -... 
;-

,• 

I 
"'! '·-. 

:- .... ,· 

' .· " ~ ... .·~ 

;. . ~ ;~. . if f . . ·. ~ .... ... ,\·: . -t· 

..... · ....., 

.. •.• ' ~'l 
- .. " l 

/. ' ,.,. . . ~ .. 
. ·. 

'. ' " 

.· 

. ' 

r·· 



\ . 
where 5 is the phase· shift of two free :particles. ~>'J;'his means that 

the potential b·etween two :particles is replaced by thEi' effective 

interaction (kiT0lk} , which is the summation of the ladder 

diagrams with the free-particle propagator, and furthermore is 

density independent. 

A rigorous T approximation means the summation of the 

ladder diagrams with real quasi-particle propagator, and this 
., 

exact T, in principle, can be expanded in terms of ~owers in T0 

and is strongly density dependent. If we take the first order of 

T0 as·the interaction, then we have for the entropy S, energy 

E, and free energy F ll 

TS = 13-l ~ t -Pk_ n pk (1 + pk) tn(l + pk)) , 
,., 

-; 
.~~ 

~-'::. 

L k2/2m 
1 k - k kl - k 

E ( 1 - 2 
IT0 1 

2) - pk + 2 pk ,2~ pk ' 2 
k 1 2 

.F = E - TS -: ~ . 

. Here pk is the distribution o~ the quasi particle of momentum k: 

= 0 ; 

pk is thus determined to be 

1 

- ' 2 
exp ~-':k /2m + ~

. ~ . - k;~>-~l}l 

.. " 

·- . 
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,- .;_ .. 

. ~· . 

. · .. 
• " t, ··t'· . 
~ ' ·. 

''t. 

'' ·, (19) 
/ ' 

· . 

' ·. . ., . 

. To discuss whether (19) is positive ornegative is-veryha.rd7 

~ut we are iriterested only: in the region whete the' temperat~e is _ . 
. ~ .,. .. ,~ ... ~,!..;..,.;.._-:,_,_.........:..~. 

·very close to the_ tra.ns~~i.on temper~t.~~-: · ~~-~- p,k, _ m:-Y be writte~ ·:as 

·-' . '. . . •h 
• ·,·.o •• ·:. ,. . , . . . '• 

, . '. • • ? •• . • • ~. ' • ·• ' ; ; ' • .• 

. [eX)![~<~ ;2~ 7 ~·) ; ~her power in k2]- 1F , 
. ,/ .' -... ~ ~~~- ·>~ 

and f..L' -+ 0 when ' T_-+ Tt.. .; pk _.-will be large for ~mall . k 
. . ~ • • • 11 

Equation· (19)<Jis a quadratic. Ii will be Pc;'Sitive definii;e 
2 . . ' . ". ' . ' ·., ' . ' ..... · 

8 F/
1
8pk8pk has no nega~ive eignevalue •. We take only the 

. . . .. ' 

if 

diagonal term k : ~- ··o; i '. '::" ~ . o, which is the dominating te~m 

.,. 
-·' ·.i.·: • .. 

... ~ ••• ": ~. i • • .• 

' ' . . . ~ i'· ~ . ' 
• .. 

• 'f •• _. ~ • 

··, .. ,. 

'. ~ 

',• 
~. 

r • . ·• .. \· .;.. ; •.· 
t-:· ..•• . . ~· 

I,• ' 

.Here N actUally is . the number of· particles w.i. th momentum zero7 or _ 
.• .'. .. ' . . .. · .. . \ 

... _, 
· .. 

'.· 
· .. 

' .... ' ., ;· .. ~ 

: · .. .i(' 
.:, .. · 

. . ~ . . . 
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approximately the number of particles in the system interacting 

:with { 0 I T0 I 0) 1 and this should be about the order of . N • 

The following numb~rs are taken from Ref. 15 and 16. 

Temperature . 

2.2 

3.0 

4.0 

· . :OenS'i ty (g/ cm3) 

0.146 

0.141 
< 

0.128 

0 

:::::lo-3 . 

:::::lo-2 

't 

If we believe that the first order of _T0 is going to give 

. us a reasonable mswer, T0 must be negative, since it is proportional 
. . 

(roughly) to the ground~state energy. Thus, !J..-+·0 when T-+ TA..~ 

(2'o) must be negative. This means that the solution given by the 

first order ~f· T
0 

cannot give us a sensible solution to guarantee 

B
2

jBpBp ·is positive. 

Our arguments are not rigorous at all, but they show that 

simple calculations cannot provide me_aning;ful answers. The simplest 

extensi?n is to attempt a better solution for T in Eq. (21). 

{kl<;r:lk~·')(s.:r.} (k"lvrk') 
112/ . · ( ) ( ) ( II ) - k 2m + ~ ~ · + ~ ~ .· - ~ ~ -

(21) 

where s. :I:/ = statistical faG tor 

·• '. 
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. Here ·:E is the self-energy of the particle in the meditun; s .f. - 1 
, .L . 

, . only -for J..L - o, kT -+ ·o·. f?r . ·k;_ . and. ~ not zero. Therefore, 

the exact T ·.equation is too far away from ·· T0, which satisfies 

.... ·,! .• 

. .... 

.. The expansion of · T .. ·in .terms of · T0 as mentioned i:ri th~ 'next part .. 

·:, should be interesting, . since the compli~ated dependence of T .. 
·.'' 
· bn temperature might reveal the behavior of the specif.ic. heat of 

. .. .·. . ' . . ·. . 

4 He • WE1 realiZe that Eq. (21) is still an approximation in the . · 
\ j • 

. quasi-particle picture, but ~t is believed that 13-bove· the tran.sition ·. 
;~-~ ::~;;'...:.>""''! 

.temperature, it is the .statistical factor that plays an important 

·· · ... role and the quasi particle used _should be reasonably ju~~i:f:i~cr:'····- . 

. We may also use a simple potential and calculate .. < k I T0 I k' ) · easily 
.•• 

. . ' .· 
~·just to .see how the statistical factor influences the results.· 

.. .~ . :.. ... ' 

~;Withthese::approximation~:, ·ii :seems,·· at le~st, .we can · -~ . ' 

. 'justify· our calcUlation; namely~ our soluti()n will be thermodyilamically 

stable.·. _.In 'simple·: effect:i.. ve rna ss approxima tioris, : 
• • •• ..,.. ••• j •• • • 

.'• 

. : 

' ~- ~. -~--
.;-. 

.. . ~: .:.... . 
; · ~.· ~ \·~- r ·-- ; f ..... · ~--

1: ~: 1. 

.. ' . 
' . - . ~· \ ,· .. 

·~} 

' ' • ~ .; . ..t ~-•• ,:,. ~ • ' ' .. 
,,•;' ·,....; :-\._:. 

.:'- . ·,. 
'· ~~". ' . 
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· ... ·. ·•. 
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be positive if input and output m* are consistently calculated. 

As a matter of fact, we can obtain the transition tem~erature from 
I 

this effective mass approxi~tion, and thermodynamica~ly it is a 
stable solution, but to obtain the spec~fic heat is ,not simple. 

'· 
li 

I 
I 

I 
I 
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I. INTRODUCTION 

We wish to present a way of calculating equil~brium properties 
·, 

of a fermion system with high density and ~trong short-range force 

but relatively weak long~range. force •. H~3 . serves as an example •. · · 

... As far as the the.ory ·is concerned; ·it has been discussed .repeatedly •1-3 . 

· ·We will use the thermodynamical Green 1 s .. ~unction, 4' 5 and the 

T .. approximation, which is essentially the Brueckner's reaction matrix 

method • 

. . The validity of the T approximation is well understood, 
' . 

'.namely·it is a good approximation for low density and short-range 

! force.5 Some arguments ~ve been given that because of the l! ,, 
I 

'.' stro~g degeneracy of the' fermion system, interactions, take place 

· only among the particles at the Fermi· su;rface. · The success of 

,• 

·· Landau 1 ~ theory seems to. justify thi~ ass~rtion. 

There isno reason to believe that·ari approximation.which 

involves more than two-body correlation will. not substantially 
I 

. change the results in.a system like He3 • It should also be 

~pointed out that rigorous treatment of the T approximation in the 

Green's-function·formalism is·more compli'cated than calculations 
. . ' . . . . 

. done in. Ref. L ' As ~. sim:Ple. example, we will. see that the imaginary· 

part of the· self-energy is fairly large, •· which .indicates that the 

spectral function is. far from a delta function, and a complicated 

renormalizatio?factor must be.used, though how much it influences 
"• 

' ,.. I , ' . . t- . -~. : . ....• ~· .. , 
the ;resul t.s is not know.rr • , · •. 

' .. •. 

. ·.· 

"'' . . ~-·~~. ' ..... 
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. It is not our· intention here to solve this prRblem, rather 

we wish to do ~ calculation similar to that of Ref. 1'':in a slightly 
•. 

different formalism. The purpose is to calculate the diagonal T-matrix 

elements (the forward scattering amplitude of two qUa.si particles 

in the medium). 

In Ref. 1, the integral equation for the reactionrratrix 

is set up and the single-particle energy is obtained. consistently. 
~ 

It is very difficult to solve the integral equation involving the 
. 6 

principal part~ It is hoped that this can be avoided and a 

differential equation will emerge instead. In order to accomplish 

this purpose, there are two simplifications to be made: 

(a) The statistical factor in the intermediate states will be 

ignored, 

(b) the single-particles energy.will be taken to be of the form 

.A+B~: 

. · 1The correction due to the hole-hole term is believed to 

be small; though this contribution is of higher power in density, 

and.the density of liq~id He3 is high. However, it will be 

shown that to neglect the statistical factor at first in the 

calculation of t and then to·make a correction later is 

justifiable, con~idering the other ~p.proximations we have to 

make. We write the single-parti. cle energy c.o (p) 2/ = A + B p; 2, 

where B-1 . will mean.effective mass of the He3 and A will 

not appear in the T equat~on. There is no compelling reason to say 

,. ' 
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: .:~~. -·~· ~,+_ . . 
. ;o._·~ •·• • •• •• :~ · .;~:.i;bat this ··approximation is good, · only eX:perience ca~~-itell. Under 

1" ' 1 ~ 

; . , ::. :" <<. ·these assum::ption~~ the T. equationwill become 'the ~~e-:particle 
' . . . . . . . ' 

. -.•. 

, ~ '·!, 

··: ;,, : .. ~_scattering· equation with· mass ~ ; which can be readily solved. · 

:<"·" :r.,· • . · ... There hasbeen ~ome ~gumen~ ~'b~ut the boundary:cond:ltion 
_ ... ,- . •' . . . . . . . . . . 

_',. 

·in the.reaction.Ina.triX; i.e.;.whether·the two-particle wave function 
·.... ·· ... . .· . 7 ... 

:·-' ·:should be' outgoing or stationary •. ~. , · 
•• ... . ·.. . ... ··:· ···:c-·. ·. · .. ,·· .· .. a.< .. 

·In :principle, this .bas been answered after careful . study of the 

limiting :proc'ess. as the volume : co., but .it seems doubtful 'that the 
\•t . 

. arguments are :still'valid for:a str~ngly·interacting system at 

· h6gh densitY:. The diagonal terms of. · T. · are related .to . the phase 
. . . . ,, . . . 

· <·:·shifts by so.lving the Schrodinger e.qtiation ·with different boundary l\ 

:conditions: (kjTjk) ~-: t~k BJ~~ tL(,the·princi:pal :part is taken, 
1 

·or (kjTjk) =~: ~ .~iB sin 8 , for the outg~ing ·condition. In · . 

Green' a-function formalism this problem (the boundary' conditi!=>n). 

·,is ·settled from the beginning. · ·• 
. . . 

· Instead of-effective mass approxin'la.tion, calculations 
, . . I . .. .: .··. . . . .: . 

.; ·· ... : . s imilar to ;Ref. 3 can also be .. used ih He;, blit cer:tainly it. is · , 
' 

not correct 1n B:e; to consider the attractive :part as·· "small~' 
.. - .. ;. Section-II is a brief summary of the formalism of 

.. : < '3'. 'thermodynamical: Green' s. functions. 
,··· 

We treat fermions and bosons· 
'· 

:.'~all together at. first~ Since t~e formalism bas(b'een intensively 

. disuussed·in .the literature, we·give only. the relevan~ equations. 
~. . • • • '' #': ' \ I ol- ' : • • ' ., ' 

··< . : which ar~ nec~'ssary to explain the calcuiation: ·: 
• I.· \' • ,; .". '.,'·•· !,.,i •, ' '0 

· .. . . . . · t. In Sec.tio~:: III· the:' T. approx~tion is used to obtain the 

~. . · .. ·:.: / -~·: .. ·--~:·.:r.~~-)!·_,:~;~., ;: · .. · .· ,: ~.' ... ~ .. ·. · . 
.. 

.- '· • . H :-~. • _,.. .• ~ ~-. ~~.· .· ... . ·, 
,., 

· . 
·.., ·'" )' , ........ 

. . .· :~ 

.. ,., ... ;_ ... "' : '· , 
. ·' 

···.· 
•-'f 

._, .. , ,. ' 

• > . ~ •' : . .· ·" . 

,. . ~ ·, 
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~th the assumption that the single~particle energy 
i; ·I . 

! effective mass, 

is written as 
·._2 . 

A + E::-/2m*.. Calculations of veloci~Y; of. sound 
' 

.. are discussed, and show the strong density dependenc~ of the 

T matrix. 
·• ., 

Sections IV and V deal with the correction due to the 

exclusion principle, in the intermediate states and calculation of 

the ground-stat_e energy •. ' 

. ·. 

t ·. 

·.•·· 
I 

.. 

''· 
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II. THEORY OF GREEN' S-FtJNCTION FORWJ.ISM . 
._.·; .. · f'\~~-. ~ . ·.·.>, . ·, : '·,:: .. ' -r\ ·_. ··~·· ...... 

~. t ~·· 
I ... 

,. -.;,· The general theory has been given. IDB:tr times _+n the literature 
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Similarly we define · . '. 

g(ll '.) . = .. f T(¢(1>' ¢+(1_1)) . 

. ( t t) ( 1.1"' 1.) J . We also define· G2 12:, 1 2. . and · ·~ 12, .:: the two-particle .· 

Green 1 s functions of He.3 and He4 
1 re-spectively, as they are defined 

. . - '' 

. in Ref. 1. ·. Her_e · G ' .. (i2,· 1 1 ~ 1 ) .is the Green 1 s function for 

-. -- · .. -¢' and.- 117, namely, 

. . ,. t 

G1 (12, 1 12
1
)·: = .T('Ir(l) ¢(2) ,1;+(1').¢+(2')). 

The ·equations of motion are· 

. ' . 

., 

. i. . ·I . . ~ . , ~ .• :·;_,:\ :: 1.).~~ 1 1 ~-:-l-:d J12(r1 - r 2 ) G1 (12,l'2
1

) ·d3r 2 · 

t-+t 
2 2 

' 

I. (2) 

The equations for g(ll'), and G1 (11 1
) are similar. Using the 

T approximation, which is discussed in Refs. 4 and 5, we have 

. . . 
' (3) 

•.··· .. ::· 
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, - ~ I,.- . 

g(12, .1~2' )< are ·so similar Since .. ~2 
1 (121 i'2') and to 

• c·~· 

) ~ •· t • 

. - . .rr;-.-
i.- ~ •• ~. 

-:-t~i 'r 

'r .we Will not Write them down here. .. t ~ . .• 

The approximatioi1·in terms of diagrams means that all ladder 

::~ .. ·.'·.diagrams. with a~ .. ~~t.·_.Gre~~'s ·function. in t~e ~inte~ediate .. state 
,·':: . 

. are taken in ~aicul.ation· ot·the'grourid;..state. €mergy.!'. ' T'For··:tn:~tari.ce, 
- : .· ·~' ·. '· ' .· -,~ ": _;·_ . . - . -~ '' .. ' .... _. ,· - J 

l' ,. 

·-:·! 

: . -~ _ .. ,..;;. 

(4) 
. ~- . 

. - ~ i 

where ; T . ·is def:i.nea. 
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and 

' -· ' I: . 
... 

(6a.) . 

. t 3 4 
Here T - is the scattering amplitude between He and He • 

g' (11') ·is si.m11ar to this. He3 , He 4 are different types of par-

ticles, thus we do"·ilbt have an exchange term for T
1 

. . 

Due to the periodicity of the thermodynamical Qreen's function, 

we can expand· G(ll') and T. in Fourier series. For instance, 

I 

., 

. -. 
\ .. 

where V v are even integers •. Similarly, 

. 1fV ' 
Zv = · ::tf3 +J.L , 

where v are odd integers. · Furthermore we take the Fourier integral 

of Eq_s. (2 }.and (3): 
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-· Her_e we have defined. the. Fourier' _transform ·for a·_ ·fm1r-poirit ~-: s:Pa-ce" 
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The details are given in Appendix I. . ; is the'-_~contf',ibution from 

He3 .. He3 scattering,· and !: 
2 

comes from the contribution of 

He3 - He 
4 

sea ttering, and E 2 . wi~l be neglected f::-om ·now on: 

1: 1 (k]_ v l = L) G(~, v) (kiT(P!, v + v') ik) _t, ::~;. (8) 
v 

The details are given in the Appendix. One has to solve Eqs. (5) , 

(6) and (8) consistentzy.to obtain the T approximation. It'is 

exceedingly difficult to obtain a spectral functim defined by 

G(k, v) 
A(k, ro) 

(1) - v . 

In Brueckner's calculation A(k,ro) is implicitly taken. to be 

2.-r 8(ro .. ro(k) ), and ro(k) is determined self-consistently. We . 

will take A(k,ro) as a delta function also. It is noted. however, 

. from a general theor~: 9 proved in a perturbation expansion, that 

· .. 

when k .... kf , though we cannot justify our approximation by 
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There are two ·other major differences between th~ T equation.··· 

. ~:~ -· .. given in Ref~· 5 · and Brueckner 1 s · integ~al· equation for the· reaction ·. 

matrix, · G i'E::' the pro)?agator of tw~ particles in the mediUm.. 

..·' 

· ··•··. '- ,.··The· principal part' is .• taken' somewhat a~bitrarJ.ly and ~~ singularity 
. . ~' ·-

·will b~ expected • This problem • is settled for ~ system ·of low density· 
. . . 

and weak interaction in Ref. 8-;.:.narilely, as follows:· ·;-the diagonal .: ' · 

matrix element of' the R matrix is proportional to' tan 8 , where · ' · 

8-.is the phase shifts oftwo b8.~e particles. !f. the level shift of 

,. 

· the single-particle energy 'in the mediUill ·is introduced, R d~fi:hed. 

by the ihtegral' equation is. proportiohal .to 8 · . instead of tan 8 • · 

However, with·, a· very strong force and high-density syste~,.such as 
. . 

··•· He,:' , · the problem is hard to answer i but the Green: 1 s function forrrial·ism 
. . . . ' . . ,. . . . .. . 

.. does provide the boundary condition 'unequivocally ~n the. T. 'matrix. 

~· ·' . . . , ' 

' '··· .... - .• 

'· .. ·. After. the spectral· ~ction . is taken 'to ··be a delta . function, :> 
; . . ~ ' ) / . ,,. . . 

' • ' ' • • • . t. . • ~ • ' ,; )~ "'. ' . . • 

· the·' T.mat~ix defined in·'Eq._'(5) fs 
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Here . g . means the product· of two 'one-particle. Green 1 s functions in · · 
•"· . . . . 

··the intermediate state .. w.i,th •momenta and energie .• s . pl, _p2: , ~' w2 ;' 
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More explicitly, 

g = (10) 

·where f is the Fermi distribution, and z is the.total energy 

of two :particles. 

This. eqUa.tion is exactly the same as Brueckner's equation 

excepttb.S.t·(piT(z)lp') for real z istakentobe 
I 
'I 

lim (piT(z + i€)1p') • 'lb solve even this equation is an exceedingly~., 
~ . . 
complicated computation.? In the following we proceed to make an 

.approximate calcUlation, in which an integral equation is reduced 

to a differential equation. After some approximations have been 

made.; Eqs. (9) and (10) are. still far from being easily solved. 

The fair~y general equation for the T matrix would be 

~ --- .. _ 
(Contributions from the.cut discussed in Appendix I is still 

neglected here, but:it is not too relevant to our discussion. 

. ~· 

.• . 

' 
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: · "th.e phase shifts· calcul.ated ·from solving the SchrOdinger eq_uatior;t. ·. ~ · 
, . . :· .. I •'. ·. . . . . ;',. . . . , :: >' ',. " . . · ... , . : :.~ . , . '·· , . ·.· . ,.; .. ··;-

· .. ··:· . ·~ · .. 
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.· .. '.• 

, ·.l: ·, . 

Then (:Ll) ~an be ~xpressed ~~/term~: ~f, '(~!T0 !p). ,~~ fo~~ows_:·. 
.. ~ ~· ·:~ .· : ~ ;;·· ~.:· .. · '~. ;.. 

·t'·r 

·, 

.•. 
~~·. ·. 

~ ~·.' ': \ .. .. . ,. '\.• 

' .' .• i'' 

. . . . . . 

= (piT0Ip'? + J<PIT0 1p") 

' (. 
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When {:pI T0 I p'} is expressed in terms of phase shift's,: the expansion 
' 

of (12) in ~erms of (pjT0 1 p'} makes sense'. At least,! it is much . 

better than to expand T with potential, but one must :have the off­

diagonal elements (p!T0 jp') 1 with p f ;p', to do the calculation. 

It seems that the only reasonable and simple way to do the ~alculation 

is to'use some simplified potential which fits the phase shifts well and 
. .. ..... - ~ 

to solve the SchrOdinger equation with that potential. Actually Ref. 10 

is one example. Perhaps one can use some separable. potential ~ 

to fit the phase shifts and make the complete solution of (12) 

possible. It has been found, however, that there is no unique 

choice of a separable potential, and different separable potentials 

which yield the same phase shifts will make off-diagonal elements of 

the ·T matrix entirely diff~rent~ 6 
I , 

I 
t\ 
': 

Equation (12) is still too difficult to solve, but it certainly . 

is useful to investigate how large some neglected effects are, . 

for instance, the magnitude of the renorma.lization constant and the 

effect of the exclusion principle in ~he intermediate states, which 

will be approximately estimated in later sections from (12) •. 

Since only. (11 I) can be solved through the Schrodinger 

equation, we expand 



E~"{'~-: .. ~, 

; .~. 

,, . 

,I•. 

t 
'· ·,-•: ,.' 

' ..... . .,., 
., . ,• ,'. ,. 

UCRL:..-11541 

•• 1 • ...... • 

'~. -~ . 
. '' ~ 

I ,.'> 

. " 
'· 

1"- :~ 

._; 

. -

. -~-

'. 

.·.-·· 

# :- .... _ 

·.····.-

-·, 

·' 

"·,. · .. , 

.• ~- . 

·.:'\ '. ·~ .. 

........ 

,.• 
·-·.:;. '~' ~; ~-.. -.... 

. . . ~ ' . 
•· 

-· . 

•; •·' 
. '. ! ~--

. --...-_. 
'• 
f ,· ·:-._ -' 

' ' . r""• 

~Ji- (-. '·-''<' -·_-,: 
. . -~-.. 

. . . 

·. ·,After the imaginary part .of;:;: T 1 which is proportional 
. < ot· ··· · ;·: · · · J' '~. 'Y'· 

_; ;~. 

is negiected in (9(knd :(io), and dill ·is regarded as 

·,. 

. t" 

'·.·· 

._,. 

/ .. 

. 2 
to ~0 ., 

small which . ' 

,<, 
these S:pproximation, we have to 

j' .•. -~- . 

.... .. 

.·.··-

·'. 

'·.' 

·.· '· 
•.• _l-

- _;..~-·· .. 

· .. 

_ ... 

Q. 

.. 

· .. 

-~' 

'· 
= 

, . ., :'· Jf>. :.,. ''', ·~ ... ·, .. : ~· 
": ._, ,J ·'-. 

• ;~ .•,4 

..;;_·,. -·' 

{~ . 

. ...... . .. .,,. 
_,_. 

··--

"·--
.-. 

- -~ _. -· 

.• 

.,,;. .... · ·-.·· . 

··1/ which 

. -~-·-. : 

.·. 
·1 

.\ 

.--~ 

,•.';. 

,t.· 

-·.'. 

,. 

~. 



'l .. 
·~ 

UCRL-1 :L541 

·-55-

will be made later on, is also of order T 2 
o. The Q.itt'ficul t 

("; ' 

; i 

point in high-density systems is that higher powers in T
0 

·are not· 

necessarily small. Even in higher angular momenta, because of the 

· factor (2.t + 1 ), the contribution is not small. 

In the following calculation, we solve only for T0 

and use it throughout·::the Whole work; it will be seen that the 
, 
·' 

correct~on is not always small enough to be neglected. Perhaps it 
') 

is necessary to solve (12) roughly to see the order of magnitude 

of the correction to T ·~ • 

' ,· 

.·. 
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,t Here the exchange p3.rt is taken equal to the direct pa;f:t;, and only 
;f:'i i 

'\: 

the real part of T is to be integrated. Sin 8.£(m*) i.s calculated 

as described in Secti~n II:, ti>:e values of different sin .8.£(m*) 

are tabulated for the Y'• S potential used by Brueckner and the 

6 - 12 potential.12 The results are given as follows for the 

6 -12· potential • 
'• 

In;eut. effective mass Out;eut ·* m 
.. 

5 ' 4.8 

7 9.6 

We use y,.-., S'J:·.potential from now on. The results ifor. effective mass· 

are as follows: 

Input (without correction) 

6 

7 

8 

1 8.5. 

·output mass · 

3·9 

5-7 

6.6 

8.4 

If we include a correction due to exclusion principle (see Appendix II 

and Section III), then, ·i~ we use phase shifts· for m* = 7, the 

contribution to the output m* is about ·o.6. · The number does not 

~ry too much for different .input m* Since phase shifts are 

very sensitive to input m*, it seems that a consistent m* should 

.be between 7 and 8 • 
\ . 

The numerical values · of'c;phase . shifts are given ~n Tables I 

. and II, and plotted in Figj 1 •. All these curves are qualitatively 

' , 



~-;:.;: .. ~ 
~y:~ :·' ,.> . 

r
'),"_,_;';~-

- .... 

I - . - --

' '". ·,,: 

.-

;• .... 

. :...· 

. _·,,. 

'' ·'-

·­'. ~ 

. ' ~ 

• 'f:-i .. ' 

.• . . ,."! ~ :·'' .. ' 

f ·., ... : 

i'; . • 

.' ·~ .. · 
'• 

..... .-~~-~::-• ,, ' !.·;.C- 0 • .·~· ,f ',':·}-~ .'·~·: 4 

, ". , : ' "" h~~I~:J(i,~~}i~rr: · : · . · · · ··· 
-the same as Brueckrie~t~ diago~ai 'elemehts<bf _ · i!-. ; . ~xe~pt for ari' 

·'':.' ' --~-- .•.. ;; >·,·-~= ·- <<- -'~f ~.-: ._.-. 
attractive_ bump i_n · i. ·= 0 •· . ·_; - 1

-' ,, ·:: · :c:k. 
'' • : ~' -~ i, ,4 •• ..-

~- ~ .. _ There _are two· qtiest:L~ns to -be ·~~swered.: · · : ·. 

. iri? 

(b).' What is. the relation:_ between' our_;: T matrix and Landau Is 
.,,\· ... -. 

· f~rward scatte~-ing amplitude? · 
• . . • . . • ~I:. ..•. : '\ ·: 

... ,. 

<'''Rearrallgement. ene~gy-'' ':ts the cor~ection :to · .E(k) -so that 
•... .. ·.· ., . ;, ... 

/;. ):•: ' I:(J<,)• .. = • ~~k ; \ (where · .. ~ '::i.s. ~otal ener!!l' S.ncli • \ .. is Fer~ distributl,o;) • 

It .is of higher :power_ in .. T·· • Since we· have neglected : T
0 

: in _·:.: - -. 
- --

. ' '~ different places, as ment~oned before, it would be_hardly justified 

-_to calculate_ the correction- in Brueckner's way and· claim ·it- is· the. 
- ' . ::,.-. ;_;~>·-· : 2. -_ -~:-· - -~-- . _! 

of correction.'· Thus T0 . _terms :·Will be neglected· here •. , 
. -

..• right. amount 

LandaU IS- foryard, .scatte:dng amplitude iS ShOWn tO be 
;a ' ,_ .,~,-:,~-~<:.~~.!k~·, · . - .· e2:E 

_ ·· ·· <fkk-'- ~,- f>fkf>fk' . (where 

·' 
{',· 

.•. 
- -

E is total energy, .· fk: is quasi-particle · 

'l,,. ~ .. ' 

\. distrib~~ton function);'-·· ~kk'. ·is our ~0; if we approxim~t'e''-'the~'-'--"·'~'_ /· 
·.,·:.':<.>;'.:real T as T0··• Thus \v~ see the' success o~ Landau,'s semi-phenonierto­

,, -:.·logical theory :i~ d~e'.~b·._-.~~e.·facLtbatt':' f~,_-'.obta~ned from ex:peri~·-~,-·:~-· ·:.· 

·.·""!. mental m * ' and ~~uiid _v~lo~i ~j' includ~-s::~:~igher ... ·:Pov:er:; ir;~::::. T()·: . .-.' If. : .. 
" . . '· .. . . . . ~. 

_ · ·T0f:u~.·is -neglec~r:~,thr_oug~?~t _th~ 'whole. ~alculation, the expression · 

:. ;- . ~or sound veiocit;~ is -~~e>:a~~xas>~~~~~-: :tn:,r:.n~u's:. theory;· with 
• .--!" .... :: ' • ;. ~· • t • .. l "''"'~. \·-.': ;, .•• ;::_'r· .,·;· :'•' :i.-\ ·~· :':"....... . .. ~ , ... •,' .~ .. ·~~. -:·· 

.. ·/; .·. · fkk, :. ,replac~d .br~: ~0 ·(;"_-.:..'!~ ·-, -·-' ·: ::; · < ··/_:·:~ .... · ~ ·· 
· ~ • ·· f.~~ .:: . • • - .-- -· -~ • -~.~, ·_~-.., • · ..... · --~ .. ·t r;. · .$- ~ ... 

,_. ~ • • j ••• ;.. . . . ,...-. ··~ :.:""':/'· • 

",';':.,': ; 'c7i. ~ :::"~.+~;,~:]+'( 2 ;._;~t+~t¥~;(;:2 "3(2£+1)};,. .. 
·~· ·. , - x ·~~; ~~·~y~~0a~{/::::':l 'de):~·<',{.~':"n. .: '· •' ' 

,._- L.'_ .. ·.< .. :.::~<-.·_.~·~.:.:~:~·,;' -~: .,_: ·; .-" .. /.:- .. :.:·:·. -. ··:··· 
,.:-·- .. , __ ·:._··::· . )' -, .. --·; <; ··.;:·?:( ·.· 

r· _-;'~'"-;~.:~~~·;_'~· .._. ·~; ...-' 
.... ~" ~-· ·. ~- . ~;'t :6-· .... ;s~~- , ·• t... . ' 

,,.-~ __ 

-' 

. ! 1 .. : ............ ~ 

. . ~ .- . - :. i--.-. ,·.,;. 

.. 

; "---

,, '. 

... 
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Using .our values of · B £ , ·we obtain . c2 . < 0 • This !?eems to 
·l 

hold also for Brueckner's,resul~s, but a reasonable n~ber will 

be obtained, if 

'' 

= ! N d!J. 
m dN 

is used. It shows that higher powers in .T
0 

are of vital importance 
.. 2 ... ,c __ 

in the calculation of sound velocity. We mentioned that T0 
dTo ( ') ti. is small, but dN , which· can be. derived from 11 , and is pro-

·portional to 

dm* PF 
and -- -* = 2.8 , from the experimental_ data. The strong density 

dpp m 

dependence of T makes the calculation of the velocity 'of sound 

harder than other·quantities. We do not mean to go beyond first 

order in T0 here; thus a more detailed study of this problem cannot 

be given. 
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(kjTj:k'). ·on 'the .right-hand side is replaced by. (kjT0 1k' )' , 
~- ·, •' ;., 

. ~· 

._:.,-

it means that only the second-order term .,in :the- expansion is taken. 
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' . ~ l 

2 

j (kiT0 l~")j 
Q(k") .. 2 

II 11 II 

E. -. E1 (~ ) - E(~ ) + i€ 

; 

Q; (kif) - 2 .(15 )' 
II · II 

E - E(~ ) - E(k2 ) + i€ 

·Therefore the corrected diagonal element is, after partial-wave 

exp:~.nsion, · 

' q 

1 . 

1 2 . 
p ~· PJ ~cos 6)d cos e 

-1 
'~. -· .. ~ .·. 

(16) 

The region of. integratio~ is shown. in the figure;, 

where Q - 2 = - 2 in the shaded region 

= - 1 inside the two circles. 

Because of the symmetry, it is equivalent to integration over one 
. . 

,. circle with .a factor. 2 ·• We ·will evaluate the integral for · 

J = 01 11 2 • Since the incident ·moment:uzn is fixed, let 

~. 



I· ... t-::-~· .... 
,, 

. "' . ~ 

-.. · . 
... ..~ .· ... 

-,; 

. ~-',. " -· 

,·· ': ~ 
"·L '·,( \ 

· ..... ,. 

= k ' 
2. 

··," 

_tr·', 

• I 

-.:··· 

~ f" - . . -~ ... ; '. ..,. ; 

=~ :~:·e::o·s,:¢., where·¢.·. is.the angl,e b¢twe~n 

total..momeritum _,~_ liCL : .. '=>. 2. ~· cos ¢/~ ·:_~--~-.}?', ... > '.< . ,: ·tf·:.J. ... ,, 
·_;: ;·;, ,l'··:J.:"" .. •·. '• .···· .. • I ... ,, ,_;·,'"." 

. . ~k , :.::1 'kp'sin. ¢/~ ,. "\•:.'. ,., 
• • • ~. '!. - ,'\" - ; • ~ ' • • -~ ~ ~r. ~- • • ' < • ,~ • • 

momentum .is conserved •. The equations· of circles 
.r - •• 01 • • 

relative .moment~ ,._, 

Total. are 

~-- -~- given-·_py ~~:: · 
... ; ; -~ 

·.~ ' 

. · 

·.' 
J!'.. ,: 

·' 

. _;. 

... .. 
~ ~ ·:.- .. 

.. " .... 

~-. ..... \ ' 

:, 
~ '•' 

..... . . . 

·j.·. 

" . 

'· 

'· 
;'_ -~ 

' f" ~ ... ·.:. 

' -·~ > 
........ f ~ 

.:.·····;· 
.--~ 

. , . 
... .... ~. ~.'- ( 

:~· 

•.' .. 

~· ... 

' :~ .. . ' 
~-'I ·. 

,,c_.. 

-,· 

... 
~: .. · ,· ·. ·, 

. ' .~ 

:::: • c ·~:.·~ei~.; :;~ __ ; 
:. "" . .~. -. _ .... ' 

~. • .... ····f· ~· 

· ... -:-.·: 

.· .. -

t.· ... ' 

<·. 

· ....... 

. . ·' -~ . 

•' 

Ji_2 
-:-:F" 
F. 

,.· 

. . ~ .·. . ·, _.' 
.' ' .. ·,. 

. . ·~· . 

,f 

.. ·:, ~ . .. ·: 

;..-

... r 

·.~: 

.... 
~.;_-~~~;-·~~1-~-'f. 

·+ 

(cont.) 
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.... · ... 
':-· .... , ·I. :.:•·. 

· .. :, 

2 '( '' n k .. ·I ~~..... - k ·. + - .en + l .2 ·.· ·' ,, , ... 
. ··:·.· 

,., ...... .,,; 

·. 'r•. 
:· . ·• .. : 

. •..... .· ~· .. 
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·, j' 

•, 
'' .. , .. ..... · .. · .. 

: ~ ·:~. 
\'" 
-~ : .. 

cos}?/2)~: 
"'·f· .. :· 

'' 
,\', 

... _.i 

.,·· 

: ~I, .. 

J 

... ~ J 

',, 

'\ 

. . ·~· ... 
sum up~ :-- ·~\_,. .. . ; .. ,.-· '.· . 

··.,· 

'I 

;··:' 
··A• = 

·'··· 

1 
·. ·[· 2 + sin & 

2.t+·l ·, . 2 
·:.·:. 

. '• 

.:. -.~ . :.! : ~ 

., 

., ' ....... '' .where · ·. B .e . ·is the second integral in the expression for A1 which is 

·· .:: · ' :'.to evaluated in Appendix II .' :The corrected : T.e ; is1 from (16 )1 
~:' . ~ ~· 

~. I' ' 

. , 

·.\ 

> ·' ~ .. ": 
•', I;" 

. ··.· 

:,,_ :'· 

;~:~ <·~ 
., :r ·: .·.· .. :·::·· .. :··· 

~ .. 
·.· .. · .,_· ... ., 

,· 

'.i'.' 

.. ··. 

' I 

The· contribution to . m* from the second term for o(m*) with 

·* m 7 ·is about o.6· • We cannot .. tell whether it is an acceptable._·_.. 

.value or not. Since To is qualitatively s1m1Jar to k in Ref. 111 

the cprrection shoUld be almost the same as calculated in Ref. 2 

... · 
·-

:_ .. , .. ·-·- . ..: 
·,. 

:., .......... · 

·:, .. :'• j 

'· 
"J. 

·. ··.·· 

· . .-:. 

, . 

,. 

·.I 
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V. CALCULATION OF THE GROUND-STATE ENERqX .. ·. ::r.~ 

Here we .calculate the ground-state .energy when :-:the T matrix 

is known. Since it needs more .than the two-particle sc.attering in 

·.the Fermi surface., perhaps our e:f:fecti ve-mass approximation cannot .· 

be expected to be 'satisfactory.· I:f the d~nsity dependence o:f the·. 

:forWard scatteri~g amplitude in Landau's theory is neglected, our 

.:formula will also be applicable there. · .. 
-:· '• ,· . 

. "> .. 

The ground•state energy·is given in (5): 

.. .. ··: .... · . 

· I:f A(k, w) = 2rc 5(ru - a;(k)) · and the e:f:fecti ve ma9s approximation · 

is used, we have. 

where 
.. 

' n(k) = 1 '. i:f k .:;:; ~' 
n(k). · = 0 ·if' k ~· ~ I 

-- . -.. --,.... ~ -·--.::. ·-~ .. 

and 

k = · ~J:l2 + ~ 2 
- 2~ ~ cos e 

) ·. 

!I ., 
•. ~ . 
. I 
I 

J 
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Since n(k) ··is a step: in the low~temperature limi~ arut 'w~ 'do not 
. ' <:.< ···.'·?:?''/·.·. ', ... 

. knmv T;. El:nalytically, we have to 
:: ..... :. 

•' ,· .... · .. '~ 
. .. : ~- .. .; ,, . , .. 

. : ,:.·_, ·> -~ ·. ;-: .; . ·' 

·, -~-·-
~ . . ', ' -~ 

Td 
0 

. .. ,t. .. . ~-

2 

.·;:· :·,:,:)~:·;: ... ::':.~0:(:~;:;~ :. ' ... 
. ' . . ..... 

-·:; 

r·· • . .,. 

·,.I 

·--:·.·. 
:. . . · .... ~ :· ' ' 

: ..... . · 

•,'. ': 
.·_, 

,· 

.and _'?ha~ge_ the order.· ·of_ i~tegrat~on·. · ~thermore; ·a factOr · 2 ·.- -~~-
. . 

. . . is added from the summation of spin. index. in. the. single-particle 
I. 

Green's function in the second term of H ;~ •· If we write 
.. . 

· .... ' 
' . 

.., .. 
.... ·.;· ,·· 

.. ·.· 

. -.· .. -.. :; 
·' . 

.: .. ;·. 
; .. 

•, ': -~ · .. .. ·· . . ':. ·.~ ' .. \: . 
·,·. 

; 

. "..'.· .. · 

· ... 

(17) becbmes 

8 
.· "4 t dp • 

>'\ 

. :· 
·.-_; 

. ,, ; 
,. .. ·. · ...... . 

. ~-

. ' .,. 

-,_ ·. 
·· .. · .... 

•' .. 

\, . ., . 
··', 1-' 

.·. 

. ' ~ :.r' . ,·· 
.·. --.·-·. 

~ . ,., . -~~ .. 

:. ' .:.' .•. 

.(2t+i) + 

•' I ..... 

: ~. 

I. 

·.-.[ 

', ~ 
! . 

1( 
. " o<l.d . 0 

. ' . ' 

··.X. 
sin ot coset 

m* :P. 

· .. ·, 

. :_:_.· 

... 

. \..-
·.,' 

'· 

J 
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The total number of p3.rticles is · N · = 1 p 3 
3~ . F 

~-~. single-

:ga.rticle energy is· 

· __ -E/N· = L (p ?/2m\ 
5 F f 

24 1 
T 
PF 

+ ---
:1( 

.it dp [P(~3; Pll(~: -llJ. 
0 

·L X (~.t+l) 

.t even 

If m*· .9' 7- _is used and o(m*) 

+3-L-
sin o.t cos o.t 

(2.t+l) 
* 

.t odd· m 

(18) 

is substituted in (18), we have 
Q. 

We are not able to calculate E/N for a range of density to 

see whether it is the minimum point, since it involves adjustments 

of pF' and m* 1- two variables •. -We notice in Refs. 1 and 4 the 

minimum point is not located at the 

mental value. 

·. '; 

·. 

P ., whicn gives the experi­F-

I lq 
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The correction due to a statistical factor maf~S the value 

of E/N smaller, but the correction is much less .for;~ffective mass, 

because of the different ;phase-sJ?S.Ce factor in· (18) • 
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APPENDIX I 

Equations (6) and (8) are derived in Ref. 4; an outline of 

. how to obtain them is g~ven· here. ~sing the Fourier transform of 

G and, T and integratttng··,;o:ver time, · Eq. {6) becomes ~6') is. · 

similar to (6)) · .. 

i 
-if3 

' ' 

. (i7rV I -if3) T l 
·e ~~ I~---

' . . . . 

. I 
We neglect T12 here. The lim .is equivalent to t 2 ~ t 2 

-~ . 4 
.in Eq. (2) . T, T12 are the self-energy due to He3 -He~./ He3 -He 

scattering. Let us consider the part He3-He3 only, to simplify 

the notation: ·. 

X 
(i7rV2/ -if!>) T . . . I (. . )1 I 

e 7r vl + v2 , 
I 'f!> . (kiTl if!> lk) ·.;.• 

1(V 2 -~ - (1)2 \ .• · 
(A.2) 

il 
I 



,_···'':" 

/ 

··, 

_ .. t 

' ' 

'' 
' ... ·, 

"' ~. ', .. : . . 
'' 

. -~ ., : 

Her~ the spec_tra:J. .· re]?resenta.tic;m· of 

.,.-\.,·.· 
.·, 

';. <';-.·" \ ... 

.;,• 

-:. _ ....... 

<1_ .• ; 

~ . .' . ' 

has 'b_een used.o. To~evaluate the summation over v2 j a dispersion 

relation· for -· T has to be introduced: 
..... · ... 
·~·., .. 

;, :o,¢t'' 

-, 

1:.· ·' . __ ,, 

~(ro) . 
' .... 

·' 

.. · ~. ' .. ' 

·.:" -~f-. T_(cb) ~)>. ;~_s · · ro :. oo 
.. 1_;;._, .. _ ·":· 

.•. 
'.',< 

:.·. 
,t· .• 

'' . ~ " : 
... ;. , .. ~ 

Using '·'1:. ', 
_ ... ,_ 

.·.! 

: 
1 1 

-;-cv_1_+_v;;;;;.2.,..) ..... -- .,·;~" 
. .... (o'· '' 

·113 -· :: 

1 

·' . ~··: ' 

< .. ~ .... 

and .:-. 
-f· ·~. ·""· .. _: 

· .. ~~ 

.·. ... "·-
~ ' .. 

.·' I ~ , .... · ' . 

... 

. ~ ' . 

.I 

rev · 
2 

-if3 
~. .. . J ' • "';.; ; • 

~: .• ~-. • <" 

1 

,.· 

, 

·~· . , ~. 
(A.}) 

1 
rc(v1 +v2) 

-i!3 

•• 

~-.. ."" 

. J' .. I 

(1) 
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I -1 I . 
1 \- {10'1 l, 

-; 1--roJ) -iP .. \ -if3 . ............ \ . 

= 
(. ~~.:.~)· 

i \l+e · . 

' and if v is taken to be odd in the summation, Eq •. (A.2) becomes 

., 
·; 

(k!T(ro2 + i€) lk) - (k!T(ro2-i€) lk) 

'f. i(ro2 - 21J.)/-if3 · 
1 .. e 

(A.4) 

The second term may be·regarded as the correction to the Boson 

behavior of one pair of ferrr.i.Jns, and this term will vanish for 

ro2 :;:,. 21-1 and in the regior; ro
2 
~. 0 , where (T) has no cut·. 

1 !l; 

. . -.~ 

' . ' . ~ 



,.· 

-:,.•, .· 

. :­

,:·. :'' 

,t 

(;.._' 

l/ 

·. 

r • ) -·~ 

,• 

,. · . 
-~ . 

~--·· 

~:. 

where. 

•. -.' 

~- :, .. , '.· 

'. 

. ;_, 
~· ·.· /: .. : 

. i-." 

:~ 7o~· >;B}_··::. '-. / . 
( .. _,.· 

•• 
APPENDIX· II:; 

·•, ' .. , 
'' .~ 

-.... 1: 

. -~ J.-... -.. 

; __ ·..'·'· 

•I "·~ . ··"· 
.. --.. 

... .. ··.- ._,. 

fo .' 

·. __ , .. ,· 

. __ , 

-.- ~. 

...... · ... •.1'· 
Jr> 

., ') 

' 'l'• 

l. 

!j· . 
. • I 

I; 
1 

i = ~)} 

'. i 

.. · _ .. , 
~ ' j 

·~-. ~ -~ ;. .. 

'·:- · It is easy to. calculate for' higher · _£, but the con'l:;ribution is too.· 
-.~:-·1. .· .. ,.·<.:. 

.,··-; ,. 

I ¢·.""' · small for -- -~- where the phase shifts of higher £ are large. 
' ; . 

We .notice in' . .the approximation of 'T(k) = a that the correction 
• 1 ~ .. 1. 

is positive,in<(l6), but. this is not necessarily 'true in our cas·e •. 

.... · Furthermore, since 'the· contribution for m* largely comes from 

higher . .e', it ID;akes'the;correction to ·m* relatively small~ 
. , (_ ... 

~ · .. ' :· . ...... -~ 
..... 

' .... , -~ :-. '/·,'-

-' ·_,' ., 
.. ; 

, -. , .. ~ -. 
. -): ·1 

. . ~ ... -... . ' 
.•. ·.· ;-·, 

' .. ~ ' . ' .. : ' 
\: • . ,'· .·/ ., .. 

'• . ' 
T 

'· . ~ .. 
" ~- I ... - ,, .-.. ~ 

' ··- . ' . -~- ~ t ··~- ·''. 
-~ ·._ .. j 

... _ ... 
---v .· 

'· 

_I 

'i. 
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The phase shifts of the Y·S potential with various ~ss numbers. 
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For m =.8 
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The phase :shifts· of the 6~12 potential with .various ~ss numb.ers • 
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Table II. continued 
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For m = 5 
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This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com~ 
mission, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa­
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor­
mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com­
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 
of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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