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ANALYSIS OF A TRAVELING-WAVE BEAM ELECTRODE 

Introduction 
l 2 

Several authors ' have studied the response characteristics of 

wire-loop types of beam monitoring electrodes for use in particle 

accelerators. The purpose of this analysis is to obtain a rigorous 

solution for the frequency response characteristics of the traveling-wave 

type of beam pickup electrode shown schematically in Fig. l. We consider 

the pickup wire and the vacuum tank wall as constituting a transmission 

line which can support transverse electromagnetic waves coupled from the 

E and H fields of the particle beam. We further want to consider 

matching the impedance seen by these waves at one port and to determine 

the resulting voltage appearing at the other (open-circuit) port. In 

the process of solving for the voltage, we derive explicit expressions 

for the electric field associated with a particle beam in a toroidal 

metal pipe of circular cross-section. The response of the pickup electrode 

to c.urrent waves on the inner conductor of a coaxial transmission line 

is also calculated and the results compared with those for a particle 

beam. MKS units are used throughout the discussion. 

I. Method of Solution 

Rumsey3 has shown that the open-circuit voltage received by a metal 

antenna in an isotropic medium is given by 

v = l !"\:" I ua 
a 

d J 
a (l) 

where V = the voltage appearing at the terminals of antenna a due to 

a source E; E~+) = the electric field of b which would exist in the 

absence of a; J. 
- a the conduction current density which would flow on 

the surface of a if it were excited by a current source I with b turned 
a -

off. (J will hereafter be referred to as the "test current".) These a 
quantities are written in a-c complex form with e-liDt time dependence. 
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The distribution of the test current takes into account the interaction 

between the physical•structures of~ and E· For the beam monitoring problem, 

b becomes the charged particle beam and the metal pipe, and ~ becomes the 

length of line running along the pipe wall. We will assume that the pickup 

line can be made so as to present a constant impedance to waves traveling 

along its length' and to-completely-absorb any energy incident upon which

ever rort we choose; the other port is left open and we calculate the voltage 

at the open.end. To,consider the voltage appearing at the downstream port, 

we imagine a current source of strength I connected between~tne'tahk·:wa1l a 
and the pickup line at z ::::: £., r ::::: a. Neglecting the width of the wire, 

::;.::_';; test· current is written as 

J, 
a 

a< r < b 

Here, ~ ::::: w/v~; v~ ::::: the characteristic phase velocity of the pickup line 
. .... .... 

transmission system; rand z are unit vectors in cylindrical coordinates. 

( v ~ will be ~qual to _c_, the speed of light in free space, unless some 

dielectric material is purposely introduced into the system.) 

II. Response to a Coaxial Line Source 

The voltage appearing at each port when a sinusoidal current wave 

(or Fourier component of a current pulse) is traveling down a conductor 

placed at r == 0 is easily calculated from Eq. (1) if we assume that 

(a - b) <<b. Under these circumstances, we can ignore any distortion 

of the test current due to the conductor at r == 0. 

~(+) is now given by 

- (+) 
~ 

l/2 
where I ::::: peak magnitude of current on inner conductor, T} == (1-l/ E.L· S;P..d 

I'== w(IJ.E)l/2. 
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Performing the integration indicated in E~. (1) yields the complex form of 

the voltage appearing at the downstream port when the upstream port is 

matched· 

6 =a- b 

b 
(We have put J a 

-iyr 
e 
r 

dr = ln b/a + iy6.) 

The corresponding expression for the upstream voltage can be found by 
-iy( z-£) assuming an incident field with exponential dependence e . The 

result is 

V(up) = ~; iya 
e [e2iy(£-b) (ln a/b + iy6) - in a/b + iy6). 

(3) 

(4) 

.Plots of the 11 transfer impedances 11 V( ~own) and V(up) 
I as functions of 

the wave number y of the incident field are shown in Figs. 2 and 3. 
The response shows directional properties similar to those predicted by 

Firestone and Knechtli.
4

' 5 We do not see 11 infinite directivity 11 in tlJ.\j 

sense of zero voltage appearing at the downstream port, however, because 

we have included the effects of the radially directed segments of the 

pickup line. The low fre~uency slope of the voltage curve corresponding 

to Fig. 2 is very close to that predicted by application of Faraday's law 

to the loop. Observation of the pulse response of a test model shows that 

the transfer function for the upstream port is given ~uite accurately by 

the simple expression 

Z(f) = 2 "A +rrif.l\. 
- 1 e sin (1tf.L\) (5) 

2£ 
where i\ = -- = the time re~uired for a signal to travel twice the length v 
of the pick~p line; A is a real constant which depends upon the lengths 

a and b. For a= 4.76 em, b = 4.44 em, the value of A is about two ohms. 
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III. Field Expressions for a Particle Beam 

A. General Solution 

We consider the E and H fields associated with a charged particle 

beam circulating in a perfectly conducting toroid of circular cross-section. 

The geometry is shown in Fig. 4. The method of solution of Maxwell's 

equations inside the tank is that of Dr. V. K. Neil and is described in 

detail in Ref. 6. It will be assumed for this analysis that R >>a, and 

that the beam is of negligible cross-sectional area. The beam current 

density is written as 

J 
5(r - r ) 5(8 - e ) 

0 0 = r 

The corresponding charge density is 

p = I J I 
v 

p 

5(r - r
0

) 5(8 - 8
0

) 

r 

f(<fl - (!) t) 
. 0 

R 

Equation (6) defines a circulating current of magnitude m f(<fl - m t) 
0 0 

(6) 

(7) 

amperes located in the pipe cross-section_at r = r
0

, 8 = 8
0

; the charges 
Yg_ I . __ a:J?e traveling with angular ·:velocity m

0 
= R radians second and are 

distributed in azimuth according to the function r(<P). 
-imt - -Assuming a time dependence of the form e , the E and H vectors in 

the tank can be expressed as a sum of the-eigenfunctions characterized by 

potentials ~ and Wa which are solutions of the homogenous wave equations 

.if~ +~ 
2 

f.tE A"A = 0 

2 if "lf 0' + (!) 0' 1-L E 1jf0' = 0 ··--

The total vector magnetic potential A and scalar potential function <Jr 

are expanded in terms of the ~ and <Jr a • .. 

A(r, t) q_"A ( t) ~(r, 8, Z) e, z = E 
. ' 

"A 

W(r, e, :<t, t) = E qO' ( t) <Jra(r, e, z) 
0' 

(8) 

(9) 

.. ·
•• 

~ 

..... -
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The subscripts A and a will be seen to imply several parameters over which 

one must sum to obtain the general solution. Once-A: and.W are obtained, 

the electric field is 

-oP.. 
E ::: - \7'1jr .. dt (10) 

·"jJ 

A and 1jr are related to the sources J, p, by 

if "A 
(j -o 2P... 

- j.lE d-t (L>W) - j.lE 

2Jt2 
::: - j.lJ (lla) 

ifw ::: - p E (llb) 

\7 • A ::: 0 (llc) 

If the functions ~ and *a are normalized such that 

. Jv I ~ 12 dV == fv I '1jr a 12 dV == l 

where V == volume of the toroid, then insertion of (8) and (9) into (ll) 

yields the following relations for determining the sets 

qa (t): , . 

2 
d q'A 2 

1/E j J -* 
dt

2 + ~ q'A == ~ dV v 

1 f p '1jr * dV Cla == 2 2 v a 
rna :f1E 

(The asterisk denotes the complex conjugate.) 

g_A (t); . and 

( 12) 

(13) 

Since a large radius of curvature is assumed, the solutions of the 

homogeneous wave equations ~y be taken as those appropriate to a straight 

pipe, with the restriction that the distance 2nR must contain an integer 

number of wavelengths in the z direction. 
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The A and *cr functions are therefore 

~ i~ 
(k"A r) 

i(n 8 +~ z) 
~ r == N"A-R- J.' e R 

n 

" ei(n8 +~ z) 
~ 8 N"A 

nm 
Jn(~ r) == rR 

" 
~ z N"A k"A 

2 
Jri(k"Ar) 

ei( n8 +~ z) 

*cr Ncr Jn (kcr r) ei(n8 + ~ z) 

(Primes denote differentiation with respect to the argument.) 

The condition J (It~a) == 0 insures the vanishing to the tangential 
n 1 . 

E at the tank walls, and the eigenfrequencies wcr' w"A are found from 

2 
W. j..LE 

l 

2 
== k.2 + .!!!__ 

1 R2 
. i.== cr or "A; m == 1, 2, ... 

The normalization constants N , NA are 

a 

Ncr 

2k2 
m A 

R 

The solutions to 

q (t) 
(J 

1
2 

[R f J 
2 

(k. r) r drr1
/

2 
:n: n o 

a 

J 
0 

0 

kJ r n ( k"A r) ] 
2 

r dr + , n 2m2 

4 
R~ 

equations (12) and (13) become 

-N~ N w L 
2 

R J (k; r ) 
" m o · A n " o 

== 2 2 2 
E(~ - m w

0 
) 

-1(n8 +I!YJ.) t) e o o 

N N 

2
cr m2 J (k r ) 

n cr o 
W(J j..LE 

-i(n8 + lliD t) 
e o o 

~ .· 
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The factor N is related to a Fourier decomposition of the beam current and 
m 

has units of charge. 

N 
m J 

0 

2n 

The surrunations for the electric field components can now be written 

E = -
8 

E z, 

(j) 
0 

€ 

. 2 I lC 

rE 

n,m,cr 

. 2I. lC . 

R€ ....... 

n,m,cr 

N 
2 

N m 
a m 

2 
mcr 

. 2 N 2 L 4 N 
l v P - A __ A m m 

+'"HE\ 2 2 2 L_J (m -m m .. ) 
n,m, A A o 

J 
n 

i( n8 - n8 e o 

- nro t) 0 • 

i ( n8 - :ne + ·mz - nro t ) 
e o R o 

( rr€)-l/2 In these relations, v is the particle velocity and c = ~ is the 
p 

velocity of light in the tank. 

The magnetic field components H8 and Hr can be found from 

\lxE = 

The surrunations include integer values of E from - oo to oo, integer values 

of m from 0 to oo; the summations over a and A implying summing over all 

N
0

, NA, m
0

, ~ k
0 

and ~ for each set of values n, m. 
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B. Electric Field of Centered Beam 

The general solution forE simplifies considerably when r = 0. We 
0 

further simplify the expressions by considering each frequency component 

of the field, E , separately, and by deleting the time factor e-immot. 
m 

From the centered beam then 

E = rm 

E. = 
zm 

N mz 

[c2 2J 
N 2 k 

m i- cr cr e R 
2 E 

(J) 

2 2 
v m 

p 

im N 
m 

ER 

2 
v p 

.mz 
[-l-

e R 

}~ 
~4 

2 
(~-

A 

cr cr 

2 

c2l~ 
N cr 
-2 

cr mcr 

N 2 
A J 
2 2) 0 

ffi(J) 
0 

Jl (k r) + 
0 cr 

J (k r) + 
0 cr 

(kA r)J 

The corresponding expressions for Ncr and NA become 

and as before 

N 2 
cr 

N 2 = 
A 

J (k. 
0 l 

2 
(J). j..lE 

l 

2n
2 

a
2 

R J 1
2 

(kcr a) 

2 2 2 2 2 2 
2n a ~ J 1 (~ a) (~ + ~ R) 

a) = 0 

2 i cr, A 
m k. 2 = 
R2 

+ 
l 

(14) 

(15) 

(16) 

( 17) 

) 
·-

~' 

i 

-· 
.... 
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Equations (14) and (15) define a traqsverse magnetic, circularly synunetric 

electromagnetic field at frequency 
Iltl)6 

The wavelength in the z direction 
2:rrR 

is A z m The axial component of the electric field is ninety degrees 

out of time phase with the radial 

For frequency c;:omponents for 

can be further simplified to 

Noticing that 

E ... ~ 
rm 

E. ~ 
zm 

y· 
1-.... ~l :2 cr a k 

.mz 
N elR 
m 

2 2:rr R E 

.mz 
-im N elR 

m 

Jo (kcr r) 

2 2 
(kcra) Jl cr 

component, and vanishes as v ~c. 
2:rra p 

which-=;:::-- << 1, Eq. (14) and Eq. (15) 
z 

= 
l 
2r' and 

=-ln~ 
2 

J (k r) 
o cr 

the "long wavelength" fields are written as 

E rm 

= 

.· mz. 
N elR 

m 
') 

4:rr 6 
R E r 

im Nm (l- vp
2
jc

2
) 

4:rr2 
E R2 

. mz. 
l -(ln r/a) e R 

The radial component of fj_eld becomes of the same form as ~ould result from 

current flowing in a coaxial line with a phase velocity equal to the 

particle velocity, v 
p 
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It should be noted at this point that expressions for the elect:hc 

field when r = 0 can be obtained in closed form directly from Maxwell's 
0 

equations. The expressions are complicated, however, and bear little 

practical advantage over the series formulations of Eq. (14} and Eq. (15). 

IV. Response to a Beam Source 

We can now perform.the integration indicated in Eq. (l) for an 

arbitrary beam current. Since the frequency response of the pickup 

will depend upon the distance 6 only through a magnitude factor, we let 

r = 0. 
0 

The beam current is assumed to be unaffected by the presence of 

the pickup wire. 

Inserting Eq. (2), Eq. (14) and Eq. (15) into Eq. (l) gives the 

following expression for the mth frequency component of the voltage 

received at the downstream port. 

2 N 2 ':l 

kcr Ncr k -' 

J f -
2 2 I A ·e:. 

fA m CD + 2 C1 0 2 2 2) 
CDcr (~- mCD 

A 
0 

.me 
kcr N 2 2 3 

eL.-R 
[c2I 

cr 2 2 ~ NA ~ ] }}} 2 f * +mCD .· 2 · 2 2 fA* r cr 0 CD A (CDA -m CDo ) .. cr cr 

a 

J +i~r ( ) 
f i - b e J 1 ki r dr ; i = cr or A. 

~ 

IlU) 
0 

, and the asterisks again denote the complex conjugate. 
v<!> 

,. 

(18) 

... 

'" 



r 
L 

i , . 
. , 

- ll -

The corresponding solution for the voltage received at the upstream 

port when the downstream port is terminated can be found from Eq. (18) 

b -im£/R by changing the sign of v and multiplying y e . 
p 

Since the magnitude and phase of each frequency component of the 

received voltage depends upon the particular distribution of the charge 

around II>, it is convenient to define a transfer impedance function which 

can be used independent of the charge distribution. We therefore define 

Z(f) at each port as the ratio of the voltage at frequency ~0 appearing 

at that port divided by the corresponding Fourier component of beam 

current.. Once these functions are known, the output voltage waveform 

for any beam current can be calculated. 

The functions Z(f) are found by assuming a particular form for f(il>), 

evaluating Eq. (18) for different values of m, and dividing by the 

corresponding Fourier current components. Numerical results using para

meters applicable to a large proton synchrotron are given in Figs. 5 
through 10. Note that for v ~ c, the upstream response becomes essentially 

p 
that calculated for the coaxial line, but differs considerably for less 

relativistic velocities (see Fig. 7) For the case vp = vii> < c, Fig. 6 

shows an increase in the downstream output above that for unmatched 

velocities (Fig. 5). The fundamental voltage component at frequency 

f'1 : 0 , M being the number of charge bunches around the machine, 

is shown in Figs. ll and 12 for varying vp with£= 2~ = A1/2 when 

vp = c. For a pickup line modified such that vil><c, the fundamental 

voltage component corresponding to Figs. ll and 12 becomes zero at the 

velocity vp =vii> and increases linearly with increasing velocity. 

V. Discussion and Conclusions 

The upstream transfer function given by Eq. (5) applies to a beam 

source when v /c ~ l. (The constant factor A differs only slightly 
p 

from that for a coaxial line source for a given distance L.) This 

function theoretically generates an accurate reproduction of the beam 

current pulses if the period of the pulses exceeds the "round trip time", 

A , plus the pulse width, t , and if A > T However, since the beam 

pulses in an actual machine will vary, one should design :the 

electrode such that A < T/2. (It should also be noted that a practical 

pickup ~auld have to be shielded from the effects of stray particles and 

secondary electron emission.) 



A possible beam-pulse form is shown in Fig. 13. The resulting 

upstream output voltage for 6 = 0.32 em. and v ~ c is shown in Figs. J4 
p 

through 18 for different input periods, pulse widths, and round trip 

times A. It is interesting to note that when A = T, the negative going 

excursions of the output pulses just cancel the positive excursions, and 

we see zero output at this port. (These curves assume the matching con

ditions at.each port can be maintained at frequencies many times \he 

fundamental frequency of the pulse train.) 

We can conclude that the type of beam monitor studied here can 

be used effectively to observe the shape of current pulses in a high energy 

accelerator beam. The magnitude of the output voltage at the upstream port 

should be great enough to be amplified and displayed easily. For example, 

the voltage pulses pictured in Fig. 14 would have peaks of one millivolt or 

more for all machines for which N ~ l0-
3

T, where N is the total number of 
2Ae 

particles circulating, e is the charge per particle, M is the number of 

charge bunches around the machine, and 2A is the peak amplitude of ~he up-

stream transfer function. A good approximation for A when v cp v = c is 
p 

A~ 30 ln (a/b). If one desired a pickup with v < c, an alternative to cp 
dielectric loading might be to sp:iral the line inside the beam pipe, forming 

I 2 ( )2 2 _l a helix. For the helical line, we would have vcp' ·c = [l + n a + b P ] 2 , 

P being the number of turns per meter, and we assume that the turns are 

spaced far enough apart to be isolated electrically. 

The directional properties of the pickup might conceivably be 

used in an electron-positron storage ring or other machines having two beams 

of unlike charge circulating 'in opposite directions; each port would respond 

primarily to the current comp;:ment for which it appeared as the "upstream" 

port. Four pickups placed around the beam pipe could serve as part of a 

beam-position monitoring system. 

An experimental model was constructed at the Laboratory to 

check the accuracy of the calculations described here. The model used a 

large coaxial line as the current source. The line was terminated in its 

characteristic impedance to avoid reflections. The pickup electrode con

sisted of a half-inch strip of 75 em. length with a spacing from the main 

line wall of l/8 inch. The observed outputs matched the predicted forms 

for continuous and pulsed inputs. The predicted magnitude of voltage 

(Eq. 4) for a sine-wave input matched the measured value within three per

cent at 100 me/sec. Figure 19 is a photograph of the test setup. 

!-' 

... -,.{, 
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Schematic of pickup electrode in beam pipe. 

Magnitude of the upstream transfer impedance vs. wave number for 
a coaxial line source with£= 75 em., 6 = 0.125 inch. 

Magnitude of the downstream transfer impedance vs. wave number for 
a coaxial line source with£ = 75 em., 6 = 0.125 inch. 

(a) Top view of toroidal beam pipe. The particle orbits lie in 
the plane of the paper. 

(b) Cross section showing cylindrical coordinates r, 8, z. 

Magnitude of downstream transfer impedance vs. frequency for a 
beam source with f

1 
= Mm

0 
~ 100 mcs; £ = 37.5 em.; 6 = 0.5 inch; 

v = c. 
cp 2rr 

Magnitude of downstream transfer impedance vs. frequency for a beam 
source with f 1 = 100 mcs; £ = 37-5 em.; 6 = 0.5 inch; vcp vp = 0.8 c. 

Magnitude of upstream transfer impedance vs. frequency for a beam 
source with f 1 = 100 mcs; £ = 37.5 em.; 6 = 0.5 inch; vcp c. 

Angle of upstream transfer impedance vs. frequency for a beam 
source with f 1 = 100 mcs; £ = 37·5 em.; 6 = 0.5 inch; vcp c. 

Magnitude of upstream transfer impedance vs. frequency for f
1 

£ = 37-5 em.; 6 = 0.5 inch; v = v = o.8c. cp p 

100 mcs; 

Fig. 10 Angle of upstream transfer impedance vs. frequency for f
1

,= 100 mcs; 
£ = 37-5 em.; 6 = 0.5 inch; v = v = c. 

cp p 

Fig. ll Magnitude of upstream transfer impedance at the proton bunch 
repetition frequency vs. v with £ = 1.5 meters; 6 = 0.5 inch; 
v = c. p 

Fig. 12 

Fig. 13 

cp 

Magnitude of downstream transfer impedance at the proton bunch 
repetition frequency vs. v with £ = 1.5 meters; 6 = 0.5 inch; 

p 
v = c. 

cp 

A beam current pulse~train with T = 10 nsec.; T = 1.18 nsec. 

Fig. 14 Upstream output voltage pulse-train corresponding to Fig. 13 
assuming v = c; 6 = 0.125 inch; A= 2.5 nsec. 

p 

Fig. 15 Beam current pulse-train with T = 10 nsec; T = 3 nsec. 

Fig. 16 Upstream output voltage pulse-train corresponding to Fig. 15 
assuming v = c; 6 = 0.125 inch; A= 3 nsec. 

p 

Fig. 17 Beam current pulse-train with T = 10 nsec; T 6 nsec. 
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Fig. 18 Upstream output voltage pulse-train corresponding to Fig .. l7 
assuming v = c; 6 = 0.125 inch; A= 2.5 nsec. 

p 

Fig. 19 Photograph of experimental model. Part of the outer conductor is 
removed to display the pickup line. 
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This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com
mission, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor
mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 
of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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