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ABSTRACT 

.:: • ..J 

The reactions yd ~ ~-2p, ~+2n were studied near threshold with 

the Berkeley electron synchrotron. A 4-in. liqui~deuterium bubble chamber. 

served as target and detector in a 194-MeV bremsstrahlung beam hardened 

by about one radiation length of LiH. A total of 1309 ~- and 447 ~ + 
~ I 

I 

events was analyzed. The experimental data for the minus-to-plus ratio' 

R.were corrected for final~state Coulomb interactions by the method of 

Baldin, with the results R = 1.28 ± 0.13 for 160 :tv1eV< k < 175 MeV and · 

e* > 110 deg (c.m.); R ~ 1.13 ± 0.13 for 152 MeV < k < 160 MeV and 

e* < 110 deg (c.m,). The theory_ of CGLN, modified by Ball to include the 

p-exchang~ parameter A, predicts R = 1.28(i -· 0.14 A/ e).. This relation 

was used with our values of R to obtain A/e = O.Of0.7 and A/e ~ 0.8f0.7 

for the· above two photon ·energy ranges. The Chew-Low extrapolation 

technique was used to obtain the value of the squared matrix element 

a0 - for the reaction yn ~ ~-p. It was found to be a satisfactory method 

to apply to the deuteron for deriving reaction cross sections for free 

neutrons. We obtain a0 - = 27.3±2.8 ~b/sr at thre~hold with~-~lope of 

-0.30±q.16 ~b/sr-MeV. Our-most accurate value.is a0- = 23.3±1,9 ~b/sr 

at k ;., 162 ·MeV;. These results have been ·corrected for· the final-si:a te rn 
~-p interaction, by means of the Coulomb penetration factor. The threshold 
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value of the squared matriX element for the re~ction • ~ ~ te + n was 

determined to be ao + using thesame 

apparatus •. Combining theseresults 
.. , 

1.27±.0.13 at threshold. and Aj~:;, 0.06±_0~7/: rfue result~:·are in· good c_·,·. 

agreement with the_ CGLN theory} ·arid consistent :with a.-: value A· == 0;. 
~~ 
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I. INTRODUCTION 
-·-~-:...:..__,...:.__ 

The ratio of photopion production from neutrons to that from 

, protons near threshold is a physical quantity of continuing interest. This 

quantity R:r;O'- fa+ a(yn ~ 1C-p)/a('{P ~ 1C+n) is important for the following· 

reasons: (a) A firm theoretical.prediction has ex~sted since 1957, when 

the dispersion relations of Chew, Goldberger, Low, and Nambu (CGLN) ~ere 

published.1 (b) There is an intimate relations.hip between R and other 

measurable pion-nucleon parameters. These parameters are the cross section 

for positive photopion production by protons near. threshold, the pion-
. . 

nucleon s-wave phase shifts, and the Panofsky ratio. These parameters· 

. 2-16 
have been the subject of widespread discussion and controversy. 

(c) Recent corrections to the theory of photopion production have 

introduced the possibility of detecting the contribution of dipion or 

. 17-25 p-meson exchange terms. The value of R is very sensitive to these 

terms, since they enter in the 1(- and 1(+ amplitudes with opposite relative 

signs. 

.Because of its simple structure, deuterium has been generally 

used to study negative photopion production, and the a-.;a+ ratio R. 26- 45 

Most previous experimentation has involved particle-detection techniques · 

using thin targe~s or deuterium-loaded photographic emulsions. Complete 

analysis of these experiments.was limited because of the incompleteness 

of kinematic data due to the difficulty of detecting the low-energy pions·. 

and recoil nucleons that occur near threshoid. :i:n these reactions,· the 

"spectator" nucleon usually recoils with enough momentum to invalidate.· 

simple two-body kinematics •.. Also, unless rather complete kinematic 

information is available, it is difficultto apply the correction that 

Baldin has estimated for the final-state Coulomb interaction in the 
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· ~. ,_ yd ~ _rc -2p reaction~to ·_ , ' . -- · ' . ~1, -• · ~-

·) · .'. An a~ternative approa~h- used by Gatti et al, ~~ ~s to measure 
~ .. " ' . . . ' ' ' ~~::~ ~. 
). - -·, · . the cross section a(rc-p :-+ yn) and apply detailed balance, This obviates 

--~ ' .. - t,. .. • . • . . • ' • ., •.• ~ ·, . ·. 

-'" . ,. ' ·.the di:f:f'iclilties inhere~t 'in using a deuterium ta:rget': but suffers :from 

.,_ 

the difficulties in detecting neutral particles. 
~ !. 

In several important respects, a deuterium-:fiJ.:led bubble chamber 
- , . . . I 

is an ideal instrument with which to study photopion production by deuterons 

near threshold: 

·.simultaneously. 

-' 

(a) 

(b) 

, I 

.Both negative and positive mesons may be observed ., 
The reactions may be studied quite near threshold, 

-. because the secondary particles are not required to emerge from the 

chamber and enter a separate_ detect·or. (c) A range of photon energies 
I 

. - - tl 
may be simultaneously studied, yet it is possible to determine accurate~y. 

•.··· 

'• ... 
the photon.energy :for each event.o:r· the ~ype yd :-+-rc~2p. (d) Complete 

kinematic information on this reaction is obtainable; enabling us to make 
• A-~ 

-: 

\. 1 

use of the Chew-Low extrapolation technique. -' 

. . ' 48 ' . . .. _ . . . ·_ ·. . _----
In 1959, Chew and Low . described a very powerful method -by· which ·- ·> .. 

'-• 

cross sections of target particles that are actually bound in a complex. · ...... 
system may be ~nalyzed to' yield the free-particle cross section.· We 

have used their method to .obtain the free neutron cross section 
.(_ 

a(yn ~re-p) from observations of n·egative pion production in a deuterium· 
. . . . . . 

- . 
. bubble chamber. This is done by· fitting a prescribed function to the . . . 

- . -

measured differential cross 'section :for various values of the spectator 

':proton momentum p
1

• Extrapolation of this empirical curve to- the (nonphysfcal) 

point, wh~re pi 2 _ = ·- c}, yields .the free -ne~tron cross section, . The c'onstant · 

.a is the deuteron_inverse radius. 

As may be judged :from -~ig. 6-·, the~di~ta~c~ of extrapolation 'is ·.· •. , 
' 2' - .,. 

··not la~ge compa:r;:ed with the.range of values of Pi accessible in the 
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experiment to be des·cribed. Therefore we are able a relatively 

reliable extrapolation. 

II. EXPERJMENTAL TECHNIQUE 

A. Apparatus and Procedure 

Figure 1 shows the arrangement of the apparatus used to produce 

a clean "hardened" 194-MeV bremsstrahlung spectrum incident on the · ' ' 

4-in. -diameter liquid deuterium bubble chamber. 49,50 i There was approx:i,-

mately one radiation length of LiH between the Pt target of the synchrotron ., 

and the bubble. chamber. This served to reduce the relative number of. 

photons with energies below the pion productton threshold, which 

contributed only to undesirable electron background in the chamber. Also, 
!I 

! 

thin entrance and exit w~ndows were used on the bubble chamber. Because 

of the large· background of Compton and electron pair -production. reactions 

produced within the chamber by such a beam, it was necessary to operate 

the chamber in a temperature range such that minimum-ionizing background 

particles left very tenuous ·tracks but the slower pions and protons left 

I 
clearly distinguishable dark tracks. Details of operation and the photon· 

spect~um are presented elsewhere.5l-53 . The primary flux monitor for the 

·experiment was a Cornell..:tY.Pe thick-wall ionization chamber placed 

behind the bubble chamber as shown in Fig •. L Its calibration54,55 was 

corrected to account for the hardened spectral shape and the duty cycle 

of the bubble chamber operation. The average photon flux through the 
6 . 

chamber was 0.8 x 10 MeV per picture., ·rn an auxiliary experiment, a 
... , .. .,:--:_ ... :..::.__,_ '·-~~...; ·. 

pair spectrometer was used to determine both the.peak energy and the 
. ! 

spectrum. of· the bremsstra.hlu:r;tg beam. The ·synchrotron was operated at 
. ~ . 

peak energies of 194 ±. 2MeV for the main run and 138 ± 1.5 MeV in order 

. ·,,, 

i 
I 
I 

' I 

I 
i 

I 
l 
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·. to evaluate backgroun'ci effects. Data . collected during··~ ·: ;:· · ···• 
. I . 

the lower-energy run were used to estimate the background suqtraction 
. ,•,. 

for two- and three-prong photoprotcm scatterings capable of simulating 

. negative-meson events. The 194-MeV peak energy for the main experiment 

· was selected because, above 180 Mev·, chamber efficiency for analyzabie 

' pion events dropped rapidly, and higher-:energy photons caused ambigu~ty 

in interpretation of certain observed events and contributed.to the 

~lectron background. 
., 

.Because of the limited track lengths avai~able, the .use of a 

magnetic field WOUld not have facilitated the analJ:SiS Of this experiment. 

B. · Measurement and Interpretatio.n of Events 

Three hundred thousand stereoscopic photographs were scanned 

twice, yielding 1309 an&lyzable n:-. ev~nts .~om'th7' re~ction' ' 

I . I. 
;' 
I 

. t' ; (1) 

. an~ 447 events from the reaction 

(followed by 

+ ·I'd.~ n: 2n. 

n:+ ~ ~+v). 

(2) 

See Figs. 2 and 3• These events were opserved in two separate sca:n:s 

·~i th calcul.a.'ted overall scanning efficiencies of 98.4% and 99.8%, . 
j 

. respectively. Measurements from the stereo pictures allowed the spatial ... 

·reconstruction of each multipronged event and the calculation of the 

angles and lengths of the tracks. 

. The :ni.a.in problem in the interpretation of events was the 
' -~ 

"' . 'separation of pione-..:ents froma background of photonuclear.:.product 

scatterings.that.might simula:te the desired pion events. For.this reason; 

the complete analysis of every event included visual inspection of 

i· 

... 

! : 

.,.. 



... 

-5-. UCRL-11587 

ionization, as well as kinematical analysis. 

·o o 
The contributing background reactions are rd ~ ~ d, rd ~ ~ np, 

rd ~ np, and rd ~rd. The background of single-prong heavy-particle 

events was about one per frame. We analyzed the photoproton scatterings 

found in the film.exposed at 138 ± ·1.5 MeV, exactly as if they were 

cases of negative photopion production. The visual inspection was done 

by a physicist unaware of the nature of these events. All these events 

· were identified as photoproton scatterings by the location of the vertex 
., 

outside of the beam, by the direction of the ioni~ation density gradients 

of the tracks, or by kinematical analysis. 

The Tr + events were identified by the characteristic range of 

the muon ( 1.0035 ± 0.053 em in the bubble chamber), and in 2 7o/o of 1
\. 
i' 

the cases by the electrgnic muon decay as well. The average range 

of the muons in ·visible Tr + ..,. tJ. + - e + decay .chains was used to 

determine the density of liquid deuterium in the chamber, using the 

expression 

-2 (muon range in hydrogen, g-em ) 
(muon range in deuterium, em) 

= 2.01471 {0.0656 g-cm-2 ) = -3 0.1307 ± 0.0013 g-em . , 
1.00813 { 1.0035 em) 

where M~Mp is the ratio of the mass of the deuterium atom to the mass 

of the hydrogen atom. W~ assumed the muon range in hydrogen to be that 

given by Clark and Diehl. 56 The range-energy curves of Clark and Diehl· 

were scaled according to our observed muon range. In the region of· 
• 
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interest (R < 10 cin}. the adjusted range -momentum relationships very 
. . 

. . . . ~ . . 

closely .followed th~ forms . . -;. 
··'. 

P = 144 R
0

•
277 

(protons} 

P = 36.3 R
0

•
270 

(pions} 
( 3} 

. ' 

, where the momentum P is in MeV/c and the range R is in em .. 

By means of energy-mom~ntum conservation equations·, it was. 

·. · possible to completely solv~ 'any Tr- ev~nt in which three prongs were 
... 

visible, and those events in which only two prongs were visible but both 

prongs stopped in the chamber. 'I 

The initial problem was to determine which of the thre,e outgoing 

particles was the meson and which were protons. To do this, each event 
. ·. 

was solved completely three times, each time with a different mass selec ":' · . . 

tion. An unambiguous choice was usually given by these results. Ten 
'I I 

' fundamental quantities must be obtained or inferred from the measurements . 
on each event; These are the photon energy k and the three momentum 

·components of each of the three final-state particles. The photon direction 

was determined separately by measurements on electron pairs in a more 

sensitive sample offilrn. At least six oithe fundamental quantities must 

! 
be obtained directly from the measurements and the range -momentum 

relationship.· As many as nine of these quantities were determined 

directly,. if three visible tracks stopped in the chamber. The remaining 

unknown quantities were obtained by u~ing the four conservation equations 

for energy and momentum. When more than the necessary siX quantities 

.. were available' from the measurements the. problem was .overdetermined. 

' -: A least-squares adjustment t'o the conservation laws was made by a set of 

IBM-65.0 routines that used the method of Lagrange multipliers and an 

't).. t · · · d 57' 58 · w· h h · d · , 1 d d h · 1 era 1on' proce ure. en t e a JUStment was cone u e , t e program 

' tested to make s1,1re that the .photon energy was reasonable, the event 

·Originated in the beam·: _cylinder and within arbitrary :fiducial 

limits , the constraints . were sufficiently satisfied, 

. it 
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and X was reasonable. 

\ ,, ' ' 
\-' 

III. THE RATIO OF NEGATIVE TO POSITIVE PIONff ,' · 

· A. Pion· Energies and Angles Included 

In order to be identifiable., a positive pion must stop in the 

.·bubble chamber. Therefore, the pion energy range allowed in determining 

the a-fa+ ratio R was necessarily limited. We included only pions whose 

momenta lay betwe~n 29 and 51 MeV/ c, corresponding· to ranges of 0. 42 to 

3.3 em. Thus all pions were of sufficiently long range for rel}able 

identification, and still short enough so that positive-pion tracks 

normally ended in the chamber and their decay signatures were visible .•. 

The data were.divided into twenty energy-angle bins to facilit~te 
q .. , 

making geometry and Coulomb corrections.· The bins are. shown in Fig. 4.: 

The curves that define the bins are based on kinematics of the process 

yp ~ ~+n. If the deuteron binding energy and the neutron-proton mass 

difference are taken into account, these kinematics fairly accurately 

represent the kinematics for the ~recess yd ~ ~-p + iP at rest), as well 
I . 

as for yp ~ ~+n. Two-body kinematics must be used because the ~+nn 

final state is not amenable to analysis. These curves therefore have 

only an approximate relationship to our data.' The bins were chosen to 

·lie between curves 'of eg_ual photon energy (lab) and pion c.m. angle, so 

that the ratio' R could be studied as a function of these variables. 

Areas that were too small to eff.iciently serve as .bins were arbitrarily 

made part of an adjacent bin in the same energy region. 

The dashed line running almost vertically through Fig. 4 divides 

. the data into two regions •. To the right .of this line (forward direction), . 

' '· 
a negative pion is capable of· .carrying .so .much forward motnentum that both 

' : 
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protons may be o:f invisibly short range. The ratio R obtained in this · 

.. forward region must be interpreted as a minimum value. To the left of 

this line, however, at least one proton and the negative pion always 
': 

• have a visible range (R > 1.0 .·rnm) a~d any. final state of· the n: pp system 

. is observable in this energy-angle region. ' 
,, · .. 

B. Positive Pions , 

It is clear that positive pions produced in the bubble chamber 
' ' 

may be close enough to the chamber wall to escape, even though their 
~ 

momentum .falls in the range accessible to our ana+ysis. To account for 

these lost eve~ts, each detected event was weighted by an IBM-7094 Monte 

·carlo routine. This routine randomly displaced and reoriented each event 
!I 

repeatedly, each time testing to see whether it remained entirely withi~ 

the chamber. .. 
The routine gave each event successive random positi~;;,-~-~~nt'il 

100 analyzable positions had been counted. The weight of the event was 

'' I 

· ·· given by the ratio of the total number of positions tested to the number 

of detectable positions found. The boundaries . in pion momentum of Fig. · 4 
, I . 

never allowed the escape correction factor ~o exceed ·about 2.0 in any 

•· .. 

'bin. The statistical error due to the ~onte Car.lc.procedure is· negligible.· 

Other correctio;ns to the n:+ data are a~. follows: 

Scanning efficiency 

Hl . •t 
:unpur~ y 

Muon range not acceptable 

Pion decay in flight 

:f-.. 0 • 'C'/o ' 

·- l.CJ/o r. 

· + o.o1%~ · · 

+ l.Z/o. 

' . 

The net correction was judged to be negligible. 'Errors other than the. . . . . 

statistical error were also assumed to be negligible. · The number of. 

acceptable positive pion eve!lt's ~found was 291:·· .... : '- ' 

··~. : 

.. .. 
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c. Negative Pions 

Analysis of the negative pions was complicated both by final-

state Coulomb corrections, and by corrections for chamber geometry. 

The corrections for chamber geometry were made in the following way. All 
. . 

those events that had one proton of invisibly short range were weighted 

by an IBM-7094 Monte Carlo routine similar to the one used to weight the 

positive pion events. 

Three-prong events were included in the data only if they occurred 
~ 

in regions of the chamber wherein all three-prong events that were 

similar in pion momentum and angle would be analyzable. The boundaries 

of these regions are functions of the momenta of the·particles involved. 

!I 
It was possible to simplify the problem by dividing the acceptable pion, 

angle-momentum area of ~ig. 4 into three regions, each of which accepted 

three-prong events· from various portions of the_chamber, subject to 

certain photon-energy restrictions. 

•· In the long horizontal region above the light line near the top .of 

.Fig. 4, the pion has enough momentum to leave the chamber, if produced 

in certain regions. Three-prong events hEwing a leaving pion track are 

detectable with full efficiency only if the longest-range proton possible 

:·is always visible. Certain restrictions on the position of the vertex 

were made to insure that this condition,was always satisfied. Different 

restrictions were applied to the small wedge•shaped region above the 

shorter light line at the extreme righ~, and to the remaining area below i 

the light lines. 

Weights were given .to the events .satisfying these restriction's, 

in order to account for·those·missed in the remaining portions of the 

chamber. These weights were simply the ratio of "standard" _chamber path 

length (7.0 em) to accepted chamber path length. 
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·Other corrections to the 11'- data are as follows: 
'·- ., . ' 

' , j 

Scanning efficiency 1.6:1: 1.6% 
, .H. 

Events difficult to measure 4.0 :1: 2.5% ... 
' .. Net correction 5.6 :1: 

. i . .. 3.0% 

' ' 

.. ·. 

.I 
.,.· 1- ,. 

' ;. 

. '· 

. The row number of negative pion eyents inciuded in our analysis was 376. 

D. Coulomb Corrections 

A positive correction (around 5% in our energy region) is 

· required because the pp final-state Coulomb repulsion tends to reduce 
.. 

the overall production cross section, Of course ;the pp s-wave nuclear 

interaction strOngly affects the cross section as well. However, a .similar· 

nn final state interaction in positive photopion· produc~ion approximately . 
' + . l.l cancels the effect of the pp nuclear interaction when the a-fa ratio,:L~ 

' . '1 

obtained. 

U · th . · 1 · t · B ld. lO h 1 1 t d th s~ng e ~pu se approx~a ~on, . a ~n as ca cu a e e 

effect of the pp final-state Coulomb interactions. He found the differential 

()2a 
cross section apaq for negative photopion productionfrom deuterium 

- . - 2 . ·. 
near thret3hold to be approximately equal to A(p ,q) I K I .J in the absence· of 

Coulomb interaction. The variables p ~d q are half the magnitudes'of 

the vector sum and difference of the final-state proton momenta, respectively: 

p -
' 

+P --2 
2 

Also, IK-1 2 is the spin-flip matrix element squared for negative photo-

. pion production from f:r_:ee neutrons • Baldin also . used exact pp Coulomb· 

final-state wave functions to calculate coefficients Ac(p,q). to replace 

-the A(p,q). 

We used Baldin' s tabulated values of A(p,q) and Ac(p,q), and·: 
. . . c 

ihdi vi dually weighted each· event found by the ratio. (A/ A ) • The values · ·-

' ' 

' . ·< .! 

i 

· .. 

. ·: \ 

~· 
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used appear in Table I. 

_A negative correction (around 15% in our &at~) is also required 
';{ 

because the final-state Coulomb attraction between pi~n and proton ten:ds 

to increase the overall cross section. To correct for this effect we 

used an approximation to the Coulomb 11penetration fa~tor11 59 along lines 

suggested by Baldin.10 Each event was weighted by the quantity 

' 
(4) 

., 
where v1 and v2 are the velocities of the pion measured with respect to ·· 

each of the outgoing protons; respectively,. in the .c .m. of pion and 

proton. 
I 
!I 

This use of the_Coulomb penetration factor is not entirely 'i 

correct, since it is appropriate only for boson emission from· a single 

nucleon. In our case, we have two protons, either of wh.ich may have 

emitted the pion. Since we have no reason to prefer one proton over the 

other, we include them both .in Eq. (4) ori an equal basis. This formula 

then corrects for the emitting o~ parent nucleon in a proper manner 

through one of its terms. The other term is not exactly correct, but 

we believe that its effect is in the right direction to correct for the 

effect of the nonemitting proton. The error introduced through its use 

should not be serious. 

E. Results 

Table I summarizes .the analysis and results of our determination · 

of R, as directly.observed in the deuterium bubble chamber. The raw and 

corrected numbers of events are tabulated as a function·of the laboratory-

system photon-energy and c .m. -angle bins shown· in Fig. 4. Two-body· 

kinematics for the ~eactionY.P.--+ 1C+n vter~ used in choosing'the bins,·as 
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explained· above. The pp Coulomb-corrections, the_ 1! p Coulomb 

corrections; and the geometry -corrections shown were- determined. by the_ . 
. --

methods just described~ 

In the right-hand part of Table I, the data for the six energy· 

. · bins w~re combined, and the. value of R is given for each of the energy 

bins, I.,..IV. The 5.&/o correction in the negative pion·data for scanning 

efficiency and measurement· difficulties (explained above) was applied at 
·• 

. this point. Therefore the values · for. R are the corrected number of 

negative pions times the factor (1.056 ± 0.030) divided by the corrected 

number of positive pions. 

Note that the· three· values -of R for energy bins I, II, and IIIA-

' . . . f! 
IIIC are minimum va~ues, because full negative pion detection efficienc,y 

is not assured in this region, and a method of correcting for missing 

_events having both proto~ tracks shorter than 1.0 mm was not found. 

·However, _the values of R for the higher-energy bins III D - III F, Dl, V, 

and VI represent the true value of R, within the experimental error • 

Ih the final column of Table I, the values of R are given, averaged , 

over the re-gion not fully I:!.Ill~nable to correction, and over :the region in 

which all known corrections may.be cal~ulated, respectively.· ~e important 

conclusions from this anaiysis are that; 
./ 

R ~ 1.13 ± O.ly_-

for the region roughly defined-as. 
.l 

152 MeV < klab. < 160 MeV, ·a.n.d e .. · < 110· deg, . c.m. 

and R = 1.28 .± 0.13 in the region roughly defined as •'_,., . 

160 MeV< k1. ~ < 175_MeV, and e >· 110 deg. 
au . c.m. 

To check on the validity' of the use of· two -bo~ kinematics to . 

''I 

.· 

·• L 

; --: \)} 
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determine the average photon energy, we ex~ined the distribution of true 

photon energies of the negative meson events used in Table I to determine 

the ratio R. The graphs of Fig. 5 show the number of events, after Coulomb 

and geometry corrections, as a function of the algebraic difference 

between the true laboratory-system photon energy, and the photon energy 

obtained from two-body kinematics for the process ?'P -+ te+n. 

The three histograms contain events ·with pion lab momentum and 
.. 

angle in the ranges given in the caption. These groupings are approximately 

~quivalent to dividing the data into three. groups containing ev~nts from 

bins I and II, Bin III, and bins rf through VI of Fig. 4, respectively. .:1 

The distributions are each peaked at about zero, meaning that 

the most probable true photon energy is correctly given by two-body l! 
t 

kinematics. However, each distribution has a high-energy tail which ... 
makes ari important contribution. Kinematic limitations restrict the 

number qf lower-energy events, and explain the skewness of the distributions. 

rf. THE CHEW -LOW EXTRAPOLATIQN 

A. The Extrapolation Procedure 

-The cross section for the process yn -+ 1C p on free neutrons is 

obtained by means of the-expression48 

2 ~ 2 
2 

2 2_ 4tek2 (Md) ( P1 ·+'a ) 
G(pl ,w)k) = -2- M ( 2 2) 

r p w - M n 

(5 )' 

where p1 is the spectator proton momentum, w is the total c.m. energy 

of the te-p system, and k is the synchrotron photon laboratory-system. 

energy. The ranges of p1 
2 and w2 allowed by kinematics are .shown in 

Fig. 6 as a function of k. Md, Mp' and Mn are the rest masses of the 

deuteron, proton, and neutr9n, respectively, and a is the inverse deuteron , 
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The experimental data· for a given value of p1 may be analyzed 

by including events of all p2_ > p1 • A tabulation of the data which uses 

this choice of recoil momenta is designated "Table A" in Sec. IV.E and 

in Table III. The.cross section can be written as an· integral over p2 : 

+ less singular terms. 

We might, on the o~her hand, arbitrarily choose p1 to be the 

· higher recoil momentum. Experimentally we then include all recoil momenta 

p2 for a given p1 , where p2 <p1 ; p1 is still the extrapolation variab~~· 
I 

The cross section may then be written similarly: 
• 

+ less singular terms. 

2 2 
As p1 --~,the integral vanishes in the physical region in the 

neighborhood of p1 = 0 because the limits of integration approach each 

~a 2 2 other. Then 2 2 m~st be near zero at p1 = - a and therefore this 
dp1 dw 

:choice of recoil, designated "Table B" in our data library, gives a smalL . 

value for the extrapolated cross section. 

It is therefore allowable either to use Table A alone, or 

alternatively to use each event twice in a single extrapolation. In the 

latter case one includes both choice A and choice B for each event. This 

is designated "Table A+ B." 
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For convenience in using them.aximum-likelihood method described 

2 2 
below, G(p

1 
, w ,k) is expressed as ,:, 

2 ·~ 2 [ 2 ·. 2 ] G(p1 ,w, ) = 4JtW(w ) AO+ A1 ( w - w0 ) 

2 2 . 
kt) 

. 2 
- wo 2) l (8) + (p1 + ex ) ( A2 + ~(k + A4'(w ,. 

where the A1 s are adjustable parameters~ 

This expression may be analyzed in the following way. At the 

,'limit (pl 
2 . 2) the desired section pas the-simple form giv'en = - ex ' cross 

~ 

by the leading term in Eq (8), 

2 
on w • 

(9) 

. . l ' ' ' q 
The expression for the cross section (Eq. 8) should depend·only.\· 

, . I 

' I . 

Provision is maQe for such dependence through the p~:~e~ers A0 ~ · 

and the ph~se space factor W(w2
), :which has been defined-~;·-'-

-~ 

Beneventano et al.,35 

2 W(w ) 

* 

J ' .. 

' ~ 

(io) · 

where pJt , w, v, Ei, and Ef are respectively the pion momentum, pion 

, total energy' photon momentum, initiai nucleon total en~rgy, and final 

nucleon total energy. These q~antities are all functions of w2
, and are 

. 
defined in the rn cen~er of mass. Except where noted, ~ = c = ~ = 1. 

2 The use of W(w) iri the above equations is equivalent to equating 
' 2 2 .· ' . ' ·. . . . ' ' 

[A
0 

+A
1 

(w · - w
0 

) ] to a
0
-, the matrix element squared defined by Benventano _ 

· .. · · .. ·. . . . . 2 2 . ' 
et al. Furthermore, A

0 
is equal to the threshold (w = w

0 
) value o~ 

This parameter .is_the one of.greatest physical-interest in this 
.. :. . ·' 

'L( ,.., 

... 
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analysis. The implicit assumption in. the equation 
' 

. 2 
= 4n W(w ) a0 (11) 

2 
is that the differential cross section is. isotropic in the range of w 

included in this experiment. This i·s true because at values of w
2 

near 

.threshold, there is little energy available for angular momentum states 

highe;r than s-wave. This has been.experimentally verified in work on 

't' h. t . d t' 61-73 pos~ ~ve.p o op~on pro uc ~on. 

Th f . f E (8) 1' 't d t fi t d ' 2 "-2 d k e orm o q. was ~~ e o rs or er ~n p1 , w , an • 

Higher-order terms could have been included, but we .felt that the data , 

were not sufficient to determine more parameters. 

B. Application of the Maximum-Likelihood Method 

It is well known .. that the maximum likelihood method u·ses a 

given set of data in the most efficient way possible. The maximum· 

likelihood method was used in preference to a least-squares fit, 

because when the data were divided into three-dimensional bins in 

p 
1
2, w 2, fnd k, the statistics in each bin were often so poor as to 

prevent a meaningful fit in p 
1
2, particularly where the range in 

p
1
2 was kinematically limited. Furthermore, the complicated 

·shape of the ki.nematical limits in p 1~, w 2, and k make binning an 

awkward procedure. (See Fig. 6.} For these reasons we felt that 

the maximum likelihood method was ideally suited to our analysis. 

\j •, 
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In order to employ the rnaxtmum-likelihood. method,~ one may use 
'.:.•' 

··; · . a' general parameterized expression .P(~;A1, • • ·, A~,x0 ,JS_, · • • ,Xn) that:'<: 
. . •(· 

.. .r. ,: represents the differential probability of having an event occur at 

J", . coordinate!'l (such as angle, energy, etc.) x0 ,x1 , ~. ·,xn. The quantities 

! . , . 
j. 

·-·- ' 

{ 

\ 

I 
l. 

\ 
I 

•' ' 

~,A:J_,···,Am are pa~ameters of the theory for the effect studied. They 

are to be 'varied until a maximum is· found in the "overall probability" 

for having obtained the experimental results actually obtained. 

In our experiment, 4, '= (~, ~' · • • ·, · A4) is the set of .parameters 

of Eq. 
2 2 .· 

(8) and.JS.,= (p1 , w ~- k) is the set of experimental variables • li 

The "overall probability" is commonly called the likelihood .. 
filnction £. and may be written 

./ 

~ = ~ (~, ~) • exp( -J P{J;, ~)~ (12) 

. . . 
The product IJP is the- product of . individual probabilities for 

~ 

producing i the actual events· seen. The e:x:Ponential· may be thought of as 

-;_' ', 

·.-.'. I 
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' . . . ' . 

·: ·' ' _: 

'-
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,. "--.·· 

'···, 
' ..... '. 

( 
·\ 
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· ··' the probability of events 1 ·being absent in regions of the · ex.perimental 
2 2 . 

variaQles ~ ~ (~1 J w.Jk) where events did.not occur (see reference ~4, 
. . ' .. 

· .- ·.·:: · for- example) • 
• • i 

.· .· ·' 

•,'·· - •• _1 
.•. ~., ... . '; 2 2 
··· . ·: · .. The probability of s.eeing an event produced at~ = (p1 ,w ,k) is 
'· ,1,,' .. ·: ~~ ·,. . ··~ '• • • 

. ·, .. . ·' ·: '· 

.. , 
., ' 

.. . 

.,r·' . ' 2 2 
G(p1 ,w ,k). 

. ~ .. ' 
:. ' ~ .. ·As. defined.by.Eq~ (7), G(p12,w~ 1k) is insert~d in the right-hand side of 

. . . ' 2 2 . 
. . this ex.press~on; Cc (p1 ,w ,k) .is a correction for the ·final-state Coulomb 

' . 
interaction between particles: It is discussed in Sec. rv. D. The 

.. ·. .. 2 2 
.,,., E(p1 ,w ,k) is an instrumental effi~iency 'function. It is the probability 

.. -·'.·' 

' 1 
! 
i 
I 

' ! 
l ,. ,. 

I 
I 
i 

. \~ :' .. of detectibg an ~vent in the bubble chamber with variable.s (p
1

2 
1 w

2 ,k) it' ; : 
. ' \ :, 

·.· 

.. 
' ,. 

. : . 

. . . ' 

' .. 

~ · .. 

·.·. 

. ,:-:· 

, 
,. 

such .an event is p;roduced. Its calculation is· discussed in Sec. rv. c·. 

s(k) is the spectrum function>which gives the number of incident . '. ·. . 

synchrotron photons per 1-MeV. energy interval. Since pion units 

(~ = c = ~ = 1) are otherwise used throughout,' S (k) determines the units 

-1 of P to be MeV • .. N = pNof ~· , is the number of deuterons per cubic . 

'·· 

·-t : ., 
. , 

C •.. Calculation of Geometric Detection Efficiencies· 

· · ·In order to perform ·.the .Chew .. Low extrapolation:by meA.ns of a 
' ' I ' '- ~ ' '~ ~ I ' '• ' ... , - .;_- • 

~imum-iikelihood met~od. ii · ~s;:·ne~es~~y't6:wr~te 'ari .. e~~ession (Eq. 13) · 

·,.· ·.· "'· . J?~~l)~~1/~t~i(~~" ' ;y,; ;·v , . ?··.'' : . ' . 

i 

' . !. 
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:> ; ' i 
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' ~· ' 

.. J .. 

.. lg.J.· ' 
' ~ 

~· .. 
' . I 

for the probability of observing an event with particular values.of 

. ~ ' .. .2 2 k Th b . . . p
1 1 ~ . , and • . is expression contains, esides the cross section, the 

··. '., ' ,· . 2 2 . 
. . . detection efficie~cy E(p1 ,w ,k) for recognizing the event in the bubble . ;-'lj · .. ·· 

,. 2 2 
.·. · '-chamber. Since the values of p1 ,w , and k do not uniquely determine the 

_"''I 

,1· 

' ' ~ ' ;, . . 
.·. ") 

!0 .. , ...• ~ ... ·.··.·. ·: · configuration of an event, it was necessary to average over two other ., 

';_ . · .... ' 

. ·~:; parameters in order to calculate an· average. geometrical efficiency for 
.... '. ·,· 2 2 . ' . . 

· ': , a particular value of p1 ,_w , and k. The parameters chosen for this 

. , . ·averaging procedure were the polar and azimuthal angles of emission of 
• o I ~ ;. 

'· .. · 
' . 

. : . •' .. ·· ·:·,' ·• . . ' ' \ 
>: .• ,. ·. ~:..,·" :> :the pion in the center of mass system of the pion- and non-spectator proton. · . ~ .· ... ' : 

• ~·· .I 

A computer program calculated these average efficiencies for a 
2 2 .. 

particular set of p
1 

,w , and k by generating the-laboratory angles and: 

1 \1 ang es.:1\ 

; • •• f 

.. }1 . 

·ranges for the three parti'cles over the possible range of c .m. 
. ' · .. \ . 

' ' . . ~ ·· .. Each "event" so generated was assi~ed a detection efficiency. The 
.. :" 

...... 
. ' .... 

,·., '.· 

.... 
';. .. · 

.,. 

·~ ... ~ . -, ... : 
detection efficiency was set equal.to unity if a.~l three tracks would 

have been visible in the chamber. If only two tracks would have been 
. ~' 

.· <visible, .then a. Monte Carlo calculation was made to determine the 

· · · . probabili i!y that this· event would be so located in the. chamber that both 

tracks were.seen stopping. This calculation consisted of placing t~e 

vertex of the "event".- at .· ran~omly chosen positions throughout the fio.hcial 

volume. At each position it was determined whether·or not the ends •of 
. i 

the . tracks remained within the chamber. . The ratio of events lying Yfi thin: 
'· , • , • ' • . • . .J • . r i f ' . r~ 

the chamber.· to the total' events tried was then taken as the detection ; 
. · .. ' .... · . . . . ·, . . . .·.. .•• ,. . 2' :2 

efficiency. , In this man~er~ a table:.of avera.ge ef~ic~encies E(p1 ,~ ,k) .· 
. . ' . ' 2 . 2 ; . . . . ' .. · . ' :; .· . ' ; > . ' :, . .. . . . . 

. . · ·for variqus value~. ·o_f PJ::." •,w , ~nd k w_~s. then used :as input> to the 
. • . ' : ... . .. -~ ~ ....... ·~·.:.:~. ', ... ~· '-\ :.~.< .. .,.. , > ... 

. ' ) 
• f\ ,., .. 

. ; __ . 

maximum .. 1ikelihood calculation •. lt .: 1;~\. 
• ' 'f '•. ~"''l•lc .. ;.~ •> 
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D. Coulomb Corrections 

The cross secti~n for the_ reaction rd~ 1t ... 2p is affected by the 

pp nuclear interaction, as well as Coulomb interactions betw~en all pairs 

-of fin~l-state particles. By extrapolating Eq. (8) to p1
2 2 . = - a , we 

eliminate the effects of these interactions. (An exceptio:n is the inter-

action between the pion ·and the parent nucleon. A correction for this ·· . • 

.·-remaining interaction: may be made> usin~ the Coulomb penetration factor.)59 
.. 

Nevertheless, it is desirable to correct for these effects in the physical 

·region, in order to make the extrapolating curve as smooth as possible. 
2 . . . 

_The correction factor F~1'~2,w ) that we_ used was the ratio of.· 

the .cross section for the event, as calculated in the impulse approximation· 
; it 

including the.final-state- interactions, to the cross section as calculated 

for the neutron-exchange diagram alone. (The lab momenta .l;l and _g2 ar
1

$
1 

. : ~ \ 

the spectator and the parent, the momenta of the_pro't~ms assumed to be 
• t •. "' 

respectively.) If the impulse approximation were exact, the resulting 
., 

extrapolation curve.would be constant. ·Although not exact, the impulse 
. ·. ' 

. - 10 . 
model does reproduce the main features of the cross section, and the 

ex~rapola;tion curve should be nearly fl~t. An indicatiom of the cor'rectness: · ~ 

of this ~roce.dure is provided by the values of the parameters A
2

, ~3 • :and~--·-:--_· ) 

A4 , which determine the flatness of the extrapolation curve. (See·. 

,,Table III.} 
, 

' ' 
. 47 . · .. ' 

The impul'se approximation w·as calculated by Schult, using the · 

:method of Baldin, iO and g~ve the expression 
-... ~·.. . . '· ., 

(~4) 

The expressions entering Eq. (14) are: 

! 
l 
I 

, ... 
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'. 
'• 

. . ~ . 

~. •. ' 

" .. 

' . 
~" t : :_ 

.. 
. ... ,.,···· 

" . -~- . 

.' .. \ 

.... 
' ll' • I . 

,_.., ... 

. ' . "f (p) 
· ... '. s . 

~- .. ... :·. 
'' 2 '. liil ' 

''l' . - e J..l. •. 
. : '- ·. : % ·= ~ p *(1 + J..I./M) ·. ·. 1 

rc . . 
'1. • I 

.,,, ' 
1.1 ,. 
' 

. ·, ,, ' 

·' 

,· 

. /' . 

·. , . where a = 0.3274 is the deuteron inverse. radius 1 M is the nucleon mass., .'' 
* . . ,' 

8 is the pp s-wave scattering phase shi"ft 1 p is the momentum o"f the . . . . ·. . rc . 
' ' ' . 

pion in the c .m • of the pion and parent nucleon, and J..1. is the pion mass 
.. 

. ·;.: c~ = c . ~ r = 1) • 

The "first term within braces in Eq. (14) contains t~e impulse 

integrals "for photopion'production leading to a nucleon-nucleon spin• 

triplet "final stat~.. The second t(mn ~ontains analogous ex:Pressions for 

the· nucleon-nu~leon spin-singlet "final state.: . The pp s -wave nuclear 

interaction enters the s.ec~md term th~oUgh the scatte:r"ing phase shi"ft 8(p). 
-

The relative weigh~s 2/3 _: .1/3 are obtained, i"f the spin-"flip mat,rix 

I 

. element is. assumed to·_ do~nate in this en.ergy::region •. The terms 0 ·~~3 1 .... 

·· .... -... . .. . . . a .> .. 
and 0 ·~7Ct2 + ~·043 :~p; · are inten,ded to remove' contributions to the impulse 

'I"V c ("') ... '-. :, ·, 
~ ~··· .\Ar .·-.. 'I ,. 

integrals 1):-om th~ region':r < J..l.-
1 ,. as ~uggested\y Baldin~.·. ·\. · 

·•. .· :· The::i~te.gz-S:r·'·;in_'J2(p,q) was eva.i~ted ·numerica'ily in. the· interval 
. ' . "\·: . . : . - •.' ~ . '-· . 
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· .. ,. ., . -~~~ ~ ' '· . . ·, 1--: .. '. - - - .. - . 

··:· f'· ...... .': ••. :~eX}_)( -1!/2n.) .<t < 1~ The·'':portion~~f~ ~~~· _int~gral b~~ween t. ==· 0 and ·. ~:: <::··. :-'. ~:~. ·· · 
... ··~···,.,.. •••• ·' > '.. • • • •; • • •• ~··,.:•\':)":;; •• :>:/;,.;· 

·' <-~~ !' t ;=· ex.P ( -1!/21'1) is negligible. for, the :Values of p available in this · y_· .. ·."' ·/-·' ,::-"_:t::r 
.-· .·.:.,"' .. ·:· . , . ... ,, -; /.· ; __ ' ... ::':> ·;·~\_~:··:. ',:···1'• ., ,. :: .. ,.,; - ·· ... ···.··· :._. ·,. ;·_, .... ~,•.,:: . 

.. ··; ,:>.-<·t· .. ::expez:iment •. · : .. :. ·~ · ....... ·;;:.: -,. - , · :.· .l. ·;.,,·.-·'· , • · ··:· ·:. :··>·.;)~·:})~:-: w 

·: ·.·) ·~~-.. ~ .. The final. ~tiltiplicative :factor in Eq •. (14) corrects for the; . , :.--·; ··;:'~.: 
:·:-.r~> ·· · · - · . -. 59 ·- · ··' · ., ·~'··( 

·· ; . , -. Coulomb interaction between pion and parent' nucleon and is a function of · ; · " ·· 
; . . i. • , '_._. ··,~. - ·1 ' • • . • • •• ·:~ • ., '.· ", 

,· ..,._ <:.;: .. ~1-;,;f'.; 2 ' . ... : . :n • ,_ '· ~ " ~ ' ... 
. .... 

,·.·•: ···.' w. only· • ·· ·· ~- .·. ;,-.: .... ·.,_.,:_··; ·.: .. ··· · :· 
" ~ .· .. ~- ~ ·.., 

ll;• t- . 

-·: .. :_t.' 't ·;.·-: 'i·~~- -. . ... ~ ,•. . . . . . . 
\ ' ' 

-~' :,·-·<·:.~\ · . The Coulomb correction was actually introduced into Eq •. (i3fby ·:·.··. ·, 

.. > >::!.''i·.:.. -:~:_:means ~~ a· .table of values 'oi c c (~12 1w~,,.-k);. . These' quanti ties~ are ~l~es '.-.... . ... 

. .. ··~~: ·.;·of -~£R1,.R~,w2) ,. averaged. ~ver .the pion. an~les, -~·~ described·-~~ ih~· . . ;:·~~:·:\·};;··• - ·. ·.··.' 

. :?~' .. ·.: . : preceding. section (IV .c)·:~: . · · ·· ... '··' :~). ~ ... " . · .. · 
. ' ~: ~ ' 
.'f" ,· ' . .i} '• I . . . .. ,. ~ 

"-, :,. ._E. Details of the Maximum-Likelihood Calculation lj .. ·--
• • ,_•' I f 

~ ·'. -~:..:. 
·,_ ',!{ 

; ·.·. ' 
The maximum-likelihood calculation discussed· in Sec. IV .B wa~ '·,t l, .. .. ~ 

'' ' . ;, 

'. 

' . ' 

.·. : performed on an ·IBM COIIll?Uter ~ 
. ~ ~~~ i • 

Input to the program consisted of the . 
. '. , .. 2 . 2 ·. ;, . . .• .· 

p1 1 w j . and k parameters for each event. To-each event ·could be assigned 

' ,. r. 

- . '. ~ . 

,.·, 

t ••• • 

: .. 

_ : .'.·: · ... as 'the ·s_pectator. That· set Qf data in which ··the lower-energy proton wa's •. 
:' ... : . . . ~ . . . · .... ( . . . . •. . . . - ' '. . . ~ -~ ' . ~- '_; - . . ' '. ~ :- ' . . . . . . .- . :. ~ ·. .·: '·. ; -~~ :· ~ ~ ;_. 

: : ·: .·. · .• , considere~ to be the .spectator was designated Table A, .that .in which the,, .. <:>~-- .. ,, 
higher energy pro~on was considered to be. ~he'. spectator was designated. t'/:;'.';..,· ... ,:·: . ~ . . . . ' 

• ~f • Table B~~_·Bes~des the ev~n~ data, .a t.able:·o:r·ef:f'iciencies cov~ri.ng th~ .····.-.. ·. 
' ' . 2 ' 2 .. > '.. • ··'' • • : • • • • .: • ·./ 

range· of p
1 1 w , and k used was provided as input.. :This table included}, . : .. _ . . .. 

ei th~r· the geometric. efficiency described ·in Se~. -.Dr. C, or final-state 
\ ~;t, ... -~--~. . •.. ..1 :.: "t.~ ' . ··- • ', .... 

•... 

. _ l· • interaction·,; effiCiEmcy'' described in Sec.· 'r-1'. D 1 .or both·. · : .. ' 
·, . "l' ··~·.. . . ·. •. . ·, ·' ·{ ··:.. ., . ·.· . . . . . . '.. . . . • . 

. "- . ~ ... ~ .. ~--

.~ ~. ·/t.>.~·: . ·· · 1 A subrou~ine.'.of_. the program was .capabie of calcula~ing the 

:_. ·~:· ;:. ··'· naturai logarithm •of :th~ likelihood i\mctiol'l enz 1 d~fined in Sec •. IV.B 1 
! ,. ·.· :.r ~- ·: ... :f . " ~-

.. ~ .· f9r arbitrary values~ of the A. ·parameterG. This calculation was done in 
.. . '. ·. . . ' ' ' . ; ' .. l. : 

_ ·:·· .. :·J~· ·>-.two ·steps.-·:·.::.Fir~t'/.a :ntim~rical,;int~g~ation ~-f· Pt.11!J ·was'performed pver · 
.• -·· • :' "' ' ' ' •• • ' .l. ;' •'_;_ . -.: ••. · ~ , ' ~- ··~:;~~' ~. • -~: • ,· • ·• , ~ : i • . .. ·. ,r. . 

. . the regi.on of. intere'st b)' apPlying.S~pson•s ·rule:to·a:9 by 9.bY 9 array . 

··· ':; . : ; :· :; : r,.::::• ~!~ ;,:;J}';f!h>i;l·;~~:~~ 2M~,~; ~ . ~.~ :,:-,: '_ · . : ~ ', :'. ;{:, ));] j :, . ·, ; :: . .· , : , . . . 

•'' 

·. 

·._ .. , . 
·, '~ 
.' "'~ 
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of points throughout the volume of interest •. Second, a sum of the 

logarithms of the P(A,X) for the individual events was formed. 
. . /N!IM . . 

The maximizing process consisted of va:rying ,!}.,_until a maximum 

in £.n .;(was found.' Thi-s was acco:m;plished in two steps. First, £.n ;(was 

calculated for a range of arbitrary" values of each component of A and 
. . . -

the approximate region wl:iere Etn.X is maximum was located. Then, starting 

with an/}.,.. in this r_egion, _the 
1 
calculatio~ of b,_ and £.nJ:. {A) was put under 

· the control of a subroutine which sought the point of maximum £.n ;( ~ This .· 

was done by calculating the direction of the gradient~ (Etn.aC), in the 
. . ' . . -

parameter space of A. Then A was caused to move in the direction of this 
"""' I'M 

·gradient untii a :ma.x:)..mum in Etn..Zwas found. The point of maximum £.n X 

was then used as a new basic point for calculating 'V (Etn.J::. ) , and the 
- . ' . ....H 

procedure was continued until the distance moved in the parameter space . . . 

· between SUCCei?Si Ve tnaxima fell. belOW some predetermined small value. . The . 

points of maximum £n .;( so determined are given in Table III. · .. ·.; . . 

In order ·to --en:sure. that the maximum in ;e. determined by this 
., ., ,_; ' . . 

procedure :was unique, £nee. was also calculated at arbitrary points on a I . . . . 

five-dimensional grid that extended over reasonable values of the 

parameters. No bel;J.av~cir was seen that suggested the presence of other 

I!laxima comparable 'in' height to the one found by the· gradient method·. 

. : - . . . 2 2 
Throughout t~~· ~alculations, the .. region . in p1 · , w , and k space 

. . . 

used was the. shaded r~gion• . shown- in: Fig.· 6. In additiQn to the 
.. 

kinematic limits,· the photon energy k was limited-to lie between 150 

and 185 MeV, the limits on .. ,i were 60.0 to 63.5, and p1 
2 

was limited to 

the interval 0. 0 -to i. 5 • In add~·tion, data lying between the shaded 
. . .• . 2 2 . '· .. ' 

volume and the k - -w /J.l. · plane were not used. The equation of the plane 
• ,'~. y '.. ' • 

separating these· two _:egions. is 

:. 
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= o. 

Within these limits the.geometrical and Coulomb correction factors 

. remained reasonably ciose to unity (within a factor of two); and an: 

int.ez:polation could be made with su'fficient accuracy,.' 

. F.. Results of the Ex_tra:polation 

The extrapolation of the surface defined,.byEq. (5) to :p1
2 2 

;:,-a 

· gives both the threshold value of the matrix element squared· and. information 

on its energy de:pi:md€mce. 

The agreement between the experimental threshold :pion :parameters 

of this work and the CGLN theory, corrected for p exchange, gives additional. 
11 

confirmation of the theoretical results near threshold. It is :particularly 
\ : . 

important to note the ~l.lccessful application of.the Chew::..Low extrapolation 

technique to deuterondata in deriving cross sectionsfor free neutron 

·targets. Here the interaction. am:pJ,itude is dominated by a single isolated 

:pole 1 rather close to the physical region, with nq singularities intervening 

in the exyra:polation int~rval .... a2 < :p1
2 < 0. · Data are obtained relatively . 

close to the nonphysical ~egion in :p
1

2 and the distanc.e ·of the extrapolation 
. I \. . . . . 

is small (approximately 1 MeV spectator recoil energy) in comrarison with 
• J < •. ~ . • • 

extrapolations involving n:n: interactions.75 Extrapolation experiments to 

obtain information on the 1(1( ~oupling constant·have'encountered difficulties, 

chiefly because the .:pole of .interest. in the scattering am:pli tude is located 

much deeper inthe nonphysical r~gionand also is in: the proximity of other 

complicating singula~ities~ · The closest complicating singularity for our 

deuteron case i~volves.the pionrnass and is located at roughly pf=.-(f.L/B.E.)a.2 .. 
. . 

The· effect of this singularity on the scattering amplitude ·is negligible at 

. 2 2 '. c .. tl t 1 t" . ' 2 . 2 ; 1' • d . t d p1 =-a.. : ons~quen y., ex r(lpo a 10ns to p1 =-a. 1nvo v1ng eu eron ata are 
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expected to be relatively reliable. Our more favorable circumstances 

have allowed us to measure the cross section for the reaction 'Yn- '11'-p 

between photons and free neutrons. 

A total of 565 events found within the limits described in 

Sec. IV.E" was used in the analysis. 

Table III contains best values for the parameters in Eq. {8) . 

This surface was fitted to the data under the three assumptions, Table A, 

Table B, and Table A+ B, previously defined. For each choice, the 
Cl . 

. appropriate geometrical corrections were used (see Sec. IV.E). The 

column headed "Table A+ B" gives the results of this experiment. Table 

A and Table B are shown for comparison. Table A+ B was arbitrarily 

chosen in preference to Table A because it resulted in a smaller error in 

A0 , and in an e.xtrapolation surface with less average slope in {p2 +a. 2!)." 

These results show that A
0

, the threshold value of the squared' . 
matrix element, derived from Table A is equal to that found from Table 

A+ B, within statistics. Furthermore, A
0 

found from Table B alone is 

statistically consistent with zero. This confirms that the extrapolation 

may be made either by using the momentum of the lower -energy proton as 

the extrapolation variable p
1

, or by using both proton momenta. The use 

of the momentum of the higher-energy proton alone should lead to an 

extrapolated cross section consistent with zero, as explained .i.ll~S~c. IV.A .. 

The 4% difference between the values of A 0 determined from Table A and 

Table A+ B gives a rough indication of the accuracy of this extrapolation 

technique. 

An indication of the correctness of the Coulomb correction (Sec. IV.D) 

is the fact that the coefficients A
2

, A
3

, and A4 are consistent with zero for 

Table A+B. 

The parameter A0 is exactly the threshold value of a; (see 

Eq. 11) in units of JJ.b/sr, and its best value, 25.9 ± 2.6 JJ.b/sr, is given 

in Table III. An additional correction factor ( 1.056 ± 0.03) explained in 
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Section III.C, and a nbrmalizationuncertainty .of ±4% due to"'t..~~ photon . ) • 
----.:...._ __ ' . : . 

·, 

·,. beam monitor must be taken into account .. The corrected value is · 

a0 -, = 27.3±2.8 IJ.b/sr. This value does not include any estimate of the 

uncertainty inherent . in the extrap~lation technique. . It does· include a · 

Coulomb correction for the n:-p final state interaction.based on the 

Coulomb penetration .factor59 ins.erted as. the last :factor in Eq, (14) ~ 

The energy dependence of a0 is given in terms of the lab energy 

· k . of the photon involved in the reaction yn ~ n:-p. · F~om Eq. (7) J w2 
yn 

. ' . . . .· 2 · .. ., 2 .. ·. 
is substituted in Eq. (8) giving' a0 -_ = A0 + A1 (Mn. + 2k

7
n Mn ..: w0 ) ~ The 

slope of a.0-· iS a'a0 -; dkyn = 2~ Mn. Our eXperimental valu.e is given in 

Table III, and shown in Fig, 8.. The final value,::corrected by the. factor . 

Figure 7 shows t.he behavior of Rff1. ):for variations of each single 

para.Ineter. 
,/'' 

An error matrix Gj_j (Reference 74, p. i5) ·for the. parameters".'\-las. 

numerically calcuiated, assUiiling. 

. . . . ., i 
' ·<!::i;A~.·.f::.. A. >=G ...• ..... . J ~J .· ~ 

where G ~ . is ·defined ·by . 
~J 

. .;.l 
G •• 
~J 

c:?(Rffl.~). ,,. . 
- - dA.d~A-._-

~ . J 

~- '. '. 

":-,_·:·· .. 
. ·,.. r ~· .. 

, . 
. :' 

' ~ ~ :. ' . 
,· ·~ ·_ '· :· ; ' 

. ,,;_ 
-~· .. 

~ . 

... 
. . . -. ' 

t ~ ' . 

. ;. :· . 

This matrix is shown in ·Table rv •. The confidence bands ;On Fig, 8 were 

calculated by using the relationship . ·. ·'.' 
,· . ,. ~ ._,· . 

(t>ao-l 2 • ··~· (- ();~: 
. . : 0 

where· 
. ·. ; . ~ . " 

-.... ·. . : . .. ', ~ • I 

... '.· 
,·. . ' . 

. ~ ' i : '· .. - ~--

.. 1 •• 
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, . I' d ,• ,"".·,' • : ·, i .. ·.t :. ' ·: ..... ;. :._ .. _,_,an ... · .. · ....... . '·' · .... ·. ·., ... ,- · 
• •, l'- ~ •• r ' • ·, ' • ? -~~ ·' -..,_. 

~- . ,•. :-.· ~< . .: ,. ' 
·/·,··t~:>· ..... ·: ... ( ,. i '\ • • • ••.. , ,.~! 

¥ . , . dao- . . -: . 2 .· 2 . . . - . . . .. ~~ .· . 
': ·;·;.:\'~·-:·.~::;',:,:::~ .3~,, = .. · (Mn. +.~rri_Mn .. wo >.~~-:_2Mn_(_krnt .·kif) ~ . . · 

' .... 

~· .: -~~.~-,. ~-:-.~· ~- .. '· : '· t. ;: ;, ~ 

.: :·, .. : .. · :·: <-'·'_':where. ~-ynt is the· thres~old'value · ~f ;k-yn~. The results pf these formulas .. 

· _:·:;.~ ': .. ·-·~'_.,.>~ere then quadra~icall;··~dded .~o th~ 31o unc~r~ainty .. du~ to the cor~ection: .. · 
~-:: .~f:· \~· 

· ·: · ·, ·< .. :~ .i , ·· .. ::r·· ·;~ factor mentioned. ab~ve 1 
!1.~.;:-·~· :: .. '.~:,·j ... ·_. :: ':., .. ~· 

. '. ·• . -~· ... . . ..~ ' . . ' 

and to the. 4% cincertainty in beam monitor 
. ·' I 

·, 
-. . ; ... 

. :f\:::::.:/·: .::;_:·~>·calibration. 
.... 1-. ··' 1.: •:. · : · · As may be 

. ~ t' . . ... : ~·. ~ ~ t' 
seen on Fig • . 81 ~he results agree with the uncorrected. ;; 

~:I 
>s-' ·i ' . ,r. \ '~ .. .. 

· · · · :.: · · . ·. ··: theory of CGLN 
: :;\:./;;: :; . ·:: .~ ·:'.~ :" . 2 ' . . . 

:;. ,._,, : .. '_rw =-63.5 1 the 

~ 

in the energy range from threshold. to: k = 189 MeV 1 or ·. · 
. ' -yn . . .,. 

'f'. . 
th~~)extrapolation. The · .\ ·.··~· highest_. photon.-energy allowed in 

. :··,,I,<..... ·· .. 
. :i: ...... -~,\ _"uncertain~y in ~O ~ is :,-lea~t at about k-yn. = .162 MeV~ Here the value of· · · · 

,~; 

, .. '·· 

1-'; 

( ... ; 

• i' 

:· .. ad· is ·23.3.±1.9 ~b/sr/,corrected by the Coulomb penetration factor. 
. • 'I' . . : ~ ~. ~: • . • 

v~· 'CONCLUSIONS '·. 
,· • I ',.. ·.~ 

· ···· The minus-to-plus .. ratio ~ was determined in this experiment by . 

·:: .:·.:···::;· .::'.'·.:_::.· .· observat~on of ~oth ~egat~ve and positive ph~topi~ns produced in deu~eriuni. 76 .... ·:; 
. ·' " . I 

~ : ' ~' " • i. . . 

.. .. . .: .... The Coulomb corrections of B'aldin were used to correct for final-state 
· ... •. 

·'· . .· ·; . ·.. . I . .. . . . . -· .. ; , 
' :· · , · ~ . Coulomb interactions. . These corrected ratios are in good agreement with .· .: · 

>: ....... <: .. ~-~-::.the results of oth~~<orker~·, 26•46 and 'W'ith the dispersion relations of . · ;·, ·. 

'. 
- ~ . ·.. ,. 

;' .' . 
. CGLN. · The results of this experiment are shown in· Fig< 9, together with 

the data from _otherexperiinents, and the theory of CGLN. Limitations in 
·. ';' .;· ·l:: 

determining R in this manner are the uncertainty in· the Coulomb corrections . 
. ; ·' . ~·.• . . ' ·. 

·' ... 
and in .the d.etermipa.tion of the photon energy.· .·> . . ;~ 

: .. · ,· 
····.; ·· ... 

.,r, .• , , · 

. The value-~ of R·:depends sensitivelt on' .A/e;' ~he, p-exchange ·: .. 

• parametezi 
1 

·but is _oni~.-~:w~e.kly: d~pendent on: N( ;.) (~ ;P~;ameter .defined by .. ·· 

. ·,-: .:. . -': - .< C.Gl:.N. This·. depende~~~·\"i'~'· sh~~. in.i~G~t s :·~re·~·sio~,f~r:.'. the· threshold .. 
• .j \ • ~· -' • • " ' ' • r : )\•, ~ : "' / • ~ I • ~ ~ • ; • 1: .. ~ >'· .;·, t • I ·' • • f. ~ !• ~'· ., ' .,. 

·.· : :~ ; . · ·; >.~lue of R~ .modifi'ed 'b:/ B~ll • ~J·:·~·or~ection 1 ~}:/<:~:··:t~:;~~<i..~-~; ::.:::.::::·: >~ . ' . . ; . · ~-:,·~.:.·{· ~.· . 
.::.:. . >- -~ ,: · · · . ··: .::~::r::;:.i~t;V,.:~·~\~:g!..~:hf·i){~~:. :\~:. ~:~~~: .. ~-~:t~~:x·~;~;~}\~~:·; i;.\ :lJ:~::'::r-·;~·.··(_- ·. :- · . -~· ·· 

'"!- . .-.>'' ''';,, ;;•~ ~ ..;;•"'""~'t';,(''~· I •·;,~'\•}; •,~},1-~)l-tt •'1·.._1h{'•• ·• ~~J~.f\•lt.' 'ir~"i·}t,..,·-t,,.~·,,l, ".. ~ • ' 

..• "' : : ... · . · ::: . : ;' ·:: .: .: ; : ·.:;~&1·~ J~~~t~{l;il41f1/iHt1 ·:. ;;Ji: f:t·Nfi:!j[; :~>;; ;·\· < :, ... : "': · .. 
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• P r 

~ -;·. . • I 

(~+ g,}(~/2M) + 1,15 N(·>l} 
2 

. ,•' ·' • . 

X (1_~- 6.i4 A/~) = 1•28 (1.- 0.14 A/e)~, 

·From otir experimental v'alues or' H given' in :Table I, this expressi<;m 
,. ' 

· yields A/e =O.b£0.T:for R = 1.28,tO.i3 arid.:~A/e ~ 0.8~~7 :for R >,..1.13±0.13. 
' . . ,. . . . .. · . . ' . 

_-/u:,. an.· al.te:t'nati ve ,means of· studying hegative photopion production 

by neutrons, we have• applied the ~hew-Low extrapolation techniqae to our 

· data.77. Tab~le· !II and Fig~ 8 give the extrapolation results. Our value 
. ' ' 

a 0 - = 27 .3±2.8 !-lb/sr at- threshold, correbted by the Coulomb penetration 
.. .( 

:fu~tor, is in agre~ent with the results o:f Adamovich et al.1 5 and with; 
. . • 1 

. .··... .: .. . . .. . . - . ' 
. the theory of C(tLN. ;':rh~.:~~asured energy dependence: of a 0 , averaged from· 

threshold to __ krn ~= :189 _M,eV,~ _is, .. da0 -; dkrn- = -· 0.30£0.16 f-lb/sr-MeV, also ., 

- . . . ·" ' \ . . ' 

in agreement with the re.sul ts of CGLN. 
' . . . . .. · ~-' . -

. The . t-hre~hold -~lue of a0 - ·= 27. 3±2. 8 ~b/ sr depends on A/e and 

N( ... ), as well as on ::r2.; _ the p~on-~ucleon. coupling -constant. · Assuming 
.· I . . , .. , ...... · . . . . . . . 

_:r2 = o.o8 and !if(-) =9~~4~-~:o4, 78 .~e ob~airi"A/~ = 1.9£:1.8. ·The·· . 
. . . . . . ' 

'·. 

_uncertaint:i;es_ i:Ii.·a()~ ahd.~J~)·_·con;r~i;mt~ about: equally t6 the uncertainty''• ' 
......... · .. ,;.·\.";..;·;•" 

-~n.this determine. ttoh · ()_f'A/e. · -. 
. . . . . . .. ' ., ~ : . ... ' ... 

... ,; 4· . . "\ -.• ~· . :. ! . . • ; ., 

Al ternati v_f:l'y, 'we _may compa:re ·out~ threshold vi:ilue- of a0 - with · 
'\ . ·- ' 

,.,_ .... 

recent experimeri-t~ 'oii pes itive~.photopioh production' :fn:_ h'yd.rogen. · The, 

. data of McPhe~son ~t .~17~-·~:;~.--~obtain~d· ~~th. the-.safue app~ratus used in 
· .• · ·.· ·_._<'_-.:·.·.; '." .• · .•. • -~··;: ·.·.~ .. ~~ .•. · . . .... · ·.•. .. ·~ 

·. · this ,experici~nt. · -_¢h~~~ ~~a.·: ,~xt~apolated to thi'esh?ld; ._, giye a
0 
+'. = 21. 5.±_0. 9 

. -· · ~.b/sr... The tat-io: ~~ = 'a-6"!./~0 '<:i~_._the~;efore 1.27±0.13. at ·thr~shold·. This 
•. •.t ~ : • • . ~. • • . • • •·.. • . ·\,~~~ • ~~. ~>- ~ - ~ . ~ . 

is in good .~greement· vfit~ ·?u.:r~ d.~feC!t.coulomb-correctea: values -quoted 
,. - •.·'" •. ..>-

above·.· From .. this ~e ·_illier.<that ·Ale·:;:/ p.06+9.7 ;· ··r~{.:~_,_l;.n·. :aiso ·in ag;eement 
.· ' :. : .. <.:: :.:::"-",: ; ' < ':1:'·. ,_ -- ,-:·~ <, .•• ' . . 

.•,c ' " ' ','• ;* l ' .;+ • • ·.~ •, :,.. ;;.. -<" • 

·... ' . 

; _ ... 
•.,. ·.,.;: \ 

i·.·· 

,.· 

:.•,:. . 

•• ~. t 

:.··· 

'i 

I 
' 
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with the above results. 

The conclusions of these last few paFagraphs are summarized in 

Table V. Our results demonstrate that detecting the p -~xchange term 

near the photopion threshold through the minus -to-plus ratio R is a better 

method than considering either a
0 

+ or ao separately. The major conclu-

sion of this work is. that the dispersion theory of CGLN, modified by Ball, 

and the experimental results are in good ag;reement with a value of A/ e 

consistent with zero. We also conclude that the Chew-Low extrapolation 

. ~ 

technique is a ·satisfactory one to apply to the de~teron for .deriving reaction 

cross sections on free neutrons. 
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Table I. Analysis and results of the minus -to-plus ratio. 

Bin description Negative pions Positive pions Results* 

Bin Photon Pion Average Raw Geometry Corrected Raw Geometry Corrected R as a R 

nwnber energy (lab) angle {c,m,) photon number Coulomb correction factor correction number m.unber correction m.unber function {averaged) 
{nominal) {nominal) energy (lab) seen P-P n- -p factor seen factor of k 

(MeV) {deg) (MeV) (lab) 

I A 152-155 0-60 l61 10 1.06 0.79 1.04 8.7 16 1.056 16.9 > 0.79 
B 60-90 159 16 1.04 0,82 1.03 14.1 13 1,021 13.3 ± 0.21 
c 90-105 160 2 1.05 0.83 1.04 1.7 l. 1.000 1.0 

IIA 155-157.5 0-60 160 13 1.03 0.86 1.21 13.9 3 1.296 3.9 > 1.35 > 1.13 
B 60-90 160 24 1.11 0.86 1.09 25 .o 16 1.108 17.7 ± 0,26 ± 0.13 
c 90-105 159 15 1.05 0.83 1.03 13.5 7 1.011 7.1 
D 105-120 159 12 1.05 0.83 1.03 10.8 18 1,001 18,0 

IIIA 157.5-162.5 60-90 161 30 1.06 0.88 1.19 33.3 15 1.403 21.0 > 1;13 
B 90-105 164 26 1.03 0.88 1.15 27,1 23 1,127 25.9 ± 0.21 
c 105-120 161 10 1,06 0.86 1,10 10,0 15 1.013 15.2 

D 105-120 163 21 1.05 0.87 1.10 21.1 13 1.117 14.5 1,22 
E 120-135 163 22 1,10 0,86 1.14 23.7 18 1,005 18.1 ± 0.25 
F 135-150 159 8 1,12 0.86 1.11 8.6 11 1,001 11.0 I 

IVA 162.5-167.5 105-120 162 24 1.08 0.89 1.30 30.0 1.954 17,6 
w 

9 1.38 0' 
B 120-135 166 36 1.05 0.89 1.19 40.0 28 1.180 33.0 ± 0,21 
c 135-150 166 29 1,04 0.88 1.18 31.3 23 1.037 23.9 1,28 
D 150-180 162 23 1,06 0.87 1.12 23.8 16 1.016 16.3 ± 0,13 

v A 167.5-172.5 135-150 166 31 1.08 0.89 1.36 40.5 22 1.451 31.9 1.04 
B 150-180 165 13 1.11 0.89 1.30 16.7 20 1.153 23.1 ± 0,22 

VI A 172.5-175 150-180 170 ll 1.23 0.91 1.18 14.5 4 1.398 5.6 2.60 

* 
± 1.52 

The results are the corrected number of negative pions divided by the corrected number of positive pions, 
times a correction factor (1.056±0.03) explained in the text. 

.. 
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Table II. Parameters used in the Chew-Low ~xtrapolation. Pion units 
(~ = c = ll = 1) are used, except where noted. 

Symbol Definition 

Momentum of spectator proton 

p2 Momentum of parent nucleon 

w 

wo 
k 

kt 

cl 
r2 

B.E. 

Md 
M 

P. 
. 2 
M 

n 

Invariant energy of re-p system 

(Mp + !l), threshold value of w 

Energy (lab) of synchrotron photon (Mev) · 

Threshold value of k (MeV) 

Inverse deuteron radius, squared 

(4/M )(a/(1 -a r0t)) p . 
Deuteron binding energy 

·Deuteron mass 

Proton mass 

Value 

7.7212 

145.8 

0.107 
0.3217 
2225 MeV 

13.436 
6.7212 

I q 
45.30 ' 

' · .. 

·:: 

rot 
ll 

Neutron mass squared 

Triplet np effective range 

Pion mass 

. 

1 -13 
( 1. 702.± 0.029} XiO em~ 

k Photon energy (lab) in reaction yn ~re-p (Mev) yn 
W Phase-space factor 

p * Pion momentum (c.m.) _in reaction yn ~re-p re 
w ~ion full energy ( c .m.) in reaction yn ~ re-p 

I 

v Photon momentum (c.m.) in reaction yn ~re-p 

E. Nucleon initial energy (c.m.) in reaction 
~ rn ~ 1f';p 

. Ef Nucleon final en~rgy ( c .m.) in re::ction 

S(k) 

yn -7 re p 

Synchrotron photon spectrum} photons/MeV 

C Coulomb correction for final state c 
E Geometrical detection efficiency 

Deuterons per cubic centimeter = N0pjA 

Target thickness available 

Avogadro's number 

Density of liquid deuterium 

Deuteron mass, AMU 

1.0 

-- .• 

0.3908 X lo23cm·3 

7.0 em 

6.025 X 1023 

0.1307 f!J.n/cm3 

2.015 . 
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!rable IV. · · Error matrix G. . = <.AA. AA. >..of the. :parameters :for 
1J 1 J . . 

Table A+ B. 

Index 0 1 2 3 4 

0 6.750 ... 3.162 - 1.811 e.o26 o.644 

1 - 3.162 2.492 1.043. - 0.0018 - 1.002 

2 .. 1.811 1.043 0.769 - 0.017 - 0.324 

3 0.026 - 0.0018 - 0.017 0~0018 - 0.017 ., 
4 0.644 - 1.002 - 0.324 -.0.017 0.7450 

This table includes statistical errors only. 

.'i 

Table V. . Deriyed values :for A/e. 

EXperimental quantity Assumptions . Derived val~e A/e 

R = 1.28±0.13 R = 1~28 (1 - O.l4A)a A/e = 0.0±0.7 

160 MeV < k < 175 MeV · 

e* > ilO deg 

I 

R ? 1.13±0 .13 R = 1.28 (1 .... O.l4A)a Aje ~ 0.8±0.7 

152 MeV < k < 160 MeV' 

e* < 110 deg .. 

ao- = (27.3±2.8) ~b/sr 

at threshold 

a0 - = (27 .3±2.'8) ~b/sr 

N< -> = o.n4±o·.·a4 b 

:r2 = 0.08 Aje = 1.9± 1.8 

a0 + = (21.5±0.9) ~b/src ·R = 1.28 (1 - 0.14 A)a Aje = 0.06±0.7 

at threshold = 1.27±0.13 

~e:f. 17. 
b c . . 

Ref·. 78. Ref.· 73 • ·, · 
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Schematic diai,ram of' setup~ The internal electron beam of' the 

synchrotron produces • a brems~trahlung beam_ ~f' peak energy · · 

194 MeV. The beam is f'irst collimated and swept, and then 

. hardened by appro:x;imately one radiation· length of' LiH bef'ore · 

entering the 4.;.in. deuterium bubble cha:mber~ 

An example of' the reaction ')'d ~ re-2p in the 4-in. deuteriUm 

.. 
'i 

__ ... · ___ ._.i_ 

'Rubble chamber·. Beam enters at the top of the picture .. · The 

!pion is the light track going to the reader 1 s left and forward . 
• 

An example of the reaction sequence yd- 1/zn, ,l-·~-~.+ v, 

:seen in the 4~in. deuterium bubble chamber~ Positive pions. .· .. 

- are normally identified by their muon decay. In 26o/o ofthe cases, 

the positron track is also visible. 
. . . . . il 

Beam. enters at top of pi<;:.ture.; 

The pion is s-een in the upper right, and the decay muon is near 

the fiducial crosses. 

. . 
Laboratory energy and angle bins used to determine R. · 

Distribution of true laboratory photon energy for the reaction 

... ~ :·-:. '. ·• . 
. ·.•· 

' 
I 

I 
-j 

i 

I .. j 
. ·I 

i 
i 

I 
i . ·l 

~--·--··.-------: ---:.. _____ _: ___ .-
i yd ~ re -2p about· the energy given by two-body kinematics. 

The .-~ --~--'-:-"7_._1 

three histograms are explained in the text. ·Momentum (lab) in 

MeV/ c and c:-ngle bins accepted: 
a b 

0 •. 7 <cos e · < o-o re . ·_ 29 < P · < 37, o .o < cos e · 
re re cos ere < ... 0.7 

- 0.3 <cos e < 0.3 re 

I 
- I 

-I 

I 

I 

I 

·-

37 <Pre < 44, 0.3 <cos ere 

44 < P < 51 · o .7 < cos e 
re '· rc 

. 0.0 <cos ere < 0.7- o.o ,. 
Polology diagram showing kinematically-allowed regions of' the 

variables p1
2 

and w
2 

(pion units). The variable p1
2 

is the 

' ~-
1 

•· 
2 

square of' the spectator proton's momentum, and w is. the square 

/ of' the t'otal energy of' the other proton and pion in their center 

of' mass.· The • shaded areas ;a:I.!ce kinematic regions actually used .-

. . ~- .... 
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.·a:na pio.n angle. Where note~ by ·":~tn,:' correction," ve 
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This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com~ 
m1ss1on, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor
mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission'' includes any employee or contractor of the Com
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 
of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 




