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ABSTRACT ., 

The study of correlations in Ke4 decays can give unique information 

on low-energy 1C~1C scattering. To this end we introduce a particularly 

simple set of correlations. We show that the measurement of these li 
: ~ 

correlations at any fixed 1C-1C c.m. energy allows one to make a model-

independent determination of the difference between the S- and P-wave 

1C•1C phase shifts, o0 - o1, at that energy. Information about the average 

value of o0 - o1 can be obtained from a measurement of the same correla

tions averaged over the energy spectrum. Measurement of the average 
i 

correlations is particularly suited to the testing of any.model of low 

energy 1C-1C scattering. l-Ie discuss in particular two such models: (a) 

the Chew-Mandelstam effective-range description of S-wave scattering and 

(b) the Brown and Faier a-resonance model for the S wave. If the Chew-

~1andelstam description is adequate, the suggested measurements should 

yield a value for the s-wave scattering length in the I = ·o state. If 

the a-resonance mode~ is correct, these measurements should yield a value 

for the mass of _the resonance. · 

. . . 
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· L INTRODUCTION . . . 

' 1-4 ' ,. 
Theoretical studie~ . ~n'th~ _p~st few years bf.the decay of a 

. ·. ~ 
,- " 

K meson into. two pions and a leptoz;!.>pai!have recently been rewarded 
'. '· 

by the expe.rim~ntal dete~tionof' ~uch'events in rel~tive1y. large nUmbers.~ 

This availability of experimental data has ra.'ised the hopes of extracting 
' 

.information on the low-energy 1C-1C .interaction from such decays. 

Severalauthors have calculated the effects of the fina.J,-state 
. . .. ' ·. . . . 6-8 . . 

. 1C-1C interaction on ~he characteristics of K decays. · This inter-. e4 

actf~n has .two different kinds of effects:· (a) it determines the phases· 

. of the ·various form faciors that appear in the amplitude for the decay; 
. . . . . . . . ·. . . . . . 1\ 

(b) · it determin~s the donrlnant behav:ior of thes'e form factors. as, functions ·. 

·of the c·.m; energy of the· pions ·through· enhancement effects. T~e 

theoretical understanding of:the first,kind of effects is quite _firm . '. 

(Watson-Fermi theorem); the ~nhancemen~ effects, however, are not as well 

understoo9,. To separate.the two kind of effects, we introduce a simple 
I 

system of angular and. energy variables (Section II), and define. a set of 

angular correlations in terms of thes~ ·variables~ 
• • • ! ., 

Measurement of:these angular correlations at a given value of 

the c.m. energy of the pion:s Cl3Jl be used to.obtain the difference between 

the S-wave and P-wave 1C-~' scatt~ring phe,se ·shifts,.·· e6 - 51, at· that 

energy independently· of effects of the· second kind, as discussed in·· 

Sectio~s III and IV. 9 .~· ·. , · . f .< ... 

In a realistic experiment with B.mi ted statistics· .. ( say up to 

,,_;.. ;: . 

-~-.- .... -. ~--,_ -- .. -~·t.· -. 
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.. 
angular correlations as functions of the c.m. energyof the pions, but 

~ . 

only their values. averaged over the entire ~nergy spectrum• However, 

such a · measurement would still be highly valuabie. Fi:rs~ of all,' it . 
·would yield an average value of 'the' quantity o(l .:.. o

1
; a~d secondly, it 

. could be used to test any given model' of low-energy 1(-1( scattering •.. 

In Section V we ·consider the particular case in which S-wave 

scattering in the I = 0 state· is described by a Chew-I"landelstain 

effective range formula.· -The measurement of average angular correlations· 

could then yield. a value of- the S-wave, ·! ;., 0. -scattering length. An . 

independent determination of the same quantity could. be obtained by a·::. 

measurement of the spectrum of the' c.m.· 'energy of the ·pions, as-
- . 6 

discussed by Ciocchetti. 

' We also discuss briefly (Section VII) the model of Brown and 

Faier,7 in which S-wave scattering is assumed to be domi~ated by the. 
.. ~ 

1 •· 

II 
1· 

. \'. 
' 

postulated a resonance. Measurement of average correlations could then ' 

be used tq determine the mass of this resonance • 

. II. IaNEMATICS AND CORRElATIONS .... ': 

Our approach to the kinematics of the reaction + + - +' K -+1(n:-ev is 

·the same as that 'used in analyzing resonances. We visualize· this reaction 
·~ ·r. . 

as a two-body decay into a dipion of mass· -M - and a dilepton of mass n:n: . 

M We then consider the subsequent decay of- each of these tvro 
ev 

' ·, 

-_"resonances" -in 'its own center of mass. \.;_ .. 

The total decay is desdribed by the following five.variables:
10 

'. 

"· ' 
·,, •· 

' ' . 

. ,: 
·.,.. 

• 

. ' 

.. 
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, 1. R2 ·= M 2- is the e:(fective mass squared:, 9f the :dipton ., 
11'11' 

system or \··the square .pf· the::c .• m. energy~·of;~ the pions, 

system, 

2. r - M 
2 is the effective mass squared of the dilepton ev 

3.· e is the angle of the + 11'. in the c.m. of the pions with 

respect to the direction of flight of the dipion in the K+ . rest system, 

4. ~ is the angle of the e + in the c .m. o~ the leptol}s with 
. -~ -i?. 

respect to the direction of flight of the dilepton in the + K rest system, 

5; ¢ is the angle bet-vreen the plane formed by the pions in the 

. K+ rest system and the corresponding plane formed by the leptons. Angles 
·I 

e and ~- are polar; ¢ is azimuiha~ Our choice of angles is illustrated 

. in Fig. 1. 

To specify the above variables more precisely, let p+' p_, pe' 

and pv be the four~momenta of the 11'+, 11'-, e+, and v , and let J?+ 

+ be the. three-momentum of the 1t' in the c.m. of the pions and l€ the 
I 

three-momentum of t~e + e in the c.m. of the leptons. Further, let 

"' v be a unit vector along the direction of flight of the dipion in the 

K+ rest system; a unit vector along the projection of n . . ~+ 

perpendicular to ~ ; and 

perpendicular to 1\ v • 

Fig. 1.) vle then have: 

R2 2 
= (p + p ) 

+ -

A 
d , a unit vector along the projection of 

(The vectors v, A c, · and 
A 
d are shown: in 

'" 

-.K2. 2 
= (p . + p ) 

· - e v 

e ·A 
• ;.+/lg+ I cos ~ 

i\ 

• J.e/ l.~e I cos = v = -v 

cos ¢ = ~ a sin ¢ = < c x v) . d 
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The ranges of·the angular variables are •O ~ e ~ te,: 0 ,:S. ~ ~ ic, and ._, 
:{ .. 

, ... ( 

, .... · 
,•.' 

*· 
We consider the following four ·correlations: 

. ·.· .. 
·c~. " 

a. the:· distribution in cos 9' ·or the forward-backward asymmetry of 
·" 

the + in the Of the pions, 1( c .m. .,. - .J. 

·.·. 
b. 'the distributio,n. in -sin¢ or the up-down asymmetry of the· 

~ .· '. ,, . + 
positron with respect to the plane formedby the two pions in the K . 

_ ..... 
rest system, 

', 

c. the distribution in cos.¢ · or the right-left· asymmetry of the 

positron with respect to the plane formed by the line of flight-of the· 
1' 

dipion.in the il rest system and the normal to the plane of the pions;_; 
.' I 

d. 2 the distribution in R ·. or the effective-mass spectrum of the 

pions. The. term itfOrtvard1i implies COS 9 > _0,· ~."backward" .COS 9 < 0~ 
. ·?-

"up"· implies· sin ¢ > 0, "down" implies sin ¢ < 0;: 'iright" implies · 

cos ¢ > 0, "left" cos.¢< 0. · .~:··~ .. ·· i·,·: .. ·.:: 1 .:· . .. ~.-: '.-; '!·.:; '.':; '":~ .. ::"·.':. :'-.• 

Each of th~se correlatio~s is related to a definite term (or .terms) .in· · 

·, 

.·, .. 

l 
•'i 

the expression for' the angular distribution of the de·ca.y. (See Sectiion IV.) 
>t' 

Standard correlations, ori. the other hand, such as an energy spectl'um· of'a 

particle or the distribution in the angle between two particle~, have a 

more complicated relation to the angular distribution.-~·.-''·~ 

· III~ MATRIX ELEMENT . 

' . . 
If we set the positron mass equal to z~ro andassume. a local V-A 

I 

. coupling for the leptons, we can write the matrix element for the decay 

+ ' + - + K - 1C 1C e v to first order in pertur~ation theory as 

..• 
·< 

'r· •' 

' 

t 
l 
' .. I 

1 

i 
t 
f 
' 

.... I 
' . J • 

'-"t/ 
~ 
t 
f. 
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I· ,, 
'f: 

• f 
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i• 

I· 
! 
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(21!)4 o(4)(pK-p+-p~-pe-pv)(G/\(2)[v 1A(l+.'Y5)e] (lt+lt-jJAV + JAA,K+) • 

. ( 1) 

In this expression, G is the universal Fermi coupling 'tconstant for the 

v 
weak inter~ctions, JA is the vector current of the ftrongly interacting 

particles, and J A is the axial current. The rest of the notation is 
·A 

obvious. · ., 

From inva:i'iance considerat.ions we obtain 

' . 

{lt+Jt-jJAV,K-i) .· = .(ih/~3)eA~VO' P/(p+ + p_)V (p5- p_)O'' · ( 2a) 

and 
I 

( ~+.~-,J~AIK+) -- ( I )( . ) ( fM)( ) " " ,.. f ~ P + + p- A + , g, .1<:. . p + - ~- A ' 
~L 

( 2b); I 

where the form factors f, g, · and h are, in general, functions of 

R2, . ( pKp), and ( pKp _) • The factor ~-3 in Eq. ( 2a) and the 

-1 factor ~( in (2b) have been inserted to make f, g, and h 

dimensionless. Due to the opposite .relative intrinsic parities of the 
I 

'+ + -K and 1t 1t states, the matrix element of the vector current between 

these two states, Eq. (2a), transforms as an axial. vector, whereas that 

of the axial current, Eq. ( 2b), transforms as an ordinary vector • 

. Since the singularities in the variables· (pKp+) and (pKp_) 

are far from the physical region, it·is reasonable to neglect the 

dependence of f, g, and h on these two variables. This is equivalent 

to assuming that the two pions are emitted only in .£. = 0,1 . relative 
. 11 

angular-momentum states. If we further assume that the !LD:I = i rule 

is valid, t:qen,,from symmetry considerations, the f. term is just the 
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· .. 
. f..'. ·,!!.: .. 

· .. 
amplitude f'or the pions to be emitted in an.· I= 0, .t = 0 state, while 

··'· ,, .. 
the g and h ·terms give the amplitude for emission in an .:I=· 1; t =·1. 

. ' 

state •.. . ... .' ... -
. l. ' ~ • •• r 

m~trix element (i) i~ two. ways~.- <First; by~the Watson-:Fermi theorem; 1? 
. ' • . . - ..... l ~ '"· ~ l - ~. 

·:·: 
·' 

it determine~ ·the phases of: f, ·· g,, and h as follows: · · ... ·· • .. 
~-· ~ ·~ ••• f -~. 

.·. ·. ·· ·io (R2) .-. 
' .. 

' ,.· : . . ... . ·. 2' . · .... · 
,., 1 . 

g= ge ··._,- ( 3) .. ' .. 
· ·> . i 5

1
( R ) \ ,., .. 

h = h e · .. :. , :• 

where f 
. ' "' g, 

..., . 
and . h . are real. The quantities B . 0 and o

1 
.. are the· 

I = o·, t = 0 · and I'; 1/·· t =· 1 ~-rc scattering. phase shifts; they·--··., 
'lt 

are f'unctions only of the total energy of _·the pions in th~.ir center· of ~ass •. 
. . 

~.Secondly, the :lt-:lt interaction gives rise t6 enhan2ement ef'fects which . . . 
. . . . 2 N , "V ~,:, 

are assumed to determine the .dominant· R · .. dependence of'"' . f ,_ ·g, and 
..., 
h • 

~ :"' ·' 

-; .· .. . ,. 

•' ; 

IV. ANGUlAR DISTRIBUTION 
" '.. ·"·-·.-

. We integrate the decay probability obtained f'rom expressions' ( 1), · :' · 
•. 

~ ~ • :: . .._ . ~ _,. ~ • • I ' , ,• ' I "' .. 

( 2)' and ( 3) over the 'variables . r ·: arid .. ccis -~'.to obtain ah e~~ession > .. 
. , •. • .. ' • : •. .··< '. . .. ~- •• 2' . 2: .. 2 :{' ·: . . · 

for the angUlar distribution in e" and. ¢ . as a func~ion .. ~t: :J:C ~= }.{./~ : . 
~. • ' . .. '· ' •.; ·'' • 'v . ' :. . · .• 

Details. of .this integration are given in Appendix.A~·: · .. · ~ · ··;·: · 
't r• >,. ~· .1 .... 

·, 

. ' 
· .... 

" '' 

,. l . ·• 

.. 
.. 

. .... . • 'li. 

... . .. , 

~-:·. !. ; ~ \' 

'· 
..... . ...... ,._· ~ .~· .. ~ "'' . 

. ~\ .· .. 
. ; ~-' 

; .,r .. : ! .. , - • ... -. ~ .. 
; ' 

~ :' •. -~-- .,l.' 

- ~ ' -

,· 

·_: ... '. 

.·· . 
· ...... '•t' 

> .. • ·J.," ....... -.. 
. ; ~r 
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dl'(x2) = [G
2 

1{
2 ¥x5/(32(21!)

8 ))dX2 d. cos e d¢ '· 

/( { f2 A(x2 ) +if [B(x2) + C(x
2

)cos
2 

9 + ~(x2)sin2 9 ~in2 ¢] 
~ 2 2 . 2rl.). "' "' 2 + h E(x -)sin 9(1 + 2 cos 'P + f' g cos( o0 ~ o

1
)s(x ) cos 9 

+ f g sin( o
0

- o
1

)T(x
2

)sin ~ sin ¢ · ·• , , . 

In this equation the quanti ties 'A( x2 )-, B( x2 ), C( x2 ), etc., are well

defined f'unction,s of x2 ." If' we let f3 = ( 1 - 4ml! 
2 /R2 )~ , they are q 

given by 

2 
B~x ) 

C(x2 ) 

D(x
2

) 

2 6 . 8 4 2 = . (f3/96) (1 - 8x + 8x - x • 12x tn x ) 

2 = S-wave R correlation, 

= P-wave R2 correlation, 

= f32A(x2) + B(x2 ) 

2 . . ' 
= P-wave cos e correlation, 

= 2B(x2) 

=· P-wave .sin
2 e sin

2 ¢ correlation, 



. t 
J .- , ... 

and· 

~/. 

. ' . 
•.\•"·· , . 

-8-
... 

· (132 /144)( 3 - 2ox2 + 90~ 4 - 1~8x5 -~ 4ox6 - 5x8 ] 

- - s-P-wave interference cos 9 ' .. corre~~ion, . 

= s....:P-wave interference sin~ ·sin¢ · correlation, 
r· 

- X 

· · ( l+x2.)/2 

J :· · ... d~ '· f I •. . .. I• 

X .. 

·' 

= S-P-wave interference sin 9 cos ¢ correlation, 
.. ' 

. 2 
V(x ) = 

., . ' 

·~. : . 
' . ,, 

. '·:: 

=· P-wave-vector-axial-vector interference cos 9 sin 9 cos rj 

correlation. 

f 
t' 
\ 

t 
: !-

. ... 
: -- \.1 r 

. , I t 
. r 

J. 

t 
" y 

We. can now indicate the simple connection,. mentioned in Se~tion II, _. 

between our correlations and the angular distribution. · An examination of 
' '· . 

Eq,. (4) shows·t~t the rc+ .forward-backward asymmetry arise~ fro~ the_ 

2 ' ' ' . 2 ' ' 
S( x- ) . term; ·the positron up-down asymmetry from the T( x ) term; · the 

... ·positron right-left asymmetry froni .the U(x2 ) 'term; and th~· rc-rc effective 

' ( 2. 
mass spectrum from the A x ) , 

. 2 
B(x ), 

2 . . 2 ' . . 2 
C( x ), :D( x ) , · and· E( x ). terms •. 

.• 
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1 

(R2)2.J 1 . ' ' For fixed values of W = the tota c.m. energy of the pions, the 
I 

correlations are given explicitly by the following expressions.: 

(a) forward-baclcward asymmetry 

( 

(b) up-dmm asyPIDletry 

(c) right-left asymmetry. · 

. (d) effective-mass spectrum of the pions 

: ,, 

( 5) 

( 6) 

( 7) 

1 2.1 
+ 3 D(x U 

( 8) 

By measuring angular correlations at a fixed value of W , one 

can obtain tan(o0 - o1 )· at that energy from the ratio of the up-;down 

to forward-backward asymmetries without having to know the values of 

f and g . Furthermore, it is clear from Eqs. C5) through (8)-that'" 

the various correlations can, in principle, also be used to~d.~termine 
. . ~-"'"--:~~ ... 

f , g , and h at any given value of W • 
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In view of the :poor experimental· statistiG.S likely to be 
' : ~ ~ 

. . ~\ ' . .· 

available in the foreseeable future, it is more pract~~al to look at ·the 
·. ' ,; . ~ •, .'· . : ... 

·. angular correlations averaged over . W • In this mannE;ir one should still•· 
1- -;r 

be able to get an idea of'the sign-and magnitude of the average value_ 
,•I .• . 

of. · (o
0 

- ·o
1

) in the ena_rgy region under considerati~m. 

V. 'EFFECTIVE-RANGE MODEL 

Since a direct determination of the phase shifts is likely to , 

prove difficult, an alternative approach is to attempt a fit of the 

experimental data to a given model for· f and g. (To, a very good 

approximation, .the contribution of the h term is expected to be 
. . 13 . . . ·. ·. 
negligible, and vre. shall ignore it in this section. In any ca.se, . · 

this contri.bution does not affect the determination of the phase shifts, · 

since it gives rise to an angular correlation different from· those ' , 

correlations used for. this purpose.) 
I . 

.. 

·,. 

For example, one could assume that·the low energy rc-rc. scattering 

in the I. = 0, t ·= 0 state can be described by a· large ~cattering~··> . . . . 

14 . . 
length, and· that the scattering in the t::;:: 1 I = 1, state is · .,. , 

......... _~~~.::;:..·-· 

dominated by the .P resonance. Since the p· singularity is rather': . . 

distant from the physical region, one sets g equal to a constant·· · 

value· ~- • One. assumes that the · R2 dependence of.: f is given. by the 

. 15 
relativistic Watson enhancement factor.: ., .... 

. . . 2 ioo(R2) 
f a:: (l/f3)sin o0(R )e . · 

'. 

(9) ·.· ' 

where f3 = ( 1 ~ 4m,/ jR2 ) l , as in Section IV.· The. ·~ R2 · dependenf:!e of 
'-'. :· 

;~ . 

.. 

r 
I 
• ,. 
l· 

i· 
• \ 
' 

• 
' r 
L 
t 
t 
I ., 
~ 

!· 
I 

.,,. 
. !: 

;\) f. 
I 
I 

I' 
~. 

, I . I 
I 
I 
r 
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the phase shift is assumed to be given by the Chevt-Mandelstam effective-
.. 16 'f'; 

range formula: 

( 10) 

.. 
vthere a0 is the ~-~ scattering length for the I = 0, t = 0 state 

in units of the pion Compton wavelength •. One then proceeds to find-that 

value of the parameter .a0 which gives the best fit to the exp~rimental 

data. 

Using this model, we-write the angular distribution as a function 

of· x
2

_=:= R2fr.x2
_:in the form 

.. 
2 •. rl 2 ( 2 2 

+ ~3(x )s~n e s~n ~ + ~ A4 x )cos e 

+ ~2A5(x2)(1 + 2 sin2 9 'sin2 ¢)}, .· . ( 11) .. 

where f0 = f(R2=4m~ 2) ,, · and 

2 2 A2(x ), and A
3
(x ) 

~ =· g0/f0 •. The correlation coefficients 

are plotted in Figs. 21 3, and 4 for 

various values of the scattering length, a0 • In plotting these 

curves,, we have normalized the Watson enhancement factor to unity at 

· R2 = 4m 2 • Thus no significance should be attached in Fig. 2 to the. 
~ . 

. relative magnitudes of the plots of A1(x2). for the various values of 

a0 • A similar statement hold for Figs 3 and 4. · 

We have also calculated the correlation coefficients in the 

angular distribution averaged over R2 . 

/ 
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' ' ~12-: 
,·.• "-', 

2 2,., 5 '2 { . 
. d c·os 9 .. drl ·1 .. o-5 .. G. :rc l'k fo A. . .. ar = 'I' 8 ··.~ 'r}A,., cos.. e 

,. . ,, . . ' . ' ~· . ' 32( 2lf) . 1 . G i' 
I ·, • '• 

, + TJA3 sin.~ sin; + ~2A¥ cos 2e + ~2~5( 1 ~ 2 sin29 sin2¢)} : 
. ' ·' ~ . . . ( 12) . ' 

_._,_· 

. ,· 

The values of . AJ_; A
2

, A
3
, .· A4, .'and··. A

5
. are give~ in Tabiet:I as 

functi-ons of t~e sca~tering length? .ao • Again ~he relative:., mflgnitudes 
·' 

of . A
1 

for different values of' a
0 

. have ho significa_nce·. The same :holds 

true for A
2 

ancl A
3 

.• The ·~atio A:jA
2 

. de~erids un:i~uely on: a
0 

·;·~and 
f 

can be used to determine this qminti tyi;'·' · :~··-~~~~~:;~.\I 
h 

· Table I. Coeffic.ients in the angular· distribution for the .. _de"cfay~~"· · .. 
+ + - + K -.rcrcev 

· length, a~ • 

0 

1 

2 1.67 

3 1.1; 

4 0.81 

. 5 0.61 

. 

as functions of .. ·. the I '= 0 
' ' ' ) ' 

... 

.\ . 

1.58' 

1.19 

. 0.94 

~ ' !: 

· .. -o.8; 

-0·77 

-0.69 ' . 

.-0.62 

t = o, rc-:rc scattering 

i' 

4o, A ... , 5 

: ·~ ·. : ; '·~ •, o .• 2 3 . " ' _;. - . ·•· : 
j ~·- ·.::"·<!- .. - ·' ,.. ... "' " ~ 

'. .' . 0.23 '. ' ... 
.• f _. ..... 

' - - - ~ '. ·, 

,. 
1 .. 26 <. ,}:.·, ':'. 0.23 :' ·:· ' .. 

1.26 '• 0.23. •• . ,i •. 
:t' : . ·~ 

1.26 

. •,1 .• 26 

0.23. 

0.23 . 

• 
For a0 .:::-·· 0, 

sin( 00 - 'olr= 

we' have A.,·=.fCix2 ~ g sin(o0 ~· o1 )T(x
2) = o' . ,. . , . 

since o·· _. .. . '. ~. 
, .. # 

., 
-.. ~· - .-.. 

. · 

,. . '• t 
~ 

... ·. I 
I 

' I' 

I ,. 
r 
! 
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VI. RESONANCE "MODEL 

Another model for describing final-state effec~slin 

is that propos~d by Brown and· Faiel;' , 7 who assumed that,\he . 

1C~1C scattering is dominated by a_:postulated resonance, . the 

K¢4 decays 

I=O, t=·O 

a , with 
.. ~ 

mass ··about 400 MeV and width about 75 MeV~ They usedYthis model to 
. . . . . + .j. - + :, 

calculate various spectra for .the decay K -+ 1C 1C e V·, as functions of 

·the resonance parameters. 

The existence of such a resonance could be d~'cided o:n "t.he basis .· .. ·. r . -....:..__...,..;:. __ 
· of the effecti ve_.mass spectrum of the pions and from. the peculiar behavior 

which it would cause in the angular correlations in the. vi~i~'rt~·f;•·the 

resonant energy.' If o
1

. is indeed small, the up-down asymmetry of th~l-
',i 

positron should have a peak at this energy' while the forward ... backward ' 

+ asymmetry of the 1C should go through zero, since o
0 

.·would ~ss 

through 1f /2 . '· 
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" APPENDIX. A • : _PHASE-SPACE INTEGRATION •- - · ... 
, .. ,'" 

. . _l 

. · .-. .~· ;'I, . . ..... 
':f 

' .· .. ' 

·_K -=, P~ + Pv ) .. _- .. 
' . . ~ 

R = p+ + P_-; 
. -

.< 

_ .... 
i .. '1.·' ·:' • -~ .. •·. 

L = ~e -- Pv· ._ - -- ' 
•·. - . - }· i ; · ... : ;->' . ' .• 

· The square of the matrix element 

polarizations can then be written as 

(Eq. ·( 1)] 1suimned · qver the lepton 
. ~ ·... '. 

·_·, .. 
- : 

~ \ :-

. ' 
ll 

· -- (Al):i 
'· . ' 

1-rhere ·: - , ·,_; ·.· •. 
:;. 

~-
T 

;. ._· 

'').;". 

and '· 
~- . . . ' 

+ ( ih/M--3-) € R v_ cl I(?: ~ ', '·-;" · · ,.,, 
-_x _ ~vpa · :- · ._·_ .. · _ 

\ --·.. . ·\·>.'. i(::- < 
. . . /_ ')~ 

';·= 

. . . _:: ·- ':'- .. -·--. +' . '-_ :·· ·. -·· 
The total decay :rate_dn the _ K !est system is given. by 

,. '' 
' t. ·I. ... ' , f~. 

. ' 
'' .. l' ·• (" 

where .. ,..~· 

vT e rewrite I as 
~ - . 

.. 
. ~ ... ' .. ', 

,. . 

. ' -.... 

.-

~-

(A2) 

:. 

'· 
'• ... ~ 

~- -~ . 

J 
- - ~ 

:· 

. r 
I 

'I: 

V ~ . . 
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l 
' 

' 

The integrations over the three 5 functions can be perfol"'med.dsepa:rately: 
' ! 

fd4R fd4K5( 4)(R + K- pK) 
.. 

JdM 2 dM 2·,j· 'd1+R. d4K'5( 4 ~(,.R+K:· .:.: .. )5(.M .. 2·,.; R2) .. ~(M. 2 - R2 ). = 1C1C e'V.'i :_ ·.! PK rc-n· · . . u ev. 

l L 
I 

(A5) 

vhere · P = 1!!.1 in the . K+ rest systel]l; P can be expressed in terms . 

of R2 and ~ • 
I 

He perfornl the integrations over the pion and lepton 5. functions 

in the respective rest frames of these particles: 

d3p_ ( 4)' . ) ' * 
5 (p + p .- R V V .· = 

E + - !J. A.· 

where 
. ' 2 2 1/2 

f.3 - ( 1 - 4m
11 

/R ) . . ; and 

j
rd3pe 

E e 

* d cos e ,V!J. vA. ·. , 

(A6). 

l 
·. r 

l 

; 

[ 
l 
I 

' 
! 

.. ~ 
• f 

I 
l ,. , . 

. l 

I 
' I 
t 
I 
r 

i 
I • 
I 
! 

I 

f 
I. 

f 

I 
. r 
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,i- •• 

. ··; .· 

vrhere we have set me·= 0::. ; The integral I can now be "YY'ritteri in the 

form: . _, 

' . - ~-~ " . ., 
,( • .oio ·~·~~·~.~',·.... ·'· .... ,. 

I = ~2 J dR2 J d :cos aJd¢ A Jax2 ~Pv11 v,}' :!Jd ~os ·~ ·~~". 
(A8) . ,-

., 

Integration over cos ~ · gives _ -· 

1 J ' ~--_ = 2 d cos ~ T ,.:> 

•,! 

(A9{L 

~ ' 
~ 

where• d = (o; d) and 
A- A 

n = ( 0; d X v) - in the c.m. 

unit vectors 'd- and ~ _ a~e defined in Section II • 

of the.leptons~ 
' ' 

It is convenient to change from the va~iable:-; K?:" to 

(R2 + p2 )'l! • In the K+ rest frame, we have- .. -

; 

The 
4' 

(pK-+ R)
2 = ~2 

+ R
2
.- 2MR

0 
and cm

0 
= -(-1/~)~ • The range, of 

-_- ' ' 2 l. ' ' ' 1 2 '. 2 . ' ' ' 
integration is given_ by . (R -) 2 

· < R0 < ~ (~ +}\. ) • .. 

- · Contracting T~ .·with · V~ VA.~ ·~and evaluating the':r~sult~ng 

- expression' in the c .m. of the pions,_ vre obtain Eq. -( 4) for' the :decay rate._

The coefficients -A(x2 ), :S(x2 ), etc. in_that equation are to be evaluated 

from ~he following integrals: 

· .... 
- '( 2) - ' . -4 2' '-J . 3 

· · A x = 1'\ __ - 3 f3 -_ dR0 P 

B(x2 ) •. ~-- 1\-6 -_ ~-133 R2 J cm0·K~ 
E'(x2) = 1\-8 . 5 ~~ R2 f dRO JA,3 

;., ·; ' ' 

·-·. 

·~· 

r . ,. 
J;: 

'1-, 

,, 
. ·r 

tt
( ,. 
'. 
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-- -5 ~ ,:t2 
-~ 3'"' (~J dRoP2 Ro-H2 J dRo P2 J 

?-'(x2) . = -~ -5 . ~ f32 (R2) if dRO p2 (K2) i 

The only integral which cannot be evaluated in terms of elementary functions 

is that occurring i;n the expression for u(x2); it can be evaluated in irerms 
' 

of elliptic functions, if desired. 

I 

., . 

'\,. 

<.'· 
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.l 
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Fig·.·· 1. Angular varia~les and unit vectors used in the· kinematical 

description of the reactiop 
+ ... + .. + . 

K -+rt'nev. 

Fig. 2. The correlation coefficient . A
1 
(x2

) 

All the curves go to zero at x2 = 1. 

Fig. 3. The correlation coefficient A2(x2 ) 

for 

··. 
for 

2 . 
All. the curves go to zero at .. x - L .·, 

.. ... : 

various 

c 

various 

. ; 

values of ao 

values of ao 

... 2 :, . .' ... :• ' 
Fig •. 4.. The correlation coefficient · .. _A

3
(x ) · . for .vafiotis values of · a

0 

All the curves tci':t~'·zero at; x2 = L· . , ·,:·, '·. ' ' 

:: 

'; 
. I 

• 

• 

q 
.I. 

' •, 

"· .· 
· .. ; 

'.' .· 

·,: 

. . -~.' . 

·' .. 
., 4''' 

·, 
·;.{' 

., 

,·. 

' .~ .. 

.... I 

,_ .. 

.. 

·, 

l. 

I'· 

. ,. 

t !. ... 

''I:,;\,.,.:; 
. ~· ~ 

· .. ·, 

<' 

: .. · 

... ·-

' ! 

., 
·,. 

' ~ : 

r· 

'. \.: 

..... 
. · ·~· ·. 

' '. 

' . 
·'c 

' .. 

,,ji' 
I r 

u 
' . I 

i' 
l· • . lr 
f. 
! 

f.. 
r· ,. • 
t 
I 
,., 

r 
t 

I 
f 
I • 

. 1 
r 
t 
t 
~·· 
f 
f· 
f: 
I 

. ' i•' 
I 
' I" 

l;. 
I 

·L 

t 

t 
J • L 
' 

j 
J· 

~-
f· 
' 
(•. 

~ 

t 
i· 

i 
'· 

l 

i 



..:..} 

·~ 

+ 
F: 

,.;21-· 

I 
F: 

Q) 
c 
0 -c. 
~ 
I 

Q) 

Q) 

c 
0 -0.. 

.. ' 

UCRL-11590 

0"1 
(j'l 

N 
("(') 

I 
co . 
::::> 
2 

., 

0.0 ...... 
~ 

li 
I' ., 
! 
I 



. : 
'•.' 

· ... · .. .. · 

·····.· 
...... 

··.~ \ 

.... -,,"':; 

·o; 

-~. 

··~.'(. ' ' 

.·: >.' 

·r', 

... · ... 

·., .. 

,. 

.. · 
·' . 

. '::, -~ .. 
.;. 

,. 

. 
(.\J 

... -,. 

. . 

0 
(\J 

,. 

-~-: 

·.·. . .-. I ~, 

··~ ... r·. 
··-.··· 

. ' ~ ,f' •• 

'. 

,·, '~' I :,. ' 

··'-· 
: ·> 

.. ,. ~ .. 
. -."..; .. ' 

·••• •• 4 

. ; >· . , ..... . 
·.: 

. ... 

··. 

'. ~ 

.· .. 
,. ·~/· .. ·, . ., 

... 

, ..• ~ 

r·· 

·:· .· 

0 
v 
d 

1{) .. 
t<> 
d 

':·. ·~ .. 

. . . "'.~· 
. ~,.:, .• 

...; '''t· 

. II . . '-· 
N ·'.; 

. )(: 
· ....... -

.. 
~~ : .. ' , ·,·· 

'>:·;._ -;-,. 
·.::• 

;· . '~ 

.' _l 

. . 
j,.~.- -· ;·.·: .. ~ ,. ~ 
~. • . I ,. 

· .. •_ . .-

<'! 
Ill 
:::1 
:I, 

.. , 

,·' 

. ~ .. · .. 
·.· 

....... _.··;.-

·;:-. 

· .. ·· 
.. I 
, ·. -~-. . . 
/ 

\• 
·._ .. 

'i.t 

,1· 
•' ... ·,; 

... 
.. -~ . 

· .. , . 

t~ .. . 

~_( .. .···.··-

'i 

., 
···· . 

· ... 

.J' 



.(.t 

,:j 

· ... - .: .,.,_ ..: ·. 

-23- UCRL-.11590 

0 w. 
0 

lO 
lO 
d 

.. 

0 
lO 
d 
N~ 

~ 

0 ~ 
. II a:: 

0 lO 
0 ~- II 

0 N 
rt) )( 

0 v 
d 

0 
rt) 

-LO~.-.--------~--~------~LO-.----------~--o~.------------L0~------~-0~6 · 
0 

z ·\ 
(zx) 'V. 

.. 

In ., 
"' ~ 
Ul 
::::> 
~ 

ll· 
'I 
' I 

rt) 

0.0 ...... ...... 
~ 



-:·::---,-:.,.....···~-r-·;-···· 

·' :_z~::-

0 
~~------~~--------~~-------r--~----~~--~----_,w d 

0 
C\1" 

,· 

·._ .. ,. 

., ! . 

·' 

·,, :: ,.~.··.· 

,i 

:~ 

-· 

.--

,..-: 

10 
10 
d 

0 
10 
d 

lO 
~ 
0 

0 
v 
d 

10 
('(') 

d 

. ~·· 

,)'' 

~ 

,_ 
\ 

"'~ 
:E 

" 
"<;j< 

N ·OlD 

0:: 
·r< 

-~ 
II 

N 
)( 

·~-



J 

This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com• 
mission, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
• or for damages resulting from the use of any infor

mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 
of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 



111111111 


