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"· ABSTRACT 

There is by now a good agreem~nt between the distorted-wave .. ;-:,_ 
.-''· ., ,.· . 

approximation and the sharpening of peripheral peak by competing . } 

processes, although the theory- itself' has not .been correctly derived:,:·, 

at high energy-. .We show th&t the main result of' the ·distorted-·-wave· ,···· 
• > ~ '.• t.. . 

approximation can be derived 'by apply-ing:.the dispersion theory of' _It: 
. . ._., .. 

:final-state ·interactions· to the eigenstates of the S ·matrix; Some · 

·assumptions about the mean .values and the variation· of the e_igen phase 

--shifts that fit with scattering experiment have to be made. The 
~' . 
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I. . INTRODUCTION 

It vas first indicated by Chew and. Low that the exchange of 
' ' 

. . .. .· .. a pion in a pion-nucleon inelastic collison should dominate the cross 
,.- '- ' ·r . 

'· · · .. ' section for low values of the momentum transfer between .the· initial 
. 1 

and final nucleons • This effect vas emphasized as the basis of 

:: ·; ·1 phenomenJ.ogical calculation of high-energy forward inelastic 
. ).' 

' ' . 2 
processes, the·· so-called peripheral processes, by Drell and Salzman • 

. .,.' .... 
. . . ~- If the system of final particles, excluding the nucleon (or 

more generally the baryon in processes involving strange particles). 
~ 

, ,has a·zero total angular momentum in its own rest frame and if the 
.,: .. · .. -~· 

,·· 

. \ 

.. 

.. ~. :. 

:exchanged particle has zero spin and mass il, the theory predicts 

·2 
a distri.bution in the square of the momentum transfer ~ of the form 

11 

·; ,• 

il 

This form can be significantly modified it. higher values 
<• 

.'.-:;:·.·· . of the spin are involved; as, for instance, in the production _of a p • . , . 

. ,, . :1 In that case the peaking predicted by the theory is much less ~arked. 3 

.··· .. .·_ » 

Experimentally, the agreement between theory and experiment 
•'r,. '.,. 

. ·is rather good at very low values of ll2• Furthermore, Yang and.· 

. ·. ,, .. :: .. -·~:-._:_Treimari thave gi~en ·a test which· relates the angular correlations 
: ._, ~ .. · . 

· • ·, • ; 1 " •. : .· ···' :; to the spin of the exchanged particle, and this test is generally in 
•J.. •' 

.. · .:·. ·::.,·;~:)·':~~·:very good __ agreement with the dominant peripheral mechanism. 4 , However, 

'..... '' ... ,··: ;:\:' tor values of ll2 larger than a few 1!2 •. the experimental peaks are 

. ' : :.,:· often much narrower than the theory predicts. 5 
. . !'·-

'. 
.. ·.,,I .'• 

An obvious drawback of. the. theory is that·it predicts in fact 
. . . · ' .. 

• ..> • -'-~' ~ "':. •• ;, ' 

. .. .r .... ·· · .. ' ·. ·.inelastic cross sections, which, for high. energies and low angular· 

... 

. '· 
. ·~ - ~ 

·. ···: 

.... 

~ " " . .. ,.. : • ',¥ '· 

'· ., . . momenta, exceed the limit imposed·lby·un:itarity. ·However, even-it.:,;-... 
'I . 

. '. ~ 

~· ·" · ~this ·difficulty is removed by reducing to a reasonable value the first 
. ; ·, . ,·. . '· . • .. • • .: 'r .I.· { ~ . ' . . ·,. • • . 

-~~- ' .• -.,.·· ••. < . ,._.,. •• ' ';·,;:'.>-,. 1 .>·-~··~·:·.. ~ ... ·.' ._.-·:~~...:_--~~..{-_, 
} ·,· " . ' ·-: ::_.• .-.,~. .. ·_ ~~ .;, -:: ._... ..; :=. . ' ' ·.: . 

··.( ... 
~ . .• 

·' -· '. 

.•., 

I • 

. . I ' ; .·, / 1t . 'j ·. {' _' 

., 

'. 1_·; 

. _·, 
~- . . .. ;-

._ •., 

.''; ·.· 

>' 

r-,:• 

..... 
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·• .. 1.·· •. · .... ·:.,· 

··~~-~~ .......... :: .. ;.!...-.. :: ... __ . . .. ; . • ;_:. 

functions •. Furthermore,. the. use. of a potentia; ~t high energy-:-:··:--·' ->" •;. 
·- . ·. . ~- :·· . . .. ·~~- .. ;_4-~ --~·. 

' for low angular momenta is well knovn to have no sense. Much worse.>:, . 
···,\ 

is the fact that .the essential formula which they use is derived in~-,;:.- · .. _ .-.~' 
. ·' .,__. . : . ... · ; : .: . -~ :~ 

the. limit where the interaction c,onsidered has a _much smaller range.:>;:~:. · .. "' .- .. 
\ ·:"'·. 

'''than the competing processes: 'the cases of interest do not_ satisfy -.· :\ __ ;:;_~ 
' .. . 1 .. ,· .. ~ ,~ . 

J-- _r ... ~ 
• 4 ' • • i.., ·~C \ ., 

<~that limit~ti~n. 

"' !'·-'·· ' i' ''· 
While these authors'have.recognized the difficulties, they 

'• '-/,\~!, < ' ~-~~ m •" ·~~ ' ..... > • ''· ·:. <; 
1
_ .,_ · ' ·, have nevertheless applied the formulas of the distorted-wav;e ~pproximation 

· ..... 
• • ::J .... 

• . 1 ~ .J· ... ~ ), • 

~ :: 

to the production of p mesons in pion-nucleon !(t~s:ion~, with amazi~g ----~ _) :~ -
'.:;. ~· 

success. There is no doubt that the effect is present and,· further-_:,.:_. 
' • • • :~~::. • ••.. '-.t •. 

. more, that the formulas used are essentially correct. 

=·. It is the aim of this paper to'derive these formulas with 

.; • 't. 
'-. 

.I .. · .-. II ' 
\ 1\' .· ., -

~ . .' 

•' .... ·. ~ 

.. ; '. '· 

: . / 

·.· .. ;. 
. ;-.. 

: 'l' J. . ...... - .... -~ 
. , ' ...... 

• ~~ : i. . 
' only v.ery general assumptions, which have the advantage of fitting . -~ 

' . .'·· 

. ~ ~- . ' 

••. ·' y 

~ : . ,. • "l' ;: .. • • . • • 

. quite naturally with our pres.ent theoretical and experimental knpw- . ' ... 
iedge of high-energy phenomena • 

'' 

.. :· 
't' 

• • !~ 

.. , . 
• =: The essential idea is to apply the nov standard dispersion 

theory Jf-·final-state interactions not to the actually measured s~ates·:._:;, 

but to the eigenstates of the S matrix. Furthermore, we have to make . 

·some hypothesis~)on the mean values and the energy variation of these 

eigen phase shifts, ~hi.ch ar~ suggested by the· fact .that high-energy ·,: :· 

.·: ·; ~. . ,..._ .. 
. . . . . 

; . ., .. 

. · .• ~' .:A-.. . !I:, • r . ,, 

·'-
• ;~ •.. .1'- ~-

.l· . •' ·;. 

•; .:. 1 

collisions give rise mainly to uncorrelated particles and resonances.-
. ' ' ~-. 

-~c:·:;~,._ ·\_;.,, .. «·~ 
." -~ I ; ~ o '. 

,- ... '·. 
' ~ ' ... _.,; ·) -~· ·. < ~ ; .. ,.~ ~ ·~· 

. (: : :·: . ·Our theory is not restricted to the case in which the final system o(.; _ -~ .. ;.·· :;-~, ~ / _ 
.. '<._, 

·· ; .· ·._ .. ·'particles excluding the nucleon can be treated as a particle. 
'.·. 

· .... ,,.;- .•· .. 

' '. .. • ~ ? .;·,· 
-.·,·:, 

I'~ 
. ' . . . . In Section II we .recall the final ·results. of the distorted~ • ; , ·, ·:· :: ': .. ,::- ;: -

. ~-• I • •.;/, 

.. ; ... _ ,< ' 
-._ 

J ."t' . •' ·' -~· ( 

• ' • . . . . . J . . 

.. wave approximation approach, which is- essentially what has to be 

.... ~ ~ 

. '-··· proved • 
'· ' L ~. ,- . ;._ 

;:.: ~. -~ .. · -~ . 

•' 
'."\: 

·, .. 
'., 

,)<. :_. ~: ·'., 

'~~ ~ • I ' ~· • . ;,.· .. ·, 

.·.·-. '' , • ·r"' ~ ~ •' . · ... :"' ·:· 
',;,. . \ .. '' ·. '. ,., ....... ,. 

·-· -'--'-.: ... •....:..,.. ...... v..t...- ---~ 
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_this-stage: although it is always possible to represent the ela~tic· 

scattering amplitude of p-articles a and A by a Schrodinger equation ,. ,· _,· 
' . ;~ - ' . - ;. 

with &n optical potential which varies with energy, there is a.s·far 

as we kno':'.rio proof' that the cort:esponding wave 
; . ' ~ 

·:. ·. · ' r_eliable. Notwithstanding ·that difficulty 8 one 

' 

functions tlJ l +) ~e.·_-:· · ·. i ~ · _ ," 
wr~tes for tlJ ( +) an ·. .- ' : 

• ' v i ' .; ~ ,. ·.;:. ' •·,. 

·- -. _-. 

approximation, valid when U varies slovly on a deBroglie' 
~t .;- . ~ 

r . •. '.- _; '· 
·' . ·- ~ 

·,;:~. .... .· . ..... .:. 

·' _: ·wavelength of 'the incoming particle, i.e., 
;.'~' ' ... ;~,;~~:.· ..... · J ': ', :, '- l •• • • I 

.. ::, ·,' ;: ., . (+) ·_. iqz ·~~~i(k,z) 
·- 1jli - = e e ·· ·; .. - -

(3) -
'r' .. :-·· 

~. .: . ·. 

';· . 

; where g.· is· the· impact· parameter vector normal. to the z axis which 

is chosen along the direction of the incoming particle. ,;'l'ue: Scnr.tSdin&er 

« q""1 ) gives. then, 1!\ , .-, . -equation in semiclassical' approximation 
' . l .'. 

'·:· .Z '1 ··-•, 
"'\ ' 

. ·. -~.'- ' · . 

': ,"' ,;· .. 

. f· U(b +at:;' )dz' · • """ ' ' ' 

,(4) • . • • • -~ _1.' .= --
v 

'•. -~ . <. "'-·. 

A 
...,. 

· . ·>Here ilt, is the unit vector along the z direction. 

1
When the range of V is .much smaller than the range of U 

and U' it is possible to give a simple expression to Eq. (2) by using 
' ' ,)•, ' ~ _' •. • I • .-· 

·~ '. • ~. • '· •i ·. \ .. . . : .. ' , ~-.... 

-. '<·· 

. . ~q •. · ( 4) ~ To do so one notices that the parameter b can be replaced 
• • • ' • y ,_. ' •• .;~:' ~-. o:-l' : 

~.l ;. 

· ·( .. ' by the angl,ila.r momentum R. = qb and one introduces the Born ·approximation' , 
-~·- . 

.'t.---., 
• .. • . - . ,, 

·< 
.. ·. -~· ' •• i .. ... ~~· ~~ ~·' 

. . . ~ .. \ .. 
-~.. . .. r . _..· . . ' ~ ' . 

.-. ·-_,t 

.. 
·' 

~-. ,·...-: 

; .-: · where ¢ i~ • :f'or instance • is the free-particle )rav:e. of a and A 
,, ~· ·;~ .. :o~J .. -~- t~:_ . ' :· .;,.. ' \ ~ 

-.• ·· .. 
~ · .. 

' / .. ~' 
·:.in: the. angular ,momentum_ • R.. Th~n .one gets · :: 

: )1' .. ·; 
'-; t' '· .: ·:·~. 

·':;-~)~ ·.;: ·_ <~' ,, . . ' 
~ . . : 

.-... -._ ·~ .:~ . ) 
. :l-.• . •"' 

,,_'(·~ _;_-J ~ ., . ' ... . . f . _! ••• 

• _, \. , , I. r. ~ 

~ ~ 

. ~ . 

. . A:.;-

;r: 

:.•t:: 

··•,;.: .. · .. ,·.- _,:. 
.. --.,' . .. 

' .·· 
; ,•· 

;.,.- .. ; _ ....... _ 

,r'f' ~·:. 1. , .-·.; 

.; ~ t.· •. "' ' ,r •• •. !':: , ·. 

.·,, 

.• 

·, 
·:· t 

;. 
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: •, ~ . :;·. 
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.. ·.; .. ·:i1;:3l~~~:{!~::~:;(£i!t~!r.-~~FJI!~-~~~r~:f~!~~~l~~~Ifil~~;t~rt 
, .. - • 1- ···- l. •. ,_,r, ,.. .) •• " • -. ' •. 1/2· . •, l/2 ., J •• d "<' '('$'" .····.<•~;•" 6' ' .... •" ,._"-

, ";t. ... ,_;.,: .····~,~ T(")'"'· ~s (")<o(")s* (")- ..... <!3 ... ·4~.J ... t't_...,~.!. ( )~ ... li;t"'o~"<:·~f~,.,..-., •. ~>; ·L· . ·.. " . 'o'-'.' ;. ···{.· •'1. ,. \ • ' .- :\ ' ,. .. , ~ ,: rr ·- ,. u ,. ii ,. . ·', ,·-I· .~.-(\;.·.4 .if;;• .";-;. . ;' .>.' '<'/~:,.?·J ~-y. ·'·';,' .. ~ ... 

i;'~> 1./~--- 'h. 

·; ~: 
--, 

·;;..: /<< ly,.:. 
• I<' ,_;;. :,, : .• :r'·~.- •. ,·.--:_· ·); • 

•;$:<' ~".•_, ~. "I ~t !' 1'. 

:'J;.~-:;}</·:···;> -·:· .. •' ... ' :.. < .. : .. • '·'· :,•i 
:.:· ·' .· :-: ··;~b-t1·-is the' matrix element ·or the s ~atri:ic' f'or''elastic· scattering. ,', ~· 

. /<1.;;·}·-f~~~/·-~';j:;j~::·~q:ation (6) ·is~t~e ·key,,~~~u~~--·tor·t-~1 -~pplications, and its·
1

succ~~: 
··-·f- .,,_:;· <'jr.' . • . . ·.·. .. . . . . '\ -· _.· .·.··,. ·-·; ·•. :;·. . . . , . • ... 

.... ·.~_,.'·;-.:'::~: .,. is;~oxtiettmes ·very:remarkable~9.~:How~v~r~:·it should be ·stressed'·tlla.t ,,-:: . .';'(·:'.\::--,:·:\·· .. '\·.·· 
.'\ ... ·.·~. \. ···~·.. • ... : \ '"; -~ ·'! : .· ... ·.··.;:--- •• :~ ..... ·~-~--~·- ~· •• :. ~>· .·. ;> ,.{:'.:·~~~·).;:··:·;~~···:·. <~·;·~.:..:!' 

·. '< ·,. \ ·. the present ~rguments 1d0 ·not provide ariy' justificati~~-·r.~;•·i~~ inC. tll;~::: ;T;/: :~·< '{> .. 
\;,· ... _~~·., . : .... ·'>.-·· . ;.'.· .·_· ,· ·,; •.'( ,,; . :. .· "';, .· . .-:-,.· ~ ·, ,;;''i>>;·~f::.:.-~· 

';·: :case or a pezoipherSJ. interaetion:at high energy; s,ince :.::. .,.~,;~~>··•._,;;;~···'<-' 
'h.'c "·•,>;:;"}' ''"' ~ ;~ ,.< , ' •• :··: ~·\'~-~·: ,;;;~t .. ;-." 

'·-.,'-: \ .. , 

(a) · the Schr~dinge:r· equation fo~ulatiori. ror"'the wave rwlctions'•J:$·:·: ~~~.;·, 

, ' ~:·;: :· ' ·: .. . .. . ' ~·. ;:~ ):::1:::: bf. a. pe:i::e:~!'in:{raction. is V~r:l:~. :· ·~ '.:~::~~::;~ft~~i~~ 
. · --~/ ., ~ :·· '. is t~ererore 'importa~t· ~·~ ~.-~o,,~ wh~t~e:·.--o; :~no~·.: an~ :·unde~· ~hich'?:Y -~-~-{·t< :~. 

·' 

' > "'· .f ..., ~ ,~ -~'i ' .. • ..• :' 't ·-· . • ~)'" ;. ·.. ., ; .. ~- '•-u ..... ,,,,:., ~~.-:~1<-'.~ ::-~--~' ·_~; ' 
·'\.;'.>'conditions. Eq. (_6) is correct~ -~~ _,_ ,•:r.:···:_f '- " . r. ,. ".~ :·t-,:~~·}::. 

.......... · 

·,_·' 

·' 

..... 

.:i . ,t ~ .. 

.... )·" 

: :: }£ ·· ' In the pr~~ ent diSCuSs io~ ·~~·\,~l;l as" in 'the 1' ol~;;iilg ' ,·~ {: ·:~': ~'; · ' 
;:::• •··:~t . f. ~ • _.r •. _- ·<~~-. .• ~- :~~~(:~: 

considerations, .~e have· neglected the spin or the particles, but it ~.;·,,, . 
·~) w' ·{, .. • • • ~·· . . • • . • • • . • •.• -~ -·~ ... '~· ..... 

,,J .. •' ·:.: 

:" . . : . .--:: shoul:d be.' obvious that no point of principle is le~t out' by such-a ·- :·< . 
'w : ~: ' ~ : . ·.• . • . . '\-. • ••. , . ~ . ·••. '.',. ·. • • .. .• • A!.< '~", • ~-~ y"~.l ·.: ;;··~-: \L · ~~~:.: .. · .. 

.. , ..... :·--~" __ .·_ .. ·.:·_·~:':.-.--.·-:~_-,r·~:-_,_-_._~~;-.. ·._,:--.~~_.P __ :7ir_.·.~-·ca. ·.t_-~ 1_·-~o_n• ::,_ .. ;·~.-.·.,_/_~-... ..__ __ ~-'7::"".·.~-~.: .. ·_,t>· .,· ~·-4:_._•-~-----.:'- ------. ~;, .... :·~ ..,.,.,.._:. ~·-·~ ·,., · :·: \ .:; .·~~: . . ,. ':-·:·. 
. _ . . _ . . _ _. . . . .. ·· - · · · . ~ .. ,-.~ ~t ~r:- ::::: ::-~ ;~~~f~7::~-; '"' _ 

~ ;·, .-: : ('~; ·., J. '·' ' ;. -~. III.·:_.EIGEN PHASE SHIFTS AND THEIR PROPERTIES,:.-, ;-:'::};~,;~~;:, 
>:: 

. ' -·~· 
,···- shall .denote by --19~·:l_b) 

'·>·":£~ . 

• •.•. .'a :complete set of ·states which , ,J •..• •• 
'· 

·. ., 
. , ·r ~ , ... 

• .. ~ J 

·~· ' . 
··,:,_-

;.,. .. ~--
~:"''are ·diagonal. in the:··energy. the ,total-~gular momentum, and.. the n~bet 

.~ . .:_;.• .. 

... -~·· 

_., 

'· 
.·-

., 'l-• 

-~ ·~ ~- ' 
.-.·.) 

·1 : 'f :,.i· ··: __ ·;:~·, ··.\· .• ;,· ;".:.~· .. ~- . . .: .,·· .. ·~- ~-- ~ ~:~ .. ·.· 

;, c ~f ·p~ti~l~s·, · i .~.-~;,th~· ~t~tes ~hieii: ar~ ~c.o~o~y~ \ised.in .th~·:i'nter~retation ::';l_· 

~·. 1 _of a.ri experiment. .· ~~~·- ;"~··;,,. -.;;:.~·~-;! .. "1 •. ;_ • f''~ 

'1,, .... ~ J: ··' .. -. : ~.~ ..... :,;.'. '~- . ,, . . .,.~ ~ . . ., .. ~.>"~ ~ -~;•:;" .... ~·.- . 
,~- :·...-.~·-i:.t: :: t.~.;.· ..... ~ •. , ~ ·~- ~-~· •· .. 

~ "::.: :.. ....... ' ~ .. 
:~. 
~ I' "' "t 

. "~ ~.:.~ ·.>-" 

...... ) 

"•;-· 

·.,. v 

.;· 

·'· 0: ·: \ 

·" ~ ... ' 
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~. . 

--: ·, -· .. 

< 
· .. _,c·_,_o.: 

··: ~; 

. ,. 
. ·:·;, .. ,, 

.. :! ' 
--:-'> 

;, 
. ~. !-:J ·:·: ~' . ,, ·. _/. i 

• > I ,; ''" ~~ 

I 
.'· 'f ! ·, -· 

'. . / ~ ' 
~, ..... ~ : : . 1 '' 

·' ' .. 
f~ •• ~ •. ~ . 

~7- . , .. 
·' .. . ~ ~-· 

'... ~ ·, 
. ~ ~ ~·-/;· . -~ 

• r • ' .. ~ f 

" ~ t~ .., ~ .. ~ ~-f • ·, :~' ;. f ·.· 
,·, 

J' •• •• ' ~ 

\ ' 

~he unitarity or's allows us to introduce another complete· ,. · · · 
~ ~ ~ . . . ~ ·' : · .. ·, 

of states I a), I B) ••• ,'which are eigen states o~ s. /i.e.'· 
' ' 

~- . sla) = • 
6 is a real· numb~r; an "eigen phase shift." 
a 

··~.· 

'· " . 
. .. ; f.~ ·• . ~. ' ' 

'· 

.· (8) :/ 
.'· 

'. -.\ .. 

·. 'writing Stieljes integrals where we shall write summations. 
.,· •· 

,,;' 

_::.: .. 

The states I&> and I~ are related by a unitary transformation" ' 
,. 

• 

~· .. 
' ~ .; 

= l • 
a 

( 9) ' .
. -~ i. ,, \ 

. ~-· 

··; .. 

. (10) 

·~.- ' . 

. -~: .. 

'-

' 

.- .. · 

... ,· 

While.the existence or eigen phase shifts is acknowledged •. . •./ ·.··.·~ :' ...... 

a finite number or states can be produced--i.e~, 
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~~-' ' 

~·~ ... .", . : ~' ... , ve believe that they provide the simplest f'i t of th~;: (lata together 
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diffraction peak, as has· been shovn by Van Hove und~r slightly 
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different assumptions. 

It s~ould be mentioned that~ since the eigen phase shifts .. 
vary around fixed values; it can be assumed that they vary slovly vith 

energy. 

IV, · FINAL-STATE INTERACTIONS · 

Let us nov consider an inelastic process a +:;.b. For more 

; clarity we shall consider the case in which a is a pion-nucleon state ' 

and b a nucleon~p1 state, neglecting the spins.· 'we shall split the 

collison matrix for a given total angular momentum into two parts: 
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. T1 , which_ is the pion pole contribution to a + b, and the rest of 
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.. . . '{.It· is ·_to be expected· that this simple 'res~t would hold· in more general 
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carinot be represented by a potential), nor in the r9rm of the preceding 

·section. In. principle, one could use a many-channe; N/D calculation, 

but our understanding or. high-energy interactions is yet too primitive 

' ' 13 
to .carry out such a program in a practical way. 

We shall therefore agree that because of the competing channels 
I 

and the unitarity limit, the peripheral matrix element must be 

significantly dec~eased although there is no reliable theory for this · 

· reduction. ., 

VI. CONCLUSIONS 

We have shown that under very wide conditions, the reduction 

of matrix elements predicted by the distorted-wave approximation can1
1 ' ,, 
•' 

be justified without appealing to considerations of potentials •. :The ' 

·hypotheses needed bear a direct relation with already knoWn experi-

mental results. 

It should be stressed at that point that . the properties of the · · . 

eigen phase shifts that we have assumed are presumably sat~sfied in 
. I 
nuclear physics at intermediate energies. In fact, the outcome of, 

most nuclear collisions are systems of nucleons and excited: nuc.lei 

. 'Wblcb a:re not very much ~orrelated,. s·o !that the eigen l?hase ·shit't:s:•can be 

expected to run around 0 and ~/2 modulo n~ Therefore, the:p~e~ent 

approach constitutes another justification of the distorted-~ave 

approximation in nuclear·physics~ 
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