
UCRL-11617 

University of California 

Ernest 0. 
Radiation 

Lawrence 
Laboratory 

NON-REGGE SINGULARITIES IN A THREE-BODY MODEL 

TWO-WEEK LOAN COPY 

This is a library Circulating Copy 
which may be borrowed for two weeks. 
for a personal retention copy. call 

Tech. Info. Division, Ext. 5545 

Berkeley, California 

f' 



DISCLAIMER 

This document was prepared as an account of work sponsored by the United States 
Government. While this document is believed to contain correct information, neither the 
United States Government nor any agency thereof, nor the Regents of the University of 

· California, nor any of their employees, makes any warranty, express or implied, or 
assumes any legal responsibility for the accuracy, completeness, or usefulness of any 
information, apparatus, product, or process disclosed, or represents that its use would not 
infringe privately owned rights. Reference herein to any specific commercial product, 
process, or service by its trade name, trademark, manufacturer, or otherwise, does not 
necessarily constitute or imply its endorsement, recommendation, or favoring by the 
United States Government or any agency thereof, or the Regents of the University of 
California. The views and opinions of authors expressed herein do not necessarily state or 
reflect those of the United States Government or any agency thereof or the Regents of the 
University of California. 



l 

For 
, Phys. Rev. 

UNIVEP.SIT~'[ .OF CALIFORNIA 

Lawrence Ra.diat.i.on Laborato:ry 
Berkeley. Cali:Eornia. 

AEC Contract. No \N -7405.-eng-48 

UCRL-11617 

NON., REGGE SINGULARITIES IN A THREE--BODY MODEL 

Victor A. AJes so_ndrini 2.ncl Rolc::.nd L Omnes 

August 1.8, :1.964 



, . ... 

UCRL-11617 

NON-REGGE SINGULARITIES IN A THREE-BODY I40DEL* 

Victor A. Alessandrinit and Roland L. Omnes 

LmoJrence Radiation Laboratory 
University of California 

Berkel~y, California 

August 18, 1964 

ABSTRACT 

l·le investigate a special model to see if it is possible to 

extend the three~body scattering amplitude to complex values of the 

total angular momentum J by an integral equation with completely 

_continuous kernel, or by extending the Fredholm solution of the Fadeev 
., 
'· 

equations from integral J to complex J. This model is a helium 

atom with infinitely heavy nucleus, neglecting the interaction between 

electrons and replacing the Coulomb potentials by a superposition of 

finite-range Yukawa potentials. One finds poles and cuts in J which 

d~pend not only upon the total energy but also upon the subenergies of 

the electrons. Accordingly, the problems stated above have no solution. 

.• 
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I. INTRODUCTION 

There have been recently several attempts to elucidate the 

analytic properties of the nonrelativistic trrree-body scattering 

amplitude as a-function of the total angular momentum J. l-4 They 

were motivated by the importance assigned in high-energy physics to 

the Rege;e poles that are known to be present in the t1m-body case; 

either nonrelativistic, 5 for solutions of Bethe-Salpeter equations, 6 ' 7 

or in the strip approximation to the Mandelstam representation. 8 

This problem presents certain difficulties ~~hich are absent in 
~ . 

the two-body case. Notwithstanding the facts that the kinematics is 

more involved and the collision~ matrix is disconnected, two essential 

new difficulties appear when J is made complex: 

(a) The triangular inequalities for the coupling of relative angular 

momenta, or inequalities of the form liV:I _:::: J for the projection of the 

angular momentum on some axis, are no longer true. 

(b) The full three-body scattering runplitude has complex singularities 

as a function of some angle cosines. 

In the previous papers, OI and OII, 4 this problem has been approached 

through the Fadeev equations, which provide a good mathematical formulation 

9 10 of nonrelativistic three-body systems. ' In or, the Fadeev equations 

for a given J were >rritten using as a complete set of commuting 

observables the three energies w
1

, w2, and w
3 

of the particles in their 

total center-of-mass system, the total angular momentum J and its 

projections M on a space-fixed axis, and M on a "body fixed" axis 
z 

belonging to a reference system linked once for all in a well-defined 

way to the triangle formed by the three linear momenta. In OII, the 
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continuation of these equations to complex J was discussed, ivith the 

resu;t.t that it is not possible to perform such a continuation 'because of 

difficulty (a). 

' '\·lhen J is complex, the· Fadeev equations look like 

TJ(i)( ' ) 
I-1M' . w,w ;z 

= . J(i) ~ 
B.Mr-1, ( w,w ; z} 

+ L\ 1· dw"Kt'T( i '·j) (. w ~~~ ·.z )'fiJ()j) (. w". w' 1 z) 
"'"" ' ' ~M"M' ' ' jfi. M":;:_oo 'it i ., 

(I.l) 

where z is the complex energy, i-thich is put on the energy shell ·Li 
\ I 

z =L w. = w. f. at the end of the calculation, and w represents t[le set; 
:i l l 

. {w
1 

w
2

w3}. An infinite .summation over I-1" replaces the finite summation 

over IH" I < J yrhen J is no longer an intee;er. It was shown that there· 

are two facts that forbid the continuation: the kernel of (I.l) is 

.unbounded because of its exponential behavior in the helicity variabl~s 

. i 
. Iv:l when H '+ oo; and when J reaches a physical value these equations couple 

the •rMWJ matrix for "sense" and "nonsense" channels, i.e. 1 c·o;;~~~/ 
. J . 

< J and TMM' '1-Tith .1M I, IH' I > J; so we do_:;not.~g~[)ack. 

the physical set of equations used as a starting point. 

It is convenient to point out .heredhat these kinds of situations 

are present in all the.hitherto considered approaches to the problem. 

. . l 2 
Either using the SchrodiriGer equation· in configuration ' or in 

. ll •momentum spaces, or using the Fadeev equations with another set of 

·quantum numbers ivhich completely determine· the eigenstates of the total. 

·I 

t ! : 

(/ 1 , 

. i 
i 
! 

! 
.. \ 

~

' 

! 
I 

I 
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3 angular momentum, one always ends up some1.;here '-lith certain unbounded 

operators which spoil the mathematical analysis, because of the presence 

of difficulty (a). 

There exists in principle a way of avoiding the previously 

mentioned difficulty, and it consists in extending to complex J the 

Fredholm solution Nf·!N' J (w ,w 1 ; z) /DJ ( z) of the Fadeev equations for 

physical J, instead of extending the equations themselves. With this 

method summations over N" are computed before going to complex, J, and 

it was shown in OII that when this continuation is carried out every 

term in the series of the numerator and the denominator is an analytic 

function of J in a certain right-half plane. However, in order to be 
J 'l. 

able to say something rigorous about the scattering amplitude THH' {w,w';z), 

one has to solve the formidable problem of finding whether or not the 

Fredholm series are uniformly convergent for complex J. 

The aim of this paper is to present a particular three-body model 

as a counter example which shows that the Fredholm denominator--or Jost 

! J 
function~-D (z) does not exist for nonintegral values of J. 

In order to investigate the existence of DJ(z), we examine 

the limit where one of the particles becomes infinitely heavy while 

the interaction between the two other particles vanishes. Since the 

Fadeev equations remain valid in that case, we presume that, if n3(z) 

exists in the general ca.se, it would also exist in this limiting model, 

which is introduced in Section II. It is analogous to a simplified 

helium atom in which a superposition of Yukawa potentials replaces the 

Coulomb potentials, the interaction bet•1een the two 11 electrons11 being 
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neglected. 
.. J ' 

In Section III, the singularities of TMN' (w,w'~z) in the 

J plane for fixed M = M' = 0 are analyzed. The information·we can 

get about the full three-body amplitude, using the Neumann series 

expansion of the Fadeev equations is enough for obtaining such singularities . . . 

using the generalization of the ~oissart-Gribov formula12
, 13 proposed 

in OII. It is found that there are no Regge poles--that is, singularities 

of the form J = J(z)--but there appear for a given value of z an 

infinite number of singularities which depend upon the subenergies, and 

which are restricted to a finite region near the origin. 

Finally,.these results are used in Section IV to prove that 

in this model the Jest function D
3 

( z) does not exist for complex J 1 il 
l. 

and its relevance ·with re·spect to the whole three-body Regge poles 

problem is also discussed. 

II • THE MODEL 

Let us consider a system of three particles, with the following 

assu.11ptions :· 
I 

( i) The masses are m1 = m2 = m;. m
3 

= M = co 

(uj, If V. j represents the interaction betvreen particles i .and j, . 
~ . 

we take v
13 

f. O, v23 f. 0, but v12 :: 0. Moreover, the nonvanishing 

interactions are taken to be superpositions of Yukawa potentials.· 

· · Let us first discuss the kinematics. 
. -:> 

He denote by k (where 
a 

a = 1,2,3) the momenta of the three particles, which satisfy 

'. 

= 0 (II.l) 

......... 

I 
l 
[ 
I 
i 

i 
l 
1 • I 

'· I 

··.~ 

l 
j 
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in the total center-of-mass system. For the two independent momenta 

'\·Te can introduce,. for exampl~, the center-of-mass momentu.~U pa of the 

(S,y) subsystem (here a # S # y; a,S,y = 1,2,3 or cyclic permutations) 

. -)>. 

and the momentum,·q:a of the particle a relative to the (S,y) subsystem: 

1 
= 

1 
= 

l/2ma(ma + m )(~ + ma + m ) 
~ y a ~ Y 

In our model, 

'* . -)>. 

p2 :;: ql 

-)>. + 

1?1 ::.-q 
2 

= 

:::: 

m k ] 
8 y. ' 

[mN(ka + k ) - (m + m )k ] 
~ ~ Y 8 y a 

-)>. 

kl 

-)>. 

k 2 

The third particle can have any linear momentum, because of 
. ' 

·its infinite mass; its energy w
3 

= p
3 

2 /2M being ahrays zero. In the 
I . 

initial state, we define its momentum by 

k3 = .-(k + k ) = -(p + p ) l 2 . c 2 1 

(II. 2) 

(II. 3) 

(II.4) 

in order to stay within the total center-of~mass system. Because there 

+ 
is no interaction between particles 1 and 2, the angle between k1 

-)>. + -)>. 

without loss of and k2--or pl and p --is an irrelevant variable» so 2 

generality 
-)>. + 

in the initial state. we can choose both pl arid p
2 

collinear 

The same is true when applied to the final state, but of course not 

when applied to both of them simultaneously. 
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He must now define th~.angular variables in. the three-body . 

scattering amplitude. The initial configuration .is given by a .. t\iB:IJgle 

·of sides (p1 , P'2 ,.~3 ) and the final one by .another triangle of sides 

Then we choose t.he body-fixed axis · z 
. -+ 

.the z' axis along ·p1 '. The initial triangle lies in the xz plane, and 

the final one in the x'z' plane. The three-body scattering amplitude is 

then a function of the subenergies wJ,.w2wJ,.:~w2 
1 and of the Euler angles 

(aSy) which determine the rotation necessary t;ot taking the x y z system 

of axis into the x'y'z' system. One has 

p . p I = cos B 
1 1 

(II. 6) 

·i· 
1 .• 

where the notation~= p/jpj has been used. 
-+ .. 

'\·lhen the .vectors p1 ' and : 

-+ 'f . p2 ure collinear, one also has 

"'\ 'A 
P ·• u ' = cos a = cos·.S cosr.·.s . 2: -2. .., ' 

sin 8 sin B cos ~ 

-r -+. 
\~here cos e, the angle between p1 and p2 , is given by 

90S 0 = 

In this model the two-body T matrix for particles 1 and 2 is 

identically,:zero, so T
3
(z) = 0 in the Fadeev equations, and they look 

like 

.:-· ... . 

(II. 7) 

(II. 8) 

i 

i 
l 

f'" 
. I' 

I 
I 

~~ 
' I 
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Tfll (z) \ 0 

\ = 

T( 2 )(z) ) 

The three-body collision matrix is given by the matrix element 

It is convenient.to recall here what the matrix elements of 
li 

i :f. j 

where the matrix element in the right-hand side is the off-the-energy-

I 
shell two-body scattering amplitude of the pair 2 = Pj /2m. 

Also, in this particular model, 

l 

\ole will consider only the connected part U(z) =. U(l)(z) + 

u( 2 )(z) of the amplitude, where 

(tr.9~· 

(II.lO) 

(II.ll) 

I 
: 

'l 
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I. 

T (z) \ · 
.. · 1 \ 

! (II.l3) 

T
2
(z)) 

The Fadeev equations then become ' 

U(l)(z) , _;T1 (z)?0 (z)T~(z) + T
1

(z)G0(z)T2(z)G
0

(z)T
1

(z) 

+ T1(z)G0 (i)T2(~)U(l)(z) .. 

with a similar equation for u( 2 )(z). 

III. SINGULARITIES IN'THE J PLANE 

In this particular model, we analyze the singularities in 

(II.l4) 

. 1 

i 

the J plane of the three-body scattering amplitude THH' J (w ,w' .; z). This 

will be performed in two steps: 

(a) . Using the Fadeev equation ( II.l4) , lre compute in a certain 

· ·approximation the connected part of the full three-body scattering. 

l ·t d. (...: ,- 'lu(l)( >1-- \ amp l. u r, ql q2 z ql q2 I · 

(b) Once·:we:.have·comp'\lted.'.different approximations forth~ t.J(~)-(z) 

matrix, we look at the singularities in J of THH' 3 (w,w';z), usingthe 

extension to compl~x J proposed in orr, which is essentially a 

generalization of the Froissart-Gribov formula for the two-body case: 

Crr" 

T~,1/ (w',w I ;z) = 1 :da.dyfd cos S(pl 'P2j I u(l)( z) li)lp2) . 

. ' II ' G J ( 13 ) 
·ere "'MH' a., ,y 

~ J r.o .. (a,S,y) ·• 
MN' 

. ' :· {fh ~ i ) 

are the rotation matrices of the second kind 

introduced'in orr, and the contqur of integration in the cos B 

.. «--:o: ·,···-., 

·,· .. '· 

I 
I 

'l 
I 
j 

.~ 
I 
\ 

i 
rJ 
.-I 
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(1) - - -- . plane runs along the singularities of U (p
1

1 p
2
';p

1
p

2
;. z), wh~ch, by 

introducing adequately the notion of signature, can always be mapped into 

the right half cos B plane. It must be stressed ~ere that these singularities 

are in general complex. For simplicity, we consider only the case M·= M' = O, 

in which the function·:~ J(a,B,y). reduces to the more familiar Legendre 
. . HH' 

functions of the second kind, QJ(cos B), and the a and y integrations 

are not relevant. The generalization of the results to values of N and 

~1' different from zero is only a technical problem and does not present 

any new difficulty. 

Let us now consider the first-order contribution to the connected 

part u(l)(z): 

w ' + w - z 1 2 

Restricting ourselves to the case M = M' = 0, and putting z 

on the energy shell, we find the generalized Froissart-Gribov formula 

reads 

2rr 2rr 

= r 
wl' - ilil J 0 

(III.2) 

,.,here E = w1 + w2 .= w1 ' + w2" · The contour of integration in the cos f3 

plane runs along the singularities of the function T1T2 • 

-~·-.:.... # 

- .. ·.· 
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I The singularities in.,J ·'6:f·T~0J(p1 '~·~,, p
1

:r)
2

,.E) as given 

by Eq. (~II.3) ~re determiriedby the asymptbtic .. behavior in cos i3 ..... ·:.! 

of T1 . and T
2

•· .·This ·fac~ can be. shov.rn in the following way: · we can. 

.. rewrite (rii.3) as '.,.,· 

= 

2n "" 
w , 

2

~ ili r da{a cosS"T;t (q1 •pl'. coss,:.w2 • )•T2(p2 ' ,p2., cos'B,w1 )Q.J(cos S) + 

1. ·1)0· . ./ 
"" 

+. ra 
I 

0 
cqss .. L>T1 (p1 •p1;."co~ 8,w.2 i )T2 ~p2 ':P2• cos B,w1 )Ql(cose)!l: 

''·i\ 

.. 
This is.of the form 

"" ·r 
. a3 · = j aXf(x)QJ(x) ;; 

. and if f(x)-.. X.a. vrhen x '-+ ""• ·it is known that aJ has poles at 
t 

J = ~~~ ~; n =· o, l .•.. • 

'.frrr.4) 

(III.5) 

The Reer,e pole.analysis can be extended to.the off-the-:-energy-

•shell t1w-body scatterins ~plitude; 1~ so, when cos S-+ "", T(p,p'; cos 13, z) 

T(p,p'; cos B; z),...... g(p,p' ;z)(cos B)a(z) 

The discontinuities l\T have the same power behavior as the 

amplitudes in cos 13, so both terms in Eq. (III.4) yield essentially 

(III.6) 

the same singularities. The asymptotic behavior of the first integr~nd, 

for exa~ple, is given by 

. '• 

-...... -------. -------~--------, -~ -- .. - ... ·- w ••• -· •'". - ~ ••• ..,.- "':'' -·. . ;~ .' 
~ ! • ••. ... 

' ! 

l 

I "· 
I 
I 

l ~ 
j I.;> 

! 
i 

I 
I 
\ 
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a(w
1

) 
(cos e - i sin e cos e) 

' 

., 

Therefore, we conclude that this first-order contribution to 

J the connected part yields poles in T00 at 

J n = 0,1 • • • • 

We consider next the contriubtion to U(l)(z) of the second 

iteration, 

(w ' + w " 1 2 w " 2 

where the function F1 is defined by 
··--~·-

(III. 71), 

(III. B) 

(III.9) 

i (III.lO) 
d 

(III.ll) 

. (III.l2) 

! 
·• 
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Notice that in (III.l2) w/ = p
1

" 2/2m. In order to find out 
.· ,· J 

the singularities of the corresponding T
00 

, we need to knm.r the asymptotic 

behavior in cos 8 for T
2 

and F1 • The behavior of T
2 

d!s immediate: 

The behavior of F
1 

can be obtained by using the unitarity integral 

( III.l3) 9 In fact, introducing the expansions in Legendre polynomials, 

T (l)(p· ' p. II 'ri '.1\p II z ) ="' (2R. '!' l)A (l)(p.' p ". z )P (ll.p·' p",") 
1 1 ' 1 -'-1 • 1 , 1 ~ R. . 1 ' 1 ' 1 2 1 • 1 ~ 

I ~ 

.-

. (III.l5). 

· ·. (IIL16) 

one has 

F 1 (pl' sl\" ,pl ,£~' !~1' zl' z2) : = L (22 + 1 )A/ 1) (pl' ,pl'' ,.zlJA/ 2) (p]," ,pl t z2 )_ 

R. 

(III.l7) 

·-------~--- - -
c f ·•• ~. 

. ; 

I 
. 
} 

( 
t 
I 

I 
f 
I· 
•· 
(,:""\ _, 
t: 

. t~ 

It 
• 't 
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that F1 

By makine a standard Som1nerfeld-Hatson transformation, one sees 

has contributions from the Hee;ge poles of both T (l) and 
1 

T
1

(2 ); so the Regge formula looks like 

x ·A ( 2 ) (p ",p ,z )P (cos B) 
"·( ) 1 1 2 a.( ) 1 z1 1 z1 ~ 

+ backe;round integral 

It is convenient to notice here that 

( 2) ( ,; ) 1 . 
Aai(zl) p1 ,p1 ,z2 are ana yt1c functions of 

left-hand cuts in them, and the right-hand cut in the 

(1) 
a runction of z

1
, A ( ) has the form 

a
4
l z2 

A(l) ( 1 II . ) 
a .(z

2
) P1 ,pl ,zl 

J 

so A(l) has also a pole at z
1 

= 

z variable. 

'+' bac kgr~nind 

.. 
' '. 

(III.l8) 

the 

As 

(III.l9) 



•.'• 

. ... . . ~ 

~---------· . . . 

·,,-·,: ';.,_ .. 

.. ,, 
· ... , 

. . ~· -: '. ' ' 

. Considering. only . the J.eading Regge ·traj ~ctory 'in (III .18) , we 
J . . . : ' 

find that a.s cos 8 .-+· .;.., _F1 bel:lave.s in the ·~ollow;i.ng way:·:··· 
.· ·, ·., 

·a.(z-.w ') 
pl--:.. (cos 13). 1 'Gl (pl·',pl"-,pl,z 

.. ~. 

The techniques used in the analysis of the first Born term 

(III. 20) 

cannot be applied here at once in _Eq. (III.l2); because of the., additional 

integration upon w2''· It is necessary to make use .of another trick before, 

· .. which consists in changing the variable in the w
2

" integration, by going 

to a new va~iable ~ defined by 

A = · .a z ( . w2".) . (III. 21) 

Suppose we have a typical Regge trajectory a.(E) for Yukawa potentials, 

then the contour C of integration, going in the A plane from A = a.h) 

to A = a.(-oo) = -1, is shmm in Fig. l. Next one can see what the:·singularities 

of the il?-tegrand of • (III.l2) are in the A plane. The propagators yield 

. poles at z - w
2

'' = w
1 

and· z - w
2
"· = w

1
', slightly displaced from the real 

axis when z is put on the energy shell, so they map into poles at 

A= a.(w
1

) = a.
1 

and A= a.(w
1

•) = a.
1

•. If we now remember that the··· 

. ( 2) · .. ( " ) · a· functions· G1 and G2 are pro_portional to P..a.(z.:.w 1 ) p1 ,p1 ,z -:.•w1 . an · 
1 . . 

A (l). (p I p II z - w ') respectivel~· and that these functions have 
· a ( z-w ) 1 ' 1 ' 1 ' 

1 .. . - 2 .· 
left-hand cuts in .the p

1
" .variables, then we conclude that in the 

. w2 
II plane the integrand of (III.l2) 

value w{' =~(pl''pl) < 0· 
' 

so this 

has 

' gives 
.. 

cuts from w2 
II 

a cut in the 

' '. 

= -
00 to some 

A plane from 

,. 

i ' 
!' 

··I 
1v 

I 
t 
t 

I 
I 
I 
l 
! 

1 

.. I 
! 

·:I 
! 
I 
I 

I 
·.1 
I 

I 
! 

I 
l 
i 

I 
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a( z + t;) to a(+=). All these singularities are also shown in 

In this way, the integral in (23) transforms into an expession 

of the form ( \ve suppressed irrelevant variables) 

cose %~cos S) r dl. r ~+a(z-w ')/ Hl 
----If(:>.) !(cos S) 

1 l·--
Jc [, d:>. . , l l \:>. - a 1 

l~< z ~211) J 
') 

+ (cos 
· A+a( z-w )( H2 
S). 1 - + 

:>.-a 
1 .::~' )] 

\;(III.22) 

Next the contour C can be distorted into the contour C' p:j,.us 

the contribution of the poles a
1 

and a
1

·,, which can be explicitly 

J evaluated. These poles yield the following contributions· to T
00 

; 

vhere z is put on the energy shell: 

;. i 

a) 9 d cosS.'Q}cos 
) 

t 



·~ --~--~- ·---. ----. ·--~--- ---·. 

; ' 

._· .. b) 

c)Jd 
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• II ) w . . 
2 ).:(1 . I 
. 1 

' , 

' 

'.f· . . 'l'(al
1

) a 1 +a(z-w ) 
d) . . d a Q. 'I . a) H21 (cos a_) ___ 1_ - .· 1_ · . 

. . -•• -. _cos~-'·Jlcos ~-'. l l•~-' _ L. dAW ")I 
2 J>.- i 
. . -al 

. ~·' 

.. ,. 

. :\ 

' :, . 

·'-~;;· 

In considering the remaining integral. along the contour C 1 
·, 

we can interchange ·the order of integration ·in (III.22) and get·. · 

.. 

-~- --·------------- ~- ····-- • ,.. ·---- ~::~·- -----:~-,_- ........... ___ ~'7'"'-:'~\7.""' ~-~·-- -·- ----......... -· --

. j 
I . "· '· ; r 
' . 

·I 
i 
I 

.I 
I 
! 
) 

' 
I 

I 
I 
I ( "!, 

~~ 
I 

'\ 
if 
~i 

··---·---' ., 
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dA r Hl H ' 

l f A+a(w
2

1 ) 1 

fr If (;. ) I + l : d c9s S Q.r(cos B)(cos s) 
. L).. .: J' 1 dA ] - al A - a ., j 

1 .,1 

C 1 l d ( Z - W.~' ) 

dA I H2 H ' l ,.,. 
· ~+a(w ) 2 I J 

( : I 
j3) 2 + I!' (A) ! + l 9 d cos S·Q.r(cos e) c cos I 

[ dA l . I A a A - al' JJ J 
. L 1 

d(z- w ")I ., 
2 -

and the contribution to Too 
.r is of the form 

' 

L ¢{l)A +L ¢(2)(>..) 
:I 

J .. t 
·Too "" d). dA·· 

' 
: (In. 23) 

A. + a(w
2

1 ) - J ).. + a~w2 ) - J 

so this gives two cuts in the J plane; 

( i) a .cut from J. = a(z) +a(w
2
') to J = a(-oo) + a(w

2
') · 

' 
(ii) a cut fro:n J = a(z) + a(w) to .J = a(-oo) + a(w ) 

I 2 

In a completely analogous way we can analyze the contributions · ~ ,, 
:j 
I; 

l\ 
i( 

of the third iteration term: 

i 

x F2(p2 ' ,p2" ,p2 , cos B,z-w2" ,z-w2 ), ·~, 

( II!-24) 
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where 

- ' - .- ...... .- -
F 'p I p II p p '· : \ . ') 

l' \ l' - ' J.. t ~ ' :l· ~ p. 'zl' Z,.; .. .. . .. J. ' C.:·· 

X m ( II A ·.. '\ ) 
.i.. p. ,p. ,p. ·P· .z2 
~ J. ·J. l l 

This'te.rm gives, besides all :t~e singularities which have been 

got before, the follow-ing cuts: 

(i) cuts analogous to those alreadyobtained, but in the variables 

wl,wl ' . ,, 

( ii) 

t ... ) \ l. J. :1. 

a cut from J 

a cut from J 

= 

= 

CL ( 0:) 

-1 + 

+ a(w2 ) to J = ~(~) + ci{w2); 

a(~) to J = a(~) + ~(0) 

· If we try to go to higher orO.ers in th,e ~terative expansions 

of the ·r'adeev equations, we can see that in a given diagram all the 

"blobsu connecting particles 1 and 3 can be collected in a certain 

function F1 which exhibits a R7gge'behavior when cos B +"",and also 

the "blObi>" . t' t' ~ ,.. d 3 . ""h f t' F 'th co.nnec _ J.ng J>ar l.c ... e s t.::: an - . J.n a.no ,, e:::' unc :t.on 
2 

WJ. 

! 

'i:: 

(tii.25) 

the same ·property. For cos ;s + ""~·auy_ arbitrary integrand shall behave 
- · ·: a.l +a2 
as. (cos _B) , and there !.Till neve:::- ·be singul~ities in the right-half 

plane defined by 

J > ·2 max [Rea (E)] 
E 

IV. CONCLUSIONS 

\-le are no-w able to discuss the extension to complex J of the· 

""' d.h 1m 1 :.. . r.r J( ' '/-DJ( )- f ""h F d ... . ue l're o sc;> u •. ~on ~lv1M' w,w ~ZJ .z o "' e a, eevc• equa .. lons. ('! 

'"• 

l (' 

' ' 
I 
~ 

v ' 

• . : 
i 
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knovr that for a given value·of z the scattering amplitude T00J(w,w';z) 

has an infinite number of sing1ularities \.rhich depend upon the subenergies. 

Let us take, for example, the poles at J = a(w1 ) + a(w2•). Although we 

have considered only a Ne>nnanq series expansion of the Fadeev equations, 

that type of r;;ingularity appeared in any term considered before and one 

intuitively expects those poles to .s1,1rvivc after the series has been:~ 

swnmed because they actually are interpolating singularities beti.reen 

bound states and resonances in our system. Then the question arises: 

A th l . N J( I ' ) '? re ey po es ~n 00 w
1 

,wi z . The answer is· no, because for the 

particular values of w
1 

and w2 ' which give a bound state in each sub

system, i·Te know that N
00

J is nonsingular, and that the singularity in TJ 
il 

arises from a zero in DJ(z); J being, of course, the physical value of· 

the total angular momentum of the degenerate bound state of the 

three-body system. Therefore all those singularities must arise from 

zeros in DJ(z) which for'a given value of the total energy has therefore 

continuous lines of zeros, so that it must vanish identicall:l• 

We can conclude that this model provides a counter ex~~ple in 

J/ J . . . which the extension of the N D solut1on of the Fadeev equat~ons lS 

no.t:~~pect~g to exist. The results of this analysis also show that any 

attempt at reducing the three-body problem for complex J to an integral 

·equation with completely continuous kernel must necessarily fail. 

The fact that we did not find Regge poles in this example must 

not be taken as a proof that Regge poles do not exist in general'in 

three-body systems, because this model is a very simplified version 

of an actual system, and it can be shown that in more realistic models 

J unitarity yields Regge-type singularities in TMM' • Nevertheless 9 as 

i 
( 

··' 

· .. 
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real-life situations are usually more complicated than simple models, 

we cannot help feeling·that they are not going ~o be the only singularities 

in the J plane, because the hon-Regge singularities that we found depend 

upon so many subenergy parameters that it seems very difficult to cancel 

them in general and get only clean Regge singularities. !f this is the 

case, then the Regge pole concept will not be very useful in analyzing 

the properties ·of three-body systems~ 

For. the S?-ke of completeness, let us note that the same analysis 

could be done if, in place of fixing the values of M and M', we \vere to 

fix the relative angular momentum of one of the "electrons" with the 

"nucleus., .. 
1 . 4 

(That choice has· been made by .Newton and Choudhury. ) Here 

again, and in a much more element·ary way, one could get poles deperiden~ 

upon the subenergies. The s~~e conclusion, namely that no Fredholm 

equations can give this result, would stand. 

Finally, let us say i.rithout proof that. the present model gives 

only Regge.poles 'when orie analyzes the scattering of one "electron" 

on the "hydrogen atom." Obviously, the most important problem in this 

field by now is to find. if this is also the case ·in more realistic~=~· 

situations. 
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FIGURE CAPTION 

Singularities and paths of integration in the I. plane, for a. 

typical Regge trajectory a(E). 
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