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ABSTRACT . |

A numerical model has been constructed to demonstrate the
propagation and abaozp@ion of ion- cyclotron waves in a previously reported
experiment. Ion-cyciotron waves in a deuterium plasma induced by a
radially vap‘plied 8.3-Mq electric fleld propagate in a magnetic-mirror field
to a reaonance :egion‘where the ion-cyclotron frequency a@proaches the
wave frequency, The numerical model consideza the wave propagation in
the nonuniform divergencelaes maénetic field with spatially nonuniform
plasma paramecters, subject to boundary conditions modeled after the ex-
periment. The model is bazed on the mecroscomc equation of motion, the
generalized Ohm's law, the wave equation, an equivalent resistivity repre- ‘
senting the effect of ion-cyclotron damping, and damping by collisions be-
- tween deuterons and other particle speciea.. The equations are solved nu-
merically by a single-line block over-relaxation technique, The numerical
~ results are compared with the experimenﬁal wave measurements and also
provide information reg&rding current disﬁributione, wave polarizations,
evanescent compressional waves, and reflections from the rescnance under

certain conditions,
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i. INTRODUCTION

A,  Statoment of ?robl;em

A review of expégim@nt on jon-cyclotron resonance in plasmas, |
has beaen publisl;ad by Hooke and Rothmé.m. 1 In most of these experiments
the ion~-cyclotron waves are vexcited by é.x# induction coil {around the cutside -
of the plasma chamber) that applies an zf magnetic field in ﬁhé radial and
axial directions of a cylindrical geometry. In our experiment the wave wan
excited by the direct applic&&ion of a radial rf electric iielld"to the piagma.z
A further differénce is in the significantly éteeper magnetic-~field gradiézx%
employed in our experiment for the tranaition between the excitation region
and the fon-cyclotron resonzmce'. : |

A large liteéature exists on the theory of plasma wé.vea and ion-
cyclotron damping, Most pertinent to this _papér .a.;'e the works of Stix;3
. Alliz, Buchsbaum, and Bers;4 and DeSilva;s each of these contains a
large bibliography on these tépics. More recent theoretical studies of ion-
cyclotron damping have been on aspects such as the effects of colli:sion,é'.?
an approﬁmation by the method of geonﬁetrical opti.ca.8 and several studies
of charge-particie motion néar cyclotron féeonanccs. 9,10, 11 |

In general the vérious theories aré concerned with certain compli-
cations separately but do‘notv: attempt to conai'der' all the 'interrelationships
between the effects, In order to clarify certain aspects of sﬁis experiment’
3 theoretical model is required for the propagation and absorption of ion-
cyclotron waves in a bounded plasma in a nonuniform divergenceless mag-
netic ﬁeld with provisions for coﬁisiona bétween sp;scies, propagation in

various directions relative to the external magnetic field, and non-

uniformitice in temperatures and densities of ion, electrons, neutral
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particles, a,nd impuri%y iona. Such a model hag been constructed numer~ e

e = ey

ically to solve the mgnetohydrodynamic equaﬁiona and %hcreby determine .
the nature of the propagati@n and abaorpﬁiaa of fon-cyclotron waves in ' s ‘.
arhi rarily aaeumekd nozmniform comditions. o o o | o E } .

The numerica;l model o based on an ijimvpeda.ncev tenéor derived ) R :
from the macro'sco;éic cquation of motion and the generalized thﬁ’s law,

Since these equaﬁons do not imclude the cyclotron da'mpirig mechmiem, '

an equivalent reamtivity tensor is derived and added to the impeéance

- tensor to represent the effect of ion-cyclo?:ron damping. - The resultimg R ;
tensor equation is combined with a wave equation and solved numerically. |
The solution is determined by a set of physically realistic boundary con-

ditions.

Vectqés, uﬁiﬁ veéto&s. .tenéoré, ané matrices ar_é ind'icé.ﬁedaé linl
these examples: vector, I_*Z__{unit vector, 2} ﬁenaor or matrisx, z . .Veégox-
and tehaor prod#cm are alwaya dot prociucim uniess ;the.cx-oas product is
specified, The dot is wuany omitted, |

Time-dependent quantities nssociated with the wave are actuany
real functions of position and time, but are replaced by the real part of
theizr complex Fourier trancformsa, When monochromatic time dependence '

iz assumed,
iwt
E‘(_g,t) = Re{ E(r) e ],

in keeping with common practice, we freely taplace the real vector E{z, ¢t}

with the complex vector E(xr), which consists of three complex componenéé
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fut ahd the

each with an amplitude ancﬁ a phase ang,lé. The factor e~
notation Re are dropped since they occﬁi i_n every term of the equations,

Superscripts denote the components of veﬁtors.. The _fou'r gpecies-
ions, e-lectrons, neutral _atoma; and heavy impurity ions-are indicat‘ed by
the subseripts i,e,n, and 1. . When the species is not indicated it _is as- -
gumed to be ibma. |

Since a nonuniform lrhagnetic field ifa not every@here paré\llelrto the
axis of ayinmetry. the termé "transverse' and "longitudinal" refér to tho-
directions perpendicular #nd parallel to ti;e extérnal magnetic field. The

term "axial" indicates the direction parallel to the axis of symmetry.

The symbols uéed in this paper are listed below alphabetically:

o

wave magnetic field -
B externally applied magnetic field
¢ velocity of light
e electron charge
E wave electric-field vector

£(u®') distribution function for longitudinal ion velocities
g .ws.ve current aensity |
k  wave number
m particle mass
n ﬁarticle density
-i-?ij rate of momentum ’t.raasfer per u:’nit vol\vuhev fro_m species | J to
species i |
P = UX(YXE) defined by (2. 15) |
- Poye POWer axbéorpti'oy pér unit frolurxié by cyclotron damping

I . cyclotron resistivity tensor
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t time ‘ v o
_\1 velocity of an individual particle ;. - s

| macroscopic velocity of & species "

1<,

%  quasi-reactive tencor

§n

impedance tengor

(2]

m&’ zzzy' Z,. mgtxizz ellémén&-a of z ,fv defined‘by (2; 54.)'
8T defined by (2.14)

vy momentum-transfer coefficient

My permeability of freec space

v =.ni %i T ion-neutral collision fréque_ﬁcy |

hal ohmic resistivity tensor -

m, transverse chmic resistivity

u longitudinal ohmie resiseiviw:- A

Mo magnitude of cyclotroxi reaistivitf tensor

p.0,8 mnorthogonal coordinates defined in Sec. H F i
py = mym, ion-mass density ‘ o '
Py complex maga density

LA charge-&féusfe_r cross section

®w  wave frequency S | e T -
W, = eB/m ion-cyciotron irequency : |

Q= 2 2 £1 {This parameter a.pproachea umty at the ion-cyciotron

'“c pi

resonance),
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‘N, THEORY

A. Magnetohydrodynamic Equations

The set of equations describing thé 4propagation §£ nonresonant
fnagnetohydrodynamic {MHD) waves in a medium consisting of singly
charged ions, electrons, neutral atoms, and heavy impurity ions consists _
of a macroscopic equation of motion, a generalazed Ohm' law, and two

lincarized Maxwell equations:

i, _
nmi-g-;— = J_ XE + Ein + gil,’ (2. ia)
_§+3_X.§=ﬂo_j_+_1>(1§_/en, _ (2.2)
vXb= o, . ‘ (2.3)
YXE=- 92, (2. 4)

DeSilva.5 hap derived this set of equations under the following ap-

proximations:

a. Linearity (i. e-. , b << B),

b, Charge quasi-neutrality (i.e., n, & n, = n),

¢. Neglect of vp, |

d; Neglect of terms of the order me/mi,

e. Neglect of displacement current; this is valid when the plaéma
dielectric constant (K = 1 + (nmi/«soBz)] is much larger than unity,

f. Neglect of vy Vy terms,

The Hall-effect term dn (2.2), jXB/en, is the term through which
the effect of the ionacyclotron resonance enters theae equa.tions. This

term is often dropped by authors who restrict themselves to Alfvén waves
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- of Erequencies_ﬁir below the 1one¢7¢lot:qxi regsonance, Howevér, we have

not yet inserted the ion-cyclotron damping 'mecha_nism into ‘éheae equations,

B. ‘Couisio:nal Damping Mécha.nicms
Three éypes of collisional damping mechanisms have been intro;-'
duced by momentum-tranafer termas, each cf whach is considered proper»
tional to ‘.‘.he relatnve macroacopic velocxty of jons with raspect to some

.other species:
P = en j e nz n e {v -v )

. , n :

B = Yol = Yo) = mgp— Yy

Pu = nly- v
Transfer of momentum from ions to any other species is & vizcosity
effect that inhibits the téans#ersé wave motion. Momemﬁm transfexr be-
tween electrons a.nd other species is quahta.twely similar, but is smaller |
in magmtude by the ratio m /m and is therefore neglected wzth the
‘e:zcepnon of the ion-electron momentum transfer, Since gie = - Eei R
these terms c_é.ncel in the equation of motion (2.12), and génerate the ohn_ii&:

resistivity term (n-J)in the generalized'Ohm's law (2, 2). The chmic

 reeistivity is a tensor of the form

'nl'O 0
nn'f - 0 ﬂ_L O., L
00 My

B

where ny and n T the ohmic resmtivitxes across and parallel to the

magnetic field, have been computed by prtaer. 12
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Since the ien velocity perpendicular to the magnetic field can
becoms large at the resonance, the rate of momentum transfer and conse-
quent damping duevto all three collision processcs becomes large at the
resonance'. In an iodécyclotron-heaeing experiment it is necessary to as-
certain which process i_a prinia.rily responsible for wave damping_obaetveé
at the resonance.

DeSilva has shown t_hat the effects of fni -.may be represented by a
complex mass density. 5 T'h.e complex dengity can also in;ludé the effect
of -‘?Ii . We can therefore rewrite the equation of motion as A S

' 5v. . ‘
p‘i-g-t—- =‘__j_>(§.b | (Z.ib)f
where the cofnplex mass denaity Py includes the effaéts of neutral atoms -
and heavy impurity ions |

1-w/v ¢ Alrradl N (2.5)

piiﬂ nmi+

C. Derivation of Ingpedance Tensor from the MHD Equations

The set of equations (2 ib), (2 2), (Z 3). :md (2 4) involve four
complex- vcctor unknowns associaﬁed with the wave: J: b, §, a.nd vy
The four equations can be solved analytically if the parameters Pgr T and
B are spatially homogeneous and if purelﬁ axial propagaﬁiom is assumed
{1. e., with solutiona of the form {(r) exp[i(pz -wt)]}. In the present exper~
1ment these conditions do not pertain, and it is necessary to solve the
equations under the more general aasumptiom that the para;netezrs P 4o 3,
and B are arbitrarily spéciﬁed functions of poéii‘.on with. axial symmetry,
and that the propagation will be in @<nown directions [i,e., with soiutions

-iwt] .

of the form {(r,z) e These generalizations require numerical tech-

'niques for solution,
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The set of four eqummns ma y be cornbined into one equation with
one unknown. For the numcrica.l techniquc it is convenient to ehmmaﬁ:@ -
- a1l unknowns except E. 11113 ia accomplished ﬁrat by combimng Egs, (2 4b)-

asnd {2.2) to elimina,ta v thereby obtaining another form of generaiized

il
Ohm 5 la.w : We ﬁ;hen combine Eqs. {2. 3) and (Z 4) to ehmmm‘ee» b and
ob&am the wave equa%*on, v replacmg the time derivative with -iw . After

“some algebra to express the first result in tencor form, we have the two

. equations
E = z -3 , (generalized Ohm's law) ” - (2.6)
and o | - 4 |
VX (VXE) = iwp.o_i .(véa.ve'equa,tion). A (Z.:'f) , |

Here the impedance tensox' z 1s c’;efined by the new generalized Ohm'a law
{2.6); its inverse "z_'i is the conductivity tensor used by some au:hove. !
it iz related to the plasma diéle’ctric e:‘ensafby the relation

K= i&-(i/we -jz‘i.

The impedunce tendor is composed of a Hermiti&n pa.rt a.nd an anti«-‘ ,

Hermitian part. The Hermitian part mcludes all the damping mechaniums.

whexeas the anti-Hermit_ian part describes the purely reactive 1mpedance.

D, Equivalen& Cyclotron Resistiwty

Before proceeding to the aolutiozx of Eqgs, (2 6) a.nd (Z 7), we mufat

insert the mn-cyclotz-on dampmg mechanism into the impedance tensor, Ve

do thz.s by computing an estimate of the pawcr a.bsorp%ion per. umt volume -

by ion-cyclotron dampmg £ollowmg Stix, 35 Sec. 8.2. We then express this

power density in a form ‘analogous to Pcyc

4,6

=7 cjz, th\is defining a resistivity
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tensor 1 A to introduce the effect of éyclo@ron damping. ‘In this model we
are considering only the resistive effect of phase mixing, ignoring the re-

3

active effect, Stix” finds that the reactive correction due to finite ion

A - 2 “z
temnperatures may be ignored if a_, > 1, where g_iz[w-mc/k u’) and u

6

i the ion thermal velocity parallel to the magnetic field. Sachs™ finds én
almost i&entica.l criterion that justifies the use of moments of the.kinetid | V‘
equationz, which is eésemi&lly the method used herec, We find that for con-
ditions of this e#perimen’t ﬁhis criterion is satisfied except for a region
within about 2 cm of the exact resonance:‘. Most of the cyclotron power ab-
soxrption occurs before the wave propagates into this region,

Following Stix's computation, 3 we find the power absorbed by ion-

cyclotron damping per unit volume is

C 2 ' . .
. nhe X v 2,4
Peye ® “1or [ET + 47 | %7, | | (2.3?

where

+ a ' . k z" i -l'uz")t
B =f du® f(u® ) (1 - = y Sinfw-w, ——
J oo ' (m-wc- ku” )

We are using & Cartesian (:;'- y'- z') coordinate system sﬁch that the z!
axis is parallel to the external mégnetic; ﬁeid a§ a givén pointl. |
The integral ;3+ is a function of thé time for which.an average ion
remains in the conditions described by the equation of moiion. In 2 non-
- uniform magnetic field this is usually the time iequired for a resonant ion
te move into a aiéniﬁcantly diffefent magnetic field due to its axial velocity..
It is impractical to determir_ié thié time accurately, but the 1mtégra1 can bé
evaluated when the time is éﬁfﬁdienﬂy short or sufficiently long for the two

limiting cases:
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a, If (w-w - ko™ ) t << 1, the aine can be replaced with its argumem

and [3 is linearly proportion&l ?.o time' .

o . SR '

. ﬁ+ “"f 'duf‘z"f(uz

”w N

P ':(2.9)

- In this iimit the reiative phase angle between the circuﬂarly polarized et

comp@nenﬁ: and the ion gyro velocm&y is constant,

b. if (w-w -ku )t» Zﬁ'. ‘we can consider that ahé £actor |
o ) {4 - kuz Jwt) is virtually constant in a velocity interval over which
the sine function oscillates several &imea. The ratio{em(w-w ki )i:/‘m-w Il )]'
behaves like a delta function, and the in&egz‘al approaches the following result
for. asymptotically long times: - ’ -

. + mc h""wc ' | '
B = w Hyp—). 0 {2.40)

For ﬁimes between these two limi.m. the imegral will oscillate for
several cycles. It is out of the questioa to compus:e details of the oscillc.tmn .
without knowle&ge of the time t, so we simply extend thg two limiting cases
(2..9) and (2'.‘10) ‘until they intersect, The da.mpimg power is computed by
cach of these equa.tiona, -and we use whichever is smaller, uguany (2. iO);

The propagaticn constant k is easimated by the phasge velocity of the torsional

: mode

Hof 4

{This estimate can be checked after solution of the ¢qua&'idna.)
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' By uge of the generalized Ohm's law {2,6) and the hexxﬁiﬁcity of
the resistive and reactive tensors, Eq. (2.8) can be put in the following

form aftexr some algebra:
P =4/2 3% x 0§ | (2.44)
T eye we -t °.

The cytlotron resistivity tensor is therefore defined as

1 1 0
Io=n, | -t 10 | {2.12)
0 0 0/,

where

Examining this rérsuit. we firat find that I. {s Hermitian and that
éonaeéuen&ly'the cyclotron po;r«er absorption computed by (2.44) is real.
The factor g3+ causes the cyclotron resistivity to be large near the cycloﬁ:ron
z;esananca and vanisﬁingly small eiaéwhare. The breadth of the reeaonaﬁe
regime is determinsdby the ion thermal velocity t?.nr.ough the distribution
function | f(uz' ). The 4off-diagona1 matrix elements have the effecf. of applying
tfze cyclotron damping only to the rotating componénﬁ of the transverse wave
that is 1eft?circular1y | polarized; i, _g;; in the direction of ion gyration. It

may appesr that the factor [{w c/w) -4] 2 {ntroduces the incorrect behavior

when ™ @ near the resonance, but this is merely due to the. definition

1 ' » | w) =412 1§ |
% Pcyc =4/2§ - x 3. The factor [(wc/w) -1]% is cancelled by the great
c increase in the transverse current at the resonance, Near the resonance
the cyclotron resistivity is one or two orders of magnitude larger than the

ohmic resistivity for typical conditions,
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E. Tota.l Impeda.nce Tensor

We now add the cyclotron resistivity to the impedance tensor
pmviously derived thus inserﬁing the mechanism of ion cyclotxon dampmg
into the generalized Ohm's law _(2.6) Tha total impedance tensor is now

the sum of the chndic rosiativity tensor, the cyclotron resistivity tensor.v and

the quasi-reactive toensor muliiplied by i.

pentrgaixs (e oz, 0 ) (2.13)
o\ 0 0s, |

where, for abbreviation,

n
{

..-'ql-&-ﬂc-%- iB /wptv
= ivnc'+B/en

L
t

xy

‘zzz = My

F, Numerical Solution

Thae numerical techniquea are brieﬂy outlined in this section and',
described in more detail in xeference 13,
Having derived the impe&ance tensor ﬁ ‘Which is assumed to be a
known function of pbsif.ion iﬁ an inhoinogenéous plasma, we are rea.dy’to
| commence the nuxherica,l soluﬁion of the equation formed by combining (2..6)
and (2;7): | | |

YX(YXE) = fwp 2 R E=P. - (2.14)

[Here we have defined the vector Pas an abbreviation for oX(v XE)]

TN A e e eppe e s ey e < o

IS

o e

P e N —



3. UCRL-11619 Rev. 4

. 4., Coordinate System

In a cylindricai geqrr';etry it is noz':ﬁr.nal to use cylindrical polar
coord;inates. However, this resulta in a computational instabiiity driven
by the axial componeni: of the wave, since the flux lines are not parallel
tothe z axis in a magnetzc mirror, The instability can be eliminated by
choosing a coordinate sym:em such that ﬁhe transverse wave has no axial |
component, i, e,, such that the transverse coordinate hnes are orthcgonal
to magnetic flux lines, The gxial coordinate lines are apeci‘ﬁed parallel to
the z axis to simplify the Soundaries. Thié comkbination of transverse and
axial coordinate lines defines the nonorthogonall curvilinear coordina.te-
system il'lustrated by Fig. 4. The coordixgates are designated as p, 0, and
¢, in analogy to the éylindrical polar coordinates r, §, and z, Equation
(2. 13) must be transformed to this coordinate system,

2. Mesh System

A,mesh system illustrated by Fig.2 is establishéd inthe p -{

. plane along coordinate lines, in prepaiation for conversion of the differen-
tial equation . (2-. 14) to difference equations. The mesh should be as fine

as possible to improve the accuracy and the éomputationai stability. The
 limitations are the computer's memory'an.d the time requirement, These -
requirements impose a limit of about 1400 mesh points, which determines
the mesh interva.l.‘ The mgsh system consists of 14 axial mesh lines at..
intervals (Ar) of 0.762 ¢m and 99 transversec mesh lines at intervals (Az)
of about 1 ¢m in the plasma and 0, 5 cm in 'the end insulator,

- . 3. Conversion to Difference Equations

Ve now convert the differential equation (2;14) to a sot of finite
diffe.%:ence equations, in which the derivatives involved in VX (¥ X E) at

each mesh point are approximated by the differences in _E at neighboring

peints,
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" At each mesh point we have three complex lmear difference equations -

’resulting from the thx'ec componentc of (2 14), and three complex unknowns
E »(EP, Ee, and E ) The system of about 3300 simultaneoua nonsmgular '
complex linear equatio_ns is (in principle)solvable. The solutm_n is per-, -
~ formed by an iterative method that _éonveéges to a solutio.ﬁ within the desired .
aécuraci, providéd that ﬁhg matrix #eprésentihg the syateﬁa_ of equations is
-computa.tionally stable, 1_4‘ | | | . | | |
11, EXPERI‘MENTAL:‘APPARAT US AND BOUNDARIES
The plasmé is p:oduged from déuteri&m gas at 5'.0>><: 10'3 tqr.r pres;

_ ‘svure and is éontaﬁned ina éopper’ cylix_xde_r 49.8 cm in éiafneter and 94,0 cm
long, as shown in Figvg‘. 3. The éxtexrnal magnetic field is supplied by shé
coils shown and is normally adjusted to provide a mirror field of approxv- -
imately 1.9 teslas at the ends é.nd 1.0 tesla in the centéx. " These fiel.da
correspond to ='0 45 and Q@ = 1.1, where 9 is the parameter that ap-
proaches 1,0 at the resonance; The a.xial and radial magneuc -field mtem
sities are shown by Fig. 4. The copper cyhnder is closed by insulatxng end |
4p1atea in one of which is mounted a coaxial molybdeuum electrode of 6.25-cm
diameter and 7. 5-cm leugth " Inside the copper cylinder at the dnving end is

an outer electrode, the radius of which ie designed to intersect the magnctxc~ :

field hnes that just miss the cyl_inder walls at the mxdplane. After plasma
preparation, an 8.3-M'c‘electric field is aéplied radially for 1.0 mvsec.

Eﬁperimental wave rﬁeasurefﬁenﬁs havé been prevbiou_sly reéofted. z

The boundéry'conditions used for the nﬁmerical solution were closélyf

modeled after the e;{:peximexital-app_aratus: '



| -45-  UCRL-14649 Rev. 1

(a) Electfod_é surfaces were assumed to be in contact with the
plasma because of rf currents at these surfaces. The electric-field éom-
ponents parallel to these surfaces are therefore constrained to be zero.

{b} The end screen is intended to be in electrical contact with the
plasma and there is evide#ce that 'coixtact is actually established. The
electric ficld parallel to the end screen is also constrained to be zero.

{c) The side wall ic evidently insulated from the plasma by a layer
of cool gas'perha'ps a few millimeters thick, accbrding to wave measure-
ments near the side wans‘. | DeSilva has chown in his Appendix F that the
condition at the interface beﬁveen_ the ?laama and the ingulating layer is

EF = Ee = E: = 0, provided the layer thickness {alls between certain
S L

limits, > |
{d) The axial center line must have conditions such that the diver-
gences of E, b, J, and v are not infinite, This resulte in the condition

gF = gf

= Ez ‘:a O..

{e) The quartz insulator and its boundaries were believed to have
an effect on the wave excitation, and were therefore included in the computer
model. The mesh system illustrated by Fig. 2 was extended into the insu-
lator, where the mesh interval Az was reduced to 0.5 cm because of the

| steep field gradients in the insulator. The wave equation in the inauiator

takes the form

‘v'X(vX_E_:)a - (wP/e?) KE, : (3\. 1)

where the displacement current is considered but the conduction current is ,

not, and where K is the dielectric constant of the insulator. This wave
equation wasg converted to difference equ@tions and solved with Eq. (3. 1)

used in place of (2, 14) in the insulator.

-
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{£) ‘I‘he boundariea around ﬁhe inaulator were treated appropriately.
k' Tangential components of electric ficlds a,sm required to be zero at conduct-
o ;ﬁﬁés@rfa'ceé. An rf potential of 41000 V waa specified between the electxedes.
The inner electrode is at the same potential as the conducting surface at the |
.ouaer face of the inaulator, and the ouﬁer electrode is at the game ground

8

" p@tenﬁial as the outey wan._ It was rquxired that b, Ef, E , and the axial

component of the displacement be continuous across the interface between
. .the ihsulagoxj and the plasma,
1IV. NUMERICAL RESULTS

N A Presentation of Results

After a aol;ution for E at each mesh point wags i‘ound the soluﬁ;ion
.Was converged into b and j, by (2.4) and (2.7). The solutions were cen-
ve’reéd to polar form and presented in the form of .éohtbui ploeé produced “
by o plotter as part of the:output, Each contour on Figa 5 through 8
represents a line of equal phase or of equal amplitudem of b or j. The
tabular ocutput must alzo be consulted in order for one to understand gome
~ aspects of these plota, | |

The contour inter\}él for phase apglés iz 30°, Inthe abséncé of
reﬂecéion's.l the wavelength Caﬁ be determined by measurihg the cpacing be- :
| tween conﬁ:ouré and rhultiplying_ by 42. - The céni;.our interval for amplié:u.deé
.>ia 10% of the maximum amplitude found in the chanﬁber, and ﬁe,therefore

different for each plot, as 'xvxot.ed on the figures,
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B. Solution of‘Equations for a Moderately High Deasity
. Figures 5 and 6 show & solution that is fairly easy to understand because
of the lack of complications that are discussed in Sec, IV.C, The plasina

paré.metera pertaining to this solution are as {ollows:

ion demsity ' 1.6x10%%m"3

" neutral-particle density 0 |
impurities B ' 0
ion temperature - ' 50 eV
electron temperature 10 eV .
magnetic field 'standa.‘rc‘l mirroy ﬁeldbdescribed in Sec, IX
location of rekaona:ncea‘ ’ - z = 46 cm and 2 = 54 em,

-‘ A complete set of gi;aphical rgsuim showing phages aﬁd -aﬁxplieudea
of 21l components of @_.‘}3, and 3 coﬁsiats of 18 plots, However, some
of thiz information .i{s redundant, and we shall therefore ndt reproduée all
18 plots.

4. Wave Currents

" Wave rf currents originate at the ceﬁer electrode following an annulagr
tube of flux defined by the electrode x'admg. A similar annular current sheet
is defined by the inner xa&ius of the outer electrode. Most of the current {lows
Iamgit_udinauy to the vicinity of the ion-cyciot'ron rasonance before flowing |
transverseh‘r to complete the circuit between the two current aheeta'. The two
 current sheets are most cloarly seen on the plot showing the amplitude of
4

- ic. 'Integra.ting over area, we find that the total axial currents at the ends of

the two clectrodes are equal in magnitudé‘l(about 4000 A) but opposite in phage,
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The transverse vir_ave current .con‘miéts of p and 6 .comgmizemm,thaa
aré almost equélin ma,gzﬁ&ude but 50° dutAogzphasa.' Tﬁis is because most
“of the transvcrse, (;qrxjeut ganaiats bf i.o'ns!,_ foli_owing' circulag or s?ﬁral orbits.

The difference between j? ',la.nd je is due x_hostly to the trangverse clectron
| c;irremﬁ which is.aimé:at g:mtirely iA the 5 direction and cancels some of
" the 8 ion current, | | | |
' The effcct of inductamce is to minﬁmzre the volume enclo«'ed between :
the aanular rf cuzmm sh@'em. Th.is.i@ gh_e reason the cuz-rent enters and
leaves the 'elec;rodes at t_hévouter' edge of the inner electrode and the inner
cdge of the ouﬁ:er' ei@_ctrode.«_

The axmhla.r qur_rénﬁ sheets were e#ﬁé#imen&aﬂy indicated by dia-~
continuities in measuremeﬁta of ba .a,nd. by d_iz_:gct evidenc-‘e of placma bom- -
. bardment at the eéges ofg};éétrod@s., | |

- The transverse wave éurren& béc@#ms Largev af: the reaonance;'because
of the large lon orbite and consequent low impédaﬁce All ﬁ‘.ypers of wave
damping are therefore enhanced at the resonance, By comparing the equiv-
alent cycloﬁron rcsiativiw wiﬁh the ohmic resistivity and with the equivalent

registivities due to other speciec, i3

we can aecermin that ion-cyclotron
damping dominates for this set of conditions, |

2. Wave Pblariza,tion

‘ The ;elative phafae. of 5" and b7 ~may be déduced either from the

" tabular output or fx-am thc dashed phase contoura of Fig. 6 which deaignate
the contours of 0° phase agxgle. We find & 90° phase aifference between the
‘two' trancverse components of 'E b, a.nd 4 atall pointa between the two

- anmﬂar current shéets., The wave is enipticauy polarized in the '"left"

. ‘direction {the direction of fon gyration) in thic region The major axia of
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.ﬁhe euiptical polaxiza&ioﬁ 15 in the p directxon £or the E and j wave fields
and in the 6 direction for the b wave field, As the wave appro.-..chea Tes-
omnce, the polarization b@comem nearly circuﬂar rathar than elliptical.
| This is evident in the mph@u&e plota showing bP and E6 incrc.aamg ae
rosomance is approached. All this ic characteristic of the torsional mede,
“alco called the T mode; or the clow hydromagnetic mode, whick is tﬁe mode
this expeﬂmenﬂ: was designed to excite.- |

From the contour phase plote of Fig, 6 iwecam ses a large discon-
tinuity in the phase of be at the annular current sheets, but no discontinuity

6 undey-

}in the phase of b?, This shows that the pelative vp’hase of b® and b
goes a large change at the current sheet‘. ' The wave is elliptically polarized
in the right direction within the magnetic images of the two electrodes, but
in left direction in the annulus between the electrodes, (i‘he volumea defined
- by the ﬁm; lines inmrgectim;g the eiecarod’ew are called magneﬁc imagen, ]

Next we notice from Fig‘. 6 that that bz‘ iz large only within the clec-
trode images, . The combination of large bg‘ and right elliptical polarization
is charaéterictic of the-compressional mode (aiso called the TLA mode or the
fast hy&romﬁgn@tﬂc modé), 'Which has been studied by vSwanaonis and by
Spillman, 16 | _

Since the comp?ewionak mode 13 cut off for the‘danaiéia.e of this ex-
periment, the wave in the electrode images muét .be evanascent, not prop-
agating. It ia excited by the tangential currents (jvs) in the annular current
sheets, as a cons'eq_uence of the finite geometi'y; The energy in the com-
pressional mb&e (estimated by inﬁegia&iag bz/ 21, over the volume) is 10%
or less than the energy in the torsional mode, for this set of conditions. N

The compressional mode is an unexpected finding in the numerical model.

but iz congistent with the experimental measurements of be.
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3 Wa.ve Ampi‘i?:udea | ,
| “he radial azariahdn oi the wave ampiitude is &etermined by the
-‘bounaary conditicma and by the annular curmne: aheeta. Between ﬁhe two
current sheets the dommw& wave compozxema (Ep aud b ) are pr opertiona.l
' ﬁo 1/ t. _ ' ' - |
The wave ia aﬁ:xongl‘y damped nearl the reaon&nee For this set of
conditions the da.mping mechamsm is ion-cyciotx'on damping. eﬁnce neutxal
particles and impuxitiea are asaumed to be aba@nt and %h@ electron temper-_
bature is high enocugh that ohmac da.mping is unimportant The very small
wave zramsmxtted %:hraugh the resonance 13 aﬁtenua.ﬁed by two ordem of mag-
" nitude and is too weak to appc&r on an amplitude plot of this contour inﬁcrval
ai(;h@ugh it shows up on the phas.e camour_plo&s. ;
i Sorlne_ very sxﬁaﬂ éeﬂections in %he;_region 40 cm <z < 40 em can bs
" seen in the ampﬁiéuda plo;a ;‘.Qx;.&ramvém‘cﬁ:'éomponenta of by, Fig'. 6. ('i"he
com‘our.presenéaﬁion iz a very sensitive indicator for standing waves, ) The
crmall standing wav‘e@ with wavelengths of about 9 cm are gemerated by reflec-
tions f:jém the resonaﬁnce..’ The wavélengehv of ehé icn;cyclotz'on wave in this
region (determinea from tha spé.cing between 30° contours) is ab@utbia cm‘..
This is consistent with the wavelength 'conﬁpuﬁad from the analytic theory for |
the torsional mode, | | '
.The small wave tﬁaﬁ propag‘aees through the réaonance is reflected
{rom the conducting end screen, setexng up a st&nding wave pa.wern in the
downs&ream end of the cha.mber. in contrast to the standing waves prcevmucly
- discussed, the incident and reflected waves are almost equal in a.»mpli'x:ude;._
_ Conbequenﬁly thelphaae un&argoés a diecon&inﬁiéy. of almost 480° at the nodes.

This standing wave patterﬁ appears on the faha.ae plots as clesely grouped

vk e e e s

S TEEE
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contours at the nodes in the downstréa.m end of the chamber, Thé irregular
coﬁteura near’ thé ouﬁar wali at the downsﬁeam end are caused by the tendoncy
of the wave to follow flux lines in the magnetic mirror ﬂeld

As the toro%onal wave propagates in the nonrecsonant region between
 the driving elecﬁrodes ami &he coordinate 'z = 40 cm, we find the amiplitudes

of the transverse wave change as follows:

b increasing b9 increasing slightly ' (Fig. 6)

EP decreazing E6 increasing

{For bravity, ‘we will not reproduce the graphical solu&ions for E
in i;hiss paper. )

For these conditions there are effectively no damping mechanioms
in the nonregonant portion of the chamber, so we must ex;ﬂainltheae am-
plitude ch_ange:si_by éhe nonuniform magnaetic fleld, The amplitudes of X
and b® increase b.@ resonance is aﬁproached because the wave polarié:ation

9 is increasing

is changing from elliptical to circular. The _émplitude of b
slightly becauvse the phase walociﬁi ie decreasing in the decreasing magnetic
f;ieid. (Thie is because the wawé'olenergy denai&y' bz/Zp.o is iiwei’éély pro-
portional to phase velocity if there is no damping. However, the wave is
spreading radially as it propagates-. 'fhia competing effect reduces the wave-
energy density, eo the net increage of be s cmall,) |

The decrease in EP may be understood by replacing v withi k 2
in the Maxwell equation (2.4) and solving for E:

E s bxs

This shows that the amplitude of E is proportiénal to the phase velocity if

the amplitude of _1_3_ ‘does not change. Since the phase velocity is decreasing
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in ﬁn@ decmaaing magnetsc ﬁem I;‘p its @Rac decreaaing ‘

4 Phase Velocity

The phase velociﬁy ﬁ@ proporﬁiom.l to &ha spacing between contours B
iﬁﬁhe abaence of reﬂ@cmons. In the downs&rcm end of the chamber the -
phase velocity can be deducod from the haiﬁ wave length between nodes. The
v ph&se' ,vélociey conforms to the analytic theory for the torsional mode‘ where
 the magnetic field is abové 'msdnanca‘.‘ Neay fghe. midplane where the magnetic
field is below reaomxﬁc@, . tbé. &oz;aiona,l méde is evanescent with a J,arge';zhame
veiaci&y; . o - B

- The camprewiom&l mode in the eﬁacﬁ‘.wde im&gas is excited by @he j
currents in the annulay current aheesa and is not propaga&ing due to f;he wave- }
guide cutoff. Its apparent phase velocity is therefore primarily éeeerminad
by the phase of j —amd ia &.lgnorst equal to the phase velocity _of the torsional

mode,

€. Solutions for Low Donsitics (1 to 3X 1049 m=3y

E‘igm‘e 7 ahows a solution with an assaumed densiﬂ;y of 3 OX w“ .

which is about one-~£fifth that of the pmviomﬁy discuseed density. AM aﬁher
parameters are uméhangeé; This result s somewhat closer to the experimental
wave measurements, and is complicated by larger reflections from thé #es—
Vonance; | | | |

The :eﬂecti‘oné are éxcited by an iﬁ@ereating mechaniém. ~ The trans-
" verse current is concezziﬁzvrated_‘in a toroid near the ﬁon-éyclotron réaonance.
The 39 componeizz excites a i‘a.iriy largé axial rf{ magnetic field -(bg) near
the je toroid. | {The je and bg’ pioﬁ& arc similar to those of Fig.. 5, but are
spaﬁiany more cqncen&ra&eé, } The energyawcéiéﬁed with this _bg’ magnetic

ﬁield cannot be absorbedi by ion-cyclotron 'damping nor can it propagate in the
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compressional mode in thia low density. This enorgy iz reflected as o wave
propagating acrogs magnetic-field lines from tne concentrated ?:)t-’p gource,
The result {s a diagonal pattern of standing waves most clearly shown by the

9

amplitude of b°, Fig. 7. This pattern iz formed by the interaction of the

incident wave propagating aizially and the refiected wave propagating in a

- directiom with a large transverse component. It should be noted that this

mechanism would not be found by a theory that assumes either an unbound.ed
medium or purely axial propagatxom. |
| The cffect of reﬂec&iona upon the phase can be iarge even when the
reflected power is amall, as illustrated by ¢thie example. By comparmg the
amplitudes of the nodes ;ma antinodes in this btanding-wave pattern, it is
, féund that the amplitude of the reflocted wave is about one-half the incident
amplitude and that the reflected power {6 therefore about 25% ., Similar
solutions have been obtained for lower plasma densities, and it is found that
reflections are larger and the results are therefore more complicated in apQ

pearance. For densities below 1019m -3

, most of the energy is reflacted
from the wsoﬁance. This {0 basically because the wavelength of the torsional
mode becomes too long relative to the dimensions of the magnetic mirror for |
efficient ion-cyclotron damping. | | |

| The reflection patﬁern diaappeara when some other type of damping
is fntroduced. Figure 8 shows the phase and amplitude of be for conditions
ﬁdentical to those éf Fig". 7, except that a density of neutral particles equal
té the ion density has been specified. (Such a pessimistic condition cou!_,d
conceivably arise if the experiment were dominaﬁed by charge-eramfef
2 collisione‘. ) No reﬂections‘ occur in this éondition beca_use the bz’ wave ig

damped by neutral damping but not by cyclotron damping. We find that the

damping near the resonance is almost ‘entirely caused by neutral paxticles,
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D. Compariaon of Eﬁépe'rim‘enﬁal and Nﬁmeric&l Resuiw

Emerimen&aﬁy meaaurcd wave &mpiﬁ&udes agxee weu with resulm
@f the numerical. model provided reﬂections are mot too large. The ampli~

| tucie of b9 wae numerically -found to be imensi&ive to plaama demzity excep&
for f;ne effect of reﬂection@. Thc experimenﬁa! data contain suggections of
Aiama,ll reﬂ.ecnons, but the raﬂected amplx&ude is at most 20% of the incident
ampﬁiﬁ;ude. (This is ehe extent of ampiitude varim:ions in the nonxesonanit

' portian of the expenm@nﬁ. which may have maaked the s'kanding waves. }

The high—pha.se velocity {7.5% ﬁo m./sec) &cduc@d from the expers E
imental dataz 1mpliee a substant ial reduc&icn of pl&ama d@naity. The uemmﬁ:y
xcduci;i.on is proba,bly xmt emmeiy responsibie for the phage velocity measura-

"ment, aince the denaity am& tempex‘atarc meaaurcmenﬁ:a by c‘immagneﬁc pmbe
md Doppler broadening are incoxwmtemt wi&h densities below 1019 ' i?’
Possibly the phaae measuremente were affected by aman (2099

| reﬁeceions or by densiﬁy noxzunifoxmitiee that were not detected expemmentauy
‘ becaase of ahot-to-shot dszerencea. Some numerical solutions have baen '

| @b‘*aincd with radial denaity gradienta tha.‘e indxcate complicated effecto on the
phase that would have been ﬁmpoa aible te meagure in detail. |

A self«-conaistenﬂ: aet of parametezo that reasonably aa,tiafies the fiaémgg

of the wave measuremenﬁa, the numerical remuits, and the di&gnoatica ic listed

beﬁow.. :
Ion denaity - 2%10%° m':'3 |
K Neutrals and-imﬁuritieé | ﬁo% o
Ion témperaturé P 50 eV at the .remonanc.e,
' S v 25 eV elsewhere
Electéon temperature S 20 eV st the resonanc'e, "

10 eV elsewhere
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Thév lack of 1a.1;ge kéﬂectiona at this density could bé accounted f&x
by‘ghe presenée of néutraisﬂ'_an& impuritieé‘. This set of parameters io ndt_
a unique set of values saﬁivs‘fying the reaulta.: but is revliable‘ within a factor:

of abc_mt four,

V. CONCLUSIONS

From a combination of the experié;éntal and numeéical' reoulta, wé
may' conclude that thé dominant damping mechanicem is ion-cﬁ:lotron démping‘.
A small portion of the wa.v‘é energy may have be.én_reﬂected, but large ro-
flections would have becn experimentally oﬁsérved. ' Damping by neutral
particles may be ruleld‘ ou%'aia a dominant ;néchaniaxﬁ since the energy ab-

gorption by necutrals w?suld Tnot have produéed ihe diamagnetic aignav)‘x. | Thic
| imp&ies a high icnization maintained by gﬁéctron températurée of about 40 eV,
For such electron temperatures fché ohmic resistivity is several orders of
magnitude below the cyclotron resistivity, For the reasons given in reference
13, we must beliieye the damping by impurity ions to be less than the meutral
‘damping. | | |

The points of agreement between thg experiment and the numerical
model indicate that the physicv&l principles on which the model is based are
generally correct',» Some of the assumed conditionz do not conform precisely
, 'ﬁo tﬁe experiment; arﬁd @ome.of the experﬁmenﬁal measurements may have -
misced some complicaéions: found by the numerical model, The model has
imprbved the underatanding..of the excitation and propagation of the two hydro-
magnetic modes and of the damping and r@.ﬁection »:hechaniams at the jon-

cyclotron resonance,
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 FIGURE LEGENDS

| Fig. 4. Nonorthogonal coordinate éya&em. The transverse coordinate,
lines are orthogonal to magnetic flux lines, 'whereas the éxial coordi~
nate lines are paraliel to the centerline’. |

Fig. 2. N@norihogon&i mesh system.

Fig. 3. Experimental apparatus.

Fig. 4. B® and BY as functions of position, for the gtandard mirror field.
The three curves on éach graph indiéaﬁ‘.e the magnetic fieldo at three
.x'adi.i: 0.76 em, 5.3 c¢cm, and 9.9 c‘m-.

Fig. 5. Solution of MHD wave equations for conditions of Sec, IV.B.
Wave curreats and axial-wave mégneﬁic field are shown. ‘

Figv. 6. Solution of MHD wave equations for conditions of Sec, IV.B.
Amplitudes and phaces of transverse-wave magnetic fields are shown'.

E‘ig’. 7. Solution of MHD wave equations for conditions of Sec, IV.C,
Amplimde and phase of mzimuﬁ:hai wave magnetic field are shown.

Fig. 8. Solution of MHD wave equations with neutral damping. Ampli‘tude

and phase of azimuﬁhalowave magnetic field are chown,
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-

mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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