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It is shown that it is always possible to find explicithy an
.Q, optical potential which fits a scattering amplitude satisfying the

Mandelstam assumptions. The potential can be constructed by making

i a series of integral transformations on the momentum-transfer

- . '{ "‘: ’ }

. ;“j;: discontinuity of the amplitude. In the case in which the asymptotic ?
behavior in energy of the - amplitude is given by the Regge pole hypothesis,'"

’“‘-u
it is shown that, although the range of the potential (behavior e. o_) S

%

is constant, the size of the interaction region increases with energy

VVVQ owing to the nonuniformity in energy of the asymptotic behavior of the.ii;«ffi;'b'

S

potential(as a function of distance. "‘*,-7\j’ . ?:7ﬂf fijﬁ‘ffﬁ”




’ logarithmi cally o

l'analyticity assumptions.lF This is based on a very remarkable identity

- amplitude.
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I. INTRODUCTION i

It has often been stated, in a loose sense; that the predictions

" of the optical model do not fit with the Regge-pole asymptotic behavior
" of the scattering amplitude;vexcept.if one chooses a potential which

'“f}.decreases logarithmically with energy and has a range which increases

1’2’5 As ‘the range of a potential that fits the analytic

~'v‘-.";_j'_:properties of the amplitude must be given by the smallest exchanged mass,
‘fit seems that one should reject either the Optical potential or~the Regge»

’ﬁ""',‘pole hypothesis,,

It is ‘the purpose of this paper to show that one can always find

“an optical potential that fits any amplitude satisfying the Mandelstam{&

1
i

' ' that relates the scattering amplitude to a certain function Y(y) ina
o way that is closely analogous to the relation between the scattering
* ~  amplitude and the elkonal (Eq. 26). Moreover, the function ¥y) can

B be given a simple expression in terms of partial-vave amplitudes that:’

!

. allows to relate it to the momentum-transfer discontinuity of the total

P

' These relations are presented in Section II, where we study the

_jrelation between a scattering'amplitnde'and a function @(z) whose
Taylor-series coefficients are the partialnwave'amnlitudes. The function.
i: W(y) appears as the Borel transform of #z). We ontain an integral:

- representation of the scattering amplitude in terms of W(y), converging

in a region that always contains the diffraction peak.-
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fthis potential i e., the coefficienti f }r_ in the.exponential decreééé(
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A
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of" the optical model at high energies.:

h"ﬁv,-‘r
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L

:ifunctions of a complex variable
T, .(}’)‘ : -




'"“7”'T'fi Along with F(cos e), it is convenient to introduce another.function of

. another variable 9«2) which has the partial-wave amplitudes for Taylor ”fjf ffiﬁy,

i{; coefficients:[i,,"

'f It is easy to show that if the series (2) converges 1inside a circle of

;' radius R , ‘the series (1) converges inside an ellipse with foci at S TR
' o I I |

)
AR

: and with semi-axes %[R ;I'.“.

It is possible to relate these two fUnctions by an integral SR f-.“

transformation, using the Laplace representation of Legendre polynomials,:_f:

P (cos 9) Jf [cos & + 1 in © cos a] da . ;vvﬁj(3)’ :

which gives, -after being introduced into Eq. (1) and performing a change

in the integration variable,5 . ' I"‘gig*:,}‘“r""zn,'”,; _—

i Reos o) = [ A B (T

X (22 cos 8 - 22 - l]2 Lr]- -f}*,'>afzga$. ;_ o ;ﬁ',J

*

;f where the range of integration is between the two roots cos e i sin 9

of the denominator.
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domains '

It h_as § been shown

IR




‘f{f Generally, the domain of c0nvergence of the integral (12) is dlfferent

from the circle of convergence of the series (ll) and contains it.

nv_ i/. “

Let us introduce Eq.. After a few elementary

(12) into Eq. (u)

p &

|  ;fif?‘ that: rather than by this somewhet 1engthy seqpence of integral transformS,

(13) can be derived directly from Eq. (l) by using the Hobson formula,

; "y co8 e T, (y sin e)y dy, Sl ()
where J ie the conventional Bessel function. . f?';*

.

" We shall need in the following the domain of uniform convergence'

‘ness of the coefficients . 5 W(y) is an entlre function, the bonvergence

4

of Eq. (12) will be completely determined by the asymptotic behavior of

*w(y) when y tends to +oo : In order to get this behavior, we shall

'J_j which is the mein tool that will be used 1n this paper.;7 Let ud note ' ~_*v;1f N3

-

j_lof the integral in Eq. (13) Since, accordmg to Eq. (11) and the bounded-'
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tn‘hroﬁuce a.nother function related %o A(x),.,
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.gﬁi axis between R and xo , i e., -14 j‘ f
. " e - xoi - ( )
BRI ~ 1+ - ',7 p ..,’ 1 - ‘, ‘ , ”.(25)_“
1 e . . 2h Sk I R . : o ‘\

0

terms of the momentum transfer

L where ‘t ' is the nearest singularity of the scattering amplitude in

.

t = ’-2q (1 - coé 9) .o - (21*).:'

- In that case, the domain of momentum transfer corresponding to Eq. (22)

is given ﬂy : SR o >rf ”‘. o o e i'ii* Tr%kl

awF <, -

l and it embodies the region where the diffraction peak is observed. It

will be convenient to introduce new variables into. Eq. (15) by setting

: ’;ly gb, so that,

N - T -gb cos 6 L
F(s, cos e) = q_f, ,’Jo(qb sin 8)e \Jr(qb)db . (26):
RN PR | :

‘f *t" taking into account the asymptotic‘

For finite values

e by' e

db 41lt
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to" express the'




In writing the 1ast equality, we have used the very definition of a 525”

derivative of nonintegral order,‘ The solution of Eq.r(32) is given by

' -

PR

00 b d[dx(5,§)"] o
(b® - r3)2

+ . [3
. . H

v, DERIVATION OF. THE OPTICAL POTENTIAL FROM THE SCA'I"I‘EIRING AMPLITUDE

We are now ready to find an optical potential that fits a given

scattering amplitude at high energy.~ More exactly, we. can find a potential

: which ‘treated. by the eikonal approximation, gives the amplitude up to fﬁi,.u..

*
-

multiplicative corrections of}order l/ﬁ for finite values of thé

‘,x

momentum transfer,: This is»afforded by a comparison between Eqs. (27)
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W(qb)h'is given by the integral

.A".n

Correspondingly, R(u,s)ﬁ iﬁ an analytic function of 8"

V(r,s)z is

Finally,,

}_ ',: ,‘;',‘ ;.

V

wjth a cut going from the threshold value of ‘s' to”‘+oo a left-hand fg;;{
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;?;;{1 ;§,vﬁhete‘ﬁeéffiéf?ﬁe S-wave complex phase shift'andr'clf,is_an”hbéolute‘ff

et o v . Lo . Lo Y

R

[ . . . .

In order to determine the asymptotic behavior of V(r,s), ve

L '

potential 1s of the form

&

u-.jA(s,"t)v_‘f',_‘?"L‘geb(t **30) | f°r

? e

*‘large r ilike

LW

fffj ‘As all the operations performed in Appendix II 40 get Eq. (38)

'::i.e., 'V(r,s) will decrease asymptotically like e

, 4'shall first consider the case where the discdntinuity A(s t)‘ of the,”‘ ’

Eztu ar BT

are 1inear, the asymptotic behavior of V(r, ) in;the generellcase isf

ot ras e, o senrve
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’ :;.;‘-7? We propose to refine the notioné usea for ordlnary‘potentials " g~ + I
_;#in order to Pncompass that case:. givon a potential V(r) whiéhﬂbehgveé;i;ﬂijélt ]
ﬁWlike é’uofg ﬁhen rf tends to infinity, we shall eall"r At ‘ E ?‘

range of V(r) On the other hand, if V(r) becomes near to zexo’ only -\

for r ~ rl , we. shall call rl the size of the potential. In simpl@~i."'f

. *4 ; . ; : D s

: cases, Ty and gr‘

between them, 0r T,
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’potential. One ‘sees” from qu (ha) that the optical pobential that fits

but 8 size that increases logarithmically with energy.

The fact that G(u ) is complex meana that there will be strong
'~lf cancellations in Eq. (hl) Presumably the qame kind of effects will take

place fcr any value cf r s and the potential will decrease with energy

-

Finally, let us mention bhat it is possible that the potential we j“;;: ﬁT,

;

~:fhave determlned behaves so wildly that the eikonal approxima ion-cannot

A

ve(rs)=f o (;. 'ffr ) v(,vo,s)dr )

A

" where. . o (w) is an infinitely derivable function of support je'. Thé-?

" eikonal approxxmation could be applied to some V (r,s) with a good

enough approximation,\ Let us note, however,_that the mesh size" ;é'

would have to vary with s so that the analytic properties of V(r,

#

*}Q}QE”¥1 i:as 8 function of s, are not necessarily satisfied by the practical
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'if;! ifgtskan.amplitude with diécontinuity
- Qné hés,l accf)?ding 'Eo Eq-(l7):
_witn

v1 vhere e write' p= X,

st
\§ ‘ . -
- KPPENDIX II-I,;'. _; S

'»f '. A

-let us determine mhe behavior for 1arge ﬁ of a potential which j;f““}'?”"

CA(x) = g2 ‘6(x 'u;_'}_zd); S o (11.2)

% . . ; 5
Wk L NN Y P e o,

'Il

’ﬁ-(luaux +u)a

Y-R(“') o PR SR

li-

n-.'.xyky_)'__ (1 v d) #ors

¢(y)

R 14

0
y', ove can replace Eq. (II h) by

¢<y) " f o2 +1>é ’“qu_ | ey (ay)

¥ B

-}(f Therefore, according to Eq. (35)

2\/’“

W ,-:-J'.:; <5

Putting Eqa (II 6), 1nto Eq.. (5“), one, Eets mediately Ba. (39)-
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(y - l)% -8’ - For large value of ;
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-

mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.



E3

%

A i .
N -
- i
v 4
P
.




