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It is shown that it is always possible to find explicitly an ., 
optical potential which fits a scattering amplitude satisfying the 
. . 

Mandelstam assumptions. The potential can be constrUcted by making 

,. . 
·' 

... 
a series of integral transformations on the momentum~transfer 

'· 

•., t 

. ' 

. _.·, 
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.. discontinuity of the ~plitude. In the case in which the asymptotic 
li ,, ., 
\ 

behavior in energy of the amplitude 'is ~iven by the Regge pole hypothesis, 

·it is shown that, although the range of the potential {behavior 
. ~I, ·. \~ 
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is constant, the size of the interaction region increases with energy 

owing to the nonunifqrmity·in energy of:the ·asymptotiC behavior. of the . . . . . . . . . . .• 
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It bas often been stated, in a loose sense; that the predictions 

of the optical model do not :fit with the Regge-pole asymptotic behavior 

of the scattering amplitude, except.if one chooses a potential which 

_J '·t 

. -decreases logarithmically with energy and has a range which increases 

"· '' .. ' logarithmically .. 1' 2' 3 . A~ t~e range of' a. potential that fits the analytic 

. :. ';: · properties of the amplitude must be given by the smallest exchanged mass, 

··it seems that one should reject either the optical potential or '~the Regge 

.. }.· 

pole hypothesis •. 

It is ·the 'purpose of this paper to show that one can always find 

·an optical potential. that. fits any ampl:i.t.ude satisfying the Mandelstam \I 

. 4 . ~' 
analyticity assumptions. This is b~sed on a very remarkable identity ' 

that relates the scattering amplitude to a certain function 'ir(y) in a 

. -vray that is closely analogous to· t~e relation between the scattering 

amplitude and the eikonal (Eq. 26). Moreover, the :function 'ir{y) can 

be given a simple expression in terms of partial-wave amplitudes that · 
I 

allows to relate it to the momentum-trans!er discontinuity of the total 

amplitude. 

These .relations are presented in Section II, where we study the 

relation between a scattering amplitude and a function ~(z) whose 

Taylor-series coefficients are the partial-wave amplitudes. The function 

'ir(y) appears as the Borel transform of ~(z). We ob~ai~ an integral 

representation of the scattering amplitude in terms of_ 'lr(y), converging 

in a region that .. always __ contains the diffraction peak •. 

--~. 
-~ t . 

. ' . ~ 
•·r.'"'' • .. 
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,.,._ .··· .... · .. 
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:· 

F(s, cos e) · = (1) 

. ' '~~~-· 

. Along with · F( cos e).; it. i~ '· c:o~ven:i.Emt 'to introduce another tunction of 

' another variable rj( z) · ~~ch ~s the .par~i.al-vave __ amplitudes for Taylor· 
·. ':. . .. . . . ! : . 

coefficients:· . .::: 

,•, 

. , . rj( z) . ·.· . ·<· .. · ... (2} 

·i 

It is easy to show that if the series (2) converges inside a circle.of 

radius R , the series ( 1) COJ?-Verges inside· an ellipse wi.th foci at 
1 ... 

and with semi-axes. i!R.t Rl '• 
It is,possible to relate these two functions by an integral 

. '· 
· .. 

,. transformation, using the Laplace·representation of Legendre polynomials, 

P ~(cos e)· = .! rn[cos e+ 1 sine cos a]t da , 
n Jo . ( 3) 

which giv~s, after being introduced into Eq. (1) and performing a change 

in the i~tegration variab1e, 5 . 

F( cos e) = ~I [2z c:: z~d: z2 - 1]• ' 
.. · 

; where the range of integration is between the two roots 

· .. of the denominator. . . ·.. . ~ . 
. . 

.... -:'. ,, ! ' ... ~ .• 

:. · .. :; / .. ~: The inverse of Eq. ( 4) can be written as. ·. · 

'. ~ .... . t .. 

.'. 
i'· •. 

:_, . ~ 
·{ 

.. :·_·: ...... 
rj(z) 

, · where· the 
"1 J :·r .. ,:'., .·· ... 

. ... 

~·· " .. . .. ·, ... 
• .• : ' ••• •• . ~ < : :- .: ' • 

; :~~ :)' ', ' ·:" 

< •• 
' ' ·' ... ~· ·,,· 

.. 

. ._.,~ 

~ ·".· ·, 
( 4) ': 

... ·. 
' . .. 

cos e t i sine 

.· .. 

.. '. 

:: ,:(5) · . 
•' ~ ; ' .. :·.'. 

,; 

•i 
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: j \ ; .• ·Generally, the domain of convergence of the integral (12) is different ' · 
!! ~ • • 

.·f· .. from the circle of converg~nc~ '~f. the .series (l~) and. con~ins it. 

~. ... .. ~ . . . .. J 
·~- I 

f ,. 'I 
I 

. ·j .•r I ' I ,,. • ~~ ; ~,, ''-· '.~ •• ';' 1- .i , ' ' . ' . ' , .. -' • 

: ! .:'·. •. •• ~r..e·t us i~t~oduce;Eq; (1.2) ·iri~,E~.'-(4);'/After·a few elemente.cy 
.. ~ ", ~. . ' . - l 

, ,i)_._, ;:;· .• • •. :: • • .. ···,, ·.:j';~{;~;:~~>r , .. ~~) .·;,,., .... ·:::.::_., . . I 
·. : ·. · .. ' transformations we· get ' '· ... ; . . , :. ., ·· 

;, ' , . ~,.- :·. ': _' • .I_,' ·' ·: .• • 1 .: . • _;.;:• ;.': :,.';· .. '· • ' :·· ;· < .·· >: ; 

.. . .• ; • • .' :· . . F( 09• ~r .} fom . ~ .; •?: ;~ J0(~: ~in e) V(y)ay ; 

. ·'- ~- . ~· .. ' 
-~ ; 

:which. is the main tool that -will be used 1:0. this ~a per .. 1 
·!~. . . \~ 

·• ... 

(13). 

Let us note ., 

I 
- ' .. ~ 

f 
,l ~ 

f 
I' 

-I 
1\i . : ·. ,_ :1' 

' \ ' :~ ,/ I . 
I 

( 14) . : ... ;-- ' ' .<·; ~ • l_ 

•'' : .t• 

. . ' '· ~ 

.. , ~ 
· < .· · /,, ····:.where. J . is the conventional-Bessel fun~tion. -
... ' ::~'C, ·.·:·'), >' : 0 , 

· · ·We shall need. in the .'following the domain 'of uniform convergence 
. ,• ... ~ . \ ~ -~ 

.. · ;' ; .', · •'/·of the integr~l in E~. ( ~3) :!,;;inc~; according to Eq. ( 11) and the bounded-
. , ·:,·.;: ,·· ·. ·. . I : ' .• . . ' . . . ' ... ·. . . . : ... 

, .•• : '::__ •• . 1 ness of the coefficients .. EJ. t , 'ljr( y) is an entire :f'~nction, . the :Converge?ce. 
,,,~ .. ,, .. '•!' ' j: ~ , ': \. ,.~ . I. :J·. -~ .-. ·. \~.:~.,; 

·. .: . . .. o£: Eq. ( 12) will be· completelY' determined by the asymptotic behavior of . . ' 
J. • .• ~ • , . ·.. . - ' • • ~ • • • - -

ft. :. '''):_ ..• 'i•_ - . ' ' - • 

v( y) .; when 'y tends to . +oo • In order · to .. get this behavior, we shall 
: '\ -.· ·_: 

~ ; . i ':, 

·;· . 

' ·'. 
· · · make: the supplementary assumption that F(s, ;cos e)·;: satist,ies ,a dispersion ; 

·_·;· ' '. ~-· ··--·~ •,_:~ '.~-~... . ~- ., - ... _: . . 
i - . i,r • ~ 4 .. ~ 

·1, · · ·.:relation in ~os :e ··such as given by the Mandels~ hypothes;t~, , ... -,· 

· ,:. · : . '>-,:_' :;~ ;_L.'· - : l!(oos e)' /t' 1 j,~ _A( x )dx 
9 

• \ ::·.~; :>,/1_.~; __ :_;_ .. '. :: .... :.-.:.1_~_-_ •. · .· __ :'_ ···~- ' .· ( 15 J_.:._ : ' R 
: 1··· ', ',. . · · . . { ·,•.:·_·. ::::.,1(. ~0.: .·_;_.~-· .. cos,. .," . _ . 

- : ~""";\ .. . ~ • . . . •. t '~ .''' . ~ ~ 

...
.. :,·,,1····-·_\~: ..• · •. · .. ·.· .. _~~.-;:·.·.::\~.·~.~~ .... '.,·::_.:··iq:t·.· ..• ··.·.·_ ... ··_·. ·t .. ,, . :·~:}- f . 4"•·"'··\-~~ ·, :·-~. .. .• ·~- ':_,' ,•! : __ :,1'•· ... <·~-·-.··.~ .. ··~-=~ 

~ ~ ·~ ~. .>;. ,. ,. ·:.~ '· . · .. --";~.: ... - ''.: ... ·. '.<. "_\< . ,• ""· .. ·.. . .. :': •4 ·:; .• ~;· •.. .'" .· .. '· .. , •• ~ . '· . '· •• 

. . . , : . . . ., . As is -w:el~ knp~:,. : ~~e: pa.r~i~-~-wav.~ ~~l:itude. :_· ~·( . c~~ be, expr:s!3e~ . · · 

( . : ' .. , : :~ terms' o~ ~~ di'~oo~tG.\iMJAtx): b~'/i;~;z;:'/hi:':•,'i:Ji· · < ; • · , , f 
~ '• r ".''.~ . i, ~··· t:._.'t- > .. ,~ .' jf_'· 

.··.·• • • ' ' ~· ': ;'> 
' l ~~. : . :. . . -~~ . 

. ( . 
',·;: 

i . ' . ~ \ .. 

. '· 
. -· ~· 

I' . _,·,. f; 
t ,. 
' .... ' 

..• •• ' ,;, !. 

!:' ..... -: -..... -•• ' •. ,. ~ .. ; 

·t ' : -~ .. _ : . ' > • . . 





... 
~- .. 

·,., 
·.-\ .··''. ·: 

.; ' 

'. 

·' 

l ... 
i. 

..• 1 

.. /"" ~ 

.•. 

where 

'.• . ... 
<·. • ,. .. - • . 2 -

: ':When the energy is large, one has 
!_... • I.·· .• 

., X 
;,. 0 

to 
1+-2 .1 

2q 

• . i '• .. '. 

.. I 
,·. p -

··.'· .. · 

(21) 

reaL 

-~ 

. ,·,, '·. > .. (22) .. 

I. 
. (2;) · .. 
" \l 

;. \\ . 
l 
I 

is the nearest singularity of.the scattering amplitude in 
'. 

' ~: terins of. the momentum transfer 
,, 

. t 
·.· 2 . . . 

-2q (1 • COB 8) • 
.... (24) 

In that case, the domain of momentum transfer corresponding to Eq. (22). 

,·. 

I , 
is given by 

-2qt i < 
0 

t < t 1 0 
(25) 

· . and it embodies the region where the diffraction peak is observed. It 

will be convenient to introduce new variables into.Eq. (13) by setting. 

y ::: qb, so that, 

F(s, cos 
-qb COB 8 

sin e )e 'ir{ qb )db • (26)· 

For finite·values .~!:;~·, ~aking into account the asymptotic 

behavior of "t(y) ./~riJ c~~k r~pl~ce ·the-'~xpo~ential · e ~-q~' co~ r~ by e -qb 

·. ·>~·;::~· .. ;>:·,' ·. !{~::· ;.<:·~:.·;~~:1~:/r:-: .. ~.f~;.:..':·:~:.i \;'>.~,~~-:: '· ,. 
.. ' ... · .,... . ~. :;I .. 

;; /. : -... 
' \•_,:·.,: } ~ 

'·1, .. 

'· ·-"•' 

·, ... \. 
'• 

' ;·. 

'. 

:·":-" ··. 

. ;· 



~·. 

·. j 

.... -
- -~" 

.•.... .:t, 

; ·1,.1·. ,~: ... i· ' . • P. 
+r ~- ... ";' .. ·, ~ \ 

,;Jof' • ' ; \ 
. <~ ·• . .. II" ,, .. 

"• 

t • .... ~ 

'I 

,.·· •. 

'• .-·. r -"'~ 1 

'_,Y" li' "y 

• ! 
_, .. 

~-

.. : . -~~-
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'·' 

' ,. ~ . ,. 
' .. · ~i. ·: -~ ' 

l ... 

'• 
. . -~ 

•' r 
~ ;• i ' j \ F,. •' ' 

~ ."< 
; . ' ' 

. ' 

. .., ~ . .. .. -~ 

. ~ ·. 
. ~. ... { ~ 

; ., 
..... ·,_!. 

J. ' ~·· '· ' 

... . ~ . 
'1:;. : • 

·so that Eq. (29) becomes an Abel equation; 
• •.. f ' ;t ' . ~ ·. .. ..,_. ·. . ' t.. • 1 ,, • ~ 

- i 

. . 
I-'., 

. t 
., .. 

(31) 

.,· ;: ·. . rL:_ ...L r'il<~>- .)dv =:(· ·_i).i·st<~>:.... . ·. ' 

'f. ...... • ·-,. ·:. -. r(t)Jo/ .. (u ... v)i ·.: .. du ..... ' . , .. 
·'1 '. ' /:·, .• -,''"!~.~ ~-

'· •. . -~ 

(32) 

/ .. ·,. .· ... 
·,. 

. · 
. . . ': ~~-. ;_ .. 

.:·rn writing. the last. equal!,ty, ·we have .used ~he very·~e_finition or. a 
:: ' .' ~ ' ' ' • <" • • " • '': 1-~ : ;, ' " ' . ' I • ' . . . •' •. ~ ' i '>i • 

· der1vative of nonintegral"order~ · The solution of Eq. (32) is given by 
' • :~· , J~ ' : r . , ·• ~. ,._ . ... _~,·. -~··. ., ~ "" - ~ . 

'. . . . ' . . . ' . :~."' 

·'." j(;,) ~(if 

.,. ·. ,• 

- ' • ~ ."> ' 

:•''· 

"' ,' (33) 
,. 

' ~ : 

.. : It is therefore p:>.$Sible ·to ·:·derive the potential from the·· eikonal by the 
. ·'. , .. ····,_,;· ·.···.,;·:-o:~~:;;.;.. 

' . . • .... _\.- "',;_ .. t, -~ • ~ :_, "\ . ' 

.. ":· 
, ': relation ' •i \·; > '< 'I' ·'· 

·• '.. ·~ <· ·_.v:(_ s. r. ).··· · __ : ·<· ... ~ ~; j 00 
,-;_ ~ ~ ~·' _r. ~: .. ·! , 

. !.' • . . . 2 
.·,, · ·t ·· I ·.. · · · · 1Cmr · r· . 

'. ; ~ . ' -

.... 
·'. 

· .. _ 

. .. . ~ . . 

. IV''·· DERIVATJ:ON OF· THE OPTICAL ·POTENTIAL. FROM THE SCATTERING AMPLITUDE 

' ·, r ' 

We are now ready to find an optical potential that fits a given 
. l' .. 

.• 
·'· 

'•'f I •, 

.. .·. 

. :sca'ttering amplitude at high energy·~, More .exactly; we can find a P<?tential 
' '. •': . 

. ~ ' .... 

which, treated, by the eikonal approximat_iO~; giVes' the amplitude up to.:.· . · 

'\j ~. -" .,, .multiplic.ative · c~r;e~:iohs ·or order 1/~· ·.for finite Yalues ~~ the. . · · 
' • • ' ~- l .'·',., • ! ·-. .~ . - • ~' 

' .... _ ... 
'··' 

momentum~ tr~nsfe_r:,· .:.~~~~~-~:t~j~ord~d by ·.a -~~mpar:s.?~_~,~-twe~-~.:E.~s: -.~.?7: .. 
and (28); .which gi'ires~,·.·''.:'}·,t: ~;; .. ' ·' 

• · •.. '- ·~·:··; ;~ 1 :· ': ,' "'} ;:: ·>;J:~~:; '!. •'• 
·;·_:.')_-~:. t:"i . . "' .. \ --:~ . ;; ___ ' ' . 

: ' ~·· .· 
'.··, :; 

.... , ·,·• •. .. 

' ~· ... 
. ''f ,• 

- ·.: ~ :, .. 
'· . 

. _).:. 
. ·· ... ·" 

oil:~ •• ~ •. ' ' '. ' 
·- ,.·, 
~ . ; 

•. 
t., .. 

·, . 

' I 

'· . 
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2 .. ·.' .. ·;',~i., :f;?:~;;r . ~:y :_J > .'. ·~~:{t::Jk~' ~~·~··.~~;: 5~ .• ~:t~;J fi : ... :· .,\ . •f: •. ·.. ,:,: . . ·. . ·: .. · ...... : ·"( .. ·~····•: .s:! .. 
·.· ,• .i'X.(b1_s),.,' ''~'-- • l :·;•bq_;. ·· . ..,··-'"·.;\"-:'' , .,. •, 

·
1

·' e· · .. '>' ~~-=-,l:·+.,...;e:·-.. -t(qb,s}'t., .• ·. ·' (35)<:: ,·, 
~'·:!'.'<;,:-.- ~· '• !.'::>, .. '.,:.• • ·:.,;:·:··b· <,~···;;,~{ i.7>~(:::::,;;.>:~., '• '-.-~.;~·._'::'~ .. • ·' ;· •,.·,,._ •; ,-<'< ';,,.I ,. ' . .. . ·. ' . .- .. ' . . ,, ·, ' . ._, . . ' i 

·~· ... ":·~~:.~' :e E:~;::::··· .. ~ ~~:::~:~i:a:Ztf~:.::~::·::t::l:udes. '> •;::;:~~·;1 
• ' r ' • .. >-. ' ~. f~; ',. · ..• ":·~-.-~ ,.: ~:. "!. ''.' .. ~~;: .. -~·.· :.'~ ~ ?:~~ ~~ '·~.-~: ~-:· ,. ; -~ • ~' ') ,. ''. . ·. .· ' .: • . - . { . 
· · ...... :momentum transfer ,as· in Eq.· (15),- ljr(qb')._ is given by the integral .. 
\·~.-~·~ .... -~.., ~J _]'\ .... _ .. -.~_:i'·';~··'-,'·_lt~_..i"•··"·}:·~- "·.,-·'. :.,··· _: .. ... r\_;.~_ 

.. _. ~···formulas (17) and (20) 'in~_te~~-of'-'·the:discont:i.nuitt' of the amplitude. 

_; r·:\~·l~inal}¥ t~~:pote.ntia,l~:-~V(~j);~:}~js ~iV~~·\n ~enns .. of··~he~ei~on~l:~y; .':\:..:~~ • . .-· ··.· 'l.j 

·.-. . * ~ ' . . .. . '!' • 1 ~. ~ .4 '>~.: - ·+- ,' ' t .. . ' ' ,~ ; ·:: ~ "'r. ' ' ~1:..;·'~. ' ~ 
.• ·).· (·-.-.~A • ~, ·' ' .. ~.:: ,. ·", •• ):·. ~·q,· ·:,,,·i,,._;~-~' .. ·~_.,~ l_ . . , t -~ '• -·~ .'·-i ''· t •l • '~ ,:;-~!,". 

'•• .;;-,Eq.J)4_)• .>· (L,,''r '•'.',\~,-~;:.'\J'.,.'.~ :._ .. :~~i/'t::e·,:~ ,?· ... ;'" :·:.·'.:· :1:·' '' ·.,I • ~ 
.. ~~-~.- ·., · :~:. ">.we' s~ll n~ ci:rl~e; ~~me :pro~r,ties· of." this potential. · · ·· )·· .. . · "·~, ~·,·:; · ~::! 

+''·' -~ .. , ·f '· .It 'is weil' kn~~';~iiatr-accord:l.ng.;to the M!mde1ste.m hyp~-t~~~is: t~~ ~~~· ':l '~~."/_ ~· t 
.~ . -·- - .•. - .::,·-· •. ;. l , .··. ~- ·.< ,.·. • . . ~~\i. . <·I 

-' ~. :discontinuity• ·A(s,t). ··~ isjan analytic. fUnction of: ·;s ·.wit~· a· cut from· 'c: ~ ;·,·~.: :·.- .·• .. -J 

. : :,-the thr~sho!"': va~ue ~(r:.F ~ru:1~ ty, : ~~t~e; ~th ~ ~,;,;~t. · · ~~~·.: ~--:- · ' ·• ! 
... ::. . '' · Carre spondiniJy, .. R( U, a)') i" , ~ ~=,l,Yti c furic~io;, of s ~· :; There fo~e ;£,: 'i ~' \ ,, .. .' . ···.; ~g 

,.,. ~:·_-:,'lr(qb;-~) is''an analyii~ function Of. B and an entire functibh of-~~·qb<", .. ' ;; :·~\~> 
"~ • .-f ,_,_·}I/-.. ·-:-::j;··-~~v!> .~,"' ' '··-· ~·~:-~-

. ·· • :: ::·{. ,:~ b ~:~t · :! :~~;;. 1~;t s u; ~:o a~:::;::!~;c::o;;:~:~:::·;:u~~-;·,~ .. :~.' :. ;: .. I 
'· .... · · . ·< appear· in extracting the ,:ogSri thm of Eq. • ( 35) i , ~inalJ;v!. : V( r, sJ,, 1 •.. : ,. ; , N." , ,; •; ' 

' · ;,:: :;' :::: ~~:::~ ;~t:::·::~:h::a~::!~!\~~:.·;::; ar::~:::·: >'·;.:: ::/J :>' ~ 
:: -· :.·~i<·· .cut, and ~vent~al~ lo~aritbmi~ branch;~~n~s~·._· • :· ; .. ·.. .· . t. 

~~ • f" • . • . " ,.,. i ~ ~ 4 • • - , • I 
' . • • ., i .. ·,-to. •• •• ~._ ......... ~ ,· ' ..... ;··-~ ," '-~--i· . ,:.i .. ' 1. •-• :1t~ . .' ~ -, 

~- ·; < ,. , ; 'f:.· ·< -~. :. A~ ana:o~~·(~ . -~~a.s~~t:ng /ho~~, ~~\·_: }~:_\:- ~ ~ .. :~--~~- ~ analytic . func~ion . .. ~·. 
·'.:,:·<:.·::.--::;:~::;·of·.: .. b. , _exc~p~. fo; .. ~~~-~:~~~~c~·_?ranc.~ :.~-~:~~:t:t>~~~,·~f· .th~~ :b~in~-~~oc~~-ed · ··. .. ~~. 
-... /;\ · ;;;: } ·:at the ·b:r:! .. gin:- . It.~is:ndt·-~a.sy:to:.fin(l:·the;· .. corr~sponding· analYtic. properties__ tv 

' •'+ of tbe Potent~ai~ .Ho:;;?;~~e b~;;.;v~~~:~;;';(·;;.·) i rieai- the or~g~n ~an . '· : .r: 
~-.. ~· .• ··.:. ' .. ' •. : .. ··.<· ·.::: •• ·/.~·,~:~~-f;_;-,;·,,. ... J;)l·l~<··:f;(;f.<~:J;.; •'J,;,!~<-t-.:;,;.;'f,~-. ..... ,. ··., ·- ... 1' 

·· · ·- be found explicitlY · '/ '·•• h; l; 't •,; • ·,.,. "'•'• · ~. •· " '"' · ·.- · ,o · · L .. ;. : ' . ' . . . ;,>·~:l :> .. ,:~}JJ; :;: '· .. " :'.~::,::1':;': .j,:~:~-: .. ;): ... : . , . ·• .. ·' ; ,· l 
•' •· .. ~: • .!.Jo ,·~ .... .- ~ -~-·.- .... ', t-\...= .:· ~r· ~ [~? ,._·: .. ~ , ,. {~ .... ,.. . .I . ·: __ ~~.;·:_·~too\.,. . ..w:;·~·"'·., .: . /., -~. i 

: .. . , : : :;,t. ~.:::..::::~·~·.:::~::(: '. . . ::.: .. t;:Y: ; .. ~? .,: •. . .. I 
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· V(~,s) 
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'_/ i8 ., 
. 0 

e ., sin 8
0 

., 
' ~ ' 

--··.}. 

··~·-· 

' I 

. .. , 

log(qr) 
I 

:• '· .· -. 
. A(s) 

·+. r 
(;6)-

,.1 

.• j ·. ·1,\ 

\ - ·~ . . r. 

."/ 

vrhere 80 .·is the s-wave complex phase shift and 
., . 

c
1

- is an absolute · 
• .. <.. ' 

. ' . 

·· · · constant. '. ·' 

. I 

.. ~ . 

. ' 

. ' 
·.··' 

·. V •. · ASYMPTOTIC _BEHAVIOR OF THE. OPTICAL POTENTIAl~ 
. , .. ' ' ' . ' . . ' . . ~' . . ~. : . •' '' ' · .. -

In order to determine .'the 'asymptoti~behavior 'of V(r,s) 1 vre 
_( ·' r • '. .: ' r .' •. ·,. \ " 

. , , _· ~hall first consid~r the;case~ wh~r~. th~ idisconti~ui ty A(s 1 t)'· of the
1
\; 

' ' 
' ~' -~ ·,. ' 

•. 1,- ~ ;, 

\ 
·.~~ .; .--· ;.;. 

I 

,x; ,. 

· potential is of· the form ' '' ., 

' .f ~ • 

:A( s ,·t) ·.-=·. g
2a(t -: · t 0 ) for 

·-~ 

' 2 = 1-Lo • •· - (37) 
l 'i ~-' 

It is' shown in Appendix II that the correspohding potential behaves for 
·.' :'.,. . ' '; 

? : ·• large·· __ r llike. 
. ' i ,. ~ 

·, V(rs)· 
, ·. . IJ .. . 

.. ·· .. . .:·_, 

( 38) 
',.f ~ 

·,. 

i . '. t' As all the operations per~ormed in Appendix II to get Eq. (;8) 

. ' 

': 

· · ., · · ,. are · linear 1 . · the · asymptoti6 .. behavior of V( r 1 s) in. the general case is .. 

.. , .. 
·.· 

given by 

. :' ~· 

i'~e., · .. ·v(r, s) 
' 'T .•• ' 

. • .. ·, 

. . ~ " 

(. 

·,: 
·\. 

,, 

' ~ ·. '~. 

,,. '' \,. 

',.. ,, . --., 

.. ; 
:: ', 

~· ' 

' '' 
" : ;o ~. fll • •. ~. ··~ -~ } .• 

; . ~· ' ';·' . 

.. ~~ . : :· ' ;. ·"i ' . 

. '' ...... ~ .. 
,, ;t 

._,:. 
~-' 

;,·I 

·'' 
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\ ' .. ,;: ;·. ~ :f. ' 

;,.·' ·~ '··•., 

"'.: .- .. :,: ... ,, 

-~t~::.·~ . ...:' 
• 'I;·~ 

,, ~~I'" 
·, ·;· ~ # . 

-.:.' /·.~ :.~ ' . 
. ' 

•' ·.< 
..• 1 ...... 

. . ~ ' 

.. · ... 
... ,. · ... ~·, 

' •' ,·. 
: t •• 

. . . ·~ t ' . .. 
. . ,· -:, ' . 

•. ,; 
• ·I~ " . ,! ~·. 

potential. · One sees from ·"Eq. ·( ~·2) 
. ···'".·,' 

that the 'optical po·t~ntial that fits· 1 
-1. ·". .. ·~. ~ •. :'1 

'
J.Lo· • . • . ' :. :.: 

'.I.:~·,; ·:~. ~. 
' ..... ·t 
.<·. : 

' ·. t ~ 
,_ . ~ ', ., . 

t' ·_ .) I . •'.• 

but a size that increases loga:dthmically with energy. 
2.' . ' . . . . ·. ' 

T11e fact that a(~), is complex means that.there Will_be strong 
. '' \ 

cancellations in Eq. ( 41),~"'}P;e~umably' t~e,.same .kin~ of effe.cts will take 
"i ·, ,'• '. I ' 

' 'place for any value of r, and the petential.will decrease with energy. 
1 ' .. •• . . ,, .-, . 

.u:·. ,: •' 
--~ , . .. ···;<: ... :we have not been able to' d~teniu.n7 ;if' ~~-c?·:i~ the. ~~se .or ~f th:· pote.ntial:· ·· ..... 

,':-',-·-:. ,. 

' •. 

' .. 
' 

.. . ' .. · .. ·' :l.taelf strongly oscillates •. ·., :;·: . '· · " I.<. ' •", ·• , , . ,·,.: ; ~-.! . ,'}' f •• 

' ~ :. . . • ~- .• , t. :_. ' ' . ( 
.,.; Finally/let us mention that it is P?Bsible that the potential we . 

. .-_ .... 
have determined ~ehaves so 'Wild~r that the. eikonal approxima·tion cannot 

'· · , . . ... , · · .11 
·., . be applied to it. In that case, i. t would be possible to define other t; 

. . ~ -~; .::.:.: ' ' . " . ~ .. ' . :' '. ., \ 
. ; · . , r7gularized ·potentials . V € ( r, s ~ ... defined; for; ~nstance 1 ·.as 

f ;i.~ ' 'v,<;,.; • f'~.(~\~'l v<ro: .. ·l~ ,·, ... > . 
"' ~·-

',.) 

'. 
•. ;' ·~ ·~ • . . A,,. 

( 43) .. 

.. 
· vrhere. pe:(~ is an irlfinitely de:d.vable function 6~ support e: The . 

witha good -··· .. 
'j .-· ' . )-< 

eikonal appr~ximation could be applied to some V(r,s) 
. € 

. ,, . '•·. 
' '· .. ·. enough approxinlation • Let :us .note, however, that the ''mesh size" · . €, . 

... · " : ~ .;,. 
·'· 

' . ~ 

• ~ :"' ' ~ .: : • "l- • • ' - ••• ·:_I . -~ ' . . . • • ' ' : ' _. . ~ 

; . would :pave. to. vary .. 'with' •· .s .: . so that the. analytic properties of., V( r, s) ·. · 
': ~-·•.' ; ~ • ' ~' 1 .'/ 0 • • '. ·~ 0 

• ' '' , < • 1 • , • • ' ' < "' • ' ;' '' ' ·:• 0 •, -<• • ,-' , 

as a function of ~l,: are not necessB:riJ.Y satisfied. by the practical .;· ··. 
·~ .•• ,.:.: ; • "". ' 1" 

·' _· :: _·,·:;·:·:·· potent~alt( V ;/r~s.) .. Le~:~;u,f ,~ote .also ~~a.t. ~~e. singu~8:ri~y · ·.~o~, r~r .. at 

' ' the. origin wil1· be' washed.;ou·t' by this regularization·~: .. ;'·, '.·. '.•.', •' ' ' ' 

.::.·~·:.,··;~iY.: :. · .. :·i.~1:t··.:\w~ .. Jt;f'.: .. ;; : .•. ,. , ;~:r:(~t : ·: . · · ···; . •· · · •-: ·: ,,· . . ·· · 
·.I wan:t·t.o ·thank V,;;·~;Alessa.ndrini:for: a. us.ef'uFAiscus~ion;, ::: · · , 
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. ··Let us determine the behavior for 'large f o:f' a' potential which 
' . ' . I, 

'··. _;.. \ .. ;.~: .. , ~ .-.:~.·- .. J- ·._ •• 
'7. •' 

fits an amp;L.i tude with discontinuity : · 

One has, according to Eq·. ( i 7), . 
' . . ! . . "' 

,; : . 2 
R(u) .: 1L (1 

. • ':1( 

so thSt. . ... . ;~ . 
":'· 

· .. w{:r) 
. d .. 

~. . ( 1 . t 2y d.Y. ) ' ¢( y) . ' 
• f . 

~ ... 
.( : . . 

r '"· ~ . 

., '\ . 

./ 

· .. ·. 

. . 

•• ~. "1- •· 

, .. _,. 

., 

. . . 
.· i . ~ . ·~, .. ~ 

..... '. 
· ..... - '.' 

.. :;;:-: .. ~ . : . 

(II.l) 

(II.2) 

'· · ·· ·. vrith . 

.. ·. 

. '.' ¢(y) 
2. Jp. ·2. 

..... ~ · .. :<"'··.· . :1( . 
~ + 1)~~ e)..y cD. , 0 . . . (II.4), 

. o 
'where ,.,e write 

,. 2 
.... (xo x

0 
.... a·. ·· .. For large value of 

y , one can replace Eq. 
. I .. 

(II.4) by 
.... p 2 ·. . . 

¢(y) . Ai •. _6rt . ·. ;· . (X2 - 2)..X0 + ~) .. i ~'A.y ~·· ... 
-oo . . . -~- . , _). 

t 

eety+a:;rK (a~). ··· 
•' '· 0 

f :· 

Therefore, according to Eq. (35), J' .. · 
' . 

:x. (b) 
. . 2 

2g 
... 'lfiJ 

. . ,· 

. [ 2 ]~ . ' .... y;;. b . ' .. 
1tbq . e 0 , . as 

2 "¥to . ' '; ... 

( II.5) 

b ...,. oo • . . • .( II.6) 

.. ' ;. ; 

· .. ~tting Eq •. (rl:,6). intq Eq.:·.(;4), bne.gets inUnediately Eq. (39). 
· · · . · : . · : ~ · : ;r t' · · : :~~:· ' · i · . · · • , .:~~ :;)·" L · . 
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This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com­
mission, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa­
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor­
mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com­
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 
of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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