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Abstract 

A theoretical analysis is made of the hyperfine structure of the twelve 

levels of Eui 4f7 ( 8s)6s6~, using intermediate-cou~led eigenfunctions o?tained 

from a least-squares fit of the energies of the levels. Relativistic effe·cts 

for the 6~ electron are calculated throughout by tensor-o~erator techniques. 

Good agreement is obtained with the observed A values, .treating as ~aram­

eters the ~olarization of the core (by the f electrons) and the hyperfine 

interaction constant of the 6s electron. The magnitude of the core ~olariza­

tion is related to.data on Eui 4f7 (8s)6s
2, E~II 4f7 (8?)6s, and Euiii 4f7(8s'). 

The hyperfine-structure anomalies also fall into a consistent ~attern. The 

observed B values are related to quadru~ole moments of l5~u and l53Eu. 
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1. INTRODUCTION 

The levels of the ~onfig~ation ~ui 4:f7 (8s}9s6p have long been of interest.to 

spectroscopists. The lines corresponding to the transitions ·ito the ground level, 

4f 7(8s)6s2, l.fe in the visible ... By studying the hyperfine structures of these . 

lines, S~hliler: & Schmidt (1935) established that the nuclear .spin I for both 

. 
1 15L 153 . . · 

isotopes,' LU and Eu, is5/2. They also showed that. the nuclei are not 

perfectly spherical, and their data were used in 1936 by Casimir (see Casimir 

1963) to estimate quadrupole moments of approximately lt5b and 3•2b . 

( . -24 2) lb == 10 em • More precise measurements of the hyperfine structuresyere 

later carried out by Brix (1952), and by Krebs & Winkler (1957, 1961). Recent 

advances in. experimental technique have enabled MUller, Steudel & Walther (1965) 

.to improve still further the accuracy with which the hyperfine structure con-
) 

stants for the levels are known. Their results stimulated us to attempt a 

7 8 ' . 
fairly complete .theoretical analysis of the configuration 4f ( s)6s6p, OUr aim 

being to correlate as far as possible the. various experimental data. This p~o-

blem is the more interesting because a considerable amount of information has 

accumulated for allied configur~tions; the hyPerfine structure.of'the ground 

level 4f 7 6s2 8s
7 

/ 2 has been very accurately measure.d by. atomic beam methods 

(Sandars & Woodgate 1960, Pichanick, Woodgate & Sandars 1960), and data are also. 

available for the :lills Euii (Krebs & Winkler 1960a,. b) and Euiii (Baker . & 

Williams 1962). Such .information is very useful for interpreting the core 

polarization and the hyperfine structure anomalies ~n Eui 4~ 7 (8s)6s6p •.. As a 

by-product, we obtain quite accura:te values o.f a ~number of parameters·.. It is 

hoped that they will prove useful in interpreting. the spectra involving config-· 

urations of the type 4~6s6p in other·rare-earth ions. 



-2- . UCRL-ll745 

2. -LEVELS 

The first step is to obtain accurately coupled eigenf~ctions for the twelve. 

levels of 4f7(8s)6~6p. ·These will then be ayailable for the hyperfine structure 

calculations. The energies of the levels, as found by Russell & King (1939), 

are given in . table~,_~:;. for a general ·impression of their arrangement, see figure 

1. Distinct multiplets 
6
P, y

8
P, z8P, and 10P can be easily picked out, and 

this suggests taking the states 

as the basis for the calculation. The energies of the levels depend on the 

spin-orbit coupling for the 6p electron and on the.Coulomb interactions between 

the nine electrons 4f76s6p._ Sptn-spin and spin-other-orbit interactions are 
-1 . . . . .· 

expected to amowit to only,·:a/few em , and are therefore. neglected. Tensor-

operator.techniques are used to evaluate the matrix elements (see, for example, 

Edmonds 1960, particularly p. ·111). 

obtain 

For the spin.:..orbi t interaction::~ s • .e, we 
:rr'""": 

I • • 

(4f 7 8s. (6s6p)S1P,s2PJI ~p~·!l4f7 8s. (6s6p)s
3
P,s4PJ') .. . . . ' .. . 

• !)' 

·. · in which the traditional abbreviation [ x] ..a 2x+l ):la_s been made~ · The 6-j symbols 

can.be immediately found from .the tables of Rotenberg, Bivins, Metropo~is & 

·Wooten (l959) . 
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There ·are· :five matrix .elements: of the Coulomb interaction: the energies 
' 6' . 10 . . 8 

of the terms P, P, and of the two· P terms, and also the interaction· energy 

between the two 8p terms •. As a first ruri-through, a least squares fit was 

.obtained for the twel'Ve levels on the assumption that these five q,uantities 

and also the spin-orbit coupling constant sp could be regarded as adjustable 

parameters. A seventh parameter was also introduced to allow for small inter-

mediate-coupling effects within the L~f T shell. -1 A RMS devia~ion of 27 em , or 

only 0·4% of the COJtfiguration, was obtained. However, when the Coulomb matrix.· 

·elements were examined, it was found that they implied a ratio .. , defined in 

·terms of the energies E 6f the terms of 4f7(8s)6p and 4f7(8s)6s by the eq,uation 

that was only0·29; whereas for Euii, the experimental value. is 0·65. [See 

Russell, Albertson & Davis 1941. To get the· term difference from the levels, 

we use E(7P)-E(9P) = E(7P2)-E(9P
5
).] This suggested that the parameters were 

absorbipg extraneous effects, and it was soon found that this was primarily due . 
. 8 

to the insensitivity of the energies of the P levels to the matrix element· 

coupling them. 

The least sq,uares procedure was therefore repeated with 1" = 0·65. 

Only four parameters instead of seven were used; in the notation of Condon & 

· Shortley (1935)', their final values ''in cm-l are sp. = 1198, a3 (4~, 6s) = 1259, 
1 . 

and G ( 6p, 6s) = 8172. The fourt? .. ·parameter corresponds to a displacement of 

the configuration as a whole, and is of no special interest. ' No allowance was 

made for intermediate coupling within the 4f shell, mainly because the param-

.' eter introduced in the "first trial rUn seemed of doubtful significance. Although · 

the number of parameters is only four instead of seven,· the RMS deviation 
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-1 . . 
increases merely.to 50 em Details are givenunder the heading "calculation 

a 1
' in table i. We immediately notice that the largest discrepancies between 

theory arid experiment appear in just two. levels . bf the mult_iplet y8P. The 

lowest level· of. the configuration 4f7 5d6p lies only 6~59 em -l above />P 
9
; 2, and 

we ·would therefore expect the theoretical fit to b~·poorest for this multiplet. 

The nine 
-1 z levels show a RMS deviation of only 12 em ., or 0·3~ of that. part 

of the configuration.· 

On the suggestion of Professor A •. Steudel and Dr. H. Walther, we 

carried out a third least-squares fitting procedure. This time we rejected 

the two levels of y8P that, in the pr~vious calcul~tton (calculation a), had 
. . 

shown the large discrepancies between experiment and theory. The parameter 

-r was also left free. The results are given in table 1 under.the heading 

"calculation 13 II. The values of the parameters . in em -l are' sp = 1191, 

G3(4f, 6s) = 1216., G1 (6p, 6s) := 8181, while -r = 0•71. The RMS deviation for 

* the ten levels included in .this analysis is reduced to 9·8~~ . 

! • 

* After these calculations had been performed,. Dr. B.· G. Wybourne kindly ·gave ., ·· 
us : a preprint of some work that he and Dr G. Smith had carried out on sev­
eral configurations of Eui, including 4f7(Bs)6s6p. Their calculation·is the 
same as our calculation a, except that . -r · was taken as a variable parameter.· 
They find s = 1227, G3(4f, 6s) = 1470, Gl(6p, 6s) = 8103 and -r = 0•4. The 
RMS dev±atiEn is 39 cm-1. The unreasonably low value of -r, coupled with the 
appreciable RMS deviation, suggests that their eigen~unctions should be less 
reliable than ours, at least :for the nine z levels. 
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3. STATES . 

The least squar~~ f:l,tting pro·cedu:):'~ determi,nes not only the eri~rgies of .the 

levels but also the .corresponding eigenfunctions. ·For the· level labelled 

:, ·. 

. 6 .. 6 . . ' 
. P

7 12, for example, we . find that the actual state _I[ P 
7

/ 2 ]) is given for cal- .... 

culation a by 

8. 3 10 . ) · 
1
8 3 ·8 · ). 

= 0·11771 S, P,, P7/ 2 ·+ 0•5676 .. s,, P;_ .P7/ 2 

6 . 
·By squaring the coefficient. 0•8072, it can be seen that the.state P7/ 2 is only 

65% pure. This demonstrates the importance of making allowance for deviations 

.from perfect Russell-Saunders (RS) coupl:ing. For calculation. f;;, the four coef-
.. 

. ficients become 0·1154, 0·5699, 0•1040, and 0·8089 respectively. The changes 

are slight, but not insignificant •. · .·~ 

The theory so far has been non-relativistic. ·However, the hyperfine 

interaction depends mainly on those parts of the electronic eigenfunctions 

lying close to the nucleus; and the corresponding ·velocities ofthe electrons . . . . . 

·' are not negligible compared to c, the velocity 'of light. Every single-electron 

eigenfunction, though part o;f an elaborately coupled scheme, must obey Dirac's 

equation for a charged particle moving in' a., spherically symmetric central field.· 

The changes theit are necessary can be succinctly described by .the substitution 

\ 

(R/r) i's .£ jm) ~- '((F(r) Is·£' jm)) ,,· 
(G/ir)[sl-jm) .· 

where the quan~ity on the right is a column matrix in which i-' = 1- ± 1 according 

as j = £ ± ·1/2~ Instead of one radial:\. function R, we now have two,. F and G. 
\ 

They can be assumed. to be real. 
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.4. OPERATORS 

The vector potential A for- a nucleus with a magne~ic moment j!. .. is given by 
- .. • ·. . . N . 

• > ' 

.. 3 
(Mwi\I.) /r . 

It is straightforw-ard to treat a Dirac electron moving in such a field. bn 

writing M.N = t3N~I, where t3N (=eh/2Mc) is th~ nuclear magneton, it is-foUnd 

that the effective Hamiltonian can be taken to be l·lG where ! is a vector. 

whose amplitude, for a giv~n £ and between two states · j (with radial functions 

F ·and G) and j' (with radial "functions F 1 and G1
) is defined by 

•rN ( -l).e>-y'(2[j ][j' ])(~·~' 
. 2 

1 j \ ,{ f'• . FG I +F I G 

1-}j..: (Jo . r 2 dr • 
(2) 

This form is not convenient, since, to use:,i_t, we would have to transform all 

our states to jj-coupling. This difficulty has beenelegantly circumventedby 

Sandars (private communication), who pointed out t~at ! ca~ be replaced by any 
. . 

combination of single-particle vector operators, provided that Eq_. (2) is satis:- . 

fied by all four possibilities j ~ £ ± 1/2, j 1 = £ ±,1/2~ Now the states 

defined by j and j 1 _in Eq. (2) are relativistic, in as much as they stand for 

. column matrices of the type on the right in. (1); but, if we wish, we may evi­

dently ask that the replacement for ! ·correctly r~produces the right-ha.ri.d·side 
' ~ 

.. 

of: "Eq. (2) i.f the. simple non-relativistic states Is £ jm) are used, rather than . . 

.the full relativistic forms. 
, ... 

. . . . . . . 

For the non-relatiVistic operators, it is convenient to use the coupled 

double 
(K k)K · · 

tensors ,li . , defined for a particular electron · £ by 
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·.·.· 

·where .i (K) and ,x(k) act in the spin. and orbital spaces respectively,, and whose 

· amplitudes a.'re defined ·by 

In four case.s the· te~sors :1.. (K ,k) K ~e simply related to familiar. hyper fine 

operators .. · Thus'· 6n comparing reduced matrix elements, we. find 

i(Ol)t . . 3 . . £ [ .· . . ]1/2 
= . . 2 j, ( £+ 1) ( 2 £+ 1) . . - ' 

. 'it.ll2)i = ·. (3) 

in the notation of Edmonds (1960) • 

A tedious but straightforward calculation ind.icates·tha,t the required 

replacement for X is given by . . 

(4) 

· ... 

where ,- . ·' .. · 

[

.. ,'Jl/2 . . . ~ .. 
B 3 [( £+1)~ ++ + .e( £+1. )F +-. + £~. 

9(2t.+l) 

-_.; ... ·· 

(5) 

a(Ol) = 
I ,,·~. -' 

. ·.' '-

. . ' 

\ 

. .· ~ . ~. 
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a(l2) 

x· [ 4 ( £+1) (2£-l)F++ . .,. (2£-1)(2£+3 )F +- + .4£(2£+3 )F -~ ] • 
. ' . 

In these expressions 

100 F+G+ 
F++ = 2 dr, 

I Q.,\ . r ' 
., 

100 F+G- ·+ F G . 
- + 

F+- = 2 _dr, 
0 r 

(6) 

'• 

= joo· F G 
·F -2- dr 

' 0 r 

~here F+ and ·G+ are the radial functions corresponding to j = i + l/2;_the func­

tions F _ and G _ correspond to j = .e - 1/2. :.1 • 

As a··check on our formulae, ~e may let c tend to infinity, correspond-

ing to the passage to the non-relativistic limit. -Each term in (4) goes ~ver. 

into its non-relativistic counterpart: the first term corresponds to the· con-

tact interaction bet~een an s electron arid the .nucleus; the second represents 

the interaction between·..b!,N and the magnetic field produced by the purely orbital 

motion of the electron; and the third represents the interaction between ~ arid 

the magnetic moment -2(3~ 6f the_electron, ~here f3 is the Bohr magneton. 

\. 
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5 •. MAGNETIC HYPERFINE STRUCTURE 

In principle, replacements ;f the type .(4)· must be made for. each of the three 
. . . .- . . 7 . . 

kinds of electron~ (4f, .6s and. 6p) that comprise the configuration 4f 6s6p 'of 

· (K k)l Eui. However, we. see at once that all matrix elements of ]. . vanish for 

an s electron when k > 0; . and since we are st!,ld~ng only those states deri v-
8 . 7 . 

ing from the . S term of 4f ; we can similarly 9Top all 4f-electron tensors 

J!..(K k)K for which k >' o. Using the more familiar operators of Eqs. (3), we · · 

.conclude that the most general relativistic expression for the magnetic hyper-

fine interaction can be taken to be 

-·where .Q.1 = a~ for the 4f electrons; where·~ = 

and where 

for the 6p electron. 

= as+b£ r r 

(7) 

a s·for the single 6s electron; .s-

·. ' 

.. 

I 

·We could now attempt to fit the observed hyperfine structure.constants 

A for the various levels of 4f7 8 ( s)6s6p, using the states we have.already·cal-

culated and taking the quantities af, a ' a, b and c as five adjustable s p p p 

parameters. However, it seemed more· worthwhile 'to reduce the degree of fr~edom, 

"/' 

... 

I' 

,··' '•. ... ... 

. 'I 

so that any agreement that we might· subsequently obtain for the constants A.· 

would appear all the more striking. _First, it was decided to c~l~ulate ap; bp. 

and c , while leaving a and af free. The reason for this choice is that p . s 

there exists a fairly reliable method for calculating .the parameters for a p , 

. ,electron from the spin-orbit coupling constant, and 'this, quantity has been 

·' 

',\ ,' . 

·,_ 
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accUrately determined from the diagonali~ation described in Sec. 2. This pro-

cedure for an electron ~(>·o) runs as follows. ·An ·effective value Zeff of 

the nuclear charge Z is decided upori.· The equation 

is used to calculate (l/r3), where. H -is ,a relativistic correction factor 

(see Casimir 1963, p.51). · The in::tegrals F ±± are· now found by.means of the 

formulae 

F +- = l'iG( l/r3 )/2mc,. · · 

where F', G and F" are relativistic correction fac;:tors~. Suitable' tables for 

finding H, F', G··and F" ha~e been prepared by Kopferm~nn (1958). ·The consta~ts 

a(K k) of Eqs. (5) can now be calculated in terms· ~f the nuclear moment !lN· 

This method was adopted. for the 6p electron. The . starting point is ~·· · 

sp = 1198 em -l (corre.sponding to calculation a) • . For Zeff we used Z-:3 = 60. 

This is a compromise between the traditional formula Z-4 (see, for example, 

Kuhn 1962, p. 335) and Z-2·5,. which appears appropriate. for a 'P electron in 
- ' 

triply ionized rare-earth ions (Judd i963). For l5~u·, th~ ·value ~ = 3·42 ·Of· 

Sandars & Woodgate · (1960) was replaced by tiN = 3 · 463 (Sandars &;::;:.'Wci9dgl:l,te,' .' . · 

private communication). The final values are a = -0·099b, c. =·1·337b, and . . . p p. p. p 

b = 17·42mK. The non-relativistic equations would be a = o, c = b • p . . p p p 

...... 
. '-
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The matrix elements ofQ:.were calcu;J_ated bytensor-operator.tecbniques 

for all the twelve levelr:;, ·using the eigenfuncticms of calculation a. There 
' . ' . . . 

. . . . 10 .. . 
The ~-. values. of ·the seven levels P11; 2, 
8 6 .· 

Y P7; 2, and · P
5

; 2 -~ave been measured by_ 

are two parameters, af and as. 

10 8 8 10 
'P9/2' .z P9/2' y p9/2' p7/2' 

MUller ~t al. (1965), and, although the experimental errors vary considerably · 

from one level to .another, .a simple least-squares· fit was carried out. The 

justification for doing this is that in all cases these erro~s are much smaller· 

than the differences between experiment and theory that emerge from the fitting 

procedure. The . discrepancies are of the order of 2% •· . The parameters turn· 

out to be a = 330•39mK and a = -2·35mK. These lead to'values of A for. s . f 

· 6P
7

/ 2 and y8P
5
/ 2 that lie with,in the bounds set for them by Mliller et al. ·(1965).' 

. ' . 
Details are giVen in table 2 in the rows labelled a. 

To get an idea of the sensitivity of the parameters to the conditions . 

of the fitting procedure,· the calculation was repeated with the eigenfunctions. 

' of calculation t3 • . It was also decided to test the calcul.a,ted value of b by' 
. . . . p . 

leaving it as a variable parameter, the theoretical ratios b /a and b /c p p p p 

being preserved. The agreement with the A . values is now slightly better, 

as can be seen from the rows labelled t3 of table 2. In particular, the large 

6 negative value of A( P
5
; 2) is accounted for •. On the other hand, agreement with 

the A values that are known the most accurately experimentally has worsened 

somewhat •. The parameters are given by as = 332'5_4mK, af· = -2·52mK~ and·.: 

b = 18•3mK. As MUller et al. (1965) point out, the )%.increase in b can be 
·p .. . p 

accounted for if one uses Zeff = z-6 .(a formula due ·to :Ba.~nes and,.Smith 1954) 

in place of Zeff = Z-). Our own feeling is that a small discrepancy of this 

kind could quite possibly arise from other sources, in partic.ular, from the 

interaction with higher configurations. 

.I, 

·' 

: . .'· 
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6. CORE POLARIZATION 

Throughout the preceding discussion, it has been assumed that t4e configuration . • 

. 4f 7 6s6p is pure. . However, tpe interactions between configurations can make 
( 

themselves ·felt in.varioJls ways, and,. 'for the -hyperfine·cbnstS:nts, A, the most 

important effect is produced by the polari'zation of the core of s . el~ctrons 

by the electrons in unfilled shells. From the point of. viey.r of perturbation 

theory, it rna~ be said that the Coulomb i~teraction admix~s states such as 

those ·of 4s4f76s6p8s intothe states of 4s24f76s6p; and although the admixture 

is extremely small, the matrix elements of the·hyperfine operator between 4s8s 

2 ' 
and 4s may be large. The total effect· is the sum of .. all possible contribut.ions, 

corresponding to the (virtual) excitation of ev.et;y s... eiectr.on to all possible 

vacant s-electron orbitals, including those·in .the continuum. When the normal 

.contribution to the hyperfine ·structure from the valence electrons is small; 

the effect of core polarization. is particularly striking •. For example, for 

151- - 7 2 8 '' ' ' ' 
~ui4f 6s 8

712
, 8andars & Woodgate (1960) find A = ~o·668mK; but for 

.l5~uiii 4f7 88
712

, Baker & Williams (1962) give A = -3·430niK. The eigenfunc­

tions of the 4f electrons are expected to be almost the same for the neutral 

atom as for the ion: the larg·er value of A for the ion must be ascribed to 

the absence of 6s-electron excitation together with the possibility of exciting 

inner s electrons into the now vacant 6s orbitals. 
. . N 

If all the ·shells of an atom save one, say. (n.e) , "are closed, a fairly· 

simple expression can b~ obtained for the contribution A(nin2,n~) to the hyper­

fine structure constant A corresponding to the excitation of an electron 

(n1s) to the shell (n2s). Denoting the amplitude of the eigenfunction for an 

electron (n.'s) at the nucleus by 7j;0 (n.';), we find by standard perturbation-theory . 

techniques that 

...... 
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. A(n1n2,n~) = 2(g-l) (16nf3f3NilN/3I) 

.. .e . . . . . '. : . ' . 
V-'o (~1 )¥;0 (n~)R (n£n1s,~2s · n.e)/: (2£+l}~(n1n2 ), 

. . :: ~··... ' ·, . . ' 

.· .. .e 
where R is a·coulomb integral (in the. notation of Condon & Shortley 1935), 

.. ,, . 

where .6.(nln2) is the (positive) e~e.rgy'of excitation, and where g is the 

Lande g ~l)le for the level of (n.e)N under examination. ·,To obtain. the total 

contribution, we must sam over all appropriate values of n
1 

and n2 •. We should 
. ' 

also visualize n
2

extending beyond infinity, as it were, in order to label 

states of the continuum. 
·. 8 . . 

The situation is more complicated for·Eui 4f7( s)6s6p; for, in addition 

to the unclosed 4f and 6p shells, the 6s shell is only half filled. However;a 

detailed calculation reveals :thab .. for alltwelve l~vels of'4f7 (
8
s)6s6p, the 

various s-electron excitations can be exactly represented by contributions 

oaf, oas, and oap to the three parameters af, as' and ap." The complicated• . 

summations ·for these contributions are difficult to estimate. Fortunately, 
. . . 

many of them recur in precisely the same algebraic form when analyses are per-

formed for Eui 4f 7 6s
2

, Euii 4i7 6s, and Euiii 4f 7. ·If the zero-o;der contri- ·. 

butions to the hyperf'ine structure are represented'. by. truncated Hamiltbnians 

of the type .Q.
1 

. .r (for· Eui 4f 76s
2

) or (Q
1 
+~) ·l. (for· Euii. 4f76s), it is found 

'I' 

that the contributions from core p0larization can again b~ represented by changes 

··to af, and, in the case of Euii, by• a simultaneous change_ of. as. The details . ·· ·.· 

are shown· in table 3, where identical algebraic summation.s share· the same sym-

bolA .. Thus 
J I .A(6n', 4f), 

n'>6 

= L A(nn', 4f),: · 
n '>6>n 

'· . 

. ... ·.:· 

·;, c 

' . 
~ ~' . 

' ·.· .. 

' .. -,.,_ .. '.: ., 

. ·~ . 

· .. 
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= 

etc .. Of course, we know ·that :R:3(4f4s, 7s4f)·, for example, is not the same for 

Eui a~ for Euiii: but' nevertheless it is interesting to ignore differ:ences of' 

this sort and simply to suppose that all s-e-lectron eigenfunctions, all 4f-

electron eigenfunctions, and all excitation energies a:r;e the same. for the -four 

electronic structures inciuded in . table 3 •.. F~r, if we make this s:hp.plifying 

assumption, the contributions to af from the 4f electrons themselv~s will oe·: 

invariantj and from this fact and table 3 the following approximate equation is 

readily obtained: 

In other words, we would expect af_for the twelve."levels of 4f7(8s)6s6p to be 
f 

roughly 1/;2( -0·668)· + 1/2( -3·430), -namely _.2·05mK •. The values that we have 
. . 

actually obtained ( .:.2 • 35 and -2 • 52 for calculations a and t3) are not far from · 

this numberj indeed, the agreement is_ very striking. 

This successful correlation of core polarization in Eui and Euiii can 

be pursued to include Euii. · From table. 3, we see 

•. 

7 8 . 
- af[Euii4f ( S)6s]. 

With a little manipulation, it can be shown· that, for Euii, 

According to Krebs & Winkler (1960 a), A(9s
4

) = 51·11 ± Otl5mK, and 
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A(7s
3

) = ~55·85 ± 0•15mlC These data lead to an anticipated ·wlue of af for 

Eui 4f7(8s)6s6p of -2·37 ± 0·15mK,.in excellent accord with O\.ll' calculated 

values. > 

'? 
·By fixing a in Sec. ·5, we have implicitly set the total core polari­

P· 
zation produced by the 6p electron, .. · namely .l/2A

3 
+ ~4 + l/2A6 , equal to zero. 

"The good agreement between·ex:periment and theory shown in :table 2 indicates· 

that at present there is little need to modify th:Ls; indeed;·o.ur eigenfunctions 

are probably not known ac.curately: ~nough to serve. as a basis for an analysis 

of such subtle corrections •. If we_suppose further that the individual contri-

butions Ay·A4 and .:A
6

·are themse;:Lves small, table 3 indicates that for Eui 

4f76s6p, 

cas 7/2A1 - 7/2~5 

= "7/2af[Eui 4f7 (
8
s)6s

2 J.-.- 7/2af[Euiii 4f 7 (
8
s)) 

.. 

Hence the value of as :t·hat can be _legitimately assigned to. the 6s electron 

itself, say a 6s, is not 331 ± 2.,mK, as implied by the an13.ly.sis of Sec. 5, but 

rather 

a6s = 331 - 9·67 = 321 ± 2 mK. 

' ~ . 

,' . ' ·.· .. 
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7'. HYPERFINE STRUCTURE ANOMALIES -· 

For the two isotopes 15~u and 155'E~, the hyperfine structure· anomaly b. of 

a level with A values A(l51) and ·A(l53) is given by ... 

= 

Sandars & Woodgate (privat~ communic~tiori) have revised ~heir earlier. value for 

the ratio of the magnetic moments (Sandars & Woodgate l96Q). The latest figure, 

namely 

~(151)/~(153) = 2'·2650 ± 0·0010, 

is now in agreement with the work of Baker &. Williams (1962) on the ion Euiii, 

which yielded 

The measurements of MUller et al. (1965) are sufficiently accurate ·for. the . 

values .of b. to be deduced for three levels of Eui 4f7(8s)6s6p. These are 

given in the third column of table 4, assuming a value of 2··2650 for the ratio 

of the magnetic moments. The assigned limits of error are-calculated entirely 

from uncertainties in the A values, and not from the uncertainty of 2·2650. 

This was done so that subsequent comparisons of hyperfine structure anomalies 

should be as meaningful as possible; for it is easily seen that a small change 

in the ratio ~(151)/~(153) produces identic~l displacements to all b. values. 

Hyperfine structure anomalies are produced principally.by s electrons-, 

which are the most sensitive ~o changes in the shape of the nucleus. If, flor 

~- .... 

·, 
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a given level,·As(l51)andAs(l53) are the respective contributions to A(l51) 

and A(l53) coming from a particular s elec~ron, theoretical-considerations 

- indicate that the quantity b.(s), defined by 

'.· 

"· 

b.(s) = 

· ·. · should be virtually independent of the type of s electron chosen (see · 

Kopfermann 1958, p., 130) . It follows that . .6.( s) should be the same for Eui 

as ·:for Euiii, since inner s . shells. are not appreciably altered if a few 
. . . ' . 

outer electrons are removed from a heavy atom •. This property was used by 

. Baker & Williams (1962) to deduc~ b.(f'?) =· -0·78 ± 0·11% ~rom the resonance 

results on the ground levels of these two ions •. With the new value of 2·2650. 

for the ratio of the magnetic moments, we recalculate b.(s).= -0·65%. The 

uncertainty in 2·2650, which, as explained above, we wish to keep distinct. 

from other errors, corresponds to 0·10% •. 

Each level of. Eui 4f 7(8s)6s6p for·· wbich: .6. has been found can. be used 

to deduce a value. of.b.(s), since the total contributions to the A ·values 

coming from s electrons are kriown ( ~ee table 2) • In fact, .6. can be 

expressed simply by a factor times b.(s). These factors are given in the 

second column of table 4. Three separate calculations for b.(s) can now be 

. 10 8 10 
performed by comparing theory with experiment for P

9
/ 2' z P

9
; 2, and . P 7; 2 • 

The results are give~ in table 4. 'All values of b.(s) are in excellent agree­

ment with the figure of -0·65% derived from the resonance results. We con-
. . 7 8 . 2 . . 

elude that the hyperfine structure anomalies for.Eui 4f ( S)6s , for Euiii 

4f7(8s), and for those leveis of Eui 4f7(8s)6s6p that have so far been investi-

gated, fall into a consistent pattern. 
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8. QUADRUPOLE OPERATORS . 

We have now to consider the interaction betwee~ the electrons and the quadrupole 

·. moment Q of the nucleus. To treat this relativistically, without having to · 

transform the states to jj coupling, we carry out an analysis similar to that 
/ 

for· the magnetic operators (see Sec. 4). We find that the effective Hamiltonian· 

(l }1/2 (2) 
2 (k . 

is to be used, where, in complete analogy to Eq. (2), 

= _ e
2

Q· -(-l)j'+l/2 ~{[ '](j']} (j' 
· · I ( 2I -1) . · - J . . l 

. . ·- . 2 

The substitution corresponding to (4) is 

. '•' ,• 

2 j)Ioo 
0 . 

1 . 0 
2 

M. (2) ~ b(ll)~ (11)2 + b(l3 )i!.(~3)2 +.'b(02)~ (02)2' 

where 

.FF'+GG' 
r3 

b(ll) e2Q [ ] 1/2 ·. . . . . 
= 4.€(.e+l) [-. (£+.2)R++ + 3R·.+- + (.t-l)R _ _], 

- I(2I-l) . 25 (2£+l)3 . 

b(i3) 
= e2Q rl 6(£-l).t(£+1)(£+2)·· ]1/2.·· 

- I(2I-l) 25(2£-1)(2£+1)3 (2£+3) 

X [(2£-l)R++ + 4R+- -(2£+3)R __ ], 

~,~2 ; = + I(~~~l) t(2t-~;~::~)3(2t+3) r/2 

X [ (2£-1) (.e+2)R++ + 6R+- + (£-1) .(2.€+3)R.:,J. 

dr. 

. ./ 

" .. -· 

I.. I 

:I 
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In these expressions, 

F 2+ G 2 

R++ 100 + + 
dr, = 

. !'3 . 0 

100 FF +GG 
. + - + -

R+- = 
r3 

dr, 
0 

. 2+ G. 2 /oo F_ 
R -= 

r3 
dr. 

0 

. In the non-relativistic limit, these integrals all tend to {l/r3). The coef­

ficients b(ll).and b(l3) become zero, and 

2 
e Q. · 2 3 

~ - I(2I-l)' £. (l/r ) ' 

The quadru:pole cou:pling constant· for the :ground level of Eui 4f 7 (8s)6s~ 

is; from a:n o:ptical stand:point, extremely small. This. indicates toot we need 

only consider the electron 6:p in the calculation of the B factors for the 

4 7 8 f (13)2 levels of Eui f ( S)6s6:p. For such an electron, all matrix.elements o ~ 

f. (02)2 d (11)2 are zero, and we have only to calculate the matrix elements o ~ an !!, • 

Tensor-o:pera:tor techniques are used; for exam:ple, 

82 84 1 

'· 1 1 1 . 
J .J 2 



-20- UCRL-11745 

The· integrals R±± are found from R+-· =: S(llr3 ) and·R++· = R"(llr3 ), where S and 
. I 

R'1 are the correction factors of Casimir. (1963).- To present the results} it is 

convenient to tabulate the number n·J def:i,.ned for each level by the equation 

Values of. n are set out in the. second column of table 5· From the observa­

tions of MUller et al. (1965), values of e2Q(llr3 ) can be found that give mod-

erately good agreement with ·the experimental_ data. In ~arrying out the fitting 
10 . 8 10 . 

procedure, only the accurate data on P
912

, z P
912 

and . P
712 

were used. We 

find e2Q(llr3) = 29·3· and 73•9 mK for 151Eu and· 153Eu respectively. Details 

are given in table 5. 

9. QUADRUPOLE MOMENTS · 

To determine Q ·from the product e2Q(llr3) ~ we 'rieed (llr3_) .--. This can be obtained 

from the calculation of Sec. 5; but we also note·that it led to a value·of b 
. - p 

that was 5% smaller than the one determined from experiment; As a compromise, 

MUller et al. (1965) take the value of (llr3) that leads to the average value of 

b , namely 17·8 rnK, and assign an error that includes both limits. In quoting p -

values for Q, the error should be widened to allow for the discrepancies in 

table 5 between the experimental and theoretical values 'of B(10p I) and B(8P I). . . . . 9 2 9 2 .~ 

When this is done, one obtains 
. . 

Q(l51) = 1·16 ± 0·08 b, 

Q(l53) = 2·92 ±'0·20 b. 
(8) 

These are the qua?rupole moments given by Milller et al. (1965). No Sternheimer 

corrections have been applied. 
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There' is a marked discrepancy between theory an~ experiment in table 5· · 

for B(l5~u y8P9/2 )~ a datum not used in the fitting procedure. However, we 

notice that. the experimental limits of error are comparatively large, and also 
8 . . . . 

·that y P 
912 

is one of the two levels showing a large discrepancy between its 

observed and theoretical energy (see table 1) •· This suggests that is has been 

perturbed by higher levels, and that its eigenfunctions may not be as accurately;, 

known as those of the other levels. Nevertheless, we .should not dismiss this 

difficulty too lightly, since the levels of4f76s6p,.labelled by the symbol. y 

correspond to the coupling (6s6p)~, ~nd quadrupole moments derived from the 

higher term ~ of the configuration 6s6p are systematically smaller than those 

deri v~d from. 3P. As examples, we may cite Hg (Blaise & Chantrel 1957), ¥b . 

(Ross & Murakawa 1964) and Ba (Jackson & Duong Hong Tuan 1963, 1964; Putlitz 

1963). The most obvious explanation for these discrepancies is that the 6p 

electron has a rather more extended orbit in tpe ~ .state th~~ in the. ~p state, 

thereby decreasing (l/r3)6p for ~and so giving a smaller _quadrupole interaction 

(Jackson & Duong Hong Tuan 1964). 

This idea can be ·expressed in terms of perturbation theory. Exchange 

interactions between 6s6p and 6snp possess opposite signs for 3p and ~; and 

by admixing np into 6p through this mechanism, the shape of the 6p eigen­

function becomes different for the two te~ms ~and 3p of 6s6p. However, this. 

point oi' view is not of much practical value, since one would presumably have 

to go far into the continuum to get realistic results. It would probably be 

better to solve for the eigenfunction of the 6p electron in two central fields . . 
that differ, one from the other, in the effective exchange potential produced 

by the 6s.electron. If this explanation for the discrepancies in the quadrupole 

moments i:s correct, there should be no need to alter the values of . Q given 

in Eqs. (8) •. This is. because we have tied the-properties of the 6p electron to 

.... 

.. I 
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the spin-orbit coupling constant sp' and this has been'taken. directly from. 

experiment. Since the· levels that determine ~ correspond to the coupling . . p . . . 

(6s6p)3P, the terms 10P, z8P, and 6P.of ,Eui 4f7(8s)6s6p should give t~e.most. 

reliable values of Q..· 

Of course, other types of config~ation interaction may intervene. The 

4 N6· 6 4 N-16 2 . . . . coupling between f s p and f s 5d could lead to errors in the calculation 

of Q; though, since the levels of Eui 4f7(8s)6s6p correspo'nd~ng to the ~oupling 

(6s6p) 3P are further from possible perturbing levels than those corresponding 

to (6s6p)~, we would again prefer the Q. values of. Eqs. (8) to any derived 

8 from the levels of y P. 

Having e:X:pressed considerable confidence,in Eqs •. (8), it must-now be 

stated that the quadrupole moments given by these equat.ions differ significantly 

from the ones published by Krebs & Winkler (1960 b)', namely 
. I 

Q.(l53) = 2·42 ± 0•2 b, .Q.(l51) y 0·95 ± 0•1 b. 

The£e are derived from the B values of _just one level, namely 9p of Euii 
. 5 

4f7 (8s)6p. This value of Q(l53) agrees with that of Elbek (1963), obtained 

(9) 

from Coulomb excitation. We have repeated the ·calculation~ of Krebs & Winkler, 

using methods analogous to.those employed here. A least squares fit was per-
. 7 8 . . 

formed for ~he configura_tion 4f ( S)6p, and from the value of. ~p so obtained. 
-1 . 

(1797 em ), the radial integrals were calculated. Casimir correction factors 

appr?priate to Zeff = 60 were used. Accepting the .values of B for 9P
5

, we 

. obtained quadrupole moments essentially in agreement with those of Kr-ebs & 

Winkler. 

I.... I 
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' ·" 
On the face of it, it seems difficult to reconcile Eq_s. (8) and (9). 

.. The differential Sternheimer effect f.or a 6p electron in: atom and ion should 

.. be very. ·much smaller than the existing di~c;repancy of 2o{o. Perhaps the con­

figuration 4f7(8s)6p is _perturbed by neighbouring levels. Effects of this 

kind would show UF tf accurate B values could be found ·for other .levels of 

·,; 

9 '] p and ':P of Euii. In any case, it would be valuable if a more accurate measure-

ment of B(9P
5

) could be performed. The experiments on Euii now being started 

. in Hannover by Dr. Walther and his collaborators should go far to clarify the 

situation, since at the moment it is difficult to discount completely the pos-

sibility that the source of the discrepancy is experimental. 

We are most grateful to the gr'oup .at Hannover for allowing .us to use 

their hyperfine structure measurements, and particularly to Dr. H. Walther, who 

sent us data as soon as they were obtained. ·Thanks also go to Dr. P. G. H. 

Sandars; for informing us of his method for treating relatiVistic effects, and 

also for permission· to q_uote the revised value of the ratio of the;':moments:)of 

the two europium isotopes. The later stages of the share o'f the work of one 

of the authors (B.R.J.) were done under the auspices_of the United States Atomic 

Energy Commission. 

) 
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TABLE 1. ENERGIES OF THE LEVELS OF Eui 4f 7 (_8s)6s6p 

Calculation ex Calculation ~ 
Level . E:Xperiment .Theory Difference· Theory Difference - . 

10 15581·58 15588·5 -6~9.' 15581·6 0·0 pll/2 
' 

10 
p9/2 14563•57 14554•5 9~1 . 14559·8 3·8 

8 
z p9/2 16611·79' 16595•0 16,8 '·16600·3 11.5 

8 
y p9/2 21761·26 21643·0 118,3 

lOP 
' 7/2 14067·86 14079·3. -11·4 14083·7 -15·8 

8:; 
zP7/2 15952·31 15953·1 -o,8 . 15949·9 . ~~4 

8 
y p7/2 21605•17 .21602·5 2•7 21605·5 -0·3 

6 
p7/2 17340·65 17324·8 15·9 17329·3 11•3 

8 15890•53 .15886·8 3·7 15879·5 z p5/2 11·0 

8 21444·58 21564·2 -119·6 . y p5/2 -

6 
p5/2 17707·42 17716·3 -8·9 17716·1 -8·7 

6 17945•49 17964·4 ' -18·9 17960·6 p3/2 ;..15~~-1 

' -1 All energies ar.e in em J 

\.' 
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Configuration 

Eui 4f 76s6p 

Euii 4f 76s 

Euiii 4f 7 
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TABLE 3·· BREAKDOWN OF CORE-POLARIZATION CONTRIBUTIONS 

Type of excitation (n<6<n 1
) 

2 2 2 . . 
(ns) ( 6s) -? (ns) 6s (n 1 s) 

(ns) 2(6s) 2
-? (ns)6s2(n 1 s) 

(ns) 26s 

(ns) 26s 

(ns) 26s 

2 (ns) 6s 

2 (ns) 6s 
2 (ns) 6s 

(ns) 2 

(ns) 2 

. -?·(ns)6s(n 1 s) 

-? (ns )6s2 

2 
-> (ns) (n 1 s) 

-> (ns)6s(n 1 s) 
2 

-7 (ns)6s 

-7 (ns) (n 1 s) 

-7 (ns )6s 

~ .... 

oa. 
. p. 

., - . 

1A .. k_3 
· 2 1 z-

1 
2A1 

. A2 

~~ 

A2 

A5 

oa 
s 

~1+ ~3 
0 

. 1A 
.2 1 

0 

7' 
--A 2 5 

J 
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TABLE . 4. HYPERFINE STRUCTURE, ANOMALIES 

-.) Level D.j D.( s) (Theory) b.( Observed) .. . .6.(s )(Calc1J.lated) 

10 
pll/2 0•93 

10 
p9/2 0·88 

8 
z p9/2. 0·88 -0·40 ± 0•20% 

- 8 
y p9/2 1·40 

·• · ... 

10 
p7/2 i·l8 -0·64 ± 0•10% 

8 
z p7/2 1·54 

8 
y p7/2 1~15 

6 
p7/2 -1·59 

8 
z p5/2 0·72 

8 
y p5/2 0·08 

6 
p5/2 1•00 

6 
p3/2 0•94 



-30- UCRL-11745 

"' 
TABLE 5. · VALUE OF B FOR Eui 4r7 ( 8s)6s6~ 

B for 15~u B for 153Eu ,v 

Level S1 Theory Experiment Theory . Experiment 

10 
pll/2 o·450l 13·19. 13•5 ± 1·5 33:26 

10 
p9/2 -0·5650 -16·56 -16·79± 0·10 _:41•,75 ... 42•13 ± 0.·12 

8 
z p9/2 0•3415 10•01 ' 9·65± 0•15 25•23 ' 24·62 ± 0•15 

8 
y p9/2 0·4689 13•75 8·6 ± 1•2 34•65 ' ' 

10 
p7/2 0·1800 5·28 '5•25±0•20 13•30' 13·27 ± 0·15 

8 
z p7/2 -0·2280 -6·68 -16·85 

8 
y p7/2 -0·6189 ... 18·14 -15 ± 4' -45•'73 

6 
p7/2 0·1268 3·72 9•37 

8 
z p5/2 0·0790 2•32 5·84 

8 
y p5/2 0·1643 4·82 12•14 

6 
p5/2 -0·4362 -12•78 -11·8± 0·4 -32·23 

6 
p3/2 0·0900 2·64 '6·65 

i' 

\_, 
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4f 7 6s6p p3/2 
5/2 

17945 
17707 

4f 7 6 s2 

Fig. 1. 
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7 8 Energy-level scheme for Eul 4£ ( S)6s6p. 
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