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Abstract

A theoretical'analysié'is made of the,hyperfihe structﬁrelof the twelve
lévéls of Eul hf7(88)6s6p, usiné intermediafe-coupled eigenfunctioné obtained
from a least-squares fit of the energiés of .the levels. Relativistic effects
for the 6p electron are calculated.thfdughout by tensor—§perator techniqués.-
Good agreement is obtained with the observed A values,‘treating as param- '
eters the polarization of the cére (by the f electr@ns) and the hyperfine .
interaction cohsfant of the 6s electron.  The magnitude of the core polgriza-
tion is related to.data on Eul hf7(8s)6s2; ﬁﬁzl uf7(85)6s, and BulIl uf7(8s).
Thé hyperfine-structure anomalies aléo fall into a consistent ﬁattern. The

153

cbserved B values are related to quadrupole moments of,l5lEu and BEu.
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L. INTRODUCTION

' The levels of the configuration EuI hf7(8s)6s6p have 16ng been of interest to
spectroscopists., The lines corresponding to the transitionsto the ground level
' hf7(8s)6s2, lie in the visible., By studying'the hyperfine structures of,these.
lines, Schdler & Schmidt (1955) established that the nuclear spin I for both
isotopes, 51Eu and 55Eu iS<5/2 They also showed that the nuclei are not
'perfectly spherical, and their data were used in 1936 by Casimir (see Ca31mir
1963) to estimate quadrupole moments of approximately ls5b and 52b

(1b = -2&

cm2). More precise measurements of the hyperfine structures,yerei
later‘carried out by Brix (1952), aﬁa by Krebs & Winkler (195?, 1961); Recent
advances in(experimental‘technique have enabled Mﬁller, Steudel & Walther (1965)
= “to improve still further the accuracy with which the hyperfine structure con~
stants for the levels are known., Their results stimulated us to attempt a
fairly complete ‘theoretical analysis of the configuration hf7( 8)6s6p, our ‘aim
being to correlate as far as possible the various experimental data. This pro-'d
'blem is the moreiinteresting because ayconsiderable amount of information has
accumulated for'allied‘configurations}'the h&perfine structure:of?the ground
“level hf7652 887/2 has been very'accurately”measured by‘atomic.beam methods
(Sandars & Woodgate 1960, Pichanick, Woodgate & Sandars l960),'and data are 51é¢'7i
- available for the #ns Eull (Krebs & Winkler l966a;‘b) and FuIIT (Baker & .
Williams l962).l.Such information is very useful'forlinterpreting the core i
~ polarization and the hyperfine'structure‘anomalies'in Ful Mf7(38)6s6p..'As a
by-product, we obtain quite accurate values of a mumberjof.parametersui It‘is

hoped that they will prove useful in interpreting the spectra involving config-“f“‘f

'urations of the type th6s6p in other rare-earth ions..
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2. . LEVELS
The first step is to obtaln accurately coupled eigenfunctions for the tweIVe'
levels of hf7( S)6s6p. These will then bé available for the hyperflne structure
calculations. The energies of the levels, as found by Russell & Klng (1939),
are given in table l' for s general 1mpre351on of their arrangement, see figure
1. Dlstlnct multrplets 6P, yBP, zBP, and'lOP can be easily picked out, end
this suggeets téking the‘states |

QPJMJ),

T &) (6369)5,P, S
as the basis for the calculation.( The energies of the levels depend on the
spin-orbit coupling for the 6p electron and on the Coulomb interactlons between
‘the nine electrons Mf76s6p. Spin-spin and spin-other-orblt interactions are
expected to amount to only:aifew cm l, and are therefore neglected. Tensor-
operator‘techniques are used tovevaluate the matrix elements (see, for example;
Edmonds 1960, particularly p;'lll); For thelspin;orbit interaction#§p§”£, we

obtain
(" 5 (Got)s 25 21t st B (Gabm)spspe)

S +s +83+Su+J 1/2

- stetn () | REERICRTE ][Su]} 12

5, 1.8, S5 vl_.Sh 8 1 84
. | e T R N A e R
- toodnd 5.2 5 2 2.3 el

Iy

" in which the traditional abbreviation [x]z= 2x+1 has been made, ' The 6-j symbols .

can be immediately found from the tables of Rotenbérg, Bivins,;Metropolie &

'i,,'Wooten (1959).
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' There are five matrix“elements of the Coulomb interaction the. energies
hof thefterms 6?, P and of the two 8P terms, and also.the interaction energyv
between the two.8P terms. As 8 first run—through a least squares fit. was
,obtained for the twelve levels on the assumption that these filve quantities
and also the spin- -orbit coupling constant § could be regarded as adgustable
parameters A seventh parameter was also 1ntroduced to gllow for small 1nter-.'
ivmediate coupling effects within the hf7 shell. A RMS deviation of 27 cm l, or
| only 0-4% of the configuration, was obtained However, when the Coulomb matrix'n
‘ “elements were examined, it was found that they implied‘a ratio T, defined in

' terms of the energies E of the terms of hf7(88)6p and hf7(8s)6s by the-equation
o= (("e)-eC%R)yE(Ts) -2 (%) 1,

thatvwas.onlv-0?29; whereas foriEuII,'the experimental'value is Oa65 [See
Russell, Albertson'& Davis 1941. To get the term difference from the levels, :
we use E(7P)-E(9P) = E(7P2)-E(9P5).] This suggested that the parameters were
ahsorbing extraneous effects, and it'was‘soon found that this was primaerily duel/_'
to the insensitivity of the energies of the 8P levels to the matrix element‘ e
coupling them, | |
The least squares procedure was therefore repeated with 1 . O°65

‘Only four parameters instead of seven were used in the notation of Condon &
‘Shortley (1935), their final values “in em™t are §' 1198, 3(hf 6s) = 1259, " ;
and Gl(6p;.6s)l= 8172, The fourth-parameter corresponds to a displacement of> h.

ﬂthe‘configuration as a.whole,band.is of no special interest. No allowance was_pa,i"
. made for intermediate coupling within-the.hf shell, mainly because the-parame
' feter‘introduced in the‘firstvtrial run seemed'of doubtful significance. Althoughfv

the number of parameters is only four instead of seven, the RMS deviation
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'increases merely,to 50'cm-l. Detailefare‘giten:undervthe heading_"calculationc'
a" in table l.‘ We lmmedlately notice'that'the largest discrepaucies between;:
theory and'exterimeut appear lh Just two levels 6f the multlplet.yBP. The |
lowest level*of the configuratlon Mf75d6p.lies only6ﬂb§cu-l above y8P9/2, and'.'
we would therefore expect the theoreticalAfit to be-poorest for thislmultitlet;
The nine z levels show a RMS deviation of only 12 cm-l,_or 0+3% of that part
. . \ ) .
of the configuration;'

" On the suggeétlon of Professor A.dSteudel and‘Dr. H.-Walther, we
carrled out a thlrd least- squares fittlng procedure. This'time ue rejected
the two levels of y8P that, in the previous calculation (calculation o), had
shown the large dlscrepan01es between experiment and theory. The parameter
o wasialso leftvfree. The'resulte are given in.table 1 under.the heading
"calculation B". . The values of the tarameters‘in cm—l'are’ é = ll?l,

' G3(uf 6s) = 1216, Gl(6p, 6s) = 8181, while T = o~71. The RMS deviation for

the ten levels included in this analysis is reduced to Qe 8%.,

"After these calculations had been performed,. Dr. B, G. Wybourne kindly gave *°
us:: a preprint of some work that he and Dr G. Smith had carried out on sev-
eral configurations of Eul, including Lf (88)6s6p. Their calculation is the
same as our calculation ¢, except that T' was taken as a variable parameter.’
They find £ 1227, GO(4f, 6s) = 1470, GL(6p, 6s) = 8103 and t = O-k. The
RMS devmatign is 39 cm =1, The unreasonably low value of T, coupled with the
appreciable RMS deviation, suggests that their eigenfunctions should be less
rellable than ours, at least for the nine 2z levels., ,
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5. STATES :
The least squares fitting procedure determines not only the energies of the
levels but also the corresponding eigenfunctions. For the level labelled

.‘6 1/ for example, ve .find that ‘the actual state ][ P7/2]) is given for cal_i'“

culation & by -
6 .. g 51 ' 5 8 L
| l[ Prspl) = 051177l s, ?* 7/2) + o 5676[ s,. P, 7/2

6

"?7/2)'

7/2) + o-8072|83, 3P,

+ oéiiooIBS,'lr, 8
By squaring the coefficient O 8072, it can be seen that the state 6P7/'.is only_-
65% pure. This demonstrates the importance of making allowance for deViations
from perfect Russell-Saunders (RS) coupling. For calculation 6, thevfour'coef-
ificients become d-llSh; 05699, O-lOMO,'and 0-8089'respectively. The changes |
are slight, but not insignificant. L | S

- The theory so far has been non;relativistic, 'Howeter}fthe hyperfine

- interaction depends mainly on those parts of‘the.electronic eigenfunctions
- lying close to the nucleus, and the corresponding velocities of the electrons ﬁlﬁ
-are not negligible compared to c, the veloc1ty of light. Every Single electron

"eigenfunction, though part of an elaborately coupled scheme, must obey Dirac s'

'equation for a charged particle mOVing in’ a; spherically symmetric central field.f,zb

The changes that are necessary can be succinctly described by,the-substitution

<R/r)|smm) (E/s 2 3w L
(G/ir)[s 3 Jm) : IR

i

7‘where the quantity on the right is a column matrix in which ﬂ’ = £ l according S R

as j = _'1/2T Instead of”one_radiali function R, we now have two,wF and G.

iR

They can be assumed to be real,
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*u.‘ OPERATORS

" The vector potential A for a nucleus with a magnetic moment,g is given by

=

(ﬁNx:%)'/r? PRV

It is stralghtforward to treat alerac electron moving 1n such a fleld 'an
;-wrltlng Ky = 6NuN;/I, where B —eh/QMc) is the nuclear magneton, 1t is found -
that the effective Hamiltonian can be taken to bevgcz; vhere X 1is a vector.ft
whose amplitude,'fq: a given. £ and.between'twotstatesltJv(With redial functions

F and G) and jf (with radial'functions F' and G').is defined by

I
. r

(3l9) = “NBN (&3 V{eta 1311 i_ l;}ﬁmw@ (2)

This form is not convenient, since, to useﬁit we would have to transform all

our states to 33-coupllng. Thls dlfflculty has been elegantly 01rcumvented by

Sandars (private communication), who pointed out that X ‘can be replaced by any S

'comblnatlon of single—partlcle vector operators, provided that Eq. (2) is S&tlS?;
fied by all four p0531billt1es J = 1/2 j' =4 £.1/2, Now the states
defined‘bp Jand j' in Eq. (2) are relat1v1stlc, in as much as they stand for
_column matrices of the type on the right in-(l);‘but, 1f we w1sh we. may ev1-
) dently ask that the replacement for X correctly reproduces the right-hand side ;:"
i'of Eq. (2) i the.simple non-relativistlc states Is £ jm) are uséd, rather than
.the full relativistic forms.

For the non—relatiV1stic operators, it 1s convenient to use the coupled

(k k)X

double tensors y° , defined for & particular electron ¥/ vby

e kﬁ(~='ftggdyfk))(K?,
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where ;FK) and‘x(k)vect‘in-the'spinland orbital‘épeces'respecﬁiVely{ and'whose

amplitudes are defined by
e = ™R, unv“"nz) ml/2

(K k)X ‘r

"In four cases the tensors W are’ S1mply related to familiar hyperfine

operators._ Thus, an comparing reduced matrix elements, e, find
glont P

o~ d

]

| ]1/2

[ 3
ez(z+1)(2z+1)

R [ T

n

v

',>~Klé)i" L l0(2£—1)(22+3) ;/ (1) (2) (l) e
< . K 2(£+1)(22+l) (s ) (5)

{5(2/&-1) (2£+3) }1/2 C(e)

W(02}2

Kl

28(4+1) (2z+1) s

. in the notation of Edmonds (1960)

A tedious but straightforward calculation indlcates that the reqnired e

' replacement for X is given by

X -'.,a(lom(lm

o "-‘ 26 her o Y2 L e e
- a(10) = . g X [ 8 5_} [(4+0)%F,, + 8(8+0)F, "% B30

I

L - 2B e 12 - "
a(01) = — X 24(4+1) / [-2(4+r1)F,  +F, +24F ], -
T el T T T

e T
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'QBNP‘I.\Te .' C B(8+) o | "1/2
| {('2?“1)5(22%3)(423-1) |

X (h(8) (28-1)F, | ~(28-1) (B30T, % MA(2ESIF_ 1.

In these expressions

_ [ I dr
Fop = L2 2 /
oo r
v : +7 - -7+ o -
BRI S - CRE. SN (6)
o : 6] r . . . . :
i .\F—.. —_ - dr’..
o _ 0 r2~ .

whére F+ ahd-G+ are}the radial fuﬂctions_goé;esbbndiﬁg fo j = 2 4 l/E;Zthe func-
tions F_ and d__corréspoﬁd to J s 1/2. R ' -
As a:tcheck on.our fprmulae,‘we ﬁay let é ‘tend.t§.infiﬁiﬁy, cdrrespond-
ing to the passage to thé non-rélativi;tic limit; ~Eaéh term iﬁ (H) goes over .
into its nén—relativistic céunteréart: the first £erm corrésponds tovthe'COn_ -
. tact intefaction between an s electron and fhe‘ﬁﬁcleuég the sééqha repfesenfs'
the interaction bet‘»«reen'gN and the magnetic'field.pfoduced by the purel& orbital.

motion of the electron; and the third represents.thé interaction Betﬁeén o and

the magnetic moment -28g of the electron, where B is the Bohr magneton.



5+ MAGNETIC HYPERFINE STRUCTURE ‘;.
In principle, replacements of the type. (4)- must be made for each of the three

kinds of electrons (hf 6s and 6p) that comprise the configuration hf 6s6p of :

(k X)L

| EuI. However, we. see at once that all matrix elements of W ‘venish for

. an 8 electron when k > 0; and since we are studying only those states deriv-
ing from the‘BS term.of nel )
(K k)K '

5 we can similarly drop all hf-electron,tensors
for which k‘>‘0. Using the more familiar operators of Eqs.-(B)
‘,conclude that the most general relativistic expression for the magnetic hyper- -

. fine 1nteraction can be taken'to be

' .Q.';. =(.Ql +9.2'+.Q.3)-.].; )»:'_ R IR (7)
.vwhere Ql - f§ for the hf electrons,lvhere ge asg ‘for the single 6s electron,
and where
o 9, = ag+ b 4 - c'(ld)l/e(s(l)c(g))(l)'

vfor the 6p electron;:

We could now attempt to fit the observed hyteriine structure constants
A for the various levels of hf ( S)6s6p, using the states we - have already cal-;i".
.culated and taking the quantities af, & ap, bp and cp as five adJustable |
] }parameters. However, 1t seemed more worthwhile to reduce the degree of freedom,
'so that. any agreement that we might subsequently obtain for the constants A
.would appear all the more striking. First, 1t wa.s dec1ded to calculate ap,.bg
and cp, while leaving & and af free.. The reason for this choice is that
‘there exists a fairly reliable method for calculating the parameters for a p

;,electron from the spin-orbit coupling constant, QP;‘ and this quantity has been
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accurately determined from ‘the diagonalization'described'in'Sec. 2. This pro-
cedure for an electron £(>0) runs as follows. An effective value Zopp f

the nuclear charge 2 is decided upon.- The equation
5. .02, 0 22
(/7). = 2m”e gﬂ/ZeffH 1 e
is used to calculate (l/rB), where. H .is a relatiyistic correction factor

(see Casimir 1963, p.51).‘ The integrals F,, arernow found by means of the

formulae

o
i

n(41)F! (l/rB)/émc,’:v.

' F%; = .hG(l/rj)/Emc,d' :
P, - -fhl@F’_'(l/r})/ch;.; o

where.F', G and F are relatlvistic correctlon factors.. Suitahlertables,for‘
finding'H F', G-and F have been prepared by Kopfermann (1958) sThe'constahts
a(k k) of Egs. (5) can now be calculated in terms- of the nuclear moment “N |
This method was adopted for the . 6p electron. The . starting p01nt is 55
gp = 1198 em~ (corresponding to’calculation Q). For Z ff we used-Z—5 = 60{
This is a. compromlse between the tradltional formula Z~ h (see, for example,
Kuhn 1962, p. 335) and Z-2+5, which appears approprlate for a +p electron in -
triply ionized rare- earth ions (Judd l965) For 151Eu, the ‘value w. = 3 h2 of

Sandars & Woodgate (1960) was replaced by uN = 3:463 (Sendars’ &unoodgate;,;;:ji}cliff”

B 4

4 private communication). The final values are aP = =0 O99b ’ c l 537b , and

'pr = 17-42mK. The non-relativistic equations would be 8, = 0, ¢ o bp.
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_ The'matrix elemehts'of‘O’were'calculated by‘tehsorroperator techniques -
for all the twelve levels, u51ng the eigenfunctions of calculation a. There

are two parameters, a and a . The A values of the seven levels 10 ll/2".

T
lO

9/2,,z8P9/2, y8P9/2, lO 7/2, y8P7/2, and. 6P5/2 have been measured by |
Mdller'et al. (1965) and, although the experimental errors vary con51derably
from one level‘to,ahother,ra simple.least—squares'fit was‘carried out. The.
justification for doing'this is that in all‘cases:these errors are much smaller’
* than the differences between - experiment and theory that emerge from the fitting :
procedure. The discrepancies are of the order of 2%._ The parameters turn
out to be aS = 530 §9mK and af =. «2'35mK. These lead to’ values of A for
6P7 /2 and y8P5 /o that lie w1th1n the bounds set for them by Mliller- et al. (1965)
Details are given in table 2 in the rows labelled Q.

To get an idea of the sen51t1v1ty of the parameters to,the conditions.'
of the fitting procedure, the calculation was repeated w1th the elgenfunctions.
of calculatlon B. It was also dec1ded to test the calculated value of bp by
leaving it as a variable parameter, the theoretical ratios b /ap and b /cp
being preserved. The agreement with the A values is now slightly better,

‘as can be seen from the_rows labelled B -of table 2. . In particular, the. large'

negative value of A(6P ) is accounted for.'.On'the other hand, ‘agreement with'fh

5/2

the A values that are known the most accurately experimentally has worsened

somewhat. The parameters are given by asv: 532'5th, a '=‘—2-52mK and.}‘

by
hp = 18-5mK. As Mdller et al. (1965) point out, the 5% increase in bp can be’

accounted for if one uses z = 7-6 (a formuls due to Barnes and\Smith l95h)

eff
in place of Z = Z- 3 Our own feeling is that a small discrepancy of this
kind could quite possibly arise from other sources, in particnlar, from the

interaction with higher configurations.
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,6.' CORE POLARIZATION . _

Throughout the preceding discussion, it has been assumed that the conflguratlon .
'hhf76s6p is pure. However,_the interactions between configurations can meke-
~'themselves felt in. various vays, and for the hyperfine constants, A, the most
important effect is produced by the polarization of the core of ,s electrons
by the electronS'in unfilledlshells. From the p01nt of. view of perturbation
theory, 1t may be said that the Coulomb interaction admlxes states such as
" those of hshf76s6p8s into the states of hs hf76s6p, and although the admixture
._ is_extremely small, the matrix elements of thefhyperfine operator between Ls8s

and hse mey be large,f The total effect’ is-the sum of.all possible contributions,"
| corresponding to the (v1rtual) ex01tation of- every s electron to all pos51ble
vacant s-electron orbitals, including those~in:the continuum. When the normal
~contribution‘tovthe hyperfine'structure from the valence electrons is small;
- the effect of core polarization is particularly striklng. For example, for .
1olg ILLf76s2 8 7/2:
V151EuIII ue' Og 8 7/2,

tions of the Uf electrons are expected to be almost the same for the neutrel‘

Sendars & Woodgate (1960) find A = —0'668mK; but for

Baker & Williams (1962) give A -3;4§OmK. The eigenfunc-

atom as for the ion: the larger value of A for the ion must be-ascribedAto>ﬂ
the absence of 6s-electron excitation togetheriwith thelpossibility of exciting -
inner s electrons into the now vacant 6s orbitals. |

If all the shells of an atom save one, say (nﬂ) ;. ‘ar'e closed, a fairly
51mple expression can be obtained for the contribution A(n ne,nﬂ) to the hyper-.
fine structure constant . A corresponding to-the excitation'ofvan electron
(nls) to the. shell (nes). Denoting the amplitude of the,eigenfunction for an -
electron (nﬁs)iat the nucleus by wo(nﬁ),'we find by standard perturbation—theory»

techniques that
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A(nynyn2) =-é<‘g-l>'<16:TesN;xN/3i,>-.--j_j;--f-,j .

. " ‘zp;)(-ni)iﬁo(né)ﬁ (n.en 8,1, s nz)/(2z+1 A(n ))

where R% is“sfcoulonbvintegrel kin the notation of Condon & Shortley 1955),

where A(n ) is the (pos1t1ve) energy of exc1tation, and where g is. the -

l Lande g value for the level of (nﬂ) under examination “To obtain the total

contribution, we must sum over all appropriate values of nl and n2 . We should |

also visualize n2pextending beyond infinity, as it were, in order to label

states of the continuum _ | .
The situation is more complicated for EuI hf7( S)6s6p, for, in addition .

vto the unclosed U4f and 6p shells, the 6s shell is only half filled. However,a

detailed calculation revesls thatafor alltwelve levels of Mf7( 8)6s6p, the |

various s-~electron exc1tations can be.exactly represented by-contributions,

Baf, Bas, and Sap to‘theAthree parameters:ef,tss, andvap[ Thé?conplicatedtf'

.summations'for‘these contributions are difficult to estimete.' Fortunately,

many of them recur in precisely the same algebraic forn,when anelyses are per-‘i'

T

formed for EuI hf7652, EuII-uf76s, and EuIII Le', 'If the zero-order contri- - s
butions to the hyperfine structure are represented by truncated Hamiltonians

A’of the type Qi.;_(for EuI brl6s” ) or: (gh.mﬁ) ;\(for Eull hf76s), it is found

that the contributions from core polarization can: again be represented by changes'
.,fto af, and, in the case of EuII by a s1multaneous change‘of a %' The details |

are shown in table 3, where identical algebraic summations share the same sym-.‘

- bol Aj' Thus

o

A 2;6 bA(6Ln.,‘ hf),-.

E:::: A(pn s hf),: ‘

n'>6>n

s? N
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-7 n'>6 4

etc. . Of course,lwe know ‘that Ri(hfhs,v7shf); for example, is not the same for ?
Eul as for BulIl: But'nevertheless it is_interesting to ignore differences of
this sort and simply tO'suppose that‘all s-electron eigenfunctions, all Lf-
electron eigenfunotions,‘and'all excitation energles are the same.fOr the'four ‘
electronic structures included in~table 3 e For,.if we make this Simplifyingb |
.assumptlon, the contrlbutlons to af from the hf electrons themselves will Be::

4,1nvar1ant and from this’ fact and table 5 the follow1ng approximate equatlon is

readily obtained:
af[Equf7(83)6s6p] ='1/2af[Ethf7(SS)6sz]'+ 1/2af{EuIIIhf7(8s)]

In other words, we would expect a. for the twelve. levels of hf7( S)6s6p to be

f.
roughly 1/2(-0- 668) +.1/2(~3" uao), namely -2 O5mK _ The values that we have

actually obtained ( 2.35 and -2 52 for calculatlons @ and B) are not far from
this number, 1ndeed the agreement is very striking.
This successful correlation of core polarization- in EuI and EuIII can

be pursued to include EuII. From table.}, we see
af[Ethf7(8S)Ss6p] = af[EuIIhf7(8S)6s].
With a little manipulation; it can te shoﬁn'that, for EuII;v

af[EgIIhf7(8356§] = ;1/2A(9Su),+1/2A(7S5)':

 According to Krebs & Winkler (1960 a), A(%S,) = 51°11 * 0s151K, and
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A(7ss) = 755.85'i'0{15mkg‘ Tbese aata leadto‘aﬁ,anticipated-ﬁalué of éf for
Eul Hf7(8S>6s6pvof‘—2-§7"i 0-15mK, in excellent aécord.wiﬁﬁ our calculated
vélues. : - | f ' | | Vo
'Bf:fixiné gé' in Seg.'5; we ﬁavelimplicitl&vset the totai cofe poiari-tf
zetion préduced by the 6p e.;l.eétron‘,"-‘narr.iely,l/EA5 f'Au +<l/2A6’ equal to zero.' 
"The good aéreément 5etw6en'expériment dpd ﬁhéo%y shoﬁh in table 2 indicatés‘ ,
that at»preseﬁ£ there_is'little need to modif&jfhié; igdéed;*our'eigenfgnctions'
are probabiy not known.aécurately éﬁough to serﬁeﬁésha;basis for an aﬁalysis.
of such subtle corrections. If we suppose fufther that the individual contri- |

butions A ’Au and.A6'are themselves small, table 3 indicates that for‘EuI

53
hf76s6p,

©. da

/28 - /28,

\

i

'7/2af[EuI uf7(83)6s21,¢ %/Qaf[EuiiIvhf7(8S)]‘

R

il

967 mK.

Hence the value of as that can be legitimately assigned to the 68 electron
itself, say 8gqr is'ndt 331 * éﬁmKe as impliéd by'the analysis of Sec. 5, but

rathef_
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7. HYPERFINE STRUCTURE ANOMALIES -

For the two isotopes 15}Eu' and =7 Eu, the hyperfine structure anomaly A of

a level with A values A(151) and ‘A(153) is given by_‘,-'

A = (A1) (155) /A(153)uy (251) ] -1
Sandars & Woodgate (private communicétion) héVe:re§ised their earlier: value for.
the ratio of the magnetic moments (Sandars & Woodgate 1960):' The latest figure,

namely
%(151)/%(155) - 2‘-26 50 110-0010, :

is now in agreement with the work of Baker & Wiiliams'(l962) Qn!the ion EuIlI,
which yielded

o

_ gN(151)/pLN(153) -'=" 2-;2632r£'o-0026.'

The measurements of Mﬂller et él. (1965) are suffiéiently aéégrate:for.the ;
values of A to be deduced for three ievels of Eul hf7(88)6s6p.’ These are
given in the third column of taﬁle:h, assuming a value of 2-2650 forbﬁhe ratio
of the magﬁetic moments. The assigned limits of‘error'are~calculated'éhtirély-
from uncertainties in the A +values, and nof froﬁ the uncertainty of>2~2650.
This was done so that’subseqﬁent comparisons éf hyperfine structure anomalies -

should be as meaningful as possible; for it is easily seen that a small change

in the ratio u,(151)/u,(153) produces 1dentical displaéeméﬁts to all A values.
My By P .

Hyperfine structure anomalies are produced principally . by s electrons;

vwhich are the most sensitive to changes in the shape of the nucleus. If, for



a0 s

" a given level,'As(ISl)’and As(153) are the'respective‘contﬁibutions to A(151)

if and A(lﬁf)_coming from a particular ‘s .electron,'theoretical'considerations

indicate that the quantity A(s), defined by

Als) = A (150uy(153)/a (153), (150)] = 1, .

~

" should be virtually-indepehdent'of'the type of s ‘electron chosen (see -

Kbpfermanh 1958, p. 130). It follows that xA(s)bshould_be the same for Eul

' asnfor‘EuIII, sinée inner'vs :shellé_are'not appreciably aitered if a few
‘outer electrons are rémoved from a heavy atom. This property was used by -

. Baker & Williams (1962) tO'dgducé As) =-=0.78 i'Q-ll% from the resonance

results on the ground levels,qf these two lons. - With the new value of 2.2650 .

- for the ratio of the magnet;é moments, we recaldulate A(s).= =0-65%. The

uncertainty in 2.2650, which, as explained above, we wish to kéep distinct

from other errors, corresponds to 0-10%.

Each level oflEuI uf7(88)6s69 forTWhich: A has been found can.be used
tOVQeduce é'value,of'A(s), since tbe totél‘contribﬁtions to thé A ‘values
coming from s electrons are known(éee.faﬁle 2). 1In fact, A céh be - |
expressed’simply by a factor‘times'A(s).. These factors are éiven in the
second column of table 4, Three separateicalculétions for A(s) cen now be
performed by compariné thedr& with experiment for'lOP9/2, Z8P9/2, and ;9P7/2.

The results are givepAfn table 4. * A1l values of A(s) arebin'excellent agree=~

‘ment with the figure of -0-65% derived from the resonance results. We con-

_clude that the hyperfine structure anomaliesvfor,EﬁI hf7(8s)6se,bfor EuIIIf- SR

4f7(88), and for those levels of Eul hf7(8S)6s6p‘that‘have so far been investi-

| gated, fall into a consistent pattérn._
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8. QUADRUPOLE OPERATORS

We have now to consider the‘interaction between the electrons and the quadrupole -

‘moment Q of the nucleus.  To treat this relativistically, without having to -

transform the states té JJ coupling, we carry out an analysis similar to that

for- the magnetic operators (see Sec. 4). We find that the effective Hamiltonian -

2175 q® . 0@

-

is to be used, where, in complete analogy to Eq. (2),

T S T T L L R
@) = - R )R VG o dér"‘§314%§5— ar.
< s 2 2

The substitution corresponding to (h)-is

‘ '&(2) ﬁ'b(.ll)z.iv(il)_a + b(lﬁ_)ﬁ(iéjg.. %fb(OEE“(Q:E,)e,

where
p1) - - grEr '[egféj:i§5 ] [-(#2)R, + 3R+ (B-1R_D,
_ o A '1/27-'_"-' :
b(13) = - =S8 6(£=1)£(L+1) (£+2) } e |
o ; 1(21'1). ie5(2£-1)(2£+1)5(2£+5) '
'_ o x [(2&-1)rR,_ + MR, _ '-(2£+3)R'__,];'- R -
VS O : 24(4+1) . }
e(02) ) T I {5(2/&-1) (24+1) (20+3)

% [(2£-1)(.@+2)R+'+ + 6R,_ + (2-1‘)_(2/z+3)'3_;-];{.-,.

kY

e e i
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In these expressions,

;/(w FF +GG
R = dr,
- 0 r5
= f - — dr.
0 r3 .

In the non~relat1vistlc llmlt these 1ntegrals all tend to (l/rB) The coef-
ficients b(ll) and b(l5) become zero, and ‘
b(OE)w(é2)2 s '-'Cé(i/ 3
b W o= ey & r’).
The quadrupole coupling constant’ for the ground level of Eul 4f'("8)6s”
is, from'ah_optical.standpoint, extremelyﬂsmall. This.indicates that we need

only consider the electron 6p in the calculafion of the B factors for the
(13)2

levels of Eul hf7(88)6s6p. For such an electron, all matrlx ‘elements of ¥
| ' (11)2

(02)2

are zero, and we have only to calculate the matrix elements of oy and ¥

Tensor-operator techniques. are used; for example,

'(85(s§)élP, sgPJuM(ll)gugs(sp)s P, SuPJ)

- 5, +6,+5 +1/2 L
= 3WBLAILS, (8,08 J[su]}l/g( 1) SRR

| 2 "L
Jsa T8y j’sl SEEC] U

X 7 ’l 71 1 1 X .
S -é-sl (-2_ 55 J J 2

5




-20- " T URL-1ITES

The - integrals R++'are found from R, - S(l/rB) and- R, —»R"(l/r5), vwhere S and
R" are the correction factors of Casimir (1965) To present the results, it is L

convenient to tabulate the number {, defined for each level by the eguation
B = eQQ(l/ré)Q.

Values of . Q  are set out in the. second column of table 5. From the observa-
tions of Mller et al. (1965), values of eeQ(l/f5> can be found that give mod-
erateiy good agreement with the experimental data. In earrying out the fitting

procedure, only the accurate data on 10 9/2, 28P9/2 and lO 7/2 were used We

151

' findveQQ(l/rB) = 29+3 and 759 mK for Eu and- l%Eu respectlvely. Detalls

are given in table 5.

9. QUATRUPOLE MOMENTS . o
.To determine 'Q - from the product e Q(l/rB), we need (l/r . This can be obtained
from the calcu;ation of Sec. 5; but we also note that it led to a wvalue of bP
.that was 5% smaller than the one determined fromvexperiment; As a compromise,
Miller et al. (1965) take the value of (l/r5) thaf leads to the aVerage value of
bp, namely 17-8 mK, and assign an error that includes.both limits. Tn quoting

values for Q, the error should be widened to allow for the discrepancies in

table 5 between the experimental and theoretical valuee"of B(lO 9/2) and B(8P9/2).
When this is done, one obtains
‘ ‘ . O . N
Q(151) = 21.16 % 0.08 b, '
- S . (8)
- Q(153) = 2:92 £0.20 b.

‘These are the qpeﬁrnpole moments given by Milller et al. (1965). No Sternheimer

corrections have been applied.
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There is a narked discrepancy between theory an@ experiment in table 5

for B(lleu yBP ), a datum not used in the fitting procedure.v ﬁowever,lye

9/2

notice that. the experimental limits of'error are comparatively large,jand also

“that y8P is one of the two levels ehowing a large discrepancy.betWeen its

9/2 o o o
observed and theoreticalvenergy (seé table.l)l 'This suggests that'is has been
perturbed by highervlevels, and'that its elgenfunctions may not be as accuratelig'
known as those of tne other levele. ‘Nevertheless,‘we‘shouldinot dismise this
difficulty too lightly, since the levels oflhf76s6pllabelled by the symbol  y
correspond to the coupling (6s6p)1P ‘and quadrupole moments derived from the
higher term lP of the configuration 636p are systematically smaller than those
Qerived from 5?. As examples, we may cite Hg (Blaise & Chantrel 1957) Xbi
(Ross & Murakawa l96h) and Ba (Jackson & Duong Hong Tuan 1965, l96h Putlitz
.1963). The most obv1ous explanation for these discrepan01es is that the 6p

electron has a rather more extended orbit 1n the lP state than in the 3

P state,
’ thereby decreasing (l/r5)6 for lP and so giving a smaller quadrupole 1nteraction
(Jackson & Duong Hong Tuan 196k4).

This idea can be'expressed in terms.of perturbation”tneorj. .Exchange
interactions between 6s6p and 6sﬁ§ possess opposite_éigns for 5? and lP; and;
by admixing np into 6p through this mechanism, the shape of the 6p eigen-
function becomes differentlfor the two terms 1p and_5P of 6s6p. However, this.
poin£ of view is not.of much practical value, since one would presumably‘have

to go far into the continuum to get realistic results. Tt would probably be

better to solve for the eigenfunction of the 6p electron in two central fields

. that differ, one from the other, in the effective exchange potential produced

by the 6s.electron. If this explanation for the discrepancies in the quadrupole -
moments is correct, there should be no need to alter the values of Q given
in Egs. (8). This is because we have tiéd the properties of the 6p electron to

<7
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the spin-orbit coupliﬁg constant E?{ and this has beén‘tékenfdi?ectly from.
experiment. .Since the:levglsrthat determine §P corrésponq to the‘coupling
(6sép)5P, the terms lOP,'z8P, andv6P‘of‘EuI hf7(88)6s6p shdﬁld give tﬁéimost.
-reliable vélﬁés éf Q{  | S | |

of ébﬁrse, other types of cohfiggration interactiop ﬁay intervene; The
coupling between th6S6p apd'th—l6se5d couid‘leéd'tb errors-iﬁ the célculation
of Q; thougﬁ, since the levels of Eul hf7(88)6s6p corresponding to the coupling
(6s6p)5P,are further ffom possiﬁie perturbing-levelé than those corresponding
to (656p)lP, we woqld égain prefer the Q values of‘EQs.-(B)‘to any derived
from the levels of y8P. | |

Having ekpressed considerable‘confidence,in_Eqs..(8), it must-now be
stated that.the quédrupole moﬁents‘giQen by these eguations diffef-significanfly
from the ones published ?y Krebs & Winkler (1960 by, namely

-

Q153) = 2+k2 £0:2b,  Q(I51) 7 0:95 £ 01 b. " ()

These_arévderived from ﬁhe B values of Jjust one ievei,'name;y 9P5 of EuiI:i

ﬁf7(88)6p. This value of Q(153) égrees with that of Elbek (1963), obtained

‘from Coulomb excitation. We have repeated the calculations of Krebs & Winkler,
usiﬁg methods analogoué to those employed here. A leaét squares fit was per-
formed for the coﬁfiguréﬁion uf7(8s)6p,.and.from the value 6f,§p so obtained.
(1707 cm-l); the radial integrals were calculated. Casimir correction factors

. 0,

appropriate,to'Ze-ff = 60 were used. .Accepting the values of B for

_obtained quadrupole moments éssentially in agfeement with those of Krebs &

5y We

Winkler.
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On the face of it, it éeems difficult.to fecoﬁcilé Eqé. (8) énd (9).
' The diffefehtialvsternﬁeiﬁér effect for a 6p electfén in’ atom and ion should
be very.much smaller #han the exisfing‘di§crepahéyléf 20%. Perhaps thg‘cbn-"
figuration hf7(83j6p isAperturbedvby neighbouring ieyeis;  Effects of this
kind would show up if accurate B :Qalues'could be foﬁnd‘for otﬁer,l¢ve1s‘of

ZP of EuII. In any case, it would be valuable if & more accurate measure-

9P and
‘ment of B(9P5) could be perfprmed. The experiments on EuIl now‘beiné started
‘.in Hannévef by Dr. Walﬁﬁer and his.collaborators'shouldlgo far to clarify the
situétipn, since at the moment.it iS»difficuit to diSCOun£ completely the pos-
'sibility that the‘source of the discrepanéy is experimeﬁtal. |

We aré most grateful to the group at Hannover‘fOr allowing.ﬁs to use
their hyperfine structure measuremenﬁs,.and péfticuiarly to Dr. H. Walther, who
sent us data as soon as they wére obtained. 'Thanks also go to Dr. P. G. ﬁ.
Séndars,'fér informiﬁg us of his method fbr treating pglatiVistic éffegﬁ;, and
also for pérmission’to Quote the revised value of the.ratio of theﬁmomeﬁtéééf
the two europium isotopes. The later stages of the.share of the work df one

of the authors (B.R.J.) were done under the auspices of the United States Atomic

Energy Commission.
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- TABLE 1. ENERGIES OF THE LEVELS OF Eul uf7(8s)6s6p

Calculation ¢

Calculation B

All eneréies are in em

Level Experiment Theory 'Di:fggence. :heory Difference
1OP11/2 15581-58 15588-5‘ ‘. ~6+9.- ‘%§581-6 0-0
23/ 14563+57 :1&5_51»-5_ 91 '1l_+559-8 - 38
z8P9/2- '16611-79?‘: 16595+0 16:8 ©16600+3 1.5
y8P9/2 2176i-é6 éléu5-o  5l 11853 - -
Pe, 1406786 1h079-3 e 140837 -15-8
z8§7/2 1505231 ' 15955-1 | w;~.¥os8 : 15949+ 9 ol
Y Py 21605-17‘ :21602-5 2.7 216055 -6-5‘
6P7/2 1731*0'65‘ 1752&'8 | 159 | 175‘29‘:5 ' 11'5
z8P5/2 15890+5 15886+8 | 37 . 15879-5 11;5
.y8P5/2 '21hu§-58 | 21§6u.2~ ~119-6 - -
6P5/2 17707-&2 177163 ; -8.9 Al??ié;i -8:7
%5 s 17945+ 49 1796k-b - 18:9 17960-6 -5

\/
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TABIE 2. VALUES OF A FOR ;51EuI ¥f7(8s)6s6p_ |

A1l valu

es are in mK -

Calculatedi A _ . :
Level “Method For Q For Q - -For 0, Total ' Ob;eryed
loPil/Ql o4 -1+50 50»qu : 2:16 30-70 - 3i313 £ 210
3} -1-60 3023 2.27 30+90 S
lOP\/Q > e 5199 haT o 335 o058 £ 00008
% 5 -Ligh 22l M35 3bi6R -
Z8P9/2 Q -1-66 '21+20 ¢ 2.62 22.16 50.18 * 0.0l
B8 -1.78 2071 - 2.76 21.-69 :
y8P9/2 “ -1-85 - -9-81 332 . -8.32 ~7-68  0-11
, B -1-9% -9:26 - 3-51 =771 L
10P7/2 o -2.29 . 40-80 ~5-96 3255 30.32 + 0.02
: B ~2.46 L1.08 -6-26‘ 3236
8 a -2.21  -13.55 '5.55  -10.23
Z P7/2 .
B =2:37 - -13.90 5-83  -10-Lk
B -2.36 . =5:75" 115 -6-95 B
6P7/2 * 71'96 025 2-82 109 0 <A <22
v B. -2:10°  =0°32 2:96  0-5k o ‘
8 o ~2.83  ~1hTY -6.66  =2h.20
Z P5/2 . s : .
£ B -3:0k -15.37 7.0k -25.4L
y8P5/2 o '-5-03 - 2.6k ~4.30 -h-68 s<p<O
B . -3.24 " 3.70 ~L.57 ~he11 . .
,6P5/2 o -2:68  -16-25 =0°05  -18:98 . 15,75 1 005
B -2.88  -16-83 ~0+03  ~19-Th.
a “4e23  ~66-08 Lo 76 ~T5.07
P5/2 ; .
B o =hoslh 6651 «5:00 -~ =T76+05
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TABLE 3. BREAKDOWN oF CORE~POLARIZATION CONTRIBUTTONS

Configuration

Type of excitation (n<6<n')

 daL

da, .

da.

£ oy s
mr beT6s?  (0)2(6)% - (ue)P6s(ars) A o ]
(ns)2(6)° > (ns)6s2(n's) ey - -
Y ()2 (! I PO A
(ns)“6s  ~ (ns) (vn/ s) ‘. ISR -
Rl 4(6s6p  (ns)%6s  -(ns)6s(a’s) A, A0
(ns)26s - (ns)6s2 %A5' B .']é:A6 ~5 As "]é;A6
(ns)®6s | —9(ns)2(n’s) %Aj_' - 'igAl
EuIl he (6 (ns)26s '~ (ns)bs(n's) A, - 0
(ns)26s RN (ns)652 %A5 : - -%A5
| 2 1 o .
BuTTT be' (ns) ~ ~(ns)(n's) Ay - -
- (nS)E - (ns)6s .A5y  - -
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TABLE 4. HYPERFINE STRUCTURE, ANOMALIES

Level 4/5(s)(Theory) o A(Observed);». | : 4(§)<Cal;ulatéd>
lOPll/e 015 |
lOP9/é. ‘ 0-88 . .-50057 + Q-ié%- - ":O:éh'i‘OolM% |
28P9/2' | 0-88 | -0-k0 % o.éo%v’;v_';;u-ozu5 * 0.23%
y8P9 /2 | 140
A10P7/2“, : _i-18 _ S L0+ + 0;12%  "  ‘ '%b'éh';xoflo%
;8P7/é 1.5k
y8P7/2 1-15
‘6P7/2 | ~1:29
Z8P5/2 o-%a
y 95/2 0-08
6P5/2 1-00
P o;9u



1 F  UCRL-1A7ES

TABLE 5.. VALUE OF B FOR Eul 4?7(88)6565'

B for l5lEu_ o B for 15VB.Eu
Level { Theory. Experiment. - . Theory ' Experiment
10 0° 4501 13-19 13-5 £ 1.5 3326
11/2 - -
lQP9/2 ~0+5650  ~16-56 ~16+79% 0°10 S41075 Akpel3 £ 0012
28P9/2 0+3U415 10-01 " 9+65% 0+15 . . 2523 oli.62 % 0-15
8. | - o
. . 5 * 1. oo . .
Y Py/p 0-4689 . 13-75 86 1.2 | 3k 65-
10P7/2 0-180G 5-28 '5.25% 0+20 :13-30- 13.27 % 0.15
8 . .- » N . -
z P7/2 -0.2280 -6.68 - =16-85
g . ) en e
Y Pr/p 0-6189  ~18-1k 15 *h y _ui (5
6P 0.1268 372 | -9'37 ‘
7/2 o b
2Op 0-0790 = 232 . 5.8l
5/2 | * o -
8 | . '
Y Py /o 0-1643 L.82 o 1214
6 cT - . R - int .
P5/2 ~0. 4362 ~12-78 -11.8% 0.4 ~32.2%
6 - o
P 0.0900 2-6L : 6-65
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Fig. 1. Energy-level scheme for Eul 4f7(88)6s6p.
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'This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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