UCRL-14757

“University of California

Ernest O. Lawrence
Radiation Laboratory

-

™~
TWO-WEEK LOAN'COPY
This is a Library Circulating Copy
which may be borrowed for two weeks.
For a personal retention copy, call
Tech. Info. Division, Ext. 5545
\— _J

COMPUTATIONAL STUDIES OF TRANSIENTS IN PACKED
TUBULAR CHEMICAL REACTORS

Berkeley, California




DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.



UCRL-11757

RN UNIVERSITY OF CALIFORNIA

. i Lawrence Radiation Laboratory
YA Berkeley, California

' AEC Contract No. W-7405-eng-48

COMPUTATIONAL STUDIES OF TRANSIENTS IN PACKED
TUBULAR CHEMICAL REACTORS '

John Earl Crider and Alan S. Foss
M. S. Thesis

January 1965




Cand

[

o S,

-iii-

COMPUTATIONAL STUDIES OF TRANSIENTS IN PACKED
TUBULAR CHEMICAL REACTORS

John Earl Crider and Alan S. F‘oss

Lawrence Radiation Laboratory
University of California
Berkeley, California

January 1965
ABSTRACT

Concentration and temperature transients in a packed bed tubular
chemical reactor are calculated for three different mathematical models
of the reactor. Two of the models.represent the reactor as an array
of continuous perfectly mixed stages; one model is two-dimensional,
the other is one-dimensional. The third model is a one-dimensional
differential representation without axial fluid dispersion. The chemical
reaction is an exothermic, homogeneous, liquid-phase, second order
reaction. ‘

Machine calculations of transients following step changes in
feed temperature or concentration show that the effects of axial fluid
dispersion are small compared with the dispersive effects of finite
rates of heat transfer between fluid and packing. Cases were found in
which the transient concentration initially moved in the direction leading
away from the final steady state. Such behavior, which derives from
the coupling of concentration and temperature in exothermic reactions,
can make the control of reactors difficult. Radial concentration and
temperature gradients, arising from incomplete radial mixing, are
shown to be smé.ll, and their effect upon transients is imperceptible in

the cases treated,
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These studies show that mathematical models which ade-
quately simulate chemical reactors in unsteady state must incorporate
the following phenomena: the thermal capacity of the packing, finite
(as distinguished from infinite) rates of heat transfer between fluid
and packing, and coupling between concentration and temperature. Both
of the one-dimensional models studied include these phenomena and yet
are simple enough to be useful in further studies of reactor dynamics

and in studies of reactor control.
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CHARTER 1

INTRODUCTION

Part A. General

This is a study of mathematical models of a packed-bed tubular
chemical reactor in unsteady-state operation. The major objectives
of this study are: to determine the major features of the reactor
dynamics, to study the effect upon the reactor dynamics of various
phenomena in the reactor, and to find a mathematical model suitable
for further studies.

Phenomena considered in this study are those which are known
to be present in the reactor and which are expected to have an appre-
ciable effect upon the dynamics. The heat capacity of the packing
causes temperature disturbances to travel through the reactor more
slowl\y than concentration disturbaﬁces. The rate of heat transfer
between the packing and the fluid appears to have a dispersive effect
upon the reactor dynamics. Axial. mixing should also affect the dy-
namics in a similar manner. And the effect of radial gradients,
caused by the loss of heat through the reactor wall and incomplete
radial mixing, is studied to determine whether one-dimensional models,
which neglect these radial gradients, are satisfactory.

Several mathematical models which have been proposed in the
literature are described by computer programs written for this study.
These models differ in the manner in which fhey account forithe effects
of the phenomena listed above. The response of these modeis to a
step ché.nge in feed concentration or in feed temperature are described
by the results of calculations performed according to these programs
by an automatic computer. The effects of these phenomena are de-
termined by comparison of the behavior of the different models. It
will be seen that two of these models adequately describe the major
features of the dynamics of a packed tubular reactor and yet are simple
enough to be very useful in studies of the proper design of a control

systern for the packed tubular reactor.



The chemical reactor considered here is a cylindrical tube or
pipe filled with packing, or granular material. The reactants are
carried through the reactor in a fluid which enters the reactor at one
end of the tube, the entrance, or inlet, and leaves the reactor at the
other end of the tube, the exit. Inside the reactor, the fluid, carrying
reactant and products, flows through the voids between the packing
particles, and through the pores of the particles, if the particles are
porous.

In many cases, the packing particles are of a porous chemical
catalyst, and the reaction occurs on the surfaces of the pores of the
particles. In other cases, the packing may be chemically inert,
having been added for heat transfer regulation or for other reasons;
in such cases, the reaction occurs in the fluid, which is in the packing
voids and in the pores of the packing particles. If the particles are
porous, heat and material move from the pore surfaces and the fluid
in the pores, through the pores, and through the voids. In addition,
heat is conducted through the packing. -

The heat generated in the chemical reaction is removed partially
through the wall of the reactor. This loss of heat through the reactor
wall and incomplete radial mixing cause radial differences in tempera-
ture and also in concentration, because of the coupling of temperature
and concentration in the reaction terms,

In order to devise a mathematical model of the reactor just
described, certain assumptions must be made. These present
assumptions are made primarily to make the physical concept of the
‘reactor more precise, to relate certain phenomena to their well-known
mathematical formulations, and to eliminate certain phenomena which
greatly complicate the study of reactor dynamics. These assumptions
apply to the physical model of the reactor, and therefore to all of the
mathematical models considered in this study. These assumptions are

stated in the following paragraphs.



The reactor is axially symmetric. The flow of the fluid in the
voids is. turbulent (this is true if the Reynolds number, based upon the
average diameter of the packing and the superficial velocity of the fluid,
is grea.ter1 than 100). The average fluid velocity radial profile is flat,
that is, there is no net flow of fluid in the radial direction (this is
usually a valid assumption if the fluid is in turbulent flow and if the
ratio of the reactor diameter to the average particle diameter is
greater2 than 10). The physical properties of the fluid and of the
solid, for example, density and heat capacity, are independent of
species concentrations, temperature, position in the reactor, or time
(thisis usually a valid assumption for a reactor with liquid reactants).

The geometry of the packing and of the packing particles is
adequately represented by the packing porosity, the specific surface
area of the packing, and an average particle diameter. The particles
are nonporous, and the reaction occurs in.the fluid in the voids be-
tween particles. The rate of reaction has the Arrhenius type of
temperature dependency, and this rate is proportional to the concentra-
tion of the reactant if there is one reactant, and to the concentration of
each reactant if there are two reactants. The rate of reaction is not
otherwise dependent upon the stoichiometry of the reaction. The heat
of reaction is constant.

The temperature within any packing particle is uniform through-
out that particle. There is no heat transfer between any two particles,
or between any particle and the reactor wall, except by convection
through the fluid. The wall of the reactor is at a constant temperature.
Newton's law of cooling applies to heat transfer between the fluid and
the wall, and between the fluid and the packing particles.

As implied in these preceding assumptions, the reactor is a
liquid .reactor. Also, certain of these assumptions involve parametérs
which may be adjusted in these models to produce special cases:
for example, in the expression for heat transfer between the fluid and
the wall, the heat transfer coefficient is set to zero to simulate an

adiabatic reactor.



Statements concerning axial and radial dispersion of heat and
mass are omitted from the above listing of assumptions because these
and the other phenomena enumerated above which are of interest in .
this study are treated differently in the different models. In fact,
some of these phenomena are ignored in some of the models. The z
treatment of these phenomena in the various models are the chief dif-
ferences in the models.

Because of the nonlinear temperature dependence of the
Arrhenius form of the rate.term in the heat and mass balance equations
and the coupling of concentration and temperature through this term,
these equations can in general be solved only by numerical techniques.
Even with efficient numerical techniques and high-speed automatic
computeré, solution of the conservation equations for the most physically
accurate conceivable model would be prohibitively time consuming.

The use of the assumptions listed above greatly simplifies this most
complex model. For example, assumption of a flat velocity profile
eliminates the need for the solution of a fluid momentum balance
equation. Thus, simpler models can be obtained from the more complex
models by the neglecting of certain phenomena known, or expected, to
have small effect upon.the dynamics of the reactor. The differences

in the behavior of a more complex model and of a simpler model can

be attributed to the phenomenon neglected in the derivation of the
simpler model.

The three models considered in this study are: a two-dimensional
finige stage model, a one-dimensional finite stage model, and a first-
order differential model called here the plug flow model. The two-di-

3.4,5 is the most

mensional finite stage model, proposed by Deans
complex of these models. This model is a two-dimensional array of
continuous flow stirred tank reactor stages, each stage being the size -~
of an average packing particle. Each stage represents a void between

packing particles in which turbulent mixing occurs, and the arrange- [P
ment of the stages in the array simulates the turbulent axial and radial

dispersion of heat and mass in the reactor.
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" The one-dimensional finite stage model is.the one-dimensional
form of the two-dimensional finite stage model; it is an arrangement
of continuous flow stirred tank reactors in series. Being one dimensional,
it has no radial gradients, but flat radial concentration and temperature
profiles. However, the mixing stages simulate axial dispersion of heat
and mass in the reactor., The only two differences between this model
and the two-dimensional finite stage model are the differences in radial
gradients and the differences in the driving force for heat transfer at
the wall: in the one-dimensional finite stage model, the driving force
is the difference between the wall temperature and the stage temperature
at the axial position of interest; in the two-dimensional finite stage
model, it is the difference between the wall temperature and the tempera-
ture in the wall stage at the axial position of interest. The temperatures
in the one-dimensional model correspond to radially averaged tempera-
tures in the two-dimensional model.

The plug flow model is the simplest of the continuous, or partial
differential equation, models. It is a one-dimensional model, and its
heat and mass balances are expressed as first-order partial differential
equations. Thus it has no compensation for axial dispersion of heat or
mass, which is the major difference between this model and the one-
dimensional finite stage model.

A modification of the plug flow model is that model in which
the temperature of the fluid and the temperature of the particles are
assumed to be equal at all points in the model. This assumption is

equivalent to the assumption that the heat transfer coefficient between

the fluid and the particles is infinite. This assumption removes the

effect of a finite rate of heat transfer between the particles and the
fluid while retaining the effect of the heat capacity of the packing, It
will be seen that this simplified plug flow model is conceptually im-
portant in this study. The partial differential equations which describe

either of these two plug flow models are hyperbolic in nature, and may

be treated by the method of characteristics.



All of these models are described in detail in Chapter 2. Nu-
merical techniques for the solution of the heat and mass balance
equations of these models are also presented here.

In the two-dimensional finite stage model, the resistance to
radial heat flow through the bed to the wall is inherent in the structure -
of the bed, and the resistance to heat flow through the wall from the
stages at the wall is represented by the wall heat transfer coefficient.

For the one-dimensional models, however, the overall-heat tranfer
coefficient must reflect both the resistance to heat flow through the

bed and resistance to heat flow through the wall. In order for all
models to represent the same rate of heat loss through the wall, a cor-
-relation must be obtained between the overall heat transfer coefficient
of the one-dimensional models and the wall heat transfer coefficient and
other parameters of the two-dimensional model. This problem of cor-
relation is essentially a steady state heat transfer problem, which can
be treated analytically because of its linear nature. In Chapter 3, this
correlation is derived. First, an empirical correlation is obtained by
approximating the finite stage models with partial differential equation
models. This treatment illustrates some differences between discrete
(i. e., finite stage) models and continuous (i.e., partial differential
equation) models. Then the two-dimensional finite stage model equations
are treated by matrix algebra to obtain an exact correlation. This
treatment allows a greater understanding of the finite stage model
through a matrix expression of its equations.

The computer programs which describe these models are
described in Chapter 4. With these programs, the dynamic behavior
of the models when subjected to a step change in either feed concentra-
tion, or in feed temperature, or both, is calculated. These programs
also allow the machine plotting of this dynamic behavior. o

In Chapter 5, the numerical values for the parameters of the

reactor simulated in the computer runs is presented. These values

w5

describe, primarily, the experimental reactor studied by Sinai, 6 in
which the reaction was the homogeneous liquid phase reaction of sodium

thiosulfate and hydrogen peroxide.
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In Chapter 6, the results of the thirteen computer runs made
with these programs is presented, including the plotted output of all
runs. These results are compared to determine the dynamic effects
of the various phenomena under study, and the significance of these
effects is discussed. The plug flow model and the one-dimensional
finite stage model are recommended for use in other studies, on the
basis of accuracy and simplicity. Various models are suggested for
use in frequency response studies.

In Chapter 7, the conclusions of this work are presented.
Part B. Parameters and:Dimensionless Numbers

The behavior of the chemical reactor being modeled and the
behavior of the models being studied can be conveniently expressed in
terms of dimensionless parameters and dimensionless variables. A
set of values for these dimensionless numbers may actually characterize
several similar reactors. Many of these dimensionless parameters
are measures of the relative effects of various phenomena in the
system.,

A convenient characteristic length in the reactors is the average
particle diameter, d . This is the length of each stage in the finite
stage models. The total dimensionless length of the reactor, which is
the total number of stages along the axis of the finite stage models, is
L:

.
N= 3 (1.1)
|Y
The dirhensionless diameter of the reactor is M:
_ M
M= Fa (1.2)
P

For the continuous models, the dimensionless distance from the inlet

is .x:

X = a— (1.3)



A convenient characteristic velocity is the average fluid

velocity v. Then the characteristic time is dp/v, named here the

""particle residence time.'" Dimensionless time is -
_ t¥v

t= -1 (1.4) .
P

The reactor may have either one reactant or two. In the first

case, the reaction is
A ——=> products, (1.5)

and the volumetric rate of reaction, or the rate of disappearance of

moles of A per unit volume of fluid, is
R* = k* exp [cE/RgT*] N (1.6)
In the second case, the reaction is

A + yB —>=> products, (1.7)

i

and the volumetric rate of reaction is

c; (1.8)

‘R* = k* exp [--E/RgT*] c::

The rate of disappearance of moles of B per volume is yR*,

Any convenient concentration may be chosen as a reference
concentration c_, usually the initial or the final feed concentration
of A, the primary reactant. Any convenient temperature may be
chosen as the reference temperature, Tr’ usually the initial or the
final feed temperature or the wall temperature; this temperature -
and the total adiabatic temperature rise (‘based upon the reference
concentration) is used to convert all temperatures to convenient di- ¥
mensionless temperatures in the neighborhood of 0 to 1. The di-

mensionless concentrations are



% .
c
A
CpA= T , (1.9)
. r
%
c
_ B
: Cp = 2 . (1.10)
r
The total adiabatic temperature rise {based upon the reference concentra- .
tion) is
(=-AH)<:r
AT = — —— . (1.11)
& PsCs
The dimensionless.temperatures are
sk
T - -Tr
T = T——Ta B (1-12)
T_; - T_
Tp - T———Ta ) (1013)
T:v- T,
TW = ——ET—-— s (1.14)
a
and
Tr
TO = rTa R ('1.15)
The dimensionless rate of reaction for the case of one reactant is
K=k exp‘[AT/(TO + T)] Cp o (1.16)
- where K*d N
k = P o™, (1.47)
v
-7

for the case of two reactants, it is

k\
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K = k exp [AT/(TO + T)] CaSgy (1.18) .
where K*c d A
k= —P ™, (1.19) 2
v
In both cases,
d R
A= T (1.20)
g r
and d R*
R= B . (1.21)
ve

The dimensionless heat capacity and heat transfer parameters

are:
p c (1-¢€)
heat capacity parameter: B=1+ _p_p_____; (1.22)
p.C €
f°f
particle-fluid heat _ hpa'p(1—€)d'p
R . Hp=s =——F & (1.23)
transfer coefficient: PLCeEV
wall heat transfer hw
.. Hv = —— (1.24)
coefficient: PeCeV

The wall heat transfer coefficient is a type of Stanton number., For
two-dimensional models, hW is analogous to a wall film heat transfer
coefficient, and for one-dimensional models, hw is analogous to an
overall heat transfer coefficient., The relationship between the wall
heat transfer coefficients of the models is discussed in Chapter 3.

Peclet numbers, which indicate the ratio of bulk transport of

ey

heat or mass to the dispersive transport of heat or mass, are not

fundamental parameters of the finite stage models, in which dispersion
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.is accounted for in the geometrical arrangements of the models, or of
the plug flow model, which excludes axial dispersion and which includes

‘radial transport in the wall heat transfer coefficient. However, Peclet

L]

numbers are used in the heat transfer coefficient correlation of Chapter 3.

In the physical model, molecular diffusion is assumed to be negligible

by

compared with turbulent dispersion. Then the turbulent mass diffusivity
is equal to the turbulent thermal diffusivity in both the axial and the
radial directions, because the mechanism of mixing is the same for

both mass and heat transport:

k
D =_Z2 (1.25)
X pgCy
k
D = —— . (1.26)
r pfcf

The axial and radial Peclet numbers, for both mass transfer and heat

transfer, are defined as:

d v d vp.cC
- _p _ p ff
Pex = p—= " (1.27)

X X

d v d vp,.c

p _ p ff
Pe, = 2= B (1.28)
r r

In the numerical studies, the unsteady state of the reactor is
caused by a step change in either feed concentration, or feed tempera-
ture, or both. The step change occurs at t = 0.

The inlet conditions for all the mecdels are:

o
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at x =0, ,
for t <0, c, =¢C 1
A A&f ®
T =T
fort > 0, CpA=Cp . . (1.29) -
ff
T = Tff
if there is a second reactant, at x = 0, cB =cp for all t
f o

Before the step change, for t <0, the reactor is at steady state. The
initial conditions for the unsteady state of the models are obtained from
the steady state model equations; that is, from the model equations in
which all time derivatives are set to zero. The reactor parameters are
.chosen so that the models have only one steady state; that is, that the
steady state model equations have only one solution.

For the case of two reactants, a useful variable which is used in
place of the second reactant is the stoichiometric concentration difference,

defined as

6 = ¢

C
: B
ATy (1.30)

It will be seen in Chapter 2 that the use of this variable simplifies the
system equations, because the variable has no radial gradients in two-
dimensional models, is a step function in the plug flow model, and in
general is described by a linear equation. With this variable used to

eliminate Cg» the rate of reaction is

R = k exp [AT/(TO+T)] cpY (cp-8). (1.31)

i
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CHAPTER 2

THE REACTOR MODELS

Part A, The Two-Dimensional Finite Stage Model

The two-dimensional finite stage model was proposed by Deans.3’ 4,5

The model is made up of concentric rings of square cross section,
arranged in longitudinal layers, called rows. Each ring, or stage, is
a continuous-flow stirred-tank reactor. The length and the width of the
cross section of each stage are equal to the average particle diameter.
Physically, each stage represents a void space between particles in
which turbulent mixing occurs. The model, its cross section, and the
physical model upon which it is based, are shown in Figure 1. The
mixing characteristics of the model are derived from geometrical con-
siderations only. Each stage is fed by the two adjacent stages on the
preceding row, and in turn feeds the two adjacent stages on the following
row, ' .

- Each stage is identified by an axial position i and a radial
position j. A stage (i,j) includes the portions of the particles and the
voids of the reactor which are bounded axially by two planes at distances -
(i-1)d_ and .idp from the inlet of the bed, and radially by two concentric
cylinders of diameters (j—Z)dp and jdp., The exceptions to this descrip-
tion are the half-stages at the center and at the wall of the reactor. At
every odd axial position (i.e., when i is odd), the stage at the axis is
a half-stage, named thus because its cro,ss-svectional width is half that
of the other stages. It is bounded radially by a cylinder of diameter dp.
And at every other axial position, the stage at the wall is a half-stage,
bounded radially by cylinders of diameters (M-i)dp and Mdpu This half-
stage, at axial position i, is characterized by (i,? M+1).

On an odd row (i.e., when i is odd), the radial positions j
take .on all odd numbers from 1 (the half-stage at the axis) to M or M+1,
whichever is odd; and on an even row, the radial positions j take on all
even numbers from 2 (the whole stage at the axis) to Mor M+1, which-

ever is even. The half stages at the wall, (i, M+1), occur at odd rows
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Md,

)

(a)

(b) CX

MU-34901

Fig. 1. Arrangement of stages in the two-dimensional finite stage
model. &S
(a) Details of stage arrangement ' .

(v) Arrangement of particles upon which this model is based;
here, M = 9.
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if M+1 is odd, and on even rows if M+1 is even. There are a total
of M+1 stages in any two successive rows.

Heat and mass transport in all stages except the wall stages is
by turbulent convection only., The flow of heat through the wall from a
‘wall stage is proportional to the difference between the wall temperature
and the temperature of the fluid in the wall stage. There is no flow be-
tween two adjacent stages on the same row., The flow between any stage
and another stage at the next row is proportional to the geometrical
area shared by the two stages.

The area of a stage, Aj’ is defined as the area of the cross
section of the stage which is perpendicular to the axis of the reactor.
This area is a function of the radial position j only; it is independent

of the axial position i. The volume of voids in a stage (i, j) is

V.=¢ A. d_; ' (2.1)
J J P
this volume is also independent of i. Similarly, the volumetric flow

rate to and from this stage is .
Q. =¢ A, v, ' 2,2
; ; (2.2)

also independent of i.
The area shared by stage (i,]) and stage (i+1,j+1) is Aj 417
which is independent of i and is identical to the area shared by stage

(i,j_) and stage (i-1,j+1); i.e.,

A5 501 T B, (2.3)
Similarly, Aj -1, is the area shared by stages (i,j) and (i+1,j-1) or
by stages (i, j) and (i-1,j-1):

A, . = A, .. (2.3)

JsJ-1 j=1,3]
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The flow rate from stage (i-1,j+1) to stage (i,j), or from stage (i,j) to

stage (i+1, j+1), is

Q417 Ry, T Ay B9

also independent of i, Similarly,
Q. . ,=Q. , .=¢A, ., v. 2.6
Jnj-1 Ti-1, 3. -1 (2.0)

The material flowing from stage (i, j) flows into stages (i+1,j-1) and

(i+1,j+1); i.e.,

Q.=0Q. . ,+0Q. . s 2.7
j jri-1 AP (2.7)
or
A. = A, . + A. . . 2.8
j jrJ-1 s Jt1 (2.8)
From the geometry, for a whole stage (i, j},
o 2.2 293 02 o .
Aj;j+1 - 4 w dp l..] = (J'i) ]"Z Tpo (ZJ 1), (209)
2 2 2 2
A ., =% w4 j-1)" - (-2 =4 md_“(25-3). 2.10
i 51" 4 b [G-1)" - (G-2)7] = 4 p (25-3) ( )
and
2 2
A= 1nd (5% -G-2)%] =4 d ? (45-9) . (2.11)
J p P -
For the half-stage at the axis, j = 1;
= 2.12
A1,O 0 (2.12)
A = A = A =1 mgq ? (2.13)
1 1,2 72,178 " % :

Similarly, for the half-stage at the wall, j = M+1;

A 0,

Md, M+2

At T A, M T AMrd, M %

(2.14)

Lnd Z(ZM-i)c
P

N
M
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A component mass balance at stage (i, j) gives

v dC;’J = Q . ,Ca. + Q. . ,CY ¢t vRr'
b Tqer 0 BIUA Ly i TRIYLA g T Ay T )

(2.15)

In dimensionless form, this equation becomes ‘ |
dCAi’j ) <Aj,j-1> c . (Aj,jﬂ) c e R
dt A A g, 5-1 A Ag e Ay B

(2.16)

For a whole stage (i, j), this equation is

dc |
S (2-3) ¢ p (21 ¢ -C, -R, ..
dt 4j-4 Ai-i,j-i 4j-4 Ai-i,j+1 Ai,j 1,

(2.17)

For the half-stage at the axis, equation (2.16) reduces to

d.CAi .
—_—2 - =C - C - - R, ., (2.18)
dt Ai-i, > Ai, 1 i, 1

and for the half stage at the wall, equation (2.16) reduces to

dc
A, M1

— YT - -C -+ R, (2.19)
dt AM B M i, M+1 .

The corresponding temperature equations are found from a

heat balance on a stage:
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dT. . ” 5 .y
1,) — * * - 0
ViPses ¥ Q o PO Tiig,5o0 T e P Tiog, ja1m Ry e Ty 5 .
% * * * %k
+ (-AH)V.R. .+ h_a_(1-¢)A.d (T -T..)+h_A € (T_-T. .),
J 1] PP J P Pl,J 1] w WJ w 15] ®
(2.20)
dT, |
1-¢ Pi, ] * *
—] V. ¢ —<—= =h a_ (1-¢) A.d (T. .-T . 2.21
<€> i®pCp dt pp( )Jp(l,J pi,j) ( )
In dimensionless form, these equations are
Ti5 (B A5, j+1
I A, T, 547 A, Tiq, 50407050 Ri,j+Hp(Tpi J.'Ti,j)
A
3
- ' .2
+ —x— Hw (T Ti’j), (2.22)
SN
and
dT
i,j _ Hp -
T -1 (Ti,j Tp. .) . (2.23)
i,]
AW is the geometrical area shared by a stage and the wall of the reactor.
J
For a stage not a wall stage,
AW. =0 j <M. (2.24)
J
For a wall stage, ‘ -
A =1TMd'2.j=MorM+1. (2.25)
WJ p / '1.‘/
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For a whole stage not a wall stage, equation (2.22) becomes

Tii. (23 o ¢ (221N -T. 4R, .+ Hp(T_ -T..)
X \Z;-4 i-1,j-1 " V4577 ) “i-1,j+17 74,50 i, P P, J.' i,j
(2.26)

For a half stalge on the axis, equation (2.22) re.duces to

dT. . ,
LTI - - 2
- T.l_i, 5 Ti’ Lt Ri’ Lt Hp(Tpi . T.l’ 1) . (2.27)

K For the whole stage at the wall and for the half stage at the wall,

equation (2.22) becomes

EEELB& - (2M-3 T + -T + R
dt iM-4 i-1, M-1 gM 1 1, M+1 i, M i, M

1M
+ Hp(Tpi M-Ti,M) + (4M 4> Hw(T - Ti, M) , (2.28)

and

aT
i, M+1
=t =T - - :

& o, M Ti, Mea TRy Mgt HP (Tpi Mt Ty, M)

4M
+ (fM‘T) Bw(Ty - T4, M) (2.29)

If there is a second reactant, its concentration is described by

an equation similar to that which describes the concentration of the

. , first reactant:

) dCBi’j = (Aj’j'1) C | + <._LA"J:+1) C -C -YR
dt A Bi1,j-1 A ) B e By o )
(2.30)
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From this can be obtained an equation which describes the stoichiometric

concentration difference &:

ds, . A A,
i.J . j,j-1 5 H_JsJtt ) g -5 (2.31)
at A i-1,j-1\ 7 A i-1,j+1 %1, :

Because this model is two dimensional, it has several initial
stages, at axial position 1. The concentrations and the temperatures
of the feed streams to these stages are not necessarily the same. For
instance, the steady-state concentration of a reactionless species could
be non-zero in the feed to the center inlet stage, (1, 1), and zero in the
feed to the other inlet stages, (1,j), j # 1. With this input Deans found
that the effective radial Peclet number for the finite stage model was 8.2,

If the feed concentrations of the reactants are the same for every
inlet stage, then 61 . will never exhibit radial gradients, because it is

$
independent of temperature. In this case, 6i j is independent of j:

2

61': 6isj for all j at row i, (2.32)
and
e AP (2.33)
dt i-1 ic )

For a step change in the feed concentration of the primary reactant,

this equation can be easily integrated analytically or numerically. For

no step change in the feed concentration, or at steady state,
6, = 6. =6 (2.34)

where 60 is the stoichiometric difference of the feed concentrations.
This stoichiometric difference is therefore constant even in an unsteady
state period, if the stoichiometric difference of the feed concentrations

is constant with time,
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At the steady state, all time derivatives are zero, and the above
equations reduce to algebraic equations, from which steady state profiles
are obtained. Because of the temperature coupling in the Arrhenius
term, these equations are generally nonlinear.

At the steady state, Ti . = Tp s So the value of Hp does not

affect the steady-state profiles. s

Part B. Techniques for the Numerical Solution of the
Two-Dimensional Finite Stage Equations

The steady-state values of concentration and tempera.tvure for the
stages of the finite stage model are the initial values needed for the inte-
gration of the unsteady-state equations (2.16), (2.20), (2.22), (2.23), and
(2.33). These steady-state values are roots of the algebraic equatibns
which result from setting the time derivatives of the unsteady-state
equations equal to zero. These steady-state values can be found nu-
merically by any methods suitable for finding roots of nonlinear simul-
taneous algebraic equations. Newton-Raphson _methods7 are used here.

For the solution for these roots, two cases can be considered:

the case in which there is only one reactant, and the case in which there

are two reactants. If there is only one reactant, the concentration
equation is linear in concentration, and can be used to eliminate the

unknown concentration from the temperature equation:

Pc, . "Ca  ~kexp LAT; j/(TgtT; )1 C, =0 (2.35)
s ) 1,) i,]
where
2j-3 2j-1
p. =z )C +[ 2= C
“i,j (ﬂ) A1, 41 (W) A1, 501
for a whole stage (i,]) ; (2.36)
p = C (2.37)
.1 MNoq, 2
and P = C (2.38)

< Mi1 o1, M
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where
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PA. |
5 i, ] .
C = . (2.39) -
Ai,j 1+k exp LATi,j/(TO+Ti,j)J .
_pTi j - '1"]1,j + k exp [ATi’j/(TOwLTi,J.)] cAi j + 6j(TW-Ti’j) =0
(2.40)
_ [25-3 2j-1
P, - <21—j._4.> Tiiq,5-0 1 (Zj'-fl'> Tii4,544 (2.41)
Pp. = Ti 4 2> (2.42)
i, 1
p =T, , (2.43)
Tomer LM
[ am g
GM - (m) HW ’ ’ (2.4:4)
[ aMm '
O piq = (’ZM‘?T> Hw , (2.45)
ej =0, j <M. (2.46)
pCi’jk exp [ATi,j/(TO+Ti,j)] ” |
p - T, .+ +6. (T _-T. .
Ti,j i,] 1+k exp [ATi,j/(TO+Ti,_j” ivTw Ti,j
Eg(Ti,j) =0. (2.47) ‘.
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1,])
,that for which g(T j) = 0.

T, . is the only unknown in g(T ) so the desired value of Ti j is

H

The Newton-Raphson method used in this case is a third-order
method, also known as the third-order Richmond method, 8 which in

this case is the iteration -

' (m)y /. (m)

bl 1-4g(r; /e (rp POz, /g (r, )

: (2.48)
where the superscript primes denote first or second derivatives of g
with respect to ‘Ti . . For notational and computational convenience,

g and its derivatives can be expressed in terms of auxiliary functions

ay, 2y, as, which are defined as
a, = ai(Ti’j) = k exp [ATi,j/(T0-+ Ti,j)] , - (2.49)
a, = Q,Z(Ti,j) = a_:l-p(:i J/('l + ai) R (2.50)
- = g 2 . -
ag = a3(Tisj) = ATO/(i ta,) (TO 4 Ti’j) ; (2.51)
then
2
1 = \
al =a, ATO/(TO + Ti,j) , (2.52)
al = aa, , _ (2.53)
at = - a.3[ ajaz + 2/(T0 + Ti,j)] . (2.54)
Then
g = pTi ; - {1+ Oj) Ti,j +a, (2.55)
gt = - {1+ GJ.) +asag (2.56)
W= al3 +‘aa':aaa1a —2T+T. 2.57
gl = ajas; +azay slaglt-a,) - 2/¢ (257
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The equation (2.48) is iterated until the difference between two suc-

cessive values of Ti j is negligible. Then the concentration CA is

found directly from the equation (2.39). 1) -

.-

For the case of two reactants, a similar procedure could be
used, because here the concentration equation is quadratic in concentra- .
tion, so the concentration could be expressed explicitly in terms of the
temperature. Because such a procedure would involve complicated
algebra, the concentration equation and the temperature equation are
instead iterated simultaneously by the Newton-Raphson method (7). The

concentration and temperature functions are:

fley, T 0=p. -cp -kexp[AT, JJ(To+ T, Oy vie, -84)
1,) 1, 1,] : 1,) 1,)
(2.58)
glen Ty ) =Py - Ty g rkexp (AT, AT+ T, gle, v,
1,) 1,) 1,) 1,]
S Bl (T - Ty L) (2.59)

The iterations are

(m+1) _  (m) _ [f;a_g_ g 8f ] (2.60)

i, i,J

(m+1) _ . (m) 1 af ag ™)
5. T,y - D |8 3¢~ e (2.61)
J
where (m)
=|8g 8f of 8g
D “[a’r 9c ~ 8T ac] (2.62)
Then R
D = (1+ej) + k exp [AT.l’J./(TO + Ti,j)]cAi jY(CAi j- 60) . i
2
[(1+6j)(2-60/cA‘ j)/(cAi j- 60) - ATO/(TO + Ti,j) ] (2.63)
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ag of
f=2 - gwm = (146.)(c -p
T aT ' Aiyj ci,j) + k exp [ATigj/(T0+Ti,j)]in jy(cAi j
- 60) [(1+9j) +(pp - (1+9j) Ti,j tp, -cu ~)ATO/(TO
1,) 1,) 1,)
+ T )2] (2.64)

i,j :
of ag _
3¢ - f se=-Pp .('1+9j) Ti,j -k exp [ATi,j/(TO + Ti,j)] .

i, j

Ylep =8 [t+itpyp - (HO)T, L+ p

€A
i, i,] i,] i,)

e ) (2 6o/‘?A.
1,) 1

Wiy -cp (2.65)
’J 1’.]

The iterations are continued until the differences of two suc-
cessive values of Ca and 'I‘i . are negligible.

i, ’J

The steady-state profiles are the initial conditions of the un-
steady-state integration. . With the final feed conditions, the final
steady-state profiles can be obtained in the same manner.

The unsteady state differential equations are integrated by the

‘Runge-Kutta-Gill method. ? With this methed, the errors are small

and the machine storage is minimized. The Runge-Kutta-Gill method
is a method of integrating numerically the first-order vector dif-

ferential equation

%: £(c) ‘ (2.66)

(where ¢ and f are vectors) with the scheme
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i=2,3
i=4:

then

Here

and
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c0=c(y)
k1: %hf(co)
¢, = co+k1
ay = 2ky

i i-1 i

= dhtlcy)
c,=c, + 1(k - )
4737 34493
<:(y+h)“=/c4

) (2.67)

This scheme is modified from that presented by Gill, to further

minimize storage locations and computational steps, at the small expense

of correction for round-off errors.

Gill's scheme is a method for inte-

grating a general system of ordinary first-order differential equations.

In machine calculation with this method, storage is required for the three

vectors c (the dependent variables),

k (the derivatives of these variables),
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and q (terms which include increments previously added to ¢ and cor-
rection for round-off errors). In each of the four intermediate steps
required for an advance by one increment in the independent variable,
the newly calculated values of ¢, k, and q replace the previous values,
which are no longer needed. Gill's scheme is an important improvement
over previous fourth-order Runge-Kutta methods,. which require storage
for four vectors. In many systems, including the present one, these
vectors are very large; for example, for a finite-stage model with 200
axial stages and with M = 9 (5 radial stages at each axial position), with
heat transfer between particles and fluid, each vector ¢, k, and .q has
3000 elements.

However, the.concentration and fluid temperature in one stage
of the finite-stage model is affected directly by the concentration and
fluid temperature in only the two preceding stages, and the particle
temperature in one stage is not directly affected by any other stage.
Then if the concentrations and fluid temperatures of all the stages at a
given axial position are stored elsewhere before being replaced with
newly calculated values, they can be used in the calculations of the
concentrations and temperatures in the stages at the next axial position,
Then the vector 'k is not needed for storage between each of the four
intermediate steps; all that is required in its place is a much smaller
vector with elements of concentration and fluid temperature for each
radial stage for any axial position. Thus, in the 'example above, the

3000-element vector k can be replaced with a 10-element vector.
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Part C. The One-Dimensional Finite-Stage Model

The one-dimensional finite stage model is an array of continuous-~
flow stirred-tank chemical reactors in series. This model has no radial
differences in concentration or temperature, but its axial characteristics
are identical to those of the two-dimensional finite stage model. This
model is shown in Figure 2,

Each reactor, or stage, is characterized by an axial position i,
Each stage is a cylinder which includes portions cf the particles and
voids bounded by two planes at distances (i - 1) dp and idp from the
inlet of the bed; then each stage has a length dp and a diameter equal
to Mdp, the diameter of the tubular reactor being modeled.

Because of the similarity between the one-dimensional and the
two-dimensional finite stage models, the equations describing the con-
centrations and temperatures of the one-dimensional model are easily
obtained from those of the two-dimensional model. The area shared

by stage i and stage i-1 is the cross-sectional area of the tubular

reactor:
2 ;2
A=i1M dpo (2.68)
A mass balance on stage i gives
chi
I Y e S (2.69)
i-1 i
A heat balance gives
dTi 4Hw
el Ti-i - Ti + Ri + Hp (Tp - Ti) vt (TW - Ti) » (2.70)

i
and

P, '
ot = (ﬁﬂ) (T, - T,) - (2.71)

1
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Mdp

R —

MU-34900

Fig. 2. Arrangement of stages in the one-dimensional finite stage
model. '
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If there is a second reactant,

déSi ' .
= - 61_,1 - 61 . (2.72)
This last equation is identical to equation (2.33), obtained for the two-
dimensional finite stage model for the case of equal feed concentrations
in every inlet stage, and the same comments apply here.

The axial dispersion in this model results from the arrangement
of the stirred-tank stages. The two-dimensional finite stage model
exhibits the same axial dispersion.

The difference between this model and the two-dimensional finite
stage model lies in the radial mixing feature of the latter. The one-
dimensional model has no radial gradients. However, the two models
are identical in every respect if they are adiabatic, in which case there
are no radial gradients in the two-dimensional model. The differences

between these two models is discussed in more detail in Chapter 3.

Part D, Techniques for Numerical Solution of the
One-Dimensional Finite Stage Equations

Because the one-dimensional finite stage equations are just
simplified forms of the two-dimensional finite stage equations, without
dependence upon j, the numerical techniques for the solution of the
one-dimensional finite stage equations are simplifications of the nu-
merical techniques used in the solution of the two-dimensional finite
stage equations.

The steady-state values of concentration and temperature are
the roots of algebraic equations obtained by setting the time derivatives
in equations (2.69), (2.70), and (2.71) to zero. For the solutions of
these algebraic equations, equations (2.39) and (2.48) can be used for
the case of one reactant, and equations (2.60) and (2.61) can be used
for the case of two reactants, with the modification that the subscript

j 1is ignored, and that
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Pe =Ca - (2.73)
i i-1
Py = .Ti-1 s ) (2.74)
and ! .
_ 4Hw
6 = -~ (2.75)

Similarly, the unsteady-state differential equations can be inte-

grated numerically with the Runge-Kutta-Gill method discussed above.

Part E. The Plug Flow (Differential Equation)Model

The plug flow model is based upon these differential equations:
sk sk

dc .
A ' ECES (2.76)
at ax

% % - N h a (1-¢) \.
- 3k sk Y
8T VaT=<AH>R+M_(T__T)

— e
at . 8x PCe PCe€ P
4h N
s —22) Th -1, (2.77)
\ pfch .
and ‘
aT. ha\ .
___P =(EP) (" -T)). (2.78)
ot Prp P

These equations represent a component mass balance, a fluid heat
balance, and a particle heat balance, respectively. In this model,
axial dispersion is.neglected and the concentration and temperatures in
these equations represent radially averaged quantities.,

In dimensionless form, these equations are

dc oc
A A |
5t T e " R (2.79)
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aT , 8T _ _ 4Hw
5T 5 = R+ Hp (Tp -T)+ — (T, - T) (2.80)
aT
p . _Hp .
= 5o (T Tp) . (2.81) .

These equations are the basic equations for the plug flow model.

It is sometimes assumed that the particle temperature is equal
to the fluid temperature at any point in the reactor. Cowles10 studied
the effect of this assumption on the two-dimensional partial differential
equation model of a.catalytic gas reactor. The last equation shows that
if T and Tp are equal, then 8T/8t and 8Tp/8t are equal and are
generally finite and non-zero in the unsteady state, and thus Hp must
be infinite., Only with an infinite Hp, i.e., no resistance at all to heat
transfer between particles and fluid, are T and Tp equal at all times
during unsteady state operation. Prior to the application of this

assumption, the two heat balance equations can be combined into

T

: p
(T -T)+ (B -1) —5& . (2.82)

aT T _ 4Hw
at * ox =R+ M

With the assumption that T and Tp are equal, this equation becomes

8T , 8T _ 4Hw
Pt "ax TRT ™

(T, - T). (2.83)

This equation is the only heat balance to be satisfied when the tempera-
ture of the particles is assumed to be indistinguishable from the tempera-
- ture of the fluid at any point in the reactor. P incorporates the heat
capacity of the packing as well as that of the fluid.

This special case will be referred to as the case of infinite Hp.
The assumption of equal T and T is used to simplify the more
general system by eliminating a paramet‘er, Hp, and a dependent $
variable, Tpo For this case, the basic equations of the plug flow model
are the component mass balance, equation (2.79), and the heat balance,

equation (2.83).
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‘For either case, the system equations are quasi-linear hyper-
bolic equations which can be treated by the method of characteristics. 11,12
This method relates the solution to the characteristics, which are curves
in space-time along which discontinuities in the system propagate.

To obtain the velocities of propagation of the discontinuities,
from which the characteristic curves are obtained, the system equations
‘are written in a canonical form. For the case of infinite Hp, the

equations become

BcA ) . 8cA R
at 09X
+ =
T 1 aT 1 1 4Hw
o 0 5| | %% Rt 5 ™ TuT)

(2.84)

As shown by Jeffrey, 12 the velocities of propagation of the discontinuities

are the characteristic roots of the matrix of coefficients:

T - g

The discontinuities in the reactor originate from the step change of the
feed concentration or the feed temperature at t = 0. . Then a dis-
continuity travelling with velocity 1 and another discontinuity travelling
with a lower velocity 1/B is expected. These velocities suggest the
introduction of new independent variables, which represent the (scaled)
time from the appearance of either discontinuity at a given axial

position x:

- Bx-t = i-x | (2.85)

and

t=y + Bz, XxX=y+z, ‘ (2.86)
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The system equations can be expressed in this characteristic coordinate

system through the partial derivative chain rules:

/

3CA ) 'acA‘ _QE . SCA‘ _331 _ ac;A : gc
3y z._ ot A9y /, ox |\ 8y ot ax

or
ocC
A
5y - R. (2.88)
Similarly,
aT\ _/aT at 8T ax _ 8T, 8T
<Bz> ‘<—t ) (az> *(‘5?{) <6z> =B 3T e (289
y X y t y
or
aT _ 4Hw
= R+ = (T - T). (2.90)

The line z = 0 represents the trajectory along which the dis-
continuity with velocity 41 travels; the line y = 0 represents the tra-
jectory along which the discontinuity with velocity 1/p travels. These
lines are shown in Figure 3, together with lines z = constant, which
are parallel to the z = 0 line, and lines y = constant, which are parallel
to the y = 0 liné. The space-time region can be transformed to y-z
region, as shown in Figure 4. The line x = 0 represents the inlet of
.the reactor, and the line x = N represents the outlet of the reactor;
these two lines bound the region of interest in the y-z plane. The
line t = 0 represents the reactor at the instant that the step change
occurs in the feed concentration or temperature; because the dis-
continuities travel at finite velocity, the reactor is at steady state
everywhere along this line, The segment of the line x = 0 below the
origin .(for t <0) is called here the initial feed line; the segment of

the line x = 0 above the origin (for t > 0) is called the final feed line.
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Fig. 3. Characteristics in space-time for the plug flow model
(infinite Hp).
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Fig. 4. Characteristic coordinates for the plug flow model

(infinite Hp).
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Fig. 5. Concentration, as a function of the characteristic

coordinates, resulting from a concentration step.
model (infinite Hp).

Plug flow
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- A solution of these system equations is a representation of
concentration and temperature as functions of x and t for a given
set of system parameters and inlet conditions. The independent vari-
ables could instead be y and =z, because transformation from one
coordinate system to another is simple, by equations (2.85) and (2.86).
Graphically, a solution may be represented as a surface in (cA, v, %)
space, and another surface in (T,y,z) space. Figure 5 shows how a
concentration surface might appear for a step in feed concentration but
constant in feed temperature; the corresponding temperature surface
is not shown.

The concentration profile at the line t = 0 in Figure 5 repre-
sents the initial steady state profile., This same profile may be found
at any constant time line, where time is less than zero. Similarly,
for large time, a final steady state profile is found at any constant
time, where time is sufficiently large; in the figure, the steady state
profile is shown for the line t = BN. For any intermediate constant
time line there is an unsteady state profile, For example, the un-
steady state concentration profile for t = ty (where t,, a constant, is
less than N) is shown in Figures 5 and 6.

But for .ﬂline in the y-z plane which crosses the x = 0 and
the x = N lines there exist a concentration profile and a temperature
profile. . Only if such a line is a constant time line do the profiles
exist in the reactor at an instant of time. If the line is not a constant .
time line, the points on these profiles exist at different instants of
time at their respective axial positions, but it is useful to consider
these profiles in the various regions of the y- z space.

Along the line t = 0, and along every constant time line where
time is less than zero, lie the initial steady state profiles. These
profiles can be found by setting the time derivatives in equations (2.79)
and (2.83) equal to zero and integrating the resulting simultaneous b
ordinary differential equations with respect to x, with the initial feed
.concentration and temperature, But these profiles can also be found

by integrating the equations (2.88) and (2.90) from the initial feed line,
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Fig. 6. An instantaneous concentration profile at time t = t;
(constant). Plug flow model (infinite Hp).
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The concentration equation, (2.88), is integrated along a line parallel to
the y-axis; the temperature equation, (2.90), is integrated along a line
parallel to the z-axis. Then, in this region, the steady state profiles
.lie along any constant z line (parallel to the y-axis) or any constant
y line (parallel to the z-axis) or any other line which crosses the
x = 0 and the x = N lines.

The concentration and temperature at any point, (Yi’ zi), in the
y-z plane can be found in the same manner: the concentration equation,
(2.88), is integrated from the known feed concentration at point P. to
the point (y1’ z1) along the constant z line, z = z, {assuming that the
temperature profile along this line is known), and the temperature
equation, (2.90), is integrated from the known feed temperature at the
point P to the point (yi’ z1) along the constant y line, y = Yy
(assuming that the concentration profile along this line is known). The
temperature profile along the line z = Zys needed for the determination
of R in the concentration equation (2.88), is found by integrating the
temperature equation in the z direction from the known feed tempera-
tures at every point along the feed line from point p. to point P
similarly, the concentration profile along the line y = Yy is found by
integrating the concentration equation in the y-direction from the
known feed concentrations at every point along the feed line from point
P. to point Py

Thus, the primary effect of the feed concentration is in the
y-direction through the concentration equation, and the primary effect
of the feed temperature is in the z-direction through the temperature '
equation. This concept, that the feed concentration and feed concentra-
tion disturbances act in the y-direction and that the feed temperature
and . feed temperature disturbances act in the z-direction, is very useful
in determining and describing the unsteady state behavior of the plug flow
model.

For example, it is clear that the y-axis is the characteristic
which represents the propagation of a step change in feed .concentration
through the reactor, and the z-axis is the characteristic which represents

the propagation of a step change in feed temperature through the reactor.

€
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Fig. 7. Transient behavior of concentration at axial position ?{l"
Plug flow model (infinite Hp).
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Also, the entire region in the y-z plane below the y-axis is
affected only by the initial feed concentration and the initial feed tempera-
ture {on the initial feed line). This region is the initial steady state
region. It is labeled I in Figures 5,6, and 7. It includes the triangular
region between the y-axis and the line t = 0 which represents that
portion of the reactor which the concentration discontinuity, travelling
with velocity 1, has not yet reached. Along any line in this region
lie. the initial steady state concentration and temperatufe profiles.
Along any constant x line in this region, concentration and temperature
are constant.

Similarly, the entire region in the y-z plane to the left of the
z-axis is affected only by the final feed concentration and the final feed
temperature (on the final feed line). This region is the final steady
state region. It is labelled III in Figures 4,5,6, and 7. At t = BN,
the temperature discontinuity has reached the end of the reactor. Then
the region below the t = BN line and left of the z-axis represents that
portion of the reactor through which the temperature discontinuity has
already passed. Thus the concentration and temperature at any axial
position is at steady state immediately after the temperature discontimiity
passes that axial position. Along any line in this region lie the final
steady state concentration and temperature profiles. Along any constant
x line in this region, concentration and temperature are constant.

Then the unsteady state region in the y-z plane is the triangle
bounded by the z-axis, the y-axis, and the line x = N. The concentration
and the temperature in this region are affected by the final feed con-
centration, on the final feed line, and the initial feed temperature, on
the initial feed line. This region is labelled II in the figures.

Figure 5 shows concentration in a reactor as a function of y
and z for a step change in feed concentration but not in feed tempera-
ture. The initial concentration profile in region I is shown, as is the
final concentration profile in region III. The concentration discontinuity
is seen lying along the y-axis. On the z-axis, the concentration and the

concentration derivative, (8CA/ay), are continuous.

sy
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A discontinuity in either concentration or temperature causes
a.corresponding discontinuity in the temperature derivative, (8T/8z),
or the concentration derivative, (BCA/ay), through the coupling term
R in equations (2.88) and (2.90). Thus, in the example shown in
Figure 5, there is no temperature discontinuity; hence the concentra-
tion derivative is continuous acrossthe z-axis. The concentration itself
is always continuous acrossthe z-axis, because concentration discon-
tinuities travel in the y-direction. Similarly, the temperature is always
continuous acrossthe y-axis because temperature discontinuities travel
in the z-direction. Also, the concentration discontinuity on the y-axis
causes a discontinuity in the temperature derivativeacrossthe y-axis;
so although the temperature is continuous acxo0ssthe y-axis, its derivative
is not.

Although the primary effect of the feed concentration is in the
y-direction, there are secondary effects through the coupling term, R,
which propagate along the z-axis. These effects appear in the higher
derivatives of concentration and temperature along the z-axis. Thus,
.in the example of Figure 5, although there is no temperature discon-
tinuity, unsteady state behavior is found not orly. along the y-axis, but
throughputg the whole region II. Similarly, in the case of a temperature
discontinuity but not a concentration discontinuity, changes begin along
the y-axis, before the temperature discontinuity has passed through
the reactor, even'though concentration and temperature (and some
derivatives) are continuous on the y-axis,

Figure 6 shows a concentration profile which lies along a con-
stant time line which passes.through all three regions of the y-z plane,
for the example of Figure 5. This profile occurs in the reactor at the
1,,wher'e ty is a constant less than N. The figure
shows the intersection with the z-axis at this instant. Upstream from

instant of time t = t

‘the z-axis (for x $t1/ﬁe.),the profile is that of the final steady state
profile, as the temperature effects have already passed through this
region. Downstream from the concentration discontinuity (for x 2t1),

the profile is that of the initial steady state profile, because the
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concentration discontinuity has not yet reached this regioh. In the
middle is the unsteady state region.

That the whole of regidn' II is an unsteady state region as a
.result of a step in feed concentration can be reasoned from a slightly
different approach. The discontinuity in concentration along the y-axis
causes disturbances in temperature along the y-axis (i.e., a discon-
tinuity in-the temperature derivative, 8T/8z, along the y-axis). These
disturbances affect region II through the temperature equation (2.90) from
the y-axis. . A temperature discontinuity similarly affects the unsteady
state region, causing unsteady state behavior beginning along the y-axis,

Figure 7 shows the unsteady state behavior of concentration at a
given axial position, Xy for the example of Figure 5. Before the con-
centration discontinuity passes this point in the reactor, the concen-
tration is at its initial value. The discontinuity passes this point at
t = x,; afterward, the concentration changes and approaches its final

1
value, which it obtains when the temperature effect passes through, at

t = Bxi,

These forms of presentation of unsteady state behavior, con-
centration and temperature profiles.at given values of time and the
unsteady state behavior of concentration and temperature at given
axial position, are more understandable and more easily related to
physical observations than are profiles along characteristics, which
follow directly from solution with the method of characteristics; so the
former forms are used in the presentation of numerical calculations.
Figures 5,6, and 7 are presented here only to illustrate the major
features of such unsteady state behavior; they are not quantitative
representations of a solution of the plug flow equations for a particular
set of parameters,

Without study using the method of characteristics, the unsteady
state region might reasonably be expected to be the space-time region
between the inlet and the outlet of the reactor (0 <x <L) and between
t = 0 and some indefinite time greater than t = BN, This .analysis,

with the method of characteristics, has shown that the unsteady state

)
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region is actually the smaller region that is bounded by the two character-
istics.. The regions representing the portions of the reactor which the
concentration characteristic .has not yet reached or through which the
temperature characteristic has already passed are steady staté regions,
and the concentration and temperature in these regions are known from
the initial and final steady state profiles. '

To obtain the concentration and the temperature in the unsteady
state region, the concentration equation (2.88) and the temperature
equation (2.90) are integrated in this region; to integrate these
equations, the proper boundary conditions must be obtained. These
boundary conditions, the concentration and temperature profiles along
the y-axis and the z-axis, are easily obtained from these facts:
Temperature is continuous across the y-axis, and concentration is
continuous across the z-axis; the concentration equation (2.88) and
the temperature equation (2.90) must be satisfied everywhere, in-
cluding the y-axis and the z-axis; and the initial feed temperature and
the final feed concentration primarily affect the unsteady state region.

Then, because temperature is contincous across the y-axis,
the temperature profile along the y-axis.is the initial steady state
temperé.ture profile. The concentration profile along the y-axis is
obtained by integrating the concentration equation, using the final
feed concentration as the inlet boundary condition and using the tempera-

ture profile along the y-axis in the evaluation of the coupling term R,

- The difference between this concentration profile and the initial steady

state concentration profile is the concentration discontinuity which
appears along the y-axis,

Similarly, because concentration is continuous across the
z-axis the concentration profile along the z-axis is the final steady
state concentration profile. The temperature profile along the z-axis
is obtained by integrating the temperature equation, using the initial
feed temperature as the inlet boundary condition and using the con-
centration profile alorig the z-axis in the evaluation of the coupling
term R. The difference between this temperature profile and the final

steady state temperature profile is the temperature discontinuity which

appears along the z-axis.
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Because of the concentration discontinuity along the y-axis,
the temperature derivative, (8 T/8z), at every point along the y-axis
also has a discontinuity, through the ‘coupiing term R. Most numerical
integration methods require continuous derivatives, so the temperature
equation could not generally be integrated numerically across the y-
axis from initial conditions on the line t = 0, for example. However,
by transforming to a characteristic coordinate system, and by finding
the concentration and temperature profiles along the characteristic
coordinate axes and. using these profiles as boundary conditions, nu-
merical integration across discontinuities has been avoided.

Although the concentration and the temperature affect each
other in the unsteady state through the coupling term R, the characteris-
tics along which the discontinuities travel are determined by the form
of the derivatives, i, e., the left-hand side of the system equations,

. as equation (2,843 illustrates; the right-hand side does not affect the
characteristics (except indirectly in cases where the characteristics,
or velocities of propagation of discontinuities, are functions of the
dependent variables). - Then the characteristics for the case of finite
Hp should be different from those for the case of infinite Hp, just
discussed.

In fact, for the case of finite Hp, because the form of the
derivatives in the concentration equation (2.79) is identical to the form
of the derivatives in the temperature equation {2.80), discontinuities
in concentration and in fluid temperature travel along the same char-
acteristics for this case,

The velocities of propagation of the discontinuities for the case

of finite Hp are found, as before, from the matrix of coefficients:

Q@

A [ éc

>

at 1 0 ox - R
+ = . {2.91)
5T 5T
_P _Pp Hp  pop )
3t 0 0} 3% o1 (T-T)) )
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The fluid temperature equation could have been used in place of the

concentration equation; the same matrix of coefficients. would result.

"The velocities of propagation of the discontinuities ar’e1

dx _
T -0 L

. The absence of a an/ax term in the equations,; resulting in
a zero velocity of propagation of discontinuities, means that the parti-
cle temperature at any point in the reactor is not directly affected by
the particle temperature at any other point in the reactor. This iso-
lation of particle temperature is expeéted, because in this model con-
duction of heat through adjacent particles is excluded.

For this case, the characteristic coordinates are:

v = x, 2=t -x; (2.92)
then
t=y.+ z, X=vy, {2.93)
Thus
<3CA> :<acA> <8t> +<3CA> <_8_§> acA+8cA
ay 2 ot % .8y 2 ox ¢ oy 2 at 9x
(2.94)
or
dc
A — °
5y - " R; (2.95)
and A
9T _ 4Hw
Ty " R+ o (T -T)+ Hp(Tp-T) . (2.96)
Similarly,
8T 9T = aT T
P} _(__P 8t L(__p| (&x) . °r (2.97)
az at z 9x dz at ’
y x /Y t y
or aT
p. Hp _ 2
57 Bo1 (T Tp) . (2.98)
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‘Figure 8 shows the constant z lines and the constant y lines
in the t-x plane, and Figure 9 shows the transformed corstant: t' lines
and constant x-lines in the y-z plane. . For this case, the constant vy
lines and the constant x lines are identical, from equation (2.92).
"Therefore the line y = 0, the z-axis, represents the inlet of the re-
actor, or the feed line., The step change in feed concentration or feed
temperature, or both, occurs at the origin; so the z-axis below the
y-axis is the initial feed line, and the z-axis above the y-axis is the
final feed line,

As in the previous .case, the region below the y-axis.is the
initial steady state region. This includes the region above the line
t = 0, which represents that portion of the reactor which the con-
centration and temperature discontinuity has not yet reached. It is
seen from equation (2.81) that at steady state, the fluid temperature
and the particle temperature are identicai; thus the fluid temperature
profile and the particle temperature profile along a. line in this initial
steady state region are identical. |

The concentration, fluid temperature, and particle tempera-
ture can be found at any point (yi, z1) in the y-z plane from the inte-
gration of the differential equations, as before: The concentration
equation (2.95) and the fluid temperature equation (2.96) are integrated
simultaneously in the y-direction along the line z = z, from the known
values of concentration and fluid temperature at the feed line (the z-
axis), dnd the particle temperature equaticn (2.98) is integrated in the
z-direction along the line y = Yy from the known value of particle
temperature at any initial steady 'state profile in the region below the
y-axis. The particle temperature profile along the line z = z,, neces-
sary for the evaluation of the right-hand side of the fluid temperature
equation (2.96), is found from previous integrations; and similarly,
the fluid temperature profile along the line y = ¥y is known from pre-
-vious integrations.

Then the final feed.concentration and the final feed tempera-

ture primarily affect the unsteady state region through the concentration

g
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equation (2.95) and the fluid temperature equation (2.96). - With this
fact, and the facts that the differential equations must be satisfied
everywhere in the y-z space and the particle temperature is continuous
acrossthe y-axis (particle temperature discontinuities, if present, lie
along lines parallel to the z-axis), the profiles along the y-axis can be
found. The particle temperature profile acrossthe y-axis is identical |
to the initial steady state particle (and fluid) temperature profile, and
the concentration and fluid temperature profiles along the y-axis are
found by integrating simultaneously the concentration equation (2.95)
and the fluid temperature equation {2.96) along the y-axis, using the
final feed concentration and final feed temperature as inlet boundary
conditions and using the particle temperature profile along the y-axis
in the evaluation of the right-hand side of the fluid temperature
equation (2.96).

The differences between these concentration and fluid tempera-
ture profiles and the initial steady state profiles represent the dis-
continuities along the y-axis. Because the equations are integrated
simultaneously, there are discontinuities in both concentration and
fluid temperature, even though the step change in the feed may have
been in only one of these variables. If there is a step change in feed
concentration, for example, the fluid temperature cannot be expected
to be continuous across the y-axis, because the initial steady state

temperature profile does not satisfy the fluid temperature equation,

‘which is affected by the concentration profile along the y-axis which

is different from the initial steady state concentration profile.

The particle temperature at the feed line (the z-axis), neces-
sary for the evaluation of the concentration and fluid temperature
derivatives along the z-axis, is found in a similar manner, from the

integration of the particle temperature equation along the z-axis:



Hpz n
— B = - —
Tp = Tff“(Tff'Tif) e aty=0, z 20, ‘
$ (2.99) ’
Hpt
T =T,-(T —T)e_B-i atx=0,t=0 .
p ffOVFET TS d . d

Tif and Tff are the initial and final feed temperatures.

This equation shows that there is no final steady state region
for this case,; unlike the case of infinite Hp. Here, the unsteady
state region is the entire region above the y-axis. The ceoncentration,
fluid temperature, and particle ternperature in the unsteady state
region are found by integrating the system equations, with the boundary
conditions along the y-axis and the z-axis obtained as discussed above.

The final steady state profiles, which the unsteady state pro-
files approach as time (or z) increases, can be obtained by integrating
the concentration and fluid temperature equations, with the final feed
conditions and the fact that the fluid temperature and the particle tem-
perature are equal at steady state. It is seen that the initial and final
steady state profiles of the finite Hp case are the same as those of
the infinite Hp case, because the effect of heat transfer between
particleé and fluid is a dynamic effect only.

Although there are fundamental differences in the character-
.istics of the two cases considered here, both cases are useful. For
example, if continuous feed disturbances are considered, such as a
sinusoidal feed disturbance for a frequency response determination,
then the case of finite Hp . is appropriate if the dominant period of

disturbance is less than the time constant of the particle-fluid heat
transfer (%_13—1 in dimensionless form), but the case of infinite Hp -

is adequate if the dominant period of the disturbance is greater than
the time constant of the particle-fluid heat transfer, F
Further, it will be seen that for some systems the behaviors

of the two cases agree better than might be expected from the
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"differences in characteristic form because the discontinuities on the

characteristics are insignificant compared with large, continuous
changes which occur in the unsteady state regions. And in actual
reactors, discontinuities are attenuated and smoothed by axial dis-
persion, which is ignored in the plug flow model. Therefore the major
dynamic effects in a system do not necessarily occur along the char-
acteristics, but treatment by the method of characteristics reduces
the system equations and unsteady state region to simple forms which
allow an uncompliéated numerical solution.

Another similarity of the two cases is the treatment of the
second reactant, if there are two reactants. The differential equation
which describes the second reactant with respect to the characteristic

coordinates, regardless of whether Hp is finite or infinite, is

oc
B _
Ty - YR ., (2.100)
Then
86 8cA dc

B .o, (2.101)

Thus 6 is constant along any constant z-line; but & may have an-
other constant value on another constant z-line. The value of &
along any constant z-line is the value of 6 at the intersection of this

line and the feed line, where 8 is determined from the known feed

.concentrations of the two reactants. Because the feed concentrations

are constant on the initial feed line (below the y-axis), everywhere

below the y-axis & has the constant value

cen /v, (2.102)
if  Bf

and because the feed concentraticons are constant on the final feed

line, everywhere above the y-axis 6 has the constant value

6 =c -cn /Y. (2.103)
Ag By
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Therefore, in the unsteady state region, the concentration of the
second reactant is easily determined from the concentration of the

primary reactant by
cg =Y (CA-6) (2.104)

where 06 has the constant value determined in equation (2.103).

Part F. Numerical Techniques for the Solution
of the Plug Flow Equations

The two cases of the plug flow model, that of finite Hp and
that of infinite Hp, can be treated by the same numerical techniques,
because the system differential equations have the same general form,
and boundary conditions lie along the y-axis and the z-axis in both
cases. These boundary conditions are known or can be obtained by
well-known numerical integration techniques which are independent
of the techniques used in the unsteady state region. The boundary
conditions will be discussedlater.

In both cases, the system equations have the same general

form, which can be expressed in vector notation as

dc

= te (2.105)
and

% = g‘(c,u) (2.106)

where y and z are the scalar characteristic coordinates, as be-
fore, and ¢, u, f, and g are vectors, the components of which are
the appropriate dependent and independent variables. For example,
for the case of finite Hp, with two reactants, the vectors may be

written elaborately as
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- ~
i AT
T+T,
c = Cp B f= - ke vc_Ay(cA-é)
AT
T+T
T ke RCTCIE 4—1{}‘-” (T~ T)+ Hp(T -T)
| |
5 0
x 1
t 1
- . i
= T , g= 2P (T .T
° P & B-1 p
z 1
bd 1
t 0
L " 5 ]

= ' (2.407)

The independent Spaceintime variables and characteristic coordinate
variables are included as an.illustration; they are generally necessary
only if the transformation from characteristic coordinates to space

time is not known because the velocities of propagation of discontinuities

are functions of the dependent variables. The space-time variables

-may be included if the parameters are dependent on them; for example,

when Hw or T varies with x. The cha,racteristic\poordinates may
be included as a check on numerical techniques, to determine at what
point in the y-z plane intermediate calculations required by the
particular .numericél scheme are made. In practice, Ca and T are
usually the only necessary components of ¢ [8 is a known constant,
from equation (2.103)], and ’Tp is the only necessary component of u.
Vector notation is used here to simplify the expressions ob-

tained and to relate general numerical techniques to the two cases
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considered previously. In the following development, c and u can
be considered as scalars or vectors; the resulting equations can be
considered as scalar equations which apply to each component of ¢
or u.

To obtain the desired solution of ¢ and u as functions of y
and .z, the system equations (2.105) and (2.106) are integrated. For
the general case in which f and g are nonlinear functions, the
equations can be integrated numerically. For numerical integration,
the unsteady state region in the y-z plane can be divided into a
network or lattice of rectangles, of the form of Figure 10. - The sides
of the rectangles parallel to the z-axis have length h, and the sides
of the rectangles parallel to the y-axis have length k. The location
of the lower left corner of a rectangle is y = ik, z = jh.

The values of ¢ and u, and thus f and g, at the points (i, j),
(i+1,j), and (i, j+1), are known, and with a proper numerical integra-
tion scheme, the values of ¢ and u at (it1,j+1) can be calculated.
This conforms with the specified boundary conditions, by which ¢
and u are known along the y- and .z-axes. These boundary conditions
give the values of the variables ¢ and u on the boundaries, at all
points (0, j) and (i, 0).

A method of integration which can be used in this.two-dimen-
sional region.is the modified Euler method, 1 which is a predictor

and iterated corrector method. The predictor is

(1) -
Cipa, 344 = Cird,j TR 5 Y, 5) (2.108)
u(i) =u + hglc u ) (2.109)
i+, 41 i, §+4 " BV 5440 Y4, 541 ¥
The corrector is
(m+1) _ 1 (m) (m)
€it, 417 Ciet,j " z[k ey, 5 g, ) F EC g, 517 Bir1, jea)

(2.110)

=
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vFig{ 10. Iattice rectangle in two-dimensional numerical
integration.
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(m+1) _ 140 . (m) (m)
Bivq,gea T Y, 5ee T2 BB ey e Bl S By )

(2.111)

where the superscript indicates the number of the iteration. The

iteration is usually continued until the difference between Ci-f-riﬁji)i

and Ci+(?:13)+1 and the difference between ul_:rf?-;i)i and ui+(r1:n,.)j+1
are negligible or until m reaches a particular value, the choice of
which should be based upon experience with other systems in which
f, g,h, and k have magnitudes similar to those of the present system.
Because .the truncation error in this method is proportional to
the third and higher powers of h and k, the method is third order. !
Its main disadvantages are the truncation errors and the selection of
an appropriate number of iterations. Truncation errors.can be de-_
creased by decreasing h and k, at the expense of computing time.
The proper choice of the number of iterations is important, because
each iteration involves another calculation of f and g, usually a
- time-consuming step. Too many iterations waste time, and too few
iterations allow the accumulation of iteration errors.
To overcome these disadvantages, a new method for the nu-
merical integration of the system equations was developed here. It
is a two-dimensional Runge-Kutta method; it is a noniterative method
which requires only two calculations of f and g at each step, and
is theoretically a fourth-order method. This method has these
theoretical advantages over the modified Euler method because it
uses information at point (i, j) to estimate higher derivatives.

The algorithm of this method is

b 1 -
= Ci+1,j+ k&+1’j+ “1“a)“ﬁ,j+1’ci,ﬁ + Zakt%,j+1+ij)} kaj

- V - - 1 .
u = ui,j+1+hgi,j+1+ [ (1 b)(ui+1,j ui,j)+ 2 bh(gi+1,j+gi,j)] hgi,j

(2.112)
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_ ) l. Sk b3 _ _l +
Cipd, j+1” Ciaa, it 2 Kl Gy e u ]+ Lley o ymeq )2kl S )]

-)‘ %h(gi+1,j+g' )]

Sk S
_ _L 0 0 -
Wipg, 4T Y, 54t 2h[gi,j+1+g(C )]+ [(ui+1,j Y, i,j

(2.113)

In equations (2.112), ¢ and u' are intermediate values of the vari-

ables; they are arguments of f and g in equations (2.113), in which
the desired values Ci+1, 41 and ui+1’ +1 are calcglated. In
equations (2.112), a and b are adjustable parameters (a feature

common to Runge-Kutta methods) that may have any value between

.zero and one. These parameters have no general effect upon the

error of the method, and their values are chosen by the computer
solely for computational convenience.

To compare this method .with the modified Euler method, both
methods were applied to a sample linear problem which has a known

solution and which is similar in form to a plug flow chemical reactor

‘which is dominated by heat transfer. This comparison showed that

the modified Euler method is superior in all respects. The reason
that the Runge-Kutta method does not have its theoretical advantages
was not investigated., The development of the method is presented
in Appendix A, together with the comparison of the two methods, be-
cause the Runge-Kutta method involves some potentially useful con-
cepts. The Runge-Kutta method . was used satisfactorily in a proto-

type plug-flow program which was written before the two methods

were directly compared. In the final plug-flow program, the modified

Euler method was used because of its overall practical superiority.
For the case of finite Hp, the linear form of the particle
temperature equation allowed a simplification of the modified Euler
method, as noted by Gonzales and Spencer. 13 The result of an in-
finite number of iterations of the corrector equation (2.111) applied

to the particle temperature is
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| | "
T =T +1h ‘}-———-)(T. .., - T )
Pitd,j41  Pi,j+1 e L SR

Solution for T gives
pi+1,j+1
hHp hHp
T +H: —=)T.,, .., +6 ) (T - T )
. ) pi,j+1 B-1 i+1,j+1 B-1 i, j+1 pi,j+1
Pitq,j+1 1+1 gf%>
(2.115)
Hp(T =T, , ..4)=
Pitq,j44  thJHl
1 bHp
T Tirg e et ) (T =Ty, )
Hp i, j+1 i,j+1
1+ ;éﬂ:iip
(2.116)

Thus the corrector equation (2.111) for the fluid temperature at

(i+1,j+ '1.) can be written and used independently of the unknown value

of T ; the corrector equations for ¢, and T can be iterated
Pitd, j+1 A

simultaneously to find C and T1+1 +1, and then T

it1,j+1 Pitd, j+1
can be found directly, without iteration, from T, i+, j+1 with
equation {(2.1415). Thus, although there are three variables, only -
two expressions need be iterated simultaneously at each lattice point
for the numerical integration of this system. o,
The boundary conditions necessary for numerical integration

in the unsteady state region can be obtained by any method suitable
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for numerical integration of first-order ordinary differential
equations. ! This method must give the values of c and u at every
point, (0,i) and (j, 0), along the boundaries. This method is completely
independent of the two-dimensional integration method used inside the
boundaries. The boundary values.are found as described in the pre-
vious section. For example, for the case of finite Hp, the steady
state equations are integrated to obtain the initial steady state pro-
files; the initial steady state temperature profile is the particle
temperature profile along the y-axis, and the concentration and fluid
temperature equations are integrated simultaneously, using this
particle temperature profile. In all cases.the equations integrated

along the boundaries can be considered as first-order ordinary dif-

-ferential equations.

In the present PLGFLO program, the initial and final steady

state profiles and the profiles along the boundaries are calculated

with the Runge-Kutta-Gill method, equations (2.67).
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CHAPTER 3

CORRELATION BETWEEN WALL HEAT TRANSFER COEFFICIENTS
OF THE ONE-DIMENSIONAL AND THE TWO-DIMENSIONAL
FINITE STAGE MODELS

Part A, Continuous Approximation of Finite Stage Models

As indicated in Chapter 1, the wall heat transfer coefficient
of the two-dimensional finite stage model is equivalent to the wall
film heat transfer coefficient (in dimensionless form) of the reactor
being modeled. The wall heat transfer coefficient of the one-di-
mensional finite stage model, however, is equivalent to the overall
heat transfer coefficient (in dimensionless form) of the reactor be-
ing modeled. The overall heat transfer coefficient reflects not only
the resistance to heat flow through the wall, but also the resistance
to heat flow radially through the bed to the wall. Thus, even if
there were no resistance to heat flow through the wall, and the two-
dimensional wall heat transfer coefficient were infinite, the wall heat
transfer coefficient for the equivalent one-dimensional finite stage
model would be finite, because of the radial resistance to heat flow
through the bed.

The radial resistance to heat flow through the bed .and through
the wall causes radial temperature gradients in the reactor being
modeled. The formation of these radial gradients is accounted for
in the formulation of the two-dimensional finite stage model. However,
because the one-dimensional model does not have radial gradients, it
does not allow for radial resistance to heat and mass transport,
except through ité -wall heat transfer coefficient.

Because no material is lost through the wall, radial gradients
in concentration result only from the coupling of concentration and
temperature through the reaction term. If there were no radial
temperature gradients (i.e., if the reactor were adiabatic), or if the
temperature did not affect the rate of reaction, then there would be no
radial concentration gradients. Thus the present problem of corre-
lation of heat transfer coefficients is a heat transfer problem and is

basically independent of concentration and reaction effects.
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However, just as radial temperature gradients cause radial
concentration gradients through the reaction terms, so the radial con-
centration gradients affect the radial temperature gradients through
the reaction term. These coupling effects are expected to appear as
nonlinear distox"tion~ of the radial temperature gradients without re-
action. It is unrealistic to expect, however, that the one-dimensional
wall heat transfer coefficient should also be adjusted to compensate
for these non-linear effects. In this case the one-dimensional wall
heat transfer coefficient would be a function not only of the two-
dimensional wall heat transfer coefficient and the resistance to radial
flow through the bed, but also of the reaction parameters, i,e., the
activation energy, the pre-exponential factor, and the heat of reaction.
The one-dimensional wall heat transfer coefficient cannot be expected
to compensate for all differences in the one-dimensional and the two-
dimensional finite stage models. The differences in the two models
resulting from the effect of reaction on radial gradients reflect inherent
differences of the two models,

Further, the one-dimensional wall heat transfer coefficient
cannot necessarily compensate for differences in the unsteady state
behavior of the two models. Again, these differences are inherent
in the two models. The models should agree, however, in the steady
state, which can be considered as the limiting case of the unsteady
state.

Therefore the problem reduces to a wall heat transfer coeffi-
cient correlation for finite stage models of a reactionless packed bed
tubular heat exchanger at steady state.

For the models, the best criterion for the wall heat transfer
correlation is the equivalence of heat loss through the walls; that is,
the wall heat transfer coefficient of the one-dimensional finite stage

model should be found such that the heat loss through the wall of the

‘one-dimensional model is equal to the heat loss through the wall of

the two-dimensional finite stage model. The radially averaged tém-

perature of the two-dimensional model is a measure of the heat content
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of the fluid at any axial position, because it is obtained from the
sum of the temperatures of the fluid at each stage, weighted by the
amount of fluid in each stage. Further, the difference between the
radially averaged temperature at a given axial position and the
radilly averaged temperature at the preceding axial position is a
measure of the heat lost through the walls at that axial position.
Thus, “the value of the desired one-dimensional wall heat transfer
coefficient is the one for which the axial temperature profile of the
one-dimensional model is equivalent to the radially averaged axial
temperature profile of the two-dimensional model.

Because this finite stage heat exchanger problem is linear
with temperature, the fluid temperature can be scaled, and any con-
venient temperature can be used as a reference temperature., There-
fore, in this analysis the inlet temperature is taken as unity, and
the wall temperature is taken as zero.

This correlation concerns the one-dimensional and the two-
dimensional finite stage models. However, because of difficulties
involved in the analysis of the discrete equations of the finite stage
models, these models may first be approximated by the more familiar
continuous models described by partial differential equations. A
study of these continuous models will lead to some insight into the
correlation of the wall heat transfer coefficients of the finite stage
models, and will also illustrate some differences between the finite
stage models and the continuous models.

The partial differential equation which expresses the conser-
vation of heat in a packed bed tubular heat exchanger at steady state
is:

1 0T 1 ]

De_ + or (r‘

8T 8T _
s ) - 5= 0. (3.1)

T

This equation is assumed here to be a suitable continuous first approxi-
mation of the two-dimensional finite stage equations (Chapter 2). Here,
the particle temperatures and the fluid temperatures are equal. The

variable x is the axial distance from the inlet, and r is the radial
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distance from the axis of the reactor., Both x and r are dimension-
less variables, the characteristic dimensional length being dp; thus
x 1is the continuous form of the discrete finite stage variable i, and
r is similarly related to %j.

The appropriate boundary conditions are:

at r =0, gf = 0; - T (3.2)

at r = 1M, P:, %} + Hw, T = 0; (3.3)
r

at X~: 0, T = 14; (3.4)

at x = e, T=0. (3.5)

' The first boundary condition is an expréssion of axial sym-
metry at the axis. The second boundary condition is an expression
of a heat balance at the interface between the fluid and the wall: the
rate of heat flow into the interface from the fluid, as expressed by
Fourier's law of heat conduction, is equal to the rate of heat flow
from the interface through the wall, as expressed by Newton's law
of cooling. -

The third and fourth boundary conditions are.representative
of the finite stage model, which is independent of downstream con-
ditions. Wehner and Wilhelm14 have discussed more appropriate
boundary conditions for a packed bed chemical reactor, but equation
(3.1) is used here not as an approximation of a chemical reactor, but
rather as an approximation of the finite stage model. Further,. it
will be seen that the heat transfer coefficient correlation results
from the roots of the characteristic equation associated with the
ordinary differential equation in x which results from the solution

of equation (3.1) by the standard method of separation of variables.

‘Thus the correlation is independent of the axial boundaries conditions,

because the roots of this characteristic equation are.
15

The scolution ™~ of this partial differential equation is:
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2 1

@ . 2r
—_— 2 —_
T = } exp L Pe 1+ M)Bn 1) x BlJO( M Bn) .
- T2 < | -2 ° 2 2 ’
L M PerPeX (Bi +B, )‘IO(Bn) :

(3.6)
where Bn is defined as the nth positive root of

BT, (B) - BiJ (B) = 0 (3.7)

JO and J1 are Bessel's functions of the first kind and of order zero

and one, respectively, and

Bi =

P

M Pe_ Hw, (3.8)

Bi is the Biot number, the ratio between the resistance to heat trans-
fer through the bed (M Pe  in dimensionless terms) and the re-
sistance to heat transfer at the wall ('l/szf in dimensionless terms).

The radially averaged temperature is defined as

iM
T = —§2 Tr dr . (3.9)
M
0
Then
o0 2
2
_ " X 168, 4B;°
T= exp - PeX > -1} x > > ~—
- M Per PeX Bn (Bi + ﬁn )
n=1 _
(3.10) .-

The axial temperature profiles described by this equation are
similar to a continuous form of those in Figure 12. Except in a region

near the inlet of the reactor, all of the terms of the series are negligible
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except for the first term. Therefore, the temperature profile can

be represented by -

>

.2 16pB

T = 24B12 >— exp - Pe | 1+ -1 x
Bi (Bi +(31 ) M Per,Pex

(3.11)

throughout most of the: reactor.

The corresponding one-dimensional differential equation is

1 dr _dT _4HW1T=0 (3.12)
Pe_ Z ax M . .

dx

This equation is assumed here.to be a suitable continuous first
approximation to the one-dimensional finite stage model. The
equivalent boundary conditions are
at x = 0, T = 1; {3.13)
at x = oo, T = 0. (3.14)

The solution is

16Hw1 !
T = exp —% Pex 1 + W - 1) %. (3.15)

X

Comparison of the two solutions, equations (3.11) and (3.15),
shows that the temperature profiles decrease exponentially with dis-
tance, except in the inlet region of the two dimensional model. In
this inlet region, the rate of heat loss in the two-dimensional reactor
is relatively greater than that downstream. - This initial high rate of
heat loss results from the easy extraction of large amounts of heat
from fluid near the wall. The extraction is easy because only a
fraction of the bed's total thermal resistance is effective., Fluid.in
the inner core is essentially unaffected in this inlet region.

However, in the chemical reactors considered further in
this study, the feed temperature is usually very close to the wall

temperature, so the heat loss through the wall in the inlet region is

¥



_68-

usually negligible. The feed temperature and the wall temperature
are taken as unequal in this correlation because there is no heat
generation inside the reactionless heat exchanger considered here,
and because the profiles in such heat exchangers are caused solely
by the heat loss at the wall.. In a chemical reactor, the rate of heat
generation in the chemical reaction is usually much greater than the
rate of heat loss through the wall in the inlet region, in which the
radial profiles are developing. Further, in many cases the overall
heat transfer coefficient is only slightly less than the wall film heat
transfer coefficient. That is, the effect of resistance to heat flow
through the bed is small, compared with the resistance of the wall.
Then the effect of the apparent lower bed resistance at the entrance
is usually negligible, since the bed resistance is small throughout the
reactor. Finally, the effect of this inlet region is expected to be
negligible compared with the inherent differences of the two models,
such as the distortion.of the radial profiles of the.two-dimensional
model by the temperature-concentration coupling and the differences
in unsteady state behavior. Therefore the inlet region, in which the
radial profiles are not fully developed, need not be considered fur-
ther for th'}s correlation.

Before the effects of the inlet region are dismissed entirely,
it is of interest to determine the length of this inlet region. A study
of the radially averaged temperature profiles of the two-dimensional
finite stage model which are shown graphically in Figure 12 reveals
that for M = 10, the sum of all other terms is 4.3% of the dominant
exponential term at i = M, and 0.8% at i = 2M; for M = 15, the
sum of the other terms is 8.1% of the dominant term ai i= M, and
2.9% at i = 2M; . and for M = 20, the sum of the other terms is 10.9%
at i = M and 5.0% at i = 2M. Therefore the inlet region extends
one or two reactor diameters downstream from the entrance of the
reactor, or slightly 'longef for reactors of larger diameter.

- The pre-exponential factor in equation (3.11) reflects the
relatively higher heat loss in the inlet region, and thus can be dis-
regarded. Comparison of the two profiles described by equations

(3.11) and (3.15) yields the heat transfer coefficient correlation
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2, .
- B, (Bi) |
]:_IW1 = —M—PT— . (3.16)
As discussed previously, this correlation is independent of

axial boundary conditions, because the exponential terms involved

.come from the characteristic-roots of the differential equations (3.1)

and (3.42). It can be shown that the same correlation would result if
axial diffusion were neglected in both models, or if a heat generation
term which is.linear with temperature and otherwise independent of
position were included in both models.

Equation (3.7) expresses 612 as a function of Bi; then the

correlation (3.16) predicts. .that MPer‘Hw1 is a universal function

of MPeer . Figure 11 shows 612(Bi) as a function of Bi. For

2

- large Bi, Bi approaches a limiting value, B'lm = 5.783186- - -,

.the square of the smallest positive root of J This limit is the

horizontal asymptote to 512o For large Bi, Othe overall heat transfer
coefficient is influenced primarily by the resistance to heat flow
through the bed, which is much greater than the resistance to heat
flow through the wall. For large Bi, the temperature of the fluid
near the wall is approximately equal to the temperature of the wall,
thus in two-dimensional models, the wall boundary condition can.be
expressed as:

at r=1M, T=0, (3.17)

instead of by equation (3.3).

At the other extreme, in the nearly adiabatic heat exchanger,
the overall heat transfer coefficient is aéproximately equal to the wall
film heat transfer coefficient. In this case the resistance to heat flow
through the wall is much greater than the resistance to heat flow
through the bed, and Bi is small., As Bi becomes very small,

Hw1 approaches HWZ, and .,812 approaches the 45° asymptote

shown in Figure 141. For small Bi, the Bessel's functions of

“equation (3.7) may be approximated with truncated Taylor's series:
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Bi (=1/2 M Pe, Hwy)
MU.34912
Fig. 11. The function Bg is defined as the smallest
p881tlve root of the equatlon é J1(B) - Bi J o(B) = 0. = is
Bl(Bl) ----- is Beck's correlation, 8Bi/(Bi + bL); — are

asymptotes of B%(Bl)

s
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2

| 4 - |
1B, % - IiF B, - Bilt-38,°+ £7 8,2 0. (3.18)

The smallest root of this equation is

2 8Bi _  2Bi
By 7wz T T+IBL - (3.19)

With this approximation, equation (3.16) becomes

Hw

Hw1 = I z . (3.20)
1+ 3 M Per sz
or
1 _ 1 1 .
T '3 MPer, (3.21)

1 2

Equations (3.20) and (3.21) express Beek's correlation. 2 Equation
{3.21) states that the overall radial resistance to heat flow is equal
to the sum of the resistance to heat flow through the wall and the
radial resistance to heat flow through the bed. Beek .derived these
expressions by approximating radial temperature profiles with a
parabola, which is equivalent to approximating the Bessel's functions
with a truncated Taylor's series which is of second degree in [31
{see equation (3.6) ).

Beek's correlation is shown graphically in Figure 41. It is
accurate for small Bi, but is only qualitatively correct for large Bi.

It is very useful in practice, however, because in many cases Bi

‘is small,

The correlation expressed in equation (3.16), and .its approxi-
mation, given by Beek's correlation, are derived here because they
give insight into the relationship.of the heat transfer coefficients of
one-dimensional and two-dimensional models. However, these cor-
relations are useful for comparison of the finite stage models only if
equations (3.1) and (3.12) are satisfactory approximations of the finite

stage models., (Of course, these correlations are also useful if the
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continuous mathematical models described by equations (3.1) and

(3.12) are used to describe an actual reactor; but in this study the

finite stage models and the plug flow model are of foremost interest.) .

Therefore the applicability of the correlation (3.16) to the finite stage

models must now be determined. ”
The radial Peclet number, Per, needed in the correlation (3.16),

is not a parameter fundamental to the finite stage model, as it is to the

partial differential equation model. For the two-dimensional finite

stage model,. Deans3 has shown, by approximation of finite stage pro-

files with a finite difference form of equation (3.1), that the average

Pe_ is 8.2. This value is a result of the radial geometry of the two

dimensional finite stage model. Deans also shows that PeX is 2.
Radially averaged temperature profiles calculated with the

FS2D program, for particular values of the input data M and Hwi,

are shown in Figure 12. These profiles exhibit an exponential de-

crease in temperature with distance except in the region near the

inlet of the reactor. The corresponding values of HW1 were found

from the slope of the exponential portion of the profiles. From these

profiles it was found that equations (3.16) and (3.20) were valid for

small values of sz,, but that, for infinite szg the reciprocal of

HW1 was not proportional te M. An empirical relationship was found,

with which Hw1 {for infinite sz) can be calculated with an error of

less than 1%:

(3.22)

Here, the reciprocal of Hw is not proportional to M, but rather

{0
is a.linear function of M. It is easily seen that for a finite stage model
" in which M = 2, Hwim is infinite, whereas for M = 3, Hw1¢» is o

finite. The factor 0.726 was found by curve fitting techniques,
It is desirable, as will be seen, that the correlation (3.16) be -
applicable to the finite stage models. Because Per is not a funda-

mental parameter of the finite stage model, its value may depend
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Fig. 12. Temperature profiles for the two-dimensional finite
stage models without chemical reaction (infinite HWE)'
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somewhat upon the method of calculation. Deans' calculation53
showed that Pe  varied radially and axially by at least 10%. It is

not unreasonable to assume that for the finite state model, Per is a

v

function of M, in which case the correlation {3.16) can be reconciled
with the empirical relation (3.22). Then these equations require the

following functionality of Per with M:

2
Pe = P 1o =17.97 (1
€y " MBEW,. -

4 oo

I%[) (3.23)
Per must be assumed to be independent of x and r in this develop-
ment, otherwise the solution (3.6) and the resulting correlation (3.16)
would not be correct. This development is in fact another method of
determining ‘Per for the two dimensional finite stage mecdel. The
reasons for the disagreement between equation (3.23) and Deans’
calculations have not been investigated; however, his calculations v
involved.an.intermediate finite difference form of equation (3.1) and
were made for a value of M = 19 only.

Equation (3.23) can be used to eliminate Pe from the corre-

r
lation, in which case equation (3.16) becomes

.Hw1 ) Bi {Bi)
Hwim BimZ
where : (3.24)
172P e Ow
! 1e0

and Hwiw is given by equation (3.22). This correlation (3.24) is
empirical as applied to the finite stage models because it was obtained
by approximating the finite stage models with differential equation

models.

This approach has revealed some useful relationships. For
example, the difference in the functionality of Hwiw with M for .
the partial differential equation model {inverse proporticnality) and ’

for the finite stage model (equation (3.22) ) may be used . with a
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careful experimental study of packed bed heat exchangers to deter-
mine which of the two mathematical models is. more accurate in this
respect. Such a study may give insight into the development of a

better finite stage model.

Part B. Matrix Solution of the Finite Stage Equations

A more fundamental understanding of the finite stage models
_may be obtained by further study of steady state temperature profiles
of the finite stage models. . Expression of the model equations in
matrix notation is helpful in this study..

For a finite stage model at steady state without chemical re-
action, the temperature equations. reduce to:

for the general stage (i, j),

_ (2j-3 2j-1 .
Ti,j° (ﬂ) Ti-i,j=1+<7fj7f) Tioq, j44} - G
if the center stage on row (or axial position) i is a half stage,

Ti9 1= Ti—i, 2 3 {3.26)

if the wall stage on row i is a whole stage,

T _ 2M-3 T . 2M-1 -
i, M~ \4M-Z+IMHw, -1, -1 IM-F+HEMHwW, | “i-1, j+1;

(3.27)

if the wall stage on row i is a half stage,

_ 2M-1
T Mt = (2M-1+4MHWZ ) Tioa,Mm - (3.28)

Here, as previously, the wall temperature is taken as zero, and the

inlet temperature is taken as unity, so

To,; = 1<j<M+1. (3.29)
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These equations for a given row i can be expressed in a matrix

form:
T, =ST, ,, (3.30)
where
0 1 0 o }
. 3
o 2 o 2
g 8
S =
2j-3 o 2j-1
-1 34
' 4M-3 o 4M-1
IM-4+4MHw, TM- 4 EMHw
o 2M-1 0
ZM- 1+ A MEw
! 2
and - -
T; = 1, o Ty = 1
T, , 1
1
1
1
T. .
i,j
1
1
TimM 1
Ti,M+1 1
L = L (3.32)

. T, is a column matrix, the elements of which are temperatures in all
i

the radial stages at axial position i. T0 is the column matrix which

represents the temperature of the feed stream; here, the feed stream
is treated as the output of a row of hypothetical radial stages preceding
the stages of row 1. The matrix of coefficients, S, is a square matrix

with several interesting properties, among which are:




#

1. The matrix is bidiagonal: all elements of the matrix ex-
éept those on the two diagonals adjacent to the main diagonal
are zero. This property is a result of the manne:;“.in-_which
the stages of the model are arré,yed.

2. The sum of all elements on any row (except the last two
rows) is unity. This property expresses the conservation
of energy in the system. The last two rows would not be
exceptions if the reactor were adiabatic, in which case

sz = 0.

The system described by equations (3.30), (3.31), and (3.32)

is actually a different system from the finite stage model described

.previously. In the finite stage model, the odd numbered rows in-

.clude only the odd numbered radial stages, and the even numbered

rows include only the even numbered radial stages. There is also

.a conjugate model in which the odd numbered rows include only even

numbered radial stages, and the even numbered rows include only
the odd numbered radial stages; this model has not been previously

considered. The system described by equations (3.30), (3.31), and

(3.32) includes . both of these models, as shown by the definition of

Ti in equation .(3‘,.3-2,); the elements of Ti' include both even.and
odd numbered radial stages. The bidiagonal property of S insures
the complete independence of the two models; the temperature of a
stage in one model will never affect the temperature in any stage of
the other model.

In the simulation of the behavior of a chemical reactor by one
of these models of the finite stage type, there is no reason why one
model should be preferred to the other. There is-a slight difference
in the behavior of the two models, since the first row of one consists
of odd numbered radial stages, with a half-stage at the center, and the
first row of the other consists of even numbered radial stages, with a
whele stage at the center; but the behavior of an actual chemical

reactor is probably best simulated by an average of the two models.
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The system presently under consideration does afford an averaged
behavior of the two models; in addition, the notation is simplified.
This present system is not used in the general FS2D program be-
cause it actually involves the calculations for both models, thus
doubling the computing time,
. Equation (3.30) is a simple difference equation; its solution
is: 1
_ _ ol
Ti =S TO . (3.33)
To obtain the radially averaged temperature, an averaging

operator V, a row vector, is defined:

vl 4 4 8 ... 4j-4  4M-4 ZM-1:|
aM? 2M? M 2M° oMt 2M°

(3.34)

The radially averaged temperature profile is

T.=VT. . (3.35)

For the feed stream,

T.=VT.=1. (3.36)

The weight assigned in V to the temperature of each stage is equal
to the relative size of each stage. Equation (3.36) shows that the sum
of the elements of V is unity,

The unity column vector T, can be considered as a post-

multiplicative operator which sumsO the elements of each row of a
matrix. Thus, in equation (3.36), the elements of V are summed,
and from equation (3.33), each element. of Ti can be considered as
the sum of the corresponding row of s'.

The radially averaged temperature profile, in terms of S, is

T, = vs' T (3.37)

0
Sylvester's theorem16 states that for any polynomial function,

P(S), of a square matrix S,
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5
J(Xf)
P(S) = P( )\r’) m ’ (3.38)
r=1
where s is the order of S; ¢ (A) = l S - A ', the characteristic

polyno}nial of -S; )\r are the characteristic roots.of S, the roots of

() = 0;

~and

J(\) = - q;(x)[s-u]’i,

the adjoint matrix, or matrix of cofactors, of S-AlL

M+1
i i J()\r‘)
' S = )\r m P (3039)
r=1
and therefore
M+1
L ‘ i ‘VJ()\E)TO
T, = N —q,—r(x;)—» (3.40)
r=1

This equation should be compared with equation (3.12), which describes
the radially averaged temperature .profile for the partial differential
equation.model. In both cases, temperature is expressed as a series
of exponential functions of x, or i; but in the finite stage case, this

series is finite. The number.of terms in the series is M+1, which

.is the total number of radial stages in any two adjacent rows of either

of the two-dimensional finite stage models, and is the order of S and

.0of all other matrices considered here. In both the finite stage and

the partial differential equation models, only the first term of each

series is.important except in the region near the inlet of the reactor,

~as is seen in Figure 2. Then
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i T T,
and
. VI(A) T
1 Y (3.42)

where ')\1 is the largest characteristic root of S.
To establish the correlation between heat transfer coefficients

of the two-dimensional and the one-dimensional finite stage models,
this radially averaged temperature .profile is compared with the cor-
responding temperature profile of the one-dimensional finite stage

For a one-dimensional finite stage model at steady state

model.
without chemical reaction, the temperature equations become:
(3.43)

The solution of this difference equation is the temperature profile of

the one dimensional finite stage model:
(3.44)

need not be expli-

Because the T; are scalar, and ‘TO is unity, T0

cit in this equation.
As in the differential equation approach, comparison of the

slopes of these profiles yields
1-\
(3.45)

- 1
Hwy = 4 M| x—

1
with M and HWZ,

This equation expresses the correlation of Hw1
cannot generally be expressed explicitly in terms of M

although )\1
and sz, because ,)\1 is the largest characteristic root of S.
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The numerical methods of calculating _)\,1 can be simplified

because of the special properties of .S. The characteristic polynomial is

Y (N\) = -x 1 0 0.
1
- 0
.3 5
2j-3 4 2j-1
-4 : -7
2M-3 N 2M-1
4M-4+4MHW2 o 4-M-4+4MHWZ
) 2M-1 \
‘.21\/1-1+4:1v11+1w2 -
) (3.46)

This determinant can be considered as the (M+1)th term in a sequence

of determinants of submatrices of S:

5, = ESERY

‘ — | _ 2 1
pz()\) - ‘)\- 1 = )\ - i—,
1
-
‘ _ 3,17
P.(N) = -1 0 =N s A
3
i
s N7
3
= <\
0 8

(Eq. (3.47) continued)
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>

P4()\) = -

1 O 0 = )\ - '2—4 )\ +-r84 3
r o . i 0
4 - 4
3 5
0 g - 3
5
0 0 i =X
(3.47)
Prps N = 18- = v,

The polynomial pn()\) is the determinant of the submatrix composed
of the nZ. elements common to the first n rows and.the first n
columns of S - M. By expanding this determinant by cofactors of
the elements of either the last row or the last column of the sub-
matrix, the following recursion relation of the polynomials in this

sequence is obtained:

p(M==-* (N -vp o), 3<n<Mid,
where
L2
p, (N = - N py(N)= AT - 3
2
_ (2n-3)
Yo ® (Zn-4) (@n-B) @ ° SnS<M-1,
) (2M-3)2
YM (@M-Z4MHw,) {4M-8] ’
.and

i (2M-1)”
RSV (AM-4+2Mfiw,) (ZM- T+ MHw

2)

(3.48)
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The characteristic polynomial (M) is of degree M+1,
Because of the bidiagonal form of .S, y (M) contains terms of either
even powers of M, or odd powers of X\, but not both. Then.if M+1
is even, ¥ is a polynomial of degree % (M+1) in .)\2; and if M+1 is
odd, )\‘M+1 = 0 is a characteristic root, and ¢ /X is a polynomial of
degree + M in A\, In either case, if Xi is the largest root of
¢ (N), then -)\1(=)\2) is also a.root of ¥ (N\) . It can be shown by
examples that, although )\1 and ..)\2 are of equal magnitude, the term
containing _)\2 in equation (3.40) is negligible, because the coefficient
of this term,

VIO,)T,
' .2) ’

is much smaller than the corresponding coefficient of the >\1 term,
For small values of M, this .)\2 term is large enough to cause a
small saw-tooth effect in the finite stage temperature profile.

Because the elements of S are positive, and the sum of

the elements in each row of S is.less than or equal to unity, the

magnitudes of the characteristic roots are less than one. For the
special case of the adiabatic reactor, HW2 is zero, so the sum of

the elements in each row of S is unity, and A, is exactly one,

1

The largest root, )»1, is generally slightly less than one.
For an accurate determination of Hwi, the difference between )\1
and unity must be found accurately, as equation (3.45) shows. The

reciprocal .of this difference, a very large number, may be more ac-

curately obtained than can ,.)\1 directly:
= 1 .
R W
then : (3.49)
1
A= 1 - —
1 By

By expanding Y (M) in a Taylor's series about A\ = 1,
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L J =
b= ) = 40y = 0

2

n E ~
= B9 () (o0 )+ 39 () () e By e
1 1 1
M+1
e I Aty (%)M” : (3.50)
a polynomial equation is obtaine:i,
M- -t -
sy Mg e M prer e e )y, Miten
M+1
fet (ﬁim)ﬂvxp(M“)(i) -0, (3.51)

of which Hy is the largest root. This root can be found by standard
nuimerical methods. ! The necessary derivations of Y (X\) can be

found from the recursion relation of the derivatives of the polyhomials

p (N):

p_ oy = oy -ip Gy sy o G,
(3.52)
which follows from equation (3.48).
In terms of My the heat transfer correlation is
Hw, = 1 n1(-—1—-) . (3.53)
4 4 by-1

The first major calculation in the FS2D program is the calculation
of I—Iw,1 in the manner described above for the particular values of
M and Hw, obtained from the input data. _

The root, k1, or the difference, 1 —.)\1, can instead be
found from the appropriate polynomial equation in N\, as mentioned
pre{/ibusly; in this manner, the degree of the polynomial equation of

interest is either 1 M or 3 (M + 1), whichever is an integer.
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At one extreme of heat transfer coefficients, the reactors
are adiabatic and .Hwi and sz are zero; at the other extreme,
Hw, is infinite. This case is important because it yields the maxi-

mum values of Hw, and the minimum values of )\1 for-a given M.

1

1 as a function of M for infinite HWZ

are given in Table 3.1. For finite values of Hw,, )\1 is nearer to
one than the values given.in Table 3.1, and Hw1 is smaller.
Then Hw, can be calculated for given values of Hw, and

1
M by either of two methods: exactly, from the root of the characteristic

equation of the finite stage coefficient matrix; or empirically, from

eq121ation (3.24), with Hwim from equation (3.22) or Table 3.1, and

By (Bi) from Figure 11 or from an approximation such as equation (3.19).
The wall heat transfer coefficient, pr, of the plug flow

model may be adjusted slightly to effect agreement between.the con-

tinuous temperature profile of the plug flow model and the step-wise

profile of the finite stage model. The differential equation which

describes the steady state temperature profile of a plug flow reactor

without reaction is

4Hw -
dT p -
3= 1 i T=0 . (3.54)
The femperature profile is
4pr
- M X
T = e . (3.55)

Comparison of the slope of this profile with the slope of the cor-~
responding one dimensional finite stage temperature profile described

in equation (3.44) (with x = i) yields

4Hw
o P

1 _ M

4 Hw1 =€ :

1+..__M__
or
4pr ’ 4va1
= n
M (It —— ) - (3.56)
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Table 3.1

as a function of M for the case of infinite Hw)

1

.5000
.7288
.8357
.8911
.9229
.9427
.9558
.9649
.9715
.9763
.9801
.9830
.9853
.9872
.9887
.9900
9911
.9920
.9927
.9934

000
690
362
695
926
821
722
594
160
976
279
413
594
338
706
462
165
232
980
653

QOO0 OO OOO0ODO0OOOOOOOOOOOOCO

Hw

.7500
.3719
.2456
.1831
.1460
1213
.1038
.0907
.0806
.0725
.0658
.0603
.0557
.0517
.0482
.0452
.0425
.0402
.0380
.0361

1

000
887
873
814
065
808
712
8250
2747
1867
9381
7944
1776
2500
6670
4237
7492
0474
8473
7723

QOO OO OO OCODOOODODOOOOCOO -

_4Lhﬂi
M

.0000 000

.3719 887

.1965 498

.1221 209

.0834 3226
0606 9042
.0461 6499
0363 1300
.0293 1908
.0241 7289
.0202 7502
.0172 5127
.0148 5807
.0129 3125
.0113 5688
.0100 5386
.0089 6314
.0080 4095
.0072 5423
.0065 7768
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Thus, when Hw corresponding to particular values of M and

1
Hw, is found, the corresponding pr is easily found with equation

(3.56).

These correlations can be used not only in the near adiabatic
region (where Beek's correlation, equation (3.21), is sufficient) but
also in regions of high heat transfer coefficients, where the radial
gradients are large. The one-dimensional models have flat radial
profiles, zero gradients. The séeming contradiction that such models
can approximate two-dimensional models with large radial gradients
can be explained by the fact that in the two-dimensional models, after
a short entrance region, the radial temperature profiles are similar;
that is, the relationship between any temperature on the profile and
the radially averaged temperature, . is independenf of axial position.
This similarity is seen in equation (3.41) and in the corresponding

equation for the partial differential equation model, from equation

(3.8), with the first term of the series:

1

168 ° 2Bi T (XX B,)
T¥exp | - 1Pe (Y 1+ 1 - t)x| —2y i 1
M“Pe_Pe_ (Bi“+8, )7, (B,)

(3.57)

In each case, .the temperature is expressed as the pi‘oduct of two
factors, one a function of axial position only, the other a function
of radial position only. With similar radial profiles, the heat loss
at the wall can be expressed in terms of the average temperature, so
a one-dimensional model is sufficient. The wall heat transfer co-
efficient of the one-dimensional model thus represents not only the
resistance to heat transfer to the wall but also resistance .to heat
transport radially through the bed; these terms determine the similar
radial profiles. |

Therefore one-dimensional models can provide adequate .

approximation of two dimensional models which have similar radial
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profiles. Correlation of wall heat transfer coefficients of one-di-
mensional and two-dimensicnal models is obtained from comparison
of axial temperature profilés of the two models. The correlations
show that when resistance to heat transfer at the wall is la-rge,. the
radial gradients are small and the two heat transfer coefficients are
approximately equal; and when resistance to heat transfer at the wall
is small, the one-dimensional heat transfer coefficient reflects the
radial resistance of heat transport through the bed.

A correlation for differential equation models shows that a
dimensionless group including the one dimensional heat transfer co-
efficient, M Per Hw1, is a universal function of the Biot number,

~which includes the two-dimensional heat transfer coefficient. Study
of the finite stage models reveals that radial transport of heat cannot
be simply expressed in terms of Per, as is done in the partial dif-
ferential equation model; but the Pe ~may be used as a sufficient
approximation in finite stage models, because in actual tubular re-
actors the major resistance to radial heat transport is usually at the
wall.,

This correlation allows reasonable compensation for lack of
radial gradiénts in one-dimensional models. Further comparison of
the behavior of the one-dimensional and the two-dimensional models,
in unsteady state and with chemical reaction, should reveal the
adequacy of the one-dimensional models for description of the dynamics

of a tubular chemical reactor.
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CHAPTER 4

GENERAL FEATURES OF THE COMPUTER PROGRAMS

The techniques and algorithms used to solve the equations which

describe.the three reactor models, as presented in Chapter 2, were

coded in. Fortran IV. Calculations were performed according to the

programs on an IBM 7090 computer and an IBM 7094 computer, each
having 32 K storage locations.
The.three programs are: FS2D (describing the two-dimensional

finite stage reactor); FS1D (describing the one-dimensional finite stage

reactor); and PLGFLO {(describing the plug flow reactor). Each pro-

gram contained several subroutines, each of which performed particular

functions of steady state calculations, output, etc. Also, a subroutine,

PLCT, was written for use with each of the three programs to produce
output in graphical form, through the off-line plotting facilities of the
University of California Computer Center.

The calculations of these programs describe the dynamic be-
havior of the reactor discussed in Chapter 1. The programs accept

input data in either dimensioned or dimensionless form. The output,

~which includes concentrations and temperatures at specified times

and positions in the reactor, is available in printed form, in graphical

form, or both. The format of the output is flexible, and is controlled

by input data parameters. The printed output may include the con-

centration of each reactant, the fluid temperature, and the solid
temperature; however, only the concentration of the primary reactant
and the fluid temperature are included in the graphical output. The
two forms of graphs are: Ca and T are plotted against time at
selected axial positions (for example, Figures 13 and 14, and Ca
and T are plotted against axial position at selected (equally spaced)
times (for example, Figures 15 and 16).

The FS2D program was designed to describe reactors with

maximum dimensions of 300 (particle diameters) axially and 15 across

‘the diameter. The printed output of this program may include
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concentrations and temperafure’s at any stage, thus giving complete
axial and radial profiles during the transient. Only radially averaged
.concentrations and temperatures are plotted, however.

The FSZ2D program includes a subroutine in which the overall
heat transfer coefficients, Hw1 and pr, are calculated according to
the methods described in.Chapter 3. These heat transfer coefficients
must be used in the respective programs based on the one-dimensional
models, ¥S1D and PLGFLOQ, in order to compare the computed.re-
sults of these programs with the computer results of the FS2D pro-
gram, |

The FS2D program was designed to handle cases of both finite
and infinite Hp (in the latter case, the fluid temperatures and the
particle temperatures are equal), as well as cases of either finite or
infinite HWZ (in the latter case, the temperatures of the wall stages
are equal to the wall temperature). This program cannot handle the
case of an adiabatic reactor (i, e., with zero HWZ)' However, in an
adiabatic reactor there are no radial gradients, in which case the two-
dimensional finite stage reactor is identical to the one-dimensional
finite stage reactor.

For the reactor described by the parameter values presented
in Chapter 6 (i.e., L = 100, M = 8, and maximum time = 260) the
FSZD program (including plotting) required approximately 11 minutes
on the IBM 7094. The numerical integration time step was taken as 1
(particle residence time). Instabilities occurred for a time step of 2,
and the differences between the results for a time step of 1 and those
for a time step of 1/2 were less than 0.01%.

The FS1D program was designed to describe reactors with a
maximum length of 300 (particle diameters). It was designed to handle
cases of both finite and infinite Hp, as well as cases of both zero and
positive Hw1.

For the reactor described by the parameter values presented
in Chapter 6, the FS1D program (including plotting) required slightly
more than 3 minutes on the IBM 7094. The above remarks concerning
the numerical integration time step in the FS2ZD program also apply

to the FS1D program., The size of this time step depends upon the
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reaction rate; either program used for a reactor with a higher rate
of reaction would.require a smaller integration time step.

The PLGFLO program was designed to describe reactors
with lengths which can be divided into a maximum of 1000 increments,
Because the plug flow model is a continuous,, rather than a discrete,

model, these increments need not correspond to packing particles;

.the discretization in the program is necessary only for the numerical

integration techniques. However, in the coding of this program, the

particle diameter was used as a natural unit of length, to afford cor-
respondence among the results of the three programs. Therefore,
the increment size is represented as a fraction, or a multiple, of the
particle diameter.

The PLGFLO program was designed for cases of both zero

and positive Hw,, but only for finite values of Hp. As is discussed

1’
in-Chapter 6, the plug flow model with infinite Hp predicts physically
unreasonable behavior. Furthermore, there is difficulty in converting

the data in this case to a form easily plotted, because of the position

of the characteij’istics in this case,

For the reactor described by the parameter values presented

in Chapter 6, convergence of the numerical integration scheme used

.in the PLGFLO program was excellent for three iterations and for

the space increment and the time increment equal to one particle di-

ameter and one particle residence time, respectively. For this case,
the PLGFLO program (including plotting) required slightly more than
7% minutes on.the IBM 7094. It may be concluded from the computer

times required by runs.with prototype programs that much of this .time

is used in rearranging the results to a form suitable for plotting., It

is expected . that the time required by the PLGFLO program without
plotting of axial profiles (but with plotting of dynamic behavior at
selected axial positions) is comparable with the.time required by the
FS1D program for the same case.

The computer times given above include preparation of a plotting

tape on.the IBM 7094. The actual plotting is done off-line, and . requires
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approximately 15 minutes on the IBM 1401 for the production of four
graphs including a total of 70 curves representing about 7500 data

peints.

a
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CHAPTER 54,

SELECTION OF NUMERICAL VALUES OF PARAMETERS

.The values of.the parameters used in the numerical calculations

of this study were chosen as those of the experimental reactor studied

by Sinai, 6 These parameters are summarized.in Tables 5.1 and 5.2,

The reaction of this study is that of sodium thiosulfate and

hydrogen peroxide in aqueous solution:

NaZSZO3 + YHZOZ ~———= products,

This is a homogenous, liquid-phase reaction. This reaction has been
studied by Spencer, 17 who obtained the values of the energy of activation,
E; the pre-exponential coefficient, k*; the heat of reaction, (-AH);

and the stoichiometric coefficient, y. Spencer also found that the rate

of reacticn is proportional to the concentration of each reactant:

E

e RT (5.1)

sk sk
rate =k ¢, C

‘A "B

The reactor studied by Sinai was a tube of 1-inch-ID and 3 feet

long packed with 3-mm-diameter borosilicate glass beads. The length

used in.these calculations is . taken as 30 cm (4100 particle diameters},

approximately one-third the length of Sinai's reactor. The reactor of

.30 cm length has a residence time of 3.59 sec, and the particle resi-

dence time is 0.0359 sec. According to the dynamic calculations on the
models, steady state is reached in less than 10 seconds after a step in

feed concentration.or feed temperature.
evpd

The modified Reynolds number, —_TL__E- , is approximately

93, in which case1 the fluid is in the transition region between fully

laminar flow and fully turbulent flow. The veloéity profile may not
be uniform, as assumed in.this development, because of the low
Reynolds number and because of the low ratio of reactor diameter to

. . . . 2 . .
particle diameter, which is 8.47. Beek states that this ratio must be
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Values of Parameters

Value

Table 5.1. Numerical
Parameter Symbol
NaZSZO3 feed .
concentration c
Ay
HZOZ feed .
concentration CB
f
Feed temperature T*f
Wall temperature T\;
Reactor length N*
Reactor diameter M'ﬁ
Particle diameter dp
Volumetric flowrate Q
Porosity €
Fluid velocity v
Particle residence d
time P
v
Fluid density Ps
Fluid heat capacity Cs
Fluid volumetric
heat capacity PeCy
Particle density pp
Particle heat
capacit c
p Yy P
Particle volumetric
heat capacit c
p y Pp p
Particle surface
to volume ratio a

o.325><10'3m01es/cm3

1.3><10-3m01es/cm3
27°C

27°C

30 cm

2,54 cm

0.3 cm

15.67 cm3/sec

0.37

8.36 cm/sec

0.0359 sec

1. g/cm3
1. cal/g-°C

1. cal/cm3-°C

2.23 g/cm3
0.20 cal/g-°C

3
0.446 cal/cm™-°C

20.0 cmz/cm3

a
Source

‘Sinai

Sinai
Sinai

Sinai

Sinai
Sinai
Sinai

Sinai

Hodgma.n1 8

Hodgman18
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" Table 5.1 (continueéd)

Parameter Syrrllbol
Particle-fluid
heat transfer
coefficient ' hp
Wall heat transfer
coefficient h
W
Energy of
activation E
Pre-exponential ”
coefficient k
Heat of reaction (- AH)
‘Stoichiometric
coefficient Y
.Adiabatic
temperature rise ATa

Value

0.0372 cal/sec-cm2-°C
2
0.09201 cal/sec-cm™-°C

18.3 kcal/mole NgZSZO3

0‘,685><1015

Na..2-5203

132x10° cal/mole Na,5,0,

cm3/sec-mole—

42.9°C

Source

Sinai

Spencer17
Spencer17
Spencer17

Spencer17

a . ' .
The values of parameters for which sources are not given are calculated

Part B.

from other parameters as discussed in this chapter or in Chaper 1,
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Table 5.2. Numerical Values of Dimensionless Parameters®

Parameter Symbol
Reactor length L
Reactor diameter M
Heat capacity parameter B
Particle-fluid heat transfer coefficient Hp
Wall heat transfer coefficient (FS2D) sz

Overall heat transfer coefficient (FSiD) Hw1

(PLGFLO) Hw

P
Activation energy A
Pre-exponential coefficient k
Reference temperature/adiabatic
temperature rise T0

Stoichiometric coefficient Y

Value

100

8.47 (rounded to
integer: 8)

1.7594

0.04983

0.01101

0.01038

0.01035

30.69

0.7992x10 19

6.997

2.

%The values of AT, (Table 5.1), A,k, and.T

reference concentration of 0.325><'10-3 moles/cm3

temperature of 27°C,

are based upon a

and a reference
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greater than 10 before the assumption of a uniform velocity profile

can be made. . Although a reactor with a larger Reynolds number and

a larger reactor diameter to particle diameter ratio may be more

suitable for modelling with the mathematical models of this study, it
is expected that the results of the calculations based upon.these param-
eters will satisfactorily indicate the relative magnitudes of the effects
of the phenomena under consideration here.

The wall heat transfer coefficient is equal to the reciprocal
of the sum of the reciprocals of several heat conduction terms. These

terms include the heat transfer coefficient between.the reacting fluid

and the wall, the heat conductivity at the wall, and the heat transfer

coefficient between the wall and the coolant. In this study, the material
of the reactor wall and the nature of the coolant are not specified;

rather it is assumed that the wall remains always at a constant tempera-
ture (for cases of heat loss at the wall), or that the heat conductivity

of the wall and the heat capacity of the wall are zero (for adiabatic
cases). For cases of heat loss at the wall, the wall heat transfer co-

efficient is taken as the heat transfer coefficient between the fluid

and the wall; i.e., the resistances.to heat transfer through the wall

and from the wall to.the coolant, which would give a lower wall heat

.transfer coefficient, are disregarded. Calculations with this higher
value illustrate greater differences between the one-dimensional and

the two~dimensional models.

According to Beek‘,2 the heat transfer coefficient between the
fluid .and the wall can be estimated as 80% of the heat transfer co-
efficient between the fluid and the packing particles. The wall heat
transfer coefficient is taken here somewhat arbitrarily as 2.5 times

hp, .to further illustrate .the differences between the models. Then

the wall heat transfer coefficient is 680 Btu/hr-=ft‘2-°F, or 0.09201

ca.l/sec-cm2= °C.
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CHAPTER 6

RESULTS OF PROGRAM CALCULATIONS

Computer calculations were made with the programs described
in Chapter 4 to determine the effect upon the reactor dynamics of the
phenomena considered in this study. The effect of these phenomena
may be seen by comparing runs of cases in which the phenomena were
present with those in which the phenomena were ignored.

Some phenomena were not eliminated from any of the runs,
The effect of the heat capacity of the packing, for example, may be
seen in all of the runs. However, its effect in slowing the speed at
which temperature disturbances travel fhrough the reactor is apparent
from the discussion, in.Chapter 2, of the characteristics in the plug
flow model (with infinite Hp). The effect of axial dispersion can be
seen by a comparison of the behavior of a finite stage model with that
of a plug flow model. And the effect of radial gradients can be seen
by a comparison of the behavior of the one-dimensional finite stage
model with that of the two-dimensional finite stage model.

Thirteen computer runs were made in this study. In six of
these runs, the feed temperature was stopped from 27°C to 37°C,
while the feed concentration of the primary reactant (hereinafter
called the feed concentration) remained at 0.325 moles/liter. In
another six runs, the feed concentration was stépped from 0.325
moles /liter to 0.390 moles/liter (an increase of 20%), while the feed
.tempéra,tu.re remained at 37°C. The other run, Run 3, shows that
for a feed temperature of 27°C, a change in feed concentration has
little effect upon the temperature profile because the rate of reaction
remains low in this case. In half of these runs, the reactor was taken
‘as adiabatic; in the other half, there was heat loss through the wall
of the reactor. Some runs were made with infinite Hp, others with
finite Hp., The parameters which distinguish these runs are presented
in Table 6.1. Parameters not mentioned in this table have the Qalues

presented in Chapter 5, which are the same for all runs.
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Table 6.4, Summary of Computer Runs (Chronological Order)

-Feed Feed

Run Prograrﬁ temperature concentration Hw Hp

number used Type of feed step (°C) (moles/liter) '
0% PLGFLO temperature 27, -37. .325 0 oo
1 FS1D temperature 27, =37, .325 0
2 FS1D temperature 27, =37, .325 0 +
3 FS1D concentration 217, .325-.390 0 +
4 FS1D concentration 37, .3250.390 0 o
5 FS1D concentration 37. .325-,390 0 +
6 PLGFLO concentration .37, .325-.390 0 +
7 PLGFLO V temperature 27, -317, .325 0 +
8 FS2D temperature . 27, -37. .325 + +
9 FS1iD temperature S 27.-37. .325 + +
10 PLGFLO temperature 27.-37. .325 + +
11 FS2D concentration 37, .325-.390 + o+
12 FS1D concentraticn 37. .325-.390 + +
13 PLGFLO concentration 37. .325—.3‘90 + +

®Run 0 was an early run made with a prototype PLGFLO program.

. The output of this run did not include machine-plotted graphs.

The plus signs (+) in the last two columns of this.table, and

in the second and third columns of Table 6.2, indicate that the.value

(dimensionless) of the respective heat transfer coefficients is:

Hp: 0.0498293
Hw, : 0.0110107 (FS2D)
Hw, : 0.0103777 (FS4D)
Hw: 0.0103508 (PLGFLO)

The values of Hw1 and Hw were calculated from M and sz

according to equations (3.53) and (3.56).
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In Table 6.2, the run numbers are arranged in an order which facilitates
comparison of runs to determine the effect of the various phenomena,.
In Table 6.3, these run numbers are paired for direct comparison of
the results.

The results of these runs, the dynamic behavior of the models,
are presented in Figures 13 through 64. The results of each run in-
clude four graphs.

As an example,. Run 5 may be considered. The results of this
run are shown in Figures 29, 30, 31, and 32, These results show the
responsé to a feed concentration step of the one-dimensional finite
stage model with no heat loss at the wall and with finite Hp. Figure 29
shows concentration profiles at equally spaced values of time of 0,

10, 20, 30, 40, --- (particle residence times). The curve that begins
at CA (CA)of 1.0 atx =0 représents the initial steady state profile.
The heavy curve that begins at Cp = 1.2 and crosses the initial steady
state profile at x = 67 is the final steady state profile., This figure
shows the concentration disturbance as it travels through the reactor.
The flattening of the disturbance as it travels is due primarily to
axial dispersion. v

The corresponding dynamic temperature profiles for this run
are shown in Figure 30. The lower curve is the initial steady state
fluid temperature profile, and the upper curve is the final steady state
profile. The other curves represent the dynamic profiles at the same
equally spaced values of time as those of Figure 29,

Figure 31 shows the dynamic behavior of concentration for this
run at selected axial positions of 20, 40, 60, 80, and 100. The effect
of axial dispersion is apparent also here. It should be noted that,
after the initial disturbance in concentration passes, the concentration
changes monotonically to its final steady state value.

Figure 32 shows the dynamic behavior of fluid temperature for
this run at the same axial positions of 20 (the lower curve), 40, 60,
80, and 100 (the upper curve). Because of the heat capacity of the
packing, the major temperature change travels more slowly than the

- fluid velocity. Thus, at the exit of the reactor (axial position 100),

s b
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the major temperature change occurs at a time of approximately 176;
the reactor residence time, and the time at which the initial concentra-
tion disturbance appears (see Figure 31, lower curve) is 100. The

great amount of dispersion seen in this curve is due primarily to the

finite rate of heat transfer between the particles and the fluid, but

also partially to axial dispersion in turbulent mixing. The concentra-
tion continues.to change (see Figure 31, lower curve) because it is
affected by'the temperature change through the coupling term in the
mass balance equations.

From Table 6.3, it is seen that these four figures of Run 5
can.be compared with the corresponding figures of Run 4 to show the
effect of a finite rate of heat transfer between the particles and the
fluid, Run 6 to show the effect of axial dispersion, and.Run 12 to
show the effect of heat loss at the wall. From the comparisons
suggested in Table 6.3 and from considerations of the nature of the
models, the effects of these and other phenomena can be determined.

The discontinuities inherent in the plug flow model are shown

in the machine-plotted figures, for the runs with the PLGFLO model,

.as inclined lines rather than as vertical lines, These discontinuities

are shown in this manner because.the plotting subroutine was designed
to accept values of concentration and temperature only at equally
spaced values of distance or time. The discontinuities should more
accurately appear in these figures as vertical lines at values x or

t which are the nearést multiples of ten.

The Effect of Heat Capacity

of the Packing Particles

As mentioned .above, this effect was not eliminated in any of
the runs. It was not eliminated because it is fundamental to the
dynamic response of a packed-bed chemical reactor. This effect is
seen most clearly in the plug flow model with infinite Hp, in which
all other phenomena are eliminated except the coupling of concentra-

tion and temperature through the reaction, which is also fundamental

.to the dynamic response,
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Table 6.2, Summary of Computer Runs (Logical Order)

Temperature Concentration

Program used Hw Hp Step ' Step .
PLGFLO 0 eo 0* _
FS1D 0 w« -1 4 :
FS1D 0 + 2
-FLGFLO 0 + 7

®Run 0 was an early run made with a prototype PLGFLO program:.
The output of this run did not include machine-plotted graphs.

In this table, for runs with a temperature step, the feed con-
centration is 0.325 moles/liter and the feed temperature is stepped
from 27°C to 37°C. . For runs with a concentration step, the feed
temperature is 37°C and the feed concentration is stepped from

0.325 moles/liter to 0.390 moles/liter.
Run 3 is omitted from this table because it.is the only run

with a concentration step for which the feed temperature is 27°C.

In all runs, the reference concentration is 0.325 Fmoles/liter,
and the reference temperature and the wall. temperature are equal to

the initial feed temperature. The maximum adiabatic temperature

.rise is 42.9°C in all runs.

R



-103-

Table 6.3 Pairing of Runs Revealing Effects of Phenomena

Phenomenon Temperature Concentration
step step
without axial dis- a
Assumption of persion (PLGFLO) 7. and 0
infinite Hp with axial dis-
persion (FS2D) 1 and 2 4 and 5
Axial dispersion adiabatic case 2 and. 7 5 and 6
with heat loss
at wall 9 and 10 12 and 13
Radial gradients 8 and 9 11 and 12
with axial dis-
-persion (FS1D) 2 and 9 5.and 12
Heat loss at wall
without axial dis-
persion (PLGFLO) 7 and 10 6 and 13
Effect of concentration
step at different feed
3and 5

temperatures

*Run 0 was an early run made with a prototype PLGFLO

program. The output of this run did not include machine-plotted

graphs.
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— Initial steady state
———— T
—
— T

Final steady
state

0 20 40 60 80 100
) X (PARTICLE DIAMETERS)

MU-34927

Fig. 13. Transient axial concentration profiles resulting from
a temperature step (Run 1, FS1D program). Profiles are
+  ghown for times t = 10, 20, 30, 40,....
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X (PARTICLE DIAMETERS)

80 100

MU-34914

Fig. 14. Transient axial temperature profiles resulting fram a

temperature step (Run 1, FS1D program).
- for times t = 10, 20, 30, L4o,....

Profiles are shown
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Fig. 15. Regponse of concentration at selected axial positions

to a temperature step (Run 1, FS1D program).
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.0 X=100

0 20 40 60 80 100 120 140 160 4180 200 220 240 260 280
T (PARTICLE RESIDENCE TIMES)

Fig. 16. Response of temperature at selected axial positions
to a temperature step (Run 1, FSID program) .

300

MU.34940
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~———. Initial steady state
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Final steady ‘ ) ]
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X (PARTICLE DIANMETERS)

MU.34928

Fig. 17. Translent axial concentration profiles resulting from a

temperature step (Run 2, FS1D program). Profiles are shown
for times t = 10, 20, 30, 40,.... '
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Final steady state 7

Initial steady state

0 20 40 60 80 100
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Fig. 18. Transient axial temperature profiles resulting from
a temperature step (Run 2 FS1D program).  Profiles are shown
for times t = 10, 20, 30, 40,....
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Fig. 19. Response of concentration at selected axial positions
to a temperature step (Run 2, FS1D program).
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Fig. 20. Response of temperature at selected axial positions to a

temperature step (Run 2, FS1D program).
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Fig. 21. Transient axial concentration profiles resulting from a
concentration step (Run 3, FS1D program). Profiles are shown
for times t = 10, 20, 30, k0.
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Fig. 22. Transient axial temperature profiles resulting from a
concentration step (Run 3, FS1D program). Profiles are shown
for times t = 10, 20, 30, 4o,....
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Tig. 23. Response of concentration at selected axial positions to
a concentration step (Run 3, FS1D program).
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Fig. 24. Response of temperature at selected axial positions to a
concentration step (Run 3, FS1D program).
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Fig. 25. Transient axial concentration profiles resulting from a
" concentration step (Run 4, FS1D program). Profiles are shown
for times t = 10, 20, 30, L40,.... -
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Fig. 26. Transient axial temperature profiles resulting fram a

concentration step (Run 4, FS1D program). Profiles are shown
for times t = 10, 20, 30, L40,....
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Fig. 27. Response of concentration at selected axial positions to
a concentration step (Run 4, FS1D program). :
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Fig. 28, Response of temperature at selected axial positions to

a concentration step (Run M, FS1D program).
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Fig. 29. Transient axial concentration profiles resulting from a
concentration step (Run 5, FS1D program). Profiles are shown
for times t = 10, 20, 30, 40,....
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Fig. 30. Transient axial temperature profiles resulting from a
concentration step (Run 5, FS1D program). Profiles are shown
for times t = 10, 20, 30, L40,....
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Fig. 31. Response of concentration at selected axial positions to

a concentration step (Run 5, FS1D program).
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Fig. 32. . Response of temperature at selected axial positions to a
concentration step (Run 5, FS1D program).
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Fig. 33. Transient axial concentration profiles resulting from a
concentration step (Run 6, PLGFLO program). Profiles are
shown for times t = 10, 20, 30, 40,....
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Fig. 34. Transient axial temperature profiles resulting from a
concentration step (Run 6, PLGFLO program). Profiles are
shown for times t = 10, 20, 30, 40,.... '
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Fig. 36. Response of temperature at selected axial positions to a
concentration step (Run 6, PLGFLO program).
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Fig., 37. Transient axial concentration profileé resultihg from a
temperature step (Run 7, PLGFIO program). Profiles are shown

for times t = 10, 20, 30, 40,....



-129-

Final steady state ——

0 20 ) 40 60 80 ) 100
X (PARTICLE DIAMETERS)

Initial steady state

MU.24920

Fig. 38. Transient axial temperature profiles resulting from a
temperature step (Run 7, PLGFLO program). Profiles are shown
for times t = 10, 20, 30, 40,....
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Fig. 39. Response of concentration at selected axial positions to
a temperature step (Run 7, PLGFLO program).
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Fig. 40. Response of temperature at selected axial positions to a
temperature step (Run 7, PLGFLO program).
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Fig. 41. Transient axial concentration profiles resulting from a
temperature step (Run 8, FS2D program). Profiles are shown.
for times t = 10, 20, 30, 40,....
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Fig. 42. Transient axial temperature profiles resulting from a
temperature step (Run 8, FS2D program). Profiles are shown
for times t = 10, 20, 30, L4O,....
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Fig. 43. Response of concentration at selected axial positions
to a temperature step (Run 8, FS2D program).
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Fig. 44. Response of temperature at selected axial positions to
a temperature step (Run 8, FS2D program). '
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Fig. 45. Transient axial concentration profiles resulting from
a temperature step (Run 9, FS1D program). Profiles are shown
for times t = 10, 20, 30, 40,....
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Fig. 46. Transient axial temperature profiles resulting from a
temperature step (Run 9, FS1D program). Profiles are shown

for times t = 10, 20, 30, 40,....
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Response of concentration at selected axial p0s1t10ns

to a temperature step (Run 9, FS1D program) .
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Fig. 48. Response of temperature at selected axial positiohs
to a temperature step (Run 9, FSID program).
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Fig. 49. Transient axial concentration profiles resulting from
a temperature step (Run 10, PLGFLO program). Profiles are

shown for times t = 10, 20, 30, Lo,....
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Fig. 50. Transient axial temperature profiles resulting from
a temperature step (Run 10, PIGFIO program). Profiles are
shown for times t = 10, 20, 30, 40,....
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Fig. 51. Response of concentration at selected axial positions
to a temperature step (Run 10, PLGFLO program).
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Fig. 55. Transient axial concentration profiles resulting from
a concentration step (Run 11, FS2D program). Profiles are
shown for times t = 10, 20, 30, 40,....
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Fig. 54. Transient axial temperature profiles resulting from
a concentration step (Run 11, FS2D program). Profiles are
shown for times t = 10, 20, 30, L4o0,....
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Fig. 55. Response of concentration at selected axial positions to

a concentration step (Run 11, FS2D program).
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57. Transient axial concentration profiles resulting from a
concentration step (Run 12, FS1D program). Profiles are shown

for times

t = 10, 20, 30, 40,....
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Fig. 58. Transient axial temperature profiles resulting from a

concentration step (Run 12, FSID program). Profiles are
shown for times t = 10, 20, 30, 40,....
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Fig. 59. Response of concentration at selected axial positions

to a concentration step (Run 12, FS1D program).
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Fig. 60. Response of temperature at selected axial positions

to a concentration step (Run 12, FS1D program).
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Fig. 61. Transient axial concentration profiles fesulting from
a-concentration step (Run 13, PLGFLO program). Profiles
are shown for times t = 10, 20, 30, 40,....
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Fig. 62. Transient axial temperature profiles resulting from
a concentration step (Run 13, PLGFLO program). Profiles

.. are shown for times t = 10, 20, 30, 40,....
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Fig. 63. Response of concentration at selected axial positions
to a concentration step (Run 13, PLGFLO program).
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Fig. 64. Response of temperature at selected axial positions
to a concentration step (Run 13, PLGFLO program) .
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Fig. 65. Response of temperature at exit to a temperature step
[Run O, PLGFLO program (infinite Hp)]. Comparison with Run 7,
PLGFLO program (finite Hp); Run 1, FS1D program (infinite Hp);
and Run 2, FS1D program (finite Hp). '
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This plug flow model is described in Chapter 2, It is seen
from this description that the heat capacity of the packing determines
the velocity at which the temperature disturbance travels through the
reactor.

A prototype program of the plug flow model was designed to
include the case of infinite Hp. The dynamic behavior of the fluid
temperature at the exit (x = 100) as a result of a step in feed tempera-
ture, as calculated in this program (Run 0) for the case of infinite
Hp, is shown in Figure 65, which also shows the corresponding re-
sults from Runs 1,2, and 7. The parameters for this run are identical
.to those of Run 1.

An interesting feature of the results of this run, and of the
results of run 1, is that the temperature decreases slightly before
it increases. The lowest value reached by the temperature in the plug
flow model occurs immediately before the temperature wave reaches
this position in the reactor. This point, then, lies on one of the
characteriétic cdordinate axes, and this lowest value of the tempera-
ture can be calculated by a steady state method, as described in
.Chapter 2. The temperature in the finite stage model does not reach
this lowest value because of the effect of axial dispersion, which is
the major difference between the plug flow and the finite stage models.

The temperature decrease can be explained physically to some
extent. However, because the plug flow model is a simplified mathe-
matical model, some of its properties are not entirely physically
reasonable. For example, it must be accepted that discontinuities in
the reactor feed remain discontinuous as they travel through the bed,
and that (for the case of infinite Hp) the temperature discontinuity
travels at a slower velocity than that of the concentration disturbance
and .any point in the reactor is at steady state‘immediately after the
passage of the temperature diécontinuity,

An increase in temperature causes an increase in the rate of
reaction and thus a decrease in the concentration. Thus the steady-
state concentration profile reached after an increase in feed tempera-

ture is lower than the initial steady-state concentration profile.
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This lower final steady-state concentration obtains at any point
reached by the temperature discontinuity. Because the speed of this
disco.htinuity is lower than that of the fluid, the fluid carries material
of lower concentration into regions in front of {i.e., downstream
from) the temperature discontinuity. Thus the concentration.at any
point in the reactor drops as the temperature discontinuity approaches
the point.

However, the fluid does not carry material of higher tempera-
ture into regions in front of the temperature discontinuity, because
of its complete thermal equilibrium with the packing; it is this
mechanism of heat absorption by the packing which causes the
temperature discontinuity to travel at a slower speed than that of the
fluid. Thus, at any point in the reactor in front of the temperature
discontinuity, as the concentration drops, the rate of reacticen
(proportional to the concentration) drops, and the rate of generation
of heat {proportional to the rate of reaction) drops. Thus, the
temperature, which is the measure of heat content of the fluid .and is
originally at the initial steady state, drops in the region in front of
the temperature discontinuity. This temperature decrease is small
in this case, and.is practically negligible in a model which includes
axial dispersion, as shown in Figure 65; with systems of different
parameters, the decrease may be greater. However,‘ with a finite
rate of heat transfer between the particles and the fluid, the effect
of this temperature decrease is imperceptible. It is seen that this
temperature decrease is a result of the coupling between concentra-
tion and temperature; however, it is not a.result of the nconlinear
nature of the reaction term, because a similar femperature decrease
would be seen for the case in. which the rate of reaction increases
linearly with concentration and with temperature,

Figure 65 shows that a finite rate of heat transfer between
the particles and the fluid has a2 major effect upon the dynamics of
an actual packed bed tubular chemical reactor. Because this plug
flow model (with infinite Hp) lacks this effect, it cannot be considered

an accurate model.
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However, for qualitative purposes, the concept of the plug
flow reactor with infinite Hp is very useful, because this model
exhibits most clearly the effect of the heat capacity of the packing.
This model may be considered conceptually as a skeletal model of an
actual dynamic packed bed tubular chemical reactor. To this reactor
certain other properties may be added for quantitative modelling, The
major features of the dynamic behavior of an actual packed tubular
reactor can be seen in the behavior of this plug flow model. Thus, a
step in the feed (in either concentration or temperature, or both) of
an actual packed tubular reactor appears at the exit of the reactor
after one residence time., This disturbance affects the temperature
in the reactor (either directly or through the coupling term), and the
major change in the exit temperature of the reactor appears after
approximately B residence times, which is the time at which the
temperature discontinuity appears at the exit of the plug flow model
(with infinite Hp). Through the coupling of concentration and tempera-
ture in the rate of reaction, the concentration in the reactor follows
the changing temperature, and simultaneously affects its rate of

change.

The Effect of a Finite Rate of Heat Transfer

Between the Fluid and the Particles

As. Figure 65 shows, and as comparisons of Runs 1 and 2
and Runs 4 and 5 show, a finite rate of heat transfer between the
particles .and the fluid has the major dispersive effect upon the
dynamic behavior of a packed'tubular chemical reactor, This heat
transfer affects the fluid temperature directly, and the concentration
indirectly through the coupling term. '

This is the most important effect that can be added to the
skeletal model introduced above. The plug flow model with infinite
Hp, as presented in Chapter 3, combines these three most important
phenomena: the coupling of concentration and temperature, the heat
capacity of the packing, and a finite rate of heat transfer between the

particles and the fluid.
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The dynamic behavior of this plug flow model with finite Hp
is seen in the results of computer Runs 6,7,10, and 13.  With a
knowledge of this behavior, and a knowledge of the nature of the model
(discussed in Chapter 2), details can be added to the description of the
dynamic behavior of an actual packed tubular reactor given in the pre-
ceding subsection. Thus, a disturbance in either the feed concentra-
tion or the feed temperature produces a disturbance in both the con-
centration and the temperature at the reactor exit after one residence
time. After these disturbances appear at the exit, the exit concentra-
tion and the exit temperature monotonically approach their final steady-
state values, The rate of approach to the final steady state is deter-
mined by the rate of reaction and the rate of heat transfer between
the particles and the fluid.

These fluctuations at the exit are themselves discontinuities
in the plug flow model (with finite Hp), because of the nature of the
plug flow model to propagate discontinuities. Upper bounds of the
magnitudes of these fluctuations in an actual packed tubular reactor
are those values reached in the plug flow model (with finite Hp).
These upper bounds are easily calculated by the quasi-steady state
calculation of profiles along the characteristics, as discussed in
Chapter 2, in which the particle temperature is taken as its initial
steady state value and is used as a parameter in the integration of
the steady-state mass balance and fluid heat valance equations. These
fluctuations in an actual packed tubular reactor do not reach the bounds
calculated in this manner because of the effect of axial dispersion.

Although the discontinuities in the plug flow reactor (with
finite Hp) are not negligible, they are generally small, usually of
the same order of magnitude, or less, of the discontinuity introduced
at the inlet. Except for these small discontinuities, this plug flow
reactor, with finite Hp, should in most cases be quite adequate for

modelling a dynamic packed chemical reactor.
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The Effect of Axial Mixing

Comparison of the results of the appropriate runs (see Table
6.2) shows that turbulent axial mixing also has a dispersive effect
upon the reactor dynamics, but this effect is much smaller than that
of a finite rate of heat transfer between the particles and the fluid.

With the addition of this effect to the developing model (i. e.,
the skeletal model introduced previously, with the addition of a finite
rate of heat transfer between the particles and the fluid), more detail
can be added to the previous descriptions of the dynamics of an actual
packed tubular reactor. Because of axial mixing, the initial distur-
bances, which appear at the exit of the reactor at approximately one
residence time, are continuous. Further, these disturbances do not
reach the upper bounds predicted by the plug flow model (with finite
Hp), because of axial mixing. Finally, the disturbances begin to
appear (i.e., the initial steady state is.left) slightly before one
residence time; that is, the initial part of the disturbance travels
slightly faster than the average fluid velocity.

The effect of axial mixing is inherent in.the one-dimensional
finite stage model and is the major feature which distinguishes this
model from the plug flow model (for both models, Hp is finite). Both
of these models are simple and yet accurate, and .either can be used
satisfactorily in most cases to simulate the dynamics of an actual
packed tubular reactor. The one-dimensional finite stage model has
the additional advantage of representing the small effect of axial
mixing, '

The Effects of Heat Loss at the Wall
and of Radial Mixing

In the one-dimensional models, it is assumed that temperatures
and concentrations in an. actual reactor can be adequately represented
by radially averaged values. The resistance of the packed bed to
radial transport of heat, which partially determines the rate of heat

loss at the wall, is accounted for somewhat artificially in an overall
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heat transfer coefficient. In the one-dimensional models of this
study, there is no accounting for bed resistance to radial transport
of material; however, because no material is lost at the wall, this
detail should.not be important, ° '

The only difference between the _one=dimensiona1 finite stage ‘
model and the two-dimensional finite stage model is that the two-
dimensional model accounts for bed resistance to radial flow, or
incomplete radial mixing, in a more physically realistic manner.

However, comparison of the results of the appropriate runs
(Runs 11 and 12, for example) shows that the dynamic behavior of
the two models are practically indistinguishable. This is expected
because sz (the wall heat transfer coefficient) and Hw1 (the overall
heat transfer coefficient) are so close toggther, indicating that the
major resistance to heat transfer is at the wall.. The printed output
of the variables at each stage in Run 11 indicates that the greatest
difference radially between the fluid temperature on the reactor axis
and the fluid temperature at the wall was less than 6°C,

But even with this heat transfer coefficient, the steady-state
temperature rises were depressed to 60% of the temperature rises at
the same axial positions in the adiabatic case. This decrease in
temperature is not a measure of the heat loss at the wall in the non-
adiabatic case, because a lowering of temperature also lowers the
rate of heat generation in the reaction.

With a higher heat transfer coefficient, the bed resistance is
more important. However, a higher heat transfer coefficient causes
the fluid temperature to approach the wall temperature more closely,
in which case the radial gradients are still small (less than 6°C for
an infinite wall heat transfer coefficient') and their effect upon the
dynamics is.still negligible.

The bed resistance to radial heat transport would become
more important if the ratio of the reactor diameter to the particle
diameter were larger, However, the one-dimensional models would

probably still adequately simulate the dynamics of such reactors.
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Thus, the effect of incomplete radial mixing upon the dynamics
of reactors with liquid reactants is negligible in most cases, and the
advantages of the two-dimensional finite stage model in accounting
for this effect are much less important than the disadvantages in the

practical use of this complex model.

DISCUSSION

In summary, the three phenomena that dominate the dynamic
behavior of a packed tubular reactor are: the heat capacity of the
packing, which causes the major temperature disturbance to travel
through the reactor slower.than the fluid velocity; the finite rate
of heat transfer between the packing and the fluid, which greatly
disperses the temperature disturbance; and the coupling of heat and
mass in the reaction, through which concentration disturbances cause
temperature disturbances and temperature disturbances cause concen-
tration disturbances. Only the last of these phenomena affects the
steady state of the reactor (assuming that multiple steady states do
- not exist at the operating conditions used).

Axial mixing further disperses the concentration and tempera-
ture disturbances and causes part of the disturbances to travel faster
than the fluid.velocity. These effects are small, but not necessarily
negligible.

The effects of the three dominating phenomena are included
in the plug flow model (with finite Hp), and the effect of these three
phenomena and of axial mixing are included in the one-dimensional
finite stage model. Either of these models should suffice in most
cases for the simulation of an actual packed tubular reactor with
liquid reactants, and yet both are sifnple and require little com-
puting time.

The effects of incomplete radial mixing appear to be negligible,
and an accounting for these effects in.a computational model (except
for the inclusion of bed resistance in the overall heat transfer co-

efficient) is usually an unnecessary refinement.
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From the descriptions of the effects of these phenomena upon
the responses of these models to step forcing,. the effects of these
phenomena may be roughly described in terms of frequency response,
and various models can-be suggested for use in studies in various
frequency ranges. The low frequencies appear to be influenced only
by the heat capacity of the particles, so the skeletal model (the plug
flow model with infinite Hp) may be used in this range. The middle
frequencies are also influenced by the finite rate of heat transfer
between the particles and the fluid. The frequencies at which this
effect becomes important may be determined from the characteristic
time (dimensionless) of this heat transfer, 1/Hp. The plug flow
model, with finite Hp, may be used in this frequency region. Axial
mixing apparently affects the middle and high frequencies, where the
one-dimensional finite stage model may be useful. Heat transfer at
the wall has a steady state attenuation effect, and the effect of in-
complete radial mixing (or bed resistance) is too.small to be deter-
mined in this study.

From the large effect of a finite rate of heat transfer between
the particles and the fluid, statements can be made concerning the
effeét of a finite rate of mass transfer between the particles and the
fluid for cases in .which the reaction occurs on the solid particles,
or in the pores of the particles. Because the capacity for mass in
the particles is smaller than the heat capacity, and because the initial
concentration fluctuations are not as large as the later concentration
changes following the temperature changes, the effect would be a
dispersive effect, probably slightly more significant than the dispersive
effect of axial mixing.

This study leads to no simplification of the coupling between
heat and mass in the reaction. While the temperature is changing
significantly, the concentration not only changes with the temperature,
but also greatly influences the temperature change., An apparent
simplification that the concentration is in an equilibrium with the

temperature is not accurate here. (However, in the case of gas
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reactors, where the velocity of the major temperature change is |
several orders of magnitude less than the fluid velocity, this simplifi-
cation may be useful.) This simplification implies that the time deriva-
tive of concentration, (acA/St)x, is negligible compared with the space
derivative, (8CA/8x)t., However, calculations of these derivatives
from the results of runs with the PLGFLO program indicate that
(ac_:A/at)X may be up to 25% of (8CA/8x)t. Additional calculations
show that in many regions of this model in the unsteady state, the rate
of heat generation in the reaction is approximately equal to the rate

of heat transfer to the particles, which shows that the dynamics are

not completely dominated By the heat transfer, but that the heat gen-
eration, and thus the coupling of heat and mass, plays an essential

part in the dynamics.

A major problem which remains is the determination of the”
coupling,of heat and mass in the reaction, particularly the extent to
which these effects are nonlinear., A useful model may be one in which
the disturbances are linear deviations from a nonlinear steady state,
The models studied here may be useful in determining the adequacy
of such linearized models.

Eventually, some kind of transfer function for packed tubular
reactors may be devised.  The computer programs of this study cannot
usefully describe the response of these mathematical models to sinu-
soidal disturbances or to random disturbances. However, the results
and observations of this study and of other studies suggested by this

work may be useful in the formulation of such a transfer function.
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CHAPTER 7

~ CONCLUSIONS ‘

In summary, the three phenomena that dominate the dynamic
behavior of a packed bed tubular chemical reactor are: the heat
capacity of the packing, which causes the major temperéture disturbance
to travel through the reactor slower than the fluid velocityv; the finite
rate of heat transfer between the packing and the fluid, which greatly
disperses the temperature disturbance; and the coupling of heat and
mass in the reaction, through which concentration disturbances and
temperature disturbances greatly affect each other. Of minor im-
portance is axial mixing, which further disperses the concentration
and temperature disturbances and causes the 1eadihg part of the dis-
turbances to travel slightly faster than the fluid velocity.

Effects of these three dominating phenomena are included in
the plug flow model (with finite Hp) and the one-dimensional finite
stage model. The effects of axial mixing also are included in the
latter model. Either model should generally satisfactorily simulate
vthe dynamics of an actual packed tubular reactor.

The equations of the plug flow model can be usefully treated
by the method of characteristics, which clearly shows the travelling
wave nature of propagating disturbances of a tubular reactor.

The effect of incomplete radial mixing appears to be negligible,
thus the necessity of using two-dimensional models is eliminated. A
wall heat transfer correlation for the two-dimensional finite stage
model is derived, however, through which the effect of incomplete
radial mixing, or the resistance of the bed to radial heat transport,
can be determined,

A remaining problem is the nonlinear nature of the heat and
mass .coupling in the reaction term. Study of a model in which the
unsteady state is described by linear equations for disturbances from
a nonlinear steady state is suggested. The behavior of such a model”
may be compared with the behavior of the models of the present study

to determine the adequacy of such a simplification.
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APPENDIX A

A TWO-DIMENSIONAL RUNGE-KUTTA METHOD

In‘_»thhi;sf. study,. a two-dimensional Runge-Kutta method was
developed for the numerical integration of first-order hyperbolic

differential equations of the form

ac _
<§-}—7> ] = f(c,u) , (A.1)

<_g_l_zl) = g(c,u) 3 (A-Z)
y

with the boundary conditions

1l
1

aty=0,. c co(z) ) {A.3)

i

atz =0, u uo(y) s {A.4)
where ¢, u, f, and g can be either scalar or vector quantities, Such
equations may describe unsteady state distributed parameter physical
systems, such as the plug flow chemical reactor discussed in

Chapter 2, Parts E and.F. The other boundary values (e. g., u at

y = 0) may be found by integrating the appropriate differential

equations | e. g., equation (A.2) for u at y = 0] with standard ordinary
differential equation integration methods.

As in Chapter 2, Part F, the region of interest in the y-z plane
can be divided into a network or lattice of rectangles, of the form of
Figure 10. The sides of the rectangles parallel to the z-axis have
length h, and the sides of the rectangles parallel to the y-axis have
length k. The location of the lower left corner of a rectangle is
y =ik, z = jh. That is, a lattice point at (y,z) can be considered as

being located at (i, j) in terms of the increments k and h.
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-From the boundary conditions, or from previous integrations,

¢ and u at (i,j), (i+4,j), and (i, j+1) are known. In this numerical

method, as in the modified .Euler method [ egs. (2.108) through (2.111)],

the values of ¢ and u at (i+1,j+1) are calculated, based upon the
known values at (i,j), (i+1,j), and (i, j+1).

- The calculation scheme of Runge-Kutta methods involves the
calculation of derivatives at various intermediate points. The com-
bination of derivatives in.this method involves parameters which are
adjusted so that the value calculated for the next point agrees with a

truncated Taylor's series. expansion about the previous point.

. , . .
Ci+1,j+'1 can be expanded in a Taylor's series about point
{i,j):
‘ 2 ' 2
_ dc dc 1 9 c 2 9 ¢
41,541 - %, \ay ) . Kt lez) . PYZz T2 K+ 5y9z
i,) i) “ N\ 45
2 3 3
1| 8%c 2 1 (8¢ 3 1 87 ¢ 2
tzl\) Mrel,s DA e k'R
i, ¥ i, Y 1,)
3 3
1/ 3 ¢ 2 1 9 c 3
+ 5 ki + = | —5 h™ + E, (A.5)
3y oz . 0z -
J <1,J l’J

where Ei is the truncation error, and contains terms of the order

k*, 8h, k%%, kh>, and h?¥ and of higher orders.

Let Ac, = “i+1,5 " S, 50 ch €i5¢1 " S5

An expansion of c, as a Taylor's series about (i, j) yields: -

it+1,j

2 3
_léoc 18 ¢ 2 1 9 ¢ 3 4
Aci’(“a_z).h*?( 2)..h+€(_5>..h+0(h)°(A‘6)
i,] 3z i,] oz i,j




Similarly,
2 : 3
_ _ [ oc 1 9 ¢ 2 1 9 ¢ 3
ACj Ci,j+1- i,] F{f k‘l‘ 7 7 k + -6— —3 k
1,] oy i,] _ ay i]
N 4
+ 0wt . (A.7)
With the substitution of (A.6) and (A.7) into (A.5),
Ci+1,j+1 = Ci,j + Aci- + Ac.
2 3 3
0 ¢ 1 0 c 2 1 0 c 2
+ © kh + k"h + = kh™+ E
‘ . . 2 ’
\2y9z | ; 5 2 \ayZez/ i ¢ \oyoz“/ i,j 2
(A.8)
where EZ is an error term, similar to E'l'
The notation is now simplified:
Let f = f(C 2 ) )
n, m nm’ n,m
= g{c u ) ; (A.9)
gn,rn 5Y"n,m’ n,m’ "’
f= fl,_] ; 8= gl,J 5 (A.iO)
_ et of _[og _[ ag
¢” _a‘E) »fy T 8u> B3] & Bu) ¢ WM
u c u c
/ / -
oc\ _ [ éc au _ au :
RN I E IR 0 B 2 P (A.12)
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_ Y 2 , .
Afi— fi+1,j -f= <T5§) . jh+ O(h ) (Taylor's series)
_ ac 2
- [fc <’a’2)+ fug] h+Q@m% , (A.13)
and -
_ _ ou | 2
A%..%J+1-f-[%f+fu <3§)} T (A.14)

~The numerical integration step is the calculation of . Ciiq i+1

from the following formula, which is a linear combination of all in-
- formation obtainable from c¢ and u at the three known points, with

one intermediate derivative calculation:

J— = A
Ci+1,j+1 Ci,j+ACi+ pcj+61kAfi+BZk fj+63kf

+B4kf(ci,j + YAc, u, j + 6Au) , (A.15)

3

where
yQc = Y1Aci + YZch + \(3kAfi + y4kAfj + y5kf ;

and , (A.16)
8Au= 61Aui + 62Au‘j + 63hAgi + 64hAgj + 65hg .

The calculated value, differs from the exact value,

Cit1,j+1’
Cit1, 417 because of truncation errors.

The parameters ’(B/E, P‘?’%’ (34, Yy Y20 Y35 Yy Vi 61, 62, 63, 64, and ‘65)
are chosen so that equation (A.15) agrees with equation (A.8) in all

terms except those of functional order of h4, h3k, hzkz, hk3, k4, or

greater. The terms of equations (A.8) and (A.15) are expanded in

terms of £, f ,f ,f ,f , and f- . For example, in equation (A.15),
c’u’cec’ "cu uu

fc., .+YAc, u. .+ 6Au)=£f+ f yAc + £ dAu
1, 1, C u
1 2
+ > fCC(yAc) + fcu(yAc) (6Au)

1. 2
t > fuu(aAu) + E3 (A.17)
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as expanded in a Taylor's series. [ Note that yand 6 are not con-

stant parameters in this particular case; yAc and &Au are symbolic

notations for the expressions on the right-hand side of equations (A.16)].
The detailed solution for the parameters: is given in Appendix B,

The results are:

(.
[

1 _ _ 1 1

By= 20 P2=- 72 B37- 7:P7 7 '

= 1 =1 S 1, oy, =a

Yi_ s YZ— = a, Y3_ s Y4“'2"a; Ys'a
(A.18)

%y

I§]

- = 1 - -
1 -b, 62-1,63- fb’ 64—1,6 =b

where a and b are arbitrarily chosen constants between 0 and 1.
For symmetry, a = b. |

Equation (A.15) becomes

1

itq,i44 = Cipa,3 T G541 "G, T T K [fi+1,j S TR TR
1
+ f(ci+1,j + (1_a)ci,j+1 - (1-=a)c.1,j + kfi+1,j + > akfi,j+1
- - Layke ., (1 -b) +u (1 - bju, .+ ~bh
2 1,57 VTP T Y 4 T Yi,3 7 Z P08,
+ hg -1~ Lm0 (A.19)
i,j+1 " z g .

A similar equation can be written for Hi because of the symmetry.

+1,j+4 o
With the introduction of intermediate values ¢ and u , the equations

cah be rewritten .

Lok

¢ = Z &M 54

Ci+1,j + kfi+1,j + [ (1-a) (Ci,j+1'ci,j) + +fi,j)]’k‘fi, .

J

s

hg

1.4 .
f e TLUESD) Qo -y )+ bR, te Ibbg

uisj+1 * 1,)]

(A.20)
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- 1

Cipd, 41 = Sie1,j T ZELE

* % _1
J.+f(c,u )] + [(ci,j_M—c ) = -—z-k(f

i+, 1, i, 341t

_ _ 1 * %7 1
Uag et = %, geat 208 g 8T U Llayy oy o) - ohig gy sre

(A.21)

Equations (A.20) and (A.21) are the algorithm of this two-dimensional
.Runge-Kutta method. '

ole
<

To determine the position in the y-z plane at which ¢ andu

are calculated, let ¢ = y and u = z; then c, i = k. and u, j = hi , and
f=1 and g= 1. From the equations for c * and u®,
v¥ = jk + {:(1 - a)k+ ak} = (j+1)k, )
3 '(A'ZZ)
2* = ih + {(1 - b)h + bh) = (i+1)h
* & e .
Thus ¢ and u are initial estimates of Ci+1,j+1 and ui+1,j+1’

although they are not necessarily the best initial estimates, because
in Runge-Kutta methods intermediate calculations do not necessarily
give best values of the variables being calculated.

Equations (A.21) may conceivably be iterated, with the replace-
ment of ¢ and u" with the value of C, and u, calculated

i+1,j+1 i+1,j+1
in the previous iteration step. The limit of this iteration is

— 1. —
(Cipa, 541 7 Cira,3) - ZEE g 500 T ha,5) T (05500 7 S5

1

- > k(fi,j+1 + fi,j) (A.23)
and thus this difference is independent of i:
1 1,3 33c
(<. .. 4 - C, ) - > k(£ ., )= -k
i+1,j+1 i+1,j 2 i+1,j+1 i+, j 12 8y3 0,j+ &
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Thus-if_l this it»errative scheme, the third-order correction terms along
the boundaries are used throughout the uﬁsteady state region. The non-
iterative scheme should be superior because in it these third-order cor-
rection terms. are recalculated approximately at each step, as f(c*, u*‘)
is not assumed to be fi+1,j+'1 .
To compare the two methods with each other, a sample problem

was chosen which has a known analytic solution. The problem is

—8-?’-_—11='C, a—zzc-u (A..25)

with the bouhdary conditions
c(0,x)=1, t{y,0)=0. (A.26)

The solution is

y

cly,z) =1 -f e_=-z-§ 10(24/z§ ) d§
0.
(A.27)

Z

uly, z) =-fe'y°g 1,(2 o/¥E) at
0

This problem was chosen because the solution was known, the problem
has no complicating parameters, and the equations describe an un-
steady-state distributed parameter system (in dimensionless form),
such as a fixed bed absorber or a fixed bed heat exchanger, similar
to the plug flow reactor model of this study. 20

From the solution, it is seen that

c-u=e 7% IO(Z /vz) . (A.28)
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Along the line y = z, ¢ +u = 1; then along this line,

-2
cly,vy) = % +% e Y IO(Zy)
‘ (A.29)
1 -2
uly,y) = > - %e 7 1,(2y)

The two programs were coded in FORTRAN, with the double
precision feature to eliminate machine round-off errors, and calcu-
lations were performed on the IBM 7090. The calculations were
performed for several values of h (here, h = k), and the values of ¢
at various points on the line y = z as calculated by the two numerical
methods were compared with the known values. . For c(1, 1}, the errors

for some choices of h became significant. Wheny = 1,

e %Y = e=% = 0.13533 52832, (A.30)%1
and . »

1,(2y) = 1,(2) = 2.27958 530 . (A.31)%2
Therefore

c(4, 1) = 0.65425 416 ‘ (A.32)

Figure 66 shows the magnitudes of the error in the values of
c(1, 1), calculated with the two methods, as a function of h. For the
Runge-Kutta method, curves are shown for values of .a of 0, ;: s
~and 1 (here a = b); for the modified Euler method, curves are shown
for one, two, three and infinite iterations. Of course, an.infinite
number of iterations were not made, but rather the iterations were
continued until there was no significant difference in two consecutive
iterated values of c. In general;, the errors of the two methods are
of opposite sign.
Figure 66 shows that the errors of both methods are proportional
to h’Z. Clearly, for this case the Modified Euler method is superior
to the Runge-Kutta method in all respects. Evidently, the theoretical
advantage of the Runge-Kutta method, which lies in the estimation of
third partial derivatives, disappears rapidly as the points of calculation

.move away from the boundaries.
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10~ —r—1 T T T T T TTTTTYg
i Runge Kutta Method ]
| ) a=0 i

° a=1/2
10-2 |- o a=| -
- Modified Euler Method 3
B a | iteration 1
- O 2 iterations =

_ A 3 iterations
1073 = ® ultimate error =
T 0 1
I :
-4 | ’ —
10 s Runge - Kutta 3
1075 = Modified Euler —
|O_6 1 1 |Illl|| | 1 Illllll 1 P4 1 1111
1072 ToR 1

h

MU.3491

Fig. 66. Comparison of errors of two-dimensional numerical
integration methods as functions of interval size.
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This unusual two-dimensional Runge-Kutta method warrants
more study, to determine the reason its theoretical superiority is
not realized and to extend to other similar problems the concepts

used in its derivation.



_178-

APPENDIX B -

DERIVATION OF THE TWO-DIMENSIONAL RUNGE-KUTTA METHOD .

The first three terms on the right-hand side of equation (A.8)
are identical with those of equation (A.15) so the problem becomes .

that of finding the parameters so that

[31Afi + BZAfJ. + B3f + [34f(ci,j + yAc, u, j + 6Au)

= a_zc h+
dydz

3 3
1{ 8 ¢ 1 (8 C 2
7( > > kh + > |~ 2> h™ + E. (B.1)
Z
The symbol E in equation (B.1) and other equations in this

ay“ 8 \Oy oz

appendix represents additional terms which are of the order h3, hzk,
hk -, k3, and of higher order. E does not necessarily have the same
value in different equations.

The following derivative identities of f and g will be of use

in the development:

af _ ou :
By = Lf* i <§7> , (B.2)
af _ 8c ‘
52 - fc (8_z> + fug , (B.3)
2. ' - 2
Bl )rees (23) 4 22 4 £2 4 2 fﬁ‘>
of c cu\ dy u 8y cc cu \ 9y
au 2
PN -
e 2 [ac ou dc .
5y97 (f.) (FE>+ ffeg+ffg + fugu <-§§-> i S\ 5 .

dc ou au A
+fcufg+fCu <—3—z> (a—y> +fuug (_6—y> , (B.5) :
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dz 9z
(B.6)
og _ du .
og _ 9c
9z~ ®c¢c (Ti) T 8,8 (B.8)

The right-hand side of equation (B.1) becomes

2 3 3 . /.2
9 c 1 9 ¢ 1{ 9 ¢ 2 _ of 1-{ 871
9ydz h+ 7 ( 2 > hk + 7( Z>h = gz Bt 7<8y8z>hk

dy 9z dydz

1 8u ). 1 |
+ hfuu[? f (W)’k-‘- > 8 h] + E . {B.9)
by

The Af terms of the left-hand side of equation (B.1) can be

developed as:

Af,

-
1
.
+
-
(S
1
TN
Qf @
e+
SN——
ol
+
[\ =S
‘/‘\
[~H]
NJQN
Las}
~——
=g
[\
+
=

’ Z
ac 1 82c ‘ 1 oc 1 |
= hfc [<_—z> t 5 azz hi+ hfu gt 8, 5—;) h + > guth

2 ‘
1 dc dc 2 1 2.2
+Ef )h+fug )h +t > uugh + E (B.10)
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. ' 2 -
—a—l—l>k2 1 <8u> k“+E.
y 2 uu \oy
' (B.11)

The term f(ci j + YAc, 9 5 + 6Au) can be expanded in a Taylor's

series:

f(ci,j' + yAc, ui,j + 8Au) = fc(y/.\c) + fu(6Au)
1 2 1 2
t5 £ (yAc)” + £ (yAc) (64u) + 5 £ (84u)
+ E. (B.12)
From equations (A.6), (A.7), (A.1), and (B.2),
ac 820 2 3
Ac = (2 ny 2 7 )® +Ow?)
and . (B.13)
Ac, = fk 1ffk2+1f (3‘3 K+ Oudy .
] Zu t 9y ,
Similarly,
Au, = gh+ g, <g-—>h + —-g gh® + O(h )
and , f (B.14)
' _{ du 1 ({8 u 2 3
Auj—<a—y>k+—2-(;z-)k+0(k) :

Therefore
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vQc = YiAci + yZch + \(3kAfi + y4kAfj + y5kf
dc 1 'azhl ‘ '1 1 du
= y1h [(FE) +2-<5-Z7—>h + yzk f+ ffckar?fu By k
‘8¢ 2 du\
' (B.15)
and
6Au = é'}iAuif-F 6,»2Auj + 63hAgi_+ 64hAgi + 65hg
- 1 [ac 1 su) . 1[8%
2 dc ou
+ 63h [gc<3§>+ gug]+ 64hk [gcf + gu(ﬁ)]
+ 65hg +E. (B.16)
Use was made in equation (B.16) of the equations
_ _|ag 2, dc 2
Ag, = 8iyq,; " 87 <3—2> h+Q@r% = g (‘a—z> h + g gh 0w,

_ _ \Bg 2 _ -du 2
Agi=g jpq- 8= <5~}7>k+0(k )= g fk+ g (8_y> k+ Q).

(B.17)
With the substitution of equations (B.15) and (B.16) into (B.12),

.the left-hand side of equation (B.1) becomes

ByAL + ByAL + BT+ Pyf(c, [+ YAc, w s+ 60u) = £ [53 + 54J
‘ 2
ac | 1 8% \ .2 1 2 dc
t i [‘31 (32)“ z ‘31< ) )h t Btk + 7 Byf k7 + ‘34Y1<'a_z> h

9z
2
1 9 ¢ 2
t2 54Y1-(—z)h
0z

(B.18 continued)
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' 1 2 dc 2
+ BgYofk + 3 ByYyf ik + B4y3fc ( %E) hk + By, f_fk” + s4y_5ka

du

dul). 2 1 2 du | 2
+fcfu{2;32(ry)k + 2BV, W}k +ﬁ4y3ghk+ﬁ4y4‘5-y_)k]
: 2
1 oc| .2 1 2 du 9 2
+fu,{ﬁigh+zﬁ1gc ETz’)h t7B8.80 + B (Ty) 52(“‘2)}1‘
5,gh + —~p 6 9c 1 p2 4 n 4 A W 2% 2
T B4048R + 7 B408 | 5z 7 P4548,8 Bsd | Ty | K 7 B0, ayz)

du

dc 2 2
h™ + 5463gugh + ﬁ454gcfhk + [3454gu (TY ) hk + 6465gh}

+ B4’53gc ( 0z

2 2
1 ac\ 2 1, .22 1 2 [oc 2 c
+fcc[fﬁ(57l H™ 4 > Btk + 5 B,Yy (B—z) h +34Y1(Y2+Y5)f(5)

54(Y2+Y5) £k

S

>h2+B2 (?r;)k + By, (8,48.) g (?r;}hz

dc ! fou l\ du 2
}(W}l hk + 54(y2+y5) (61+65) gfhk + 64(y2+y5) 62f ( ry) k J

2
|2 1. .2 22 By
3‘37) Ko+ 7 B0y g h + B85, (W)hk

1
+ fuu{_z_ﬁig h+ > ﬁ2

9
k% +p6,5,8°n" + 78,05 °8"h" +p,5,0 5g(6‘u‘)hk}+E

(B. 18)
Equating the coefficients of like terms on the right-hand sides

of equation (B. 4) and (B. 18) gives the equations for the parameters:
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f
2
ac 9 7cl,2

(3— hk and f f ghk

1 2,2 1 8u

fugh

du

ul oy |k

fufghk and fug

1 dcl.2 1
qu C(B— h™ and qugugh

du

fua—y-

2
1 9 ul. 2
y

f f(’é_ hk
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parameter equations

B3+ Py

Byt PyYy

PyYs

62_+ ByYo +.54Y5
By + ByYy t 2B Yy
By + Byly + Byos
Byoy |

By + By0y + 28,05
By + By,
CATITIRETY
B1”34\‘12

By + Bylvy + v5)°
Byly, + ¥5)(d, + 8¢)
ByY4%;

By + Byyy(8y + 85)
By T B4ly, +¥5)0,

54(61 + 65)62

1

N =~

™| >~

N ~

(B.

(B.
(B.
(B.
(B.
(B.

(B.

(B.
(B.
(B.

- (B.

. 19)

. 20)

. 21)

.22)

. 23)

24)

25)

26)

27)

28)

29)

30)

.31)

32)

33)

34)

35)
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1, 2.2 2
.quug h By + (34(61 + 65) =1 (B. 36)
1, [8u)® 2 52 - 0 (B. 37
2ou |y Ba * B4° = -37)

These equations are solved in the following tabulation; each

statement is justified by the equations cited:

By £0 (B.21); (B, 25); (B. 28);.(B: 31);/(B; 32);.(B: 35) . .(B. 38)
L yq =8, + 65 (B.20); (B.24); (B.29); (B. 33); (B. 36) (B. 39)
5, =v, +vs (B.22); (B.27); (B.30); (B.34); (B.37) (B. 40)
v %0 (B.32) | (B. 41)
5, £0 (B. 32) | (B. 42)
v, =Yo =1 (B.20); (B.29); (B.38); (B.41) | (B. 43)
5, = 6% =1 (B.27); (B.37); (B. 38); (B. 42) (B. 44)
B, :% (B.32); (B.43); (B. 44) | (B. 45)
By =% (B. 20); )B. 43); (B. 45)  (B. 46)
By = - 5 (B.27); (B. 44); (B. 45) - (B. 47)
vs = 1 (B.21); (B. 45) - (B. 48)
5, = 1 (B.25); (B.45) (B. 49)
By = -3 (B.19); (B. 45) (B. 50)
Y4 = 2Vs (B.22); (B.23); (B. 45) - (B.51)
53 - %65 (B.24); (B.26); (B. 45) (B. 52)

Let a = Yg and b = 65. Therefore, in summary,

_1 -1 1 1

Pyr=z P -z B3=g Py=73s
_ _ _ _1 Z ..

yi—i, yz—i—a, y3—'1, y4—§§, Yg = a; (B. 53)
_ _ 1 _ _

61 —.1 —b, 62 = 1, 63 _Zb’ 64— 1, 65—b .
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Equation (A. 15) becomes

— L1
i, 344 7 Si,5 T o,y o5 Tl g ey PRy - )
1 1 1,
- Zk(fi,j+1 - fi,j) - fkfi,j + —Z-kf(ci’j + yAc, U s + 6Au) ,
| (B. 54)
where yAc = (Ci+1-,j - Ci,j) + (1-3.)(ci,qu - Ci,j_) + k(fi+1,j - fi,j)
1
+gaklf oy - £ 0+ akf (B.55)
and
1
SAu.= (4-b)luy g o-uy ) F(uy oy - uy 0) Fgbhig o - g )
+ h(gi,j+1 - gi,j) + bhgi,j . (B. 56)
Combining terms, the equation becomes
— _ 1
Cid, 341 7 (Cipa, T G4 4 " Sy T 2R [fi+1,j ", 501
1
P,y T (Amadey gy - (Amadey bk g gakE Gy
.
- (1 - -z-a)kfi’j, (1-b)ui+1,j + ui,j+'1 - (1~b)ui’j
+ Long +h - (1 - Lo)ng )] (B.57) -
208, T 854 Z0MEy 0 ‘
The error involved in using equation (B. 57) to calculate
c. . is of the functional order h4, h3k, hzkz, hk3, and k4.
i+4,j+1

There is probably no choice of values for a and b such that this error .

can be minimized in general. The calculations to show this, how-

ever, are too lengthy to be carried out at this time.
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TABLE OF NOTATION

(Numbers in parenthesis indicate equations in which the relevant

symbol is defined).

in chemical equations, the primary reactant (1.5), (1.7); %
in mathematical equat'ions, the dimensionless activation
energy (1.20).

areas important to a stage in the two-dimensional finite
stage model. See Chapter 2, Part A.

an adjustable parameter in the two dimensional Runge-
Kutta method of integration: 0 <a <1.

the specific surface area of the packing particles. For
spheres, a, = 6/dp.

in chemical equations, the secondary reactant.

the Biot number for the reactor bed (3.8).

an adjustable parameter in the two dimensional Runge-
Kutta method of integration: 0 <b <1,

a vector of general dependent variables. Particular forms

of ¢ include c¢., c. ., ¢
1 1,)

the dimensionless concentration of the primary reactant A.

The dimensional concentration of A is cA The initial

value of ¢ at the feed is c¢ ; the final value of cA at

A At
feed is cAff. Particular forms of CA include cAi ; and
Cp - CA is the representation of cC, On machine-plotted

1

graphs. (1.9). .

the dimensionless concentration of the secondary reactant

B. The dimensional concentration of B 1is CB (1.10).

the heat capacity of the fluid per unit mass.

the heat capacity of the packing particles per unit mass. e
the reference concentration used to define dimensionless
concentrations. .
a factor in the Newton-Raphson method applied to simul-
taneous equations (2.62).

the effective turbulent diffusivity in the radial direction

(1.26).
the effective turbulent diffusivity in the axial direction (1.25).
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the average diameter of the packing particles, used as a
fundamental unit of length in this study.

the activation energy of the reaction.

a general fector function.

a general function, sometimes a vector function.

the dimensionless heat transfer coefficient between the
particles and the fluid (1.23).

the dimensionless wall heat transfer coefficient (1.24).

.sz is for the two-dimensional finite stage model, Hw{l

is for the one-dimensional finite stage model, and pr is

fee is the value of vai when
the corresponding Hw, is infinite. (See Chapter 3.)

for the plug flow model. Hw

an interval size used in two-dimensional numerical inte-
gration methods. ,

the heat transfer coefficient between the particles and the
fluid.

the wall heat transfer coefficient.

general subscripts.

Bessel functions of the first kind and of zero and first
order, respectively.

the dimensionless pre-exponential coefficient in chemical
rate equations (1.17). The corresponding ‘dime.nsional
value is k*. Also, k is an interval size used in two-
dimensional numerical integration methods.

variables in the Runge-Kutta-Gill method (2.67).

the effective thermal conductivity of the bed in the radial
direction.

the effective thermal conductivity of the bed in the axial

- direction.

the dimensionless diameter of the reactor (1.2). The
x
corresponding dimensional diameter is M .
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a superscript which indicates the number of iterations

in iterative numerical methods.

the dimensionless length of the reactor (1.1). The corre-
sponding dimensional length is N*-

the radial Peclet number (1.27).

the axial Peclet number (1.28).

concentration feed streams to a stage (2.36), (2.37),

(2.38), (2.73).

auxiliary determinants used in the heat transfer coefficient
calculation (3.48).

temperature feed streams to a stage (2.41), (2.42),

(2.43), (2.74)."

the volumetric flow rate of fluid through the reactor:

Q= 1/4:1TM2d' Zev. Flow rates through stages of the

finite stage rrI:odels are Qim’ Qi’ and Qj (2.2), (2.7).
variables in the Runge-Kutta-Gill method (2.67).

the dimensionless rate of reaction (1.21). The corre-
sponding dimensional form is R#’< (1.6), (1.7). Other
particular forms are Ri ~and Ri,j°
the gas constant.

the dimensionless radial variable (3.1).

variables in the Runge- Kutta-Gill method (2.67).

the fluid mixing and heat transfer matrix of the two-
dimensional finite stage model (3.31).

the dimensionless temperature of the fluid (1.412). The
corresponding dimensional form is T*. The initial value
of T at the feed is Tif;
Tff° Particular forms of T include Ti - Ti

H >

the final value of T at the feed is
and -’ITI

TF 1is the representation of T on machine plotted graphs.
the ratio of the reference temperature to the total
adiabatic temperature rise (1.15).

the dimensionless temperature of the particles (1.13).
The corresponding dimensional form is T; Particular

forms of T include T and T .

I8



.

i

-189 -

a dimensional temperature used for reference in defining
dimensionless temperatures.

dirensionless time, t*v/dp. Dimensional time is t*.

a vector of general dependent variables.

the finite stage averaging VertOr‘ (3.34).

the volume of the stages of finite stage models (2.1).

the actual averag'e velocity of the fluid through the bed.

the dimensionless axial variable (1.3). The corresponding
dimensional variable is x*.

the characteristic coordinate variables (2.85), (2.92).

Greek Symbols

§
B4

Yn
(-AH)
AT

the dimensionless heat capacity parameter (1.22).

the smallest positive root of equation (3.7). Bn is the
nt? root of equation (3.7). B1°° is the smallest positive
root of Jy(B) = O.

the stoichiometric coefficient (1.7).

coefficients in the recursive relations for pn()\) (3.48).
the heat of reaction.

the total adiabatic temperature rise for the reaction (1.11).
the stoicvhiometric concentration difference ('1.30)_.

6, is the value of & at the inlet of the reactor.

the void fractioyn of the packed bed.

a generalized wall heat transfer term for the finite stage
models (2.44), (2.45), (2.46), (2.75).

the variable of the characteristic polynomial ¥(\) of S.
The largest root of §(N) = 0 is Ny; a general root is A.

a parameter related to Ay (3.49).

the density of the fluid.

the density of the packing particles.

the characteristic polynomial of S (3.46).
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This report was prepared as an account of Government
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or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, '"person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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