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· ANALYS1S o·F. ELLIPTICALLY POLARIZED LIGHT 

Rolf H. Muller. and J. Richard Mowat* 

Inorganic Materials Research Division 
Lawrence Radiation Laboratory 

University of-California, Berkeley, California 

ABSTRACT 

The measurement of. elliptically polarized light, a tool for the 

study of reflecting surfaces, results in quantities from which the 
' . .· 

characteristics of the polarization have to be computed •. Equations 

are derived which furnish the geometrical properties of the ellipse 

(orientation and ellipticity) and the physical parameters of two 

orthogonal component waves (phase differenceand amplitude ratio) from 

data obtained using compensator and intensity techniques. 

* Also with the Department of Physics, Univers'ity of California, 
Berkeley, California. 
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INTRODUCTION 

The reflection of polarized light from an interface results in a 

change of the polarization state which is characteristic of the optical 

properties of the interface. Two cases of particular interest will be 

considered in detail. They pertain to the use of linearly polarized 

incident light which results, in general, in an elliptically polarized 

reflected wave and elliptic incidence which results in linear reflection. 

In the following analysis, light is treated as transverse electro

magnetic radiation with plane wave fronts. These conditions are met by 

a parallel, monochromatic beam several wavelengths away from the source. 

For considerations of the state of polarization only the electric vector 

is considered although the magnetic vector is equally important for the 

wave propagation. (Fig. la) 

A. Polarization 

In linearly polarized light propagating toward the observer the 

tip of the electric vector seems to oscillate along a straight line 

(Fig. lb). This oscillation may be resolved into two linear components 

vibrating in phase along the c9ordinate ax~s x and y (Fig. 2). When 

the tip of the oscillating electric vector as seen by an observer look

ing toward the source appears to trace out an ellipse the light is said 

to be elliptically polarized. Elliptically polarized light can also be 

decomposed into two linear components along perpendicular axes, but the 

components, do not oscillate in phase (Fig. 3). The instantaneous repre

sentation of the wave is a helix in space moving in the propagation 

direction and hereby tracing out an ellipse in a fixed plane normal to 

the propagation direction. If, to the observer, the tip of the electric 
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vector travels around the ellipse in a clockwise fashion, the light is 

said to have right-hand or negative polarization. A counter-clockwise 

rotation is called left-hand or positive polarization. The handedness of 

the oscillation depends upon the phase difference ~ between the orthogonal 

components, as shown in Figs. 5 and 6 and Table I. When ~ is an integral 

multiple of~TI the vibration is linear. 

Table I. Elliptic polarization, sense of rotation and 
Phase difference between orthogonal components 

-2TI < ~ < -TI 

O<~<TI 

2TI < ~ < 3TI 

etc.-

left handed 

counter clockwise 

positive 
,( 

Phase Difference 

Ellipticity 

-TI< ~ < 0 

TI<~<2TI 

3n < ~ < 4n 

etc. 

right handed 

clockwise 

negative 

B. Definition of Elliptic Parameters 

An elliptic polarization can be specified by the physical para-

meters phase difference ~ and amplitude ratio 

B(y) ~ tan?j; 
A[X) ~- ,o 

of the x andy components. The phase difference ~is defined in terms 

of the absolute phase of the ~omponents ·as 

~ = a - o 
X y 

• 

'"' 

•• 
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and can assume positive and negative values, while the amplitude ratio 

of the y and x components is always positive. 

An alternate description of the ellipse is possible in terms of 

its geometric parameters e and -y, expressing its orientation and shape. 

8 is the angle between the x axis and the major axis of the ellipse, and 

tan 'Y;; ±£ 
a 

is the ratio of the minor and the major half axis of the ellipse.; The 

plus sign is used for left-hand polarization, and the minus sign for 

right-hand polarization. Figure 7 shows how the parameters 8, -y, 7/J, are 

related to the trace of the ellipse and the x-y coordinate system. 

C. Analysis by Compensation 

Two devices for analyzing elliptically polarized light involve a 

compensation of the phase difference 6 between the x and y components 

until linear polarization is restored, which is recognized by complete 

extinction with an analyzer. 

The device to be employed here is the stnarmont compensator or 

"quarter wave plate". The feature of this compensator is that the 

optical paths for polarization along two perpendicular axes differ by 

~/4. If the elliptic vibration is cons~dered to result from components 

along the major and minor axes of the ellipse which oscillate out of 

phase by n/2 or ~/4 then, introducing a quarter wave·compensator with 

axes which coincide with the ellips'e half.-axes ( u-v coordinate system in 

Fig. 7) results in a phase difference of 0 or n. Thus, the elliptic 

vibration is transformed into a linear one. The settings, with respect 

to the x axis, of the compensator axes and a nicol prism adjusted to 

extinguish the linearly polarized light give the parameters e and 'Y· 
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An alternate compensating technique, not to be discussed in detail, 

employs a variable BABINET or·SOLEIL compensator which allows the 

introduction of a phase difference between x- and y components which can 

be adjusted until linear polarization results and, thus, allows to 

determine 6 directly. The angular position of the quarter wave plate 

can, however, be determined with much greater accuracy than the linear 

position of a variable compensator. 

Compensating techniques are very precise but slow because the 

correct instrument readings have to be found by successive approximation. 

D. Analysis of Intensity 

Since the intensity of linearly polarized light is proportional to 

the square of the amplitude, the amplitude ratio tan~ can be directly 

determined from an intens~ty measurement of the components along the x 

andy axes. A rotating analyzer (nicol prism) followed by a _photodetector 

can be used for this measurement. The transmission direction of the 

analyzer at maximum intensity also gives the orientation e of the major 

axis of the ellipse. Intensity methods have the practical advantage of 

yielding values for 6 and ~ quickly, which is important for the observa

tion of transient phenomena. However, the accuracy is lower than that 

possible by compensating techniques. 
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CHAPTER ONE •. LINEAR POIJffiiZATION ·INCIDENT 

I. DETERMINATION OF RELATIONS'·'~'BEL'WEEN 

6, ~' 8, y BY USE OF CONJUGATE RADII 

When linearly pol~rized light is reflected from a metal su~face, 

the reflected light. is, in general elliptically polarized. This 

elliptical oscillation is characterized by the angle 8 between the 

x axis (chosen to be parallel.to the plane of incidence) and the 

major ellipse axis and by the. ratio of minor to major axes def.ined 

to be tan 'Y (Fig. 7). 

The components of the elliptical vibration parallel to the major 

and minor axes of the ellipse oscillate with the same frequency m 

but the component along the major axis differs in phase with that 

l th . . by 7T/2. a ong e mlnor axls Thus, ifthe.light is passed through 

a quarter-wave plate (Se'narmont Compensator) the fast axis of which 

is parallel to-the minor axis of the ellipse a phase difference of 

7T /2 will be added or subtracted producing. linearly polarized light 

along the restored direction 8+'Y from the x axis (r in Fig. 7). 

If the quarter wave plate is followed by a linear analyzer, extinction 

of the beam will r:esultvwhen the extinction direction forms the angle 

8+-y with the x axis. The measured angles e and 'Y can be related to 

the phase difference 6 between the x and y components of the ellipti-

cal oscillation parallel and normal to the plane of incidence, !n:na 

to the ra:t:}o .. tan?/! :of t,he. ampl~tude::1 1aloNg.:. the y:;_,_·ditedJion to 

* A. Superposition of Linearly Pola:rized Light 

An elliptically polarized wave propagating in the z direction 

can be interpreted as the resultant vector of two orthogonal linearly 

*' A similar discussion is given in references 1, 2, and 3. 
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polarized sinusoidal compenents in the -x,-z and y-z·planes, as indicated 

in Fig. 3 and described by th~ parametric equations (1) and (2) below 

The coordinates x and y·are used to designate the two orthogonal •· 

components of the electric light vector parallel and normal to the 

plane of incidence; 

E 
y 

B cos [m (t' ) + 
v 
z 

with the phase difference 6 between the two waves being 

/::, - 5 - 5 
X y 

and by redefining the origin of time such that 

mt = m(t' - z ) + 5 
v y 

the components become 

E = A cos (mt + 6 ) 
X 

E = B cos mt 
y 

The dependence on time is eliminated as follows 

E 
cos mt = ..Jl.. 

B 

sin mt 

E 2 
1:... _y_ 

B2 

E ::::; A (cos. mt co,s /::, -
X 

. \E E 
' y 

cos /::, -
X =A B 

sin mt sin 6) 

E 2 

sin!::,) 1- ..L_ 

B2 

(l) 

. (2) 

(3) 

(4) 

(la) 

(2a) 

(2b) 



-7-

AE 
__ Y_ cos 6 - E = A 

B X 
1-

E 2. 
y 

B2 
sin 6 

2 .2 
COS 6 + X 

2AE 
X 

. 2 

- Ey cos 6 A2 .(l Ey ) . 2 
B . = - 2 Slll 6 

B 

A2E 2 
E 2 2E E cos 6 

A2 . 2 6 y 
+ X y 

B2 
X 

B 
Sln 

E 2 E 2 2E E cos 6 . 2 y 
+ 

X X y 6 (5) 
B2 A2 AB 

Sln 

The ellipse described by (5) is the projection of the tip of the 

resulting electric vector (a helix in space) on the x-y plane normal 

to the propagation direction, looking toward the light source (see 

Fig. 4 ). 

B. Conjugate Radii 

From equations (la), (2a) the electric vector in the x-y plane 

can be expressed as 

~ = A cos (~t + 6) t +B cos rot j (6) 

where t and J are Unit vectors in the X and y directions respectively. 

Rewriting (6) results in 

K = A (cos rot cos 6 - sin rot sin 6) i + B cos rot j 

K = (A cos 6 r + Bj) cos rot - A sin 6 r sin rot 
(7) 

or t = t 1 cos rot + ~2 sin rot (8) 
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where 

~l - A cos 6 i + BJ' (9) 

(10) 

The vectors ~land~· are conjugate radii of the ellipse.* ~ 

is the real part of 

~ = (~ c l 
-iwt 

e (Sa) 

Another pair of conjugate radii are the principal radii ~ , ~ 
. - u v 

shown in Fig. 8. They have the property that ~ · ~ = 0. At some 
u v 

time t the electric vector coincides with the u axis. Then 
0 

from (8), 

~u = ~l cos wt
0 

+ ~2 sin wt
0 

(ll) 

Tf . 
At wt = mt + /2 the electric vector coincides with the v axis, 

0 

and 

~. = K cos (mt + Tr/2) + E
2 

sin (mt + Tr/2) 
v l 0 0 

C. Dependence of Handedness Upon 6 

. From equations (la), (2a) it is seen that at mt = 0, E = 
X 

(12) 

A cos D., E = B and as shown in Fig. 8 the ellipE:;e- is tangent :tc:J the 
y 

circumscribing rectangle AB (also tangent to the circumscribing 

parallogram determined by E1 and E2 ) •. · From (8) it is seen that 

* A reference for this treatment is 
-io:t ll. The choice of e instead 

of e+i~ is arbitrary, but is in keeping with the current practice. 
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... 

&I 
dt t = 0 = 

- oE1 sin mt + oE2 cos mt I = 
t = 0 

That is, at time zero the change in the electric vector is parallel to 

(10) 

Thus the oscillation will be left-hand as shown in Fig. 8 for 

sin L > 0 and right-hand for sin L < 0 . In terms of L , the ro'-

tation will be left-hand when -27f < L < - TI, 0 < L < TI, · 27f < L <. 37f, 

etc., and right-hand when -7f < L < ·o,·1r < L < 2 , 3 < L < 4, etc. 7f 7f 7f 

as summarized in Table 1. 

The influence of the phase difference L on shape, rotation and 

orientation of the ellipse; together with·its sense of rotation is 

further illustrated in Figs. 5 and 6. 

D. · Derivation of Equations 

Expressions will now be derived relating the measured para-

meters e and ~ to the physical quantities ~ and L. It will be 

assumed that the light incident on the reflecting surface is linearly 

polarized at 45 6 to the plane of incidence. Then 

tan ~ incident 

6 incident = 0 

-
B. "d t lncl en 

A incident 

X incident 

l 

0 
yincident = 0 

And the measured phase difference L and amplitude ratio tan ~ 

B , 
reflected 

tan''' = '~' reflected A 
reflected 

are determined completely by the reflecting surface. For incident 

linearly polarized light with general polarization direction the 
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relative amplitude ratio of the reflected light is 

tan '1/J :::!: 
tan '1/J reflected 
tan '1/J incident 

In order to arrive at a self~consistent treatment it is im-

portant to carefully define all quantities. The definitions of 

e and ~ given below are compatible with the representation of 

elliptic oscillations in a Poincare sphere 
4

' 5 on which lati-

tude and longitude are used to represent 2~ and 28 respectively. 

(13) 

e = angle between positive x axis and major axis of ellipse, 

measured counterclockwise 0 < e < TI 

~ = angle between major axis of ellipse and restored polariza-

tion measured in the same sense as the rotation of the 

ellipse -TI +TI 
4 ::S~::S 4 

Thus, ~ is negative when the oscillation is right-hand and 

positive when the.oscillation is left-hand. From (12) and 

E =a 
u 

Jt. 
v 

with ( 9), ( 10) 

. 2 t Sln ru 
0 

+ E 
2 

cos
2 

rut 2 0 

2~1 · E2 cos rut
0 

sin rut
0 

+ E1
2 

cos
2 

rut
0 

+ E2 
2 sin2 rut

0 
+ 2E1 · E2 sin rut

0 
cos rut~ 

= ·E 
2 

+ E 
2 = A2 cos2 6 + B2 

+ A2 sin2 6 
l, 2 

= A2 + B2 

= A2 B2 + ' 

E = b, v 

(14) 

A second relation between a,b,A,B with~ being a unit vector in the 

z direction can be obtained as follows: 

.. 



.. 

.. 

g x g = a b sin rr /2 :K 
u v 

-ll-

+ E1 X E2 (cos
2 

mt
0 

+ sin2 mt
0

) + E2 X i 2 sin mt
0 

cos mt
0 

= :Ef
1 

X g2 = AB sin 6 :K 

ab = AB sin 6 

with the relations illustrated in Fig. 7, 

a 
COS"( =-

.Jr-~2-. -b~2-
a + 

one obtains from the trigonometric identity 

sin 2"( 2 sin 'Y cos 'Y 

2 ab 
A2+ b2 

which is transformed with (14) and (15) into 

sin 2"( 

= 2 sinD. A B ----

= 2 sin 6 sin 7/J cos 7/J 

sin 6 sin 2 7/J 

sin 2-y . sin 2 · 7/J sin 6 

The following calculations 'are based on the relations shown 

in Fig. 8. From ( 9 - ll) and t = t 
0 

g = (At cosL + BJ) cos mt - At sin 6 sin mt u 0 . Q 

t • E = A(cosL.cosmt - sinl:::.sinmt ) = jg I cos e = a cos e u 0 . . ' 0 u 

.•• a cosB= A cos 6 cos mt -A sin 6 sin mt 
0 0 

(15) 

(16) 

(17) 

(18) 

(19) 
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j·E ·=a cos (2!:- 8)= a sine = B cos mt 
u . 2 0 

(20) 

From ( 9), ( 10), and ( 12) 

E = -(At co&6 + Bj) sin mt - At sin 6 cos mt v 0 0 

t• E = -A( co&6sinmt + sin6cosmt ) = IE I cos( e + ~) 
v 0 0 v 2 bsin8 

bsin8 = A cos 6 sin mt + A sin 6 cos mt 
0 0 

j·E = - B sin mt = b cos e v 0 

Elimination of wt from (14) and (21) is achieved as follows: 
0 

a cos e =A cos 6 cos mt - A sin 6 sin mt 
0 0 

b sin e =.._A sin 6 cos mt + A cos 6 sin mt 
0 0 

The determinant of the coefficients of sin mt and cos mt is 
0 0 

A cos6 -A sin 

A sin6 A cos 

Thus 

(21) 

(22) 

( 19) 

(21) 

cos mt 
0 

l 

A2 

a cose -A sin6 
Aa cose co&6+AB sin8sin6 

A2 

b sinG A cos6 

• • A cos mt = a cose cos6 + b sine sin6 
0 

also 

1 A cos6 a cose 
Ab co&6sin8 sin mt = A2 = 

0 A2 
A sin6 b sinG 

A sin mt =b cos 6 sin e - a cos ·e sin 6 
0 

(20) (24) 
.~·: 

Multiply by to get 

AB cosmt sinmt ab sin2
e cos.6 

2 sine cose sin6 -a 
0 0 

(23) 

-aA co se s in6 

(24) 

(25) 

f") 
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Multiply (22) and (23) to get 

-AB sin mt cos mt 
.. ,. ' 2 2 ' 
== ab cos e cos D. + b s in8 

0 0 

Add (25) and (26) 

with 

0 == ab cost:c. + 

a2 -b2 
2 sin 28 sinD. == ab cost:c. 

b 
a == tan "' 

sin 28 tant:c. 

(Fig. 7) 

2b 
·a 

sin 28 tant:c. 

t " _ tan 2y 
an '-" - . 28 Sln 

Squaring equation (27) yields 

2 tan 6 
2 

tan 2y 

sin2 28 

sinD. 

With the use of the trigonometric identity 

1+ 1 1 
== 

tan2
t:c. 2 ( 1 ) tan 2"1 1+ 2 tan 28 

. 22 (1 1 ) Sln Y 
2 + 2 

cos 2"1 tan 28 

case 'siil6 (26) 

(27) 

(28) 
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2 2 
sin

2 
2-y ( 

l ) tan 6 cos 2-y l + 2 
tan 28 

tan
2

6 (l - sin
2

2-y) . 22 . 22 s1n '1.. s1n -y 2 

2 2 
tan 6 - tan 6 

. 2 
sin 2-y + 

'l 
2 

cos 6 

. 22 s1n -y 

tan 28 

. 22 . 22 . 22 s1n '1.. s1n -y s1n -y 2 tan 28 

2 
tan 6+ 

. 22 s1n 1. 2 tan 6 
tan

2
28 

•2 
tan 6 = 

. 21\ s1n u 

. 22 -s1n -y 

. 22 Slh "/ 

. 2/\ s1n u 

2 
= tan 6 

2 . 22 cos 6s1n -y 

1 

where the last step follows from equation ( 18 ). Agiin applying the identity 

(28)' 

2 
cos 6 

l+-~--=1+ 

tan
228 

2 
cos 6 

2 
tan 28 

l 
2 

tan 2</J 

l 
2 

tan 27j; 

tan 28 = ± tan 27j; cos 6 

From (18) and (29) 

sin6 = 

cos6 

sin 2y 
sin 27j; 

tan 28 
±tan 27j; 

(29) 
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6 is eliminated by squaring and adding 

· 22 t 
2 8 s1n y + an 2 1 

= sin227f; tan 
2

2</J 

2 2 .. 2 2 
sin 2</J = sin 2'Y + tan 28 cos 2</J 

2 
1-cos 2</J 

2 2 . . 2 
l = sin 2'Y + cos 2</J (tan 28+1) 

with the trigonometric identity 

2 tan 28 + l 
l 

l 
2 

. 22 cos 27j; s 1n 'Y + -....,..._.___ 
2· cos 28 

2 . 2 2 
dds 28 cos 2'Y = cos 2</J 

cos 2</J = ±cos 2"1 cos 28 (30) 
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E. Discussion of Equations (18); ·(27), (29), (30) and 

Determination of Ambiguous Signs 

Case of A~ B 

With the angles defined as in Section ID 

8<8<7T 

7T 7T - 4 :S 'Y :S 4 1 ccis2'y > 0 

and the restriction that B be smaller thari, or equal to A, it is readily 

seem from the ellipses of Fig. 5 that the only possible values of 8 

and 7/J are 

=> tan 27/J > 0 

o<8<zr 
4 

37T < 8 < 7T 
4 

B<A 

The correct signs in the Eqs. (18), (27), (29), and (30) can be deter-

mined by considering the resulting polarization as 6 is varied, using 

Fig. 5 as a check. 

Case I. When 6 = n 7T n any integer 

(18) sin 2-y = sin 2-y sin 6 becomes 

sin Z'/ = 0 => 'Y = 0 

which is true by Fig. 7 whenever b 0 (linearly polarized light). 

(27) becomes 

.tan A __ 0 __ tan 2-y 0 b f 
L::.. --:-....-2::::-ai<; ~'Y = as e ore siri v 

(29) tan 28 = ±tan 27/J (-l)n 

but for linearly polarized light 8 = 7/J always. Thus tan 28 = 

tan 27/J and (29) should employ the positive sign to read 

,. 
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tan 28 = tan 2~ cos ~ 

(30) cos 2~ = ± cos 2~ cos 28 

l = ± cos 2~ since 8 = ~ 

cos ·'C!y > 0 always since 7T 7T 
--<~< -4 4- -

Therefore, the negative sign has no physical meaning. 

7T 
Case II. When~= - + n7T 

2 
n any integer 

(18) sin 2Y = sin 2~ sin ~ 

= ± sin 2~ when nis even 

when n is odd 

=> ~ = ± ~ which is in agreement with Fig. 5. 

(27) becomes tan ~ = oo or sin 28 = o, 8 = 0 as in Fig. 5. 

(29) tan 28 = 0 since cos ~ = 0 true since 8 = 0 by Fig. 5 . 

(30) cos 2~ = ± cos 2~ cos 28 

l = ± cos 28 since cos 2~ = cos 2~ 

but cos 28 = l since 8 = 0 

Therefore, again, the positive sign only has physical meaning. 

Case III. 0 < ~ < ~ 
2 

(18) sin 2~ sin~= sin 2~ 

sin~> 0. 

since 0 ~.~ ~ ~ or sin 2~ > 0. Therefore, sin 2~ > 0 

or 2~ > o, which corresponds to left-hand polarization as seen 

in Fig. 5. 

(27) tan ~ = 
tan 2'Y 
sin 2t1 

tan ~ > 0 
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'Zy > 0 => sin 2-y > 0 

0 ~ 8 < 7/J ~ ~ => sin 28 > 0 f See Fig. 5. 

(29) tan 28 = ± tan 27/J cos ~ 

. tan 28 > 0 ' since 0 ~ 8 ~ ~ 

tan 27/J > 0 

cos ~ > 0 

thus tan 28 = + tan 27/J cos ~ 

sign has physical meaning .. 

(30) cos 27/J = ± cos 2"y cos 28 

0 < ~ < ~ the positive 
2 

cos 27/J,' cos 28, cos 2-y > o, thus the negative sign has no 

meaning. 

Case IV. ~ < ~ < 7T 

(18) sin 'Zy= sin 27/J sin 6 

sin 6 > 0 

sin 2</! > 0 

=> sin"y > 0 

(27) tan~= 
tan 2'Y 
sin 2B 

tan 6 < 0 

tan 2"y > 0 because 'Y > 0 for left hand polarization implied 

7T 
by 2 < ~ < 7T 

sin 28 < 0 as shown in Fig. 5 t 7T < 8 < 7T 

Therefore, positive sign as written is confirmed. 

(29) tan 28 = ± tan 27/J cos ~ 

tan 28, cos ~ < 0, tan 27/J > 0 

Thus, tan 28 = + tan 27/J cos ~ 

the positive sign only has physical meaning. 
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(30) cos 2~ = ± cos 2y cos 29 

cos 2-y > 0 

cos 2~, cos 28 both > 0 thus the minus sign has 

no meaning. 

Case V. 7T < 1::::. < 3
7T 

2 

(18) sin 2y = sin 2~ sin 1::::. 

sin 1::::. < 0 

sin 2~ > o, sin 2-y < 0 

tan 2-y 
(27) ta~ = sin 28 

tan 1::::. > 0 

sin 29 < 0 t 7T 8 < 7T 

tan 2y < 0 right hand polarization. 

(29) tan 28 = ± tan 2~ cos 1::::,. 

tan 29, cos 1::::,. < 0 

tan 2~ > 0 

tan 28 = + tan 2~ cos 1::::,. 7T < 1::::,. < ~7T the positive 

only has meaning. 

(30) cos 2~ = ± cos 2'Y cos 29 

cos 2~, cos 29 > 0 

cos 2'Y >0 

negative sign has no meaning. 

Case VI. 37T < 1::::,. < 27T 
2 

(18) sin 2y = sin 2~ sin !::::. 

sin 1::::. < 0 
:" ·• 

sin 2~ > 0 

sin 2y < 0 

sign 
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(27) tan 6 = tan zy 
sin 29 

tan 6 < 0 

sin 28 > 0 

tan 'Cy < 0 

(29) tan 28 = ± tan 27/1 cost:. 

cos 6 > 0 

tan 28 > 0 0<8<~ 

tan 27/J > 0 

tan 28 = + tan 27/1 cost:. ~n < L < 2n the positive sign 

only has meaning. 

(3o) cos 27/J = ± cos 2-y cos 28 

cos 27/1, cos 28 > 0 

cos 2-y > 0 again, the negative sign has no meaning. 

Case A < B 

With the angles characteristic of the geometry of the ellipse 

defined as in Sec.tion ID 

0<8<n 

7T 7T 
-ij::S'Y:SJ+ 

and the restriction that A be smaller than B and tan7f! = B/A ~ 0 

one obtains 

7T < ?It < ZI 4 'I'- 2 

and, as illustrated in Fig. 6 

=> tan 27/J < 0 

Case I.Proceeding as for the previously discussed case B ~ A , when 

6 = n we get the same results. 

... 

• 
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Case II. Proceeding as for the Case B < A 

'iT 
When 6. = 2 + n7T we get the same results 

7T 7T 7T( 6 Case III. When 0 < 6. <2 => 4 < 8 < 2 See Fig. ) 

( 18) ·sin 2?/J sin 6. = sin 2-y 

sin 6. > 0 

sin 2?/J > 0 

2-y > 0 

(27) tan 6. = t~rt 2-y 
· sln 2B 

ta~ > o, sin 28 > o, tan 2y> 0 

( 29) tan 28 = ± tan 2?/J cos6. 

cos 6. > 0 

7T 7T ·. 
2 < 28 , 2?/J < 2 => tan 28, tari2?j; < 0 

tan 28 = + tan 2?/J cos 6. as before, the positive sign only 

has physica~ meaning. 

(30) cos 2?/J = ± cos 2-y cos 28 

> 0 

cos 2?/J, cos 28 < 0 

only the positive sign has meaning: 

Case IV. ~ < 6. < 7T => ~ < 8 < fi. 
(18) sin 2-y = sin 2?/J sin 6. 

sin 6. > 0 

sin 2?/J > 0 

sin 2-y > 0 

..:.. ·' 
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(27) tan 2 b.= 
tan 2-y 
sin 2B 

'.·, 

tan b.< 0 

tan ·2-y > 0 

sin 28 < 0 

(29) tan 28 = ± tan 27/J cos- b. 

cos b. < 0 

tan 28 > o, tan 27/J < 0 

tan 28 = + tan 27/J cos 6 the positive sign only_ has physical 

meaning. 

(30) cos 27/J = ± cos 2"/ cos 28, 

>O 

cos 27/J, cos 28 < 0 

negative sign has no meaning 

Case V. 7f < b. < ~TI 

(18) sin 2'Y = sin 27/J sin b. 

sin 6 < 0 

sin 27/J > 0 

sin 2'Y < 0 

(27 ) t 6 _ tan 2-y 
an - sin 2B 

tan b.> 0 

tan 2'Y < 0 

sin 28 < 0 

(29) tan 28 = ± tan 27/J cos b. 

tan 27/J, cos b. < 0 

tan 28 > 0 

tan 28 =+tan 27/J cos b.the positive sign only has meaning. 

.. 
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(30) cos 27/l = + cos 2-y cos 28 

cos 2'Y > 0 

27/l, 28 < 0 
.. •. 

cos cos 

negative sign has no meaning. 

Case VI. 
37T < [:::, < 27T 2 

(18) sin 2'Y= sin 27/l sin 6. 

sin fi < 0 

sin 27/J > 0 

sin 2'Y < 0 

.. (27) tarA= 
tan 2'Y 
sin 28 

tan 2-y < 0 

sin 28 > 0 

tan 6. < 0 

(29) tan 28 = ±tan 27/lcos 6. 

cos !:::.. > 0 

tan 28, tan 27/l < 0 

tan 28 = + tan 27/J cos !:::.. the positive sign only has meaning. 

(30) cos 27/J = ± cos 2'Y cos 28 

cos 2'Y > 0 

cos 27/J cos 28 < 0 

negative sign has no meaning. 
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·Summary.· 

The discussion has shown that with the restricfions of 

o<8<7T 

All ambiguities in signs can be removed and the Equations (19), 

(27), (29), (30), ?,re to be used as shown below for both cases A> B 

and A < B. 

sin 'ZY= sin 27/J sin 6 

tan 6 = 
i:;ap 2-y 
slri 28 

tan 28 = tan 27/J cos !::::, 

cos 27/J = cos 2-y cos 28 

See Fig. 7 for geometrical meaning of parameters. 

( 18) 

(27) 

(29) 

(30) 

.. 

.. 
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II. DETERMINATION OF RELATIONS BETWEEN 

L, ~' 8, ~ BY usE oF THE PoiNCARE sPHERE 

In this section it will be shown that the quantities L, 2~, 28, ~ 

can be interpreted as parts of a right spherical triangle as shown in 

Fig. 5· Equations (18), (27), (29), and (30) can be obtained directly 

from the triangle by applying Napier's Rules (See Appendix). 

The triangle in Fig. 9a is part of the surface of a unit sphere 

called the Poincar~ sphere. Any possible polarization state mp;y be 

represented by a point on this sphere of longitude (or azimuth) 28 

measured from H and latitude 2~ measured from the equator. The con-

vention to be adopted is that, when the equator is horizontal, points 

above the equator have a positive latitude, and points below the 

equator have a negative latitude. 

The arc ~ is & segment of the equator and has l~ngth 28 • Here 

8 :and ~ are the 8 and ~ defined in Section I D. All points oh the 
I 

equator represent various linear polarization states. The reference 

point H represents light that is linearly polarized parallel to the 

plane of incidence while the point M represents light that is linearly 

polarized parallel to the major axis of the ellipse. 

A. Definitions of 8, ~' ill t = 0 

In order to assure the correct description of the elliptical 

oscillation throughout the following calculations, the conventions 

used before are re-stated, and a new one (III) is given below and 

illustrated in Fig. 10. 
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I. e is the angle measured counter-clockwise fr8m the positive x axis 

to the major axis of the ellipse such that 0 < e < TI only. 

II. ~ is the angle, measured in the same sense as the rotation of the 

electric vector, from the major axis of the ellipse to the restored 

polarization. The values of ~ are positive for left-hand polarization 

and negative for right-hand polarization. TI TI 
Thus - 4 :S ~ :S 4 . 

III. mt == 0 will be the phase of the oscillation as the tip of the ro-

tating electric vector passes that end of the major axis which lies 

in the right half plane (x > o). 

B. Derivation of Equations 

Suppose unit intensity of linearly polarized light is incident 

on a perfectly reflecting surface. The x and y components of the 

incident light are in phase, and if the resultant electric vector 

makes an angle of 45° with the plane of incidence (with the x axis) 

the x and y components are of equal magnitude. Upon reflection, the 

·two amplitudes will,·. in general, be changed and a phase difference 

·will be introduced such that the polarization of the reflected light 

is elliptical. The x component leads the y component by the phase 

differe-nce !::::.. • Let the major axis of the resulting ellipse be at an 

angle 8 from . the plane of incidence (i.e., from the x axis) . The 

ellipticity. is tan~ as shbwri ~in Fig. lla. 

The elliptic oscillation may be resolved into two perpendicular 

components along the major (u) and minor (v) axes. For unit inten

sity (a
2 

+ b2 = l), the amplitude of the component along the u axis 

is cos~ and that along the v axis is sin ~· Both components oscill-

ate with frequency m, but the positive e component leads the posi
u 

TI 
tive ev component by 2 for left-hand polarization and lags for 
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right -hand polarization. These components are the real parts of the 

complex scalars 

cos"( -imt e = e 
u .7T 

-imt + l- ( 31) 
sin'Y e 

2 
e = v 

Note that the phase difference between the components appears 

7Ti 
as ~ in the exponent. The plus sign in the ~nent along with the 

sign convention adopted for 'Y, adequately describes both right and 

left-hand polarizations. Then the oscillations along the major and 

minor axes are the real parts of 

e 
u 

e 
v 

-imt cos 'Y e 

-imt i sin 'Y e 

(31) 

(32) 

As shown in Fig. llb the light can also be resolved along the 

x and y axes so that 

e = (cos'Y cose - i sin'Y sine) 
X 

-imt 
e 

( e ) -imt e = cos'Y sin + i sin'Y cose e 
y 

Again, the light is of unit intensity, le 1
2 

+ 
X 

(33) 

(34) 

I e 1
2 

= l which can 
y 

* be verified by forming the products ee .· in ( 3 3) and ( 3 4) . From 

Fig. 7 it is seen that the amplitudes of the two components must be 

le I 
X· 

Taking the modulus, 
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( 2 + 2) 2,,, 2 2e . 2 . 2e A B cos r = cos ~ cos • + s1n ~ s1n (35) 

(36) 

Adding (35) and (36) 

2 2 2 2 
(A + B ) (cos </! + sin</!) 

or 

(37) 

Subtraction of (36) from (35) leaves 

(A
2 

+ B
2

) (cos
2

?/J - sin
2?/J) = cos2~ (cos2e - sin2e) 

or 

cos 2</J = cos ~ cos 2e (30) 

as obtained before. It is illustrated in Fig. 12 that when at = at , 
X 

e is oriented along the x axis, and ey = 0. Thus, taking the real 

part of (34) at ~ = at , 
X 

or 

0 = cos~ sine cosat + sin~ case sin at 
X X 

tan~ 
X 

tane ctn ~ 

when rut = IDt y e is oriented along the y axis and e 
X 

or 

0 = cos~ case cos at - sin~ sine sin at 
y y 

tan rut - ctn~ ctne y 

(38) 

0. From (33) 

(39) 

Equations (38) and (39) give the phases of the oscillations (33) and 

(34). The phase difference between the two is given by 

/'::,. = IDt - rut 
X y 
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tan (J)tx - tart (J)ty · So that with tan (rut - (J)t ) = 
x Y l + tan (J)t tan (J)t 

X . .y 

ctn')' (tane + ct~e) tan 6 = - 2 
l - ctn ')' 

'""\ ... 

2 
Multiply the top and bottom of.the right-hand side by tan')' and get 

tan = 

= 

_-_t-,.;,~::-n_,'Y,___ ( t ane + ctne) 
tan ')' - l 

2 tan')' 
2 

l - tan ')' 

l. 
- (tane + 
2 . 

tan 2')' ! (sine + case ) 
2 cose sine 

ctne) 

.. 2 . 2 

(
sin e + cos e ) 

· cosEl sine 

t 6 tan 2')' 
an = . 2e Sln 

as obtained before. 

c. I . . 
Poincare Interpretation 

(27) 

The elliptic polarization state P is represented by convention 

by a point of azimuth 2e and latitude 2')' on a \mit sphere as des-

cribed earlier in this section. Fig. 9b shows such a spherical 

triangle HMP . 
0 

The symbol ~ preceding a group of three letters will be used in 

the following to mean "the angle". For example, ~ P H M means "the 
0 

angle between the sides HP and HM of the spherical triangle or the 
0 

angle between the tangents to the axes HP and HM at their point of 
0 

intersection H." 
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Application of Napier's Rules (see appendix, page 1, rule iv) to 

the right spherical triangle HP M in Fig. 9b gives the result 
0 

or 

sin 28 = tan 2~ cot 1 P HM 
0 

tan 2~ tan 1 P
0

HM ~ 28 sin 

Comparison of Equations (40) and (27) reveals that 

Application of Rule V to the triangle HP M gives 
0 

-cos HP = cos 28 cos 21 
0 

Comparison of Equations (41) and (30) reveals that -HP = 2cf; 
0 

(40) 

( 41) 

( 42) 

( 43) 

Application of Rules I and IX to the triangle HP M furnishes the 
0 

remaining two equations 

sin ~ = stn 2cf; sin 6 

tan 2cj; cos 6= tan 2.8 

( 18) 

(29) 

The validity of the interpretation given in Fig. 9a is therefore 

established. • 
D. Interpretation of Phase Differences 

A consideration of Fig. 9a shows that a clockwise rotation of the 

sphere through an angle 6 about the diameter passing through H brings 

the polarization state P to P ' which is a linear state. Thus it 
0 0 

can be seen that the effect of introducing a phase difference 6 between 

the x and y components of light of linear state P ' is represented by 
0 

rotating the sphere anti-clockwise about the diameter passing through 

H through an angle 6 . 
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It follows that if the initial polarizatio.n state is p1, now con

sidered a general point, then the effect of introducing a phase difference 

6 1 ~etween two orthogon~l components at angles a: and a:+~ from the x 

axis is tci rotate the sphere anti-clockwise through an angle 6
1 

about 

the diameter passing through the aximuth 20:. 

Summary 

The four relations 

sin Zy_. = sin 27/J sin 6 ( 18) 

tan 28 = tan 27/J cos 6 (29) 

cos 27/J = cos Zy co,s 28 (30) 

tan 6 
tan Zy 

(27) = sin 28 

can be read directly from Fig. 5 by applying Napier's Rules as given in 

the Appendix to the right spherical triangle HP M. Note that the pre
o 

viously experienced ambiguities in sign do not appear here. 

'' •t ·.·. '• 
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I . . - . 
III. CORRECTION FOR INEXACT SENARMONT COMPENSATOR 

The foregoing analysis has given four equations that relate the 

measured parameters e and)' to the desired physi~al parameters 6. and. ?/J 

For Equations (18), (27), (29), and (30) to be correct, the compensa-

tion in phase by the quarter wave plate must be exactly 
7T 
2 . In 

7T 
practice the retardatio_n of the compensator is never exactly 2 How-

ever, it will be shown in this section that exact equations can be 

found that give ts. and </! in terms of the actual compensation 5 of the 

"quarter" wave plate and two measured parameters. 

Suppose that the actual retardation of the compensator is 5 /= ~ , 

where 5 is taken to be a positive quantity. If the phase difference 

between the components of the ellipse parallel to the compensator's 

~ast (f) and slow (s) axes is (rutf- mt
8

\ before passage through the 

compensator and (mtf - rut) 
2 

after passage through the compensator, 

then the quantity o is defined by 

If there exist two orthogonal compenents of the elliptic oscilla-

tion whose phase difference is exactly equal to -5 , and if the slow 

axis of the compensator is placed parallel to the leading member of 

this orthogonal pair, then (rut - rot ) = -5 and compensation will 
f s l 

result, that is, 

(mt - rut ) = - 5 + 5 0 
f s 2 

As an example consider the case The orthogonal components 

of the elliptic oscillation whose phase difference is - ~ are those 
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along the elipseB major and minbr axes. 

For left-hand polarization the leading member of the orthogonal 

pair is the compenent along the (positive) major axis. Thus for 

compensation to occur the slow axis should be placed parallel to the 

ellipse's major axis. 
1T ' . 

Then the quantity (mtf - mt) 1 = - 2 = - 5 • 

For right-hand polarization, the slow axis should be parallel to the 

ellipsJs (positive) minor axis. 

In order for compensation to be produced by a compensator for 

which 5 f ~ some orthogonal pair must exist whose phase difference 

is exactly,- o. This pair is not the orthogonal pair composed of the 

ellipse's major and minor radii. In the following discussion it will 

be assumed that orthogonal pairs can always be found whose_ initial 

phase difference is equal to -5. 

At compensation, the· slow axis is at an angle 8' with the re-

ference x axis, and the resulting linearly polarized. light vibrates 

at an angle 8' + ~' with the x axis. Figure 13 shows the relation 

between the angleS 8, ~J 8' and ~I • 

A. Interpretation df Actual Retardation 5 

Suppose unit intensity of elliptically polarized light is incident 

on the compensator. Using the conventions previously adopted, the 

oscillations along the major and minor axes of the ellipse are given 

, by equations (31) and (32), again using the complex form . 

-iwt e = cos ~ e 
u 

-imt e = i sin ~ e 
v 

(31) 

(32) 

Referring to Fig. 14 e and e are resolved into components along u v 
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the S and F axes of the compensator. 

Thus, 
e = e cos (9 -91) 

S U· 
e sin ( 9 -9') 

v 
( 44) 

ef = e sin ( 9-91) + e cos (9-91) 
u v 

. ( 45) 

or, es and ef are the real parts of 

·e = 
s 

jcos'Y c6s (9 -9') 

, '\} · (9 -9·') + ! COS 1 Sln 

i sin)' sin (9 -9') 

i sin-y cos ( 9 -~') 

-irut e 

-irut e 

(44a) 

( 45a) 

The phase difference between these oscillations can be found in 

the following way. When rot = rot , the tip of the electric vector 
s 

sweeps past the slow axis and ef goes through its zero value. Thus, 

evaluating ( 45a) at rot = illt , and taking the real part, 
s 

e = 0 
f 

R e ·. COS"/ sin( 9-9 ') + sin)' cos( 9-9 1 ) e 

0 = cos-y sin( 9-9 ') cos ruts + sin')' cos ( 9-9 ')sin 

sin rot sin"/ cos(e-e') 
s 

- cos')' sin(e-e')cos 

tan rot 
s 

ctn'Y tan( e-e ') 

rut 
s 

-imts 

rut s 

The electric vector passes through the f axis at rut 

real part of (44a) is zero. 

Re cos-y cos(e;_e ') - i sin"/ sin( e-e ') 

o = cos"/ cos(e-9') cos rotf- sin')' sir{(e-e·') sin rutf 

sin"/ sin( 9-9 1
) sin rotf = COS"/ cos( 9-9 1

) COS rutf 

tan mtf = ctn'Y ctn( 9-9 ') 

( 46) 

rutf, and the 

( 47) 

-· 
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Com-The difference in phase between ef ~nd es is (atf- ats) 1 . 

pensation will occur when the phase difference5 'introduced by the 

compensator added to the already existing phase difference (atf - uts)
1 

produces a total phase difference of 0 or7Lbetween ef andes. That 

is, that 

Thus, at compensation 

(mt - OJt) = 5 (48) 
s f l 

or (mt - mt ) = 5 - 7T 
s f l 

From Equation 48, 

(t~rl OJtf - tan wt) 
tan 5 = - ,..-.,.---,-,--..,..--:----,-

l + tan rutf tan ats 

Substitution from Equations (46) and (47) gives 

tan 5 = - C:tnJ: ctnLG-8 7
) + ctnytan( e-e~' )) 

1 ~ ctn'Y ctn( e-e') ctny tan( e..;e') 

= 
.tan

2
'Y .·l co.s(e~e:') + sin(e-e·i) ) 

tan 'Y - l ' sin( e-e') cos( e-e') 

( 49) 
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2 - 2 -
+ 2 tan)' 2 ~ ( cos ( e-e· ') + sin ( e-e· ') ) 

l - tan )' sin ( e-e r) cos ( e-e '). 

tan a = + tan 2)' 

sin 2( e-e ') 
(50) 

Since the tangent of a - 7f is equal to the tangent of a , Equation 

(49) also leads to Equation (50). 

The linearly polarized light emerging from the compensator is re.-

presented by a point A of aximuth 291 + 2)'' on the equator of the 

. ; 
Po1ncare ~phere as shown in Fig. 12. 

Consider the right spherical triangle AP M in Fig. 15. The point 
0 . 

S is located at an azimuth 2fJ • Using Napier's rules for a right 

spherical triangle, it is found that 

or 

"' -. sin SM = tan P M=cot 1 P SM 
0 0 

,......, 
tan PM 

tan 1 P SM = . S~ 0 s1n 

i"""'\ 
But PM= 'Cy and SM = 2(e-e') 

0 

So, 

tan 1 p SM = tan 2y ., 
0 sin 2 ( e-e·') 

= tan a by Equation (50). 

Evidently, 1 P SM = 5. 5 can therefore, also be visualized as 
0 

. , 
an angle on the Po1ncare Sphere. 

B. Derivation of Alternate Equations 

It is a .feature of the Poincare" representation that the linear 

state A, obtained from the el~iptical state P
0 

by introducing the 
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phase 5, can be found by rotating the sphere clockwise through an 

angle 5 about a diameter through s, the azimuth of the compensator's 

""' . If'\ slow axis. Such a rotation shows the arcs: SP and SA to be equal 0 . 

(Fig. 15). 

Application of spherical trigonometry to the triangle P SM of 
0 

Fig. 15 yields the result illustrated in Fig. 16. 

sin 2Y = .sin 2Y sin 5 (51) 

Another useful result may be obtained directly from the right 

spherical triangle P SM. That is that 
0 

tan (8-8~) = cos o tan 2-y' (52) 

Figure 16 shows the relation between 2-y7 , 5, 8' and the other 

parameters 2-y, 28, 2~, 6 • 

C. Calibration of Quarter Wave Plate 

Equations (50) and (51) can be solved for -y and 8 once 5 is 

known, and the desired parameters 6 and ~ can then be obtained from 

Equations (18), (27), (29), (30). 

In order to determine the third quant.ity. o a third measurement 
/ 

must be made. There is another setting of the compensator which 

produces extinction, namely, when the fast axis of the inexact com~ 

pensator forms the angle 8-8 7 with the u axis, Le., the angle 

28-8' with the x axis, with 8 7 having the same value at extinction 

previously discussed. 

Proof that the compensator setting illustrated in Fig. 17 pro-

duces. compensation with the ,same analyzer setting as before, is given 

next. Suppose the. fast axis of the compensator is set at an angle 

28-8' from the x axis, as shown in Fig. 17. Then, 
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e = e sin (8-81 ) + e cos ( 8-8') 
s u v 

e = e cos (8-81 ) - e sin ( 8-8') · f u v 

Then with cos'Y -irut e = e 

e 
s 

u 

i sin'Y -irut e = e v 

and ef are the real parts of 

lcos-y sin(8-8') + i sin-y cos (8-8') e = s 

e = !cos-y cos(8-8') - i sin-y sin(8-81
) 

f 

-iut e 

-irut e 

The phase difference between these oscillations is found in 

(53) 

(54) 

(55) 

(56) 

the usual way. At rut = rut , ef = 0. 
S. 

Thus, evaluating the real part 

of Equation (56) at rut = rut results in 
s 

or 

o = cos'Y cos(8-8') cos rut - sin-y sin(8-81 ). sin rut s s 

tan rut = ctn'Y ctn( 8-8') s (57) 

e = 0. 
s 

So evaluation of the real part of Equation (55) 

at rut = OJtf gives 

cos'Y sin(8-81
) cos rutf + sin'Y cos(8-81-) sin rutf = o 

or 

tan OJtf = - ctn'Y tan( 8-8') (58) 

On passage through the compensator, an additional phase difference 

of 5 is introduced between the two components parallel to the compen-
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sator axes. The difference inphase between ef and es· is (cit - crt ) 
f s l 

thus compensation occurs when the' addition of o yiela.s a ph;,se 'diff-

erence of 0 or TI. The same steps leading to (48) and (49) are applied 

again. 

· ( mt - mt ) + 5 == ( mt ..; rut ) 0 or 7T 
f s l f s 2 

(48) ( 49) 

tan 5 == - tan (rutf - ruts) 

tan rutf - tan ruts 

l tan mts tan o:tf 

Substituting from (57) and (58), 

tan 5 := +- ctn')' tan( 8-8') + ctn')' ctn( 8-8') 

l- ctn')' tan(8-8') ctn')' -ctn(8-8') 

tan 5 == 

- + ctn')' (tan ( 8;_8 1
) + ctn ( 8-8') 
2 

l - ctn ')' 

2 t~n'Y ~ (sin( 8-8') + cos( 8-8') ) 

tan 'Y- l cos(8-8') sin(8-8') 

2 tan)' 
2 

l-tan 'Y 

tan 2')' 

sin 2(8-8') 

2 
cos ( 8-8') 

2 cos (8-8') sin (8-8') 

Thus, it is seen that in this second setting o has the same 

magnitude but the opposite sign as in the original setting. The 

negative sign should appear since the fast and slow axes of the 

'·',''·· 
,'!'. 

(59) 
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compensator have effectively been interchanged. Such an interchange 

is equivalent to a negative value of 5. 

The foregoing has shown that if extinction occurs when the slow 

axis of the compensator is of 28' (in Poincare representation), then 

extinction also occurs when the azimuth of the slow axis in Poincar~ 

representation is TI + 2(28-8') (corresponding to an azimuth of 2(28-8') 

of fast axis and angle 28-8' of fast axis with respect to x axis of 

Fig. 17). That is, extinction also occurs when slow axis is set at 

8" = !I + 2fJ-8' 
2 

(60) 

r-- rl 
By Equations (50) and (59) it is seen that s1M = MF2 (Fig. 18). 

The angle 8 can now be determined directly from the two measurements 

8' and 8" 
TI 

28-8' + 2 of the orientation of the compensator's slow 

axis at extinction. From Equation (60), 

8" + 8' 7f 
8 = _--·--=-2 __ 2 

SUMMARY 

I. A: To calibrate the compensator measure 8' and 8'' and compute 

8 from 
8"+ 8'- 7f 

2 8 = __ 2 __ _ 

B: Knowing 8, the measurements of 8' and ~~ give 5 from 

(61) 

(61) 

tan (8-8') = coso tan 2~' (52) 

II. A:. When 5 is known, only 8' need be measured. It will always be 

the smaller of the two angular settings that give extinction. 

B: Application of the Law of Cosines for Sides (see appendix) 

to triangle HP0s
1 

(Fig. 18) gives 
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cos 2</J = cos 28 1 cos 2'Y' - sin 28' sin 2-y' cos o 

from which </J can be calculated. Since, by definition, </J is 

always positive, no ambiguity of the sign of </J arises from 

the solution of Equation (62). 

C: The parameter 'Y can be obtained from 

sin 2'Y = sin 2-y' sin o 

D: Finally,L can be computed from 

sin 2'Y 
sin 2¢ = sin L 

(62) 

(51) 

(18) 
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CHAPTER TWO. ELLIPTIC POLARIZATION INCIDENT 

I. DESCRIPTION OF OPTICAL SYSTEM 

When elliptically polarized light is reflected from a metal 

surface, its components parallel (x component) and normal ( y com

ponent) to the plane of incidence undergo a phase change 6which is 

then added to their already existing phase difference. If the new 

phase change 6 is equal to but in the opposite sense from the al~ 

ready existing phase difference, the reflected light will be linearly 

polarized. 

With the arrangement shown in Fig. 19, linearly polarized 

light vibrating at an angle a with the plane of incidence is pro

~uced by a polarizer. This light then passes through a S~narmont 
7T 

compensator, the fast axis of Which is at an angle 4 with the 

plane of incidence (Fig.20). If the retardation of the compensator 

is o, the component of the linearly polarized light that is parallel 

to the fast axis will be advanced in phase an amount o over the 

component parallel to the slow axis. Thus an elliptic vibration 

will be produced which can be further decomposed into oscillations 

parallel to and normal to the plane of incidence. By varying a , 

these components can be made to have a phase difference which is 

equal to the retardation 6 imposed by the reflection. Under these 

circumstances reduction to linearly polarized Light results. 

In addition to a phase change on reflection the x and y com-

ponents also undergo an amplitude change. The linear analyzer 

measures the ratio of the reflected y and x components as 
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tan t3 = tan 7/J where t3 is the setting of the extinction axis of r 

the analyzer at extinction. Thusl if the ratio of these quantities 

is given by tan 7/J. before reflection the ratio is reduced by a 
l 

factor 

tan cjJ = 

after reflection. 

tancj; r 
tancj; . 

l 

IL DERIVATION OF EQUATIONS 

(13a) 

The state P of the original linearly polarized light is re~ 

presented by the point P of azimuth 2a on the equator of the Poin~ 

car~ sphere as shown in Fig. 21. The reference point H.? as always, 

represents light that is linearly polarized parallel to the plane 

of incidence. As was pointed out in Section lib of Chapter One, it: is 

a feature of the Poincar~ representation that the elliptical Polar-

ization State P , obtained by introducing a phase difference 5 
0 

between the components of the linear light parallel to the compen-

' sator can be obtained by rotating the sphere about a diameter 

passing thrcughF(the azimuth of the compensator's fast axis in 

Poincare space) doiili'teiHJL6ckw'ise th:r'6iigh an angle · 5. 

'"" '"" Thus, the sides FP and FP are equal. As shown in Chapter bne, 
0 

Section II, when the latitude of the point P is 2~, the angle 
0 

1 P HF is equal to ~ the phase differences between the x and y 
0 

components of the elliptic vibration. It was also shown that the 

arc HP is equal to 27/J .• Figure 21 shows the relation between 
0 ' l 

2a, 5, 27/J., and ~ • 
' l 

Application of Spherical trigonometry to the right spherical 

triangle P MF of Fig. 21 gives 
0 
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sin ~ = sin 2(cx - ~ ) sin o 

Using the same identity in triangle HP M there results 
0 

~ 

sin PM·= sin 2~. sin~ 
0 J. 

Equating (62) and (63), one finds that 

TI 
sin 2(cx ~ 4 ) sin 5 

sin ~ 
cos 2ex sino 

sin~ 

'--
( 62)' 

( 63) 

(64) 

As in GhapterOne,Section II, the linear vibration emerging from 

the polarizer is decomposed into components along F and S (see Fig. 

20) yielding, for light of unit intensity, 

ef = cos 

e = sin 
s 

7T 
( 4 - ex) 

-ia:t e 

The oscillations along .the fast and slow axes are the real 
... 

parts of the right sides of (65) and (66) respectively. 

(65) 

(66) 

On passing through .the compensator, a phase difference 5 is 

introduced between ef and es' so that (66) becomes 

( 7T -ia.t :t io 
e = sin It - ex) e s 

or 

7T (·coso + sino) -imt e = sin ( 4 - ex) i e s (66a) 

The resulting vibrations (65) and (66a) combine to form an 

elliptical oscillation. From Fig. 20 it can be seen that resolu-

tion along the x and y axes gives 

.. 
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7T .. 7T 
e = ef cos 4 .. e sin 4 X s 

7T + 7T e = ef sin 4 e cos 4 y s (68) 

or, substituting from (65) and (66a) and using the fact that 7T 
cos 4 

V2 
2 , one has 

e ji_( 
X 2 

cos (~ : ex) ·- sin (~ ~ ex) (coso + i sino) ) e ~icrt (67a) 

ey ~ ( cos (~ - ex) ( 7T ) ( . ) ) ~icrt sin 4 - ex cosB + i sino e (68a) 

The phase difference between the x and y components is found as 

follows: 

at ~ = ~ , e = 0. Taking the real part of (68a) at crt crt there 
X y X 

.·results 

or 

At rot 

0 = R~ €os ci - ex) + sin Ci ·~ ex) (coso + i sino) ) e ~icrtx 

o = [ cos Ci ~ ex) + sin Ci - ex) coso ] cos rutx + sin(~ - ex)sinosincrtx 

7T 7T 
cos (4 - ex) + sin (4 - ex) coso 

tan ~ = - -------------
x sin (~ ~ ex) sino 

tan ~x = ... ( 

7T 
ctn C4 ...a ) 

sino + ctno ) 

= ~ ·e = 0. · Takingthe real part·of (67a) there results 
y' X 
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0 -\12 r 7T 7T 1 -imt Re 2 L cos (4 - ex) - sin (-4 -ex) (cosD + sinD) _ e Y 

·\f2 
0 =-

2 { [cos(~ -a) -

sin 

tan rut 
y 

tan rut 
y 

sin (~ -ex) cosDlos mt 
... y 

7T 7T 
cos (4 -ex ) - sin (4 - ex) COSD 

sin (~ - ex) sinD 

7T 
ctn (4 - ex) 

sinD 
ctnD ( 70) 

The phase retardation on reflection must be equal to the phase 

difference between the x and y components upon incidence if linearly 

polarized light is to be produced. Thus 

rut - wt 
X y (71) 

tan rut - tan wt 
tan 6 = tan (rut - wt ) = x Y 

x y 1 + tan rut tan mt 
X y 

Substituting from (69) and (70), 

7T 
ctn(H - ex) ctn (-4 - ex) --

sinD - ctnD ·- sinD 
+ ctnD 

tan 6,= _, 

ctnD) _( 
7T . 

ctnD) ( 
(H - ex) ctn ( 4 - ex) ctn 

1 -+ 
sinD sinD 
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Multiplying the top and bottom of the right side by sin2o leaves 

tan 6 = - 2 ( 
sin o - ctn (~ = ex) 

2 ctn (~ - ex) sino 

+ coso Xetn (H ~ ex) = coso ) 

7T 
2 ctn (4 - ex) sino 

= - ---~-------~----------~---------------------------• 2s::: t 2(7T ) 2 (7T ) (7T ) sln u ~ c n 4 = ex + cos o + ctn 4 - ex coso = ctn 4 ~ex coso 

2 ctn (4 ~ ex) sino 
tan6 = ~ -------,,---------2 7T 

1 - ctn ( 4 = ex) 

2.tan (i ~ex) sino 
= c=a 2 7f 

tan ( 4 = ex) - 1 

7T • 
2 tan (4 ~ ex) slno 

= 2 7T 
1 = tan ( 4 ~ ex) 

tan6= 7T • 
tan2 (4 ~ ex) slno 

tanL= ctn 2ex sino (72) 

Notice that for the special case o = ~ corresponding to exact 

quarter wave compensation, Equation (72) reduces to 

tan L = ctn 2ex (72a) 

which implies that 

(73) 
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SUMMARY 

Once the compensator is calibrated, ~~ is found directly from ( 72) 

using the measured angle a . 

tan 1::::. = ctn 2a sinD 

When 1::::. is known; ~- can be found from 
]. 

- cos 2a , sino 

sin 1::::. 

When~- is known, the measured angle f3 gives ~from 
]. 

tan~= 
tan~ 

r 
tan'i/) . 

]. 

( 72) 

(64) 

(13a) 

Where ~r = f3 = setting of extinction axis of analyzer at ·extinction. 

'· 



-49-

CHAPTER THREE. INTENSITY ANALYSIS 

L FRACTION OF STATE'P THAT IS PASSED BY 
ELLIPTIC ANALYZER OF STATE A 

As mentioned in the introduction, the phase change 6 occurring 

on reflection from a metal surface often changes so quickly that the 

methods of compensation given in the previous chapters are too slow 

to give accurate values of 6, and ~· An analysis of the intensity 

transmitted by a rotating analyzer placed in the path of the reflected 

light is a possible way for faster det,erminations of 6, and ~. 

A "quarter wave" plate, when followed by a linear analyzer 

(nicol prism), can be used as an elliptic analyzer with the following 

property. Let the slow axis S of the quarter wave plate and the 

transmission axis N of the linear analyzer make angles GA' and GN 

GA +~A respectively with the x axis. Then, when light of elliptic 

polarization state A(2GA' 2~A) is incident on the system, the major 

axis of the elliptic vibration coincides with S and the restored 

polarization is along N. Thus, light of stat~ A is completely trans-

mitted by the system. The elliptic analyzer is then called an elliptic 

analyzer of state A. The dashed ellipse in Fig. 23 and the point A 

in Fig. 24 represent the state A. Figure 23 illustrates the angles 

~A' GA in real space while Fig. 24 gives their interpretation in 

. ' " Polncare Space. 

Consider the general elliptical oscillation P represented by 

the solid ellipse of Fig. 23 and by the point P of Fig. 24. It is 

described by Equations (81) and (82). 

cos~ 
-imt ( 81) e~ e p 

i sin -imt (82) evp e p 
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which are the same as Equations (31) and (32) of Chapter One. When 

this light is incident on the quarter wave plate of the elliptic 

analyzer, the components along the fast and slow axes respectively 

are (see Fig. 22) 

e = e sins + 
f u 

p 

e e coss -s u p 
e <:>ins v p 

where ; is the angle between the u and S axes (see Fig. 23). p 

tions (83) and (84) are equivalent to Equations (44) 

t,er, .One;- where s has replaced ( 8-8' ) of Fig. 14. 

= e - e p A 

and (45) 

( 83) 

(84) 

Equa-

of Chap-

On passage through the quarter wave plate a phase difference is in-

troduced between e s and ef 
p -p 

cos; - e 
v 

p 

with e 
s 

p 

7T lagging by 2. 

which becomes after sub-stitution from (81) and (82) 

( ) -iwt i::! 
e = cos"(_ cos; - i sin"( sins e e 2 s p p 

Thus 

(84a) 

Since the amplitudes are all that is required in what follows, 
.7T 
l- . 

we can· write with, e 2 = 1, 

e = (sin"( sins + i cos-y cos;) 
s p - p 

ef = (cos-y sins + i sin"( cos;) 
p p 

(85) 

(86) 

'· 
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. .· 
The linear analyzer resolves these vibrations along. tyo. per-

pendicular axes and passes one of them. Suppose the transmission 

axis of the analyzer is set at an angle -yA with the S axis. Then, 

the intensity it transmits is proportional to 

where 

et = es cos-yA + ef sin-yA 

Substituting from (85) and (86), 

+ (cos-y sint; +. i sin-y cost;) 
p p 

(cos-y p sint; sin-yA + sin-y 
p 

+i (cos-y . cost; COS"/ A + sin'Y p p 

= sint; (cos"/ p sin'YA + sin-y 
p 

+i cost; (cos-y cos-yA + sin-y p p 

sin-yA 

sint; COS"/ A) 

cost; sin'YA) 

cos-y A) 

sin"! A) 

= sint; sin('Yp + -yA) + i cost; cos('Yp 'YA) 

= sin
2

t; sin
2

(-yp + 'YA) + cos
2

t; cos
2

('Yp - -yA) 

( 87) 

(88) 

(89) 

Equation ( 88) can be transformed to arrive at an alternate final 

result (90) which can be interpreted.on the Poincar~ sphere. Re-

write ( 89) 

I et 1
2 

= sin2 r;[cos-ypsi~-yA+ sin-ypcos-yA]+cos
2 

t;Gos-ypcos-yA + sin-ypsin-yA]
2 

.. 21::[ 2 . 2 .. 2 2 ' 2 . . .l 
= Sln s cos "fpsln "/A+ Sln. "/pCOS "/A+ Sln"fpCOS"fpSln"/ACOS"/a 
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2 2 2 . 2 2 . 2 
+ cos ;cos 'Y cos 'YA+s1n 'Y .cos ;s1n 'YA) p p . 

'· 

Add and subtract the second term in brackets below 

I 12 l . 2'\1 . 2'\1 -f l ( . 2 t:. 2'"\/ . ~'"\/ et = ~ Sln 'pSln 'A ~ Sln sCOS 1ps1n 'A 

Combining the first two and the last two terms in brackets 

. 21:. 2 
Sln sCOS "/A 

. 21: . 2 ) J + l r . 21: ( 2 . 2 + -cos ssln 'Y A 2 _sm s cos 'Ypsln 'YA ·.· 
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2·' 2. 2 2 .2 .. 2) 
+sin ~pcos ~A+ cos ~pcos ~A+ sln ~Asln ~p 

. 2 .. ) . 2 ~ ( 2 . 2 ). ] 
. - sln ~A - Sln s cos ~A - Sln ~A 

1r2 2 2 2 2 2 J 
+ 2 Leos ~p(sin ~A+ cos ~A)+ siri ~p(cos ~A+ sin ~A) 

= l sin2~ sin2~ + .l cos2~ cos2 ;cos2~ . + .l 
2 p A 2 p A 2 

I 1
2 .l+ 1 (·r:rv 2 2 2 2) () et .· ::;: 2 2 sln"-'psin ~A+ cos ~pcos ~Acos ; 90 

· The angles 'ZYA' ~p have the usual interpretation on the 

Poincar~ sphere as shown in Fig. 24. 

When the Law of Cosines for Sides (see appendix) is applied 

to the triangle LAP of Fig. 24, there results 

cos AP = cos(~!: - ~ )cos(:!! - ~ ) + sin(:!! - ~·)sin (:!.!: - ~ )cos 2; 
2 A 2 p 2 A 2 p 

or, 

Comparison of (92) and (90) reveals that 

"' 
I e 1

2 
= _l + _l cos PA = 2 FA t 2 2 cos :2 

( 91) 

(92) 

When the original intensity is unity, the ratio of transmitted 

to original intensities is 

"" 2 PA 
cos 2 (93) 



Although in this treatment use was made of an elliptiq analyzer 

employing an exact compensator, the results hold generally. As dis-

·cussed In Chapter One, Section III, there are two settings eA of an 

inexact compensator which give compensation. They are the 8' and e" 

of Equation ( 61). ·Therefore, the state A of an elliptic analyzer 

which uses an inexact compensator cannot be found directly from the 

compensator and nicol prism settings, but must be calculated using the 

equations summarized at the end of Section III, Chapter One. Pro

ceeding thus with PandA known, Equation (93) gives the fraction of 

intensity that is passed by the analyzer. 

Of particular interest in the following sections will be the 

case when A is a linear state (i.e., A lies on the equator of the 

Poincar~ sphere), and the analyzer consists solely_of a nicol prism 

(linear analyzer). 
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II. INTENSITY METHOD FOR.DETERMINING 

~ AND ~ WITH LINEAR INCIDENCE 

Suppose linearly polarized light is incident on a metal surface, 

with the electric vector making an angle of 45 ° with the plane of 

incidence.. The reflected light which is in; general, elliptically 

polarized is characterized by the phase difference ~between the 

electric field components parallel and normal to the plane of in-

cidence and bY the ratio 

tan ~ == ~ . . ___, A ( 94) 

of the amplitudes of these components. 

The reflected light can be analyzed by passing it through a 

rotating nicol prism* and plotting the intensity of the light trans-

mitted as a function of the angle ~ between the prism's transmission 

direction and the plane of incidence. 

The polarization state of the: incident light is represented by 

the point P located at an azimuth of 90° on the equator of the 
0 

Poincare' sphere (see Fig. 25). The referenc·e or zero azimuth H 

corresponds to light that is linearly polarized parallel to the 

plane of incidence. 

Upon reflection, the state is elliptical and is represented by 

the point P1 on the sphere. The sides and angles of the right 

spherical triangle HMP
1 

are interpreted physically as explained in 

the caption of Fig. 25. 

* No ·compensator is used with this analysis. 
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The polarization state A is that state which is completely 

transmitted by the analyzer. If the transmission axis of the 

analyzer forms an angle ~ with the plane of incidence, then the 

'"" azimuth of the Point A in Poincart space is 2~ . If P
1
A is the 

l~ngth of the arc of a great circle connecting P1 and A, then the 

intensity transmitted by the analyzer relative to tpat incident, 

according to (93), is given by 

··"' 2 P1A I= cos _
2
_ (95) 

If two points P1 and P2 on a sphere have longitudes 28
1

, 28
2 

and latitudes 2')'1, 2')'2, then the distance between them in given by* 
,...,.. . 

cos P1P2= cos2')'1cos2')'2cos2(82-81 ) + sin2')'1sin2')'2 (96) 

The latitude of the Point A in Fig. 25 is zero ( ')'2=0)' so 

Equation (96) gives, for the arc P1A 

~ " '"' cos PA= cos MP1 cos (2~ - HM) . (97) l 

From the right spherical triangle HP1M, 

HM" = cos 2cj; cos n 
cos MP l 

(98) 

sin GJ = tan MP1 ctn 6 (99) 

Equation (97) can be written 

cos ~A = cos ~l [ cos 2~ cos HM + sin 2~ sin HM ] 

Substituting from (98) and (99) 

+ sin 2~ tan MP1 ctn 6] 

* A derivation of this formula is given in the Appendix, pgs .4 and 5. 

.• 
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cos P 
1 
A = cos 2t3 cos 2</J + sin· 2t3 ctn 6. sin MP 

1 ( 100) 

"'. Next, Equation (96) is used to find the distance P1P
0 

cos ~l cos (90° - ~) 

(101) 

Substituting from ( 99), ( 101) becomes 

(102) 

Substitution of (102) into (100) leaves 

cos ~ = cos 2t3 cos 2</! + sin 2t3 cos ~0 ( 103) 

Apply the Law of Cosines for Sides to the obl'ique spherical 

~ 
triangle HP1P0 and find 

cos Q0 = cos 2</J~,}!PJ)I + sin 2</J~ cos 6 

a-- l 

sin 2</! cos 6 

Now substitute (104) into (103) and have 

·""' cos P
1
A =cos 2t3 cos 2</J +sin 2t3 sin 2</J cos 6 

Applying the trigonometric identity 

2 l 
cos t = 2 ( l + cos 2t) 

to Equation (95), there results 

"'"' 2 P]_.A 1 '"" I = cos T = 2 ( l + cos P l A) 

/ 

( 104) 

( 105) 

(106) 

( 107) 
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or, upon substitution from (105) 

l 
I = 2 ( l + cos2~ cos2~ + sin2~ sin2~ cos ~) 

With the trigonometric identity ( 106), 

2 6. 
cos 6. = 2cos 2 - l 

I = ~ I l + cos2r3 cos2~ + sin2r3 sin2~ (2cos
2 ~ ... l) J 

I = ~ [ l + cos2r3 cos2~ - sin2r3 sin2~. + 2sin2r3 sin2~ cos
2 ~ J 

Again, applying (106), 

Where r3 is the position of the analyzer's transmission axis, 

tan ~ the amplitude ratio of normal to parallel components and ~ 

their phase difference. 

( 108) 

(109) 

.. 
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III. INTERPRETATION OF INTENSITY MEASUREMENTS ; 

As the analyzer is rotated, the transmitted intensity varies, 
: f"" . 

since the distance P1A (Fig. 25) changes. When the analyzer is at 

"""' the same azimuth as the point P
1

, the arc P
1
A will be at its shortest 

possible length. Thus, since the cosine function decreases as the 

argument increases from zero to ~' the intensity will be a maximum 

when P1 and A have the same azimuth. But a maximum transmitted in

tensely occurs when the transmission direction of the analyzer is 

parallel to the major axis of the ellipse. Thus, 

t'I = e (110) 
max 

Where f:3Imax is the setting of the analyzer when the transmitted in-

tensity is a maximum, and e is the orientation of the major axis of 

the ellipse with respect to the plane of incidence. The azimuths of 
. . ' ~ . 

both points A and P
1 

are then 28 on the Poincare sphere. As the 

7T 
analyzer continues to rotate it will, at an angle 8 + 2~ come to a 

minimum as the transmission direction is aligned with the minor axis 

of the ellipse. Thus, in one rotation of 360° the transmitted inten-

sity will go through two maxima and two minima corresponding to set-

tings along the two major and minor radii respectively. A plot of 

intensity versus analyzer angle might look like that shown in Fig. 26. 

Since the intensity is proportional to the square of the amplitude, 

the ratio of minor to major diameters of the ellipse can be found from 

b 
tan)' _ a 

fl~c· 

±'"\ 1 . max . , I, 
. • 1 ·max 

( lll) 



-60-

The + sign is chosen when the polarization is left-hand and the - sign 

designates right-hand polarization. 

When e and the magnitude of 'Y are known, 7/J ,can be found from the 

previously derived Equation (30) 

cos27/J = cos2'Y cos28 (112) 

Equation (112) is found from the right spherical triangel HMP1 
/ 

since the latitude of P is 2'Y by definition(Fig. 9). 
1 

Once 7/J is known, 6 can be found from (109) with the measured 

value of I. 

If one makes the assumption that 7/J does not change with time,* 

and :if'ithe :Qme dependence of 13 is known, a 6 -time plot can be made 

directly from (109) once the value of 7/J is chosen and the time varia-

tion of I is determined. 

If the time variation of 7/J is not neglected, a new value of 7/J 

can be determined with the curve from each rotation of the analyzer _,.., 

first finding~ and e and then 7/J from (112). For such a measurement 

to be precise, the exact dependence of 13 on time must be knoWn. 

An alternate procedure would be to measure the intensities when 

the transmission direction of the analyzer is parallel and normal to 

the plane of incidence. From the measured intensities I .. -. 
parallel 

and I •··· . 1. 7/J can be determined, as in (94) from norma 

(113) 

Then, 8 can be determined from ( 109). The handedness of the elliptical 

* This assumption is approximately true when studying the early stages 
of film growth on metal surfaces. 

'• 
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oscillation will be 

right-handed 

left-handed 

as shown in Chapter One, Section I. 

when ~ is on the range 

-TI<6.<0 

7T<~<27T 

37T < ~ < 4TI, etc .. 

- 27r < ~ < -7T 

O<~<TI 

27r < 6 < 3TI, · etc . 

Whichever procedure is adopted, the accuracy will depend upon 

how fast the analyzer is rotated. · The a'nalyzer should make one 
( 

complete rotation in such a short time that the ellipse does not 

change by a measurable amount. This time of rotation will be limited 

by the corresponding short time interval available during which to 

make measurements in the desired positions. 
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--
IV. INTENSITY METHOD FOR DETERMIN[NG 

~ AND ~ WITH ELLIPTIC INCIDENCE 

When polarized light is reflected from a metal surface, the 

state of polarization of the reflected light depends upon two factors. 

(1) the phase difference ~ introduced on reflection between 

electric field compenents parallel and normal to the plane 

of incidence. 

( 2) the amplitude attenuation undergbne on reflect ion. If the 

ratios of perpendicular to parallel amplitudes are tan~. 
J_ 

tan~ in the incident and reflected beams respectively, the r ·. 

change can be represented by the parameter ~where as in (13) 

tan~ -
tan~ 

r 
tan~ . 

. J_ 

( 114) 

Consider the ellipsometer geometry illustrated schematically 

in Fig. 27. The incident light is first linearly polarized by a 

polarizer, the transmission direction of which is at an angle a with 

the plane of incidence. Then the light is passed through a campen-

sator which adds a phase difference 6 to the linear components normal 

and parallel to its axes. The light is then reflected from a metal 

surface and passes through an analyzer whose transmission axis is at 

an angle ~ to the plane of incidence. 

As shown in Section I of this chapter, it is a feature of the 

Poincar~ representation that, given an analyzer which transmits 

completely light of polarization state A, the fraction I of the 

intensity of light of polarization state P emerging from the analyzer 

is given by 



... 

l""'i'* 
2 PA 

I= cos 2 
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(93) 

where PA is. the arc of the great circle on the Poincar~ sphere joining 

the points P and A. 

. / 
With the Poincare representation, the state of the li_nearly polar-

ized light that emerges from the polarizer can be represented by a 

point P0 on the equator of the unit sphere.(Fig. 28)~ If the point H 

is chosen to represent light that is linearly polarized parallel to the 

plane of incidence, then P0 lies at a distance (azimuth) 2a along the 

equator from H. Again, a is the angle that the polarizer's transmission 

direction makes with the plane of incidence. On emerging from the 

compensator, the light is in the elliptical state P
1

. This state is 

found from P
0 

by rotating the sphere counter-clockwise about the dia

meter passing through F through an angle 5 . Here 5 is the phase 

difference introduced between the components of the light parallel to 

the compensator axes. 
/ • 7f 

For an exact Senarmont compensator, 5 lS 2 . 

In going from state P0 to P1 a phase difference Li is introduced be

tween the components parallel and normal to the plane of incidence. 

Upon reflection, an additional phase difference L is added to the 
s 

components parallel and normal to the plane of incidence. The light is 

then in the elliptic polariz-ation state P
2

• The intensity of the 

elliptic light of state P
2 

that is transmitted by the analyzer when its 

transmission axis is at an angle ~ to ·the plane- of incidence (so that 

the light it passes completely is represented by the. p'oint A on the 

equator having azimuth 2~) is given by Equation (93) with P replaced 

by P2. 

* When the ellipse· varies with time, (93) gives only an instantaneous 
intensity. 
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In going from state P
0 

to State P1~(Fig. 28), a phas~ difference 

was introduced between the components parallel to the axes of the 

compensator, but there was no attenuation of the amplitudes of these 

polarization is a phase components. Since the only change in the 

change, the arcs ~0 and ~l are equal. However, 

"" general, there is an attenuation, so the arcs HP
1 

on reflection, in 
(:""\ 

and HP
2 

are in 

general not equal. 

Final~y, it can be seen from Fig. 28 that if 

6. = -6.. ) 
.I s l ( 115) 

6. = 7T -
s 

the reflected state will be 

~ij 
l1near and the transmitted intensity will 

be a maximum when A and P
2 

coincide on the equator. 

When 6. has any other value than those given by (115), a varying 
s 

amount of light will be transmitted by a rotating analyzer. The analy-

sis and interpretation of the varying intensity that is transmitted by 

the analyzer is given in Section III of this chapter. Left-hand 

polarization for the reflected light will occur when the total phase 

difference 

6. - 6..+ 6. 
r 1 s 

(116) 

between the components parallel and normal to the plane of incidence 

is on the range 

-2 7T< 6. < - TI, 
r 

0 < 6. < 7T, . r 

The oscillation will be right-hand when 

-7T < 6. < o, 
r 

7T < 6. < 27T, 
r 

.27T < 6. < 37T, etc. 
r . 

37T < 6. < 4?T, etc. 
r 

For the other cases ( 6. = o, TI, etc.) the oscillation is linear.· .. 
r. 

... 



It remains to find the polarization state P2 (i.e., the point .of 

latitude 2Y and longitude 28 ) of the reflected light in terms of the 
r r 

polarizer and analyzer azimuths ex and [3, .the relative amplitude dimlinu-

tion ~ and the phase retardation 6 introduced by the reflection. From 
s 

the oblique spherical triangle HP1F of Fig. 28, 

But 

So 

sin 6. sin ( 7T -o) 
l 

" " sin FP
1 

sin HPl 

"" 
,.,.. 

7T 
FP1 FP0 = 20: 2 

,.., 
HP1 27/J. 

l 

sin (7T - o) = sino 

sin 6. 
l 

sin 
7T 

(2cx - 2 ) sino 

sin 2~. 
l 

(117) 

(118) 

7T 
When the compensator is exact, o = 2 and 2~ = 90°. The latter 

fact can be verified by applying Napier's rules to the triangle HP1F 

cos 2</J. 
l 

7T "' cos 2 cos FP1 
' . "-=-..,:== 

0 

Thus, for the case of an exa~t compensator 

sin 6. 
l 

6. 
l 

sin (2cx - :::!:) 
2 

7T 
2 0:- 2 

(119) 
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A. Exact·Compensator 

Assume that the compensator is exact, 

Equation (119) holds. 

i.e.' 
7T 

that 5 = 2 and 

From the right spherical triangle HP2Mr of Fig. 28, one has 

sin ( 27T - ~ ) = tan 0 2 cot ( 7T - 6. ) r r · r 

~ 
sin HM 

r 

sin ~ = tan ~2 ctn 6. r r r 

Also, from the same triangle, 

A 
cos (27T - HM ) 

r 

cos 21/J 
r 

since 21/J. = 90° , tan ~. = tan 45° 
l l 

so 

tan ~ = tan '1/J r 

,.... 
cos HM 

r 
cos 2~ 

l and from ( 114) 

( 120) 

(121) 

( 122) 

( l2la) 

"'""" Applying Equation (16) to find the length of P2A, and remembering that 

the latitude 2~2 of A is zero, 

~ ~ "' cos P2A = cos MrP2 cos (2~ -HM) (123) r 

I"""\ I"""\ r cos '"' 
,.... 

J cos PA= cos MrP2 2~ cos HM + sin 213 sin HM 
2 r r 



.•. 

Substituting from (120) and (l2la), 

(124) 

Applying Equation (96) to find the distance P2P0, 

~ ~ ~ 

cos P2P0 = cos MrP2 cos (2a- HMr) 

which results in 

'"" ~ cos P2P0 = cos 2a cos 2~ + sin 2a ctn 6r sin MrP2 (125) 

which is analogous to (124). 
~ 

Equation ( 125) can be solved for sin MrP 2 to yield. 

"'""" cos P2P0 - cos 2a cos 2~ 

sin 2a ctn 6 ( l25a) 
r 

Substitute ( l25a) into ( 124) to get 

~ 

A 
cos P2A ~ cos ~~ cos 2~ + 

sin 2~ ctn 6r (cos P 2P 0 - cos 2a cos 2~) 

sin 2a ctn 6 
r 

~ sin 2~ ·" cos P2A = cos 2~ cos 2~ + sin 2a ( cos P2P0 - cos 2a cos 2~) (126) 

Next, apply the Law of Cosines for· Sides to the oblique triangle HP2P0 

to get 

( 127) 

Insert (127) into (126) to get, 
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" sin 2~ cos P 2A = cos 27/J cos 2~ + sin 2a ( cos 27/J cos 2a + sin 27/J sin 2a cos 6.r) 

sin 2~ · 
sin 2a cos ,2a cos 2cj; 

I""'\ 
cos P 2A = cos 27/l cos 2~ + sin 2~ sin 27/J cos 6.r (128) 

Applying the trigonometric identity 

2 l 
cos t = 2 ( l + cos 2t) (106) 

to Equation (93) and replacing the general point P with the particular 

point P2 

(129) 

Substituting· ( 128) into ( 129), 

l 
I= 2 (l + cos 27/J cos 2~ + sin 2~ sin 27/J. cos L\:,) ( 130) 

Apply the identity 

sin
2

t = ! ( l - cos2t) ( 131) 
2 

I=~ (l +cos 27/l cos.2~ + sin2~ sin 27/J (l- sin
2 ~r) ) 

= ~ ( l + cos 27/J cos 2~ + sin 2~ sin 27/J- 2sin2~ sin 27/J sin;t ~r ) 

I = ~ (l + cos 2(7/J - ~) - 2sin 2~ sin 27/J sin
2 ~ 

Applying (106), 

I = cos
2 

(7/l - ~) - sin 2~ sin .2'/f sin
2 ~ 

Equation (116) becomes, by (119), 
7T 6.:r = 6.s + 2a - 2 

(132) 

(133) 

.• 

·• 



so that 
1r 

,~::::,. ·+ 2cx- -\ 
sin 2~ sin·2~ sin~ s 2 

2
) ( 134) 

If identity (126) is used instead of (131) to simpltfy (130) 

one has 
. 7T 

2 2(6.. + 2
CX - 2 ) I = co~ ( f3 + ~) + sin 2(3 sin 2~ cos / s 

2 
. · . (135) 

7T . 
Equation (135) reduces to ( 109) when ex = 4 . .That is, when the 

linearly polarized light is incident parallel to the fast axis of the 

compensator, it. is transmitted l.inchanged to the reflecting surface and 

the incidence is l.inear. 
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B. .Inexact-compensator 

When the compensator is not exact, Equations (119) and (122) are 

no longer valid since the angle PlH (Fig.28) is then no longer a 

right angle. The steps leading to Equation ( 130) can be repeated 'for 

the case of an inexact comp,ensator if cf! is replaced everywhere by 7jJ • 
r 

Thus, by analogy to (130), there results 

I = ~ ( l + cos 2cf; cos 2t3 + sin 2t3 sin 2 7jJ cos 6. ) .2 r · r r (136) 

By using the analysis discussed in Section III of this chapter, one 

can find I~ I and 8 • Then cf! can be obtained from r r r 

cos 27f; = cos 2y cos 28 r r r 

which is Equation (30) of Chapter Qne. In addition, 6. can be found 
r 

from Equation (29) of Chapter Oh,e, 

cos 6. 
r 

tan 28 
r 

= tan 2'W 
r 

In order to find the amplitude diminution tan cf! and the phase 

change 6. on reflection one must know 6.. and cf; •• These can be ob-
s l l 

(137) 

( 138) 

tained by applying the Law of Cosines (see appendix) to the oblique 

triangle HFP
1 

of Fig. 28. ""' Thus, remembering that HF = 90°, and 
r-. r-. 
FP = FP = 2CX - 90 o, l 0 

cos 2cf;. 
l "" = cos HF " cos(2cx - 90) + sin HF sin(2cx - 90°) cos (TI - o) 

or 

~ 
0 

cos 2cf;. = cos 2CX coso 
l 

(139) 



Also, 

cos (20: - 90) 
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,...., I' 

= cos HF cos 2~. + sin HF 
1. 

'--v-1 
l 

sin 20:= sin 2~. cos· f:::... 
1. 1. 

sin 2?/i. cos f:::... 
1. 1. 

( 140) 

When the time variation of ~ is known, and the time variation of 

~r is computed by making successive applications of (137) with each 

360° sweep of the analyzer, the time variation of /:::,. can be found 
r 

from (136). The phase difference f:::..., 
1. 

for a stationary polarizer can 

be found once and for all from (139) and (140) so that the time varia-

tion of f:::.. can then be found from s 

( 116) 

The amplitude ratio ~- can be found once and for all from (139) 
1. 

for a stationary analyzer so that. the time varL1.tion of~ can be 

found from 

tan~= (114) 

The intensity method utilizing elliptic incidence appears to have 

no advantage over that using linearly polarized incident light when 

the choice of 0: is arbitrary. However, if the occasion .should arise 

that a rotating polarizer is desired in addition to a rotating analyzer, 

th~ consideration of elliptically polarized incident light would be 

necessary. In such a case the precise variation of 0: with time must 

be known in order to determine~- and f:::... from (139) and (140). 
1. 1. 
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APPENDIX ~ SPHERICAL TRIGONOMETRY7 

Napier's rules. --In a right spherical triangle, with~= 90°, 

there are five other parts,ex, !3, a,b,c. These five parts can be grouped 

together in ten different sets of three each. Corresponding to each of 

these sets there is a formula connecting the three parts, so that by 
c;: 

means of one of the ten formulas, when two parts are given, any other 

.part may be found. The ten formulas are7 
' 

with reference to Fig. 

l. sin a = sin c sin ex, 2. sin b = sin c sin !3, 

3. sin a tan b cot !3, 4. sin b = tan a cot ex, 

5· cos c = cos a cos b, 6. cos c = cot ex cot !3, 

7· cos ex= cos a sin !3, 8. cos !3 = cos b sin ex, 

9· cos ex= tan b cot c, 10. cos !3 = tan a cot c. 

The same source 7 gives the following laws for the oblique 

triangle in Fig. 2. 

I. Law of Sines 

sin ex 
sin a 

sin !3 
sin b 

sin ~ 
sin c 

II. Law of Cosines for Sides 

cos a = cos b cos c + sin b sin c cos ex 

and cyclic. 

III. Law of Cosines for Angle·s 

cos ex = - cos !3 cos ~ + sin, !3 sin ~ cos a 

and cyclic. 

Al, 

Theorem: The distance between two points on the unit sphere is 

given by 



.. 
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/""'\\ 
cos plp2 =cos 2)'1 cos 2)'2 cos 2(82 ... 81) +sin 2)'1 sin 2)'2 (14) 

~ 

where 281, 282 and 2)'1' 2)'2 are the azimuths and latitudes respectively 

of the points P1 and P2 • 

Proof: (See Figure A3) 

Application of Napier's rules to the right spherical triangle 

AP2B gives 

" cos AP2 

sin 2)'2 
sin 1 P2AB = ----

• APO. Sln 2 

Apply the Law of Cosines for sides to the oblique triangle P1AP2 

to get 

........... ("'\ "' ( 7T ..t ) cos P1P2 = cos2)'1 cosAP2 ·+ sin2-y1sinAP2cos 2 - r P2AB 

From (A) and (B) 

,....._ . ~ sin2')'2 cos P1P2 = cos2)'1 cos2')'2 cos2(82 - 81 ) + sin2-y1 s1n AP2 " 
sin AP2 

APPENDIX FIGURE CAPTIONS 

Fig. Al. Right spherical triangle. 

Fig. A2. Oblique spherical triangle. 

Fig. A3. Construction used in proof of theorem. 

(A) 

(B) 

(c) 
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Fig.·A-3 



-77-

FIGURE CAPTIONS 

Fig.l. (a) Electric and magnetic vectors E and H in a linearly polar= 

ized monochromatic wave propagating in the z direction. 

(b) Representation of linear polarization by considering the 

electric vector only. 

Fig.2. Linear polarization as resultant of two orthogonal linear com

ponents in phase. 

Fig .3. Elliptical polarization as resultant of two orthogonal linearly 

polarized sinusoidal components with a mutual phase difference 6 .• 

Fig.4. Helix in space as the instantaneous representation of an ellip

tically polarized wave. Propagation of the helix in the z direc

tion through the fixed x y-plane results in the ellipse being 

,traced out. 

Fig.5. Dependence of elliptic polarization on phase difference ~be

tween orthogonal linearly polarized components of amplitude A 

and B for the case A > B. 

Fig.6. Dependence of elliptic polarization on phase difference ~be

tween orthogonal linearly polarized components of amplitude A 

and B for the case A < B. Compensation by quarter wave plate 

with fast axis parallel minor ellipse axis. 

Fig.7. Geometric and physical parameters of elliptic polarization. 

u v coordinate system parallel to major and minor ellipse half

axes a and b. x direction parallel to plane of incidence. A, B = 

amplitudes of x,y components. e = orientation of major ellipse 

axis, tan ~ and tan ~ = amplitude ratios in x y and u v coordinate 

systems. r = direction of restored linear polarization. 



Fig. 8. Conjugate .radii of ellipse .. 

Fig. 9. (a) The elliptic polarization. state P0 as represented on 
,....... 

Poincare~Sphere with HM an arc of the equator. 

(b) The right spherical triangle HMP
0 

relating the angles 

2~, 29, 2~ and the phase difference 6. 

Fig. 10. Illustration of sign conventions and meaning of the quantities 

e,~. Oscillation seen as observer looks toward the source. 

Fig. ll. (a) Resolution of elliptic vibration along major and minor 

axis. 

(b) Resolution of e , e along x and y. 
·U V 

Fig. 12. Phases of elliptic oscillation when electric vector coincides 

with coordinate axes. 

Fig. 13. Inexact quarter wave plate. Slow axis of inexact compensator 

is at an angle e· and extinction axis of analyzer ate· +~·at 

extinction. S and F designate slow and fast axes of compensator 

respectively. The u axis is chosen to be along the major axis of 

the ellipse, v is along minor axis. 

Fig. 14. Inexact quarter wave plate. Resolution of e and e along 
u v 

compensator axes S and F. 

Fig. 15. Portion of Poincare"sphere showing azimuths S of slow axis 

of inexact compensator and A of analyzer. 

Fig. 16. The actual retardation 5 of the inexact compensator leading 

to the measured parameters e' and ~~ can be correlated with the 

derived parameters e, ~' ~' 6 by considering the right spherical 

. triangle P 0SM in the Poinca~e/ representation. 

Fig. 17. Alternate orientation of inexact compensator at extinction. 
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Fig. 18. Compensation occurs a.t two settings of the compensator; one 

with the azimuth of the s
1 

axis at 29' and the other with the 

azimuth of the s2 axis at TI + 2(29-9'). · 

Fig. 19. Illustration of elements in ellipsometer using incident 

elliptic polarization. 

Fig. 20. Orientation of polarizer and compensator with respect to the 

plane of incidence (x axis) for incident elliptic polarization. 

Fig. 21. Incident elliptical polarization P
0

. Poincare" representa

tion with P original linearly polarized light of azimuth a falling 

on compensator of retardation o and M azimuth of linear vibration 

along major axis of ellipse. 

Fig. 22. 
f... Resolution of e , e along axes of 1. ·wave plate. 

u v '+ 
p p . 

Fig. 23. An elliptic analyzer consisting of Senarmont compensator 

having slow axis S at angle eA from x axis and of nicol prism 

having transmission axis N at angle eN from X axis passes com

pletely light of polarization state A (dashed ellipse). When 

light of unit intensity but arbitrary polarization P is incident 

on the above elliptic analyzer, the fraction transmitted is 

given by Equation (93). 

Fig. 24. The quantities 2-yA, 2~, · 2-yp are related on Poincare" sphere 

as shown. The point 1 is a pole of the sphere and represents 

left-hand circularly polarized light. The point S is the azimuth 

of the analyzer's slow axis, the point M is the aximuth of the 

ellipse's major axis, and the point N is the aximuth of the 

linear analyzer. 
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, 
Fig.25. The polarization states as re;presented on Poincare sphere. 

H corresponds to light linearly polarized parallel to plane of 

incidence. M corresponds to light linearly polarized along 

.major axis of ellipse represented by P1 • The angle P
1

HM is to 

be interpreted as the phase difference 6 introduced between 

/\ 
parallel and normal components on reflection, while the side HP1 

is interpreted as 2~. 

Fig.26. As analyzer is rotated 360 ° intensity goes through two 

maxima and two minima. 

Fig.27. Ellipsometer arrangement for intensity method with elliptic 

incidence.~~: .... · .. · 

l) Light source. 

2) Polarizer with transmission axis set at angle awith the 

plane of incidence. 

3) Compensator with fast axis at ~to plane of incidence. 

4) Rei.recting surface. 

5) Analyzer set with transmission direction at an angle ~ to the 

plane of incidence. 

Fig.28. 
I 

Successive polarization states, Poincare representation, 

elliptical incidence, amplitude analysis. 

p : polarization state as light leaves polarizer. 
0 ' 

Pl: polarization state as light leaves compensator. 

P2: polarization state of light after reflection. 

A polarization. state of light passed completely.by analyzer. 

H linear polarization parallel to plane of incidence. 

angle between transmission direction of polarizer and plane 

of incidence. 



-81-

F: fast axis of compensator. 

S: phase shift in compensator. 

.6.. : phase difference between X andy components of.incident light. 
l 

.6.: phase difference between X and y components due to reflection. s 

.. 
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ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor
mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission'' includes any employee or con~ractor of the Com
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 
of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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