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REFLECTION OF POLARIZED LIGHT FROM A,BSORBING ~rEDIA 

J. Richard Mowat and Rolf H. Muller 

.Inorganic Materials Research Division, Lawrence Radiation Laboratory 
· University of California, Berkeley, California· 

August 1966 

ABSTRACT 

Reflection of polarized light from absorbing media, such as a bare 

metal surface in contact with a dielectric, results in characteristic 

changes in the polarization state from which the optical constants of 

the reflecting interface can be determined. Starting froi:a V!S.xwell's 

• equations of electromagnetic theory, the basic relationships of metallic 

-reflection and exac0 formulas for relating the' optical constants with 

amplitude and phase changes upon reflectiqn are derived and illustrated 

by extensive numerical data. 
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~ 

magnetic dipole moment per unit volume), Jfree is the free current density, 
~ 

H is the magnet~~ field intensity, ~ is the displacement current density, 

~. 
pfree is the free charge density, D lS the displacement vector, and c is 

the speed of light in vacutun. 

~At * the outset, the followi~g assumptions will be made: 

~ -~ ~ ~ ~ :-7 ~ ** 
E, D, P, B, H., M and Jf oscillate sinusoidally ree at each l. 

point with frequency ro. That is, -

"E "E -irot. p ':F -irot 
·- e = e 

s s 

·'lt ~ -irot M M e-irot (?a-g) = e = s ·oS · 

t 1 -ic.nt ~- rr -irot rt It •irot 
= e D = e = e -free s s s 

where the subscript s refers to the time independent quantity in each case •. · 

2. The. media to be considered are. all linear and isotropic, that is, 

~ 
p = s 

~ 
X E, e s M 

s 

~ 

= X H, m s 
~ ~ 

J = oE s s 
(Sa-c) 

and the magnetic and electric susceptibilities Xm and Xe as well as the 

conductivity o_are constant throughout each medium. 

* 

3. The equation of continuity holds, i.e., 

This treatment 

= 
~ 

- div J . 
free = 

is given in Ref. 1, pp. 369-3 72 •. 
** -imt . . . ..· ' . ·+trot · . •· · .. · · 

The· choice of e 2nstead of e to represent the time deJ(endence 
is arbitrary,. but is in ·keeping with: current practice. 
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When this equation is integrated with respect to time, there results, 

· where 

i ~ 
-. - div J 

(.1) s 
i d" -7E = - .- ~v cr. 
(.1) s (9) 

Having made these assumptions, it is now possible to eliminate the 

·time dependence from Eqs. (1) through (4). Substituting Eqs. (8a-b) 

into Eqs. (7a-d), then into Eqs. (5) and ( 6) and dividing out the 

. •ic.ot . 
comrilon factor e leaves 

(5a) 

~ 
(1 + 4TIX ) it (6a) B = s m s 

.;:;o that 

jj d! (5b) = s s 

J! = J.Lit (6b) s s 

Due. to the assumption 2 above, € and J.1. will be considered as constants 

for each medium. 

Substituting Eqs. (5b) and (9) into Eq. (1) gives 

Since 

di v ( € + 41rcr i) E 
(.1) . s = 

o'B 
dt = 

~ -ic.ot 
- iwB e = s 

0 

~ -iwt 
- iWj.J.H e s 

(la) 

(10) 

' -iwt 
Equation (2) can be written, cancelling the common factor e 1 as 

~ 

curl E = s 
iWJ.~. a 
c s 

(2a) 

.-:· ... ~ 
-.J . 

.. .... : ... 
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with Eq. (6b), Eq. (3) becomes,· dividing ·out the factor e-imt, 

div 1-1H = o. s (3a) 

Finally, using Eqs~ (5b), (7e) and {Sc) and cancelling the factor e-i~, 

Eq. (4) can be written 

CUrl H s 
• (J.) ( 

- J. - t c 
+ i 41rcr) 'E 

(J.) s 
· (4a) 

~ 

Taking the curl of Eq. (2a) and subst~tuting curl H
8 

from Eq. (4a) 

one has 

-> 2 4 
cur 1 cur 1 E = ru 1-l ( E + i ~) E 

s 2 (J.) s 

* Applying the vector identity 

c 

~ ~ 

curl curl E
8 

= grad div Es 

where, if x, y, and z.are cartesian coordinates 

~··~ . s 
d~ d~ -a2E s s s ---"2 + -2- + --2 

dX dy d Z 

and noting that by Eq. (la) 

~ 

div E = 0 s 

~2~ 
- "V E s 

since E. and a are independent of position, there results 

ifE! ru
2 

(E + i 47Tcr) t = 0,. 
s + 21-l (J.) .s 

c 

Equation (12) is the wave equation • 

. * 
See Reference 1, p. 27. 

(11) 

(12) 
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C. Solution of Vlave Eauation 

·Equation (12) can be simplified by m.q,king tbe def:Lnitlon 

so that 

* 

2 ( + . 47To) nc _ ~ € 1 ~ 

2 2 -+ 
+ ~ n E = 0 2 c s . 

c 

* n = n (1 + iK) c 

UCRL-11813 

(13) 

(12a) 

(14) 

In tre literature one often finds trese other form.S for the canplex 

index of refraction: 

n = n + iK .c 

n = n - iK c 

nc = n(l - iK) 

(14a) 

(14b) 

(14c) 

Definitio~s (14b) and (14c) are rejected here because, tcgether with 
) 

choosing the sinusoidal time variation as e-iwt, they would lead to the 

definition of ~n intrinsically negative absorption coefficient (see Eqs. 

(27b), (22a) am' (17) bel,ow). If, on the other hand, one uses e+i(}.)t;'to 

describe tre time dependence of the fields, then one should represent the 

complex index of refraction by eith~r Eq. (14b) or (14c). The choice made 

here, namely Eq •. (14), is made to facilitate canparison of later equations 

with those given in the literature (see also Appendix I). 
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It will be shown in this section that the real quantities n. and K are 

related to the ratio n 1 of the phase velocity. in the mediu;n under con-

sideratiori to that in vacuum and to the absorption coefficient a which 

is a ;measure of the energy absorbed when an electromagnetic wave passes 

through the medium. 

To solve the wave equation one assumes a solution of the form 

- +E ( ) = +E
0 

ei(~lx + ~2Y + ~3· z) x,y,z s (15) 

. . . . . 

where x, y; z are measured from an arbitrary reference 0 .. In Eq. (15) 

+ 
JJ1 , JJ 2 , andJJ

3 
are constants, in general"complex, and E

0 
is a.constant 

vector, also complex in general. Substitution of Eq. ( 15) into 

Eq. (12a) leads to the relation 

w2 2 -n 
2 c c 

2 
= lll 

2 
+ ~2 

2 
+ 1J 

.3 

Since nc is complex, ~l, ~2 , and ~ 3 cannot all be real. 

1. Transparent Media 

(16) 

When an electromagnetic wave propagates through a transparent 

meditim(cr = 0) the solution to the wave equation is of the form 

+ 

+ + 
ik • r .. e . . 

where r is a vector from an arbitrary reference point to the point of 

. + 
interest (x,y,z) and k is a real quantity giving the direction of 

propagation. The magnitude of k is 

k = w 
v 

where v is the phase velocity of the Ttfave. Planes of equal phase and 

planes of equal amplitude 
+ 

are normal to k. 
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2. Absorbing Media 

As 'discussed by Ditchburn* and Stone**vr:b..en the medium is absorb-

ing, planes of equa.l phase are normal to the direction of propagation 

it,. (Fig. 1) •·rhile planes of equal amplitude are parallel to the plane 

surface of the medium (normal to another direction ~. For such a 

medium, the solution of Eq. (12a) may be vrritten 

. Et = "E 
s 0 

-a.z e 
ilt. ? 

e 

Equation (17) represents a plane wave, moving in 

(17) 

~ 
the direction of k, 

that is reduced in amplitude a9 it passes through tre medium. After 

1 
travelling to a depth .z = 2c:i (known as the pEnetration depth), the 

intensity is diminished by a factor of 1/e. 

The constant a is called tre absorption coefficient and is taken 

positive by definition. With the inward normal to the surface· of the 

reflecting medium oriented along tbe positive z axis, .as shown in 

Fig. 1, the plane of incidence (the plane defined by z and k) is the 

xz plane. Let ~make an angle¢ with the z axis. 
r 

From Fig. 1, 

(18) 

(19) 

In all equations, the symbol ""'" over a letter denotes a unit vector along the 

the axis denoted by the letter. By Eq. · (18) ani (19), 

lt • F = k( x sin ¢ + z cos ¢ . ) 
r r 

By definition,* the ratio of the vacuum phase velocity c to the pllase 

*Ref. 11, Po 590. 

**Ref. 1, p. 392. 
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velocity v in the·. medium is the real index of refraction n'. 

c n' > 0 (20) - -v 

Thus 

.k 
ill ill ill ,, 

k n' . (20a) ·- = Cfnr = - n = . V c 0 . 

Here the subscript 0 denotes the value of the subscripted quantity in 

vacuum. 

Equation (17) can now be written 

or 

._. 
E s 

; ron' 
~ -.- (x sin ¢ + z cos ¢ ) c r r 

= e 

i~n'. (x sin ¢ + z cos ¢ ) + i~z] ._. c r r = :E
0 

e 

It is useful to define K 1 so that 

and to define n' by c 

~ = ~c > 0 
k ron' 

n' _ n' (1 + i K1 
). 

c 

Equations (27a) and (27b) which will presently be derived relate n' 

(21) 

(22) 

and K' to n and K. Thus n' can also be considered as a complex index of 
c 

refraction although not equivalent to nc. 

,-4 

~~ 
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The solution of Eq. (22) for the absorption coefficient a results 

in 

a - wn'K' 
c = 2'TTn'K' 

A. 
0 

* > 0 (22a) 

where \; is the yacuum wavelength. 

* The absorption .co~fficient usually found in the literature is twice 

that given by Eq. (22a), e.g. Ref. [5] p. 614. The reason for the 

difference is that the absorption coefficient is usually regarded as 

the inverse of the distance travelled by the wave when the intensity 

decreases by 1/e. Since the intensity is proportional to the squared 

modulus of the electric field, 

one has, from Eq. (17), I oc 
-2a.z e • Hence, the ir.ter,si ty diminishes by 

an amount 1/e after penetrating to a depth z = 1j2a. 
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With these new definitions, Eq. (21) becomes 

. [wn' (x sin ¢ + cos c!J ) + iwn' K'z] 1-- z 
(21a) ·E -+ . c r r c = Eo e 

s 

.. wn' [ sin- C/) + (cos ¢ + iK 1 )), 1-- X z 
·-+ -+ c r r (2lb) E = E e s 0 

An alternative and somewhat simpler way of handling the solution 

to Eq. (12a) and one that will be used in later sections is to introduce 

-+ 
the complex propagation vector k , 

c 

-+ '-+ -+ 
k = k + ia (23) c 

-+ 
where a is called the attenuation vector. As mentioned above, pla...1es 

-+ 
of equal amplitude are normal to a. 

By analogy with the plane wave solution one writes 

-+ 
i k 

c 
-+ 

• r 
(24) 

When Eqs. (23), (18), and (19) are substituted into Eq. (24),. there 

results 

or, since k 

-iwt 
e 

n.'' k = 
0 

n'w 
c 

-i['wt-k(x sin¢ '+ z cos¢ )- iaz] 
r r 

·' . ' 
i[wn (x sin¢ + z cos ¢ ) + iaz] 

+ -+ c . r . · r 
E = E e s 0 

Comparison of Eqs. ( 25a) and ( 2la) shows 

wn' ' a= K =et 
c 

(-25) 

. (25a) 

(26) 

' It is importkt to keep in mind that n 'f il I and K ¥ K'. The 

following discussion will' make this point Clear. 

t' 
&' 
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Equation (21b) is in the .form of Eq. (15) with 

wn 1 
• n,· 

J.l = -- s~n '+' .1 c r 

wn 1 

JJ = (cos¢ + iK 1 ) 
3 c r 

Substituting into Eq. (16), 

2 2 w n 2 2 2 12 , 2 --2-~ = w
2 

n 12 sin ¢r + w ~· (cos ¢r + iK 1) 
c c c 

.. 
Equating real parts, 

2 . 2 2 2 
D. (1 - K ) = n 1 (1 - K 

1 
) 

Equating imaginary parts, 

, 2 .. I 2 K 1 COS r+; · n K = n '+' 

Equations (27a) and (27b) show tha~ 

n :f n 1 

K :f K 1 

r 

unless ¢ = o, (i.e., unless incidence is no'rma1) or 
r 

absorbing media. Table 1 shows how·n 1 and K I differ 

the case of chromium (n = 2.96, K= 1 .. 13). Note that 

K = Kl 

from n 

if one 

. UCRL-11813 

(27a) 

(27b) 

= 0 (non-

and K for 

assumes n 

and K to be independent of angle . of incidence, then a slight dependence 

on incident angle 'is found for. n '. and K 
1 
•. Conversely, if one assumes n 1 

and K 1 are ·independent (){.incident ·angle, then a slight variation of n 

and K with angle of incidence is found (see table 2). Included in 

Table 1 are the' conductivity cr, the dielectric constant e: and the 
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·Table. I 

OPI'ICAL CONSTANTS OF CHROMIUM 

If the optical constants n and K are assumed not to depend on angle 
of incidence ¢, the auxiliary constants n' and K' do. 

¢ (deg) n n' K K' a (gaussian) € Pen. Depth (em) · 

45 

55 

65 

75 

85 

;\. = 

C1 = 

€ = 

2.960 3.007 1.130 1.12.6 5.435 X 105 -2.429 1.283 X 10-6 

2.960 3.024 1.130 1.125 5~435 -2.528 1.278 

2.960 3.038 1.130 1.124 5.434 -2.427 1.273 

2.960 3.049 1.130 1.123 5.434 -2.427 1.269 

2.959 3.054 1.130 1.1?3 5._432 -2.427 1.268 

5.461 X 10-5 em 

electrical conductivity 

dielectric constant 

Table II 

OPI'ICAL CONSTANTS OF CHROMIUM 

If the auxiliary.optical constants n' and K1 are assumed not to depend 
on angle of incidence ¢, then the optical constants n and K do. 

(deg) n' K' n K 

5 3.000 1.130 2.999 1.130 

25 3.000 1.130 2.983 1.131 

45 3.000 1.130 2.952 1.134 

55 3.000 1.130 2.935 1.135 

65· 3.000 1.130 2.920 1.137 

75 3.000 1.130 2.909 1.138 

85 J.OOO 1.130. 2.903 1.138 

-~\' 

;(;~ 
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penetration depth 2
1a (in em.). The conductivity and dielectric 

2 
constant are found by squaring Eq_. (14) and substituting for n in 

c 

Eq. ( 13). Thus 

from which it follows, for ~ = 1, that 

2 2 
e: = Il (1 - K ) 

2 n KW 
a = 21T 

* According to Ditchburn, wnen light is incident from a medium of 

' real refractive index n in which the phase velocity is v = c/n' , then 
0 0 . 0 

the angles of incidence ¢ and refraction¢ (both real) are related by 
r 

or 

sin ¢ 
sin ¢ 

r 

v 
0 =-

v 

c/n' . o n' 
= c/n' = Ii' 

0 

n sin¢ = n' sin¢ o r 

This equation is formally the same as Snell's Law for a transparent 

medium. Thus, if one requires that n' and K' be independent of incident 

angle (nand K will then be dependent on incident angle), Snell's Law 

can be said to hold for absorbing media as well as for transparent 

media. Since n' :f n, Snell's Law holds only for n' and not for n, i.e. ; 

n sin ¢ :f n sin ¢ o r 

* Ref. 11, pp .' 54, 590. 

I 
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where n is·the real part of 

n · - n ( 1 + iK) • 
c 

UCRL-11813 

(14) 

In summary, the spatial description of a plane electromagnetic 

wave travelling in an absorbing medium characterized by a real refractive 

index n' =£(where vis the phase velocity), and by a real absorption 
v 

coefficient a, 

and travelling 

is given by 

"E s 

= wn'K 1 
Kl = .Q.£_ 

a , 
.wn 1 c 

in the direction 

k = ~(x sin¢ + z cos ) v r ¢r 

wn' + z i [x sin ¢ 
= E e c r 

(COS ¢ + iK 1
] 

' r 
0 

I' 

When the time 'dependence is taken into consideration, the electric field 

is given by 

E = E e-iwt 
s 

where 2
1T ::;: !!!. 

A c 
0 

-i2
1T [ct-n 1 (x sin¢ + z (cos¢ + iK 1

))] 

= Eoe ).o ,r . r 

, >.
0 

::;:. :vacuum wave length. 

D. Reflection Coefficients for Absorbing Media 

1. Evaluation of Boundar; Conditions 

(2lc) 

Consider a plane wave that is incident from a non-absorbing medium 

of real refractive index n = n' onto the plane surface of an absorbing 
0 0 

medium Of COmpleX index Of refraction n = n(l + iK) Or n 1 
• = n 1 (1 + iK 1

) c c . 

related by Eqs. (27a) and (27b). Figure 2 shmrs the parallel and normal 

components of the incident' refracted and reflected waves E, Er_, and E' I. 

.... 
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The plane of incidence is the xz plane while the plane z = 0 is the 

boundary between, the two media. In the figure the subscript s ·refers 

to polarization normal to the plane of incidence, and the, subscript p 

refers to polarization parallel to the plane of incidence. 

Inspection of Fig. 2 shows that the electric fields of the 

incident and reflected waves can be written in .the form of Eq. (2lc) 

with K = 0 as 

Z
A) - 21Ti [ ct-n

0
( x sin ¢ + z cos <tn] E = (EP cos ¢ i + E

5 
y - EP sin ¢ e AO ( 2B) 

.. 21ti[t ( · n-.-zcos"')] E" = (E" cos ¢ x + E" y + E" sin ¢ z) e -A- c -no x s~n '+' 'f' 
p s p 0 (29) 

The quantities within the parentheses that preceed the exponer.tial 

factors of Eqs. (28) and (29) are the E0 's of Eq. (2lc). They are 

.found by resolving the electric field vector into components Ep parallel to 

the plane .. of incidence and E · normal to the plane of incidence and then 
s . 

resolving these along the three coordinate axes. 

For the refracted wave it can be assumed that E~ is of the form 

E' = £ 1 E' ~ + E' y + £ 1 E' -0 1 p s 3 pz 

where e:1 and £
3 

may be complex. An ~~ could be used here withE~, but 

it would serve no purpose, and is hence assumed to be part of E'. 
s 

In order to evaluate the epsil'ons, Maxwell's Equations ( la), ( 2a:) , 

( 3a), 'and ( 4a) will be reWritten. 

* 

-+ -+ 
ik • r 

curl· [C e c ] = 

See [1] problem 4-10 and page 372. 

'• *' 
Using the identities 

ik 
x C e c 

-+ 
• r 

( 30) 

(' 
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ilt · r ~ 

ik 
di v d" e c = iit C e c 

and assuming H of the form s 

+ 

H =it e s 0 

. c 

~ ~ 

ik' · r c 

~ 

r 

UCRL-11813 

where k' is the complex wave vector for the second medium, Ma~<ell's 
c 

equations become (setting ~ = l) 

~ ~ 

k • E = 0 
c 0 

~ ~· + c ., 
x EO = HO -k 

w c 

~· ~ 

k . Ho = 0 c 

c ~ ~ 
--- k X H w c· 0 

B-.r Eqs. ( 23) ~ ( 18) , ( 19) , and ( 26) , 

~ wn f A 

k' = -- [x sin ¢ + z (cos ¢ + iK ')] c c r r 

Using Eqs·. ( 30) , ( 31) , Eq. ( lb) becomes 

[X~. sin ¢ + z (cos ¢ + iK 1 )] • [e: E' x + E' y" + e: 'E' z] = 0 
r ·. r lp s · 3p 

0 = e: E' sin ¢ · + e: E 1 (cos ¢ + k 1 
) l p r. 3 p r 

e: sin·¢ = - e: (cos ¢ + :Lc: ') 1 r 3 r 

One solution to this equation is 

£ = COS ¢ + iK 1 

1 r 

e: = -sin¢ 

(lb) 

(2b) 

( 3b) 

(4b) 

(31) 
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The justification for choosing this solution·will be the satisfaction 

* of Maxwell's Equations (Eqs. (lb)-(4b)) by the resulting E' and H'. 
0 0 

Thus, 

!' = E' (cos¢ + iK') A+ E' y- E' sin~ ~ o p r x s p ~r ( 32) 

Using Eqs. (31), (32), and (2b), one obtains 

it• n' [x sin ¢ + 
A 

(cos ¢ + iK 1
)] X [E' (cos ¢ + iK' )x + E' A 

E' = z y -
0 r r p r s p sin ¢ zl r 

n' [E' sin ¢ z + E' sin 2 ¢ y + E' (cos ¢ • I )2A E' (cos ¢ + iK 1) xl . = + ~K y -s r p r P· r s r 

H' = n'[-E'(cos ¢ + iK') X+ E'(l-K'
2 

+ 2iK 1 cos¢) y + E' sin¢ z] (33) o s r p r s r 

It can be shown by forming the product k' • H' that Maxwell's 
c 0 

equation (3b) is satisfied by Eq. (33), i.e., 

k:• • Ii• = o c 0 

In order to further show that H' and E' are correct as given by 
0 0 

Eqs. (32) and (33), evaluation of the fourth Maxwell equation (4b) is 

carried out. 

From Eqs. (31) and (33), 

c -+ -+ 2 
--- k' X H' = n' [x sin¢ + z(cos ¢ + iK')] X [-E'(cos ¢ + iK') X w c o r · r · s r 

+ E' (l-K 12 + i2K' cos ¢ ) i + E' sin¢ i] 
p r s r 

= n• 2 [E' sin¢ (l-K 12 + i2K' -cos¢ )z - E' sin2 ¢ y- E (cos¢ + iK 1) 2y] p · r r s · r s r 

.* 
A vector field is uniquely specified if its curl and divergence are 

-+ -+ 
given. Maxwell's equations give the curl and divergence of E and H. Thus, 

-+ -+ 
if a particular E and H satisfy Maxwell's equations, they are the only 

solutions. 
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.- E' (cos ¢ + iK' )(l~K' 2 
+ i2K' cos ¢r) .x]. p . r 

X: + 

Substituting ·from Eqs. (27a) and (27b), 

c-+· -+ 

US kc X Ho = 

UCRL-11813 

-E~ [n'
2

(l-K'
2

) + 2in'
2 

K1 cos¢~] ;, -E; ln
2

(1-K
2

)+2in
2

KI = 2 ~, -n ,!!; c 0 

·Thus E' and H' given by Eqs. (32) and (33) satisfy MaxWell's Equations. 
0 0 

All three electric fields E, E' , and E" may be written in the form 

of Eq. ( 2lc). In Eq. ( 35) below, Snell's law 

n sin ¢ = n' ~in ¢ o . r (34) 

has been used in the exponent so that the coefficient of x is the same 

for all three fields 

2 i + z cos ¢)] - _1T_[ ct-n ( x sin ¢ 
). 0 

:E (E cos ¢ x + E A E sin¢ z)e 0 = sy p p 

27Ti [ ( sin ¢ - z cos ¢)] .- -- ct-n x 
). 0 

E" (E" cos¢ 
A 

+ E"y + E" sin ¢ z )e· 0 = X p s 

21Ti [ . -ct-n 
). 0 

(E' (cos¢ + iK')x + E'y-E'sin ¢ z)e 0 

p r s p r 

The magnetic fields H and H" corresponding to E and E" can be 

·found by applying. Maxwell's Equation ( 2b) to. Eqs. (.28). and ( 29) 

rememberinuo that in the incident .. medium K = 0, n' = n •.. The resulting· 
0 " 

fields are (omitting the .exponential factors for·. simplicity), 

(28) 

(29). 

(35) 
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~ 

"' A 

H = n (-E cos 'lJ X + E y + E sin ¢ 2) 
0 s p . s (36) 

-+II· 
n (E" ¢ x E ""' E" sin ¢ 2.) H = cos -.0. s . py + s (37) . 

-+ 

H' - ' ( E ( n.. •. I ) ..... E I (1- ,2 . 2 I n.. ) "' .... I • rh "' n - 5 cos ~ + lK x + p + 1 K cos ~ y·~ ~s s1n ~rz 

(38) 

Assuming no surface charges or currents, the boundary conditions at the 

. . 2 
interface are that the components of B and n E normal to the boundary c 

. • ... * 
and the components of E and H parallel to the boundary be continuous •. 

These conditions are expressed as follows: 

2 -+ -+ A 

n2E' 
A 

n (E + E") . z = . z (39) 
0 c 
-+ -+ 

"' -+, A 

(H + H") . z = H . z (40) 

' 

<i -+") "' 
-+ 

"' (41) + E . X z = E' X z 

( '-+") "' 
-+ 

"' (42) H + H X z = H' X z 

Substitution of Eqs. (28), (29) and (35) into (39) and evaluation at 

z = 0 gives, when the common exponential factor is.cancelled, 

n2
0 

· (-E sin ¢ + E" sin ¢) 
p p = n2(-E' sin ¢ .) c p · r 

o:r 

n2 sin ¢ (E - E") 
0 p p = n2 sin ¢ E' c r p 

applying Eq. (34), 

sin ¢ n' sin ¢ n = 
0 r 

one has 
2 n 

. :n
0

(EP - E") c (43)• = ... p t n 

These conditions can be derived mathematically from ~~well's ~quations 

([1] ~P· 388-390). 

':: ~ ~~-~ .... 'f.. 

,.,_ ~.:·; 
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When Eqs. (28), (29), and (35) are evaluated at z = 0 and 

substituted into Eq. (41), there results, when the common exponential 

factor is cancelled, 

(-E cos ¢y +Ex E" cos (/Jy + E" x) = [-E'(cos ¢ + iK')y + E'x) p s p s p r s 

Collecting terms, 

-(E + E" cos¢.:;+ x(E + E") = -E'(cos ¢ + iK 1 )y + E'x p p . s s p r · s 

Hence, 

and 

cos '/J(E + E") = E'(cos ¢ + iK') 
p p p r . 

E + E" = E' 
s s s 

(44) 

(45) 

When Eqs. (36), (37), and (38) are evaluated at z = 0 and substituted 

into Eq. ( 42) , ann the common exponential factor is cancelled, there. 

results 

or 

n (Y"E cos ¢ + XE - E" cos ¢y - E" x) 
0 s p s p 

= n'[yAE' (cos¢ + iK') + XE'(l- K' 2 + 2iK' cos¢ )] s · r p.. .· r 

n [(E - E" cos C/Jy + (E - E")x] 
0 s s p p 

+ n'E'(l- K2 + 2iK 1 cos 0 )x 
p r 

= n'E'(cos rJJ + iK')y s. r 

This last equation implies that 

n (E - E") cos 0 = n'E'(cos 0 + iK') o s s s r 

n (E - E") = n'E'(l- K12 + 2iK 1 cos 0 ) o p p p r 

(46) 

(47) 
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Equation (47) is the same as Eq. (43) since 

by Eqs. (27a) and (27b). 

To summarize, the boundary conditions have given the following four 

relations 

n (E - E") = 
. 0 p p 

2 
n c nr E~ 

cos ¢ (E + E") = E'(cos ¢ + iK') p p p r 

E + E" = E' 
s s s 

n (E - E") cos¢= n'E' (cos ¢ + iK') o s s s r 

2. Derivation of Equations 

(43) 

(44) 

(45) 

(46) 

In the calculations which follow, it will be useful to know the 

reflection coefficients at each interface. They are defined, in general, 

as 

E vreflected 
r - E 

\1 •.• d t 
v~nc~ en 

where v stands for either p or s. 

' ( 48) 

The reflection coefficient for polarization normal to the plane of 

incidence, 

E" 
s 

·rs - E 
s 

can· be found from Eqs. ( 45) and (46) . 

(49) 
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From Eq. (45) 

(45a) 

From Eq. (46) 

El. n cos ~ ( E;) s 0 -= n 1 (cos -~ + iK I) 1--E E s r . s 
(~6a) 

Equating (45a) and (46a), 

Ell n cos ~ ( E;) + ~= 0 1 n 1 (cos ~ + iK 1
) 

1--E . E s r s 
(50) 

E" E" 
n 1 (cos (/J + iK 1

) n 1 (cos ~ + iK 1
) 

s cos ~ - s + -= n n cos ¢~ r r E 0 0 s s 

E" n cos.(/J n 1 (cos ~ + iK 1
) s 0 r (51) r = -=· 

cos~ n 1 (cos (/J + iK 1
) s - E n + s 0 r 

The reflection coefficient for polarization parallel to the plane of 

incidence, 

is. found from Eqs. (43) and (44) as follows: 

First, divide Eq. (43) by Ep and multiply by n 1 /n~ 

n'n 
0 

-2-
n c 

E' 
_..J?.. 
- E 

p 

(52) 

(43b) 

,f. 
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Then divide Eq. ( 44) by E (cos ¢ + iK I ) p r . 

E' 
_p_ = cos ¢ 
E cos¢.+ iK 1 

p r ( E") / 1 + \" 

Equating Eqs. (43b) and (44b), 

' I n n 

2 
nc 

0 , ( E" .) 1--
E . 

p 

= cos ¢ 
(COS 0 + iK 1

) 
r ( 

.. s\ 
. ; + Ep) 

UCRL-11813 

(44b) 

(52) 

E" E" 
n'.n

0
(cos 0r + iK') - n'n

0
(cos 0r + iK') f = n~ cos ¢ + n~ cos 0 f 

p p 

or 

E'' 
2 ·. 

n n:'·( cos ¢ iK I) 'n COS·¢ + 
_p_= c ·o r r - E 2 p p n cos ¢ + n n' (cos 0 + iK 1

) c 0 . r· 

(53) 

E. Introduction of· Complex Angle of Refraction and·. 

Formulation of the Fresnel Equations 

Equations (51) and (53) can be written in a simpler form by defining 

the complex angle of refraction.¢', by the complex form of Snell's Law. 

n sin ¢ = n'sin 0 = n sin 0' o .r c 
(54) 

This equation is consistent with th.e equation 

n; (cos ¢ + iK ') - n . cos ¢' r . c (55) 

as will now be demonstrated. 

Squaring Eqs. (54) and (55) and adding, .one has 
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2( 2 rf. 2 rf. ) 2 . 2 2 = n 1 sin ~ + cos p - n 1 K1 + n 1 2iK' cos ¢ r r r 

(56) 

But Eq. (56) is true because of Eqs. (27a) and (27b). Therefore, the 

consistency of Eq. (54) and (55) is established. Substituting Eq. (55) 

into Eq. (51) and (53), one has the Fresnel Equations 

n cos ¢ - n cos ¢1 
.C c 

r = ¢ ¢1 s n cos + n cos 
0 c 

(57) 

n cos ¢ - n cos ¢1 
c 0 

r = - ¢ ¢1 ·P n cos + n cos 
c 0 

(58) 

Equation (54) will now be applied to (57) and (58). to arrive at ·alternate 

equations for r and r • In both Equations, n is replaced by 
s . p c 

n sin ¢ 
0 

nc = sin ¢1 

First, considering Eq. (57), 

n sin ¢ 
¢ - 0 n cos 

sin ¢1 ,cos 
0 

r = n sin ¢ cos s 
n cos ¢ + 0 

0 sin ¢1 

¢1 
¢1 

sin ¢1 cos ¢ sin ¢ cos 01 = ~~~~~~--~~~~~~ 
sin ¢ 1 cos ¢ + sin ¢ cos ¢ 1 

sin 
rs = - sin 

(¢-¢I) 
(¢+¢I) 

(54a) 

(59) 

1'· 
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Next, considering Eq. (58), 

n (sin ¢/sin ¢')cos¢- n cos¢' 
0 ·. 0 

r = p - n
0

(sin ¢/sin ¢')cos¢+ n
0 

cos¢' 

= - sin ¢ cos ¢ - sin ¢' cos ¢' 
sin ¢ cos ¢ + sin f' cos ¢' 

divide top and bottom of the right side by cos 2¢:cos2 ¢' 

tan ¢/cos2 ¢' -tan ¢'/cos2 ¢ 
r = -
p tan ¢/cos2 ¢' +tan ¢'/cos2 ¢ 

= - sec
2 ¢' tan ¢ - sec2 ¢ tan ¢' 
2 . 2 

sec ¢' tan ¢ + sec ¢ tan ¢' 

= - (1 + tan2 ¢')tan¢- (1 + tan2 ¢)tan¢' 
2 . 2 

(1 +tan ¢')tan¢+ (1 +tan ¢)ta.n·¢' 

UCRL-11813 

. 2 2 
= _ tan ¢ + tan ¢ tan ¢' - tan ¢' - tan ¢' tan ¢ 

r p· 

tan ¢ + tan ¢ tan2 ¢' + tan ¢' + tan,¢' tan2 ¢ 

=_(tan¢- tan¢') (1- tan¢ tan¢') 
(tan¢+ tan¢') (1 +tan¢ tan¢') 

(tan ¢ -tam¢') (1 +tan ¢tan¢') - - (tan ¢ + tan ¢') (1 ¢ tan ¢') -tan 

tan (¢ - ¢') - - (¢ + ¢') tan (60) 

•') 
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F. Summary 

With the definitions 

n _ 1~(£ + i 4rro/w) _ n(l + iK) 
c. 

n 1
·: n'(l + iK 1

) 
c 

n 1 _ c/v 

K 1 
:: ac/wn 1

, a = absorption coefficient 

and the relations 

n sin~ = n 1 sin ~ o ~r 

The reflection coefficients can be written 

n cos~- n 1 (cos ~ + iK 1
) o r 

rs = n cos¢+ ri 1 (cos ~ + iK 1 ) -
o r 

E s reflected 
E s incident 

2 
¢ - n n 1 (cos ~ + • I ) E n cos l..K . reflected c 0 . r p r = - 2 - E p n cos ¢ + n n 1 (cos ~ + iK 1

) p incident c 0 r 

UCRL-11813 

(13),(14) 

(20) 

(22) 

' ' 

(27a) 

(2Tb) 

( 34) 

(51) 

(53) 

With the additional definition of the complex angle of refraction ~· 

n 1 sin ¢ = n sin ~~ r c (54) 

and the auxiliary equation 

n 1 (cos ~ + iK~) = n cos ~· r c (55) 
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The Fresnel equations can be written 

n cos ¢ ~ ~ cos ¢1 

0 c . 
r = = s n cos ¢ + n cos ¢1 

0 c 

n cos ¢ 1 
- n ~os ¢ 

0 c 
r = ~----~--~~--~ p n cos ¢ 1 + n cos ¢ 

0 c 
= 

sin ( ¢ ¢ 1
) 

sin (¢ + ¢ 1
) 

'tan(¢ ¢ 1
) 

tan (¢ + ¢ 1
) 

UCRL-11813 

(57),(59) 

(58) ' ( 60) 

Equations (51), (53), (57), (58), (59), and (60) assume that the incident 

medium is transparent (i.e., of zero conductivity). 

Better suited for numerical purposes are the equations SUilllllarized 

in sections IIf and IIId as they contain all real quantities. 
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CHAPTER II 

OPTICAL CONSTANTS n, .K AND ELLIPSOMETRIC PAP~lliTERS ~' W 

A. Introduction and Definition of ~. t 

When polarized light is reflected from a metallic surface, the com-

ponents of the electric field parallel and normal to the plane of 

indicence undergo an unequal amplitude attenuation, and a phase difference 

!J. is introduced between them. When the electric field components are 

~ and E before reflection, and E". and E" after reflection, then the 
p s p s . 

ratios of s and p amplitudes in the incident and reflected light are 

defined by 

IE ·I 
tan w. _. s 

~ =lEI (61) p 

IE" I 
tan w - s (62) 

r =IE"I p 

Thus, the amplitude ratio is changed on reflection by the factor 

tan w -
tan wr 
tan w i 

(63) 

tan w is the relative amplitude attenuation due to reflection. Figure 

2 illustrates the coordinate system to be used. The x-z plane is the 

plane of incidence. The x-y plane defines the surface at which re-

flection and refraction occur. Figure 3 shows the relation of the 

magnetic and electric field vectors for the cases of polarization 

parallel (Fig. 3a) and normal (Fig. 3b) to the plane of incidence. 

In this section,light will be incident from a medium of real 

refractive index n onto the plane surfa~..:e of a metal of complex 
0 
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refractive index 

n = n(l + iK) or n 1 
c c 

n 1 (1 + iK 1
) 

defined as in Chapter I, 

The ratios E"/E and E"/E are related to the angles of incidence . s s p p 

and refraction by the Fresnel Equations 

E" sin (p-</J I), s r - -= -s E sin (¢+¢1) 
s 

(59) 

E" (p-pl) = ___£_ = 
tan 

r -p E tan (¢+¢I). 
p 

(60) 

The quantities r and r are called the reflection coefficients of the 
s p 

surface, and ~~ is the complex angle of refraction introduced in Chapter 

I Section E. 

The reflection coefficients are, in general, complex, so that they 

can be written as an amplitude ratio and a phase change 
... , 

E" IE" I -J.e: IE" I -i(e:" -e: ) s 
s s e s s s 

r -= 
I"EI = I"EI e 

s E -ie: 
s s s s 

(59 a) 

e 

E" IE" I 
-ie:" 

IE" I -i(e:" -e: ) 
= ___£_ = p e p 

___£_ e p p 
r = 

p E lEI -ie: IE I p p' e p p 
(60a) 

where the epsilons are the phases of the various components with respect 

to an arbitrary time origin. If we define the "absolute" phase changes of the 

reflected with respect to incident waves as 

0 = e:" - e: 0 - e:" - e: s· s s' p .P p , 
(64) 

where P. refers to polarization parallel and s to pola:rization perpendicu:I,ar 

to the plane of incidence, then the ratio of the reflection coefficients is 
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( IE;I IE;l) -i5 r s 
s e 

p = I lEI -
I Esl -i5 r p p e 

p 

- ( IE;I IEsl) i(5 - 5 ) 
p I p s 

- 1~1 IEpl 
e 

which e~uals, using Eqs. (61) and (62), 

tan 7f! 
r 

p = tan ?jf. 
~ 

i(5 -5 ) p s 
e. 

UGRL-11813 

(65) 

(65a) 

But 5 - 5 is the phase difference imposed between the p and s . components on 
p s 

reflection. Thus, defining the relative phase change as 

(66) 

and using E~. (63) one has 

lb. 
p = tan ?jJ e (67) 

A word is in order concerning the definitions (64 ). Consider a 

harmonic oscillator vibrating with frequency ro and relative phase e, 

t d · 1. t t' b -i(rot+e) F' 4b b th repre sen e rn comp ex no a ~on y e • ~gure · s .ows e 

oscillation in the complex plane. As time increases, the rotation of 

the radius vector proceeds clockwise. Suppose that at t = t the phase 
0 

of the oscillation is suddenly changed by reflection so that before 

the change it is el, and after the change it is e2, the phase change 

being defined as e2-el. When e2 is larger than el' .the total argument 

wto + e2 is greater than the total argument roto + el before the change 

and is e~uivalent to holding e 1 constan~ and increasing t. That is, a 

positive phase change e2-e1 is equivalent to an advance fn time. 

Therefore, withthe definitions chosen in (64), a positive phase change 

' jl{ 
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* e is equivalent to an advance in.time. 
1 

B. Derivation of Eauations 

Equation (67) is the basic equation of ellipsometry. The quantities 

~ and~' which are parameters used to describe the relation between the 

polarization states of the light before and after reflection, can be 

found from ellipsometer .measurements [10]. The equations relating w and 

~ to the optical constants n and K which characterize the reflecting 

surface will now be derived. 

By Eqs. (59) and (60), 

rewriting 

p 

r s 
p = -= 

r 
p 

cos 
= cos 

Eq. (69), 

·1 - tan ~ 

sin (¢-¢') 
sin (<P+¢') I tan ( 9> -p ' ) 

t ail. ( 4> +¢ ' ) 

{p-p') tan ~ 
i~ 

(<P+¢' ). = e 

i~ cosp cosp' + sinp 
e = 1 - cos¢ cos¢' - sin¢ 

sinp' 
sin¢' 

1 - tan ~ 
i~ 

e 
= cosi cosp' - sinp sinp' - cosp cosp' - sinp sinp' 

cos4> cos~' - sin¢ sin¢' 

Similarly, 

i~ 1 + tan ~ e 
= cosp cosp' - sinp sinp' + cosp cosp' + sinp sinp' 

cos¢ cos¢' -sin¢ sin¢' 

dividing Eq. (71) by Eq, (.70) leaves 

* 

(68) 

(69) 

(70) 

(71) 

See Appendix I for a discussion of alternate representations of the 

phase of a harmonic oscillation. 

.. 
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ill l + tanlj! e 
it:. l - tanlji e 

= coso cosp' 
sincp sincp' 

The left side of E-q. (72) can he rewritten as 

'• 

1 +tan 1jJ 
it:. e 

1 -·tan 1jJ e it:. 
1 + (sin,ljJ/cosp) it:. e = 
1 - (sin7f!/cosljJ) it:. e 

= cosp + (cost:. + i sint:.) sinljJ 
cosljJ - (cost:. + i sin£~) sinljJ 

= (cosp + cost:. sinw) + i sint:. sinw 
(cosljJ - cost:. sinlji) - i sint:. sinljJ 

-[(cosljJ + cost:. sinp) + i sint:. sinljJ 
- (coslji - cost:. sinljJ) - i sint:. sinlji 

(72) 

. 2 2.2 .2 .2 .•• ( . • ) =.COS p-COS llS1U p-S1n llS1n 1/J + 1 S1nl:. S1n~ COSljJ + COSl:..S1nljJ + COSlji-COSl:. S1nljJ 

( • ) 2 . 2 . 2,,, cosljJ - cost:. s1nlji + s1n t:.s1n o/ 

= cos 2p - sin
2

p (sin
2

t:. + cos
2

t:.) + i 2 sinljJ cosp sint:. 

Finally, 

2 2 , 2 A 2 . , 2A . 2,,, cos 1jJ + cos t:. s1n 1ji - coso coslji s1nljJ + s1n o s1n o/ 

it:. 1 + tanp e 
it:. 

1 - tanljJ e 

= cos 21/J + i sin 2¢ sint:. 
1 - sin 21jJ cost:. 

With Eq. (73), Eq. (72) becomes 

cos27/l + i sin 21/J sint:. = 
1 - sin 21jJ cost:. 

Define a and b by the equation 

cosp cosq,' 
sincp sincp' 

(73) 

(74) 



.• 

'..o. 

-31- UCRL-11813 

n cos~'= n'(cos ~ + iK') _a+ ib 
c . r (75) 

Since u < ~ <-90, cos ~ is real and positive. 
- r- r Also n' and K' are real 

and positive by definition. Therefore, by Eq. (75) a and b must be real. 

and positive. 

With the aid of Eqs. (54) and (75), Eq. (74) becomes 

cos 21)! + i sin 21)! sin~ 
1 - sin1)!2 COS~\ 1 - sin 2tjJ cost\ 

(a + ib) - - --~----~~ 

n sin~ tan~ 
0 

Equating real parts of Eq. (76) 

a = 
n sin~ tan~ cos 21)! 

0 

1 - sintjJ2 cosll 

(76) 

(77) 

. A. very importapt fact is contained in Eq. (77). Since the angle of 

incidence ~ must be in the range 0 ~¢:;_ 90, sin~ and tR.n~ are positive. 

Furthermore, the denominator of Eq: (77) is positive because the 

product of a sine and cosine can never exceed unity. Also n is 
0 

positive by definition. Therefore, in order that the right side of 

Eq. (77) be positive as required by Eq. (75), cos 2tjJ .must be negative, 

which would mean that 1jJ lies between 45 ° and 13). However, for the nost 

general use of elliptic polarization tjJ has been found [10] to 'lie in the 

interval 0 ~ ~ :;_ 90° under the conventions employed here. Ynerefore, 

~or reflection from a metal surface: 

(78) 

Equating imaginarJ parts of.Eq. (76) 
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n sin<P tan<P sin 2\jl sinll 
b - - ~0-------~--~----~----1 - sin 2\jl cos6 (79) 

There is also an important re'sult contained in Eq. (79). Applying the 

same type of argument used to establish Eq. (78) to Eq. (79), one finds 

that sinll has to be negative; therefor~, the relative phase change 6 

must lie in the range 

-7T < 6 < 0 (80) 

or equivalently 

7T < 6 ~ 27T , etc • 

The index of the incident (transparent) medium can be eliminated from 

the following equat~ons by introducing A and B defined as 

A : a/n = 
0 

B : b/n = 
0 

sinp tan<P cos 2\jl 
1 - sin 2\jl cos6 

sinptanp sin 21/i sin6 
1 - sin 2\jl cos6 

{81) 

{ 82) 

It .is now possible to obtain explicit expressions for Ii 1 and K 
1 in terms 

I 

of the measured parameters <j>, lji, and 6. The real part of Eq. (75) can 

, be rewritten, with the aid of Eq. (34), 

as 

cos <P 
r 

2 n 1 cos = 2 
a 

2 . 2 n s~n <P 
0 

12 2 . 2 n - n s~n <P 
0 

12 n 
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n' . 1 2 2 = + a + n 
0 

= ( 83) 

Since n' is defined as the ratio of light propagation rates, it ~ust 

be a positive quantity. Therefore:,the positive square root is taken 

in Eq. (83). Alternatively, Eq. (83a) is obtained fr~~ Eq. (83) by 

substituting A from Eq. (81). 

n' = n sincp 
0 +' 2 

(1 - sin 2~ cos6) 

' 2 2 J tan p cos 27/f 

1/2 

The imaginary part of Eq. (75) can be written as 

K' = b 
n' 

Substituting from Eq. (79) and Eq. (83a), 

"' = 

or 

K' = 

- n sine~> tancj> sin2~ sin6 
0 

1 - sin2ljJ .cos6 

. ,~, [l + tan
2

p cos
2 2~ ~ 1/2 .. n s~n'~' · . 

2 0 
. (1- sin2~ cos6) ..,~ 

- tanp sin 2~ sin6 

As defined in Chapter I,. Eq. (22a) 

~·a 
= 0, 

21Tn 1 

where a is the absorption coeffic'ient. 

Since a and n' are positiye, K 1 must also be positive. 

(83a) 

(84) 

Since 

sin6 is negative and tanq, and sin 2~ are positive, the positive square 
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roct is taken in Eq. (84). 

It is also possible to find explicit expressions for n and K. 

Square Eq. ( 75) to obtain 

(a+ib) 2 2 •. 2 I 2 2 
n s~n cp = n - n c c 0 

where the last step is made with the use of Eq. (54) • 

Next, expand (a+ ib) 2_, 

a
2 

- b
2 

+ 2iab = n 
2 

c 
2 . 2 

n
0 

s~n cp 

2 2 = n (1 - K + 2iK) 
2 . 2 

.. n s~n <P 
0 

2 2 2 2 :-,. a - b + 2abi = n ( 1 -K ) 
2 . 2 2· 

- n s ~n cp + 2 in K _ 
0 

Equate real parts of Eq. ( 85) to get 

Equate imaginary parts of Eq. (85) to get 

2 
n K = ab 

. 2 
s~n ¢. 

(85) 

(86) 

( 87) 

Equations (86) and (87) can now be solved for n and K in terms of a, b, 

and <P. From Eq. ( 86), 

2 
n = 

. 2 
s~n cp 

inserting K from Eq. ( 87). into Eq. ( 86) yields 

(86a) 

-·· 



,_ 

-35- UCRL-11813 

(87a) 

2 Equation (87a) can be solved for n ·by the quadratic formula. This 

* results in agreement with Konig [3]. 

Since n is real by definition, n2 is positive. The second term in 

the bracket iS larger than the first, therefo.re the positive sign has to 

be used for the square root in Eq. (88). 

A similar expression for K will now be obtained. Again, from Eq. 

(84), 

* It should be noted that Konig's ljJ is the complement of the 1JJ defined 

by Eq. (63). In addition, his P is the inverse of the P given by 

Eq. (67). Thus, his 6 is the same as ours. A further difference is 

that with Konig the time variation of the electric ~d magnetic 

f . ld • f l t d +iWt h" ~ h . "t " -iwt ~e s ~s ormn a e as ·e w 1~e ere 1 ~s e • 



by Eq. (85) 

Thus, 

2 2 
n (1 - K ) 

ab (1 
K 

ab(l - K2) 

2 +~ (a K ab 
2 

-36-

2 ab n =
K 

= 

2 2 2 . 2 . = a - b + n sln ~ 
0 

K{a 
2 - b2 2 . 2 ) + n s1.n ~ 

0 

- b2 2 
sin~) - .1 + n = 

0 

UCRL-11813 

0 (89) 

Equation (89) is also of the quadratic form. The solution forK is 

The ambiguities in sign ih Eq. (90) and in Eq. (91) below will be 

discussed later. 

Konig 

Equation (90) can be manipulated to give an expression presented by 

2 forK as follows. 

From Eq. (85), 

2 
2ab = 2n K 

Thus, Eq. (90) can be written 

or 

--
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2 Substituting the value of 2n from Eq, (88), 

I ( a2 - b2 2 . 2 2 2 2 (a 2 2 2 2 . 
2 

t + n s1n •) . + 4a b - - b + n sin •) 
0 0 {91) K -

I . 2 2 2 2 2' 
4a2b2 + (a 2 - b2 2 2 

.) t (a· - b + n sin .• ) + + n sin 
0 0 

If one defines the quantities 

A= a/n =· _ sinp tan¢ cos 211! 
0 l - sin 2~ COS6 

( 81) 

B = · b/n = _ sin 211! sing, :tanp sin6 
0 1- sin·2~ COS6 ( 82) 

(92) 

Equations~(88) and (91) can be written 

2 t /(A2 B2 . 2 ) 2 + 4A2B2 -(A2 B2 . 2 ) - + s1n p - + s1n p (91a) K = 
±I 2 . 2 2 2 (A - B + sin •) + 4A2B2 

+ A2 ~2 . 2 - + s1n <P 

and Eqs. (85) and (90) become 

~=n n-
0 K 

" or 

N, =I¥- (85a) 

·~ 

bet /(A2 B2 . . 2 ) 4A:2B2 2 2 2 (9oa) K = 2AB - + 's1n <P + . ·. - (A.-B +sin<j>)] 
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C. Discussion of Signs of n,K 

The ambiguity of sign in Eqs. (90) and (91) will now be resoived. 

Since ;f(a2 - b2 + n 2 sin2 ~) 2 + 4a
2
b

2 
is generally larger. than 

0 

(a2 - b2 + n 2 sin2 ~), and since a and b are positive and K2 must be 
0 

positive, the positive square root must be taken in Eq;. (90). Thus the 

positive square root is taken also in the numerators of Eqs. (91) and 

(9la). Since K2 must be positive and the numerators are positive, the 

denominators of (91) and (9la) must be positive also. Hence,the positive 

square roots are taken in Eqs. (91) and (9la). 

As mentioned·in the.last section, n' and K•··must be positive. 

Since the real angle of refr.action ~ is never greater than 90° and is 
r 

never negative, cos ~ > 0. The quantities n and n' are real so n2 and 
r 

n• 2 must be positive. 

Therefore, Eq. (27b) 

implies that 

2 2 
n K = + n' K1 cos~ 

r 

K > 0 

(27b) 

2 So, once K is found from Eqs. (91) or (9la), K is found by taking 

the positive square root. 

The sign of n can be determined from Eqs. (54)and (55),. 

n' sin~ = n sin~' 
r c 

(54) 

n'(cos~ + iK') = n cos~' 
r c 

(55) 

Equation (54) implies that n and sin~' have the same sign, since n' sin$' 
c r 
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is positive. 

It follows that if n is negative, 4> 1 is negative, and cos4J 1 is c 

positive. Then in Eq. (55), either n 1 or cos 4> + iK 1 must be negative. r . 

But it. has already been shown that these three quantities are all 

positive. Therefore, n cannot be negative. c It follows that n cannot 

be negative, and the positive square root must be taken in Eqs. (88) 

or (88a). 

D •. Summary (Determination of Optical Constants From Ellipse Parameters) 

' . 10 
El1ipsometric measurements are converted to values of !J. and tjl •. 

Then, !J., ~, and 4> are used to find the intermediate variables A and B 

from 
' 

· A = _ sinp tanp cos 21/J 
1 - sin 2!/1 cos!J. 

B - - sin 2l/l sin~ tanp sin!J. 
1 - sin 2l/J cos!J. 

(81) 

(82) 

Next the optical constants n and K of the complex refracti~e index n(l+iK) 
are found from 

2 n . 
2 o 2 2 .· 2,.., I 2 2 2 2 2 2 

n = T (A - B + sin '!-'+ I(A . B + sin <P) . + 4A b ) (88a) 

2 + .i(A2 

K = -----------------------------------------------
+ ic.A2 

. 2 . 2 2 ' 2 2 2 2 2 
- B + sin q,) + 4A B - (A - B. + sin q,) 

(91a) 

·n, K > 0 

Or, one can'find K from 



-40- UCRL-11813. 

l rl+ /.(A2 
K = 2AB I( (90a) 

and n from 

n = +n m 
0 (-;- (84) 

Alternatively n 1 .and K 
1 can be found directly from !J., ljl, and q, by 

using 

and 

nl = n sinq, 
0 

+ tan <P cos 2w 2 2 . J 
t1 - sin 21j1 c6st:,.)

2 

K 1 ='- tan<P sin 2p sin!J. 

1/2 

+/ (1 - sin 21ji costJ.)
2 + tan

2 if> cos
2 

21jl 

The positive square root is to be taken in Eq. (83a). 

(83a) 

(84) 

In these equations n 1 is the ratio of the (real) phase velocity of 

light in the medium to that in vacuum, K 1 is directly related to the 

n 1
K

1 w absorption coefficient a by a = =-~~ 
,c 

The quantities n and K can be 

related dire.ctly to the conductivity and dielectric constants (both real) 

of the medium through Eqs . ( 13) and ( 14) • 

A FORTRAN computer program (named MOC) is given in Chapter IV, 

Section Al, to determine the metal optical constants n and K from measured 

values of ljl, !J. and if>, by use of Eqs. (81), (82), (88a), and (9la). A 

second program (named AUXCON) given "in Chapter IV, Section A2, .can be . .,., 

USed to find the metal optical COnstants n and K, the auxiliary COnSt&~ts 

n' and K 1 , the electrical constants cr (conductivityr and e: (die;t.ectric 
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constant) , and the penetration depth from given values of 1ji, i:, and <P. 

E. Determination of ljJ. and !::. from n and. K 

Equations (Bl), (82), (88a) and (9la) allow one to calculate the 

optical constants n and K from measured values of <jl, 1::., and ljJ. Inverse 

equations will now be derived3' .14 
which allow calculation of 1ji and 1::. 

from known values of n and K· 

The first thing to do is to get A and Bin terms of.N, K, and¢· 

The starting point is Eq. (75) 

n cos¢' .c = / n 
2 

c 
2 . 2 . 

n s~n <P = a. + ~b 
0 

(75) 

·When Eq. (75) is multiplied by its complex conjugate, one'ol:ltains 

(a-ib)(a+ib) = 

2 2 1 2·· 2 
a + b = [n (1-K ) 

2 . 2 
n s~n <P 

0 

2 2 f 2 . 2 
a + b = [n (1-K ) 

2 . 2 ][ 2(1 2) 2 . 2 2" 2 ] ~n K n ~K . -n
0 

s~n <P + ~n K 

2 . 2,~,]2 n s~n '+' 
0 . 

4 4.2 
+ n K (104) . 

In addition, one also has Eq. (86), 

2 2 2 
a - b = n (1 2) 2 . 2 

K ... n s~n <P 
0 

From Eqs. (86) and (io4) 
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Take.the positive square roots of Eqs. (105) and (106) to get a and b· 

With 

A : a/n 
0 

B : b/n 
0 

N : n/n · 
0 

Equations (105) and (106) can be written 

A2 __ 1 /(N2(l 2) . 2. ]2 4 4 2 2( . 2) ~ 2 
2 -K - s~n ¢ + N K + N 1-K - s~n ¢ 

Take the positive square root of Eq. (107) to get A. 

2 1 ./[ 2( 2) . 2 ]2 4 4 2 2( 2) . 2 B = 2 N 1-K s~n ¢ + N K - N 1-K + s~n ¢ 

Take the positive square root of Eq. (108) to get B. 

(81) 

(82) 

(92) . 

(107) 

(108) 

An equation giving tan~ as a function of A, B, and ¢ can be fo~~d 

as follows. Returning to Eq. (69), 

i~ COS ( ,j,-,j, I ) tan ljJ e = .;;.;:...~.;..;~"---"~'--+ 
COS ( cj>+cj> I) 

= cosp cosp' + sinp sinp' 
cos¢ cos¢' - sin¢ sin¢' 

Substituting from Eqs. (54) and (75) this becomes 

( a+ib) 
n sin¢ 

cos¢ + . ¢ 0 s~n 

i~ 
n n 

tanljl c c 
e = 

cos¢ (a+ib) sincj> _no sin¢ 
n c n c 

\ 
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Multiply the top and bottom of the right side by n /n and use c 0 

Eqs. (81) and (82) to get 

tanlji iD. _(A + iB) cos~ + sin~ sin~ e -(A + iB) - sin~ sin~ cos~ 

A+ iB + sin¢ tamp = A+ iB - sin tan~ 

A+ sin¢ tancp + iB = 
A- sin~ tan~ + iB 

(cosD. + i sinD.) 
(A + sin¢ tancp + iB) (A - sincp tancp -tanlji = (A - sin~ tan~ + iB) (A - sin~ tan~ -

2 .. 2 . 2 . 2 = A + B Sln $ tan cp - 2iBsincp tancp 

A2 B2 2A . . 2 t 2 + - Sln~ tan~ + Sln ¢ an ~ 

Equating the real and imaginary parts one has 

and. 

tanlji sinD. 2B sin<b tancp - - ----------~----L-~~------------

A2 B2 2A . . 2 t 2 + · - sln~ tan~ + sln ¢ an ¢ 

Dividing Eq. (111) by Eq. (110) leaves 

tanD. _ _ . 2B sincp tanp 

A2 B2 . 2 2 
+ - Sln ¢ tan ¢ 

(109) 

iB) 
iB) 

(110) 

(111) 

(112) 

. Two other quantities of interest are the reflectivities of the 

surface. These are the moduli of the reflection coefficients. Returning 



to Eq. (59)~ 

one may write 

r s 

r = s 
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sin(p-p') 
sin( cf>+<j>'). 

= sinp' cosp sinp cosp' 
sincp' coscp + sincp cos<j>' 

n sincp (a+ib) 0 coscp -'sincp n n c c = (a+ib) n
0

sincp cosq, 
+ sin<j> n n c c 

UCRL-11813 

•( 59) 

Multiply the numerator and denominator by n /n and use Eqs. (81) and (82) c 0 

to get 

r s 
= cosp - A - iB 

cos<j> + A + iB 

**' If one defines the reflectivity R a~ the modulus of the reflection 
,s 

coefficient~ 

* 

r ~ i.e. s 

*- R 2 r r s s s 

where r
5 

is the complex conjugate of the Fresnel coefficient r
5

, then 

** More commonly, the reflectivity is defined as the modulus squared of 

the complex reflection coefficients and therefore corresponds to 

the ratio of reflected to incident intensity. The reflectivities 

R and R used throughout this report represent the ratio of reflected 
s. p 

to incident amplitude. 



<•~ 

.. 
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R . =!(coso -A)~ + B
2 

s (cos~ + A) + B2 

/A2 + B2 - 2A cosq,.+ 2 
R = cos ¢ 

s A2 + B2 + 2A cos~ + 
2 

cos ~ 

Taking the square of the modulus of Eq. (109) 

= A2 + B2 + 2A sinp tanp + sin2p tan
2¢ 

·A
2 + B

2
- 2A sin~ tan~+ sin2~ tan2~ 

But by Eqs. (65) and (67), 

If' 

then 

2 2 * * ·tan 1Jt = I PI · = r r /r r . s s p p. 

* 2 r r = R p p. p 

Thus, substituting from Eq. (115), 

R = R p s 2A . A.. A.. • 2,!.. t 2,!.. 
s~n·'+' tan'+'. + s~n '+' an '+' 

+ 2A sin~ tan~ + sin2~ tan
2

<P 

UCRL-11813 

(114) 

( 115) 

( 116) 

( n6a) 
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F. Stim!nary (Determination of Ellipse Parameters From Outical Constants) 

Measured values of 1jJ and D. can be predicted for given values of n, 

K and ~ as follows. One first finds the intermediate variables N, A and B 

from 

N = n/n 
0 

(92) 

Take the positive square root each time to get A, B, > 0. Then !J. can be 

computed for each angle of incidence ~ from 

2B sinp tanm (112) 2 2 . 2 . 2 
(A + B ) - s~n ~ tan ~ 

In addition, tanljJ can be found from 

A2 B2 2A" t .2t2 = + + s~np anp + s~n <b an <b 

A2 2 2 . . 2 2 . + B - A s~n~ tailcp + s~n cp tan ~ 
(115) 

As discussed earlier, ~/4 ~ 1jJ ~ ~/2, so the positive square root of 

Eq. ·(115) gives tanljJ. 

If desired, the reflectivities (based on amplitude) may be 
··~·. 

calculated from 

= fA>:: -2A cosp cos: 0 
+ + 2A coscp + cos cp 

(.114) 
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(il6) 

A FORTRAN program (named MER) which calculates ~ and ~, R , R for metallic 
. s p . 

reflection from given values of n, K and~ is given in Chapter IV, 

Section B. 

The dependence of ~' ~' R and R on angle of incidence is s p 

illustrated in figures 5-8 (a,b,d) for four typical reflecting materials 

(well or poorly conducting metals and absorbing or transparent dielectrics). 

Figures 9-16 show the dependence of.the same ~uantities on the optical 

constants n and K of the reflecting surface for fixed angles of 
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CHAPTER III. 

ABSOLUTE PHASE CHANGES UPON . 
REFLECTION FROH ABSORBING MEDIA 

A. Introduction 

Measurements with the ellipsometer yield the relative difference 

in phase ~ between the s and p components of the reflected light. The 

phase change suffered by the two components relative to the respective 
. . 3 

incident waves, i.e., the 11 absolute phase changes 11 can generally not 

be measured. Therefore, these quantities \vhich are extremely important 

for the interpretation of thin film interference15 have to be derived 

from ellipsometer measurements via the optical constants of the 

interface. 

B. Derivation of Equations-

' The Fresnel equations in the form given by Eqs. (57) and (58) can 

be used to determine the phase changes o and o that the .normal and 
s p 

parallel components of elliptically polarized light undergo upon reflec-

tion from absorbing media. As discussed in Chapter II,1 section A, a 

positive phase difference o or o will be interpreted as being equal 
s p 

to an advance in time while a negative phase difference will mean a re-

tardation. 

To simplify the foll~wing calculations, these definitions are used. 

IEIII 
R 

s 
s - IES I 

IE" I 
R _p_ 

.. -
IEPI p 

(93) 

TheE's have their usual meaning illustrated in Fig. 2. 
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Then, by Eqs. (93), (58)' (60a), and (64), 

n cos4>' - n cos<j> -iO 
0 c 'R p (94) r cos<j>' = e 

p n +n cosq, p 
'0 c 

By eq. (75) 

n COS 4> I = a+ ib c 

n (a+ib) 2 
cos<!> -io - n 

0 c p 
= = Re (95) r n (a+ib) + n 2 p 

. 0 c cos<!> p 

Let 

A' - n a 
0 

and B' - n b 
0 

Then, 2 (A' + iB')-n cos<!> -iO c R p 
r = e -p A' + iB' 2 

cos<!> 
p +n c 

-i) 
1 ' p . 

Expand,nc and write e: .. = cos op - i sinop to get 

2 2 2 A' + iB' - n (1-K )cost 2in Kcost 
2 2 . 2 . . ' 

A' + iB' + n (1-K )cos<!> + 2in Kcos<P 

Multiply both sides by the denominator of 

and imaginary parts to obtain 

A' 
2 . 2 . 2 - B') - n (1-K )cos<!> - i (2n Kcosq, 

2 2 1 + n (1-K )cosq,J cos5p +" (B 1 

+ n
2

(1-<
2

) cos<)] sinBP c (B' 

= R (coso -i sino. ) 
p p p 

the: left side and collect 

= 

+ 2n2Kcos¢) sirll p] 

+ 2n
2
Kcos¢) ·cqsoPJ. 

I 

parts of this last equation to get 

real 

Equate real and imaginary 

2 2 A'- n (1-K )aos• .= ~p ~[A' + n2 
(1-<

2
) cos<)}os?p +(B '+2n 

2
.cos<)) sinO p] 

(96a) 
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2 
B' - 2n K cos¢ 

(96b) 

Equations (96a) ·and (96b) can be solved· for coso and sino using de-
p p 

terminates. vrnen coso and sino are knmm, tano can be calculated. 
. p p p 

Then, 

Let the determinant of the coefficients of Eqs. (96a) and (96b) be 

D = R 
p p 

1 

2 2 
A'+n (1-K )cos~ 

2 B'+2n Kcos~ 

2 2 A'-n (1-K )cos~ 

2 
B'+2n Kcos~ 

2 2 -[A'+n (1-K )cos~] 

2 R (B'+2n Kcos~) p . 

coso =-
p D 2 2 2 p B'-2n Kcos<fl -R (A'+n (1-K )cos<jJ) 

p . 

R 
[A.'2 

.. 4 2 2 2 + B'2 4 2 2 ] coso =-...2. - n (1-K ) cos ·<fJ -- 4n K cos .p · .· 
p D 

p 

coso •-~ {A'2 B'2 - 4 
[4K

2 
+ 

4 2 
+ i] cos

2
<1> 1 + n K 2K 

p 

coso --~ [A•
2 

+ ·a•
2

- n
4

(1 + 2 2 2 } 
p 

K ) COS <fl. 

(81) and ( 82) '. A' = 
2 .. 2 

By Eqs. n A, B' = n B 
R 

{ A1 

0 0 

cos
2

<1> 1 coso ....l!.n 4 + B2 4 (1 + K2)2 - n 
p D o 4 p n 

(97) 

0 

In the same way, 

sino 1 
= 

p D 
p 

R 
[A'B' = __p_ 

Dp 
2 . 2 2 . 

2n A'Kcos<fl + · B'n (1-K )cos¢ 

2 2 A'-n (1-K )cos<fl 

. 
2 B'-2n KCOS<jJ 

4 2 . 2 
2n KCOS '<f>(l-K ) 
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·. 2 . 2 2 . 4 2 2] 
-A'B' .~ 2n A'~os• + B'n (1-K )cos. + 2n KCOS .(1-K ) 

· R [ 2 2 2] . 
sinop = - r}- 2cos• · 2A'n K - B'n (1-K ) .. · 

p 

Thus, 

By eq. (81) , 

2 
A' = n a = n A 

0 0 

By Eq. (82) 

B' = n b = n 
2

B 
0 0 

By Eq. (85) 

2 b n K. = a = 

By Eq. (84) 

n
2AB 

0 

2 2 '- J - Bn (1-K ) 

n
2 (1-K2

) = n 
2

CA
2

-B
2 + sin

2
•) 

0 

Dividing Eq. (98) by Eq. (97), 

R 
-_£, 4 [z 2 zl 

D 2n
0 

Bcos• A + B - sin •J 
tano = -~.,.......::;;..._-..,....-__.;----,---------

P .:..f. no4 { A2 + B2- n: (1 + K2)2 cosz.} 

tano 
p 

P n 
0 

= 2Bcosp(A
2 + B

2 
- sin

2
cp] 

. A2 + B2.:_N4 (l+K2) 2cos2• 

· UCRL-11813 

(98) 

(99) 



where 

N = n/n 
0 
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(92) 

The same procedure cart be used ·to determine tano . By Eqs. (59a), 
s 

(64), and (91), Eq. (57) becomes 

If 

n cos~ - n cos~' 
0 c 

r = ~--------~~--~ s n cos~ + n cos~' 
0 c 

By Eq. (75), 

n cos~' = a + ib c 

= R. e 
s 

-io s 

n cos~ - (a + ib) -io 
0 = R e (a + ib) n cos~ + s 
0 

a = n A 
0 

b = n B 
0 

cosp - A - iB. = 
cos~ + A+ iB. 

(cosp - A) - iB 
(cos~ +A)+ iB 

.·. cos~ - A - iB = 

R e 
s 

-io 
s 

\. 

'R (coso - i s s 
'. 

R
5 

{ [ (cos·~ + A) 

+i [B coso
5 

s 

sine ) 
s 

cos6 + B sino J s .. ' s 

- (cos~+A) sines]} 

Equate real and imaginary parts to get 

co.s~- A= Rs [<co~~+ A)cosos +B sinosl . 

- B = R [B· coso· - (cos~ + A) sino ]. s s . . s 

(100) 

(81) 

(82) 

(lOla) 

(lOlb) 

These two equations can be solved by determinants to yield cos os and 

sin o • If the determinant of the coefficien.ts is D · 
s s' 



,. 

D =R s s 

Then, 

l 
coso 

s - D 
s 

R 
cos¢ s =-s D .s 

l 
sin¢ 

s =n 
s 

R 

I cos¢ + A 

B 

cos -A 

~. B 
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B 

-(cos¢.+ A) 

RB 
s 

-R (cos¢ + A) 
s 

2 2 2 (A - cos ¢ + B ) 

R (cos¢ + A) cos¢ - A I s 

RB - B s 

·sin¢ =-! (-B cos¢ - AB - B cos¢+ AB) 
s Ds 

R s sin¢ = - -D 2B cos¢ s. 
s 

Divide' Eq. (102b) by Eq. (102a) to get . 

C. . RANGES OF 5 , 5 . . p s 

UCRL-11813 

. (102a) 

(102b) 

(103) 

The resuits of the previous section are equations >vhich give the 

tangents of the ab·so1ute phase changes o and 5 • Evaluation of these ' s p 

equations for any given case does not: yield os and ~p unambiguously on 

account of the identity 

tan(a ± 180°) =tan a 
r 

In this section;. a method is presented :v;hereby ,one can determine os and 5p 
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uniquely. Recalling equatio~ (102b) of the previous section: 

R 
_2.. 2B cos<P 
D 

s 

where the positive quantity R was def-ined as 
s 

II 

E 
R s 

- = s E 
s 

(102b) 

and D is the determinant of the coefficients of (lOla) and (lOlb), s 

Thus, 

D = s 

cos~ + A B 

B -(cos~ + A) 

Since D is the negative of the slim of two squares, s 

D < 0 • s-

(lOla) 

(lOlb) 

It has been shown that b > 0 (see disGussion concerning Eq. (75)) 

and since 

B 5 b/n , n > 0 . 
0 0 

B is also positive since the angle of incidence ~ lies on the range 
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With R > 0, B >o, cos~> 0 and D < 0, the s 

right-hand side of Eq. (102b) is positive. ·_Therefore, sino is'OOsitive 
s· -

and 

Given that o ·lies in this range arid given tan o , it is possible to s . s 

obtain o unambiguously. 
s 

It has been shown (Eq. (80)) that the relative phase change 6 lies 

in the range 

-~ ~ 6 ~ 0 (80) 

Thus, given tan 6 one can determine 6 unambiguously. But 

so that 

(66a) 

When 6 and os have been found, o is found unambiguously from this equation. p 

D. Summary 

The absolute phase changes undergone during reflection by the com-

ponents polarized normal and parallel to the p~ane of incidence are 

given by 

tano s 

tano 
p 

= -2B cos<J> 
2 2 2 

A + B - cos ~ 
(103) 

2B cos<J> [A2 + B2 - sin2p] 
= 2 2 4 . 2 2 2 

A + B - N (1 + K ) cos ~ 
(99) 



where 

and 

A--

B - -
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N _ n/n 
·o 

sinp tanp cos 2p 
1 - sin 2lji cosll 

sinp tanp sin 2¢ sin~ 
1 - sin 2lji cos~ 

UCRL-11813 

(92) 

( 81). 

( ff2) 

Again~ a positive phase change o or o ··· is to be interpreted as an advance s p· 
' . . 

in time. An advance in time corresponds to a clockwise rotation of the 

. -iwt 
electric vector in the complex plane, since the convention e has been · 

adopted here to describe the time dependence of the wave. The proper 

quadrants for o ·and o can be found by knowing tan ·a and tan ~ and by s p . s 

knowing that 

0 < 0 < 7T s 

-7T < 6. < 0 

0 = 6.+ 0 
p s 

Figures 5-8 (parts c) contain plots showing how the absolute 

phase changes vary with angle of incidence in four specific cases: a 

good reflector (Fig. 5), a relatively poor reflector (Fig.~), a 

transiti,on ruat~rial (Fig. 7), .and a dielectric (Fig. 8). The dependence 

of op and o
5 

on the optical constants n and K of the reflecting .surface 

is illustrated in Figs. 9, 10, 12., 13, 15, and, 16 for fixed angles of 



,;. . 
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CHAPTER IV 

NUMERICAL.HESULTS 

Computer programs in FORTRAN - II language have heen writ.ten for 

numerical application of the pertinent eQuations derived in the 

previous two chapters. For reference purposes, the complete programs 

are reproduced in this chapter together with tyPical results aiJ.d some 

graphical representations. 

A. Optical Constants From Phase Difference· and Amplitude Ratio · 

l. Program MO'c 

The equations necessary for computing the metal optical constants 

n and K from the measured values of ~, ~ and ~ have been derived in 

Chapter II, Section B_.. They are 

A= 

B = 

simp tanp cos 2tiJ 
1 - sin 2~ cos~ c 

sin 2tl! sinp tanp sin~ 
1 - sin 2~ cos~ 

(81) 

(82) 

2 
n 1 r12 2 .22 22 2 2 .2l 

~ I(A - B + s1n ~). + 4A B + (A - B + s1n ~ll (88a) 

2 
K = 

n 
0 

= 2 2 

(A2 B2 . 2 ) - + s1n p (9la) 

All SQuare roots are positive so that N, K ~ 0. n is the real part of the 

complex refractive index n(l+iK) of the reflecting medium; n is the refractive 
0 

index of the transparent incident medium. 
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The following names of variables are employed in the program MOC 

(Metal Optical Constants): 

Name Symbol Descri-otion 

PHID 4> (degrees) angle of incidence 

PHI 4> (radians) angle of incidence 

DELD !::. (degrees) relative phase change 

DEL !::. (radians) relative phase change 

PSID 1jJ (degrees) where tanljl = relative 
amplitude attenuation 

PSI 1jJ (radians) 

A A intermediate variable 

B B intermediate variable 

TN N n/n where n is real 
par~ of complex refractive 
index of metal, andn is 
index of transpar~nt 0 

incident medium 

TK K absorption index 
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Input Cards for Program MOC 

The input data for the program MOC are arranged on cards as 

illustrated below. 

Card Col 1 Col 11 Col 21 Gol 31 Col 41 Col 51 

1 Title and comments (up to 80 columns may be used) 

2 $1 $2 $3 $4 $5 $6 

3 ~1 ~2 ~3 ~4 ~5 ~6 

4 ~1 ~ 2 ~3 ~4 ~5 ~6 

Co161 

$7 

~7 

~7 

Card 1 is printed verbatum on the first page of the printout. Cards 

. 2, 3, and 4 constitute a set of input data. Any number of sets may follow· 

this first set. The last set of cards must be followed by a blank card. 

The data must contai,n a decimal point and may be located anywhere· in t:he 

field beginning with the colurr,n indicated and ending in the column pre

ceding the next field. 

The program together with a sample output is reproduced on the 

next page. 



PHC 
. 2. CCOGC 
4C,CCCCC 
45.CCCCC 
~c.ctccc 
7c.rccoc 
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PROGRA• •cc II'P~I,(~TPUT,TAPE2•1'P~T,TAPfl•CUTFUTI 
~CC •ETAL CPTICAL CO,!TA,T! 

OI•Hsln PHIO lit ,PHI Ill ,OELC 171 ,OELI7 I, FS 1017 I ,FSH 11, All I, ASQI71 
-C, B I 71 ,B SC 171 , H 11 I , ''SCI 7 I , TK 17 I , T KS" 1 I 

OI•E,SIC• TITLE lEI 
REAC 12.2 I TITLE 
FO>~AT IOICI 
WRilf IJ,q TITLE 

4 FCR~Al 11H1,· eA1CI 
IC FOR.AT 11F1C.!I 
II FORMAT 17FIC.CI 
12 fOR~ATI////3),4HPHIO,b~,4HCElC,6),4~PSJC,8X,lH~,9X,l~e,qx,2~T~,7X, 

C2HKI 
14 F0RMATII~C//JCx,4lH·---------•FTIL CFTICAL CC•STA,TS---------- I 

~R11Ef3,1~·) . 
C! RfAOf2,11JIFHt0(Jif),fl'•l,7) 

IFIP•IOIII,EC.C.OIGC l( lC5 
R£AOI2olliiDELDI·•I •••1,71 
REAOC2,tl HPSIOCI".) ,,..~~:1,7) 
00 ICl •=1,7 
P~ll~l'~~FHIC(~)tC,Cl74S33 
OELI•I•OELDI•t•C.CI745ll 
P~IC~):P51CCJIIIJ*C,Cl74533 

ICJ CDNTIHE 
DC 2Cl ••tol 
!P~•H• IPHII•ll 
SPHQ:~~~SPt-•~PI-' 

CP~•CCS IF~II•Il 
TP ... •!PH/CPH 
SC•"SI• IOELI.Il 
CO•CO S I DEL 1•11 
STP5•H~ CC.C•PSI fP'J) .. 
CTPS•COS 12.C•PSII•tt . 
AIMI•-!P~•tPH•CTP!/Il.c-CD•StFSI 

A!QI•t•AI•t•AI•t 
81~tm-SPH•TPH*SD•STPS/Cl,O-CC*STFSJ 

B SQ I • I • B I • I • B I • I 
f:A!CC~J-eSCCJifl+SF~*SP"' 
TNSQ (• l•C. !• I SCRT IE•E+4 ,OOASCI•I•f SCI • I I +E I 
IF ITP\SCIP'II l!O,l~2,1S2 

J~C T~I,.I•C 

GO TO 1!4 
1~2 TNIJI'I=SCR1 CT~SCC,..I1 
1~4 TKSOI•l•I!CRT IE•E+4,0•ASCI~l•fStl~ll-EIIISCRT IE.E+4.COASQI~l•B~Q 

CI~IHEI 
If (TIC5QC,.II l!E,l!f 9 1~8 

15t TKIMI•C 
H TC CCI 

I!E TKIMI•!QRT ITKSCI~II 
HI CC~TIHE 

.. RtTEC~.121 
CC ~Cl Jlll•1.,1 

lCI WRITEI~.ICIPHICI~l,CELCI~),PSICI~I,AI•t,BI~I,HI~),TKI~I 
GO IC 2 ~ 

!C~ RETLR~ 
fNO 

PPCGRA• ~CC -- !i•PLE CLTPLT (SILVERI 

----------•ETAL CFTICAL CC~STA,TS----------

CELO P~ rc A e H TK 
-.04f0 ~~.ccc-;c • 21143 4.CCIQO • 21144 18.~2610 

-f~.1~22C "~.~E~!C .!~74B 4.C5121 .20000 IQ.~Q~fl 

-J~.lCHC 4!, "E f3C ,}t;6t;3 4,06186 .IQQQ8 20.001H 
-~!.21E2C ,~.!eetc • 1 t;:f-4'•\ 4.C725l .20000 2C.0002A 
-f4,2C!EC 4t.<2ltC .I ~4 71 4.1C864 .20000 2C.CC020 

15.CCCCC -12.~114C 4.t, ~.t.C 'lC .1CJ4"t3 4.11411 .20001 l~.qqq•e 

ec.ccccc-tcl.t~7~c 4t.2e~ec .lq4Zl 4.11~17 .199Q9 20.00012 

MU B ·125a9 

UCRL-11813 

.:;. 
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~. Program AUXCON 

Like the program MOC just presente~ the FORTRAN II program, AUXCON, 

calculates the metal pptical constants n and K from given values of ¢, 

6. . and cp. In addition,, the program finds the auxilliary constants n 1
, 

K 
1 

, o, £ and the penetration depth. The equations evaluated by the 

program are summarized below. 

K 

A= 

B = 

2 = 

n' 
n. 

0 

sinp tanp cos 2W 
1 - sin 2¢ cos6. 

sinp tanp sin 2p sin6. 
1 - sin 2¢ cos6 

/(A2 - B2 + sin
2

p)
2 + 4A

2
B

2 
-

I (A2 - B2 + . 2 )2 
s~n cp + 4A2B

2 + 

. 2 2 

(A2 

(A2 

= sincp/1 + 
tan p cos 2p · 
(1 - sin 2¢ cos6.)2 

- B2 + 

2 
- B + 

K' = - tanp sin 2¢ sin6 

I 2 2 2 
· tan cjl cos 2¢ + (1 - sin 2¢ cos6) 

2 
wn K 

(J = ~ 

£ = n2
(1 ~ K

2
) 

penetration depth = 2~ 1 K. 1 

. 2 ) 
s~n p 

sin2 cp) 

The +a.st three equations are deve}_oped in Chapter I, Section C2. 

( 81) 

(82) 

(9la) 

(-83a) 

( 84) 
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The following names of variables are employed in the program 

AUX:CON (auxiliary constants): 

Name 

c 

PI 

WAVEL 

OMEGA 

PHI 

PHID 

DEL 

DELD 

PSI 

PSID 

A 

B 

TN 

TK 

TNP 

TKP 

SIGMA 

EPSILON 

PD 

Symbol 

c 

7T 

A 
0 

w 

4> (radians) 

4> (degrees) 

b. (radians) 

b. (degrees) 

1jl (radians) 

1jl (degrees) 

A 

B 

N = n/n 
0 

n' /n 
0 

C1 

Descriution 

speed of light in vacuum 

ratio of circumference to diameter of circle 

vacuum wavelength 

angular fre~uency 

angle of incidence· 

angle of incidence 

relative phase change (of p with respect 
to s polarization) 

relative phase change 

arc tangent of relative amplitude 
attenuation (of s with respect to p 
polarization) 

arc tangent of relative· amplitude attenuation 

intermediate variable 

intermediate variable 

ratio of real part of complex index to 
· index of (transparent) incident medium 

absorption index 

n' is ratio of phase velocity of·light 
in metal to that in . .vacuum 

auxiliary absorption index 

· electrical conduct:i vi ty 

dielectric constant 

penetration depth 
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Input Cards for Program AUXCON 

The input data for the program AUXCON are punched on cards as 

illustrated below: 

Card Col 1 Col 11 Col 21 

1 Title and comments (up to 80 columns) 

2 <Pl t.l $1 

3 <P2 t.2 $2 

4 <P3 t.3 $3 

5 ~4 t.4 l/14 

etc. 

The first card is a title card and is printed verbatum at the head of 

the output. The cards that follow. give t. and ljJ at various angles of 

incidence <P· There is no limit to the number of data cards that mey be 

used. The last data card must be followed by a blank card. 

The program as presented gives valid results only for light of wave-
0 

length 5461A (Mercury green line). To analyze data obtained at another 

wavelength, the statement "WAVEL = 546LOE-08" must be changed so that· 

the quantity appearing to the right of the equals sign is the wavelength 
) 

of the incident light. If this wavelength is given in em (as in the 

program on the next page), then the penetration depth will also be given in 

centimeters and the other dimensional constants will be in gaussian units. 

The program, together with a sample of output, is reproduced on the 

next page. 



P~l 
z.ccccc 

~c.ccccc 
45.CCCOC 
~c.ccccc 
7C.CCCOC 
H ,CCCCC 
ec.ccccc 
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FORTRAN II PRCGRA~ A~>CO~II~FLT,CUTPUT,TAPEl•I~FUToTAPE~•CUTPUTI 
c· THIS P~OGRA~ FINDS THE ~El'L CPTtC•L CC~STA~TS ~ A~C. K'PPA W~IC~ 
C APPEAR IN T~E CCHlD INCEX CF HHACT.In .• HE IREILI RATIO CF 
C PHASE VELCCifiES N PRI~Eo T~E FA'RA~ETER ~AFPA FPI•E', T .. E (REALI 
C ELECTRICAl CCNCUCTI~IT~ SIG•A, T>E !REALI CIELECTRIC CC~STANT 
C EPSILCN, ANO THE A85CRPTIC~ CCEFFICIE~T AlF>A AT ~AVELE~CT> OF 
C ~•tt ~~G5T~Cfi'S. . .. . 

CI•E~SIC~ TITLE let 
REAC C~.!:l TITLE 
liR!TE l~otl TITLE 
hRITE ~~.~~ 

2 FCR•AT 1112X, 101H P~l PSI CEllA ~ N PRIME 
C KAPPA KAPPA FRI~E SIC•A EFSILC~ PEN. CEPTHI 

3 FOQMAT 17f1C.5, '2>, 31Ell.4o 2>11 
~ FCR.AT I?F1C.CI 

FCR•n· IEAlCI 
6 FCR•At ( JH,I//eA1CI 

c • ~.c;t;1it 

PI • ~.l.,.l!:C:27 

liA~EL • ~•t1.CE-CP 
CMEGA ~ 2.C•PIOC/~A\EL 

ICC CCNTI~LE 
REAO 12,•1 FHJC, OELC, PSIC 
IF IPHO.EC.C,CI CC TC 4CC 

11C OEL • CELC•C.C114~? 
PSI • PSICtC.Cl74~~ 

PHI • PHIC•C.C174!! 
il SPH • 51~FCPHII 

!PHQ • SP~•·SF,.. 

CP~ • CCSFIPHII 
TPt- • SPH/CPH 
SC • HM I CEll 
CC • CC SF CO Ell 
STP! • SI~FC£.C*PSII 
CTPS • CC!f(2.C*P5[) 
A • -SP~•tPH*ClPS/Cl.C- CCtSTFSJ 
ASQ • AtA 
8 • -5P>•TPHOSO•STPS/11.C - CCOSTPSI 
BSC•B*B. 
E • AS' - BSC + SP~•SP~ 
TNSO ~ C.~*CSCRTFCE*E + 4.0.,S,teS') + EJ 
IF IT~S~I 1~C. 152, 152 

l!C Hi * c.c 
GC TC 1~4 

1 ~ 2 TN a !Cfl TF I T~ '! (;) 
1~4 TKSQ ~ ISCRTfiE*E t 4,0•ASC08SCI - EI/ISCPTFIEOE t 4.C••SQOBSQitEI 

IF ll~5" l~t. 15!. 15E 
l!t 1K • C.C 

GO TO HC 
.l!E TK a ~tRTFil~~C) 
UC CONTIHE 

TNP • SPH•SCRTFI1.0 t ITPH0020CTFS0*21/IIlo0- STPS•CCt••Ztl 
TKP • -TP~•STPSOSC/SQRIFITF~Oo20CTPS••2 • 11,0- STPS•CCt••2t 
!tG,.A • CfoE,CA•1Nt1"•TKif2.C•FtJ 
EPSilCh • T~•T~•C1,C- TK•TKI 
PC • C/12.C•t•EGAOT~POTKPI 
~RITE (3,?1' F,HIDo PSIOo OELOo Th, ThF·, H, TKP, SIG~J, EPSILCN, PC 
GC TC ICC 

4CC CO~ TIHE 
END 

PACGPA~ AUXCQ~ -~ SA~PlE C~TFUT- ISILVEPI 

PSI DELTA 
4~.0CCGC ~.C14PC 
~!.3f45C -1~.1~22C 
~!.~tE30 -l~.lC6~C 
~~-~~etc -~!.Ltt2C 
4f.i21fC -t4.2C~PC 
4t.~•c?c -e2.!714C 
4E.2B~ec-tc7.137~c 

N 
.03362 
.1~~!8 
.199t5 
.1 qq73 
.1G9P6 
.1~987 

.19985 

~ PRI~E 

.04846 
,67231 
.73:!92 
.79076 
.~5~62 
.~8527 

1.CC374 

KAPP. 
11~.34870 

20.04215 
20.03504 
20,02661 
20.01295 
20.01117 
2r..o13oz 

K,AFPA FPJ•E 
82.8C7Ql 
t,02577 
s.!:!41e 
5.15005 
•• 281J2 
4.11~9· 
4.!0336 

SIG~A 
7.40~•E•C3 
, .. 3~22E+C4 
4.3831E+04 
4.38!55E+C4 
4.3882EtC4 
1._ ~9e4E+C4 

•• 3~7fEtC4 

EPSILON 
-1.HCOEt01 
-1.!~f0Et01 
-t.!c;fOE+Cl 
-1. 5~59E•C1 
-1.~~58EtC1 
-1.!~58Et01 
-1.!956EtC1 

UCRL-11813 

PEN, OEPTH 
1.0e3CE-06 
1.07l7F-06 
1.Ct~9E-06 
1. Ct 71E-C6 
1.C57eE-Of 
l.O!fZE-~6 

1.0551E-C6 
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·B. Phase Difference a.."ld Amplitude Ratio From Optical Constants 

l. Program MER 

The equations necessary for computing the parameters ljJ, !J., o s'' o p, 

R and R , for metallic reflection from given values. of. n, .:K, .and ~ have 
s p - - . 

been derived in Section D of Chapter III and Section A of Chapter III. 

They are summarized below. 

* 

. 2 1 [ /.. 2 . 2 . 2 2 4 2 . 2 2 .·. 2 J• .. 

·A = ~ + [N (1-K ) - s1n cp] + 4N K + N (1-K ) - sin ~: 

2 1[/ 2 2· .. 2 2 42 2 2 :2] B = ~ ~ [N (1-K ) - s1n ~] + 4N K - N (1-K ) + s1n ¢ 

tan o = s 

(Pos:Ltive square root gives A·and B) 

* 

* 

2B cos$ 
2 2 2 

A· + B - cos cp 

R and R are the amplitudes of the reflection coefficients. s .p 

(107) 

(108) 

(114) 

(ll6a) 

(103) 

The ratios of reflected to incident intensity fo~ polarization parallel 

and normal to the plane of incidence are R 2 and R 
2 

respectively. 
p s 
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r _ 2B cosp (A
2 

+ B2 - sin2p) 
tan u - 2 2 4 2 2 ·2 

p A + B - N (1 ~ K ) cos • 
(99) 

tan f). = - 2 
2 2 . 2~ t ~ A + B · - s1n ~ an ~ 

2B sinp tanp : (112) 
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The following names of V!ll'iables ,are employed in program !viER 

(metallic l:_eflection). 

Name 

TN2, TN 

TK 

PHID 

PHI 

A 

B 

RS 

RP 

DELD 

DEL 

TAND 

DELP 

DELPD 

DELS 

DELSD 

TA.~DP 

TANDS 

PSID 

PSI 

TAPS! 

S:t:mbol 

N = n/n 
0 

K 

<P (degrees) 

<P (radians) 

A 

B·. 

R s 

R p 

tJ. (degrees) 

·· tJ. (radians ) 

tan!J. . 

0 ' 
p· (radians) 

o (degrees). 
p 

o (radians) 
s 

o (degrees) 
s 

tano 
p 

tano s 

ljl. (degrees) 

ljl (radians) 

tanljl 

Description 

ratio of real part of complex refractive 
index of metal to that of incident medium 

absorption index 

angle of incidence 

angle of incidence 

intermediate variable 

intermediate variable 

modulus of complex reflection coefficient, 
reflectivity based on amplitude or 
amplitude attenuation of s polarization 

modulus of complex reflection coefficient, 
reflectivity based on amplitude of 
amplitude attenuation of p polarization 

relative phase change o o 
p s 

relative phase change 

"absolute" phase change w_ith respect to 
in.cident -vrave (p polarization) 

II II 

II " (s polar-ization) 

II II 

arctangent of relative amplitude attenuation 

II II 

relative. amplitude attenuation of s. to p 
polarization 
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·.Input Cards for Program MER 

The input data for the program MER are punched on cards as 

illustrated below. 

Card ·Col 1 Col 11 Col 21 Col 31· Col 4i Col 51 Col 61 

1 Title and comments (upto 80 colunms may be used) 

2 n K 

3 ~1 ~4 ~6 

Card 1 is printed verbatum on the first page of the printout. Cards 
\ 

2 and 3 constitute a set of ,input data.. Any number of sets may follow 

the first one. The last .set of cards must be followed by a blank card. 

The program is reproduced on the next page. 
2. Tables 

Output tables produced by the program MER which give the complex 

reflection coefficients r and r separated into amplitude attentiation R s p 

and phase change 0 along with the amplitude ratio tantjJ and. relative phase 

change 6. of s and p component for various n and K are reproduced in 

Appendix II. 

3. Graphs 

A quantitative illustration of the relationships discussed in tpis 

report has been attempted by the graphic representation of numerical 

results given in figures 9-16. Three sets of graphs· correspond to 

incident angles 2°, 45°, and 75°. Each set contains a plot of 

a.mpli tude R · (or R ) vs absolute phase change op (or o ) for each n and 
. p s s 

K. Included with the 45° and 75° sets are graphs of tjJ vs 6. for constant 

n and K· No graph of tjJ vs 6. is included for 2° incidence ~ince all the 

data for that case fit on the small rectangle defined by 

45.00 ~ tjJ ~ 4~.73. 
-0.7185 6 < - 0. 0014 
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for the range of. 0.1 < n < 5 and .0.1 < K < 20 considered here . 
. . - -
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PROGRA~ ~ERII~PUT 0 CLTPLT,TAPEZ•I~PUT,TAPE3•CUTPUTI 
~fR METALLIC PEFLECTIC• 

CI~E~SION PHII71,PHIDI11,ASCJ71,AI71.,ESCI11,el11oPPSCI71, 
CRP 111, R S S'l 11 , RS 17 I , TA •o 17 I ,OEll7 I , C ELC 17 I , HNCS 171, C fL S(71, 
C CEL SO 11 t';·T~HD P 171 ,OEl P 17 I , CE"L FC 111 , T H S 1171 , FS 1171, FS I C 11 I 
OIME~Sit• TilLE lEI 
FORM'l IEAICI 
FORMAT IH!C,CI 
FORMAl 11//1 
FOR~AT IHIC.CI 
FCRMAl (4€~,4~TN2=,F7.4 1 10X,3HT~=,F7.41 

6 FORMAT (///5X,4HPHI0,7),1HA,8X,l~8,7X,2~AS,7X,2~PP,~X,5~TANCSt4X, 
X5HTANQP,4X,4HTAND,4J,5HTAPSI,4Xe5HCELSC,4X,5rCELFC,4X,4h0EtC, fX, 
X4~P51C/II~ ,I~Fq,411 

7FORMA111~11 

8 FCR~AT 11~1. 111/EAICI 
~READ l<oll TITLE 

~RITEJ?,fl TITLE. 
N • • 

2C REA012,<11~Z,TK2 
N • ~ + 1 
IF l!- ~,·~c. 4C, ~c 

]0 S TCP 
40 ~RITE 1~,11 

N • I 
50 CONTIHf 

IFIT~<.EC,C.CJGO TC 31C 
REA012,411P><IOIMI,~=Ioll 
CC ICC •=lo1 
P~II~I•PHICI~I•O.CI74533 

ICC CONTI~LE 
CO 2CC M•J,l 
TN•T~2 
lK i ltc ~ 
SX•SI~ IP~J(~II 

CX•CCS IPHI.II 
f)l:•5)/()l 
TEMPl•ITNOOZI*II.C-1K*•ZI-5X**Z 
TEMP2• THP1**2+4, C*II1H•4IOI1KU211 
ASQIMI=O.!OI5CRTITE~P21+TE•Pll 
IFIA!CI.IIIJC,IJ<,IIZ . 

llC AIMI•C 
GC TC IH 

112 AIOII•SQRT IASCIMII 
11• 8SQIMI•C,!•I!CPTITE~P21-TE~Pll 

IF I 8 !Q I~ Ill It oil f .11 e 
lit BIMI•C 

CO TC 12C 
ll! BIMI•!CRT leSCIMI I 
12C kSSQI>I•IASCIMI+B!OIMI-Z,O*AI~I*CX+CX*CXI/IASQIMI+ESCI•J+Z,QOAIMI 

c•o•o•oJ · 
IF IRS5CIMII122 ol24 ol24 

l:il R!I~I•C 
GO TC !Zf 

124 RSIMI• SCPT IP!SQIMII 
126 RPSO IM I•R !SO IM 1•1 A !C I HI+ BSC I~ 1-2 .OU I~ J•SXOTX+SHSHTX*TX I II ASOI·M I 

C+8SCC~t+2.C*AI~1*5)*f)+SX*SX•l)*lXl 

IFIRPSCI~IIt2e,J~C,t3C 
12E RPIMI•C. 

GC TC 13 2 
1~C RPIMI• 5CR1 IPPSCI~II 

1~2 TEMPl•2.CtA(~)•C~ 
TEMP<•ASQI~I+BSCI~I-CX*CX 

TANO!IMI•-TEMPI/TE~FZ 
DELSI~I • ATA~FI-TE~P!ITE~PZI 
CELSOI~I•OELSI•ItC.CI74531 
IFIOEUOI~II 1!3, 134, 134 

l!! OEUOI~I • DElSDI•I + IBO,C 
1!4 CONTIHE 

TEO!P3•Z.C•ei>I*CX•IASCI~I+eS~I~l-S~•S~I 
TEMP4•1T~Oo4,CI*IIJ,O+TK•TKI••z.oi•Cx•CX-IASCI~i•eSCIMII 
TANCPI.I•-1E.F3/TE~F4 
TEMP~•2.Cte(~I•SXtl) 

TEMPf=ASQI~J+BSCI~I-SX*S~•T~*TX 
TANOIMI•-TEMP~/TE•Pf 

Dfll•l • AlA~FI~tE•FS/lE~Pfl 
CELOIMI•CELI~I/O.C!745~3 
IFIOELOIMII J3f, l~t, 135 

1!! OELOI>I • OELOIMI - 18C,C 
1!f .CC~TI~lE 

CELPDI•I • DELSDIMI + CELCI~I 
TAPSIIMI•RSI~I/RPI~I 

PSIC~I•ATH ITAPSII~II 
PSJDIMI•P!IIMI/O,CI74533 

2CC CC~ TI~LE 
WRITEl~.~~l~2.TK2 
WRITE I~, f II P~ I 0 I" I ,A I>J, e IHI , PSI~ I , PP 1•1, TA~ CS I~ I , T A~C P IM I, UNCI M I 

X • TAPS tOt) ,OE L SO ( 1". I ,DEl FO (I") , DEl C 0 111 ), FS I C ( f'), ~·1, 1 l 
IF IN- 41 2~C, 3CC, JC 

2!!C \liRIT£ t1.~) 
!CC GO TC <C 
! IC RETlR~ 

END 

MU 9·12588 

UCRL-11813 

... 
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APPENDIX I 

Phase Considerations 

Interpretation of lit~rature dataon the phase change in reflection 

is often hindered by different sign conventions employed by the authors. 

The following brief analysis should be helpful to find a common basis 

for comparison. A graphic representation of the four possible sign 

combinations for a harmonic oscillator with phase is given in Yig. 4 in 

the complex plane. 

The following algebraic discussion refers to Table III.· A wave 

incident on a reflecting surface may alternately be described by the 

factors given in line 1 of Table III. If the corresponding reflected 

waves are given by line 2 the ratio of reflected to incident wave is of 

the form listed in line 3 with the phase difference o defined as 

A comparison of line 3 with the original oscillation without phase 

(line 4) shows that an increase in o (taken as a positive number) has 

the same effect as a change in time given in line 5. 
-iwt Since the time dependence e has been chosen before in this repoyt 

and since it is preferable to have a positive o stand for a phase advance, 

alternate II has been adopted here and forms the basis for all numerical 

results contained in this report. 



Table .III Phase Considerations 

Alternates I II III IV 

... 
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APPENDIX Il 

Numerical Results: Reflection Coefficients, Amplitude Ratio~ and 

!Relative Phase Change for Reflection From Bare Metals 

For reference purposes selected output data from the program MER 

are recorded on the following pages. The variables which aQ:pear 

in the output are 

Name 

TN2 

TK 

PHID 

A, B 

RS, RP 

TANDS, TANDP 

TAND 

TAPS I 

DELSD, DELPD 

. l)ELD 

PSID 

Symbol 

N = n/n 
0 

Je 

~ 

A, B· 

R , R s p 

tan o ., tan s 

tan.:\ 

0 

tanljl :: R /R s p 

0 s' 0 p 

6 = 0 0 p. s 

p 

Description 

ratio of real part of complex 
refractive index to that of 
incident medium 

absorption index defined in Eq. ( ll+) 

angle of incidence (ceg.) 

intermediate variables 

amplitude reflectivity for s and 
p polarization 

defined by o and o below 
p s 

defined by 6 below 

· amplituae ratio of reflected s and 
p polarization for unit amplitude 
incidence 

phase of reflected s or p 
polarization with· respect to· 
incident waves 

phase difference between reflected 
s and p polarization for in-phase 
incidence 

defined by tanljl above 

·· For details, refer to program description in Chapter IV, Section Bl. 
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Reflecting phase 
boundary 

UCRL-11813 

·crrons.parent 
incident 
medium 

Z = 0 ~----------,_-----..L---__,..;_ ___ ...;.,_--a..,.x 

Absorbing 
medium· 

z 
-z 

MU B 12898 

Fig. 1 When light propagates in an absorbing medium, the propagation 
.... 

vector k rorms an angl~'¢r with the normal to the surface of 

th~ medium while the attenuation vector a lies along the normal. 

·. ~ 

Planes of equal phase are normal to k while planes of equal 

~ 

a.mplitude are normal to a. The angle ¢r is the real angle of 

refraction in the. medium while the plane z = 0 is its surface. 



Fig. 2 

·-88- UCRL-11813, 

z 

MU B ·12905 

Sign conventions for the electric field (positive direction - -of E and E in incident, reflected and refracted waves indicat-
ed s by p arrows). The complex index of refraction of the 
absorbing medium is designated n(l + iK). The subscript p 
stands for polarization parallel and the subscript s for 
polarization norJ11.2l to the plane of incidence. 
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"' "' ..... 
Ill 
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Fig. 3 Reflection and refraction of electromagnetic vaves, 
· electric and magnetic fields indicated. (a) Electric 
vector parallel to pla~e of incide~ce .. (b) Electric 
vector normal to plane of incidence. 
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Im (a) Im ('b) 

Increasing t 

t=O 

Re 

t=6 
Increasing t 

Im Im 
(c) (d) 

t=O 

t 
~--~--~------Re ~~------- Re 

Increasing t 
t =0 

MU B 12899 

Fig. 4 Alternate representations of a harmonic oscillation in the 
complex plane. 

(a) .alternate I, ei(wt + e) (c) alternate III, ei(wt - e) 

(b) 'alternate II, e -i(wt + e) (d) alternate IV, e -i(wt - e) 

Al te;rnate II has been chosen in this treatment. 
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Fig. 5 Relative phase change 6,· relative amplitude change '1/f, absolute phase change 
o,and modulus of reflection coefficient R as functions of angle of incidence 
¢for a good refle'ctor (silver), n = 0.2, K = 20. 
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Fig. 6 Relative phase change 6, relative amplitude change W, absolute phase change 
5, and modulus of reflection coefficient R as functions of angle of incidence 
¢ for a poor reflector (tantalum), n = ~· 3, K = 0. '(. · 
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Fig. 7 ·Relative phase change !::!., relative amplitude change '1/r, absolute phase change 
51 and modulus of reflection coefficient R as functions of angle of incidence 
¢• Transition between absorbing and dielectric material ("smoked glass") 
n == 1.5, K == 0.1. -
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Fig. 8 Relative phase change D., relative amplitude change 'l}r, absolute phase change 
o, and modulus of reflection coefficient· R as·· functions of angle of incidence 
¢for a transparent dielectric (glass) n = 1.5, K = 0. 
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Absolute phase change Ds upon reflection vs. reflected amplitude Rs, with 
·the optical constants n and K of the reflecting material as parameters. 
2° angle of incidence; solid lines: constant N ::= n/n ; broken lines·:· 

0 constant K. 
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Fig. 11 Relative phase change ~and amplitude change W between s and p polarization with the optical 
constants n and K of the reflecting material as parameters. 45° angle of incidence. 
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Fig. 12 Absolute phase change 5s upon reflection vs. reflected amplitude Rs, with 
the optical constants n and K of the reflecting material as parameters. 
45o angle of incidence; solid lines: constant N = n/n0 ; broken'lines: 
constant K. 
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Relative phase change 6 and amplitude change 7/1' between s and p polarization 
with the optical constants n and K of the reflecting material as parameters. 
75° angle of incidence. 
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Fig. 15 Absolute phase change os upon reflection vs. reflected amplitude Rs, with 
the optical constants n and K of the reflecting material as parameters. 
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