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ABSTRACT 

In.Bart One Levinson's theorem is generalized to systems of 
. i 

three :particles. The usual two-body result relates the number of 

bound states of given angular momentum to the corresponding eigenphase 

shifts of the S matrix. Because of disconnected diagrams the three·body. 

S matrix has continuous eigenphase shifts in addition to any discrete.: 

ones; however it is possible to define a unitary connected matrix that 

has only discrete eigenphase shifts. Levinson's theorem is given in 

terms of these phase shifts, and it is:the same as the usual multichannel 

result, except that there are an infinite number of eigenphase shifts to 
i 

be summed over for each value of the total angular momentum. The proof 

is carried out within the framework of the FadWev equations by general-

izing' Jauch's proof for two-body systems • 

In Bart Two we develop a variational principle for finding 

approximate eigenvalues and eigenfunctions of the kernel·. of the 

. Lippmann-:-Schwinger equation. Regge trajectories are .then easily found · 

from the solution to the eigenvalue equation. We apply the variational 

principle to other potential theory calculations with very good results 
. . .' . \ 

in both accuracy and simplicity. Finally: we extend the variational 
I 

. . I 
principle to the three-body Faddeev.··equations. 

·'• .· 

r r 
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I. mrRODUCTION i 

' ' 

:' ~";~· 
One of the important problems in the theory.of elementary 

I ! 

. ' 
' ' 

! 

. I 

particles is the determination of whether or not ~ particle is elementary 

or composite. In a Lagrangian theory an elementary particle must be put 

in the Lagrangian. In a model based on dispersion theory there is the 
. : 1 

· well known ambiguity of ·ca.stille_jo1 Da.litz .and Dyson. They showed that 

an infinite number of solutions exist in the chSrged scalar theory without 

recoil. In both kinds of theories it has been Suggested that Levinson's 
·2 . I . 

theorem could be used as a means of selecting the proper Lagrangian or 

the proper solution to the dispersion relations. In its simplest form 

as first given by Levinson the theorem says that in the scattering of a 
parti~_le from a spherically synmetric central potential,' the number of 

bound states of the particle in a given angUlar momentum state is related ; 
, , I ... " 

.• ., ,I 

to the phase shift by 

Jauch3 generalized the proof to a larger.class of potentials 

than that treated by LeVinson, and also he showed that· the relation 

(1.1) .· ·ia· a result of the completeness of' the eigenfunctions of two 

.. operators' H and H
0 

• ~ ·H· is. the full Hamiltonian for the ·system and 

H 'is the Hamiltonian in the absence of interactions. The r~sult has 0 . 

(1.1) 

·· been generalized to the case' where H . also has ·a discrete spectrum, 41 5 
. . 0 . . . 

" .. ~ ' .. 
. . ~· ~ 

,. (1.2)' 



I 

NH and NH are the number of bound states of H and H
0 

respectively. 
0 

Since H is the Hamiltonian operator for a noninte~acting system, all 
0 . ~ 

··~ 

•· points in its discrete spectrum represent elementary·\'particles. Levinson's 
. . . ' 6 

theorem has been further generalized to many channel systems by Kazes. 

In view of the possible application of Levinson' a theorem to determining 

which equations and which solutions to them nature actually selects, 

it seC"'...ls important to extend the theorem to systems of more than two 
. ' 

, We :pr.opose to prove the theorem in potential theory for three 

·:particle systems within the :f"ramework of a set···.of equations developed 
. 7 8 9 10 . . 

by F.addeev. ' ' 1 One important difference between two and three body 

systems is the connectness structure, that is there exist interactions · 

between two :particles w:Lth the thir~ one always beyond the range of the 

forces. As a result of this disconnectedness, the kernel of the 
; . 11 

Lippmann-Schwinger e.quation has a continuous 'spectrum. Similarly 

·the S-matrix will have a continuous spectrum, that is it Will not 
i 

have discrete eigenphase shifts which can be summed to give an equation · 

such as (1~1) • However, ~ue to the simple origin of the continuous 

spectrum; it is possible to define a unitary operator ~losely related 

. to the S-ma.trix. and having ·only a discrete spectrum. We derive a 

Levinson theorem in terms of the eigenphase shifts, of this un~tary operator. 

12 . : 
The two body Lippna.nn•Schwinger equation -can be reduced to a 

one dimensional integral equation by projecting out the angular momentum 
' 

. I 

variables, and for a given total angular momentum and energy the S-ma.trix 

is a constant. 
. . 
This is not· the case in · tbr.ee body scattering, 

. . . ··j·.! ; 
~ : .. ~ 1 ' • ~ . 

r.. 1 / 

' ; ...... 
f 

I 
/ 

I 

as~~ 

' 
! . 

.. ~ 

.; .. 
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,i 

continuous subenergy variable is needed in addition to the total angular 

momentum. This of com"se makes the problem much ha.:r;1der. Fort'UilB.tely 
r • \~ 

10 · r, 
Fa.ddeev has discussed the three bo<cy' problem in great detail and has 

derived· a.· set of equations which is in principle soluble. More 

recently Loveiace1} and We_inberg11 have suggested similar sets of 

equations; we will however use ::Fa.ddeev' s throughout this paper. 

Another new feature of three body scattering which doesn't exist 

in two body systems is th~ possibili~y of breakup and rearrangement 

collisions which can occur if two particles . can form a. bound state. This 

greatly increases the complexity of the algebra. so it Wili be treated 
-

separately. First it will be assumed that there exist no two body. ·j 

· bo~d states. 

This article is organized into several parts 1 many of which 

. can be omitted for the casual reader. In Section II we discuss Jauch 1 s} 

proof of the two body result. 
' . 10 

In Section III we introduce Fa.ddeev1s 

equations and the projection operator onto the three :particle bound 
l 

states assuming there are no two body bound sta.teso In Section IV we 

derive the three body. Levinson IS theorem. The ~rta.nt ideas are 

contained in this section and the reader who is only interested' in 

the essential result need go no, 'ftn"ther. 

In Section V we allow for the possibility of one bound state 

between any two pairs of particles and we review the properties of the 

various operators that Faddeev introduces to handle these bound states. 
. f . ' I • • . • • 

In Section VI Levinson~s theorem is _extended to allow for the above 
! ! . . . 

possibility • Final.1y ,the ,tnore tediOUs calculations can be fo1,md in the 
. I / .. . . , . . . 

appendices. .. !: .;· ' ' . 
' } 

. I 
./ 

j 
. ( 

i 

r . 
' il 
! '-.. 
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I I • 

II • LEVINSON'S THEX>RE.M FOR Two .PARTICLE SYSTEMS . . I . . 
Since the three particle equations are so complicated, it is 

easy to get lost in the proof of . Levinson's theorem. We therefore 

review t~e method of proof due to ~a~~~. for two particle ~ystems1 
. I 

since it is much s:lm,pler and illustrates the :lmportan:t ideas. First 
. ' . 

the Hamiltonian is split into tvo parts, 
. . . •. ' I . 

·, H = H
0 

+ V 1 

I 
/ 

. •' 

f I . 

I 

and that .Jt has N points in the discrete spectrum with E 1 < 0 
. I n 

(n - 1 2' • • •N) H/ is assumed to have .the same continuous spectrum 

as - Ho' • ,j • l ,. 
I 

I' ' ·Ht = Et· E E 

. . 

E>O 

E ·< o·. 
n 

(2ul) 

I' 

All. the calculations are carried out for fixed angular momentum, so the 

functions. ¢. and v only. depend upon .the variable E • The isometric 

operator that maps • the . continuum e18e~s~tes of ~0 .. onto the continu~ 
'. ,·,,i. 

• 
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-.!1 ·. . .. /• ' . 
eigenstat~s of H , is ~illed the M,611er 

. I 
I 

.I 

··I 
.,··· 

'I I 
.. 14 i 

wave operator · and·~s 
r·. J.. . ,• 

given by 

· .... ·. . : :rl ··· ·. ;< ./ ' oo ·.; / . . l 

.··. 

!·.!r· L ··· 1 .. 
. '·~ ' . .:·. ::: 0' • ' 

). i j' 
! ! . 

··J'· 
\ .. 

'' 
(2.4) 

'· i 

····:.·ir ·;·.'n ~!=r .. · ·dE 

J! . ' 't.. . 

The ·e:ompleteness .. of' 'the:.eigenstates .of H 
. . . ' . . ~ . . . . 

and H
0

. gives the relat~onships 
. I 'i . . · · . . . 

,. l'i I. L', 

'' '• .. -j' 
'·,; t ... 

and 
.,._. 

•· ~ 

~:- . 
'· ·, j ·' .' 

-_.. 

. ' 

';; 

'.1 

~ ' ·,. 

.I is the: identity operator and is the projection operator on the· 

discrete spectrum of · H • ·, C~ining Eqs~ (2~5) and (2~6) we have, 
j· 

., .. 
,< 

·= 
' .. 

· . ..: 

.· .. ' 
. ',• . 

·-·:··_, 

,. 
.. >- !i. ~-

Since·the trace of a projection ·operator.is thedimension 6f:the space. 
. .. ;. ... __ . . <'· .· .• 

. ··- .• 

~- ... 

! . .'. ·.l: N - trace · P · · = 
'·' ' d· .. ·. :.-1 . .. ~- ·- . 

. . ~. ,._ 
. · .· __ ._._·_ ', 

The· matriX elements Of S1 are· given by 

(2.5) 

(2o6) , I 
! 

(2.7):· 
i, 
r 
/'; 

r 
li.: 
I·' 

:/. 
'J• .,, ' 

'/ 
.·f 

I 
I 

(2.8) 
.:_ ·:· 

:< . 

•.·:...: .. 

. ·.···,: . . : . 

., ;' .. -.' 'J 

'.. 

. _ .. 

•1 . '. 

,,• 

,,. 

. :. ; 
• I 

' ; -. 
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and ·. l'E can be found from ,_the Lippmann-Schwinger eq~t1on1 

'!:; 

.. , 

·The resul.t is 

i' 
1. 
j'.'• 
i 

• ·i· ~ 1' . 
= ~E .; · , H .. E .. ie V VE 

'0 . 
·. ~· . 

. . . ··; ! --~ . .' 

. -- . 
. ~ I ' '. 
' ,. 

':. ··. 

" 

which can be rewritten in terms of the t-matrix as 

' ~ . 
·:{ . . ... · . 

_..·.{ . 

:. J. 

'! 

i 
. ! 

' ' 

. ~~ . 

)' 

" (ti I I d.)"' . ( ) (,0E, It!·. ~E) 
, .'E' n "E;_-.·~. a_E .. E' --~ E' -E .. 1£. ~-- a 

f! 

The S":"matrix is given by 
f 

! 

. I 

'' . -} 

I. 

Using (2 .12) 1 the projection operator Pd becomes 

. ' 

'. 
; ' 

'The procedure for evaluating trace 
"'' . ~· ' 

~ ; . ., 
·; 

: . . ~ ; .. ' 

; . -~ :; 

,'I 

i' 
.r .. i. 

" : 

!' 

.I I 

' . ·• i. 

. '• .. 

::; .. 

-. 
' ' 

.. 

'' 

. ' ! • 

. ' 
- ' i 

(2.10) :. 
' ~ ! . 

(2 .. 11) 

I 

I 
1'. 
i 

(2 .. 12) 
' ' 

I 

(2.13) ' 

(2.14) ' 

i · . 

' ! 
., -

.. -.. 

. :. < . 
·' .,. ' '• :.1'_· 

·.'.·, 

. .'. .. . . ·. .- :...~ '. 

. . ·,.l • l .~ . :-
·' . ,1'!' · . 

: ~· . . ;._ ... 
. , .. ,· -~. r. 

.,.- . 

. ··; ... 

.. , .. , .. 

.. "· .. · 

·. ··· .. 

. ... _ 

'-'· 

' 
'(2 .. 15) 

I , 

•',' i. .... ·.; 

. ~' ' 

.. ... 

... 

.. 
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when this identity is substituted into (2.14) and then into (2.8) 1 we 

obtain three different terms. One, which will be called . A 1 comes from 

the pr'oduct of both delta functions. The second, called C · comes form the i 

product of principle parts. The third, B 1 contains the cross terms. The · 

assumption is made that all orders of integration can be interchanged excep~ 

wh~re the denominators are singular. Hence if there were not singularities 

. + . + 
in the denominator N would be zero since then trace· n n = trace n n. 
We now evaluate the three cont:tibutd.ons A , B and C • A is easily 

i 

evaluated giving I· 

l 
A = ~2 trace 5(E ~ E*) 

I ~ 

{<E ITI E)(E• !Ttl j,) - (E I Ttl E)~E' ITI E') J . 
' " (2.16) 

The coefficient of the delta function vanishes at· E = E' and hence 

A is identically zero. For C we have 

c = p fdE fdE· 
. 0 0 

·{ (E ITI E')(E' !Ttl E) .:. (E !Ttl E1 )(E 1 

(E - E' )
2 

The integral is well defined ·through the principle part since· the numerator 

vanish;,;; there, and we assume that the integral converges absolutely and 
. . I , . 

uniformly at infinity. so that the orders of integration may be interchanged. 

Since the . integrand is antisymmetric in E and E' the double integral 

vanishes identically upon interchange of the order of integration. 
j ' I 

The 

contribution from· the cross. terms is given by: 

. ' ~ . . . 

.> .. 

. .. 
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I .. I 
~. r> 
. p . 

I , . 
' . i 

.i . 
I 

I 
! 

: .. r 

1. ~ 

E _\1 {(Pi ltl E)(E l~:tj~•) -I_E' ltl E1)(E jttl E'\ 

I ! 

B = ~in. trace 

+ (E ltl E')(E' !ttl E') • (E ltl E1,)(E lt.tl E>} 

. . ' 

.. 
! ' 

. . ·This has the form · 
I . 

. : ~ t 
·;'· 

lim g(E) [t(E) - F(E' >].· ~· ' ~·(E~! ~ 
E1 .... E . E • E' · '-' i. dE 

··. . ., .. . ·_ .. ' - .. ' ·. -:~. /·~ ' . ' "' . 
therefore · B becomes 

B = i>t J~ 
0 

~~: ·. 

·Alld B becomes 

_.,· __ . 

·_> .' 

.. , ; 

· .. ·.··, 

·, 

; 

. i 
Finally we have for N 

·< 

·.· .. 

'· 

').' 

. ~-~ . 
~· ' 

·' · .. · 

. : 

• 

• 

. •· 

' .... 
: .;, . 

(2.18) 

·. :t ,, 
. ' 

I 

l' 

(2.19) 

i 
.J ; .•. t I 

· ... ·· ... ·.·: .... ' .. ' 
.•.. : _._~ ... 

' ' . ~ ' : 

i 

: ·.· .· 

·. --·, 

\ 
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. I. 

To see that this is the same as the usual form let 

. ·. ,•. .',. ir, : .• 

~ ' ;_,"· 
: .· 

'. :) r 
'I •! 

I· 
I 

.. i. 
···.· .. 

: ~ .• 

, ... _:, 

,··: ..- :' 

··'· ..... 

· .. · .·· 

·e,(o) .. 8(011)" ~ ,· Nn + b I. 
·' . 

. ' 
.. ,·· . ' 

· and use the relation .· .. .- ... ·r., ·, ' . ! 
' -~ . .. ' -~ . -~~ 

1 [•in 25(0) .::sin 28(~)] sin [ 8(0) 8(~>] [8(0) + 8H 2 = .. cos 

substitu~:tng in (2:22) .we obtain 
:1. ·' i. 

'. 
l 

. ! a =' sin a cos i 

i ';l 
. I 

[ 8(0) ... 8(~) l 
! . 

. I . , 
.. Hence we have the desired' result1 for which the onlY solution is a = ·O 

.. i. 

N 
1 

[8(0) =. 7(·' 

I 
j 

I 

~(011~·]: 
'/ . 

···· .. ·' 

... ·. - i 

. , 

(2.23) 

(2.24) ·. · .. 

.,.l 

·,, :. ,· 

• 

\. 

; ·.·. 
·. ;-: 
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III. THREE-BODY WAVE MATRICES ,_ t 
'' I , ! I 

. ·. 7-8 9 10 : 
In. this sect~on we Will. introduce the Faddeev 1 1

· 
1 equations 

0 0 

and the 
• ' 0 4 

isometric operators which are the g~neralization of the ~ller1 

wave matrices to three :particle systems. .A complete account of the 

operators and their properties can be found in Reference 10 • 

It will be· convenient to use two sets of variables in our work. 
! 

The final answer is given in terms of.· a trace and is independent of the 

'Variables used; but the proofs are often simple]." for a particular' choice 

of variables. One set is the sam:e1~s that used by Omnes,15 which consists 

of the indiVidual .kinetic. energies (~1 ro
2

; ~) in the overall· center of 

mass .system, a tota.l angular momentum J and its projections M on a 

1
· space fixed axis and M' 

. . . . 
on a body fixed axis. 

The second set of variables is essentially an angular momentum 
.. i 

decomposition of Fa.ddeev's. ·A pair of particles is denoted by the symbol a 1 ·\ 

for. example the 2 ... '3 pair is denoted by a = l • In the center of mass 
. j 

! 1 I · 
of pair a we int~odu~e ~~e kinetic energy v~ and the relative angular 

I 

momentum variables t . arid Ill . .. These variables refer only to pair a • _a i a 
In the total center of ·mS.ss system we le_t _roa be the translational. energy 

of the center of mass of pair a and the third particle.. A third total 

energy variable E = /roa + v a will often be used instead of ~: roa • For 
I 
I 

simplicity ~e ·denote the angular. variables .t and. m by ;.. ; sometimes a ·a a 

A. will be omitted entirely as it is inessential to the calculations. a ·. , . . . . . 
, Obviously _there are three. sets C?f variables as there are three distinct 

' . . . 
pairs of particles, and we -~ often change from one description to· another. 

• IV • ' • • 

i 1 
I 

t. 

.• 

·,; 



• 

I 

/ 

/ 
/ 

A•ll 

The total angular momentum · J and its pro·jection M on a space fixed 
. . ~ 

axis complete the set· of variables. We will always wo;rk in a. system 
. . -~ . 

with J and M fixed so they Will be omitted • 

Before discussing the three ·body problem it is necessary to have 
. ' l2 

the solution to the two-body Lippmann-Schwinger equation for the t-ma.trix, 

'/ 
I 

~ ·1 ~ dv ~ _;_v a:.....,< v ..... cr .... ·_v ... ~ ... ;->.._o:..._> _t.o;o:.._<_v a_ ... _; _v ..... :r .... ·_x._cr._· _s_) 

o 11 v" .. s a· 

(3.1) 

We have assumed thB.t the pote~tial is of the form v12 (l'i!1 .. ;;
2

1) in.' 
. i -

coordinate space so that va and to: _are diagonal in "'a • The kernel 
' . 

i . 

of the three body equations involves the operator Ta(s). 1 · 

(v1 >..1 ID ITo:(s)l v 1
1 >..'1ID') = 8(IDa- ID~) 8(>..a 1 >..~) ta(vo:; v~; >..a; s- IDa) 

(3.2) 

Although the three-body transition operator satisfies an integral 

equa.tion like (3~1) 1 the kernel is not compact due to the disconnected. 

graphs. However it is possible to define operators which satisfy a set 

of coupled integral equations in which the disCOJlllected terms are explicitly· 
. . 

summed. · An iterate of the ker~el of these equations has been shown to be 

compact by Fa.d.deev. 
! • 

Let ~(s) be the _runplitude._for an· interaction. wher~ pair a is 

the first to intera~t ana.' :pair 13 is the last. These operators satisfy 
. ~ . 

. "' ·, 

the equations. 

. I 
: 

I' 

·\ 



'. 

~ .. 

'."' .;;-

. ·:. 

•. ' 

. ' 

... 

. 'I 
I 

.. :' ·-·:- ,.1. 
,·. 

'.t I ':.-:--

• 

i . ' 

(3.3) 

H
0 

is. the ·energy operator for all particles free ·and nonintera.cting. • 

In our ·repi:-.esenta.tion it is Jlist multiplication by E '= .. "a +:. rua •' ·The 

kern~ of' the opera. tor W1lJ. be wri~ten 

• j • • • 

.. 
(v,,'ru;;>.. IM~(s)l v_')m,•,·"'•)' = 

. ,-..· 
. Maf3 ((1.)1 v1 ;>..J~~.! v 1, A.'; s) 
. . . . . . . 

.· .. , ••• • w 

·.t. . t 
. or ··- .21'' 

. 'I 

= ~ (~;m2,·~, M;IDj_,ru2,~, M'; s) 
I . 

;·-· i ·I · (3e4) 

· de~ending 'upon which ~ia.bles we a.re using .. 

The generaiiza.tion .of the wave matriX is given by 
'·'; 

n 
0 

a(CJ)- C»') o(v .. v•) ,?(A.,>..') ... 
.;, 

':. 

i; 

·If there are no/two particle bound states,· the projection :opera.:tor.:on the 
' . ~-- : ~ ~. -~ . ·.; . ·\' ·.. ~:( :-.~~ ::.i·.~ . 

. t}'1re: ~ticle/b~Und·states is · .. · · ..... · .. ···,' . .' · J ''.:, 
., I 

• • _.t. ..... ':l ' . 
. ~- ' 

...-~-;-..... :· ::· ' ' 

r 
I 
l 
;j I' 'j 

. !· 

. .,..,. ... -~ 

'·,_'" ·· . · .•. i: . •i 
c •• 't:. ... 

' <' •• ' .r· --·.-,1 

. ... _ . 

I, 

I· 

.: .. • 

• 

' il . 

-_.,·,. 
.. '/' 

: -'~ :-
-. . . . . ~ . , I ,. . : .. (3.6). · . 

'• ,.· · ... 

is a. sum of 
' . . 

several terms :W'bich we write as:' ... : 
. ; .: · .. ' ' :. f-;: ~· ' :: ~ ':. ' . 

· .. 
~ . . .: 

i : 
I 

I 

! 1 
! l. . 

The operator 
. ... : '. . ,:;· 

: f 
i 

· ... 
(3~ 7), ·'' '• '~ 

~. :. 

•' -~ . 

. . . : : 
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with wl, w2, w3 being the disconnected terms, 

.. 

(c.o,v,:>.. lwal.c.o•,·vr;~•) = 
8(c.o - c.o' :) 8(:>..~, :>..') t (v. ·v' •:>.. • v"' + i~) a a · u a a tt' a~ · a' ""' 

• 
·, 

(3.8) 

The term w0 ·is. that part of (:~ .5) wit~ ~o delta tunctions1 that is the 

connected :Part• ·Using Eq~· (3~ 7) we. have far A 1 

3 
A = L 

· a,~=O 
a./f3 

+ 

Using_ (2.14) the last term can be rewritten, 

= 8(c.o - c.o') p ct a a 

• 

. (3.9) 

(3.10) 

where . Pa. :i.s a :projection operator on the two-pu-ticle bound states of 

:pair a • Since we: :assume there are no two pu-ticl~ bound states, Pa = 0 " 

Later we }'Till include the possibility of these bound states. 

Because Pa = 0 1 we. need only take the trace .of the terms in 

(3.9) that don*t have an overall delta function •.. :The answer will be ~iven . 

in terms of the three-to-three S-matrix which is defiped by 

' 
8((1) - c.o') 8(v .. v') 8(:>..1 >..') - 2:rci 8(cn + v . 5oo = - ·wr ... v') Too. ' . 

' ' 
(3;.11) 

. with 

L. Too = MC43 (~vI A.; (i)t 1 v t 1 A' ; s = v ' + c.o' + iE) • 
....... a,f3 . (3.12) 

The trace of A is evaiuated in APpendix I a~d the separation of eigen-. 
I . 

phase shifts is discussed. in the neXt Section. 

·, \ 
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I -
IV. THREE• BODY LEVINSON THEOREM 

'I 

' The num,ber of three body bound states of the system can now be_ · 
- ' 

obta:i.ned by taking the trace ··Of both sides of ;(3. 6) ., · . The result as 

given. in .Appendix I is 

l~~trace-·{Tt ~-T -~}- ._, 
o 00 oE OOoE .• 

The prime on the integral means that terms with an. ~\rerall delta. funct:l.on 

are to be omitted :f'.rom the trace. To obtain a resuit .in terms of a. sum 

· over e:igen:phase shifts;- it is necessary :to have a ~om:pa.~t operator. A! 

connected T•matrix is def~ed by 
'-

0 ~· • 

-' 
I 
I 
i 
' 

. -- S : = -1 .:. 2n ·1 6(E ... E') T 

- I 

_-, . 

I 
'I 

r .! 
,;j ~ 

! 
I 
( 

-I 
, r· 

-·1 
.I 

'.;. 
':1 ' ;J .. ' 

:1 ·, 
;: ; .. 

't 

I 
' -
' 

- ~ - '. ·- - - ' '-· c 
-- '·\ ~ : . .·I~ (4 .. 2) 
::··. •I 

I 
'-

-" with 
• .. ' 

~. '. 

-s .- = s t s -t s_ t s ' - -_ . 
c . l 2 -, 00 '-

- . "' .. ' ~ . 

. · .. ".: ·• 

~ . ~ .. . . . ' 

sl is ';"~he two body s-itm,trix multiplied by 6(~ ... «1) .P t ,. ' 

t 

(4.4)' 

Sc is a unitary operator and it is easily verified that . Tc has no 

delta functions in it. For .fixed t?~ energy; T is a square integrable c 

or.prator since its kernd itl botinded for allf~ues of' the variables and the 
~- I . 

integration is over. a fin~ te rangeJ t~t is.',.\ · _,_ 
- ,_ .... ·. 

' . -
': ,··;·.· ,- .... _· ·: -· -, 

. ; ·.· :: .. ,. . ., 
•• - • t-. 

-·· .. ,,. ' I -,-

·--·-



··; 
! ~ 
·l. ··. 

. i; 

; . 
. . '· . 

. - ' 
' l 

.. ' ... , .. ·-·,. 
' ~ .· 

'. ·. 
:t.,, ·;· ... ····: 

' -·:-'· {~· ' 
; 

' .. : 1 

'l . ::: . 

( ... 
I .. 

1· .. 

·trace T · 
. . c 

T t < (II) 

c. ri 

. ;, ' 

'·' 
/ .J:.·-· . 

) . · ..... 

I, 

Because of unitarity1 . Tc is also a norma1 opere.to:r1 

T tT - . t c c - Tc Tc. 

. I 
I 
I 
f• 

; . 
,; . 

·,, ·' · .... · 

... 
·.·. 
,·,. 

.j 

'. 

I . 
(4.6). 

. I 

and therefore it has a spectral expansion of the ,form 

j .• i~ . _: ~ L. e un sin on le }( e I • 
n 

n .n 
.. I 

The eigenvalues depend upon the particular order of the S 
a 

(4 .. 7) 

in (4 .. }) 
11 

1: 

but the final resul.t will not.. For the total energy E = 0 1 trace ; 

.. · .' ('Tc + .Tz) =- 0 since the subene~gy integrations are over an_ interval of'. 

zero length. Therefore the eigenv.alues -sin 2 ~(~ = 0) all vanish 
.. 

· · identica.l.:cy. ' . . I 
' ~0 _.· 

.'! 

We now write (4~J.) in tel-ms of .· s00 1: • 

. i 

. ' ~ ' 

l «J/ . { . ' . . . J. 
= .. i1r 1 dE trace~ - 2· 

0 . . ' . 1m ; 

•' } 
0 t . 
dE' (Too+ Too) .. ·. 

(4 .. 8) . 
[ 

t~8oo .. ' 08o6 ] 
8oo~ ~ 8oo~ 

. . . 

.. . . I 

then we use the faqt that trace. T00 vanishes: at zero and i~tinite ·.· 

~nergy to ~J.iminate all bu~ the ~-matr~.·. · Subft1tuting (4~3) for s00 
' . 

we have . ' 
' .• : ,f .• ~ . · .. -. 

,'f'•, 

···; •. 

. .:·{.\ 

( . .. · · .. ' .. 

100 [' t . . ~ ' . ' 

0
'dE. tra~e·:.· ~-~c ~.s2 s3)dE' 

1
(s3 s2 s~ sc) .;0 

. ·..•.. . ·. ··.· .·• · .... (S, s~ ~ B
0

) ~ est s,
1 

s
2 
~>J .. I 

(4~9) ·, 
,··. I 

. ' • - r 

.· 

..., 

_'-; 

.. 
. '· 
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Using the Uhitarity of the S•matrices- and the identity trace A B = trace BA J · 

we have 

; ·.· . 

. ·i~ 
N = ~2 

' :· . 

• 

(4.10) 
•• . •! 

The :prime ·on ·the integral reminds us that all ,the terms With an overall 

delta fUnction are to be omitted. Final1.y th~n we··have . 

; 
GO J ·dE. trace 

0 . 
[s! ~ S0 • s~ ~ s!] 

i 
This can be rew.ritten with,. Tc .. rather than Sc ; . 

. l 

' I 
. I 

• I 

GO I' 

in IdEtrace{T+iT:<T ·~·.T!} 0 . .:· c, .' c, . c: 
.· . . ' . . ' 

. ., 

". ·. 

. 0 

To compute the .trace, we use the eigenfunctions of T · as . . . c 

·;' '·, 

.·.· (4.ll) 

•.: 

·,. 

(4.12) . 
.... 

.. e. ·b~sis.. The diagonal eieme~ts e.r~ easily ·computed to give 

. :_··:' 

": ,;· .. '.::'·:· 
' •' I o ~: • • 

(en I~! :c< • T
0 
~hi len) };'/~n ~in 8n(en 1:• I en) 

:' .". 

·-/ 
·. ·.' 1 .... _·. f 

• ··. ~I,. l 

I 
,i 

_.; ·"! 

'. :-· ... 
•• 1._ •• 

,, 
. ··!·' 

. /' 

' . i,-;· ;~--; ·•. . ~t 
· ,.· ·• ,;'·it)·. · · · .OJ.: j· 
.. ;:._ein,sino .. _(e 1~1-e}i:~· 

,, ;·.... . . n n o.l!l n. 
1 

. . . 

.. . • -.' • :···· ·, ·: '.. . ·. .. .--· ... . . ·.)1',, ./ (4,13) 
• ,;· ··-' r 

• . i ......... ' . . ··/ : _: •.• · 

·.' ,.· .... ·: '.:·:;/. :., .. . ·, ,·, ti·;. 
< ', ,; I . . f. ' ; .'· .'' ,' . . : .: 

·' ~ .. ~ . ~.' . ' . 
. r •• . • ' . . .. .• .., ; . " :. . r-: . ' :; ~ 
.. :..:;; .·. . :• /? ··, :. ~.: . ~- . .t:;. :., b ·. ~- r-. ~ : 

/" . . ·, .·;. : ." ' 

/ :·to 

'_;·. •·.· :;. ' . . ... i 

·, i• 

··t $ ' 

. ; 

• 0 . 

·., 
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' ~-. 

' '.·· 

. ',' 

1, .· 

' . . . . ~ 
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I• ... 

.. ' ~ . 

' j '• 
! r 

.) ·.··. 
I 

',;, !· 
'r ' J ' 

., 
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', 

' r ' i ~ 

. The eigenvalues of T are gi'Ven as a functional which is stationary· c '.·. ., 
' 

. . . .. 

with respect to variations. of the l_fa\re functions;· . ~ . 

·. '. ·~ 

ia;•, ··. 
n\-. . 

• e ·. sin 6 
----- . n 

~ 

(e = n 
(e . n 

(4.14) 

. , . Tald.ng the .derivative o~ both sides. With respect to lll we have· 

.·.~ .. 
! 

' ··. ~ ; . 

J 
·~ . 

(4 .. 15) 

since the derivative of the eigenfunction gives zero because of the ·. ;1
1 . ! t ~ . 

· stationary property~ Fina.ll.y then ( ~.13) becomes 

' 

. dr :_ ·. ·~t;. 2i. 2 d5n 
IT~.~~;· .. Tc ~Ec·l.en} .. ~ ;(2'-sin .an dE· 

. ; 

1. ., 

:"".'' 

. '-'.1' 
,;. 

i 
I j i 

I. 

.. 
• 

.,' (4.16) . 
' ' l . . : j : ' .. ' . i 

· To obtain the trace, .the above expression 1~ summed over n · · to yield 
l . j. . ' . .; .. · 

/. .. • •'l 

, .: .• CD . I 

N··. =···· $ ;<._ r ;dE ·.·L· sin~t> d5n_ .•. · ·. ' '.' ~-. 
. ' ,if· . Jo. ' . ' ' n dE ' 
. ·_ • ...... ,· / n·::· / ,:. . . 

' . ·r 
; .. 

-:·· (4.rr)· 
I .· I. 

·, ·; . 
Interchanging integration and summatidn. :we have, 

' ' ..• i .;·· ... ' ' ' ' . : 

N =; ~ {~~(o)ln(7)-~in~(o)+sin~On(t} 
'· ·I 

' '. 

(4.18) 

.... 
'··· 

~ i . .' . 

'· ' 

.... 

J'' 

·'..:': .. ·,, The ·integration and summation can .be interchanged if the pa.rtia.JJ sum.s are 
··. ··. . ·. :· ;.· :: .. I ... : . .... _ .. Co·. . ·. . . _,. • . . / . ... ·- - ~ ..,. 

bounded by an· integrable function ... ·· .. The· pu"tia.l sums will be bounded if· only .·.· · 
' ·. !' ' · .. • ·, .. . . , ···jl./.; • ~:I.< < •• •I I <; . . :. •'· •,;: !. ·, .. 

:1 '· .. I . '.'•' .. ' J ··: .• ;· '' ·- I . 

'. ' 
i ! · ... ;.·· _; I 

. 1 ' l ! 
! •. I I, 

.I ' -~ ~ f. 
; .; 
I : ·;··· ! 

'· j '·· 

l. 
I 
J .• 

\. 

I 

•' :-. 
~ ; 
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J . I 
a finite number of phase shifts have arbitrarily large derivatives. We. 

/ 
':\'}le .. bound ;will be inte~rable provided that. 

. ·' . ·' . 

assume that this is the case. 

the T-ma.trix fe.ll.s to zero sutficient~y -rapidly as E.., eo 

Since the am:plitude vanished at infinite 
. . . I 

energy; 

·and we have already shown sin 6(0) 
' . ~ ~ 

. ·r, 

.. ! . 
= ,~o , .··therefore we have 

/ 
,· 

\.' 

... 

,, 
. i 

f: 
i 

f 

0 I 

(4 .. 19) 
· .. ··.· . . _;'· 

.. 

"\1 

);. 
· .... 

···.·.· 

• ~ 'i . 

..... 
• ·i 

.... .. , 

f ':: 
) ~ 

.. !· 
i 
I' 

J 
.. /' 

~· ~ f 

... I 
'·.t 

·i'. 
-: ].' 

. ; l 
... ·] .. 

·t:· 
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,. 
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v. 
. I i : 

THREE-BODY WAVE MATarCES IN THE :mESENCE OF TWO-BODY BOUND STATES 
! I 

In this section we extend the discussion of S~ction III to allow 
' ' . I .. 

for the :PI'esence of two-body bound states·. In that case it is ;necessary· 
I 

. · Q) • • 

J ,dv~. Va(v~v~;Aa) ta(vc:i"'a) 
o. 

I . 

(5.1) 

where the binding energy .is ·B • The wave functions are normal.ized to 
'· a 

., 
one; 

• 

' . . . 

We will assume that there is one s-wave bound state in each two-body 
.. 

system. This is not essential,· but it simplifies the a.J.gebra considerably. · 

In this case Aa . = .(~; m J a · = 0 . for the bo~d state pair a ~ 
The bound state causes the two-body t-ma.trix to have a pole at 
I. 

s = -Ba • The three-body amplitude M~ will then have a pole at 
.. . . . . 

s = ma - Ba • Similarly M~ has. a pole at ~. = en~ .. Bj) • The 
. . . . . . 

residue at · these poles and at the double pole .s = en~·. .. B
13 

= ma ~ Ba 

are closely related to . the S-ma.trices for bound sta.:t;e scattering. To . 
1 

be more precise; it is not the residue of M~ but rather the. residu~ of 

Maj) with the. two-body waVe ··function projected out. We list these residues 

and their rela.tio~ship to the s .. ma.trices and the M,6u~ wa,,;~ matrices in 

Equations (5~3) to (5~~)~. ]'or a compl~te discussion Of their properties 

the reader may consult Reference 10. · The residue at s = m' - B · with 
13 13 

"· ·"'~ 
J ... ' 

' 
I j 

. . •. ·· ' 
,, ·:. ·.,, I 

; j 

I 

i 
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the wave _function projected out is. given by 

(5.3) ' ! 

· and the· residue at S: = ib. ~B· by··. 
·a · a · • ' 

:.;·. 

·, 
.:.J. . ., . 

· The M~'' ·_satisfy ~he relat~on,· ~-

J. 

(5o4) 

',;: 

;; 

. j . 

' ;l 

! . 

i I. 

i ,· 

, MO!I3 C~v, }...;~', ~ '! 1-..1 ;s.).· . .; -.~ (m&~ v '; 1-..1 ;~ v,, .. A.is~) ' I 
., ·" t. ~ . ~- . ;' ,_.,_, .. 
<; •• ~ •• 

·'•J •, 

and.the· ·L~ satisfy .. ·· t. 

H 

L~(;;m;v,}..;s) 

. t· 

' i. 
I,··' 

••• f 

.·. . i "~ : 
' 1 ; ...... , (5." 5) 

(5s6) 
1-:· 

, I 

I·' 
/'! 

·I L 

I 

The Lot} operator has a unity term. in it coming from the projection of 

the term Ta~Ci$ inEq~ (5~}) ~ se:Pe;ra.ting this term but we ·define a.n. 
. : 'i . ,. ·.I. 

operator KCJ$ a~d _the corres:pon~ operator . 'K~ by 

.L 
0$ = • 

! 
1'. 

(5 .. 7)'··· 
. . ·'. '• . . . . . 

The residue of_ ~~ at the .double :pole 'ti.Tith both '*B.ve functions removed 1 

' : . . . . . ' .. /_. ' . .. : ~. . . . . ; . ( . 

is denoted · K . •· into.' a term · · : · 
~' . < ; ·. l. F ~ 1 . and it 'i~- obtained b,Y' se:PSXating 

'. i ·. ·.' ' . .' • i ·: ., . ; ' ' . . ~-) . ·. ,;., 
regular at . s; .= .-: •B + CD \.and a pole .termio. • · '~' · '.· .. -:·.- . .,. · ... · .... a. ·a>_._.. . . ·. · .· .. :c·· .;· · 

~ ·. ". ~ ;- . ' . .. . . . ..... . . ~ 
. ·_ . '. ~ . .. :-:. , ·':'' .. ~- ,• ···;.;· 

... _;. ~:.; . 
.: 'I 

' . ~ :; :·· : .: . <':· .. : . . _. 

.. , '•; •, ·.· ..... •. 

:: '.· . i 

.I 
.,r· . 

. ; ·"-. '. 

' 
J. 

• 
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. ' 

.... 

. ; . 

, . 

J: 
:, '. 

,?-.·. 

' i, -· 

·"',!· 

.. , 
' ·' ..... 't' 

·~.. . .. 

__ :_. ___ .,_, __ ,.. --- ----· 

.. ' 

., 
.-...... :• . . ·, 

j" . 
I.' 

~· ' . 

':. 

~~ ,' 

-- .. / ~' 
•, ~ .. ~· ... ' 

' 
I 
I 

... 

·. ,_ ... .... : 

'';.• ., 

. ·, , ~ 

A-21· 
. 1' •• •• 

• . 

We define three isometric operators by 

The s-matrix is given by . ' . . . 

~ . ·, 

and 

·' .· 
. •' 

··{" 

... 
'' 

' .. · 

·,. 
· . [ 

. .,. ·.· 

' 

f, 
' 

._;·· 
r.". 

. s"~. ;.; . -2:d . a ( m + v + B .;; · ID' ) T · ( ~ v A.~ ID' ) 
vu. . , a a . ()a ·.. . 1 .· '.a 

. ( ~ : . 
...._ ' ' '· ~ 

':·· 
> 1:-.'· 

:· ~~~ ·'/ . 
. ,·, 

where 
·i:" 

!,,' 

I • 

! ' . ' 

.. . ,· .. , : : ~ . 
., 

. ' 

'I •'""' 

.. 

. , 

. . --,.. ·~· . : f ._, ... 

. :' 

··'" 

.... ·.· 

~ .. 

m~ :-''". 13
13 

+. ie) .· 

and 
•'. 

:·•:.··. 

T ( ll'- V A,' (.l)f ) ;_; __ 
.... . Oct "-? ~.. , a . .:::: 

•• ... '< 

.. -.'( 
_,.. ... 

·.·',, 

. : .; 

~x( c~ "t -~; ~~;- ~; =. + ID~.+ 
·, ... l·· .. ! ;, . 

. , 
.. '·:.f·· ... ,· -.··, 

:.~ : .· .. · 

(5.9) 
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The s~bscript zero· denotes a.state W:ith all/IJa.rticles free, for 

.example 801· is the S-ma.tr~ for ;particle· one.sca~t~~ng on. a bound 
. . . ' 

state of ].:l8.l"ticles two and three .with all final particle~ free. · ·~ . is 

the S-ma.trix for a rearrangemEmt collision With ~t1cle two free initia.lly: . 

and particle one free in the final stateo 
. .· .. . . . . w 

The n . operators are. foi'm.ally defined by Faddeev to be a 
f.. . A 

~pping of. 'one Hilbert. space onto another.· ~d.ne the space h by the 
. . . ~ . 

. v•. j ;:' 

·orthogonal sum ... 
{ ... { .. : 

·A 

h = 
~ .. 

il . 
!. 

h
0 

·is the space of functions of. the variable~ ~; y1 .").. · that satisfy l • 

r 
r' 

I .. 
• ! .· ... [ t=., fdv. lt0(m,v,,_ll2 <. ~ .. 

. . . ~ 

• 
'. 

''· 

.· . 
; 

~-
(~.14) 

. · . .. . . i 
ha is the space of square integrable function~ Of 

·· .. l . 
. - ,. 

i.-·. 

; .. ·~~dro. It (ID )1 2 
· · · o: . a a .• . o. . . l-; 

< .co 

_ ..... ··, .. · 

. . "> . 

(l) a I. 

•. 

. • . .' 
A 

The subspa.ces h0 1 ha · redu~e the .~,ota.l energy operator H defined · 
" l i 

qn . h . as follows: 
... , ., .. · ) ~-

.. 
';' 

" if r0 e h0 ~ then·; :H t 0 . i. ~. (~ + ~} t 0 ; 

.. · ... · 

= · ( .. B . :~ m ) f · 
. a a a 
. I 

-_',:. -~--- . . . , 
~- I . . I . 

·! ·.·• '•. . '" 
j A .. 

. 'i 

. -. ; ~ ' ' ': .,•. !: '---~~ . : / ... 
. :-: 

r 

.. ,_ .. 
;~ '. r r 

·~-- _-.,. ,"'.• I 

.;_,. 

il · .. 

.. ,-. ·. ' 

·~..._·:. 

I 
' I 

I. 
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H is the total energy of a free or ttasym:ptoti~" system, either . a bound . 
.: .. 

state plus a free :pa.r"ticle or aiJ. particles free. The to~ Hamiltonian 
i . : .. 

we now H. acts on .a ·apace .. h wh_ich is._formally identical to: ~· h
0 

• 
A . . ,;.;: .•. 

. .. 

define an isometric operator n : which maps , h: onto,: h • 
~ 

It is reduced 

. ·~ ' 

..~,.; 

·,. 
and 

>. .. ~ . 
} . 

g f a a • 

:-; 
·\.' ; ·. ;' ~· 

I .. ··,· 

The states t 0 arid fa ~e continuum states and they are only mapped 
i •1 

onto continuum states of · H ·· in h ·.. Hence if fa. is a diseret~ eigerl; 
A . if 

state of H. 1 n t fd - ·. 0 • · The orthogonality relations f \; 
·; ' 

· ... .. 
· .... _;_ . 

. ' 
l ~ [ . 

; J· 

. ..._·, 

..• 

>; ' 

'· 
! 

,· 

.''\". 

/ 
ntn ·=o·· o ·a· · 1 

;: 

' l. -~ 

and i .· 

•• Il0t n0 ~ I 0 J 8f a>') .8(v • v') 6(A,A') / 

r . . " !' .· (5ol8) 
.. -:,', 

. f .. ~ •\ •. 'j 
also hold wh.ere .I0 and I...,; . are,/the_ . id_entity. bperators oit .· h :and·. h ..... 0 a 

. ' , ",, ' , I , .,•• ,. • ,•·. 

( .. · 

respectively.·. Finally then/we hlive· : >. . .. 
, '.·.~·:-..· i './ I , '·!;. , 

·' in n t + 
0 0 . 

' '/. ·.·., '·. I ,.;· · . i ...... 

. .' . '/ ' . . . 

2Z, .~inc:/· ~; I., ... Pa 1 
a ., .. · .. ·,, r· :.·. t· .. ; .:/. · ... :: ·., .,.· 

. -~ .. 
'· 

:''··.· 

:;:: I 

'• 
"·'· 

. ·· . .'· .· .. 
-····, 

- -.:..;, 
. :. 

... 
.. (5 .. 19)' ' ..... · 

.... ,·, 

' ' I ... / 

where. I is the iillintit'hf h and_' P:li, is the projection .<>PEjtor on . \ . • 

· · ' . i :
1

'_.
1

_· ;::·:· _:,
1
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the space, spanned by the discrete.e~enstat~s of H. 
: ; 

! 

fo~y the ·same space as h0 1 I. is t'e same as 
. ,, ) 

becomes I· 

n t ·n· 
o. 0 

,i' 
/ 

i 

I 
a 

' . 

Since h is· 

I 0 and (5.19) 
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an expression for the number of 
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VI. THREE--BODY LEVINSON•s· THEOREM IN THE PRESENCE 
. . I 

OF TWO-BODY. BOUND STATES 

The trace of the first two terms of the above. equation has· . 

. already been evaluated with the exception· of the p.u"ts having an ;overall. 
~ . . . 

delta function.-. That part ·was given 1n Eq •. (,.10)1 
·' 

[w t, w .] :' = 8(«> .. m') P = Ia Pa a . a .. a a a 
' 

• 

When th~re ·wer~ no two body bo\md states Pa ~s · zeroj but now' it. must 

be included •. The identt~Y ?perator is replac~ by'. oat. na since· they 

are equal and. then Ad I b~domes 
I . 

: I 
. i . 

[wc/;/w~J + [wot, 
. ' ~ 

' 
• 

j' (6.1) 
. I 

. The W 
. I i · · 

operators are !given in Eqs • (3.8) and (3.9} 1 and· the actual · 

calcula.tic!m. of the tr~ces .is done in Appendice~ A and B o The ;number ·. , . 
of three b~ bound states is given by 

.··, 
i ' ' ' 

I 
' ! 

N' c ··11{ {~ tmce[Tob ~OO~ T00 ~.] + 

.. ' 

tra~e [TJ i T<D • ;<D ~ TJ] + L.]dE }J ~ T~ -T~ ~ TJ] t, · .... 
• • I . . • . . : ~,f3 •min(Ba' Bf3) .. . f 

~ ; • 0 o ' I 0 ' ' ' o ' ; ! o , --: ~ o o • 

·., '; . . : 

I· ,, 
j' 

•• j ... ·• 

~ '. . ,• • .. ' 

,i •• 

',1' ' .. 
-... 

• • • •• ,f ~ ·'. (6.2) 

' I . . · .. 
,. 'i / . 

'l 
. i '. 

'! ' 
I . 
1 ··. ;· . 
I 

I. 
;', 

/. 
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• ~ ~ t • 

/ j f 't J · .. / 

f · I 
I' ' I . 
I I .·. 
j" . I I ,. I 

. . I 
' . . ' 'j ' ' 
write the T-matriX irit block ror:m If we 

'· 
.... _;_·· 

... !:,' ~ ., ... 

. : ... ~·· .· . : ' " 
--~ . 

't-. 

I / 
·.Too/ TOl I . . 

·''· 

'·'·.· 
···'·· 

I 

tr1o .• trn 

. . . •· ~ 

T ' 23· 
. , .. . 

! . 

,· 
· ~32 :•. T~' ... . 

-. ,.·, 

then 
,,1 .• 

. ·-;, 

·-· r 

N 

'i 

. . '/ 
i7r J : dE trace 

i. .-.· 

The s-ma.trix can also be written in block form,.··. 

with: 

. ;:i . 
. '•J'; 

,..; 

i . S = I ~ 21!1 8( E - E; ) T 

>~. '':i 

l·i 
l.i 

,, 

., 

A 

I = 0 

0 0 0 

I · o o· 
'1 ' }' 

0 0 I
2 

0 

o o I
3 

·.· ·- .. ·· 

i 

.... 

. ~:.. ·• 

·.'.·. 

• ... ,. 

.f· 
''j 

,.: -l-
' I 

• ,· ! 

! 
. I 

. ····I 
i . 
l 

l· . 

: :~ 
'L. 

::i 
1 
i 

'•J . 

:-: 

·:. · ... 

.· -~. 

. ....... 

';,, ", 

i 
i. 

(6~5). 

i· 

I 0 ;; Io:. are def:i.ned in~ Eq ... · (5.i8 ) .• and 
,',. 

With the' use of the ·above •• 
.; ' 

. relation; the · expression t~ N I ·can be r~itten in a. form; s:lm11ar · .. ,. 

to Eq. · (4.8)J 
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• 
(6.6) 

Since the tr.ace of each amplitude T~ is assumed. to vanish at .its 

tl:u-eshold and at· infinite energy, and since the amplitudes are continuous 

throUgh other thresholds, the.term 

I . 
, 1 . J dE trace [ i (s+ • s)] = 0 • 
Define· a unitary operator · u·, by . . . 

0 0 :'0 
l!. 

0 I· 0 0 .. ,_ 

U. = 1 

0 0 I2· 0 

0 0 0 I3 • 

The operator s+ s+ s+ wa.'s discussed 1li Section .Iv. 
.~ 2 3 

S-ma.trix can now be defined by 

,. 

(6.7) 
i 

A unitary connected . ! 

I > 
' 

. ' ~ 

I 
., 
,i 

(6.8): . . 

I 
i 

'! 

and a connected T-matrix by .. I : • 

. i 
A. . . . . I 

S ::: I ... 2rci 6( E .. E'. ) T '/ . • 

c '.;:':,: ..... ·. ;.· .:.· .. : .; ..• : .~. /'.: .. 
·. ... . I . ·.:. 

<·11·· 

:,--: .' \ /. ' 

''/" ' 

I 

(6.9) 

. ' ~ 
'(' 

. i 
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.. 
' 
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· Substituting u+sc for .S in Eq. (6.6), we obtain 

I . . . . . 

J dE trace [<stu) ~ (uts ) - uts · ~ (~tu>] C 0~ . C C·~ C 
1 

.. 
. . . 

Using S st 
c c 

,. .,. 
= I ,. utu = I· and trace (AB .. BA) . = o , the ab.ove 

expression simplities to 

'· .· ·_. I 
N ~ . .J;;· J dE trace • 

! ' (6 .. 10) 

The prime on the integral. _requires that the terms with an. overall.· delta 

function be om.i tted1 thB.t · is tJ:l,e U terms. Final.ly then we have . 
. 1 .. 

·. •, 

,. 

. i• 

i 
;. 

,. 

· . · · [ · as · . ast J N = ~ JdE trace. s!ci • 80 di". · 
(6 .. 11.) .. 

The eigenfunctions of T are used to compute the. trace. For fixed 
c 

energy T~ is a normal operator since unitarity requires 

, 
i 
I 
I . ' . . . . . . . . i . 

and it is square integrable since all integrations ~e over a finite 

range a·nd there ~e no .singularities in · T .• Hence it -has a spectral 
. • i ... • '. ·, • • . .i ;· c ; . . f . . . ~ . 

decomposition, .. . ' · 1 ' .· •. '· • :· ·· · · .. / , •.•. 

. .... . • . .i ; 
., . 

. . .•. . i 
. . . . ... '. :;. . .. . .: ' . "':: -~ . . · .. ' ~ . : . . . . 
•'' .. 1 . 18 .. . . .. ' .. · ' 

T = . .. - \ ·n . I ..J. \ {" I . . . 
c: .. .".. . . ~ ·. L< e.: . :..- s~. en · ,., n 1 Pn . . ' . , .. : 
·,. ~ • ....... _,-.,n .. ., "'·:·.· :".· •-· u I .~ ,·, , r• • • ·~ ,.-~ .,., ~~-

·. I 

·, . . ~ 

_. .· ·:.- ,, · .. 
. , .. ·. 

'. ·. 
. ' . . . . ~ . ,,_·_ :. 

·. "' 
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~here ~ form an orthonormal set not necessarilY complete. To make 
, n 

the set complete an orthonormal set of fUnctions· spanning the null 

s:pa.ce of. T
0 

is .added. The trace in Eq. (6~.11) is cemput~ using 

this basis. The diagonal elements are given by 

d5 
4i -E.: 

dE • 

i 

;i 

(6.13) 

Suppose the thresholds are ordered in the following' way: 

. I 
J 

T_ • I j ' , 

Then th,e answer for the· m.unber of three body· bound states is 

+ L (8n(-~) an(-~)1 
n. 

• 

The phase shifts are only determined modulo 1C , and since they must be 

a. multiple of 1C at infinite energy,. we are free 'to choose them to be 

'! 

(6.14) 

zero. We can further require them to be continuous across the thresholds 
. . ' 

of newly opening channels. Rather than require the phase shifts at 

infinite ·energy t9 be zero,· .we will specify that only a finite number· can 

be ·non zero. The sum of the phase shifts will converge a.1:i any energy and 

the only contribution will be from the elastic phei.se shifts at their . . . 
I 

thresholdsj . l -, ... 

(6.15) 
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In this appendix we .will evaluate the ·trace 6t the right hand . ·. , . . . . . . . . . I . 
.. side; of equation (3.9),· . . ·J 

. .~ /.·. . ·-·; . ·-. I . 
. ,; . 

·l. '. I 
. ~ .. ·. 

· .. 
A -·•= 

. ·• 
• • 

We have left out the term since it is given .by Eq. (3,.10) •. 

Althoug~ 'there a.re a great many term8 to evaluate, . only three of them 
. . . ' 
are dif:f~ent~ so it is sufficient .to calculat~j the·.~()llowing: 

,,. ,j. •• •• • • ••• ••• ,·, ·_,_;.· ' •• , 

.·:· 
~· ;-

)·. 

:····· 

and 

A 
l2 

trace· 

=·.·.trace. 

= 

,• 

.. · -.. " 

I ·' 

~· ...... 

; .. 
. ' 
.J i 
·:.!" .. 

:-: 

'' .. · 

' 
.I 

I ~ j, • 

i 
i. 

' ' ' I~.' •" ' ' 

.• ~ j 

.·· ... 

[wt Wo] •. ·· 

trece [ w~ w~] 

'·.I,"\ 

. :-';' 

' 

•'.1 

.... ·.' 
-~~ .. 

. : .. 

, . . . : ~ 

' ~ ·.,. 

. ' . 
. ·~ :_. ; : 

' 
.I 

! 

. :· ·. r 

I,., 

'·; .·.' 

:· :· . '.·· 

·.·· 

It is convenient to use the set of var:iables used by Omnes15 

and discussed in Section III. ·We aa.a· one· redundant variable, the total 

energy E .~· G)_ + ~ + ~ • With thi~ ·~hoicl'6f.~iables .the o:perators' , 
' . . ,t.•)·<·.:.- .·.· . : 

-... _;_ , . . : 
'1.''1• 

'• .. ··,' .. r,"'r 

:Wa become :··:.' 
.· '.--

··: '. 

...• • .•. '<": .'• : •• ·:·:·: ... 
'). . ' 

( ·.· .. 

_.,. ~ ·. 

,. 
' ' .- ~- .' ... 

.::: 

··.'.: 

. •: ... 

·_.;.·_.' '· .. · ._ ...... · .. -; 

,;- : . 

·-. ,. 

.,, ... 
. ~· ..... 

···•. 

, 
.. 

·."' 

.; i .. ·. 
. .I . .I . 

. . . ··t 
',:. 

. .~ ' 
'•! 

~ ', .. { 
,···.-'; I._; 

. ' 
. -----~ _r. •.•.. :.. 
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= T0(Cl)_'~"CU,Jati~l~;s = at + (1)2 + <uj + iE;M,M') • 

J . 

The total. .T-matrix as gi\ren in Eq. (3.12) is just the sum 

T 00 

.• 
= L 6(cna - ~l)ta + To 

a 
• 

(A.3) 

(A.4) 

The Variables M 1 M' and s will be omitted as the M , M' variables 

are always involved in finite sums which present no problem. The arguments 
·i 

ah are always positive, so if one of them is replaced by E - 01_ - ~ :'for 

example, the entire expression is to be multiplied by a step function 

.e(E - Cl)_ - ~) • This will also be omitted, but implicitly understood 

to be present. To further simpli~ the notation, the set of. variables 

OJ..1 m
2

, ~ will be denoted ~y w whenever there can be no misunderstan~ing. . · 
• • • I 

In this notation, the expression for . A12 becomes. 

A12 = trace 1 ~ . {t t ( ~ m" )t ( m0
, m' ) 8 ( m.. -or~ ) 8 ( m" -Ol!. ) ... 

dm" 1 2 l. .1: 2 <= . 

. 0 (E .. E" - i£)(E' .. E" + iE) 
I . . . . , 
. . . 

t 2 (~ m'')t{(m",.m' )8(1-1 )6(ro2-~) } 

. . (:m .. E" - ie)(E'. • E + iE) .. . . I . 
I 

i 
{ 

• 

i ; 

' I ' 
I 

. (A.5). 

To evaluate this express~on we separa~e the singular denominators into 

principle parts and !ie~ta .functions. We assume that all integrals . . . . . 

... 
,· 

. I .. . I 
I 

I 

I . 
. I 

I . I 

• I 

I 
I 
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converc-· absolutely and uniformly at infinity so that it is permissible 

to interchange orders of integration except at!the point where the 

denominat~rs both vanish. For simplicity of notation·we let A· be the 

contribution from the product of the two delta functions, C be from 

the product of the principle parts and B ~e from the cross terms. 

A· and C will be zero. A:L2 is easy to evaluate because of the delta 

·functions; 

. . • A.12 · ~ ,2 
trace 8(E • E' ) { ij( "'J.i ~~ ~ • :: • "2l ")! "l2; E • "'J. • "l2 ) ' 

~ , 

(A.6) 

The diago~al elements of the term in the brackets vanish identically 
'. 

and since x8(x) = 0 , ~ ::: 0 i; 
I 

f ' : 

The trace, in. ~ is wit_ten out ~icitly1 

•. oo oo_ oo oo I 
012 = p J . dE J . dE' J . dot j· d~ : 

0 0 0 ~ (E - Et)2 

t' 

. ' 

{ ti ( "'J.• "l!> E • "'J. .~. "2l; "l!> E' • "'J. • "2) .. ; , 
. . I . 

)( t2 ( ~~ ~' lift:' "'CAJ. -(.1)2 ; Cl)_J ~; E-~ -~ ) -t! ( tl)_; ~~ E' ·tl)_ -~; ~, ~~ E-C1J_ ~(.1)2 ) ._, . 

}( t2 (~j~,E ~.· ~ • "2l"'J.•,"2•E' • "'J. • ."2)} • 
(A.7) 



. Since the numerator::vanishes at E = E' and· the· integrals converge· 

absolutel.y and uniformly at infinity, it is permissible to interchange 
I . 

the orders of integration·.· Since the integrand is antisymmetric in 

E and E 1 , c12 e 0 •. The only nonvanishing contribution to A
12 

is ~, 

. p J = i1t trace E' ·- E d'\ ~~ 

~- . 
· ·.~ :.: t 2 ("l, ~; E-~ -~;CI)_; ~1 E 1 ~G)_ ~~)-t!(~,_~1 E' .. ~ -~;~1 ~1 E' -")_"'~) ~ 

t 2 (~, ~~. E' ... 0)_ -~; ~~ ~~ E' ·0)_ -~ )·Ji ( ~~ ~~ E':"~ -~; ~~ ~~ E' -~ -~) 
. I . . ; . 

t 2(")_'"2'E •t")_ ~· "2J").,a1)E: • ,~ ~: "2·)} 

I 
This is of the form 

.. 
• I 

I 
I 

I 

I . 

• 

which u:pon -taking the limit.· E f. E' and integrating·:becomes . 
•• I 

' .. :· . '/ . 

. ·J~f(E~~) •... · .. 
/· . . · .. 

Finally then we have /;f , 
. . j- ·f 
. l·l. 

. I. 

I 
! 
f 

I 
I 

.. . 

• ' .,, I 

! . 

(A.8) 
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I . 

. ~ t 2 ( "11 ~~ E-~ -~; ~~ ~~ E-~ .. ~ ) .. t 2 ( ~~ ~~ E·Cl)_ -~; ~~~~E ... ~ ... ~) X 

I 

• i j;! ( "'J.i ~ E • "'J.' • "\!; "'J.• "\!• E : "'J. • "\! ) } 

This can. be put in a compact .farm by using T
1 

and T
2 

where T1 is now an on the . ~nergy shell T-matrix1 · 

(A.9) 

(see Eq. (3.2)) 

• 

(A.lO) . 
: ' 

The analysis for A01 is quite s1~11ar1 

= ~·ace dco".' 1 0 .L .L 0 . l J. J. 
· 1~ .\' tt(m;co

11
)T {ru"1 co1 )8(<n.-al')-T (~. co")tt(co",co')8(cu!-cd')} 

~ 0 I (E ... E" - 'iE)(E' ... E" + iE) 
l. . :' . . .. . 

I . (A.ll) 

Proceeding· a's before and doing all tbe traces except the ·E. trace we 

have · · 

· .. AcJl = ; trace 5 (E-E 1 )~ ~ ~ d'"J_ ~ { ti ( "'J.• "\!• E•"'J.•"\!; "'J.• ~~ E•"'J. ·"Ji) K 

TO ( ~~ ~~ E 1 -~ -~; ~~~;E.'-~-~ )-t! ( ~~~~E.'+~ .. ~; 0)_1 ~~ E' ... ~ -~) 

)C T0 ("'J., "!!' E. • '~ .~ "\!; "'J.. ~ E .~ ~ • at;)} .. 
(A.l2) 

(' 
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· Inte~change ~ and ~; in. the second term and then the expression 
• I 

is explicitly antisymme_tric in E ~nd E' and hence vanishes • In 

the ~ession for coi ~~ do all the traces explicitly, 

~ «> I to 

COl '=· J·:dE. ·J ·J, J· dc.o~d~dc.o2· 
0 0 0. (E - E' )2 

· ' ti ( "J.• "!\• E 1 -c"J_-"J\; "J. 4\1 E~"l.""l! )T0 ( "J.• "2: E-"J. -"2; "'J.• ~ E' -"J. ~"!\>}. 
. · · · : . (A.l3J 

Again we interchange ~ and ~ in the second, term. The expression 
·I 

is then explicitly ·antisymmetric in E and E' ·and the integral 

therefore vanishes~. As before the entire contribution comes :f'rom B • 

B01 = 11t trace E / _ E J d"'J. cl.al.:! d"!\ { t! ( "J.• ~ E-"'J. ~"!!; "'J- "J\• E-"J. -"!\ ) > 

:· l T0 (0)_, ~~E~~ -~;~,c.o2,E' -0)_-~ )-t{(0)_1 ~1 E' •G)_ -~;G)_; ~,E' -0)_-~)x,· 
' ' ' ' l 

. T0 ( 0)_1 ~~ E' •'\ .;.~; C1)_1 ~~ E; ·ot ~~) -t! ( ~~ ~~ E~~ ~~ i C1)_1 ~~ E' •G)_ -~) k . . . . . . . .. . I 

T0 (. ~~ ~. , E ~ "'J. - . "!!; "'J.• "J\•_E. C. "J. - "J\ )} . 
(A.l4) 

') 

I 

A:f'ter ,interchanging. ~ 'and. 1 in the appropriate places and taking 

the limit · E -+ E' 1 we obtain. . I o "' 

.. 

>. 
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·' 
I 
' 

. : 
' 

•. I 
I 

I. 
I 

(A.l5) : 
I 

. ' . . . . ! 
The final term we have to calculate is A00 • 

.. 

· J {Tt.( ~ m" )T ( m" 1 m' )- T ( ~ m;' )Tt (a>'',~. ) }. = trace dm" 0 0 · 0 0 
' . . . (E • E'' .. ie)(E' • E" + ie) 
. . . 

. ' ' . ' 

(A.l6) 

"oo ;, ,2 
trace a(E - E 1 

) { d'\ d"2 d"l <I1 { T6 ( '\' "2; E-'\ -"2; "l• "P-<'1-~ ); 
. ' 

T0(~,~~E-1_-1;CAJ., ~~ E-0)_ .;,~ )-T0(0)_;~, E-0)_ -~;~1 ~~ E-~ -ro~)' )( 

Upon ·interchange of ~~ ~ and <1)_1 ~. 1 the expression: inside the 

brackets vanishes identically. · 
( 

. (Ail7) 

= trace /dE /dE~[~d"2d"l~ {Tb(CAJ._,~,E~~-~;~,1,E'-1:.1)X 
· 0 . . 0 0 (E .. ~t) . . . 

. ' . / 
i 
I 

. TO ( at1 ~~ E 
1 -<Jlj_-~; 0)_1 ~~ ElClJ_ ~~) -~t ( 1_1.~1 E ~ -1_-~; C1)_1 ~~ E-~ -~) X 

,. . 

TO ( "'J.• "2' E-'\ ~"2 j "l• ~' E I -"l:~)} 
. ( 

! 
' ' . 

(A.18) 

The integrand is antisymmetric upon interc~ge of all variables and · 
. I ' 

I 
hence the integral vanishes.. I 

' . 
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. · .. , ·, ~ To(GJ.,~~ E.,~ -~;at,~~ E' -1-~ )+Tl;(~, ~f E-Cl)_;..~;·ru.i, ~,E' -ru.l-1) 
j . . J 

\ i. 
. ~ ,. . ' . 

. '/. .. TO ( <1' ~~ E' -tuj_ ·~;<!)_, ~~ E' -~ ~~ )-T~ ( tuJ.~1~; E·at ... ~-' '\7 ~~ E' ·")_-~) 
• I 0 ' ' < 

~. . ' / ... · .. -

: TO ("'J_, "2• E·"'J_·~~ at• ~~ E·at ·1) }· . ·/' ,. · 
' . ··. 

This reduces in the usual way to 
i 

B00 = 1~ {dE trac~ {To~· T~ ~} 
. ' ~- .,. .. 

(A.l9) 
il 
' 

(A.2()) 
j .· 

FrOJ!l E~. (A.4) and (3.12) the thiee. body·T-matrix associat~ with. s
00 '! 'f 

.I 

! 
I,. 

is given by 
. ' ' 

•• '!"' -:·· .. •• :- . .,; 

._._:, 

. . . . . 

. . ·-~ .·. 

= 1· ... 21ti e(E: .. :~.·· E').T00 ···. ;· •. ·. ·:;···::·: '; .:.· 

''• 

· .. ·' 

. ~; 

•; . ., 

. .': .. , 
. ·., 

. ' ·. ,. 'l . ~ ,~ j - ·f ... •' 

... ·l :i: ' ... < .. ·.~ / .:., .-;.·:- (A 21) . 
·-:~: . -:· .. ~ . . e . :··} . ' :··· .,· 

·, 
.-..... 

: .. ·,· ... 

Combining all the results of this ap);ie~d~1 · we:·have 
4 • • •.•• : •. ~ ~~. '.' 
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APPENDIX ·B · 
' ~ . 

·, 

In this appendix we will derive 1n d.etaU the· trace of the third· 
,·, 

term in Eq. {6.1) ; whi~h we w1U call ~ • 

.. 
! 

I 
i 

· {B.l) 

The n operators were defined in {5.10) a 
. : ;. l, .. 
· ..... ' . i .. 

' 

i 
.I 
I 

... 

. :! 

i 

· and the -L~ and : ~- in (5.7) and (5.8) 1 . 

. . : 

i ' 

,. .· 
'' . . i 'y' .. , 

•': .( • ! 

'. . 1 . :' •·. : 

. \ .. 

K .. 
il13 

.. ' 
· .. ',' 

:. / 
I 

·: ' ·,··-

. • • • '• .' I • ·• • .... 

P. · · ·is a ~ojection operatoi- ·on the two ·body bound state, 
a · 1 

.'i 

.• I 
I 

i / . / 

-; . 

'· .. 

. ·:· 
. ' 

, .. 

·.( 

The first term factors fnto/ Pa{vctv~)· e(_c.oa_ .. c.o~) i SO· the trace' over 

v a can be 'taken giVi,. unlty ~ · L~. . ~s ~a term. w~ich· is e~sentially · · 

a unit operator and commutes with the other terms to give zeroJ · Therefore . I . .. ' I 

AB ca~~e::ritten. ~-~+- of ~ ~ ' . ....•... ·.'l\ ... 
··• ·· · ·; ... ·• ,_:_.

1
-J:< , ~-~-- '· .· · · , • ·.. . . :._.1

1
1. 

. .. ., : ,_-._:; .. 

,., 
·\ 

. '1 
. J 

I l. I . 

i-
I 
! 

·,. 

·' 

;. : 

.. 
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I 
/ 

I 

~ = 
{ 

' 'N , 

L 
00 

• K .(ro ·ro" ·v.·" ~) K (ro1' v" X•ro') 
·, u o:zcr 1

' 043 ' ' 'a dro' dv · · "" L _, :'" ("' •B -m"-v "•1< )( dl' ·B -m"-v "+1£) 
. a a · . a a · 

/ . ' 

00 .H 

~(t•\..v ~·ro") K · (ro"·ro• v' ~·) 
~,~''a az a' 1

' 

( ro + .v ro" + B - i Ei )( c.o' + v ' a a: 

The usual assumption is made that the orders of integrat:l.on could be 

• 

(B.}) 

interchanged except for.the singularities from the denominators. ~~ere 

are two sources of singularities which occur when m~ = ruo: and 
I 

ro' + v' = c.u + v • The first is exhibited explicitly· above and is located 
' ; 

at ro" + v" = roa :: BJ •. '/The second is hidden in the K term itself,~ 
and can be seen in Eq. ~ (5 Ja) above • , It. is l.ocated at c.oo: - Bo: : = ar; .. · ·B~ 
and will' occur only when·' ~ = 7 in Eq~ (B.}) • The two singularities 

occur at different points so they can be discussed separately. 
, I . 

In the proofs there will be many chailges of variable· of an 
, I 

essentia.J.:cy 1trivial nature. AB in Appendix A , we will omit all. explicit 
I . 

reference to changes in the integration region e If an argument of a K 

or an F function is negative, the function wil.l be taken to be zero; that 

is a step function of all. arguments is impl.ied. With this restriction, 

the integration on all .variabl.es is taken over. the region of positive 

arguments ot: the functions K and F • The variable E is used for the 

total. e.nergy, either ru + v·· or c.o - ·B Herea£-ter::the operation "trace;' •, ' 0: 0: .. ' 

will refer onl.y to E • All other traces Will. be done eXplicitl.y. 
.'-

First the singularity at ro" + v '1 = ro - B is discussed. as . . .. a: a . 
. . . i 

though the one from the F term didn't exist. Then presuming: that the 
'• 

·t. • 

i 
I 

., 
' 

' ,. 
' I 

! ' 

f. 
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' 

A-42 

first singularity is absent: we treat the F term. The evaluation 
I 
I , . 

follows the by now f'amil~ procedure of' splitting the denomi~tors 

into ~rinciple Parts and delta functions. The term from the product 

of' delta functions is cB:lled Ax or ~ depending upon which :singular

ity is being discussed. ' The term from the product o~ principle :parts 
~ 

is called CK or CF ,~ The cross terms· are ~ and ~ • The first 
. I 

I . 
contribution to be evaluated is ~- • I . . . -x 

Ax = . [· . trace ·a(E - E") J L dv 

a,.f', r A. 
[

K... (E-v,v,A.;E + B ) K (E + B ;E,-'-v,v,x} .. 
~=Sa ·a et.r a . 

< .. ~ I • ' . 

• 

The term in brackets vanishes at E = E" so AX = q • Hereafter 

the variabl~ X will be omitted as it adds nothing to the proof'. The 

evaluation of CK is straight forward. 
; 

(B.4) 

. \ • , I ; 

:' 

? {dE f- dE' 2 [dv [~(E·Ba;E'-v,vf~(E;-v,v;E·Ba):' 
. Q 0 (E-E') . 0 . . . ! . 

·~ 

· - K (E.' -B ;·E-v, ~) K..._ (E-v, v;E' -B: >] . a:r a !XX. . a 
. . 

The term in brackets vanishes at E =· E' 1 so the principle :part 

integration is well defined. Therefore the orders of integration may 

be interchanged and '1c = . 0 due to the antisymmetry o~ the integrand •. 

... - ..... -- ~ ~ 
; 
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. ·i . ;· ! ' 

We now consider the .... '.· 

I 
contribution . from the term · invol viilg only·. · ·· 

' ' ,~J • 

. · ,.· ' .· ·.: 
one delta , ~ction; .. / · 

; 
'.,· 

i! 
•: ~ =·_in., L 

' 1' a,t3,7 
; .. 

·::' .'-i{ { 

tr•~e E':E fdv {~(~Ba;E-~,~) ~(E-v~v;E'+Ba) 
t• 

'! 
':• 't 

.,;,··· 

. #tit /. • ~ ·.; • ' . -. ~ . . • . 

K (E+B ;Ei•v,v.) K... (E'•V;V;E·~+B ) + K . (E-B ;Eh·v,v) K~(E-v,v;E+B ) a.r . a . !XX a .. a.r a · · ~-"-" a 
•· ,. ·.. ., f y: ·' ·'-: ·, • • • •. • • ' ' 

·•·. 
. . . 

~(E-v,V;E'~Ba)} 
. ·.·. 

. . .,.., . 

;. • K (E'+B ;E1 .. v,v) . : .. a.r a.,· ... .. 
} ' 

(B.6) 

· To evaluate l3x: take the limit E ..... E' · which gives a derivative and 
· .. •, 

then integrate 'over.· E ~ .· The final resUlt including the angular variable 
. ··f 

.· '.] -1· ,t A. is.-:· ..... . 
' 

, ~ _: 11~ ai ~ . ~ {4E fdv { ~(E+B~E-v, •:A~ ;~:E-v, ~' A;E+Ba) I 
' - xro<E-v, v, A; E+B<l")dE·d· x_ar(E+Ba;E-v, v, X)}. ./' . ·. . I 

. . . (B. 7) '_/ .' .· 
I • ·I 

In terms of the transition o_:Perators Ten_· defined in Eq./ (5.12) , the ;
1

1 

·-.:.-_ . ! 
.. result is· 

,·'·i 

_·; . ;~ 

·~·· 

·. ·' 
·, 

• 1: ' ri_ 
... ;- . 

·-: •'. 

. .;· ~: 

' ,.:./· .. 
·: . 

. '~ f .. · . ... : 
. J: 

r·-.. 
I, 
i 

I 
i 
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' . :. 

," '• 
. ;._:" ' 

,/'' 
!1. 
·! 

•,.' 

'11 
f.: .. 

. '(:B·.ar· 
• i, 

.. ' 
(. 

. 'i 
i . . . 
i." ,.· ... 
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In addition to t~e singularity t:r:om tre t~ee to two amplitude, 

' I I 
there is a term from.the two to two amplitude. It comes from the 

I 

singularity of the F /term implicit in (B.3). Referring to Eq~ (5.8). · 
I 

. · I I 
and substituting the fF term for the K term we see that the only new 

I 
singularity will come when ~ = 1 • 

j 

Therefore we · ba ve 

~ = · L · 8~?' trace j·0~dv~ {, 
a,~,r . 

JoD ~~~ F. 1 {c.o ·co") F (co"·c.o•) (v +B )2 lv (v ) 12 · ·. } _ · a . ag ~, a OJ? a' ~ ~ ~ . ~ @ · 

0 [{cO+v-co"+B )(co'+v'-co''+B >][<co-B +B ...co"~ie)(c.o'-B -co"+B.+ie)]. aa · aa t3~aa ·1raa 

The iE has been left out of the denominators already treated, as 

they are presiuned to be nonsingular. The r dependence . has been 

{Bo9) 

I . 
indicated in the denomi~tors 'to make it c1ear t~t only ~ ! =· r terms 

are singular. The expression is now eval:uated in the usual way in terms 
. .· . 

of principle parts and delta functions. For ~. we have, 

; I 

! 
; 

~ = .,n
2 t~ trace f ~v .IV~ ( v) 1

2 {s(a>a-<n~) F 013 (wa; B~ -l<lla ~B") F !la(B~ i<i>a N"'a) 

- 81("'~-<DP Fat! (~~-vv·~> F!la(co~;m~-B~+B")} .· • 
i '), 

(B.lO) 

,r .,: 
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A simple change of variables; 

•. 

puts the expression in a form.in which it is explicitly antisymmetric in 

co and co' • ·· It therefore vanishes since it multiplies e(co - co') • 

The calcula.~~on for CF proceeds along simi.la.i- lines. We change variables 

to E = · co · - B and· obtain r r · . 

f Oil . 1011 1011 
CF = L p . dE . . dE.' . d~ 

a., f) .(li) -011 0 . 

. . 

(v + Bf))
2 lt

13 
(v) 12 

(E -· E' )2 

f 

• F ffi(n+;p; E1 +BU,) ;all (E' +Ba' M1Jp) l ; 
(E + Bf) + v • E '. )

2 j .. 
. (B.ll) 

! 
· The integrand vanishes at · E = E' and therefore the principle part 

integration is well defined.. Interchanging. orders of integration and 
I 

using the antisymmetry of .the integi-and we obtain . CF: = ·0 • 
" . 

The final term to be evaluated is. BF·~ 

.. . \ ~~ .<v + B
13

)
2 lt(v)l2 

~ = i~ ~ trace dv -
a.,f) 0 · (E' - E) 

' .:· 

,) ; 

1-{FO!l (E+Ba;E' +Bp) Fffi(E 1 +Bp;E' +Ba) . F E!fl (E+Ba;E' +Bp) F ffi(E+;p;E+Ba) 

.· (E' + v + Bf) .. E){v + Bf)) . (v ~·· Bf)){E' + Bf) + v - E) 

+ F<lll(E+Ba;MB~) Fffi(E+BP;E'+Bf'~ • ·F<lll(E'+Ba;E'+Bp) Ffla(E+BP;E'+Ba) ( 

. ' 
'' 

. (BA. + v)2 (E + v + BA.·E') .. (E + v + Bt:t- E1 ){v + BA.) ( 
"' "' "' "' (B.12) 

., 

i 
I 

I 
' I 

. I 
I 

) 
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By exp:lnd:i.ng the term 
. . 1 . 

(E' + v + B~ - E)- in powers of (E ,... E' ), it is 

easily seen that the only term that need be kept in the above equation · 
-~ . I , 

is the constant term as-all others-cancel in the limit E ~:E'. From 
I 

·. Eq.·. (5.2) ·we have ·the· normalization .integral, 
. oo· 

J · dv ~~~(v)j2 = ·1 • '· 
... ·o 

In the limit ·E:~ E' the·remaining terms give a derivate to 

. yield 

{ Fql (E + Ba; :E ; ll~}· ::@<! (E + B~; 
,, 
I, 

E + B~)Y (B-13) 

This expression can be rewritten in terms.· of Tat3 definec:j. · in Eq. (5 .11), : 

I . dE { T~ . :@g . ~·, Tf3a ~ 
~min(Ba'B~) . · >:·: · .'f 

, I . ' I 

Combining Eqs. (B-14) and . (B-8) we have' · .. ·. : · , 
·. . . ' . 

.. ,.,.,: 
,,· 

.·"n· = in [ \ j .·dE trace 

. . 4:r 0 
{T: ·.·~ Tea " T~ ·~ ~~1 

: ·: 

. ,·; ·• 

.·: . <··'' 
.. \ .. 

. .· .. 
. . ~- ' . 

' ... . ,.<-\' •.• 

... . '' . ' :: . .. ·:i 

:·J' ·.• ';·· .... "," ·.: ... . , ''· 
. -~ ' .. 

(B-14) 

·.l. 
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I. INTRODUCTION 

In this · part we develop a method of simplifying and improving 

some ;potential theory calculations. The basic idea.is to expand the 

scattering matrix T in eigenfunctions of the kernel of the Lippna.nn-

1 Schwinger equation. In general these eigenfunctions can not be found 

exactly, but we have developed a variational principle which enables us 

to make a reasonably accurate approximation to them. 

Most of the existing methods for finding approximate eigenfunctions 
I 

and eigenvalues are only useful for Hermitian OPerators. Unfortunately 
{ 

the kernel of the Lippmann-Schwinger equation is not Hermitian; however 

it has similar properties an~ the variational principle for the eigen- · 

. va).ues~.t-.akes a form analogous to the one for Hermitian operators. In 

Section II we discuss this relationship and prpve this variational 
i 

principle. 

In Section III we discuss the form the approximate trial wave 
i 

functions should take, and we extend the results· of Section II to partial 

waves. In Section IV we discuss Regge poles and their residues and 

:present the results of a calculation of Regge trajectories from the 

eigenvalues of the Lippmann-Schwinger kernel. ~e poles of the T-

·matrix occur when one of these eigenvalues is equal to one, so it is 

a simple matter to find a Regge pole once an eigenvalue is known as a 

function of the complex angular momentum and the complex energy. 

In Section V we discuss the relationship.of the eigenfunction 

2 
expansion to Weinberg's quasiparticle method. They are quite closely 



B-2 

related, and our techniques can be used to improve calculations by that 

method. We calculate some low energy parameters and ~ompa.re them with 

some presumably accurate calculations and also with those of Scadron and 
. 3 

Weinberg. 

In Section VI we consider the possibility of extending these 

methods to the three-body prob~em. A more complicated variational 

principle is proved for the Faddeev
4 

equations. It is suggested that 

these equations can be simplified by using the eigenfunction expansion 

for the two-bOdy '.r-ma.trices in these equations,.," 

I . i 

/ 

I 
( 

i 

. ;. 

; 

i'. 
' I 
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! . . I . . . . . . . . ! 
·. In this section we introduce a variational pr!f,.ncipl:e. for finding . . .. -~ . I .· . \\;: 

appr~ximateleigenfunctions and eigenvalues of the kernel for the-Lip:pma.nn• 
I 

I
I 

Schwinger eq;uation · · i 

'I 

T(p') = V + T(s) G (~)V 
0 ! 

.! 
j 

' ·I_ 

I '. (2 .1) 

· ' ·.The formal :solution to this equation can be m;'itten 

'. r'. 

.. i. . . -1 

. T,. =. V[l - G V]- • 
. : . 0 

(2.2) 

·. '456'7 
'For well-behaved potentials the kernel has been shown to be compact' ' ' ' 

for all 'complex and real s 1 and therefore the only singularities of the 

kernel occur when an eigenvalue of G V is equalto one. 
0 

The eigenvalue 

equation is 

G (s)V Jt(s)} = A(s) lw(s)} 1 
:0 

(2.3) ' 

which is just the Schroedinger equation 

. v1 Jw(s)} · = A(s)(s - H ) ~1jr(s)) 
·O 

(2 • 4) . I• 

for a complex potential V/A. .• Weinberg has sh~ that the i eigenvalues 
. .. r· 
r· ·are real analytic functions of s 1 and that the phases of,; 1jr may be. 

·chos~n so that it is· also real analytic; that·is 

I w(s) > 
. *' .. * 1jr(s ).} , . 

/' 
and' '• ,' 

,_. 

.. ' 

I' -:· 
. ,/ '· 

. . '' ' . 

~- ' 

. ' ·: . 

r 
-·F -' 

/' ... 
I· ·;· 

. . . I· . 
(2.5) ;. ·~' ,_ I .. 

:1 .· 

I 

(2;6)/' 

. J 

I 

/. 

i ,· . . ; . · ·'. il' 
! i' 

·-.-··:·. 

,.'·:,·.-: 

For spherically symmetric potentials V( J;J. ); the momentUm space wave 
'' 

. ·, ···:; 

.. 
'' 

··- ·-: -~-· .. .......:._ ...... --1'• 

-~ :· .' ... " 
·- ·'. ,,'·,_; 

'' r . , . . ~. 
1•;/ 

. .. 

.. <_ ·~ .· 
. . ' ••-;-: ,;--:·-~ T~.~"t;- .. > :.~ • ._, -~-.-.----~~:o:-.-:·;-;-t'.-:o-.~· ~ -:·~A-~~-'-:""-:::r:r-.-._ .. - -:-----~-~--·~ ....... --:-:-.~;~' 
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funct:tons can aJ.so be chosen such that 

..... I ..... I * * < P v(s)) = < P v(s) > .. 

To have a practical stationary principle it is necessarythat 

there exist a simple relationship between the solutions of (2.4) and . 

its adjoint,· 

* * V l¢(s) ) · = A. (s) (s - H ) J¢(s) ) • 
0 

Change s to· / in (2.8) and use (2.6) to see that j¢(s*)) is a 

solution of (2.4). We choose the-normalization and phase such that 

. * 
Jv(s )) = l¢(s)) 

· ·With this simple relationship we have the following useful theorem, 

Theorem 

The functional form 

I * 
A.(v(s)] = (v(s*) lvl v(s)) 

(v(s ) Is - H I v(s)) 
. 0 

is stationary, i.e., 8A. = 0 1 ~f and only if the ~tate Jv(s)) is a 

solution of (2.4) 

Proof 

The variation of A. is given by 

i 
I 

* . * (v(s )Is-H lv(s))8A. = (ev(s )jv- A.(s)(s- H )Jv(s)) 
. 0 0 

(2. 7) 

(2.8) 

(2 .10) 

-·~.---·.-~·-·--">-··· .. ··- , .... ~ .- ...... ~~- • . . 

·. 
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Let 8A. = 0 • Then using (2 .5) we have 

... 
[V - A.(s)(s - H )) lt(s)) = · 0 • 

0 

Obviously if (2.4) is satisfied, 8A. ::: 0 

Special care must be taken for s on the positive real axis• 

The proper method to handle the singularities is to evaluate 
* . 

(t(s )js - H lt(s))· in momentum space for s complex with a small 
0 

positive imaginary part. It is often more convenient to compute 
. * . 

(t(s ) lvlt(s)) in coordinate space. 

In principle the kernel G V 
0 

b d d i it . f ti 8 
can e expan e . n s e~gen unc ons, 

G V = 
0 

l11t (s))(1jr (s*)!v 
\ n n 

~ ('It (s )js - H !'It (s)) n n o n 

Using this expansion.we formally solve (2.2) to obtain 
. . * 

vltn(s)) ;..n(s) <tn(s >lv. 

·-Tt = V + [ ('If (s*)lvl'lt (s))[l ... A. (s)J 
n n n n' 

If only orie of ~he eigenvalues is large and all the others are.much 

'· ,, 

(2 .ll) 

(2.12) 

smaller than one, the T matrix can be approximated ~uite accurately by 

the potential plus one term in the expansion. · Bound states occur when 

A.(s). = 1 for s < 0 1 and the resonance poles. occur .when Im ~(s) << 1 

and Re A.(s) ; 1 for s > 0 • In the next section we discuss the J?B.rtial 

wave problem and some criteria for selecting.approximate eigenfunctions •. 
. : 

I 

. ' 
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III. PARTIAL-WAVE EIGENFUNCTIONS 

When we consider spherically symmetric potentials, the eigen

values ~n and the eigenfunctions lvn(s)} become parameterized by. 

the angular momentUJll .. :.t . f 
f .. 

~ (s) .... ~ (.t,;s) n. . v (n} ..,. (v, .t} I (}~J.) 

. (3 .2) 

For simplicity we ·will om.it the index v • The partial-'Wave Schroedinger 

equation with the complex-potential 

[d2 2 .t~t + 1} v~r l + k.-
dr2 2 ~.t(s) r 

where 

k2 = s ' Im k >O 

and 

k.*(s*) = () -k s /; ·• 

V is 
~.t(s) 

] (rlv.t(s)} 

· We shall use the Riccatti Bessel functions 

where 

so that 

/ / 
... mf_--1 

u.t(z) = V 2. / J.t+t(z). 

00 

~ ·J 
0 /• 

I 

i 
I 

' 

o(q ... p) 

the1 );artial.:..wave Green's function is ' :. i . . 
I 

.i 

= 0 (3 .3) 

(3. 4) 

' 
i 

(3. 7) 
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·- ·' 
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... ,, 
.•.-' 

. ,~ 

•, 

''!',• 

··> 
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00 
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dq 2 u t ( qr ) ~ t ( qr ' ) ', 
S - q I 

Im s > 0 
i f. ' 

/ 

The partial-wave momentum-space wave functions can b~ found from the 
\ . 

solutions of (3.3) by 
./ 

00 

=Iff 
0 

I 
I 

· .. '·f 
., . 

i' • i 

·. so that the functional (2 .10) becomes 

i . [ V(r) {< r lirt(s) ) y · 

' .. : 

·A;.(1jr) = •. 
v 00 * . 

f dq ( 1jrt(s )Lq.)(s q2 )(qj1jrt(s)) 
0 • . ' 

! / 

At this point we restrict ourselves to the Yukawa potential 

-r 
e 

i 
! 

V{r) = -g r7 ~ 

for which 
/ 
i 

( pjvjq ) = - .l Q .. (9,2 
+ l + 1\.· . 

;1C t 2qp J 

! ·. 

I 
f t 

! 

i 
' I 

':! 
I 
i· 

i 
I 

I'. 

Our tria{ -*ave function'~ are chosen in as simple a form as po~sible 
. ' 
i ! ' t 

:<, .·' 

': .. 

(3 .8) . 

(3. 9) 

(3 .10) 

h 
;, 
~ ; . . 

(3 .11) 

(3•12) ' 

consistent~with the boundary conditions they must satisfy. These can 
. . . . ·.! . . r .. · ·. . . . 
. be found directly from the defining equation, 

' /. 
l.f / 
I I l 

. ! I I 

·~(t,s) ( qJ1jrt(s) I)- :.•1 2 
'I'' 6 - q 

'' 
rrom which we s~e that 

}' 

·:) ...... j : 

. <.' .. : <l. It~ < s) ) .--. --7'. q ~ t .. - 3 
v ·q ~ 00 ' ' 

'·, 

. and . '. ~ 

.J' •· ' 
·I 

• ,.,. .• ~--: .,. ... ,.. •• j. ,.,_, .•. :.,..,r·~ .. 

.. ·,-

... •' .... · 

. /. 
' .. 
/ 

'I 

)dp 

(3.14) 
> .. ·.: :: ·._.·. 

· .. ·.(3.15} 
.. ~ 

,;, '. 

' '/ 
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1 
./ 2 

s - q 

We now construct a trial wave function corre~ponding to the 

lowest eigenfunction, with one arbitrary parameter, ~ • 

( ~l'itt(s) ) = 
' 

t+l 
q 

2 [ 2 2] t+l ' 
( q - s ) q + ( ~ - ik) . 

(3.16) 

(3.17) 

2 
with k. = s • In the limit ~ -+ 0 , this wave function goes over· to the 

exact lowest coulomb wave functions, 

t+l 
q 

( 2 )t+2 
q - s 

With these trial wave functions we can use the variational 

principle to find good approximate eigenvalues; we do so in the next 

two sections to find Regge trajectories and some other properties of 

scattering by a Yukawa potential. 

. . 
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IV. EIGENVALUE REGGE TRAJECTORIES 

We now let t become complex and examine the expansion (2.12) 
. ·-\~ 

near a pole. The poles occur at those points where 

t..(t,s) = 1 • 

This solution is then inverted to give a Regge trajectory} 

t = a(s) • 

The reflection properties (2.5, (2.6) and (2.7) become 

i 
* * * f..,(t.,s) == t..(t,s) 

( I> lv(t,s) ) * * * 
= < P I v< .e. ·' s ) > 

* * * < r I v< t , s ) > 

( 4.2) 

The residues of the poles are also easily determined from (2 .12 ),. since 

near a pole we have 
l 

T(t,s) ~ 

) 2 . l 2 
\( P = s lvi1Jr(t,s) >; 

* * [1 .. t..(t,s)) ( 1Jr(t ,s ) lvlv(t:,s) ) 

The factor [1 .. t..(t,s)] can be further simplified~ to give 

with 

[
dt..( t, s )] 
dt = [ 

·1 [ ] ' ,da dt.. t' s as] ~ t~(sl 

' ... · ... ---~- ' .. 

(4.4) 

( 4.5) . 

(4.6) 

··,~ .... -
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It is a very simple matter to calculate dA. d:S by using the 

stationary principle (2,10) •. The derivative of the Wave function 

with respect to s must vanish because 8A. = 0 , and the entire contribu

tion comes from the derivative of the operators (s - H
0

) and V • 

Since we assume energy independent potentials the only contribution. 

is from 

JL (s· ~ H ) = 1 , ds o · 

Therefore we have 

rdA.(t,s)] l ds . t:::a(s) 

and the residue of the pole in T (4.4) is 

. "'/ 
2 . 

•'·'' 0 p2 = s lvl ')r[o:(s),s] 
I}(s) = 

* * . ( ')r[o;(s ),s.] I ')r[o:Cs),s] 

~ do:(s) 
'). ds ( 4.8) 
) 

Using (4.8) it is easy to prove that the !educed residues don;'.t 

change sign for s < 0 . The reduced residues are defined by factoring 

.out the. threshold behavior. There is also an additional factor of 

·-
2
:. since our amplitude is not the usual partial wave amplitude, and 

this gives for the usual reduced residue }2 
r(s) ~ . ~· {f Yr .JO:+i <Vs r) ( r IV[et(s), s] ) dr 

."'+t [ {< r. IV[et(s), s] ) r dr 

i 
I .-... ,. 

,. 

..... · 

do:(s) 
ds 

-.- .-- ·-·"11; 
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The Bessel functions j (ix) 
:p 

= i:p I (x) , . 
:p 
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are reiated to I (x) by 
- :p 

! 
I : 

and I (x) is a real function for X . real. Therefore r(s) is real . 
P· 

and positive for s < 0 since da 
ds is positive. 

As an illustration of the use of (4~1) in calculating Regge 

- . .· traje~tories, we consider the co~omb/~otential V(r) = - S. • If the .. . r 

·.·• : ; 

. '•· 
i 

; . : ~ I I 

:._ 

; I' ~ 

. .,.. ' 
,. '• 

' . i . . 

: . ~ ' 

'·• ··-

''· ,. 
'. 

: .. -

·' i. , .... ·- '<- '' 

.\•, 

-.. ·-.;·_·. 
-~' 

-· I 
,.l• 

' . ·, / - ' 

wave furic~i9n (3.18) is inserted in-'(3.10), the result is of course the 
~· . ·--

exact lowest coulomb eigenvalue 
1/, 

I 

which gives the exact .leading .tr~jectory, 9 :. 

a(s) -1 + ~ 
,2k 
i / 

I 
I 
I 

:· 
! 

· .. 
i' 

For the Yukaw ~ote~tial (4.11) we were forced to do the 
. i 

. i . I I (4 ) ., integrals numerically •j U~ing ·the wave functions .17 , we have the 

result .. ·. . ·.r r .· 

A.(t, s) 
'•. ,I 

, j· . 

': i i 

;· .. ! 

i I 
:.t ,, ' 

I 
I 

I 
t+l . (. ) 

q ut qr ~·~co .dr ._.i -r: 
11 · · . I r . I 

. 2 . . 2 . . 2 
(q - s)[q + (~J. ·- ik) 

l
eo I 

/ 2t+2 ! __ ..;.!q __ __,;;;d.;n.q ____ __,...,........,.. 

2 2 . 2 2t+2 
0 (q .- s)[q + (~J. -·ik) ] 

.. ' ..... 
·' ... 

··j ·.' 

-,. ·' 1 ' 
.-i: 

'. :•'. I . ··' ·' . 
!' 

·•,' 

t .• ~ ', 

·,_·, 

( 4.11) 

(4.12)·· 

I, . -. , .. .. 
'•· 

,.· 
{' 

'' ·' 

~--:--.-. ----.,..·-··;~"~····· 
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• i_ 

Combining the denominators in (4.i2) by Feynman's method, we obtain the. 

simplification 

.. A.( t, s) ; = 

where· 

11 I = ;l : ~ ;._ 

' ·/ 

t ' 12 g4 -
I 
.1 

2t+l d 
X X 

[b(x)]2t+3 

J 

' ' 

., 

I 
1-

. I 
(4.14) 

_; 

, I 

1! 
~-4.15) I _ 

with i: 

i· 

I 
; . 

. I 
i 
1 
I 
; 

' b(x) = r x(~2 2ijJ.k)- - k
2 

] 

1 
2 

( 4.16)! 

I 
In the above form the integrals are easily evaluated numerically. 

in Figures 1 and 2 we compare our results with the Regge 

: 10 
trajectories calculated by Lovelace and Masson. We used the same value 

! 
of ~- for ~n entire trajectory, with ~ beillg chosen at some average 

value:.ll .. In ·a more- accurate calculation ~ would be determined at .each 
. . . . 

point on the trajectory by :finding stationary points of (3.10). 
"'.·: 
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V. THE VARIATIONAL METHOD AND QUASIPARTICLES 

The methods developed in Section II are ideaily suited to the 

2 quasiparticle ~ethod of calculating scattering amplitudes. The two 

improvements we have to· offer are the use of the variational principle 
. I . 

to improve the choice/of the subtraction dyad and the use of a simpler 
I 

I 1 2 ·expression than Weinberg's to calculate the eigenvalues. To illustrate 

the difference in computational labor and the increase in accuracy 

obtained by the suggested modifications, we perform two simple calcula-

tions. · 

The introduction 'of a quasiparticle into the theory is just 

the separation from · G 
0 
V of a. dya9. term, which we take to be formed 

from our :approximate eigenfunctions. 

* IHs))(t(s )jv 
G V = K + 

0 Q (t(/) Is - H I t(s)) 
.· 0 . 

! . 12 
A little algebra yields the r~sult for the T matrix, 

where 

6{s) 
1 

and. 

(5 .1) 

(5.2) 

(5 ·3) 

{5. 4) 

!' 

i 
i 
I 

--·----; 
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For potentials weak enough so that 

T R$ V j .Q 

Eq.. (5 .2). :simplifies to 

'.·· . . * . 
. V!1lr(s) ') f..(s) ( V.(s )lv 

. * J 
( 1jr(s ) 1~1 1jr(s) ) (1 - f..)_ 

·which. is the same as keeping one terril in (2 .12). Weinberg uses a much 
t i. 

more complicated expression for f..(s) than (2.10), namely 
,_ .· 

•. 
:• *: . 

( 1jr( s ) I v G v I 1jr( s) ) 

(5.5) 

:·\;(s)' = . 0 . 

* 
;;(5.6) 
I• 

i· .. 

! . 

! 
I. 

. ! 

( 1lr(s ) I vi 1jr(s) ) ~ \ ! 

' is the e~ct eigenfunctions the two are the same,,but in 

practice it is harder to.calculate with (5.6). 

Inour·calcUlations we treat the Yukawa potential 

for t = 0 . The trial wave function (3 .17) becomes .. 
( 

( qhr(s) ) = 

.. : ,'. • J 
.I 

. 2 
(q ·. 

q 

i-
·.!. 

v = -
-r g e 

r 

I ,. 
' f 

. I 

(5.7} 
; 

·' 'f 

i 
! 

·. · .. and ··'·' 

J ••· 

i 

:·. 

' 'i ··.:. 

• .. · i":' 
. , 

. ·.:. 

·.: 
-, :. 

. ( ~ 11lr( s) ) = ' ~.2?.!.·. ·. eikr (1 - e'"IJX'). 
V 2 . . 1-LCJ.l. :- 2ik) 

Using (3.10) we obtain tfl.e eigenvalue 

~' ' . 

.f..(s) = 2(g -
2
ik) 

ll .. ;-' 

[

. .. 2 . ; ] . . (1 + ll - 2ik) log • 
. (1 + 21-l - 2ik) (l - ~ik) 

.: . ' • l 

j . 
I . 

. I 

. I 

. I 

i 
. I 

(5.8) 

j 
I• 
; 

i 

(5;9) 

<·.: . 

.. ;_· . . 



Using (5.6), Sca~on and Weinberg3 obtained a very complicated expression 

involving several di·logarithms with complex argument. For sample calcu-

lations to compare with known results, we ·choose first to obtain an 

upper limit on the radius of convergence of the Born series at zero 

energy. This gives the coupling strength necessary to yield a zero· 
r 

.energy bound state and is obtained by setting . A. = 1 in (5. 9) for 

s = 0 and solving for . g • 

·Without benefit of a variational principle Scadron and Weinberg3 

chose· ~ = 1 in (5.7) and obtained g = 1.693. We obtain with less 

effort g = 1.6804 (with ~ = .1.5350). The·best value in the literature 
. 13 

is g = 1.6798 . 

For our second example we perform a· scattering length calculation 
' ' 

' i 14 
and compare results with those obtained from Blatt and Jackson's. , · 

interpolation formula. The scattering length is given ~y 

.! 

a = - g 1 + s (5.10) 

[1 - A.(O)] tn lr (1 + ~)2 l 
1 + 2~ ·. 

We calculate the value of g necessary to give a scattering 

length of. a = 5 obtaining 
•. 8 

~g = 2.234 

as compared with Scadron and Weinberg's3 value of 2.342 and Blatt and 

Jackson's value of 2.222. 

(5.11) 
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In both examples our results are more accurat~ and were 

obtained .with less effort. Calculations ·at s > 0 will show up the 

4ifference even more} as the· di..;logarithms of complex argument 

_obtained-in Reference 3 are very hard to handle. 
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VI •. THREE-BODY VARIATIONAL PRINCIPLE 

The methods developed in Section II for finding eigenfunctions 

and eigenvalues of the kernel of the Lippmann-Schwinger equation can 
i 4 

be generalized to th~ three-body Faddeev equations. Formally the 

equations can be written 

T1 (s) 

= T2 (s) + 

T
3

(s) ' I 

0, 

1. 
s - H 

0 

I 
I 
I 

.(6.1) 

Th S matrix is given by 1 

' 
i ' 

with 

T(~) = -r1 (~) + -r2 (s) · + -r3(s) 

I 
The kernel' of Eq. (6.1) involves the two~body t matrices. T1 (s) is·.· 

the scattering amplitude for particles two and three with particle'one 

(6.2) 

(6.3) 

noninteracting. If we describe the relative motion of particle two and 
.... 

three in their center-of-mass system by. k1 ,. and the motion of_ particie 
.... 

one in th~ total center-of-mass system by p1 , then 

p ') 
1 

(6.4) 

where t 1 is the solution to Eq. 

free Green's function G = -1~:
o s - H

0 

(2.1). The two-body t matrices and the 
t ' * . 

satisfy t (s) = t(s·) and 

. ' 

'• 

... ! 

./ 
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f ... i * 
G ( s) · = G ( s ) • . Using these· relationships 

. o . ~ . I . . . . 
a vari8. tio:'J.9.1 principle similar to (2 .10). 

it is pos.sible to, ded.ve 
' . 

Define 

•. ; 1 
.l-1 

0, T1(s) T
1

(s) . ! ! 
.-, [.' . ' ( . 

I I 

i·· 

. . i '!_.~. .I 
-~, 

K(~) = T2 (s) 0 T2 (s) (6.5). .1'\ '· 

• ! 

'. T
3 

(s) · . T
3

(s) 0 

. . . ~. ' .. 

We are interested in the kernel K G , but it is simpler to 
'0·· ' '' . 

derive the equations for . G K after which it is ea~;· to obtain K G 
. .. . 0 . 0 

Consider the two eigenvalue equations · 

'>: . 

. ' 1 
A.(s) G

0
- . 'lf(s) - . K(s) ~(s) 

·"'i>. 

. ! 

'where . 'If and. ¢ have three. components, 

I •: 

If we take the scalar product of Ei. (6.6) with '¢ and (6~7) with 'If 

and subtract the 'two equations;. we obtain 

= 0 

(6.6) 

(6.7) 

I. 
I 

J 
I. 
I 
I 
i 
I 

( 6.8 )! 
I .. i 

! . 1.· 
· ¢ and t are right and left eigenvectors of (6.6) and they satisfy the ..• ~J-:--· 

· ·orthogonality relation (6.8). 
• . . J 

· some ainear combination of the 

It is important to identify. ¢i with . 

t. 's . ~· 
· This is . easily done by writing·. 

-:_ . .,;, 
.. '.J ·. 

·-··. i 

'. 
'' 

/·. 

:-
1, 

. \ 

'·! 
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By taking appropriate linear combinations of (6.7) we obtain 

i '" 
Comparing (6.9) and (6.6) we can make the identification, 

The kernel: G 
0 

K will have a dyad term in it equal to 

where 

t..(s) I v(s) ) ( ¢(s) I K(s) 

( ¢(s) I K(s) I v(s) ) 

( 6. 9 )_ 

(6.10) 

(6.11) 



A.(s) = 
( ¢(s) !K(s)j \jr(s) ) 

( ¢(s) IG
0

-
1 (s) I \jr(s) ) 

(6.12). 

As in the two-body problem, the expression for A. can be shown to be 

stationary. The proof is formally identical to that given in Section II. 

Equation (6.11) is easily rewritten in terms of K G
0 

, 

KG re 
0 

!G -l(s) ~(s) ) ( ¢(s)l 
A.(s) _o ___ -=------

( ¢(s) IG
0

-
1 (s)l ~(s)) 

Using (6.13) and (6.3) it is easy to i~olate the effect of the 

eigenfunction I~) on the T matrix. 

--: T(s) re 
1 

1 - A.(s) 
( ¢(s) IG -l(s)j \jr(s) ) 

0 ! . 

With the aid of (6.10), this becomes 

(6.13) 

(6.14) 

f I 
1 \ c -1 * \ * I . Go- (s) L ·~i s))(Go (s ) L ~i (s) 

T(s) cc 1-.(s) 
1 - A.(s) 

< i i 

1
-~1:--_____;;,-

< ¢(s) IG - (s)j' \jr(s) ) 
. . 0 

(6.15) 

~e poles of the T matrix occur ivhen . A. = 1 , and by using the 
I 

expression (6.12), the positions of bound states and resonances can be 

calculated. 

If it were desired.to expand the T matrix in the eigenfunctions 

~ , the square of the kernel would have to be used since the kernel is 

not compact. 
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The equations simplify somewhat if 

(2.12) ·is used for 'the two•b6dy T matrix. 

a separable expansion such. as., 

. 5 . 
Lovelace .has suggested such 

an approximation; however his method must always be approximate, 

whereas if (2.12) is. used the resulting equations are in principle 
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