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ABSTRACT

Using the impulse approximation; a formula has been derived
which gives the energy spectra of pfotons scattered from carbon in
terms of the nuclear momentum distribution. Estimates of the errors
involved in this formulé give values of 5-10% for a'3h0 Mév bombafding
enérgy° A comparison is made with the experimental data of Cladis
and it is concluded that a gaussian momentum distribution gives a

good fit to his fesults.
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o

Collisions of fast nucleons with nuclei can be understood én the -
basis of a2 model proposed by Serberl which treats such encounters'as ”
- being made up-of a series of nucleonbnucléon interactions, In particular,
if the target nucleus is small and the bombarding ehergy high (long:meanA
free path), this theory predicts phat an incoming particlé will ordinarily
only scatter once in traversing the nucleus and, therefore, that the
overall collision will have many of the features of a free nucleon-
nucleon interaction. The differences between this so-called 'gquasi-
- elastic scattering' and true nucleon-nucleon scattering are then |
determined by the binding of the struck particle and thﬁsvcan be. used
to obtain information about nuclear structure, eépecially about the
nuclear moméntumkdistributionq Or, knowing the momentum distribution,
one could use data on the interaction of nucleons with nuclei to study
" fundamental processes involving them.
In the present péper’we treat the particular problem of éhe .

quasi-elastic scattering of protons from carbon. This reaction has

1 .
R. Serber, Phys. Rev. 72, 1114 (1947).



UCRL-1410 Rev,

recently been studied experimentally by Cladi52 who found that the-
scattering is,_indeed, very much like that of fre¢ nucleons. Thus, the
hypothesis of a two particle collision is verified and can be used as

a basis for underétanding high énergy collisions. Our a;m in this work
will be to use this point of view to obtain formulas”giving the shapes

and widths of the energy spectra of scattered protons in terms of a

single mgmentum distribution of particles in the carbon nucleus,
Comparison of these formulas with Cladis' results will then enable us

to obtain an expressioﬂ for thé momentum distribution and; finally, will
permit a judghent asvto the degree of correctness of this type of approach

to problems involving energetic collisions.

. R B

The mathematical technique for handling é'scattering problem
of the type we are considering is ﬁhe impulse approximation, first
formulated by Fermiaand elaborated by Chewz*° This method takes advantage
of the briefness of nucleon-nucleon interactions as compared to nuclear
periods, assuming that during the collision the nucleus is 'frogen' in
the sense that no momentum is exchanged between the tﬁo interécting |
particles and the rest of the nuclear éystem° The collision, therefore,

can be looked upon as an ordinary two body scattering with the exception

that the target particle is moving at the time of impact. Thus, the

John Cladis, Thesis, University of California (1952).
E. Fermi, Ricerca Scient. VII - II, 13 (1936).
G. F. Chew, Phys., Rev. 80, 196 (1950).
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~amplitude qu-scattering from the particle labelled ry in the nucleus is

A]_ = ? ¢0(k§l’ 1?29“01"12) a(pf'oa kfl; Q_fls sj_—l)¢f<r23=°or12)

1
8§k +x-79-3) a7dx

where ¢o islﬁhe ground state of carbon with the Dortion referring to
particle one.written in momentum space, a(u'§ k;§l, q}g s sg ) the
amplitude for scatterlng of free nucleons of momenta P, % and spins
{(isotopic and real) j;, f} into he state labelled by q, s and

fa, J?l’ and ¢f a wave function of the residual nucleus., Of course,
the total aﬁplitude inVOlves a sum of scattered waves from all the
particles’wiihin the nucleus; hence the cross-section éontains
interference'ﬁerms between waves scattered from different nucleons.
However, thege are small for angles of scattering greauer than about
twenty degrees since ‘they then Jnvo]ve high fourier components of the
ground state«wave functlon5’6° Thus, it is sufficient for our purpcses
to calculate <A, square it, and then sum over the different parﬁicles
withih the quéleus,5vFurthermore, since we are principally interested in
‘the energy spectrum of the outgoing particles, we 3155 sum over éll
final states consistent with a momentum ?; for the scattered prdtopo

The cross-section is then

5, 6 :
For further discussion of this point see J. Heidenam, Phys. Rev.
80, 171 (1950) and %. M. Henley, Thesis, University of California
{1951). . |
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Because of the two particle nature of thé 1nteractloAn the final
states, ¢f’ that contribute apprec1ably to the cross- sectlon are ylustered
in a fairly narrow energy band., This means we can feplace,-" Ef‘v in the
8 -function by some average value Ef and perform the sum-over . f-

7

A'explicitly by the closure principle’. The result 'is- - " .

2 2 2 I
gl - o - o 2y ny]
- 43x -

d N

(21)

, _\' . : ' _ 2
Z §\ Z{zfo (@t 5 = p§ o TopeeuTyy) a(rxfo,'q"+s-='p§1;;» af., )

o

whére Bip = =E,t Ep oo Neglecting the cros_s-temé ar‘is;inkg from

This analysis closely parallels that given by G F. Chew and
M. L, Goldberger, Phys Rev. 77, 470 (1950) ' .
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different orientations of \§ -we’'can rewrite this formula as

5 ‘ =’ | 2 ii ,_;__.;A - 2 |
el f'%ZCEM‘ ;«% Z a%?zﬁai Sl¢o(q+s " P TpeereTyp) ! T

- f}
%2 (21]‘}3

D
The integral ¢ (q-f s - p, 2,0.,r12) d’r is: the momentum
S
distribution whlch henceforth will be de31gnated by N(q-+-s - D).
Furthermore, it is reasonable to suppose that“&,a'z is dependent only
) . ' ? | '3 '3
upon the momentum transfer, p -’'g, which permits us to take it outside

integral. Therefore, letting

—
k we find

)
N
X

al

2 . _____._.,.;
’Vlz and g 4—5 - P

o = & \ l dk N(Y’:) 8(92 - :qz - (p+»k ~ q)2-= 20 Bye)
d=dg A Fp g Z | R 2
: 3
)
(5) .

Since N(k) 4is dependent only upon the magnitude of 'k , ‘and not upon

its direction, the angular integrations can be performed without putting

8
Strictly speaking, this is only correct if there are no tensor or

- spin-orbit forces operating in the carbon nucleus,
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in an explicit expression for the momentum distribution. To do them

. expand the 8=—funétion to

i (51)

. i
S[?pqcos@-—Zq—k -%Bf—:m{poq
A

o -
(& is the angle of scattering) and measure 6 , the polar angle of Kk,

—_— ) .
from p - q. The integrations can now be done immediately to give

12
= = oM (21 ug° :EE‘ vlz 1 N(K) k> dk
f.dg %7 /| Fip T o 5 - T ——

@l 2|7 -l

.00,

(6)

where the factor 2k |p - q| is a jacobian which is introduced by the
integration over the delta function. Theé limits on the final integration
over k are given by the condition ‘ cos ek| < l which , combined with

eq.(5%), gives the following equation to determine them

(qucose-Z_qZ—@Bi -k

\ u - - @

The solutions are

k™ = 2p -=-=2pqcose—|-2MBf
H2

2 . .
‘\](P “cho36+’%42_ Bf) - (q mpq cosﬁ‘ﬁ“% B:‘i.f)

or
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I N(sz - 2pq 42 B, ).
= if
‘ 4
| 2 ]
: 2
5 ' (q° = pq cos 64 M B.,)
(2p" - 2pq cos © 4 21 Bif}f? 1- it
3 O SR B 2
A S i
| by 2(p? pq cos 84 M_B, )
PR . ERY I ﬁz y

where in the last line we have made use of the fact that M_ Bip and
%2

q - p cos 6 are small for quasirelastic scatterings (q = p cos 6 would

be zero for free nucleon scattering), The upper limit on k .is very

large compared to all nuclear momenta so it can be replaced by infinity.

Denoting the lower limit by K in where

(@ - pgcos @+ M B, )"
K2 = L FE M (9)
min 5 ¥ )
(p° - pacos 04 M Bp) . 0 L L
£ |
The final expression for the cross-section is
._KB_L_CL___)_
uo I D - ql
kL (10)

Because of the 51m11ar1ty between quas:L elastlc scatter:mg and that of

free nucleons, t,he values of q for whlch _E.t is large lie near
o g v GO=dE -
p cos 6. Thus, in the slowly varylng ‘parts of the above expression

it is a good approximation to replace q by p cos 6 for, as will be

PR e
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seen later, théxSmall errors made by this replacement are no larger

than those inhérent in the method of deriving formula (10). Thus kiin

becomes simply. .

p cés 6 (g - p cos 8)4 MBif'

kflin = S— : ,52 . (11)
p2 sin2 B+ Efi;
o
MB,
which, if _ 1T is negligible, reduces to the even simpler formula
2 '
'kn'lin = (q.- p cos 8) ctn @, - (12)

Beforé theée formulas can be used to ogtain N(k) we must

| decide what to~substitute for lVlz. If a=0p cos © (the frée“
scattering value) then ‘ V|2 is directly propqrtional to éither the‘
n-p or p=p éross—section, depending upon whether the pafﬁicle scattered
from is a neuﬁfdn-or-a,préﬁon. In the applications, therefore, we will
replace IVI‘.2 by‘the‘appropriate free nucleon cross-sections. This
procedure is actually quite good;because, at the angles and energies

at which we wiIIVWOrk, the h—p and p-p cross—sectioné are changingv
slowly and the spectra are fairly sharp. However, the formula is left
in the form (10) to make explicit the fact that the fbrmalisﬁ can

V equally well handle a‘case where the basic matrix elément is ch;nging

rapidly.
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To investigate the.erfors inherent in formula-(IO) two types
of approach were used. The first consisted in solving a éimp1e problem.
for which the matrix elemepts are known, and.then compéring the result
with that obtained by uéiﬁg equation (10). rThéfﬁfqblem'chosen is that
of the scattering of an eﬁéfgetic pérticle from aﬁéﬁpggﬁgéund
harmonically to a center of force (the.incoming pérticle assumed not
to interact with the oscillator potemtial). This is about the simplest
~system imaginable which representé,’eﬁen crudely, the interaction of'av
fast nucleon with a neutron or proton in a nucleus, AThe results of
thié calculation are illuminating; they show that energy spectra
obtained by the two methods are.quite similar, differingvonly in terms
of the order kz/fj2 s where k is the momentum of the harmonically
bound particle at time of:.collision and p that of the bombarding
particle {here the bombarding energy is hiéh,éo'that kz/pZLALl),
In particular, the positions of the maxima‘in thé two spectra differ
by ki/hpo cos 8, whére"e' is again tﬁe‘angle Qf_scattering and
k2 =z Mo, This means a percentage error of-_kg/hpi cos 8,

£2

The other estimate of the error in (lO)_was;found-by re=
deriving this equation in a way which, though more cumbersome and not
as physically meaningful as the one we used previously, permits a roﬁgh
evaluation of some of the factors neglect.ed'in»obtaivnin’g,itgo This

new derivation is carried out by taking the current of scattered particles

? For an elaboration of this method see P. A.'ﬁdlff; Tﬁesis, Univefsity
of California (1951). '
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(13)
<bere both ﬁU ?é are wave functions of Cl s, and k is the
wave number of the outgoing proton given by 1‘2§n = /l‘l”p + B, - En)’
replacing En by the‘Hamiltonian, Hc, of*thg~carbon nucleus (since it
o . ik.r

n

operates on 94n), and then expanding e into a power series in

':H The first three terms in this expansion can be evaluated exactly by

c®
swinging H_ = over to opératé on 0f¢%)*, using the closure principle
to do the sum over n , and then evaluating the resulting integrals by
fourier analyzing'both '9{3 and V. The resulﬁ is the integral over
q of a formula which is just the same as (10) except that in this case
there is no tefm'repreéenting the‘exciﬁatioh formeriy lumped into Bj_f,o
Furthermoré; the fourth term in the series, which is much too complicéted
to calculate exactly, can be roughly evaluated and gi#es»én estimate
on the error iﬂ formula (10) again of the order of k?/P o

For the scattering of protons from carbon k2 rangeé»up to
values corresponding to energies over 30 Mev so that, with the
bombarding energy of 340 Mev used by Cladis, we should expect thg
spectra we predict to be in error by as much as 10% in the wings of_
the curves where large k‘ values are involved. Therefore, in picking
& momentum distribution to fit the data it must always be remembered

that the theoryvcan only differentiate between those giving spectra that

differ by 10% or more.
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In connection with the estimates of error made here one final
point is worth mentioning. .As was stated, the first three terms in
the series expansion déscribed abOvé lead directly to formula (10)
after simple manipulations. On the 6ther hand, fhe fourth term in
kthis expansion cannot be calculated at all precisely, since it is of
quite a different type from the previous three, requiring detailed
knowledgeubf- H, and yz; for its eyaluation, The conclusion which
might be drawn from this.fact is that to improve the impulse
appréiimation one must have much more,detailed information about
nucleaf structure than that given merely by a momentum distribution
and,»therefore,vthat a_formulé such as (10) is the best tﬁat can be

obtained with the present knowledge about the constitution of nuclei.

-1V~

Before usihg equation (10) to determine the momehtum '
distribution, thére are.two small points about thié formula that must
Be considered, The first of these has to do with the fact that the
nucleon-nucleon collision,'ihstead ofvocéﬁrring in free space,'a¢tually'
takes place inside the nucleus which is a'region of a negative pot.ential°
Therefore the wave numbers that go into equatibns (1) - (12) should be
those approp£iate to nuéleér mattér rather than vacuum. To illustrate
how this effect worké let us consider the intéraction'of a fast proton
with é statiohary hucleon_in the nuclear weilo. Letting primed

quantities denote wave numbers inside the well, unprimed those outside,

and D the depth of the well we find the following equations relating
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the final to the incident energy.

q' = p'cos® (B - scattering angle)
Epoq © H2a® = B%9'®-D : £pPcos®0-D - (14)
2M M 2M

' : 2 2
= 'ﬁzpz co% 8 -D sin2 & = B, . cos © - D sin 6.
S incident

Thus, in first approximation; the effect qf the.nuclear‘well is to

move all proﬁon energy spectra to a lower energy by an amount

D sin2 ©. This effect will be taken into account in the calculations

by assumming that formula (10) applies to wave numbers inside the

well and then correcting initial and final enérgies by the well depth.

The values of D wused were the slightly energy dependent ones

calculated'by Roberts and Jastrowlo. However, for the angles at

which we worked a dpnstant D of 30_Mev gives almost the same'resultse
The second point concerns the quantity Bif which has tacitly

been assumed to be a'constant;‘independent of the scatterihg angle.

In the case of pickup deuterons this assumption was correct for Chewv‘

and Goldbergef7 found that by subtracting a‘fixed 25 Mev from the

energy of the outgoing deuteron they qbtained good agreement with

experiment. Actually, however, the formalism given in seétion two.is

inadequate for treating excitation effects and it is not surprising

that in the present case that it turns out that we would have to choose

10 S
‘R. Jastrow and J. Roberts (unpublished).
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B, angularly dependent to makevféfmula"(lO)‘fit Cladis' data. If we
did ‘this, though, we wOuldv be ‘going at the problem just backwards for,
as Chew and Goldberger emphasize, the experiments show that the
eicitation is,constan§ and that we éhbﬁid modify‘(lo) instead ofvﬁaking

B a function of the scattering angle. Unfortunately, we have not

if
found a way pf carrying out ‘this modification,rnoruhas,%g¥been possible
to construct a model, siﬁplg enoﬁgh‘tq.sglve, whiph would give
qgantitative insight as tq ﬁow fhis ekcitaﬁion'and bindiﬁg-energy is
removed from that available to the sca£téfed nugléoﬁs, ‘Hence, in

treating the data the “Bi term will be dropped entirely from formula

f
(10). All the curvesvwill thén bg misplaced somewhat on the energy
- scale but we will sﬁiliABevable pé‘comparevtheir‘shapes with experiment
siﬂce a correct calqulafiqq of the‘bindiqg_aﬁd_exCipatiQn,effectslwould
probably sﬁift the speépr; Qithggt.rqgicallyiaitering tﬁeir.shabe.
e | s
ih‘cbmparing (10)‘withuéxpefimént:ﬁheré'are)a nﬁéber‘df‘
'empiricaliy‘obtained”éxpréssiéﬁs”fd;"N(k) that we 'ma,;ywuse° For
instance, Chew and Goldbéfgef7 in their;péber on the formation of
" pickup deuterons in carbon use a distribution of ‘the form
Y C SO Ve S
Nk) = P with ___ p = 18 Mev.

B
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_ 11
Similarly, Henley and Huddlestone in papers on meson production in

carbon have used a gaussian distribution;

2o
3/2 -k XX 2 2
N(k) = 87 e with B X - 16 Mev,
' t_3(3 M ‘

Finally, there is the theoretically obtained Fermi distribution of a
degenerate nucleon gas. Figures (1) and (2) give the comparison of

thé spéctra, obtained by substituting these three momentum distributions
into formula (10), with Cladis' experimental data. In each case the
théoretical‘curVe’haé been shifted down in energy as explained in the-
previous section, ‘?urthermoré, there is included a correctioh for the
;muitiple scattering‘(assumed to be mainly double) of the proton within
the carbon nucleus. The form of these spectra is calculated using the
Monte Caflo method12 to evéluate a complicated'multipleﬁintegral that
arises and then the ratio of sihgly to muitiply scattered protons
estimated by using values of nuclear radius and mean free path given by
-Fernbach13g tTypiéal shapes of these double collision spectra, whiph
contribute about fifty percent of all scattered protons, are illustrated

in figure (3). Fortunately,'inplusion of these curves has a negligible

11 _ . . _
E. M. Henley and R. H. Huddlestone, Phys. Rev. 82, 754 (1951).
Also see reference 6. _ :

12 M. L, Goldberger, Phys. Rev. 74, 1269 (l9h8), gives details of the
application of this method to nucleon-nucleus collisions,

S. Fernbach, Thesis, University of California (1951).
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veffedt;QQ thé formé éf-tHe'Quasiéelastic_curves;provided we restrict
.ourselvés“to-the?high'ehérgy side of the spectra. VThusgiEyrusing the
upperfhalf_of:the"energy disﬁributions, we are‘able'to draw reliable
ccncluSions‘ébout the}momentum'diﬁtribution‘in spite of the fact that
”the'mulﬁiplefc§lli$idh'§pectra*cannot be calculated accurately.
Wﬂ?ipailyéﬁi&_sﬁou;d bélmentionéd that the theoretical curves in figures
(1) and (2) h#Ve'been normaiiiedc 'This'shouid not be taken to mean
‘ that’the'thééfy does not predicﬁ'totai'cross-sections well for it does.
Howevef;ibécaﬁée"bf the uncertainty in the multiple collision spectra
it is*Géryeﬁéraitb‘eétimate the relative contribution of the quasi-
elastic péak‘asfcémpAféd to the long tail of lower energy’ protons.
From thekpoint of view of the theory, fhis means that; élthough we do
not know the height of the quasi-elastic peak too wellg its shape is
deﬁermined and permits a study of moméntum distributions.

From figures (l) and (2) it is clear that tﬁe.bnly one of the
“three momentum distributions that is suitable is the'gamis’sian° This
is in agreement with.the-work of Henley and Huddlestone who found, as
we do, that the Chew-Goldberger and Fermi‘distributions have,
respéctively, too many and too few high momentum components. Moreover,
further calculations done wiﬁh values of CX 2 corresponding to 12 and
20 Mev show that in neither of these cases can the theoretical spectra
be reconciled with Cladis' data. Thps, the theory, if correct, seems
to be quite sensitive to the type of distribution used. Of course,
agreement at two angles does not verify the theory and it will take

considerably more extensive data before a really critical test is
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obtained. What is needed are accurate spectra for a number'of angles.
With these one could determine N(k), as was dohe here,;ffomvéhe )
spectrum at one angle and check it, and the whole theory as well, by
éxaﬁining the fit at other angles. However, until such data is
availabie, it is interesting to see that the spectré:at two angles cén
be understood in terms of a simple model and that this fit_already fixes
the momentum distribution to a very considerable extent. |
In conclusion, the author would likevto-express his thanks
to Dr. Cladis for many stimulating conversations; énd to Professor
RobertnSerber, whése guidance and encouragement contributed materially
to the writing of this paper. This work was performed under the |

auspices of the Atomic Energy Commission.
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