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Radiation Laboratory, Physics Department 
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ABSTRACT 

Using the impulse approximation, a formula has been derived 

which gives the energy ~pectra of protons scattered from carbon in 

terms of the nuclear mom~ntum distribution. Estimates of the errors 

involved in this formula give values of 5-10% for a 340 Mev bombarding 

energy. A comparison is made with the experimental data of Gladis 

and it is concluded that a gaussian momentum distribution gives a 

good fit to his results. 
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-I-

Collisions of fast nucleons with nuclei can be understood on the · 

. l 
basis of a model proposed by Serber which treats such encounters as 

being made up/of a series of nucleonmnucleon interactionso In partfcular, 

if the target nucleus is small and the bombarding energy high (long mean 

free path)~ this theory predicts that an incoming particle will ordinarily 

only scatter once in traversing the nucleus ang, therefore, that the 

overall collision will have many of the features of a free nl:lcleon-

nucleon interactiono The differences between this so~called 'qua$i-

elastic scattering 1 and true nucleon-nucleon scattering are then 

determined by the binding of the struck particle and thus can be.used 

to obtain information about nuclear structure~ especially about the 

nuclear momentum distribution. Or, knowing the momentum distribution~ 

one could use data on the interaction of nucleons with nuclei to study 

fundamental processes involving them, 

In the present paper we treat the particular problem of the 

quasi~elastic scattering of protons from carbono This reaction has 

1 
Ro Serber, Physo Revo 72, 1114 (l947)o 
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2 
recently been studied experimentally by Gladis who found that the· 

scattering is, indeed, very much like that of free nucleons. Thus, the 

hypothesis of a two particle collision is verified and can be used as 

a basis for understanding high energy collisions. Our aim in this work 

will be to use this point of view to obtain formulas giving the shapes 

and widths of the energy spectra of scattered protons in terms of a 

single momentum distribution of particles in the carbon nucleus. 

Comparison of these formulas with Cladis 1 results will then enable us 

to obtain an expression for the momentum distribution and, finally, will 

permit a judgment as to the degree of correctness of this type of approach 

to problems involving energetic collisions. 

-II-

The mathematical technique for·handling a scattering problem 

of the type we are considering is the impulse approximation, first 

formulated by Ferm; and elaborated by Chew4 • This method takes advantage 

of the briefness of nucleon-nucleon interactions as compared to nuclear 

periods, assuming that during the collision the nucleus is 1 fro~en 1 in 

the sense that no momentum is exchanged between the two interacting 

particles and the rest of the nuclear system. The collision, therefore, 

can be looked upon as an ordinary two body scattering with the exception 

that the target particle is moving at the time of impact. Thus, the 

2 

3 

4 

John Gladis, Thesis, University of California (1952). 

E. Fermi, Ricerca Scient. VII- II, 13 (1936). 

G. F. Chew, Phys. Rev. 80, 196 (1950). 
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amplitude for scattering from the particle labelled r 1 in the nucleus is 

(I ...). ~ ~ _, 

. a (p t k ~ q - s) d r dk 

,,;here ¢
0 

is the ground st.3.te of carbon with the portion referring to 

particle one written in momentum space, a(p So k S 1 ; qJ~, s ~ ~) the 

~ ...... 
amplitude for scattering of free nucleons of momenta.· -p, k and spins 

(isotopic and 

j~, J~, and 

into the state labelled by 
_,). ~ 

q, s 

a wave function of the residual nucleuso 

and 

Of course, 

the total amplitude involves a sum of scattered v-raves from all the 

particle~ w:tthin the nucleus; hence the cross-section contains 

interference terms beb1een waves scattered from different nucleons, 

However, the5-~ are small for angles of scattering greater than about 
•': . ..: 

hrenty degrees since they then involve high fourier components of the 

. 5,6 
ground state-wave function o Thus, it is sufficient for our purposes 

to calculate Ai, square it, and then surn over the different particles 

within the nucleus.· Furthermore, since we are principally interested in 

the energy spectrum of the outgoing particles, we also sum over all 

~ 

final state~ consistent with a momentum q for the scattered proton, 

The cross-section is then 

5' 6 
For further discussion of this point· see J. Heidenam.~~ Phys, Rev. 
80, 171 (1950) and E. H. Henley, Thesis, University of California 
TI951). . 
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Because of the two particle nature of the interaction the final 

states, ¢f, that contribute appreciably to the cross-section are clustered 

in a fairly narrow energy band. This means we can replace· Er in the 

& -function by some average value Ef 

explicitly by the closure principle?. 

12 .\ [ 

4J<2~J 

-

and perform the suinov;er. f· 

The result is ' 

2 '2M .B. J 
q - ~ :. ifJ 

where Bif :::: - E0 +- Ef Neglecting the cross-terms arising from 

7 
This analysis closely parallels that given by G. F. Chew and 
M. L. Goldberger, Phys. Rev. 77, 470 (1950). 
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different orientations of "~t; ~~--we' can rewrite ·this formula as 

The integral s ¢
0 

(q +.s - p~· r;2, o •• r
12

)
2

d 1 is :th.e .momentum 

distribution which henceforth will be designated by N(q + s = p). 

Furthermore, it 'is reasonab1e. ~o supp~se that f. ~.J.2 is dependent only 
• . t 

~ 
up~n the momentum transfer, p ,- q, which permits us to take it outside 

integral. Therefore, letting 

(5) - ··~ 
Since N(k) is dependent only upon the magnitude of · k , ·and not upon 

its direction, the angular integrations can be performed without putting 

8 
Strictly speaking, this is only correct if there are no tensor or 
spin-orbit forces operating in the carbon nucleus. 
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in an explicit expression for the momentum distribution. To do them 

expand the S -function to 

··- ' cr. 2 2 .·~"~] ot_2pq cos e- 2q - k - ~ Bif- 2k•p- q • 
-11 

(5') 

(e is the angle of scattering) and measure ek~ the polar angle of 

from p - q •. The integrations can now be done immediately to give 

= 2M 
~ (~(~7 i /v-125 1 

.1i Jl'flp . I ( oM 5 
1 . 211} 

N(k) k
2 

dk 

2kl~l 
(6) 

where the factor 2k / p - q / is a jacobian which is introduced by the 

integration over the delta function. The limits on the final integration 

over k are given by the condition ,.cos ekl ~ I which, combined with 

eq.(5 1 ), gives the following equation to determine them 

2 22 . 21 . 12 
(2pq cos e - 2q - 2M Bif - k ) = 4k p - q~ 

~2 ·. 
(7) 

The solutions are 

2pq cos e + 2M B.f - ~ 
~2 

± 2 
2 . 2 2 . 

(p - pq cos e + M Bif) - (q = pq 
.~ 

(8) 

or 
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k r>V 2p - 2pq + 2M B if 

. ~ 

2 
C 2p - 2pq cos e + 2H 

-112 

2" 2 
(q = pq cos 9+ M B.f) 

B. ).; , 1 - ~ 1 

lf . . . . . .. . . 2 
. ·· · · 2(p2 - pq cos e -r !L Bif) 
-. ..... ·.• ... ,,,_, 1i2 

where in the last line we have made use of the fact that ]L Bif and 
-fi2 

q - p cos· e are small for quasi~~:I;astic sc,att.er~ngs ( q. _;.. p cos e would· 
• •• • '. : < • ,1-· '"''"• ,,.,_ 

be zero for free nucleon scattering)o The upper limit on k is very 

large compared to all nuclear momenta so it can be replaced by infinity. 

Denoting the lower limit by· .k '.· · ~er~ 
ffi1ll 

= 

The final expression for the. cross-section is 
.l.,. .,:~. 

2 do-
dAdE . 

I ,; ! 

(9) 

-,. .. 

N(k) d(k~ 
. , ... ~, 

4 p - q 

(10) 

Because of the similarity between quasi~elastic scattering and that of 

free nucleons, the val~~s .of. q .f6r.~hich ·...s!h::: is ·large lie near 
dAdE 

p cos e. Thus, in the slowly.~arii~ -~~rts of the above expression 

it is a good approximation to replace q by p cos e for, as will be 
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seen later, the small errors made by this replacement are no larger 

than those inherent in the methpq of ~eriving formula (10). Thus 

becomes simply. 

2 
~in = 

p cos e (q - p cos e)~ MBif 
.ofi2 (11) 

MBif 
which~ if is negligible~ requc~s to the even simpler formula 

"'6.2 

= (q - p cos e) etn e. (12) 

Before tnese formulas can l:;>e used to obtain N(k) we must 

decide what to· substitute for I vf2. ]f q = p cos e (the free. 

scattering value) then I vl2 is dir~ctly proportional to either the 

n-p or p-p cross-section, depending upon whether the particle scattered 

from is a neutron or a proton. In the appl~cations, therefore, we will 

replace lvl.2 by the appropriate free nucleon cross-sections. This 

procedure is actually quite good·l:;>ecause, at the angles and energies 

at which we will work, the n-p and P-P cross-sections are changing 

slowly and the spectra are fairly sharp. However, the formula is left 

in the form(lO) to make e~plicit the tact that the formalism can 

equally well handle a case where the pasic matrix element is changing 

rapidly. 
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-III-

To investigate the errors inherent in formula (10) two tynes 

of approach we:re u,sed. The first consisted in solving a simple problem 

for which the matrix elemepts are known, and then comparing the result 

with that obtained by u;irtg equation (10). The::problem chosen is that 

of the scattering of an energetic particle from another bound 
"" ··,~~~ .• <., .... __ , 

harmonically to a center of force (the incoming particle assumed not 

to interact with the oscillator potential). This is about the simplest 

system imaginable which re.presents' even crudely' the interaction of a 

fast nucleon with a neutron or proton in a nucleus. The results of 

this calculation are illuminating; they show that energy spectra 

obtained by the two methods are quite similar, differing only in terms 

of the order k2/p
2 

, where k is the momentum of the harmonically 

bound particle at time of-collision and p that of the bombarding 

particle (here the bombarding energy is high so that k2/p2 ~<.1). 

In particular, the positions of the maxima in the two spectra differ 

2 k /4p cos e, where 
0 0 

6 is again the angle of scattering and 

This means a percilntage error of 

The other estimate of the .error in (10) was found by re-

derbring this equation in a vvay which,- though more cumbersome and not 

as physically meani'ngful as the onewe used previously, permits a rough 
0 

evaluation of some of the factors neglected in obtaining it/. 'rhis 

new derivation is carried out by taking the current of scattered particles 

9 For an elaboration of this method see P. A. Wolff, The.sis, University 
of California (1951). 

. . ..-.-<•' ........... _. 
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J 

(here both and are wave functions of c12 
and 

' 
k 

n 

(13) 

is the 

by A12kn2 = x2p:< + E - En)' \..rave number of the outgoing proton given "11 

2M 2M. 
0 

replacing En· by the Hamiltonian, He, of the carbon nucleus (since it . ... ...... 
~ k .r ·. n o 

operates on 9ln), and then expanding e into a power series in 

He. The first three terms in this expansion can be evaluated exactly by 

* swinging He over to operate on (V~0 ) , using the closure principle 

to do the sum ov~r n , and then evaluating the resulting integrals by 

fourier analyzing both 'fo and V. The result is the integral over 

q of a formula which is just the same as (10) except that in this case 

there is no term representing the excitation formerly lumped into Bif• 

Furthermore, the fourth term in the series, which is much too complicated 

to calculate exactly, can be ro~ghly evaluated and gives an estimate 

on the error in formula (10) again of the order of 
2 2 

k /p 0 

For the scattering of protons from carbon k2 ranges up to 

values corresponding to energies over 30 Mev so that, with the 

bombarding energy of 340 Mev used by Cladis, we should expect the 

spectra we predict to be in error by as much as 10% in the wings of 

the curves where large k values are involved. Therefore, in picking 

a momentwn distribution to fit the data it must always be remembered 

that the theory can only differentiate between those giving spectra that 

differ by 10% or more. 
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In connection with the estimates of error made here one final 

point is worth mentioning. As was stated, the first three terms in 

the series expansion described above lead directly to formula (10) 

after simple maqipulations. On the other hand, the fourth term in 

this expansion cannot be ·calculated at all precisely, since it is of 

quite a different type from the previous three, requiring detailed 

knowledge of He and ~0 for its evaluation. The conclusion which 

might be drawn from this fact is that to improve the impulse 

approximation one must have much more detailed information about 

nuclear structure than that given merely by a momentum distribution 

and, therefore, that a formula such as (10) is the best that can be 

obtained with the present knowledge about the constitution of nuclei. 

-IV-

Before using equation (10) to determine the momentum 

distribution, there are two small points about this formula that must 

be considered. The first of these has to do with the fact that the 

nucleon-nucleon collision, instead of oc~urring in free space, actually 

takes place inside the nucleus which is a region of a negative potential. 

Therefore the wave numbers that go into equations (1) - (12) should be 

those appropriate to nuclear matter rather than vacuum. To illustrate 

how. this effect works let us consider the interaction of a fast proton 

with a stationary nucleon in the nuclear well. Letting primed 

quantities denote wave numbers inside the well, unprimed those outside, 

and D the depth of the well we find the following equations relating 
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the final to the incident energy. 

q' = p' cos e 

= 1i.2q2 
2M 

(9 = scattering angle) 

2 2 2 = ~ p' cos e - D 
2M 

(14) 

2 2 2 ::;:: 11 p cos 
. 2 

e - D sin e = 
2 • 2 

9 E. "d t cos e - D S1n • 1nc1 en 21"1 

Thus, in first approximation, the effect of the nuclear well is to 

move all proton energy spectra to a lower energy by an amount 

D sin
2 

9. This effect will be taken into account in the calculations 

by assumming that formula (10) applies to wave numbers inside the 

well and then correcting initial and final energies by the well depth. 

The values of D used were the slightly energy dependent ones 

10 
calculated by Roberts and Jastrow • However, for the angles at 

which we worked a constant D of 30 Mev gives almost the same results. 

The second point concerns the quantity Bif which has tacitly 

been assumed to be a constant, independent of the scattering angle. 

In the case of pickup deuterons this assumption was correct for Chew 

and Goldberger? found that by subtracting a fixed 25 Mev from the 

energy of the outgoing qeuteron they obtained good agreement with 

experiment. Actually, however, the formalism given in section two is 

inadequate for treating excitation effects and it is not surprising 

that in the present case that it turns out that we would have to choose 

10 
R. Jastrow and J. Roberts (unpublished). 
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Bif angularly dependent to make formula'(10) fit Cladis 1 data. If we 

did this, though, we would be ··going at the problem just backwards for, 

as Chew and Goldberger emphasize, the experiments show that the 

excitation is constant and that we should modify (10) instead of making 

Bif a function of the scattering angle. Unfortunately, we have not 

found a way of C?-rrying out this modification, nor .ha.s ~.¥. been possible 

to construct a model, simple enough. to s_olve, which would give 

quantitative insight as to how this excitation and binding energy is 

removed from that available to the scattered nucleons. Hence, in 

treating the data the ,Bif term will be dropped entirely from formula 

(10). All the curves will then be misplaced somewhat on the energy 

scale but we will still be able to compare their shapes with experiment 

since a correct calculation of the binding and _excitation effects would 

probably .shift the spectra without. radically altering their shape. 

In comparing (10) w:Lth 'experim:ent there are· a number o.f 

empirically obtained expressions f~r N(k) that we may Use. For 
. . . -. 7 

instance, Cpew and Goldberger irt their paper on the formation of 

pickup deuterons in carbon use a distribution of th~ form 

N(k) = 
81'/r:{' 

p with 

112 2 o<. 
____E - i8 Mev. 

2M.< 
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11 
Similarly, H-enley and Huddlestone in papers on meson production in 

carbon have used a gaussian distribution; 

3/2 k 
2

/ol... 
2 

N(k) - 871' e 
2 2 

with 11 Q( - -16 Mev. 
o(3 2M 

Finally, there is the theoretically obtained Fermi dist:ribution of a 

degenerate nucleon gas. Figures (1) and (2) give the comparison of 

the spectra, obtained by substituting these three moment1un distributions 

into formula (10), with Gladis' experimental data. In each c~se the 

theoretical' curVe has been shifted down in energy as explained in the 

previous section. Furthermore, there is included a correction for the 

multiple scattering (assumed to be mainly double) of the proton within 

the carbon nucleus. The form of these spectra is calculated using the 

12 . 
JY!onte Carlo method to evaluate a complicated multiple' .integral that-

arises and then the ratio of singly to multiply scattered protons 

estimated by using values of nuclear radius and mean free path given by 
. 13 ' 
Fernbach •. Typical shapes of these double collision spectra, which 

contribute about fifty percent of all scattered protons, are illustrated 

in figure (3). Fortunately, inclusion of these curves has a negligible 

11 

12 

13 

E. M. Henley and R. H. Huddlestone, Phys. Rev. 82, 754 (1951). 
Also see reference 6. 

M. L. Goldberger, Phys. Rev. 74, 1269 (1948), gives details of the 
application of this method to-nucleon-nucleus collisions. 

S. Fernbach, Thesis, University of California (1951). 
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·-effect on the forms of .the quasi..;elastic curves. provided we restrict 
. ~ ; 

. ourselves t·o the high energy side of the spectra. ·Thus; .by using the 

upper ·half of the· energy distributions, we are able to draw reliable 

conclusions about the momentum-distribution in spite of the fact that 

the multiple"collision·spectra cannot be-calculated accurately • 

... . Ftnally, it should be mentioned that the theoreticai curyes in figures 
' • . ..... !,,·:.;:, .. 

(1) and (2) have been normalized. ·This· should not be taken to mean 

thg.t the theory does not predict total cross-sections well for it does. 

However;, because· of the uncertainty in the multiple collision spectra 

it is ~ery hArd to ·e:stimate the relative contribution of the quasi­

elast'ic peak as' cdmpa~~d to the long tail of lower energy' protons. 

From the point of view of the theory, this means that, although we do 

not know the height of the quasi-elastic peak too well, its shape is 

determined and permits a study of momentum distributions. 

From figures .(1) and (2) it is clear that the only one of the 

·three momentUm. distributions that is suitable is the ·gaussian. This 

is in agreement with the work of Henley and Huddlestone who found, as 

we do~ .that the Chew-Gold berger and Fermi distributions have, 

respectively, too many and too few high momentum components. Moreover, 
2 

further calculations done with values of o( corresponding to 12 and 

20 Mev show that in neither of these cases can the theoretical spectra 

be reconciled with Gladis' data. Thus, the theory, if correct, seems 

to be quite sensitive to the type of distribution used. Of course, 

agreement at two angles does not verify the theory and it will take 

considerably more extensive data before a really critical test is 
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obtained. What is needed are accurate spectra for a number of angles. 

With these one could determine N(k), as was done here, 'from the 

spectrum at one angle and check it, and the whole theory as well, by 

examining the fit at other angles. However, until such data is 

available, it is interesting to see that the spectra at two angles can 

be understood in terms of a simple model and that this fit already fixes 

the momentum distribution to a very considerable extent. 

In conclusion, the author would like to express his thanks 

to Dr. Gladis for many stimulating conversations; and to Professor 

Robert Serber, whose guidance and encouragement contributed ~t~rially 

to the writing of this paper. This work was performed under the 

auspices of the Atomic Energy Commission. 
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