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ABSTRACT

A study is made'of.the expected propefties of the cross
section for scattering 7-mesons by deuterons'on the basis of the
impulse approiiﬁatioh° The cross section fof high energy mesons
can.then be expressed in a simple manner in terms of the cross.
gectipns for meson scattéring by frée protons and neutrons. This
provideé a means of deducing the latter when the deuteron and proton

cross sections are known.
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THE SCATTERING OF 7 -MESONS BY DEUTERONS

S. Fernbach, T. A, Green, and K. M. Watson

Radiation Laboratory
Department of Physics, University of Callfornla
Berkeley, California

August 10, 1951

L

I. INTRODUCTION

The'intepecpigns of Wﬁmwsqns with nucleons have been
observed to include those which lead to scatterings and those which
lead ‘to absorptions. Such interactions can be conveniently classified
‘as of two types: (1) those of mesons with free nucleons and\(2)
those with nucieons boﬁnd in nuclei. The latter types of processes
have been observed in several experimentsl’g’B’h and indicate that
here both scattering and absorption play an important«fole. Some
implications of”these experiments‘have been discussed previouslyS’ ;
Processes (1) involve hesoh interactions with free protons and‘free
neutrons, of which only the former are directly amenable to experimental
studyl’7. Presumably, the free neutron-ZV cross section must be -
deduced 1nd1rectly from scattérings of type (2).

In thls connection there arlses, however, the question as’
to how adequately the free partlcle scattering cross section can
describe the scattering in nuclear matter--i.e., as to thefimportance
of many body interactions, To obiain information concerning this |

point as well as the free neutron-#’ cross section, the scattering -

of mesons by deuterons would appear to offer the most promise. As a
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starting point in such an-anal?sﬁgg;weféhallrcg;cqlate the properties
of the ZV;déﬁteron scattering cross section by meaﬁs of the impulse
apﬁroximation on the-assumption~that,thelmgsonanucleon«scattering
interaction is not modified by the presénggjof,the other nucleon°

T < F e AT SR
~Granting this assumption, Chew's . conditions for the validity -of the

impulse.approximation should be well s’tisfied, since we are
interested in meson velocities;mnéﬁ‘grééﬁer thah the nucleon velocity
in the dguteron and-siﬁceELhe,expectedascattering cross sections are
probably less than the nucleon-nucleon cross sections.... '

The impulse approximation permits us to calculate the ratio
of elastic to.inelastic»5cattering,as=Wellnas,the»angular distribgtiqh
and energy.speétrum of thefscatteréd mesons in terms of the free -
nucleoﬁmmesoh-cross,seéﬁidhg‘(subjec§~$o“csrtaihiresprictions}tq-bggg-
discussed in.sectioﬁrll)b_ . M;;;éa;_.w w:-ﬁ;,%;,-\v

.1 vThe.eﬁergydspectruﬁaof«the:scattgred,mesgns, particularly ..
at small scattering angles, should -provide a means. of.estimating: the -
};?ole”of:thfee parpiqle-effepts_(i@eyy,of_the break down of the .. - ..
assumptions.under”whichgthe-impulse,approximation_is_valid)9_:At'L,
larger scéttering angles: it would appear;possible-td deduce the.. ..
Zy;neutron cross section when these results are combined with: the
free prqtonemeson_scattering,crossusectibnc L

A study of meson-deuteron scattering on the basngofgw@ak .
coupling mesénviheory.hasvbeen made by Ferretti. and Galpng?:and:by,:;
.BlairlQ6 gBlairFs:results~indicate thap1for{sgattering-angle§,which

are not teco small: and for meson energies which are not too.low the -



UCRL-1443

w5

impulse‘app}oximation gives-éatisfactory results, the exact details
depending on the nature of the theory. However, in view.of the
questionable reliability of meson theories, there seems to be

reason for pursuing a phenomenological analysis.

II. - THE FORMULATION OF THE SCATTERING
PROBLEM IN TERMS OF THE IMPULSE APPROXTMATION

We shall ignore the charge ekghange scattering and restrict
ourselves to angles sufficiently largé that éoulomb scattering can
be neglected. We shall also not specify whether the scattered meson
is positi&e or negative, sinqe in the impulse approximation any
differences will arise throﬁgh the free nucleon scattering
characteristics, which are left arbitrary.

We introduce the scattering matricesll, RP and RN’ referring
respectively to-scatfering'on free protons and neutrons. Consideriﬁg
for the momeﬁt RP, we suppose the initial and final meson momenta
.to be respggtively 9 and gl, while those for the proton are Bo
and B- vWe then write R iﬂ-terﬁs of réiative momenta as (We uée‘
as units /ﬁ.g c=1) | |
Ry = [fﬂl.—ﬁ (Mg - Ep) [rpl ml“"ﬁ (Mg, - E,gq)} 8(9\4+ p- 30 =30) ’

(1)

where M 1is the nucleon mass and E  is the total energy (rest mass

plus kinetic) of the meson in the center-of-mass system, In Eq. (1)
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it is assumed that. the proton velocities are non-relativistic and .
remain so when transformed to the center-of-mass . system. _-RN sy
given by a similar expression in terms of a function ry. of the ., ...::

relative momenta. We write an arbitrary spin dependence for . rp o

and r as |
N , o . _

I"P.

i
o
-
A9
Aﬁ

IN . /g:hl:N s N S (2)

>P "
where 9: and: g are-the respective spin operators of the proton

and neﬁtroh. --The the cross section for scattering by a -ffee proton - .

e R S (LR L .
B R P (3)

o doT. e
with a similar expression for arL s the cross ‘section for

scattering by a free'rieutr’on,, _Here v”' is thé initial meson - .
velocity, Ef_ and E o are the final and initial énergiéss re.spécvti‘vely
of the system; and the integration is taken over final energies, For -

future reference, we define

<y
§Ei

0 :
o - q dq -S(EfeEo). L N

Eg .
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. For the’ébéttéf{ﬁé&byxé'déﬁtéfoh;yWETQésign the neutron

respective initial and finil momentum variables 'n

the deuteron wave ‘function be (we 75n'ég'lé6t’t‘hfe’«a ixture of D-state)

\,’ 7(¢<(p )5(13 +n)

and that for the final state of thé -néﬁtrofx and proton be .

ﬁ% Gg-n) Setr-p
where K is the recoil momentum and the A's 'aré'spih"%évéw“:'
functions, :Wé'mustVdistihguish”thréé typés of final’states ffé
singlet and triplet states for which the neutron and proton are
not bound (inelastic scatterlng) and trlplet deuteron states
(elastic scattering). We suppose, the relatlve flnal momentum of the "
two nucieons to be k& for the 1nelastlc scatterlng°

- The trandtion amplitude for the scattering is

‘Hpy = (%9 (Rp + Ry) %) = S(E,f,f,”ﬂp)hm
\ | i *(5)
The differential cross section for the final triplet state

'ihélasticvgcattering is :
L 3 ’
= (2?) &q Ok 8, - E ‘ ;
v7r : FA :

. (6)
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‘where ﬂ:é:ﬂ means the:appropriat§ §um and average over §pip substates.
Ep apd‘ E, . are the final and ipitia}‘epergiegiof the s?stemé_@he
'integfapiph being téken over, the former._ A 51m11ar expre351on holds
fér d(y§ ; the scatterlng to a flnal 51ng1et state,; For the

A

elastic scatterlng,-we have L | . i

L_z?f_ 5 Lq §E - 2 lhm S

. EF o ‘
7

.o ]
where the integration is taken over the appropriate EF .
Referring to expressions (1) and (5), we can express hp,

as

e T _'dBZ )(*F ¢F* | @‘%(C}V‘f‘l‘,b

’/iikzwf%\’+ £ ) .,E_ = Ij“,M._ E;{ .
‘ q + E q - q -4 )I T . Cq a.—.‘
[M"E AT g A A Mz Plays \~» ®~/|

Qi)

e Gr3ar 2+ B[l oy G BYfX 4D

(8)
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To e;eldeteeﬁhis.ietégrai it is‘ﬁeceesérY‘to remove rp and Ty
: from the integrand This can be‘dbne rigoroﬁsly in any one of four
llmltlng cases: (1) 9@, represents a plane wave; f2) the deuteron
blndlng energy is negllglble compared to the recoil energies;- (3) the
ratio M goes to zero; (L) rp and Ty depend only'on'the'difféfepce -
of their arguments, as is true:inuﬁhe Bern<approx1mation for |
pqtentiel séattering.'_Foriyarge'ﬁomentﬁm trensfers ceﬁditions (1) -
and (2) argzﬁgliq‘h\FQFRSmall momentum transfers and elastic scattering
we .i'elyvklargely o}x condition (3). ‘The vaii‘di£y of condition (4) is
douBtful in the present cade. -
We.thulsv set f = ‘O w‘:i.n ‘VrP]xand. Ty in'Eq. (8) and remove
~ them from the integrand. This leads to expressiohe of the form

Ol P RO By A I S B S R O

where the notation (s | rp ‘ t) means the matrix element of TS
‘for a transition. from a triplet to a singleﬁ stateuof;the»neutronn

proton system: etc., and

. “ -i %(’%— q)er .
Il = E;QFS (r) e ¢b(r) dr
W A
12 = V¢F°'(r) e g(r)dr

(10)
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‘ S
Here . @p(r) . and @u(r). are the goordinate representations of the

deuteron and final singlét,wavguﬁuﬁctipnshQfgthgkngutrpnmprotqn

systema.»Forfthe.elastic_and_ﬁipalrpgip;ep state;ing}astic_sca@teripg,

we have corresponding expressions pgﬁ._and thN!kwipb the

;.appropriate wave functions  @p(r) -in the integrals (10). .
As- the spread in~energy~of;tbg\spattered_meSQvaill in most

cases be small, We.shall;be'pa:tipularlxuinterestgdﬂin,qut its

~angular distribution. - In this case .we integrate the differential

cross section (Eq. (6)) over the energy spectrum of the scattered =

particles, To do this we again make use of the smallné§s.qf v% and -

the loose beinding of ;the deuteron. and remove the quantities 1y
and Ty -from the intégfandfm Thig:ggqu;dxqot lead to significant _ .

_errors, except perhaps for small angle scatterings (for which we can
expect only qualitative informg@idn.injany qaég)a:: o
Referring to the decomposition of rp and PN given by

i

Eq. (2), we define - = -«

L:=‘l12+2”|22
= |r r_ |
P 3 P
' L; 1 212
= r N
T B .
t 1% 1, mp.5

Ms ¥2 2 '
= - R o .
s 4 2% T aw
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with simildr quantities L; and L;v. "Re{# ...} " means "the
real part of ...". The quantltles, L,. represent incoherent
contrlbutlons to the cross sect:on whlle the quantltles, M,
represent.the effects of interference of meson waves scattered
from thévneutfon.andmproton; )

Integration over the energy spectra leads to the following

differential cross séctions for scattering into an angle ©::

s h— s s Ss s, «|
dg. = (27 J L.+ H_(8) + 2 H, (8) |-
df Yo’ ° [ L PN) . I 2_ | ‘
- t 7
it = Mt i |at+ih se) + o we)
A - o I'P W 1 N
_ » | :
Y n [ ¢ t 4
.@l,_c_‘_:iaﬂﬁ I (LP+L;+2M] H (8)
d v L _ | |
v | - (12) |
wheré
2. 3 2
H (8) - a dq d'k S(E o) If
s ) *s s
H,(0) = q ag Ok S(E O L

. )

s
J is given by Eq. (h) and Il > I, are glven by Egs. (10). The
triplet quantltles, Hl and H; , are obtalned by u51ng the =

: 3 t
triplet state waverfunctlons,'¢p “in Eqgs. (10). From Eq° (7) we

have
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Lt s Lo oo . . e . . P
x : , Lon TS O L (B A

S e N

d *s, |
where Il is obtained from Eq. (10) by replacing: ¢F (r) by: -

¢D,(r)'° '

For the total ¢ross section, we add the threée c¢ross sections’

(12). Reference to Egs. (11) shows that at least two-thirds of the

final states are triplet » which suggests a simplification:in the -

writing of the cross section. We define

LK

.Hz

Then the sum of the three cross sections (12) can be written as

ad 4o~ do—. dg-. ] %
P NI~ H+2cosaw| P __N|I = H
aJ- s cn g iAo &

s

04

HA

.'F"‘g"“:,m‘“ o Ip+ L) - T 20 2} °‘
. ' (16)

dQ';/dJL,. ‘and dGN/d-ﬂf are defined by Eq. (3).. The term

proportional to-.cos W represents an interference effect between

Qe o (15)
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waves scattered from the proton and neutron. cos @ can, of course;
be expressed in terms of the quantities (11). As will be seen below,
the last term represents only a small correcﬁion tg the cross
seétiono We have thus expressgd the scattering cross section from

deuterium in terms of the cross section from free protons and neutrons.

III. NUMERICAL EVALUATION
We now disdﬁss the dependenée of the functions _H on the
meson energy and sca£teripg angle. We begin with two approximate
evaluaﬁions, the first of which is the closure approkimatiqno
The closure approximation implies the neglect'of the'energy
of relative motion of the nucleonsbih the final state on the overall
energy conservation. The meson is assumed to have the energy

characteristic of a free particle collision. The completeness

- relation of the final states then gives (¢f, Eq. (13))

3 s |2
gdk IIl,i =

1
=i{qg - o
3 ¥s 3 (29 gp) ~ 2 3
d k ’12 = ‘ = ¢ gplrydr
etc.;, so we obtain
. .
H. = Hl = 1
. ) C-ilg-g)p 3
Hy = H, = e , »¢b(r) d_r o (17)
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Thé last term in Eq. (16) therefore vanishes and we obtain a very - '*
simple expression for dG-/d.A which is expected to be valid for
high mesoh enérgies (a further discgssion is given below) .

. The secoﬁdvapproximatién to the total cross section involves ~
“‘the use of plane waves for the final state, with Hd(e) = 0
(Eq. (14)). That this is not an unreasonable approximation foilows
from arguments of Gluckstern and Bethelz. Again, the last term inv
Eg. (16) vanishes since the plane wave approximation does not,
v distinguishvbetween singlet‘aﬁdffriplet states, and we are left
 with just the tgrms involving Hl and HZ; A numerical discussion
is given in the next section.

The pléne,wave approximation fails for those final states
in which the neutron and proton'havé a small energy of relative
motion. For such energies'only the S-wave is suffi¢ient1y;diétoftéd
' to necessitate correction, the wavesibf'highet'angular’mdmentum*
. being well represented by plane waves,.'Thus wé can calculate the -
. QUantities H by correcting the plane wave approximation,for>Smwav§s
only. | |

Féf fhe deuteron wave functionvﬁe use the Chew»Goldbergér13

expressions
S .
gy(r) = § [ e  = e s (18) . -

where N 1is the appropriate factor of nofmalization and

% = 45.5 M\evp. - 6 : 70( °
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For the S-wave phasév%hiftslasva‘fifStaapproximgtion.wé can

use the asymptotic wave funcétion é; i

N O }lb.(k‘.,‘f"‘et)‘
- © ° sin r T '
¢k, e | kr .
. s
.s' -t : Y - JU T e e
¢k e . 'sin (kr‘-}’&) | 5. : (19) }

kr.

where &  and gt-- are the appropriate é'iriglet’and.'triﬁlet; Thase
shifts ~. A correction for the firite far‘lvg“e of the singlet nep <
potential‘can be given ih terms 6f ﬁhé effeétive fangeé,accdrding*lg‘
to the arguments of Bethe and'Longmifé;éo"A cbrfeqtion-ih the -
triplet case is obtained by”repiaEing |
CTig-g)r
e

by_

£i(g-qler ]
-3z
e ' - 1
in Egs. (10), since the correct ¢k must be orthogonal to: ¢b,'
The latter_expressién isaSmall-for_smallv r , so we shall not make’
a further correction for small distances.

The integrals (10) can now be done analytically. With the

, d » S . o -

exception of H the H's must be evaluated numerically. The

results are given in the next section.
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-IV.. RESULTS AND DISCUSSION

The values of the quantities Hi(8) and H,(8) (Eq. (15))
are plotted in Fig. (l) for several meson energies. The corresponding
values of H;(Q) and ‘H:(Q) (Eq. (13)) are'plotﬁed in Fig, (2).

We wish first of all to show that toAa good aﬁproximation
' one may neglect the second term in Eq. (16). Reference to,Figs.
1 and 2 shows that H, (@) and H;(e) differ at most by about 10
percent, For scettering angles 1ese than'AS degrees, Hz(e) .and
H;(Q)_ differ at mest by 15 percent;bat large angles whefe thee |
difference_is larger,.the functions,themselves,are smell compared
to Hl(e) and .their difference is less than 10 percent of Hl(e).
In additioﬁ, reference to Eq. (ll) shows that‘the coefficient of :
(Hi(e) - Hl(e)) in Eq. (16) cannot be greater thaﬂ one-third the
coefficient of H;. It followe, then, that the correctiocn ﬁo
dcr/d.n-'érising from the second'term of Eq. (16) cannot be greater
than about 4 percent, except for small angle SCetterings~fand 50 may‘

be neglected., We therefore heve

' ' 1
N ' o

I J T I dn I 2
o (16")
to.avgood approximation. . » , 7 } ,
- -Reference to Fig. (1) . shows that Hl(é) =1 ‘to withiq

about one percent for the energy renge‘investigated (exeept for.

130 Mev mesons, for which H. fell to about 0,97 at 1800)e Since

1
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this is just the value obtained from the closure approximation

(Eq. (17)), it appears tha£ closure givesva sufprisingly accurate .
“result, "The closure value for sz(qu (l7))»was in very good
agreement with HZ and in fair agreement with the correct value

for H2° Since almost the entire contribution to H2' comes from. -
the elastic scattering (ioeo,' Hd(e) of Eq. (14)), it was' found that
excelleﬁt agreement could be obtéingd with closurelfOr H2 if the

phase space factor for elastic scattering were used. This means

multiplying the value for H, given by Eq. (17) by the factor

1 S o a9 8§(Ep - E) )
(cf; Eq. (14))- _ ‘ |
Thus, itrappears'thatl dCfﬂdJl- can be given by the
closute abprpximatioh (with H, corrected by the factor (20))to
~an acéuracy which is probably about as good as'the model obtained
from the impulse approi_cimationo This is fortunatég as the closure

il

values may be easily calculated from Eq. (17). |
| In contrgst to this, the values of H; and H2n obtained |
from the plane wave approximation require'a lengthy'numericél ,
calculation and are in general less accurate thaﬁ the closure values.
The quantities Hl s as obtained from the plane wave approximation?
ﬁere independent of the angle of scattering (t6 within the estimated

computational accuracy af about onempercent) and are given in Table I

for those meson energies included in Figs. (1) and (2).
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The magnltude of the elastic scattering is descrlbed by
H (@) (Egs. (12) and (14)). Values of Hd(e) for several meson
energies are given in Fig. (3).

For the energy spectrum oftthé\sqéttergd mesons, one .
cannot use an;approximationvyhich neglects the flnal neutron-proton
Ainteraction. Tﬁe mesons scatteréd elastically have, of course, a
\fixed energy, Several characterisﬁic energy sbeétré for the inelastic
scattering Qre given in Figon(h)@ .These spectra were bbtgineﬁ from
H;' and Hf_ by not performing“the:integrations-over dq in
'Eqso (13). The use of H only is Justlfleds since the spectra
arising from H2 are nearly the same when the latter 1s not,
negligibly_émallu The energy spectra are of lmportancgﬂ since Ehey”
should provide a test of the degree of validity of the impglse »
approximation. It would seem likel& ﬁhaﬁ hyppthetical ﬁhreewbody' |
interactions should cause conslderably larger‘enérgy lossés for the
meson than are prédicfed oﬁ the'bésis of theiprésent'modelg' Asvls
Seeﬁ from Fig. 4, the‘enefgy loss of the mésdn on the basis of the
présént model ﬁends'on the -average to be”slightly-less thén‘thét‘for

a collision with a free nucleon,

V. CONCLUSIONS
The use of qu (16“) should prov1de a dlrect means of
deducing the values of dcf'/dJL (that 1is, the cross section for
scattering mesons on free neutrons) from experiments on thev
lscaétering‘by deuterons and.ﬁrbtdﬁs'forlmomentﬁﬁ'ﬁrafsfefs'large
\ 'is small., doﬁpériéon of the scattering from

enough that H2
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déuterinm at large and smail éhgieé*sﬁoﬁid provide information about
the relatlve phase of waves scattered from neutrons and protonsl7.
This phase is descrlbed by the factor cos w in Eq. (16'), which
may, of course, be a function of the scattering angle.

Fdf”thése pﬁfpoSeS‘the'readily'applied closure: approximation
is satisfactory. | )

| We are indebted to Mr. Richérd I. Mitchell, Mr. Glen Culler,

- Mr, Burns Mgpdan;ld, and'other.£embér$ ofvﬁhévcoﬁputing grouﬁlat the.
3Radiationi15borétory'for:performing most of the numerical calculations
described in this paper.

This work waélperfdrmed under £hé auspiceSIOf’therAtomicV

Enefgy Commission. -
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approximation, are given for several incident meson energies.

In this approximation, Hl(e) was‘indépéﬁdéntfdf'tﬁé”séaﬁtéring'

angle 6,

Incident meson.energy in Mev,

| 50

70,

"90

. 130

10.80

0.84

0.86

0,90
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FIGURE CAPTIONS

Figure 1: Values of the functions Hl(e) and Hz(e) (Eq. (15)) for
several aﬁéidént‘ﬁééoh\enérgieé,-:Hi(ej was found to be
unity at the 1ower energles, but dropped to about O 97 at
_180 for 130 Mev - mesons.

s _ .

Figure 2: -Values of the functions H (6) and H2(8) (Eq. (13)) for
several 1n01dent mesons energies. The 90 Mev and 130 Mev
curves very nearly c¢oincide,

Figure 3: Plot of the function H \8) (Eq. (14)) for several incident

meson energies,

Figure\hs Meson energy spectrum (in érbitrary unitg)‘for inelastic
scattering with final singied and triplet nucleon states,

In Fig. ha the‘specﬁr; afé givén for‘an incident enérgy_

of .70 Mev and for scattering angles, 6 s‘of 500 and 1060°

In Fig. 4b_the incident energy is_lSO»Me%vand the scattering .
angles are hSovand 900. TheAtendency for the curves to

peak at the energy correspondigg to a free-papticle coll:‘L‘sion‘r

should be noted.
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