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771MESON PRODUCTION BY PROTONS ON NUCLEI
Ernest M. Henley

Physics Department, Radiation Laboratory
University of California, Berkeley, California

ABSTRACT
The meson production cross section for protons incident

on nuclei is formulated in terms of two particle transition rates

and the struck nucleon momentum distribution in the nucleus.

Three different momentum densities are assumed. They are a
modified Chew-Goldberger, a Gaussian, and a Fermi distribution.
With these, it is attempted to fit the experimental A and 27”7

- 12
meson spectra obtained by bombarding C  with 345 Mev protons.

‘The effect of the exclusion principle is estimated on the basis

of a single particlé model for the nucleus. Meson reabsorption

and scattering, after production, are also taken into account, but
only roughly. The calculations show that the Gaussian distribution
approximates nucleaf conditions best, and that the fundamental
proton-neutron andvﬁroton—proton production tfansition matrices

are most probably not equal.
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I. /INTRODUCTION

Experimehtal studies of the production spectrum and angular
distribution for J mesons have been made for protons incident
on various elements, notably hydrogenl’z’%, carbon s and lead6 at
energies of 345 and 381 Mev., In this paper an attempt is made to
explain these spectra in terms of an analysis of the production of
mesons in free nucleon-nucleon collisions as described by Watson
and Brueckner7, (hereaftér referred to as W.B.). The treatment is
siﬁilar'to that of Lax and Feshbach for phéto—meson production in
nubleiB,'

The analysis need not depend on any particular meson theory,

but assumes that the matrix element for meson production in proton-

proton (P - P), and proton-neutron (P - N) collisions are known in

1
W. F. Cartwright, C. Rlchman, M, N. Whltehead and H. A. Wilcox,
Phys. Rev. 78, 823 (1950).
2
- V. Peterson, E. Iloff, and D. Sherman, Phys. Rev. 81, 647A (1951).
3 M. N. Whitehead and C. Richman, Phys. Rev. 83, 855 (1951).
of C. Richman and H. A. Wilcox, Phys. Rev. 78, 496 (1950)--345 Mev.
> M. :M. Block, S. Passman, W. W. Havens, Jr., Phys. Rev. 83, 167
(1951)--381 Mev.,
6
M, Weissbluth, Phys. Rev. 78, 86A, (1950).
7

K. M. Watson and K. A. Brueckner, Phys. Rev., 83, 1 (1951)

8 M. Lax and H. Feshbach, Phys ‘Rev. 81, 189 (1951),
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detail. Unforﬂhnately9 little is presently known about the lattef,
nor is the excitation curve known .for either types of meson production.
On tﬁézothef hahd, avgreat‘deal éf evidence;(sé¢ refereﬁéé 7 for |
fyexample)vseeas to indicate that both the charged and neutral mesons
are pseudoescalar. The spin dependence of the matrix for the
‘production .from either proton-proton or proton-neutron collisions
.is based on this assumption; but the calculation can easily be
extended.tofapply to any other,type.pf meson. |

‘ : Tﬁe evaluation of the transition matrix of the problem is
carried out by performing closure over ali but the interaciing-.
nucleons. Except near threshold, the production spectrum at a
giveh angle of meson emission is then shown to be propoftional to
~the momentum distribution of the struck particle in the nucleus,
folded inﬁo tﬁe free particle production rate. The consequence of
thé'exclusionvgfinéiplé is to ;éducé fhe'momentum s§ééé;available,
~and is'calculgted on the basis of a single particle‘model_foruthe
ngéleusc |

‘.The absorption and scattering:of the meson by the nucleus,

afteruproduction,fare treated as separate: processes.

At sufficiently high energies above threéhold; thé"éfoss .
section is expeéted to Be equal ﬁgithe nﬁﬁbér of éroééns and ﬁhe
numbe? of neﬁtrohs‘in the ﬁucleus muliiplied by theif fespéctive‘
free-particle produc£ion‘cross seétioﬁsol Aslﬂhe ehergy of‘the
incident proton is decreaged, not ali the nucleons can contribute

to the process (i.e., the whole momentum distribution is not
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available), and the "production efficiency" may be said to decrease,
approaching ‘'zero at,;threshold. This effiéience is a consequence of
the dynamics .of.the problem and is independent. of the exclusion
effects,“whichuwillltend to decrease the cross section still further
near threshold: At a given proton energy, the efficiency is a
function of the angle of emission of the meson, It is largest for

- 0
mesons emitted forward. For mesons emitted at 90 to an incident

~ proton beam of 341 Mev, it is only somewhat over 0.5.

The theoretical results derived in the first part are

_ applied to carbon bombarded by 341 Mev protons, It is shown that

the.spectrﬁm obtained:for‘heson producﬁioh aﬁ 90o to the incidént
béam depenas mainlyronhthe:ﬁuclear momentum densiiy. ’At Oo; héﬁever,
for mes§nrenéréieé up to éO Mev, the'spéctrum dépeﬁds largely on
thevfree particle.méson prodﬁction matrices, For thé éaﬂe of '
simplicity these are assumed to differ only_by a numerical constant
for P - N and P - P collisions, even thsugh this hypothesis will be
shown to be inadequate. It is then aftempted to deduce some

information both about the matrix elements'and about the nuclear

momentum distribution involved in the cross section.

II. FORMULATION

A. Free Pértiéle Meson Production

Before conéidering the actuél problem of ﬁeson production

i

in nuclei, it is worth while to review some of the features of

creation in free particle interactions. The cross section for



meson formation in a nucleon-nucleon collision can be expressed
- in terms of an R;mé;trix'Z’?, W.B. shc'swthat,'fdﬁe to the short -
rarige of ‘if{téfécﬁidn; "iaequiréd ‘for méson production; ‘a zérc range
"approximation:can be i’nt;r()d’uced for the nucleons in the final o
state., If the meson is assumed to come off as a plane wave, and

‘momentum conservation is factored out, (in units of “H'= ¢ = 1)

L 3/2 ., 2 , 2 S
- - A 1 tir ) ¢ nlan! - e
do = L | AL "l 2l 12| Slarmitey - m - pa
(1)
where g 1s the meson momentum, p' and P, the final and initial
relative momenta, respectively, and vy the relative velocity of
the interacting nucleons. If /a_, , and M are the meson and

nucleon masses, Dy and oo the individual particle momenta,

'

i -
L = 9 5t By)
pt o= B TRy
KT s
P = 21“32
~ 2

3/2 2 o ‘
The |(27)’) X_,(0) , factor in Eq. (1) (p' refers to the
eigenvec_tor;. anc_l 0 isused to indicate the zero-range approximation) )

comes from the final state nucleon int'era'ction, on the hypothesis

C. Mgller, Det. Kgl. Danske Vidensk. 23, 1 (1945). | *
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that only their relative motion S-state need be considered . If

-9, is the meson energy, Tp and Ty the final and initial nucleon

kinetic energies; respectively, then the phase space volume available, -

B _ . ',,! : S st S — :
- o S T -7

A sum over the final spin.states and an average over the initial

ones is implied in Eq.. (1), -

A partial wave ané.lysis of the final nucleon states has been:
used.' If a similar consideration is applied to the meson angular
momentum\, and only P= and S-stétes are included, the matrix Ir '2
in the cross section formula can be written as:

P
r

2

2, 2 - o)
= agz‘cps e-f-bﬂz-f'e .. o 2a
U | u ¢

for meson production in P - P collisions, and as

2 al 2 c0526+ b' g; vc' g; cos 6 4 d! gcose+e'
= 32 ( g + |
‘s al P ey

:\._

N
r

for mésons produced in P - N collisions. The coefficients, a, b, e,
etc'. are numerical factors which depend on the initial momentum,
,E’ ‘and on the spin and isotopic épin states of the reacfion. e is
the meson angle in the center of mass sjrstem of the interacting

particles. No cos © terms appear in Eq. (2a) because of the

exclusion principle.

N

See Appendix, K. Brueckner, Phys. Rev. 82, 598 (1951).



>:W}Bf investigated %hefcoﬁsequences'Of-charge independence

- for nuclear forces;“takéﬁ together with angular momentum.and parity
"iébﬁééffaﬁion;»as‘ﬁelligs theiPauli exclusion priﬁcipie;'fof}thea
process considered. For mesons created by inp;dent protons their:
results are summarized iﬁiiable I.'bThe case of z?o Lpréduction~
will'noﬁ’be studied in any further detail here, though the treatment

can easily be extended to include it as well.

L)

Je
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Table I3

-9~

Transitions permltted by angular momentum and parity

conservatlon, as well as by the Paull exclu51on pr1n01ple for pseudo-

scalar mesons, when the relatlve flnal nucleon angular momentum is-an -

B
—

. S-state. My, M and M3 are the 1sotop1c spin representatlon of the

R-matrices.

The notatlon used is that of W,.B.

Meson in S-State Meson in D-State
‘ 3 1 - + ’,O Py - 1 |
+| “P =S = (1 £ |r|t7) S P. _.
P+P, 3°3°M1 . IP 1 °P7sy M3=(1+s|r\t)
Pi=’s; M3= (U s |rle™) | 7p,
3 ’s 1 | N
y ' 1 ; . . T IR, ¢
p+N, 7| P s m=at &) =5 M7 (7€ |rls)
| °o" o 1 35 °
3 : ’ |
1 - -y N , - -
P+N, 7 | Pos M=-(1 t7lr k) -5 MyT (17t 12 ls)
fo) fo) l E 3 [o] C
: D
e
U = Rt o | N - e =Py -
P+P,7° | R3S, M= -1t Ir 1+7) | forbidden M= -(1° [+ 1t7)
3
S
, 1{3
S | P12 -
3 ’s oy
’ i 1 0 . ©
P+uN,ﬂP Pl-’?s M3= (1o*s IertQ) 3 }4930 M= (1° t |r |s)
_ . - D, | ,
1
1 31 So.aj P «) 'l N‘ o
- (1 silrit
Pi?5,. 0 1) 78 My osimle)
2
11

R. Bjorkland, W. E. Crandall, B. J. Moyer, and H. F. York,

Phys. Rev, 77, 213 (1950) show experimental evidence of the . -
suppression of this reaction.
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W B also obtalned the general spln dependence of the
R—matrlces on the assumntlon of pseudoscalar mesons., CIf the index
nL refers to one of the 1nteract1ng partlcles and nom to the other,

this dependence is glven by a comblnatlon of

A(l) 2(3 %)°gj( £ }\Jj(pjgy 011) 7z q) (Y'( )+ W(E q)- ;[(1) x§(2)
- | 3)
‘and similar quantities A(2) obtalned ‘by 1nterchang1ng 11" and "2"
- and feplacing P i$y~’i2; The R-matrix must be symmetric with
respect to nucleon exchange,, Th.uss, for a 7)"+.meso.n I;-state,' if T is
.an evenvfunctlon of o, we would tane To (SZ' SES )), ‘since the
flSOtOplC spln dependence (see Table I) of R 1s odd.

In this manner, then, except for numerlcal factors, an almost

Hcomnlete spec1flcatlon of the free partlcle Droductlon matrlx is

--p0551ble

B. Productien in Nuelei

For meson productlon in a fairly heavy: nucleus,’at energies
:of the order of 350. Mev, the interaction can be assumed to take
place between the 1ncom;ng proton and a single nucleon_° The wave- '
length of the inc_oxning pr;oton, as seen by the nucleus V(if A>> 1,
‘the.center?ef—nass‘system and the laboratory frane¢are approximately
equivalent) is Jj?i,:_ é,BAx 10f14 cm. Slnce thls is qu1te small
-13

compared to internuclear distances QNJZ 8 x 1O cm, ) the above

approximation’ is justified; - On the ba31s of an 1mpulse approx:.matlonl2

i2 N
G. F, Chew, Phys. Rev. 80, 196 (1950).
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then, the'probabi;itj amplitude for meson production in a nucleus,

A, is proportional to
(Gg , > RGO
v g
where Rj is the appropriate two-particle matrix of the form

o oado pa B mo mo)-

Momentum conservation can be fé,ctored out, givinér
t. .t |, : 1, | - -
(@ ph|r |p) Slat i+ my - - ) -

GF and GI are the fiﬁnal and initial antisymmetrized nuclear
wave-functions in momentum space. Thus, if the momentum, :ﬁ; S
spin and isotopic spin, f , of a particle, i , is indicated

by Ny

A+1

‘G.x “ : Z‘ 1) P, e %ujl“..._rli.:.,m) 5"77},5,1)

i=1
(4)

P
.where WI- is antisymmetric and (-1): Pi,A'-]-l is the particle

perniutation operator which insures that GI 1s also anﬁisymnetric_.‘

E' is the wave-function of the incoming particle. This is a plane

In order not to obtain the square of the s-functlon, the
artifice employed is that of using Q instead of q in the
second S -functlon, and integrating over this momentum.
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“wave, and may be writter as‘
d—— . . . - — . ' v . . *

» _
where E represents the spin, isotopic spin wave-function.

' The cross 'section for meson creation is then -

}: S(EF - EI)dgvdf’
ST L
(5)
| where v. is the relative velociﬁy offthe inoident proton and the

°
struck nucleus,v ;f is the total momentum of the interactlng

nucleons in the final state, and EE:' indicates a sum over all
possible flnal nuclear states, con51stent w1th over—all energy
conservatlon° | o | -

| Since the meson-producing interacting is a strong, ehort:
range one, it is expected that the ex01tatlon energy of the flnal
.nucleus, excludlng the two collldlng partlcles w1ll be small vif
the effect of this slight excitation on the energy conservation is :
neglected, Welcan,sun over all final states.of (A - 1) particles,
-gand;thuswobtain-a'parpialvclosure,approximation_to ¥he.croes

.- section. The exact. energy:conservation condition is then replaced by:

§Tpt o Byt -3) o (®)

where '1‘F is the final kinetic energy of the interacting nucleons,
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and -TI- the initial kinepic.energs‘r ~of thé‘ inclid‘ent p;'otén, since
the initial mucleus is at rest. By and By are the initial and
average final nuclear binding energies, respectiﬁe_ly.

Due to the large momentum transfer involved in the inter-
act:_'Lon, we Acan't:akke‘the final 'state wave-function to be-separable.

v . Then, if }DF and X are antisymmetric wave-functions

‘ GF(T?l'” V“l Z Z: (- 1) pA }DFO) pree e Ngee Myy)

r#s r A
(7

With this separation, the evaluation of the matrix ‘involvgd in the

cross section Eq. (5) is carried out as follows:

'ﬁ.;tZ(GF, ZRG ZE.iLI?‘_*?’(G',:‘ﬁI)lZ

(8)
This defines ¢I E ZRj GI’ which must also be antisymmetric.
| J ‘
If closure is performed over all final states of “}/F’ and a sum

over the final spins of the struck nucleons, M is given by -

A ;S;r &ll \)S, W;A.,,1|7((n, .)--Z-(L‘{.,n)
S S(frfp 8({; {)[ql - ’ZA+1>

.

M
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" / ‘ N .
"'where' Ql )ZA +’l> . represents ¢I’ and an integration over

all varlables is 1mp11ed All terms in the sum are smllar The

matrlx may - thus be replaced by a typlcal element :

<‘21 y].2 ’23“"%4—1'2(“1’ >Z<ns n)) 8(§ { )
¢ ~§" | 0 1 T

}DI .1s represented by "71 ?A> ; and if the free
particle R-matrices are given an added index to indicate both

interacting particles, the meson production matrix becomes

s L S

oo
¥, ey T * . ! !
€ (Vlk). RkQ X (}\1‘19 '{12)){(2?, ,1"1;"2):_8({1 - {l) S.(é'z -

Ri‘j E,(ﬁi}) |Q1 VIZ;I-JQA>

C. Diagonal | Elements .

The matrix M has both diagonal and off-diagonal elements.
.The diagoﬁal terms represent the main contributiOn to the cross
section, except near threshold s, since the off-=d1agona1 elements

-would not occur at all if correlatlon effects did not exist for the
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location of nucleons and .if wave-interference is neglected. The

diagonal terms,‘Mq are considered first. If the center-of-mass.

A

M;A-il-l 2 Z<}UI I:E ({i‘)Ring;(i‘i*iij))f(i‘i‘lij)

3 i
k)

motion of ;{(21, n.) is factored out

"8_}3}(2:{""35)]((2; -y & {‘i)
(o)

Though the colliding nucleons may have final momenta considerably
largef than in the free particle case, it can be argued, that due to
their intimate interaction, the zero range hypothesis of WQB; can
istill be used. The final state of these nucleons is again
approximated by considering relative angular momentum S-waves only.
)((n. - n.,) 1is thus replaced by )Z' , (0) for S;states, and is taken
as zero otherwise. With this simplification, and if momentum

conservation is factored out,

2
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‘The -spin And isotopic 'spin-sums in Eq. (11) can be performed
by maklng use of the representatlon of :the R-matrices. shown 1n
~ Section A° Thus, by means .of Table I, the 1sotoplc spin dependence
of M° is completely specified. For mesons emitted in a P-state,
(Qmitting the § -function and ’rfhe factor I .(ZD')B/}zlp, (O) \2 for

the moment),

R R CHE AR INE

1

(12)

ol % el or >

- (13)

Similar expressions are obtained if the meson is emitted in an
S-state. The actual spin depehdeﬁce; as shown in Eq. (3) is not
required. It can be shown that, for the;transitions involved

(see Table I) we need only consider
r. = KG" and r = L@

_operetlng on the 1n1t1a1 nucleus wavewfuncilon, where K and
L are functions of the méson and- colliding nucleon momenta, All -
ether forms cancel for pseudoscalar mesons.
Averaging over all nuelear spins, and performing the_isotopic

spin sum, we obtain for both meson P- and S-states
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f(;f)

(e - v $”I>

(14)

M)

G2ty w

where Z is the number of'propone, and A the total number*ofJ

" nucleons in the nucleus.

These matrlx elements can be expressed in terms of the

Coe

. normallzed momentum dlstrlbutlon of the struck nucleon, e(k) by

1ntegrat1ng over all nuclear coordlnates on which the R—matrlx does

not depend.

The contribution of the diagonal elements to the cross section

is thus given by (if the omitted factors are again taken into account):
o _# ,(222“ 2, 4 _g.2} 320 2
dg, ) = % (2 K+ __%_L)l'(ZW') )(p,(o),l
o ,

v _ Pt
€ 4 8ak B - 5o B) 608y - BDIE ap) g,

' (16)

But, dgoz’qo~q dT dJ\a, where T 1is the meson kinetic energy and

d.qi. is an eléement of solid angle about the direction of emission

of the meson,

Hence, in terms, of the free particle cross sections
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o .k SR
day () :%S[Z dTP-P‘ﬁvRar(A ~Z)d STPN V,] e(k) d,

4T d.ﬂq dr'df, - - aT d - dny
(17a)
a, ) - |
A 0 -1 \(A- TPy vy k) dk
dT cl.na dT d.n_ ~ ~ o
(i'(b)

The cofrect energy‘conservationvéonditiong as given by
Eq. (6), is implied in these equations,>éhd>it is assumed that the
excitation fﬁnctioﬁ of the free particle cross section is known,

5
On the basis of the diagonal terms alone, if K = Lz s the

. ratio of

fo) i+ .
4o, @) =oAtz

(o] 5= A-ZL
crA('D’)_

_FOrJa'nucleus‘sﬁchhas“Carbon;“whéfeA Z = A/2, this ratio is 3:1.

D, - Correlation Effects .

"It remains to consider the,offfdiééonal elements; M, of
the maprix M. These occur because 6f wave interfepencé effects
and due to the antisymmetrization of the wave-functions. Since the
produétion.ﬁrocess involves large momentum transfefs, the former

type is expected to be small. It is neglected in the actual
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calculations, where a single-particle model is used to evaluate the
correlatioﬁ terms. For the present, however, thése restrictions will
not be imposed°

The magnitude of the matrix N degréaées as the energy of
the incident proton incréases above thresh;)ld° Since the lattér
is at approximately 165 Mele, if is‘nOt expected to alter the
cross section appreciably at 341 Mev.

If an average is performed over the spins of the incbming
particle,"the genergl off—diagonal matrix element, referring to

Eq (9), can be written as
T Z;_ S— Z Qiyg e .,,,,)A\g' f
? l,z)ﬂn»%)/i( NN
g s
e Ty 0A>

(18)

M contains several types of terms, correspondlng phy51cally

to an exclusion of either or of both of the interacting partlcles

13
"~ W. H. Barkas, Phys. Rev. 75, 1109 (1949). He obtains 155 Mev
for‘ﬁ’* production and 178 Mev for gz~ productlon°
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in the final- state, _With‘referenee.to‘qu (18) the three distinct

-off-diagonal matrices which occur may be represented by:

(1) M’ this occurs if i=1l; fEjFlor2

(2)"_ M''; this ocours if J = 1 fFiF1or2

("3)-' MY this occurs if ,(;ﬁ:jqb i#l or 2.

M' and M'' invoive an overlap integral_o&er,a single partiole

variable, whereas M''’ involves one -over two variables. If these

overlaps are lerge,»the.contribution of the off-diagonal matrices

will be important, and in a direction to caneel_the diagonal ones.
The spin and 1sotoplc spln sums in M and M can be

8

’evaluated as by. Lax and Feshbach by methods due to ngner and

lh

'Feenberg for example, involves palr correlatlon functlons
e(n~ n{) To a first approximation only momentum space symmetric

and antlsymmetrlc correlatlons, 9( !AO - Kl) are differentiated.

The actual dependence of M on ’1:1,( and nJ can only be obtained

1f ;{ is known, and if the overlap is performed If ;Z'ggi,‘22)

is replaced by individual plane waves:

Apon) = 8§ ) § &)

p2 P

we obtain_for Mv

14 .
' E. P Wigner’ and E; Feenberg, Reports on Progress in Physics,
Phys. Scc.’; ‘London; 8; 308 (1941): S
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Y>>
(19)
The exclusion effect is now implicit in the wave-function
\V& R as will be shown in more detail, later. A similar result is
obtained for M", except that the final momentum involved in the
8-—function is now that of the other nucleén in the final state,’B2°
If le is defined as the momentum~space orientation mean

value of S(E% - i&) 8(5;— q -’Bi) and an average over nuclear spins
. 4 ,

is performed, we obtain for mesons emitted in P-states:

M) GZ# = <$“| e, e g()

(slz‘ 0|17« | O,l s

(20)

where O 1is the isotopic spin representation of the R-matrices, and
the notation is that of Tabie'I, A similar, but more compliCated

'Y, " , _
s result is obtained for .M (W’), since contributions occur from



both P-P and P=N colllalons, though there is no interference
: between these two since thelr O=operators are orthogonal (M MB) in
1sotop1c spin spauea For mesons emitted in S=states, such

interference is possible as can be seen by referring to Table I,

" The state

%U£ is now broken up into its symmetric and

WI> (S) SU._([a)> and the spin

and 1setoplc spin sums are carrled out. va
(s) (s) o (éj" _ (a)
J( l % > Y, = <:7UI le , WI >

s—-— I
the leading terms, of order A and A become for mesons in P-states

antisymmetric parts

' +==K2A 1 (v 4 1 A oo
u, ) = - 53 (stgj VOt (ng_ va)}'
(21a)
‘ MPeN(”‘-) - L"E& Ji; (Vs\"#' Va)"ﬂ" “’1% (Vs - Va)
(21b)

v'v:rhere ‘M;wpmﬁj refers to W+ mesons and M N(ﬁ to 7)’

¥~ mesons created in P -~ P and P = N collisions, respectively.
The results obtdined for S-state mesons is exactly the same, to this
erder, and so is that for M”° ngv, on the other hand, is really
a ;hreefparticle problem, and will not be eveluated, sincelip is
‘expected to pe_small_atVBAl Mev. I£ ﬁay Be importaet, however, in

explaining the _experimentally observed increase of the 7)’+ to
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ratio in carbon from 5;1ﬁﬁ'bo8’: 1 at 341 Mev15 to approximately

14 2 1 at 278 Mevléov (The“inverse of,this.ratio was actually. .
measured, by bombarding“ca;bon,with neutrons.) A general argument
has been advancgd by'CheW”andWSteinbergerl7 to explain this
considerable increase near-threshold. The. cause is ascribed to

the exclusion principle, which should be less important for‘lf+;
production than for ¥~ production in P - N collisions (i.e., only
one particle is excluded on an alpha~partigle model in the former
case, whereas two are'in"fhe latter):. It is therefore to be
expected that M”w “will be larger for z/- than fof\ZV+ production
by P - N collisions in nuclei. &he energj dependence’ of the er-tO'

Z/' ratio; which iS"dué‘to'an'effective raising of the threshold

‘for ﬂjﬁproduction oh the argument of Chew and Steinberger can

also be deduced. Near“thrgshold we may expect Mq'ﬂ .to be importént.
At 341 Mev, however, the energy remaining to the struck nucleon in
the final state is larger than 80 Mev, as long as mesons.of kinetic
energy less than 100 Mev are studied. It is thus quite probaﬂle

that at least one particle will hardly “feelﬂ the exclusion effect

~and will be ejectedfrorn“the“nnc_leus° “Part of thé.increasé“of the

’ ﬁf+hto 7 ratio with decreasing préton energy however may also

3

15 ' _
C. Richman, H. A, Wilcox, M. Weissbluth, Phys. Rev. (to be
published). ' ‘ , '

16 : ‘

‘ H, Bradner, D. C. O'Connel, and B, Rankin, Phys. Rev. 79, 720
(1950). _

17

G. F, Chew and J, L, Steinberger, Phys. Rev. 78, 497 (1950).
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be ‘accounted ‘for By'the difference of the free—particle.ekcitation
function and matrix'elements‘involved‘in‘the P-Pand P - N
prodﬁC£ioﬁ procésses. Some.experimental evidence of this isuseén
in the fact that Blockman,'Passman, and Havens, Jr., at Columbia,
obtain a ratio of ~11* 3 : 1 for carbon bombarded by 381 Mev
protonss° ‘This increase  can hardly be ascribed to an exclusion
‘effect,

At 341 Mev, then, it is .expected that either ' or M"
will be of physical interest. If one 6f these matrices is large,
~the cher one will be small, in general. In order to evaluate
either of these matrices explicitly, and hence V., and Va,iau
particular nuclear model must be chosen. We take a rather simple

one here, namely a single~particle model, and neglect wave

.. interference,

If the nuclear wave-functions are taken as plane waves
enclosed :in a box in space, of volume V = %;WJRB where R is

the - nuclear radius- (Fermi gas model), the matrix M' becomes -

'Mt‘(f*)A: §(2K+ L)V Q(k) Q(pz)S(_lji-}f’ 9\' P;i-Py )dk dp, |
(22&)
M) = - ngl v Vi @) e(pz) §(P+k-a-p - p)dk dp,

- (22v)

where -VK = 37rkmax is the volume of a sphere of maximum momentum,

corresponding to the space volume V. The spin sums weré evaluated
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ds before, in obtaining qu (21), and are correct ‘to the same order.

i

A similar result is obtained for. M , with the roles of pi-_and
N .

Py interchanged..

| 1 'O'<k<Kmax
v | ,

o) = o (@)
0 it Kk

In the case of a nucleus represented by an excited Fermi gas
(ioe;; temperature larger than ,Oo K) we assume that the nuclear
xwaveTfunctions cen‘still‘be represented by plane waves inside a
knuelear volume. In fhat case (k) .is to be“interpreted‘es the
momentum of a nucleon on this new model. In this manner\the
correlatlon effects can be computed for a general momentum
dlstrlbutlono qu (22) stlll holds, but the momentum dlstrlbutlon
.’1e'noo unspeC1f1ed . ‘ ' R
The explicit effect of the exciusioo‘principle is now apparent.
If the average value of €>€V2) for the tran81t10n process is large,
then M fulM and ‘the cross sectlon becornies very small. Approprlately,
e(;a) 1s,large when p2r~15; and both are small in magnltude
The use of the 31ngle partlcle model in the calculation of
the correlation terms, rather than a more general one, neglects the
final state interaction of the two oolliding particles. Thus, on
the Fermi model the cross section does not go to zero, as.it should,

lif the final particles are excluded. In a strictly cohsistent
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formulation, both -the diagonal and the off-diagonal terms should be
treatgd in the same manner. Hence; on.a more general nuclear model
than ﬂhe one uséd for evaluation of the off=diég6nal matrix, a final
state interaction term should occur. Since the exclusion terms are
expected to be small in any case, we arbltrarlly 1nsert a flnal
.state interaction here, so that the cross section will at least go
to zero correctlj on the Ferml model. 7 ,

1 M and M ,can'bé neélected at 341 Mev, the cross
sectionlfor‘zf*fand zr’ mesons in a nucleus, A, can be written as:

T - 2 (el o) e | Vs 0K) EL - er(k+A)]

arany Vo | dran, o aran

(2ha)
de~ () L ()} ag ,
AT A\ la-n BNy [ ot 8] %
dT Ay v, a7 4y R e"') 'k e ] ~

(24b)
were & s r-gipe |

With the inclusion of the correlation effects as treated, it
is seen that if L 1is equal to K the ratio of T to Y/

production is still g.f % o




F. Absorption and Scattering of Mesons .

So far the outgoing meson has been répresented by an
| ’ 18,1
undamped plane wave., Evidence from photo-meson production g 9,
however, indicates that the meson may interact with other nucleons

before it is emitted from the nucleus in which it was produced.

: The :problem of the interaction of mesons with nuclear matter has

been treated by Brueckner; Serber, and»WatsonZQ, who calculated

" the effect of meson absorption on the production cross section.

‘'They ‘quote evidence that this effect is similar for 7Trrand 7

mesons; and conclude, furthermore, that the scattering effects are,
in general, small compared to the reabsorption ones., They find

that the mean free path, 'Ra, .for meson absorptlon is. of the

13

order of 2-3 a,, where ao»=-1ah x 10~ m. is the effectlve

nucleon radius.

" The time taken for a LO Mev meson £o travel a distance of

23

3 a, is of the order of 107 sec.. Since this is small compared

- tothe charactéfistic nuclear time (taken here as-a measure of the

time taken for a nuclear disturbance to cross.the nucleus;,

'appréximately'loezz sec.); .the probability of meson reabsorption

before-the nucleus feels the effect of its production is large.

18 ' ,
.~ -R. F. Mozley, Phys. Rev. 80, 493 (1950).

19 R, M. Lattauer and D. Walker, Bull. Amer. Phys Soc, 26 No. 3,

- Abstract F 3,

20
K. A. Brueckner, R, Serber, and K. M, Watson, Phys. ‘Rev.
(in press). ‘ ,
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Rather than uéing damped plane;waves,fbr the emitted mesons, we
therefore treat the meson-absorption problem as a separate process.
| b.Tﬁé'infdrmafionvé#ailaﬁle on‘abSOrption,,tb daﬁe,uis still

‘ scant. For this reason, and due to the other uncertainties C
inVolvéd in the production problem, we neglect the meson energy
dependence of!the:i'eabsorpt’ion'proceSs° The analysis of Brueckner,
Serber, and Watson shows that the‘abéorption cfoss section

decreases somewhat with meson energy, but is substantiélly independent
of this énergy.for'larger'than~h0 Mev mesons. . On this assumpﬁion,
‘and using the model of Fernbach5‘Serber5 and Taylorzl, they find

that the production cross section is reduced by a factor, £, .

=X

(14 x) e

Mol -

o 11 1 :
where x = ZR/Ra,' and R is the nuclear radius. For: za =3 ag,
‘and R = a~°_Al/ 3, this factor is equal to 0.6. |

- Experiments performed by Bernardini, Booth, and Lederman at

Columbia22’indicate'that, whereas ‘the elastic scattering:of mesons
by nucleil is indeed smallg,and approximately energy independent,
the inelastic scéttering cross section increases rathér rapidly

with meson energy beyond 30 - 50 Mev. Thus, the cross section for

inelastic scattering at 100 - 110 Mev is absut four times that in

s ‘ — : ‘ . , _ -
S. Fegnbach, R. Serber, and T. B, Taylor, Phys. Rev. 75, 1352
(1949). : : .

22 o : - : & .
G. Bernardini, E. T. Booth, L. Lederman, Phys. Rev. (in press).



the range of 30 - 50 Mev. Thelnét effect of this inelastic
scattering is to incresase the low energy :meson specﬁ;um at the _
expensé-bf-the high energy part. The_ord;;,§f-ﬁagﬁitﬁdeJof'phis
effect can be computed, simply by téking  ‘2a,ﬂip'x of Eq. (25)

to représent:the total mean free path for a meson interaction to
occur after creation. ‘Za  decreases‘then somewhat with meson
energy. .The effect on f, .is slight, however, for_mesqn energieé
smaller than 80 Nev, If f, = 0.6 .at 20 Mev it is only reduced
to:e\/O.55 at 80 Mev, The cpnseqﬁences:of scattering are:therefore

‘heglectéd in the‘subséquent‘calculatipns,;



" IT.  COMPARISON WITH EXPERIMENT ~ +% i & e

A, Method of Caleulation ="
" There 15a falramountofexper:_mentallnformatlon
a{{'}é'ilable.’aﬁ ﬁrééent ‘for meson production in ‘nuclei.’ The
fundamental mucleén-nuclson ‘production -data is still rather:
scarce, Héﬁe#ef:A'Wﬁéréaé‘the’prodﬁétion:of‘pOSitive mésons by : -
:-?.E’P"célliéidné has been, and is Still being fairly -extensively
s£ﬁéiea&b6£h experimentally and‘iheorétiééliy;’2’3’7’23ulittle'is
1Lkhbﬁﬁ'as‘ye£’aboﬁt.fhe7pr6dﬁctibh bf-eitﬁer'pOSitive'or‘negatiVe
mesons in P - N collisibﬁé;J3Fo?‘this“réasoﬁ,‘bnlY'thé experiments_

: 1
of meson production in carbonh’ °

, at 341 Mev are analyzed in
terms of the theory developed in the previous section. Both the
element and the energy are choéen because of the availability of.
experimental information°

The equations derived for the meson cross section (both
dc:i and- dcr;) involve not only the free transition matrix
elements, but also the momentum distribution of the bound, struck
nucleon. Theoretically, it is possible to deduce this momentum
density from the experimental data. It is simpler, howeﬁer, to

start with a given normalized momentum distribution, such as that

"of Chew and Goldbergerzh, and to fit it to the experimental cross

23 :
K.VM, Watson and C. Richman, Phys. Rev. {(in press).
2L v

G. F. Chew and M. L. Goldberger, Phys. Rev. 77, 470 (1950).
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: 2
section, - From an analysis of the deuteron pick-up data of York ~,
Chew and Goldberger arrive at the distribution

( +k) ‘ '

where C(P corresponds to an energy of 18 Mev. Aéhpéihﬁedloﬁt in
ﬁheir.papér, this momentum déhsity is in doubt at the bigh end.
This distribution, furthermore,‘gives an iﬁfinite‘é&érége kinetic
energy“t6 a nucleon in the nucleus. A preliminary analysiszé,
sho;ed-thaﬁ, due to its long'tail,‘Eq.‘(Zéa) did 'not seem to fit
'tﬁe 90°.meéon"produc£ion spectrum obtained by Richman and Vilcoxh.
For this feasbn,'in the calculation made here, the distri@ition-
was modified so as to give a finite average kinetic energyﬂof
48,1 Mev, and still fit the experimental points obtained from .

York's data fairly well. Then

f;(k) dg, = G —— aééki,z L (26p)
&t KB+ k)T
where CA is the normallzatlon constant o( “and ‘3 are constants
w1th ﬁ = 2 50( This d_lstmbutlon represents’ the square of

- E - or r
the Fourier transform of the wave function ¢(r)/v(e P* e ﬁ )/r .

. . . ) . . o r

25
H. York, Phys Rev. 75, 1L67A (l9h9)

26 -
E. M, Henley and R. H. Huddlestone, Phys Rev° 82, 750 (1951)
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It is shown as curve A in_Figovl; together with the"experimental
points of York.

Two other momentum distributions were also invesﬁigated.
Ohe.was a Gaussian type, with an average.kinetic‘energy»éf 19.3 Mev,

chosen so as to still fit the low momentum points obtained by Chew

and Goldberger

where"'CB -is the normalizatioﬁ constant. ‘ﬂfg ~is shown as curve
B in Fig. 1.. The third distribution chosen was that for a 0%
Fermi'degenerate gas»model of the_nucieué;»with.a maximum momentum
of 200 Mev/c, A fﬁrther momentun density has.been suggested by
Heidmanh%?, namely that of-an excited Fermi gas at a temperature
corresponding to 9 Mev. This distribution resembles the Gaussian
oﬁe somewhat, but was not treated, chiefly because of mathematical
comfsiicationso |

Using these momentum dénsities, assumed tq be.the.same for
a proton énd a neutron in the nucléus, it is then possiBle to
..calculaté-the energy spe@tfum;at a giveﬁ angle‘of_emissioh of the
meson.. Since the free nucleon production excitatiqn function is
JUnknown,fthe dependence va Kz, L2, or of the;faptors-'a; b, e,
etc. in Eq. (2) on the initial particle momentum is replaced by an

average, constant value, determined by fitting the calculated free

J. Heidmann, Phys. Rev. 80, 171 (1950).
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particle meson spectra to the measured ones at various meson
angles. Furthermore, since L2 is not known we set it ;qual to
;/LKZ' and note whether it is at all p0551ble to flt the experimental
carboﬁ data with this ch01ce. It w1ll appear later that this last
assumptlon is not a very good one. This is really not surprising,
since no odd angular depen&ence can occur in the case of P - P
5’colli§ions, but may»be present in P - N interaétioﬁs.;kThus_ c' d'
in Eq. (2p) need not . be zero. Taking L JA_K implies,_in’fact,
that _/L = 95.. - b = .?e_'. and- ¢! .= dv' = 0. . N_eavert,_heless, the
calculations are made with this choice of L2, due to lack of ﬁore
information. The numerical value of: is fixed by the 1Y+r to
'W/'- ratid. In order to fit the observed value of15 S.liLO.B : 1,
_Jﬂ;':' %'t is chosen so that the calculated ratio, using either
(17) or Eq (24) becomes -5 : 1 (since dG‘;_N = -"-/-Lz—- dG—P_P).'
"beutéron formation is neglected in calculating the meson
productlon spectrum 1n nuclei, since it is expected that the
probability of thls process ‘'is c¢onsiderably reduced by the nuclear
structure. 'Experlmentally, no ‘deuterons have been observed in meson
" production from carbon,

It follows from the theorétical analysis of W.B. and from the
 eiperimental information of Whitehead gnd Richman3'that"the=predominanﬁ
’term in the parfial wave ahalys£5“of Zf#-productionrinffree P-P

.collisions is one with the meson emltted in a P—state w1th a c032 e

dlstrlbutlon in the center of mass system. In fact Whltehead ‘and

Richman show that the differential cross,sectlon'1n~the center of mass



=3h=T

system df the process as a function of © , the meson angle is -

dCT;_P

d N .

(3 20 t o 78)(0 071'* o 068 +cos e) 1027 cnZsterad-L,
,,,,, SRS

“If we consider meson-5--and P-states only,- the observed
‘s&mmetrlcal-component mey“be due to either b 95-.or e (or both)
in Eq. (2a), It Qes shewn‘by Brueckner, Serber,: and Watson28 that
some S-state is neéesSary to explain the experimental results of

29; for the capture of 7 mesons in

Panofsky, Aamodt, ahd Hadley
deﬁterium, They~show,-iﬁvfact,,that the ratio of meson S- to
P-state ( g in Eq. (2a)) is approximately 1/8.

The calculation of typical spectrum--that for‘ﬁ{f-qesens
'a:emitted“into P-states at 90° to the incident proton beam--is shown
in Appendix=A, ‘Exelusion effects are not considered in this
computationn"

The- evaluatlon of the correlatlon terms can be 51mp11f1ed
- considerably by~ch0051ng an average value of By in Eq. (22). Thus’,
Passman, Block, and Havens, Jr.,30 assumed that the meeon,is_always

emitted w1th 1ts max1mum p0531ble momentum, aThe Justification of

this hypothe31s-rests_on'the,large final state nucleqneinteraction

which occurs.when their relative momentum is zero. In this case

28 ‘
K. Brueckner, R Serber, and K Watson, Phys Rev. 81 515 (1951).
29
W. X, H. Panofsky, R. L Aamodt and J. Hadley, Phys Rev. 81,
565 (1951).-

S. Passman, M M. Block, and W. W, Havens, Jr.,: Phys Rev. 83,
167 (1951).

30
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‘the magniﬁude'of M, in general,. is véry,small for mesons emitted
both at 90o énd at 0° with :espect to the incident 341 Mev proton
: beamo='in fact, on-the Fermi model, the off-diagonal terms do not
contribute at all.

An approximate upper‘limit to the exclusion_effecﬁ, on the
othéf hand, is obtained if one of the two final.nucleons,také; most
of .the momentum so that little remains to the other one. _iﬁ this
case M"N iS-certainly-small‘iﬂ 'Mé “is large and vice=versa. The
evaluation of M' is.carried out in Appendix B,. where the
abproximations employed -are aléo-showno A more thorough treatmen§~
-of the correlations is not carried out'for the“present,.sinqe the

sparseness.of fundamental:informatioﬁ~is not thought_to,justify,it.

B. 900 Meson Spectra

On the assumptions discussed in the-previous section, the
spectra for mesons emitted into. P- and,sttatesvat_éoo.to»the»
. incident beam are shown in Figs. 2 .- k, both without, and with
' maximum éxclusion° ,In-eacﬂ-of tﬁese plots, curves A, B, C are the
spectra obtaiﬁed with a modified Chew-Goldberger, .a daussian,_and
- a Fermi momentum distrivucion, réspeétively, The purvés are ;.
normalized to the free P - P production spectrum,. and theﬁabsprption
- factor, 'fa = 0,6 is taken into account.. The graphs are multiplied
byvan arbitrary renormalization.constant. /-r,‘chosen so as to dbtain
an approximate fit to the experimental points, somewhere in;betweeh
'the:nowexclusion and the approximate maximum exclusion curves.

Theoretically, /rv should be equal to unity. The experimental
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points have been corrected for nuclear absorption,~takenyas nuclear
area,

Figs. 2a and b ‘show the spectra obtained for mesons emitted
into P-states with a 0032 © distribution in the -center of mass of
‘the interacting nucleons. If LZ': _/L_KZ' this term.should
represent the main contribution to the cross sectionf .It. is noted,
‘deever,'that /r7_ = 1.7, so that the ‘calculated sﬁecirum falls
‘ Considérablj too low. It might be femarked‘;ﬁ this point that the
cqntinudm part of.the free P - P cross section, as calculated by
"W.B, was also too small by 20-30%. Not too much emphasis will:thus
'bg placed oh the values of »/f7, though they will be indicated in
all instances.’ Whereas the over-all best fit is obtained with a
Gaussian type momentum distribution, it is Seen that the calculated
spectrum maximum occurs at ﬁeson energies whicﬁ are too'small, The
calculated spectra‘also rise too sharply at small meson energies,
though the'exciusion effect cofrects‘tﬁis“to~a certain degree. At
the highlenergy'end of the spectrum, the Fermi momentum distribution
‘cuts the cross section offftéo'rapidly, While the tail of the,modified
ChewaGoldberger momentum distribuﬁion-still contributes too much.,
The Gaqséian distfibution, on the other hand,.follows the spectrum
decrease fairly well. At enérgieé‘beyond those considered, the
exclusion effects agéiniloWer the calculated spectrum.considérably°
. ' Fig. 3 represents the cross section for mesoné'emitted into
S-states, n&rmalized to i <=,/£1 = 1 in Eq. (2a). The remarkable fact

here is the élose'correspondence to the P-c052 € spectrum, In fact,
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experimentaliy,.except-for the_differengetig. /51, i£ wogld:be ’
difficult to distinguish between them.. égr_. this reason, tvhe_.
. combination of ‘P—cos? e ‘and‘l/8 S-state is notxshownﬁ: It is;
obvious, however, that the main effect of ﬁhe:S~s§at§ will be in
the renormalization constant, /ﬁl, whiCh’Becéﬁeé;éppréxi@apgly j
equal to 1.6. A

Figs. La and 4b show the spectrum for‘the‘caseipfia/
combination of meson P—cos2 9,‘symm§tric§l P, and S-stétes.ﬁitﬁ.
5 = % and. 2 = 0,06. The chief result of the.6% symmetrical
. P-state, as expected from its q2 dependepce_ﬂthis dépéndence is
suppressed by the»cos2 8 in the cho$2 e term), is to shifﬁ the
. spectrum peak to higher meson energigs,‘mdre in agreement ﬁith
experiment. It also gives a correctly normélized_spectrumg
that is ,/7 = 1. On the basis of the.90o experimenﬁgl spectfum of
production, the above cbmbination—type:couplingiéiyeg_the best fit
of those considere&, It must be:remembefea?ithoqgh;ﬂphét,cos o
interferencevterms have'not-been £reéted,;aﬁd t?eée wnu;d tend
to have a similar, but.lesser, eﬁfect oﬁttHe §?é§£r£ﬁ; és;the
,q2 term, o L J_;’.u,-gyijg_ |

In Fig. 5 the calculated spectrum_féf:cémbined meson
uﬁ-cqsz 6 and S-states with § = % is co@pafed'té the experimental
. data of Richman and Wilcox (Qorreéted_fOéAnuq;eaf;absorption),for
7~ production at 900o It is true that'the_stgtistical er?org
are much larger for 7)"- than for 7/+ prédu@tion,,‘put :Lt is also

noted that the experimental spectrum increases more rapidly at low
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enérgiéé,‘in better agréemeht'With*thé calculated cross section.
Aside ffom this, no new feéﬁures appear.’ The Coulomb effect has
been ﬂéglectéd here, as throﬁghént,‘ﬁﬁt it:shouid be small for all
bﬁt Very"lowféﬁergy méséns; The same value of /rvis used - as ‘for

g S L. .
the equivalent Zf"spectrume‘

C. 0° Meson Spectrum -

"Preliminary experimental results have been obtained by
CértWrightBl, Mérrit, Schulz; and Hein232 for the production of
mesons in carbon, in the direction of an incident 341 Mev proton
' béam¢' Their-findings‘Can shed considerable light on the matrix
element for meéson ﬁroduétion in P -'N collisions. The. experimental
points together with the calculated spectrum for meson‘P'co's2 8
terms is shown in Fig. 6, and for S-state ( 3 = 1) terms in Fig. 7.
t'In;each‘éaée; the same value of / = is used as for the
dorfeSpbnding 90° curve, The symmetrical P—wava_spe¢trum was not
calculated, but for 0° mesohs it should be quité'similar to'the
P—cosz'e one, If g'i 0;06, the main effect of the q2 term will
merely be a renormalization of Fig, ba by a factor of about 1.06.

The cfoSS”section_at'OO; unlike that at 900, is hoticed not
to depend greatly on the nucleon momentum distribution., A plausible

argument for this result can be made aS“folloWs;v At 9O°,Vthe meson

31 : L o ‘ . . '
- W, F. Cartwright, University of California Thesis, April 16, 1951.

32 .

‘Merrit, Schulz, and Heinz, private communication.



spectrum in nucleonwnuoleon_oollisions is cut off at about 9 Mev

by energy-momentum cogservapionf Hence, ihAcalculating the broadening
of, this spectrum to 80 Mev by the momenfug distribution, the form
chosen for this densipy is expeoted'po iqflﬁence phe_spectrum oola
largé extent. . At OO, however, tha_free nﬁoleon cut=o§f does pot:
occur till about 70 Mev; so that in consideriqg the meson_spaotrum

up to 80 Mev, .the free-nucleon tragsition‘matrix willvbevof paraﬁount
importance.

The'P=-cos2 8 coupling (Flg° 6). cross sectlon is too small at
llow meson energies, and increases too rapldly at high ones, \Both
these facts, together with the rapidﬁturning of‘the experimap@al
_spectrum at about 55 Mev suggest that there is an extensive o
admlxture of S-states and probably of cos e interference terms;>
;Comparlson of Figs. 6 and 7 shows that a falrly good flt is obtained
" if 5- and P-states are used 1n_a*rat;p of 1s1 (2 ¥ £ 1) or more.

The effect of the exclusion terms is not shown iavany of these
latter figuress but has.been.oalculatedu Eor*the_ma#imum aiolusion
.veffect, calculated similarly to thg example_shown insAppeodix‘B},a
50% reduction in thevorosa saotioﬁ was obtained, almoatjunifo;m;y,
50 that the shapes of the curves is har@ly altered. The oomputad
decréase in the spectraVWas ao@ually'SOﬁewhat 1es§ than 50%lat'small

enérgies and somewhat higher at 80 Mev. The approximations used

. in Lhese calculatlons are not thought strlctly Justlflable for thls

large a correction, On the othar hand, 1t 1s doubted that a more
, careful computatlon will glve a result whlch w1ll change the shape

of the spectrum greatly, and certainly not sufficiently to explain

the experimental one.
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III. CONCLUSIONS

" We have seen that it is possible to analyze the meson
pfoduction process in nuclei in terms of the free nucleon-nucleon
production cross secfioﬁs,- We have shown; furthermore that ﬁhe
exclusion effect is not expected to play a very large yole inA
determiningﬁthevmeson_spgctrum, at the experimental incident
proton energies consideredw(Bhl Mev), except possibly for mesons
éﬁitted in the direction of the beam, Even here, however, these
terms will probably not affect the shape of the spectrum to a
great extént.- The main result of the meson interaction with nuclear
matter after creation is an almost uniform reduction of the cross
section for the range of mesdn enérgies'considered. This decrease
is chiefly due to meson feabsorption.'

The theoretical developmeht was applied to carbon bombarded
by 341 Mev proions. Three different momentum distributions were
used for a nucleon in 012 in an attempt to fit the éxperimental'
meson production spectra at'9d° and 0°, These were a modified-
.ChewaGoldberger,va Géﬁssi#h,rand‘a Fermi distribution with average
kinetic energies of 48,1, 19;3, and 12.8 Mev,'respéctiVely; The .
balcuiated results are_still.preliminary, due to a lack of know-
ledge'df the'fundamental transition matrices. When this information
becomes available, it should be poésiﬁle to decide which of the
momentum densities chosen approximates conditions inside the nucleus.

The calculated spectrum at 90o did not depend strongly on

the free-nucleon transition matrices involved, but varied considerably

i
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with the momentum distribution chosen. .Thevexperimental.epectrum
could be fitted best with the C'r,auss:“;.a.n_.m<>m:en‘.‘o_.um.densi‘t.yB?° For
Zr’ikmesons emitted at OO,,with-energieslup;toxsofMev, the cross
section . was found to. be relatively»independent of the momentum
distribution; but quite sensitive to the free nucleon transition
- matrices. The preliminary{experimental;data_is-consistent,with_a ,
‘considerable amount of meson S-state (possibly as much as P-state).
This shows that the meson production metfices in proton~-neutron
and proton-proton collisions are not equal.'vSome experimental
evidehce for this can be derived from the 77”'~ to 4~ ratio, which
is 5.,1-t 0.8, at 3[;5 Mev and lltB:l at 381 Mev, Initial results
obtalned for the 7" spectrum at 0° in 012' offer further
ev1dence. Its shape seems to be qulte dlfferent from the W’f-

one at the same angleBh _:In this respect, 1t may be p01nted out
‘ that; whereas cos 8 terms (O .is the meson engle in the ihter—'
ectien center of mass system)uere”forbidden by the exclueien effect
fof meson production in pfoton—proeeﬁ.eollieiens;'ihese terms may
very well occur in the cese of protennneutreh.intefactiens;.but
have no£ Been censidered -

- It is thus seen that expefimeets,.presently in progress at

Berkeley, on the productlon of mesons in carbon at O are of great

33 ' o o
A recent article by L, M. Yang, Proc. Roy. Soc. 644, 632 (1951)
gives substantiating -evidence for such a momentum distribution,
although he uses one with a smaller average kinetic energy. He
shows that it is possible to obtain the nuclear shell model
magic '"numbers" with such a distribution.

34
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interest, as they can shed considerablé*light.onwtheufree proton-
neutron neson:prodﬁotion'oross section, : The % ~ meson is only .
produced’ in such collisions for incident protons.’ On the other™
hand, since the exclusion effects are especially small at 909,

and thépmeson‘orOSS-seCtion is relatively"independent of .the .free-
nucleon transition matrices at this angle, the experimental spectrum
‘can be used as a useful tool to probe the nucleon momentum

distribution in a -nucleus.-
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APPENDIX A

" Evaluation of 90° Meson Specﬁfum':

The specific' case of T meson production at 90° to an
ihcidenf ‘31'.;_1 Mev proton beam is treated here. ' Correlation effects
are neglected, and only me,sone emitted into c‘os2 8 - P-states by
protop—prefon ‘collisions are considered. For this example, the
fpee particle productilo‘n. cress section in the center-#ef—rﬁass system

of the interacting nucleons, can be written asi

o b _ 2
de— = @— | (27f)3/2 Z (") al. cos 6d
_. P-P : VR , E : . (o] ﬂz

J
s
(A1)

‘The b\ar is used here to indicape cehter—ef—mass‘ variables. - Aside
from this, the notation is the same as that used in the main body

of the‘ paper. Thus d? ‘is the phase space volume available

. di 2W’M /Lq .)/ .nEl

(A2)

where' £ - 14 M T is the meson energy and T the initial
max

klnetlc energy of the nucleons minus /L in the center-of-mass

system, computed from Eq. (6), with BI - BF neglect.ed. This result

also neglects proton—neutron mass dlfferences.
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The factor "a" has been ‘defined in Eq. (2a), and its numerical
value is adjusted to fit the experlmental spectra at varlous meson
_ anglesd Deuteron formatlon 1s taken 1nto account 1n obtalnlng the
w:magnitudevgf_"a" but_ls negleqted,;n the case of meson production in
guclei,_

. IH:Qrde? to perform tﬁe,integ;étipﬁ over tﬁe momeﬁpum
_distributiqpan‘the struck nucleon (see‘qu (17)), the crossﬁséction,,
muét be transformed po the laborgtory frame, Thiskis performgd
relativistically by making use of the geﬁeralized relative velocity
definition of Moller 9? which makes ¥, ¥ Fo and invariant,
where 7E;,‘§; ‘are the initial énérgies of the inﬁeractiné ﬁucleons
.in the center-of-mass system, Sincé, furthermore %gr is a
”-relativistic invariant as well as_thevcrqss,section,owe obtain in

- the laboratory frame

aw,, zem® 27 5
o o©

32y = | AEa)?
P-P vy Pk /a. (22?') /Yo(p )|2C:_—£

- T ( dg,

T pax
' ,Lab %

(A3)

. where '53 is the relative momentum of the iﬁteracting nucleons in
the final state and the quantities in the brace are to be expressed
in terms of laboratory variables. This can be accomplished .

‘relativistically, but it must be kept in mind that k and P. need not
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" have thé same line of action. It thus ‘turns, out that the, relative

" velocity of the two systers,

Jemma
Po+ ko
where k“‘ and k_L are the components of ’1& parallel and

perpendicular to ’l:-/, respectively. Then, referring to Eq. (17) we

obtain for the contribution of P - P collisions to the cross section

| | 5 3/2(s T ‘- 2
w, _sglem e (T <z7/>3/2;(~<’5')
z q, % Pk, 72 o

Lab

2

L , - P .
. 1 : _ v
where Y = TT and Uz 2‘;((Po.- _——Pof e ) .2M+(i‘ l)u \(qof

(a5)

Over the range of integration of k ‘of importance p/v 0.3,
so that ¥ A/ 1. Furthermore; as seen from Eq. (A4), the effect of
k_L on /3 is quite .small, since wheh k..L is large, the momentum
distribution has cut off , and since P 2/ 2k over the integration

range. For these two reasons, 1&_ is neglected' in computing ¥ .
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If we”také '(%2}«'%22 to:define:the.z—axis of a cylindrical coordinate
system, all but the Z-integration can be performed analytically for
the momentum distributions chosen.‘;The latter integral is then

performed numerically for various values of gq .



APPENDIX B - -

Evaluation of Correlation Effects: . .

The effect of the exclusion principle on the cross section,

as given by Egs. (22) and (2&), can be calculated on the basis

'Qf a single particle nuclear model. The computatidn involves a

double integration over E&iahd éi£héf ;82 or’;gi ?’the other
one‘being taken out by_the"8~¥function in Eq. (22); It was not
felf wofth‘ﬁhile carfying:out'the actual ih£egrals at the present
state of experiments. As discussed in the text, an approximate
uppef limit to ﬁhe exclusion is obtaingd if one of thevfinal

particles taking part in the reaction has most of the available

momentum, In this case, an average value is assumed for Py and
. ' N - . AS

'Eh s consistent with momentum and energy conservation, so that

only one integration has to be‘performed; It suffices to specify
the direction of either Bp OF ;e They are assumed to be along
‘the same line of action. Since P ;y p;" is fixed By momentum

: oo AR AL .
conservation, this hypothesis leaves the least momentum to Py, for

a given value of ‘p2, and the magnitude of these momenta is then

- entirely determined by moméntum and eneféy,conservation, M' can

thus be taken to correspond to a small value of P, in which case
) '
P, is sufficiently large that M 2 O.

T he integration over k is further simplified in this

- computation by taking k; 5O (sée Eq. (AL) for the definition of

this quantitj)a With this assumption, the integration is carried

out as that in Appendix A. -



. .&,8.(

FIGURE ‘CAPTTIONS

Figure 1: Modified Chew-Goldberger' (A) and Gaussian (B) mormeftum

~ distributions for a nucleon in C

Figgre 2:: 90o Zr7espectfum.for a.mesQnIPmcoéZ.8 §tate{ _Eﬁcluéion
s xﬁresuifs,aye neglegted in‘(a)?@nd thgirvappyoiimate'mgximum
L ~effeé£ is shown in (). Cﬁfves_A,“Bg C are for ;.quified
. ,ChgweGoldﬁgrgéy,_a Gauséiaﬁ,Aand ébFermivdistriﬁutién,

.. respectively, in this and all subsequent figures.

Figure 3: 90 v/ spectrum for meson S-state. Exclusion effects are

not shown, but are similar to those in Figure 2, The cross
" section is riormalized to ,§ Z 1 in Eq. (2a).
‘ SRR S , -
. Figure L: 900 Zr' spectrum for combined meson P-cos 6, P symmetrical,
- and S-states, corresponding to S_E 0,06 and g = % in
 :Eq. (2a).. Exclusion results are neglected in (a) and their
o » e 5 LR A Aes A
approximate maximum effect{is_shown in (_b)_°
'Figure 55 90" 7” spectrum for combined meson Pocos> © and S-states,

corresponding to b = d,"s :‘% in Eq. (2a). ' Exclusion

effects are neglected in (a)‘aﬁd‘COnsidered'in (v).
. o At ' 2 .,
Figure 6: 0 i spectrum for a meson P-cos © state. Exclusion

effects are neglected.

o SR - TPV A : , . o
Figure 7: O ZV "spectrum for a meson S-state; normalized to -
e
& »-‘ % a -

1 inEq. (2a). Exclusion effects are neglected,
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