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dpproach would be to seek a modal havzng the form of an electrieal network,

- the system on the complex plane, This criterion defines the term "stable"

-Indeed, under the conditions outlined in the first paragraph, it is found

Yl Lo igtyﬁ, fy
of closed-léop operatzon of the Mark I machine is one in which a volthge :
proportional to the magnitude of the rf fields in the cavity acts to control
rectifier voltage output, It is recognized that sueh is not the only sthene
for maximization of ‘output which may be conceived, but only what seems to be

& logical and d1rect way of attaining guch an objective.

The program under discussion consists of experimental snd theoret:cal
attempte to devise a model, which for purpogses of this work, will disclose
the dynamic behaviér of the Mark I MTA. It would seem that the most direct

and this approach has been used. Thus, since in the sense of this problem *
the Mark I machine is a two-terminal-pair network, the substitution of a . .
nodel of the game generic class meokes possible the production on a laboratory,-"
acale of the anticipated characteristics of the large machine. o

It has for many years been customary, in dealing wi%h feedhack ayﬁﬁ <o
tems, to use as a guide the stability oriterion of Byquist (- wherein P
stability is judged by the behavior of the open~loop transfer function of

to mean that condition wherein the transient response of- the aystem to &n, '
input signal perturbation will eventually decay to z ero, i.e., the tran81ent' :

term will have a negatiwe, rather than a positive exponent., Such a criterion 1
does not yleld sufficient information, for although it recognizes "black" as _—
being black, it groups "ihite" and "gray" into a elaps of things "not black", . -

that while the Mark I machine can be, with a fair degree of confidencs,
expected to be "not black", it seems fairly certain to be "not white®, To

be explicit, the work to date indicates strongly that there are to be expected
overshoot and damped oseillatory responses %0 perturhations in operating
variables arieing anywhere within the aystem.

The above remarks should not be interpreted'in a peeaimiStic génsge,
i.8., the writer is not predicting the disintegration of Mark I the moment
it is turned on! Diffisculties of the nature of those likely to be encountered = °
are well subject to reduction by means of electrical netmorks (phase-correc-
tion networks) appropriately located in the loop, thereby making available
the refinement of control obtainable in an r-f stabilized syetem, while
mamntaining adequate stability. ! .

Performance of the system under closed—loop conditlons must be cal- -
culated by means of the relation®
v(w)

ey . @
where v{w) is the transfer function (ratio of output voltage to input
voltage) for the system under closed«loop. ecndltlons, and v{w) is the open~

(1) Nyquist, Bell System Technical Journal ;;, 126 (1932)

(2) "Electronic Instruments, M.I.T. Rad. Lab. Series, Vol. 21 (Me@raw, 1948)
Ghapters 9 to 11, (4n partzcular Sec. 9. 4)
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- ‘recently become available.

-in a more compiete report to foilow.

~ be found in the appendix.’
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loop transfer function. . : ==ﬂﬁ5§§57t§:§€ELf

; This calculation may be performed graphieally by superposing on- the
plane of the open-loop tramsfer function (the v-plans) a aet. of bipolar” .
coordingtes which are appropriately normaliged (see fig. 6). Such a plot :-
has the considerable advantage of not only showing that something is Wrong "
(assuming for the moment that something is wrong) but evaluates both ths o
troutle, and projectsd remedial medsures quantitatiVelys' ‘ e

Having mentioned briafly the method of predicting elosed~loop rh-: ‘ }”-

. performanes, one turns now to discussion of. open-loop performance, from whiéh,

as has heen noted, cloged-loop performance is directly predictahle. I the

‘system under digcussion the réctifier squivalent circuit has been temporarily, '
" asgumed to be a black box with unity transfer function - 1.e., the internal:-

'impedaneee of energy source and testifier have heen neglected. This has- been: ’
done because a firm decision rogarding the exact nature of the rectifier and. .
energy gource has not been reachea == the data on!this subject haSsonly : n\.,

{

s Our experiments indicate to a considerable degree of eertainty } }}-5

that a small signal equivelont circuit for. the oscillators and cavity, IR
valid in a time-domain whose.units are such that a ?eriod of oacillation o

at the cavity resonant-frequency (approximately 10™'sec.) is negligibly, ";‘_;
small compared therawith, is the resistance—capacitance éambination shown :

in figure 1. S . s o
¢ . ) . N - ' S + S t
- . v ) R" : | "'_ '

.' . . '_ .. _" ‘T . .‘ , ) A X
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 Pigure 1 Small-signal equivalent ¢irouit used for |
v ogcillatoy and cavity in time-domain defined
1n text .

‘accoutits for oscillater 1osses; and Ro fbr caﬁiﬁy lbsées» Bgc is Just
tﬁa time constant of the cavity under whatever loading conditions ars

‘being congsidered (i.s. beam-on or beam-off). Discussion of the reasons

behind such a conclusion are somewhat lengthy, and uill be dealt with

" The complete network, to which the surves apply, is shown in’

figuro 2, which is. identical with figure: 1 except for the addition of 8

series inductance element, L, which is the smoothing reactor. Derivation of -
the transfer-function of bhis network, and an outline of the calculations
of the parameters thereof, from which the curves were calculated, are to
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Figure 2 Small-signal equivalent cireuit msed for

calculation of open- and closed-loop performance
data.(preliminary) -
In examlnatzon of the curves it will be noticed that thres values of L
. are used, 8, 12, and 20 millihenries, representing inductance values for
the three possible modes of comnection for the inductor in question., Beam-
 off and beam-on conditions are distinguished by grouping the .curves:
curves number 1, 2, and 3 are for beam-on conditionj curves 4, 5, and 6 -
are for beam-off, Curves 1 and 4, 2. and 5, 3 and 6, are for 8, 12, and ‘ '
20 millihenries respectively, as noted in the figure. ‘

Explanation of the cggges followg

Figures 35 4 and 5 show the transfer functions for the equivalent
circuit of figure 2, under the conditions previously outlined, It should
be noted that normalization is such that the curves as shom apply to unity
gain with beam-on, 1.05 gain with beam-off, The number 1,05 is the approxi-
mate predicted change in output voltage for the actual system when the = |
beam is turmed: off. To consider the system with any value of gain g # 1,
the eritical point on the Nyquist diagram (i.e., the-point <1 +3i0) is - .~
hers transformed into the point 1; +40 . .

It is to be noted that sznce for all cages the phase-shifﬁ“ .
asymptote is -t the loci csunot encircle the critical point, For gains
equel to or greater than five the phase marging ere alwdys less than .
approximately 30 degrees. With this observation we discard the sssentially

. qualitative concept of phass margin and deal with the cloged-loop transfer
.function, which gives a quantitative account of system behavior under -
closed~loop conditions. ,

. Pigures 6 and 7 show the superposed equal~amplitude and equal—phase
contours for the funetion- superposed upon the open~loop transfer
function (v), i.e., the Y-plane is transformed into the v-plane (see eg. 1).
Only the critical region is shown, and; of course, the function v is no
longer normalized. Shown are loci of v for two values of gain, 5 and 10,
between which, it is estimated, the necessary value of system loop gain will
lie. |¥| and Arg(¥) may be tabulated from intersections of these contours

with the loci of v.

These functions are displayed in figures 8 to. 15.
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.- system, i.84, the systam in whieh oaciilationa will not build upj.is’ yat -Iv;'«.f,"
-an underdamped gystem which ‘when pulsed will "ring". Decrement of ‘the - “r

"resonance frequency and §Q 1z the frequency interval

© small perturbation of the system.

. series of data to be taken in the fréquency domain

¥

it is mn that ragicn of the fraquancy dcmain occnpied by the oritical region ,%:’:
of the v-plane; or Nyquist. diagram, a frequency region where v is "down.in . ’
the mud" if loop gain ik éven moderate.. The phage-function, Arg(S) 1o

- ‘confined. to amall values until the critical region of v 1s reached, whareﬁpdn
.rapid increase of phase-shift with freguency otcuras. The freguency of peak '
- amplitude and of I- phage-ghift are close, the more so at higher gaing, ‘The

whole thing adda %b 16 a quusi~resonant. type of behavior in which the ngtahlef

oscillations is determined by damping of thé sysbem itsalf (gee Fig. 12 to 15)

as well as by the loop gain, From the relation Q #<kvhere 0 is the .
%etuean the pcints for .« .

which PVI" 1) ey find that for beameon, Q39 ¥ 3,755 Q5 ¥ 2,25 and for

beam~-of £ Qo "y 3.80, Q5 ¥ 2,03, ‘Since critical damping occurs for @ = 1/2, -
the systenm- is ¢learly underdamped for all conditions. ' BExperiments perfOrmed
on a model show the existence of. demped ogeilletions in respanse to any

- As. has been men$ionad proviously, this’ situntion is subject to ‘5'~. i
correction., One remedy Lirst suggesting iteelf is a "phage-lead® network.
having time-constante go-‘adjusted as to warp the critidal region of the "~m

~ vy~locus in the darection of decreased ¥. The situation will bg dealt o
" with at length in the report to fellow. : oo S _

It 1s hoped that these notes will ghow that there may be a prehlcm, .
together with a semidquantitative notion as to its. magnituda. Work on vﬁ_"
the equivalent-circuit . problem is continuing apace, preparations are being ‘ |
nade to collect data on & laboratory-scale oscillator using the 12 mc/sec ,= oo
reentrant cavity made up for the Q-measurement group Remaining yet 4s & * -

Esinusoidal modulation - % -
of plate voltage) to be performed on both the lumped~circuit and cavity ., -

* apparatus, To date all data has been taken in the tine demain (pulss "
,modulation).,; N o

. .
R

T Pressnt plans for gtart up of Mark I include only stabilization

of oscillator (de) plate voltage. The Scheme herein discussed is one .

sughested by Panofsky primarily for application to Mark II. It goes withe , .~ - -
out saylng that the logical way in which to start such an investigation with
regard to Mark II is %o investigate the properties of Mark I in this reapect

| end if possible make an experlmental check on the machine itself.

It should be here pointed out that little diffipulty should be en-
countered in conversion, on either a temporary or permanent basis, of the
initial system for regulation of eoscillator (de) plate voltage to the scheme

under consideration. Any rf level monitoring signal from the cavity mey be .
used, with the requisite loop gain provided by the vertical amplifier from

any dc oscill%scope, which would have more than sufflcaent output necessary
to drive the’ existlng equipment. o
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ENGINEERING NOTES LCRI~159 2
SUBJLCT — -
Preliminary Considerations regarding DATEJ. F. Waddell
Stability of MIA Merk I as a Closed-loop System November 1951

A

Appendix -~ Derivation of Transfer-Function

The transfer-functions used in the calculations were derived in the following
manners

Given the cireuit of figure 2,

L R4
slut | Q ok O v(w)stat
I I
Figurel? Circuit of figure 2 showing choice of meshes for analysis,

X =@l
The mesh equations are (dividing out the time-factor éiwt):

[Ry * (%, + %)|1; - %I, = 1

(1)
-iXeI; + (By +iX.) I, = O
Solye for I, by use of Cramer's Rule (or by substitution) and recall
that v(w) =" IR,
iXR. ‘
vlw) = L (2)
where ( )
Ry + i(Xp § X -i%g
1 AVRL C
A a (3)

expanded and simplified,
8 = (RyRy - X(Xo) + 1 [(Ry + Rp)Xg + Ry (4)

To put into readily computable form, rationalize equation
(2) and get

v{w) = Xg IZ:, Im (o) + i Re(a) (5)

where Re(A) and Im (A) are, as is usual, the real and imaginary
parts of &, and A* is the complex conjugate.
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The function v(w) is normalized such that for the beam on casé‘its value
at zero frequency is unity; i.e., the normaliged transfer-function is

Vo -

(6)

for cases 1, 2, and 3 (beam), and
¥ = _Ls0 :
W) = L9 o (@) (r)

for cases 4, 5, and 6 (no beanm).

Separation of each type of operation into three cases arises from cone
templated use of any of three values of filter inductor L, namely, 8, 12, and
20 millihenries, which correspond to cases 1 and 4, 2 and 5, 3 and 6,
respectively. -

In order to proportion the network parameters in the matter to be outlined
below, and yet account for an experimental result showing (tentatively) an
increase in steady-state rf voltage output of approximately 5% when the load
losses are halved, the factor 1.05 is included in equation 7s making the
normalized beam=off transfer-function at zero frequency ¥'(0) = 1.05.
Further remarks on this matter are to be found below.

alculations of Network Parameters

Designate cases thuslys

Table X
Case 1 L =8 x 102  Beam on
2 12 x 1073 Beam on
3 20 x 1073 Beam on
4 g x 10~3 Beam off
5 12 x 1073 Beam off
6 20 x 103 Beam off
Table II
Stored energy s = 3.11 x 104 joules
Power-loss 6 (UCRL 1173)
Beam off Pl = 8.77 x 10° watts
Beam on Pp = 17.5 x 1o§ watts (200-10,H4)
Cavity frequency v, = 12.26 x 100 sec~l (UCRL 1173)
Applied de plate V(0) = 2.0 x 104 volts (EED design
. voltage figure)
ht-: T “,wwv S
_”:‘_‘ﬁ-%‘;_i}f i - :'
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From Boker's data on operation of the Mark I osc~i-"”“’s at’ fulistoad and
full voltage, their plate efficiency is approximately 0.75. The only
data available on half-load, near-full voltage operation of the Mark I
osecillators is that the rf output voltage is approximately 5% greater than
for full load, full voltage operation. This for only one particular
oscillator, tried only once, and there was no measurement of plate losses.
The data for this one ezmperiment, when used to find a figure for tube rf
output from curves obtained from older data on these same oscillators, yields
a figure for efficiency which is much lower than the experimental values for
the 5831, which clustered rather closely near 0.75. Moreover, the volte
ampere figures do not agree with previous data,

In the absence of any data regarding plate losses for half-load full-voltage - .-
operation, it is necessary to estimate an efficiency factor for this type of
operstion., The lMark I type of oscillator, being a self-biased device, should
exhibit a normal sort of behavior for a class C oscillator under conditions
where the load impedance is doubled, i.s., the grid biases itself until
equilibrium conditions obtain with slightly increased rf voltage output

a little more than half rf current output, and tangible increase in efficiency.
Rough calculations based upon the tube characteristic curves indicate '

a fairly good estimate for efficiency in the beam off condition to be 0.85,

and for the ratio of rf output voltages to that in beam-on condition
approximately 1.05,

It might be interesting to here mention the fact that the stored energy to
poweruloss relationships which hold for the cavity alsoc hold for its low
frequency RC equivalent circuit. Recalling the definition of Q as 27 tines
the ratio of energy stored at resonance to energy lost in each period of
oscillation, we write

Q = 27r-1)'+3{-§-— ’ €))

The time~-consta-nt for decaying osc¢illations is

B

™, | (9)
Yielding for the cavity : .
"C = —glj-ﬁ- . (10)
L |
For the RC shunt circuit,
Uy = 2oV | -A
2
PL = !
R

SO
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LI =

v oo

TS 2 3ot S
the.timeeconstant for decay of the voltage V for the circuit isolated after
charging of the capacitor. Thus the equivalent circuit we are using will
store the same energy per unit applied voltage at the input terminals as
will the oscillator-cavity combinations, and will display the same time-
constant upon decay.

* "From table II we calculate!

. Beam on = 3,554 x 1072 sec
(12)
Beam off = 7,092 x 10~3 sec
. ‘The driving-point impedance at zero frequency is
= a §2 '
z(0) B * Rz IP—@ (Beam on)
- ) (13)
z'(0) = R?'L * Ré };‘4‘9') (Beam off)
Since
PL = 0,75 P .
, (14)
P! = 0,85 Pt
L
Making , '
Ry +R, = 0.75 ¥° a
P (15)
7
R! + R! = 0.85 V2
1 2 'IS
L pu—
Moreover .
o .
2
. +R = 0075
1 2 . (16)
_ = 0.85
RZ'L + Ré
Fhus -
625 L°
7 (17)
Ré = 00,7225 = '
P'
L
e ¥ T
o ST
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Rl R el T T W

LA OURS A
. I{:L ™ ()-:123]?55 !l;a Q;?tkm éﬂ’d{E g:; E
P (18)
BY = 0275 %1,2
} ' I; .
We are now in position to calculate values for all of the parameters
which are tubulated: ~ :
Table IIT | ’
Case 7;; Ry R2 -E~ _
1 g mh Le24 ohms -~ 12,90 ohms 275.5 uf
2 " 12 mh 1&024- ohms 12090 ohms 27505 LLf
3 20 mh 4oR4 ohms 12,90 ohms C275.5 gf
R Ré - e
A "8 mh 5.78 ohms 32,98 ohms 215.,0 uf
.5 12 mh 5.78 ohms 32.98 ohms 215,0 puf
6 20 mh 5.78 ohms 32,98 ohms R15,0 pf
From equati ne (4)'andl(5) we have
Tt ﬁﬁze () ‘.:3=_. . p a)' . . 3
-5@45. E(.ﬂ~. LYY B (29) -
. | _.' _ g 3 A cu‘ . o
Infr(w)) = 3 Yy - (20)
Re[s(@)] = RjRy= Xgkg o
| = BR, *1 | (21)

a constant independént-of frequencyi,
. R * . . ‘ -
I ()] = Rl H2 ‘ (22)

These are the computable forms from which,; using (6) and (7) the Nyquist
diagrams,amplittdeé we! frequency,,and. phasesvs fréquency curves were cale
¢ulated-directly, and from, which the closed-loop responses (figures 8 to
15) were calculated using equation (1) of the text.







