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ABSTRACT 

UCRL-16029 

The muon capture rate in oxygen is used as a means for measuring the 

induced pseudoscalar-coupling constant (Cp) of weak interactions. The capture 

p + 16 
rate between the J = 0 ground state of 0 and the 0-, 1-, 2-, and 3 states of 

N
16 

are calculated as a function of Cp with different nuclear models. Using the 

experimental values of the transition rates, we then determine CF We 'find that 

the transition rate, and therefore CP' depends strongly on the nuclear model. We 

conclude that 5 < Cp/C A < 20. 
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I. Introduction 

The muon-capture interaction has gained attention because of the information 

which it can provide about the weak interaction. The high momentum transfer 

available in muon capture makes the reaction sensitive to terms in the weak-inter-

action Hamiltonian which are not observable in beta decay. Unfortunately, few 

definite conclusions can be made at present because of uncertainties in either the 

experiment or the interpretation of the experiment. 

We propose to compute the muon capture rate in o16
, 

(1.) 

leading to the bound states of N16, and we will examine the sources of ambiguity 

in the calculation. Several authors have examined this problem. Blokhintsev 

1 p 
and Shapiro originally suggested that the capture rate into the J = 0 excited 

state provides a measurement of Cp, the induced pseudoscalar coupling constant 

o£ weak interactions. Ericson, Sens, and Rood repeated the calculation and 

.demonstrated that higher-order terms must be included. 
2 

Duck
3 

has also done 

this calculation with the same assumption as Ericson et al. , but he obtained a 

different result for one of the rates. 

The experimental results are summarized in Table I. Figure 1 shows the 

four bound states in N
16 to which capture can occur from the ground state of o 16 . 

The spin and parity of these levels are Jp = 0-, 1-, 2-, and .3-. The calculated 

capture rates into the 0- and 2- states depend strongly on CP' but the rates into 

the 1 and 3 levels are independent of Cp. As a result, the 0- and 2- capture 

rates provide a measurement o£ Cp, and the 1 and 3 rates should provide a 

test for other parts o£ the ca~culation . 
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II. Method of Calculation 

We begin our analysis with the Hamiltonian introduced by Weinberg, 
6 

(2) 

where CV is the v~ctor-coupling constant given by beta decay, CM is found by 

comparing the weak current with the electromagnetic current,. c 8 is an ''induced 

scalar 11 coupling constant .(which has not been observed), C A ~s the axial-vector-coupling 

constant obtained from beta decay, Cp is the psE:mdoscalar coupling constant,. CT 

is the 11 induced tensortt coupling constant (which has not been observed), and W 
0 

is the energy difference between the initial and final nuclear states. The 

Goldberger-Treiman relation predicts a value of about 7 for Cp .. Taylor estimated . 

.the corrections from high-mass states, and he concluded that Cp must be between 

6.5 and 7.5 if the Goldberger- Treiman relation is valid. 
7 

Morita and Fujii use the above Hamiltonian to express the capture rate in 

a spherical tensor form. 
8 

We have adopted their notation, and throughout our work 

we have used their reduction of the muon-capture problem. 

The lepton part of the interaction is treated relativistically by expanding 

the plane-wave neutrino in a spherical representation in terms of spinors with a 

definite angular momentum K , 

.£: K, j = £ 1/2 for K > 0, 

£ = - K - 1, j = .R. + i/2 for K < 0, 

and spin projection f.L. The radial part of the neutrino wave function is given by 

,., 

" 
... 
"; 

... 

I .. 
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-1/2 . 
gK. = 1T J..e (qr) ' 

(3) 

f = 1T-
1 / 

2 
S jii ( q r ) , 

K. K. X. 

where SK. is the sign of K., j..e (qr) is a spherical Bessel function, i. is the 

orbital mom.entum corresponding to K, and I is the orbital mor.nentum corresponding 

to -K. The muon wave function is treated in the same representation, but it has a 

simple form, since the muon is assumed to be captured from the 1s 1; 2 orbit: 

zz) 1+-y 
( 

· 3/2 r j 
G- 1 = ao, L "ZI" ( z -y+ 1) . 

{4) 

1/2 

/' 

where 

[ 
Zl 1/2 

'Y = 1-(aZ) J 

and F _
1 

is referred to as the small component of the muon wave function. These 

wave functions are for a point ~ucleus. The calculation is easily adapted to a finite 

nucleus by means of the wave functions of reference 9 or 10, but the correction is 

probably unimportant compared with the other uncertainties in the problem. 

Flamand and Ford 
11 

found that the muon-capture rate in carbon was 6o/o less for 

a finite nucleus than for a point nucleus, and the effect in 0
16 

could reduce the 

12 
capture rate by as much as 10o/o. 

The angular momenta (j) of the muon and neutrino are coupled to a total 

spin u, and the orbital angular momenta (£) are coupled to a total spin v. In 
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this representation, selection rules can be used for the nuclear transition. By 

conservation of angular momentum, one has 

16 
For 0 , J i = 0, then u = J f and the lepton system has a definite spin. 

The transition rate from the ground state I 0) of spin J. = 0 to the excited 
. ~ 

state j f) of spin J f and excitation energy W 0 (W 0 = E£ - E
0

) is given by 

A.= 21TI (£ IHio) 1
2 
avg 

with units 1i = c = m = 1, 
e 

2 dq 
q dE ' ·(5) 

where the matrix element is averaged over the initial states and su.rnmed over final 

states, q is the momentum of the neutrino, and dq/dE is a density-of-states 

factor, 

dq q 
dE= 1 - m +AM 

fJ. 

(6 )., 

The expression ( f I HI 0 ) is given by Morita-Fujii in terms of the reduced 

nuclear-matrix elements 1-rz (i) {K) and the coupling constants C(i} , 
vu 

' ,. L,.,, .. 

i, j 

where 
b(i) (K} : 1 
::'( vu .· (2J +1} i/Z 

f 

(8.) 

(7) 

is a one-body matrix element between states .1 0) and If) . The terms A(i) are 

listed in Table II with the coupling constants C (i) as given by Morita- Fujii. 8 New 

entries in this table for the induced scalar (C
5

) and induced tensor (CT) couplings 

have been computed by Morita and Morita. 
13 

In our calculations we have used.the 

following values for the coupling constants: 

... 

' 
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c! = - 1.18 c~ , 

c A= o. 999 c! , 

ct = L015X1o- 5 /M2 
, 

3. 706 cv 
CM= 2M 

CT = 0, 

where M is the proton mass. 

UCRL-16029 

The term Cp is treated as a free parameter. If the vector and axial-vector cur

rents behave properly under G conjugation, c8 and CT are equal to zero. With 

our limited amount of data, we must make this assumption to simplify the calculation 

of Cp. However, Cabibbo has shown that the CP violation recently found in K~ 

decay may indicate that these terms are not zero. 
14 

The nuclear integration for the reduced matrix elements between states p 

and h gives {we u:se the phases .of Edmond's 
15 ) 
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where the - sign refers to i = 1 and the + sign to i = 9; 

00 

r 2 XJ u f g G 1 S 
1 

( 1<, 1< 1 ) -f F t S 1 ( -1<, .-1< t ) ] uh· r dr. 
Pt.l<l< vu I<K vu -

where 

and 

0 

X ~ 
J.. t =£ ±1 

h 

are operators. that act on u · a' 

if /_t = ~ +1 

·' 

i£f_f:P.h-1 

' 



"I 
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<p II ';:;'(4)llh) = ( v+i )\ 
11211 llf2Y <~>11 1 ) o ...... \ ZV+5 \ p Ov+ 1 u h . v+ 1, u 

flO ...... 
I 

X I u D 
\ 

)o 
p + [ £ G t si (-K, K. 1 )+g F t s1 (K, -Kl ).] uhr

2
dr 

K K VU K K VU . 

d 
where D+ = Tr- v and D = __:!_ + v+ 1 

r - dr r 
are operators that act only on the lepton 

wave functions; 

00 

X ( 
)o 

u D 
- p -

(P II z(
6)11 h)~ 

.~·. 

1/2 1 t I 

~ 1/2} 
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oQ. 

( [ . l 2 
/{. K VU K K.. VU 

X) uPD+ £ G tso (-K,Kl)±gF tsO (K,-Kt)J uhr dr 

0 

u D [£ G 1 s0 (-K, K. 1 )±g F t s0 {K, -K' >] uhr
2
dr, p- K.K VU KK VU 

where the· + sign refers to i=7 and the - sign to i=8. The symbols p and h 

indicate the 1. sj quantum numbers for the respective state. 

harmonic oscillator wave functions, 

where N is a normalization constant 

N= ~~( 2n+l. + 1 ' 1/2 
{Zn+U -1)! ! } 

b is the oscillator length parameter, and 

P(r) = 1 for n = 1, 

for n = 2, 

' 
Here u and uh are 

P''· 
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We use the reduced matrix elements 

I p_ p v p_h 

.Q 
p 

l 
1/2 X 

\ 0 0 0 
l, j p \ 

1/2+~ +u 
(-) 

41T 

.Qh v 

1/2 1 

jh u 

;-,.,.""rep 
~jp£p£hu 
. 1 jh 

"' 

;. . 1/2 
where · j = (2j+1) and we have set K' - - 1 . 

UCRL-16029 

jp 1/2 

.Qh· u 
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III. Nuclear Wave Functions 

A calculation of Cp requires a good knowledge of the nuclear wave function. 

The purpose of our work is to determine the uncertainty in the computation of Cp 

due to uncertainties of the nuclear wave functions coming from the nuclear problem 

itself, which is only approximately solved. Three nuclear models are used: 

(a) the independent-particle model (IP), 

(b) the diagonalization of the residual interaction in the subspace of the 

1hw particle-hole excitations (approximation I), 

(c) the random-phase approximation (approximation ll). 

The particle-hole wave function of the excited state is of the form 

If)= I (9) 
m m 

p .h. 

The ket j 0) is the Hartree-Fock ground state and the. X~h are the configuration 

mbdng coefficients associated with the particle-hole configurations (ph). Their 

normalization is 

2. 
ph 

2 
(XJ ) = 1 . 

ph 

Th . d ~+, t:.. e assoc1ate . "quasi-particle" operators "' '::> are related to the true particle 

operators 11 +, 11 through the transformation 
16

, 

+ + 
~pm = "lpm 

p p 

+ (-) 
jh+mh 

~h . = "lh-m mh h 

. We have used particle-hole amplitudes computed by two different groups, and 

we must therefore be careful to use the proper phase conventions. In reference 19 

J 
the tabulated amplitudes . Xph differ from the above choice of phases by a factor 

" 

~ ... 
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(-)jh+i/2• The phases of Elliott and Flowers 18 differ from the above because of 

their use of (i) the Condon and Shortley convention for the spin and orbital-a71gular-

momentum coupling order (s£ j}, (ii) a 2s harmonic oscillator wave function which 

is negative near the origin, and (iii) the opposite coupling order in their particle-

·hole amplitudes. 

The one-body operator for absorption of a multipole radiation A., accompanied 

by the jump of a nucleon from the single-particle state a. to state 13, is 

(10) 

whe,re ( a.JI Z >--r I 13) is a one-body reduced matrix element. 

I is 

With the definitions (9) and {10) the transition matrix element in approximation 

L 
ph 

J 
(p II z flih) 

(2J +1) 1/2 
f 

This. expression reduces to one term in the independent-particle model (I P), 

for ,which X h = 1. 
' . p 

In approximationJI (RPA), one has also to take into account the probability 

amplitude Y ~h for exciting the nuclear state If, JfM)by .annihilation of a particle

hole pair {ph} in the ground state. The expression for the transition matrix element 

is then 

r J J 
1x P~ ( P II :s f II h ) 
l 
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The normalization of the amplitudes in this case is 

\' f ( XJ } 2 - ( y J } 2 1 = 1 
6 I ph ph f • 
ph ·~ ) 

Then the reduced matrix elements of Eq. (8) are given by 

\) x;~ . ( P II g<i) II h) t;h 

UCRL-16029 

{11} 

The wave functions for the N 16 bound states are taken from the wave 

functions for the analogous levels in o 16 
under the assumption of good isospin. 

In approximation I we use vvave functions derived from two different potentials. 

The first potential is the Rosenfeld mixture used by Elliott and Flowers, 
18 

and the 

second potential is found from a least-squares search carried over nine energy levels 

of o16 
by Gillet and Vinh Mau. 

17 
Wave functions are derived from the potentials by 

finding the set of basis vectors ljJ for which the m"!-trix (y;a I V!lJ1(3) is diagonal. 

Since two values of the potential V were used in these two analyses, two different 

wave functions are obtained. Both potentials, with strongly different characteristics 

as seen from Table III, give similar overall good'fits for the energies. However, 

the different potentials affect the small components of the nuclear wave function 

appreciably, as shown in Table IV, allowing a numerical discussion of the un-

certainties due to the nuclear parameters . 

. For the purpose of this paper, it is important to note in Table IV the dif-

ference in sign of the small component of the 0- wave function. As will be shown 

later, the capture rate and the value of Cp are very sensitive to this component. 

We have a preliminary report of a third calculation of the 0- wave function made 
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. . 20 .:.1 
by Lewis. He obtains an amplitude of -0.07 for the 2s 1; 2 (1p 1; 2) component 

of the 0 wave function as compared with Gillett s amplitude of +0.055. However, 

Lewis used a Serber force, and this would be expected to give a somewhat dif-

ferent result. 

IV. Results 

The reduced matrix elements --y1(i) were calculated on an IBM- 7094 
,vu 

computer to allow the use of numerical methods to evaluate the radial integrals. 

In checking our method, we first calculated the muon-capture rate in C 
12 

to the 

ground state of B 
12 

in order to compare our result with the Morita and Fujii 

calculation. 8 Because of ambiguities in the nuclear wave function,. the computed 

capture rate does not agree with the rate determined experimentally. Morita and 

. Fujii correct this by taking a ratio with the inverse-beta-decay transi~io~, and obtain 

for the capture rate 

A. f.!. 
calc 

:\13 . 
calc 

?-.13 
exp 

(12) 

where Af.l. 1 is the muon-capture rate calculated with the Morita-Fujii method, ca c 

and Af.l. is the observed rate. Using8 
exp 

13 -1 A. = 33.15 sec and exp 

13 -1 
A. calc = 159 sec 

and an oscillator length parameter b = 1.59 F, we obtain the results given in Fig. 2 , 

which shows A.f.l. as a function of Cp/CA and the experimental value of exp • , 

+300 -1 21 
6750 _750 sec . measured. by Maier et al. From the graph we would conclude 

10 < Cp/C A < 30, where we have not allowed for errors in the nuclear wave function. 
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The· capture rate }..f.J. 
1 

has been computed by Morita with his method in which 
· · ca c 

the small components of the muon wave function are set equal to zero. With the· 

srnall component, we obtain a transition rate of 35.0 X10
3 

sec -
1

, which compares to 

the value 34. 2X10 3 sec - 1 of Morita and Fujii. This good agreement provides a 

check on our computer program. 

We now compute the transition rates in o 16
, andin Table V we compare 

the theoretical transition rates, using .the wave functions IB of Table IV with 

and without the small relativistic component of the muon.wave function. This 

component has been neglected in earlier calculations. The small component affects 

the transition rate by only a few percent, which is insignificant when compared with 

the other sources of uncertainty discussed in the following sections. Nevertheless, 

the small component is included in the following results. 
. . 

The oscillator-length parameter b that enters into the oscillator-well-wave 
.'1, 

functions is, in principle, given by an analysis of the elastic electron-scattering 

16 22 
data, i.e., 1. 75 F for 0 . In Table VI we show the results of varying the 

o 16 
oscillator length by 15o/o while using the wave functions of case IG. A 10o/o 

change in b produces about a 10o/o change in the 0- transition rate for Cp/C A:::::: 8. 

The transition rates for different nuclear models and b = 1. 75 F are 

tabulated in Table VII. As one would expect for the almost pure states considered 

here, the transition computed with app.roximation II (RPA) and approximation IB 

differ only slightly, as shown in columns IB and II. The agreement in the 2 and 

3 transition rates for the IA and IB wave functions shows that these rates are not 

very sensitive to the small components of the wave functions, which are rather dif-

ferent {Table IV). 

In Fig. 3 we show the 0 transition rate as a function of Cp for three nuclear 

models. The wave functions for the three cases are given by 



-15- . UCRL-16029 

Lj;IP = Jt p ~~2 2 si/2 ) ' 

where Lj;IP represents the independent-particle model, Lj; A is the Elliott and 

Flowers wave function, and Lj;B is the Gillet and Vinh Mau wave function. The 

only difference between Lj; A and Lj;B is in the sign of the small component of the 

wave function. As shown in Fig. 3, a variation in the small component produces 

large differences in the 0- transition rate. The sensitivity of the transition rates 

to the small component is to be expected, since the small amplitude multiplies large 
..... 

one-body matrix elements in Eq. {11}. Furthermore, the sensitivity is enhanced by 

the eros s terms between large and small components in the expression for the 

transition rates of Eqs. (5) and (7). 

Although the 3- transition is third forbidden, its rate is 5% of the 1 case, 

which is ,first forbidden. The high-momentum transfer in muon capture makes the 

forbidden transitions more important than in beta decay, for which the comparable 

forbidden transitions would be negligible. 
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V. Comparison with Earlier Work 

It is interesting to look at the earlier works and compare them with our 

res.ults. Beltrametti and Radicati have computed the matrix elements for capture 
". 

in o 16 , but they do not present the transition rates. 
23 

Duck does not present his 

+ - -; - + -rates for the 0 -+ 0 transition, but he computes 0 " 1 , the ratio of the 0 -o .t, 

transition to the 0+ -1- transition. 
3 

It is difficult to compute the 0+ -o- transition" 

from data given in Duck 1 s paper, since there are disagreements in sign in the two 

publications of his work (e. g. , see the phases of the wave functions and definitions 

of the coupling constants given in these two references). However, we can compare 

calculations by computing the 0-/1- ratio, using the Morita- Fujii method. Table VIII 

compares the results of Duck and of Ericson et al. with our work. Our numbers are 

much higher than those of Duck, but we agree within 10o/o with Ericson et al. Our 

agreement with Ericson et al. is also good when we compare the absolute. rates shown 

in Table IX. The small disagreement could be attributed to a different treatment of 

the 'lepton problem and the use of slightly different coupling constants. The dis-

crepancy with Duc.k1 s work is not understood. 

VI. Analysis of Calculation 

A measurement of the 0+ -o- transition rate does not determine Cp uniquely~ 

Figure 4 shows the transition rate as a function of Cp for nuclear model !G' and 

there are two values of Cp which give agreement with the experimental value. When 

the c 12 
data given in Fig. 2 are used, the higher value can be excluded. The transition 

rate into the 0 state is very sensitive to the small component of the nuclear wave r:, 

·function; as a result, we cannot accurately compute Cp until the nuclear wave 

functions are known more accurately. Also, the two experimental measurements 

of the 0- rate are outside each othert s experimental error. From our analysis of 
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the experimental data for capture into the 0 state, we conclude 5 < Cp/C A < 20, 

as shown in Fig. 3. This agrees with the theoretical value of Cp/ C A ::::: 7 predicted 

by Goldberger and Treiman. The results are valid only if the induced pseudotensor 

term CT is zero, because the introduction of another unknown, CT' would lead 

to more doubtful conclusions in the present state of the experimental evidence and 

of the nuclear model. 

The disagreement between theory and experiment for capture into the 1 

and 2 states can probably be attributed to the many admixtures present in the wave 

functions. As shown for the 0- rate, which has only one small component, transition 

rates are very sensitive to the small admixtures. No conclusions can be drawn from 

the 1 transition, since the rates computed by the Elliott and Flower wave functions 

disagree strongly with the rate computed from the Gillet and Vinh Mau wave functions, 

and both rates are higher than the experimental value. · The 2 transition rate does 

not seem to depend strongly on the nuclear model, and two calculations of this rate 

are in fair agreement. However, the computed rate does not agree with experiment 

for any value of Cp. As Cp is increased, the computed rate goes through a . 

minimum of 1.2X10
4 

sec- 1 for Cp/CA::::: 22, but this value is still higher than the 

4 -1 measured value of 0.63X10 sec . 

The 3- transition rate is so small that it has not been observed yet. However, 

it does not depend on CP' so a measurement would provide a check of the wave 

function. 
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VII. Conclusions 

We have computed CP' the pseudoscalar coupling constant, from the muon 

capture rate in o16
. The calculation does not give a precise value of the pseudo-

scalar coupling constant because of the uncertainties in the nuclear wave function 

and the muon interaction. Several things can be done to improve the. situation. 

First, an accurate nuclear wave function must be found for N
16

• Cabibbo has 

suggested
24 

that the amplitude for the small components could be found by using 

f . h 1 . . . . N16 .the wave unctlons to compute t e e ectromagnetlc trans1t1ons 1n . With an 

accurate wave function, the coupling constant should be easy to find from this 

transition rate. Next, there is the question of the induced pseudotensor and 

pseudoscalar coupling constants. At present there. are not enough experimental 

data to justify a search for these terms, and we must assume that they are zero to 
> 

simplify the calculations. However, if they are present they could ser,_iously affect 

the calculation of muon-capture rates. Thus far, most calculations for muon..,. capture 

rates have used a free parameter. cp and the other possible parameters cs and 

CT have been neglected. The absence of these terms could be ascertained by ob-

serving muon-capture transitions in which their matrix elements would be large 

compared with other terms .in the Hamiltonian. For instance, a 0+ -0 + transition 

would be useful for finding the c
5 

terrn because the axial-vector part of the 

Hamiltonian cannot contribute to the transition: 

In gathering more experimental data, one must be careful to measure the 

muon-capture rates in those nuclei with wave functions that are reasonably well. 

kn F h . h . . M 24 N 24* d T.48 S 48* own. . or t 1s reason, t e trans1t1ons g - a an 1 - c have been 

25 26 
suggested by Rasmussen. Using the Nilsson model, Mang has developed wave 

24 27 48 
functions for Mg , and McCullen et al. .have published wave functions for Ti . 

A h M 24 N 24 
· t present t e . g - a transition looks most promising, because the excited 
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states in Na 
24 

are well known and these states must be known before an experi-

b 1 d h . . Th T.48 S 48 . . . ment can e p anne to measure t e trans1t1on rate. e 1 - c trans1t1on 1S 

experimentally .difficult at the moment because of the uncertainty in the excited states 

of Sc 48• There has been very little experimental investigation of Sc 
48 

even though 

the energy levels have been predicte.d by McCullen et al. 
27 

and the spins of the 

! 28 48 
levels have been predicted by Rasmussen. If the highest excited states of Sc 

p + + have J = 0 and 1 , as indicated by Rasmussen, this nucleus may be useful for a 

muon-capture experiment 

Another approach for obtaining the coupling constants has been suggested by 

29 
Foldy and Walecka. They obtain the nuclear matrix elements empirically from 

electron scattering data, and thereby avoid the uncertainties inherent in obtaining 

the nuclear wave functions from energy levels. They have used this approach to 

compute the coupling constants from the total capture rates, i.e. , the· capture into 

all final states; but they found that these rates are not sensitive to the coupling con-

stants. However, this technique could be very useful in computing the partial 

transition rates, which are sensitive to the coupling constants, as we have shown. 
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Appendix 

Detail of the Calculation of the Transition Rate 

The calculation of the capture rate into the 0- state of N16 begins with the 

evaluation of the matrix elements ( p \\2:(i) \I h) . Using the nuclear model IB, 

we evaluate these matrix elements for the particle-hole pairs 2s 1; 2 ip i/2 and 

1d3/ 2 1p3/ 2. With u = 0, v = k, and 1<. = 1, the nonzero matrix elements are 

00 

- S 110(-1, +i) l uz, 0£1 F -1 u1, i rzdr J . 
Using b = 1. 75 F, q = 93.5 MeV /c, and the Hermite-Gauss numerical 

integration procedure, we obtain 

in the same way. we compute 

r 2 112 2 112 ~l L -(5 ) (-8.01)-( 5 ) (0.,181J 

= + 1.25; 

13 r 112 < 1d3/211 z(2) ll1p3/2 ) = . irr I - (~) (14.68) 
L 

1/2 l (~) (-0.840) 
.J 

=- 3.11, 
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x{r.·1/2 

. 1 

1/2 1 t l r . 

f 
I s

000
(-1, -1) 

1;2 L . 
·'· 

1 

D - 1/2 r~ -i' 
2 - ( 2 ) \ dr . r J 

.. c ,r, 

1/2' ... 

(2s 1;2 ll~(6 )\l1p 1; 2 ) = (6)
1
/
2
{ 

1 
)· . 1 · r,/2(-7996)+(-/2)(66.1)l =-1283 t,;;z- · (6y172 · L . j 

X [ j2(-1.38X104)+(--{2)(231~ = +2233, 
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X 

00 

+ 8000(1,1) ~ u2,0D+giF-1u1,1r2drl 
~0 J 

= 424. 2, 

( 1d3/211 :=;(?) 11 1P3/2 ) .[r/2(-3034) + (- jZ) (-29.6)l =- 1171, 
j 

2 1/2 r . . l . 
= (3/8'1T) ,.(2(1535)- (-,/Z) (-3.83)! = 422.1, 

'- _j 

From Table IV we find 

x 2 s 1 P = o. 9 9 9, 

x1d ip = o.o55. 

Using Eqs. (8) and (11}, we compute 

= (0.999) (1.25) + (0.055) (-3.11} 



= 1.08, 

---rf\(6 ) = - i159' 

7?;<7 ) = 359, 
\ 

fr/..(8 ) = 356 . 
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Letting Cp = 7 C A' we obtain for the coupling constants in natural units 

C{ 2) = 3.55X1o- 12 , 

C ( 6) = - 1. 9 3X 10- 15 , 

c(7 ) = 5.58X1o- 16 , 

C ( 8 ) = - 3. 91X 10- 15. 

These matrix elements and coupling .constants are substituted into Eq. (7) to give 

With a.value of q = 183 (natural units), we find the transition rate from Eq. (5) to be 

A.= (2'1T) (L17X1o-
23

) (183)
2

(0.994) ---1-~-
1. 288X10- 21 

3 -1 = 1. 90X10 sec , 

I 
2 -21 c 

where we have used 11 m c = 1.288X10 sec. 
e 
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Table I. Experimental values of the transition rates. 

Transition 

0 

aReference 4. 

bReference 5. 

a 
Berkeley 

3 -1 
(10 sec ) 

1.6±0.2 

1.4±0.2 

Not observed 

Not observed 

. . b 
Columb1a. 

(10 3 sec- 1) 

1.1±0.2 

c 1. 88±0.10 

6,3:1:;0. 7 

Not observed 

cThe number given in reference 5 has been· multiplied by 0. 75/0.69 = 1.09 

to ag;ee with reference 4 which uses a 1 -+0 gamma br<3;,nching 

.ratio of 0.69. "'· 
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Table II. Coupling constants C(i) and operators ~(i) in Eqs. (7) and (8). 

= 
c(i} 

Cy 

-CA+CT 

-Cy/M 

-1\.{3 Cy/2M 

( 3) 1/2 C ( 1 +11 - t L ) / M -2 V rp ,-n 

CA/M 

1 [ CA CT] } -t.J3 2M - W O 

Cp/2·-J3M 

cs 

Subscript s refers to nuclear variables. 

';::;' ,_, 

o---M£-Mi 
cU 0 · ('? )[g G 1 s0 (K, ~<' )-£ F , s0 (-K, -~<' }]o 

VU S K K VU K K VU VU 

Mf-M· 
JJ 1 : 1. ( r , a ) (g G , s 

1 
( K, K 

1 
) -£ F , s 

1 
(- K, - K • )] 

VU S S 1< K VU K K VU 

M£-M· 
i(£ G ,s 1 c .. K, K')+g F ,s

1 
(K, -K' )]cfr1 

1
(1: ,p) 

K K VU K K VU VU S S 

1/2 McM· . 1/2 Mf-M· 
{[(v+1)/ (2v+3)] 1J 0 v+it~ (r 8 )6v+i uD + -(v/ (2v-1)] J?r 0 v-i ~(r 8 )6v-i uD _} 

x-[f G , s1 (-~<. K' )+g F , s1 (K, -~<')] 
K K VU K K VU 

I 

N 

1; 2 1v1£ -M· 1/2 . _)'Ac-M. -.o 
((v+1) W(11uv, 1v+1)J1

1 
~ 1 

1 
(r p )D+-v W(11uv, 1v-1).(}:

1 
1 

1
1
(r 11 (J )D] 1 

v, u s s v- u s s -

x (£ G 1 s1 
(-K, K 1 )+g F 1 s1 

(J<., -K 1 )] 
KK VU KK VU 

PrMrMi 1 
iJ.J 0 (r )(£ G ,s

0 
(-K, ~<' )+g F ,s

0 
(~<, -K )]a • ps 

VU S K K VU K K VU S 

. 1/2 lvlf -M· 1/2 J:vi,-M· 
{((v+1)/(2v+t)] ;JJ-:

1 
L

1
· 1 (t: , a )D+-(v/(2v+1)] JJ=

1 
1 

1 
1 

(r , a )D } 
VT U S S V- U S S -

x(fG ,s0 (-K,K')±g F ,s0 (t<,-t< 1)]o 
. KK VU KK VU VU 

MrM· 
3 0 

1 
(j: )[g G I s 0 ( K' K I ) + f F I s 0 ( -1(' -I(! ) J 6 

VU S 1< K VU K K VU · VU 

c:: 
() 

~ 
t-' 
I 

..... 
0' 
0 
N 

-.!) 
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Table III. Nuclear potential used in calculating o 16 wave functions. b 

Elliott and 
a Flowers 

a. reference 18. 

V(MeV) 

-40 

-40 

f.L/b H 

0.90 -0.26 

1.0. 0.4 

b .. In this table the potential is defined by 

V(r) = f(r/f.L)V{W+BP - HP + MP P ) , · a y a y 

e 

1.06 0.6 

0 0.4 

P and P are spin and isobaric-spin exchange operators, f(r/f.L) is a radial a Y 
form factor, V is the potential depth, W, B, H, and Mare the four exchange 

coefficients, b is the oscillator-length parameter. and fJ. is the rang·e of the 

force, 8 = M - W, . and 11 = M + W - B ·- H. 

c. reference 19. 



.. ' 

Table IV. The wave function amplitudes X· and Y for o 16 
as given by the particle-hole moG.els. Case 

N16 

State 

0 

1 

2 

3-

I A is taken from reference 18, cases IB and II are taken from reference 17, and the phase.s 

have been modified to be consistent with the convention of Eq. (9). . In approximation II, the X 
and Y amplitudes are given in that order. 

1 
P-1/2 1 P-1/2 1 P-1/2 

1 
P-3/2 1 P-3/2 1 P-3/2 

2 
s-1/2 1 d-5/2 1 d-3/2 

2 
s-1/2 1 d-5/2 1 d-3/2 

Model 2 s 1/2 1 d5/2 1 d3/2 2 s 1/2 1 d5/2 1 d3/2 1 p 1/2 1 p 1/2 1 p 1/2 1 p3/2 1 p3/2 1 p3/2 

IP 1.00 

I . 
.A 

1.00 

IB 0.999 

II 0,999 

IP 1.00 

IA 0.98 - 0.01 

IB 0.995 - -0.008 

II 0.996 - -0.006 

IP - 1.00 

IA - 0.98 -0.10 

IB - 0.983 0.007 

II - 0.985 0.007 
-

IP - 1.00-

IA' - 0.98 

IB - 0.998 

II - 0.999 

-0.05 

0.055 

0.053 -0.012 

-0.16 -0.08 -0.02 

0.026 -0.096 -0.020 

0.026 -0.090 -0.019 0.001 

- -
0.06 0.14 0.09 

0.054 0.174 0.035 

0.051 0.166 0.034 

-0; 18 0.06 

-0.062 ·-0.011 

-0.059 -0.010 

·,"': 

0.012 

-0.009 -0.012 -0.008 0.008 

-0.026 -0.001 0.009 0.020 0.015 

0.000 -0.004 0.029 

I 
(....> 

1-'-
1 

c: 
() 

?J 
t-< 
I 

1-'-
0' 
0 
N 

. "' 
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Table V. Effect of neglecting the small relativistic· component of the bound-muon 
wave function. The columns labeled 1 are obtained by using only the 
large co:nponent o£ the wave function in Eq. (4) and those labeled 2 
are obtained by using the complete wave function. The nuclear wave 
function used is the case IB' Table IV. 

-8 

-4. 

0 

4 

8 

12 

16 

20 

24 

28 

32 

36 

0 

1 

4.80 

3.88 

3.06 

2.33 

.1. 71 

1.18 

0. 749 

Oo415 

0.179 

0.0411 

0 

0.0571 

2 

'4. 73. 
'· 

3.83 

3.01 

2.30 

1.68 

. 1.16 

0. 735 

. 0.406 

0.174 

0.0392 

0 

. 0.0584 

Transition rate (10
3 -1 

sec ) 

1 2 

1 2 1 2 

2.54 2.53 25f7 25.8 0.186 0.196 

22.6 22.7 ·. 

. 20.0 20.0 

17.8 17.8 

1.6.0 16.0 

14.6 14.6 . 

13.8 13.7 

13.3 13.2 

13.3 . 13.2 

13.7 13.6 

14.6 14.4 

15.9 15.7 
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Table VI. Effect of the variation of the oscillator-length parameter •. Coltimns 1, 

· cp~cA 

-8 

-4 

0 

4 

8 

12 

16 

20 

24 

28 

32 

36 

2, and 3 correspond to b = 1.59, 1. 75, 1.96 F, respectively. The central 
value is the one obtained from elastic-electron-scattering data. The wave 
functicns used are the ones of case IB of Table IV . 

Transition rate (10
3 

sec -
1

) 

0 1 2- 3 

1 2 3 1 2 3 1 2 3 1 2 3 

5.03 4. 73 4.30 2.45 2.53 2.48 23.6 25.8 27.8 0.116 0.196 0.343 

4.09 . 3.83 3.46 20.7 22.7 24.5 

3.25 3.01 2. 71 18.2 20.0 21.7 

2.50 2.30 2.05 16.1 17.8 19.4 

1.8:5 1.68 1.49 14.4 16.0 17 .. 5 

1.30 1.16 1.01 13.1 14.6 16.1 

0.8.49 o. 735 0.627 12.2 13.7 15.1 ,. 

0.491 0.406 0.334 11.8 13.2 ·14.6 

0.231 0.174 0.133 11.8 13.2 14.6 

0.0679 o. 0392 0.0226 12.2 13.6 15.0 

0 0 0 12.9 14.4 15.9 

0.0323 0.0584 0.0768 14.1 15.7 17.2 
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Table VII. Transition rates for different nuclear models~ We use b = ·1. 7 5 F 
and the nuclear wave functions from Table IV~ 

3 ·-1 Transition .rate (10 sec } ,-

0 1 

Cp/CA 
IP IA IB II IP IA IB II 

.... ~ ............ ___ ..,.r.-,_...,.,._..,... .. ll!I __ ..,._,J•--~--.......,--. .s-·"""~""·-·-····>'-lo._ ........ ~-...... .,_ .. _ .. ,_ ... __ , __ ,_ . 

-8 6.45 8.09 4. 73. 4.81 . 4.69 4.25 2.53 2.36 

. -4 5.18 6.46 3.83 ·3.91 
. -

0 4.04 5.01 3.01 3~10 

4 3.04 3. 74 2.30 2.38 

8 2.19 . 2.66 1.68 .1. 76 

12 1.47 1.76 i.i6 1.23 

. 16 0.900 1.05- · -o. 735 0. 795 

.20 0.467 ·o~521 0.406 OA55 

24 0.175 0.175 0.174. 0.209 
~(1, 

.28 0.0234. 0.0134 0.0392 0.057.7 

32 0.0126 0.0352 0 ·0 

.36 0.142 0~241 0.0584 0.0377 
- - - - ------- -- - - ·- - ...;. - -

2- 3-

-8 39.8 32.2 .25,8 ,22. 7 0.187 0.163 - 0.196 0.182 

-4 35.0 28.3 22.7 20.0 

0 30.9 24.9 20.0 17.6 . 
4 27.6 22.0 17.8 15.6 

8 25.0 19.8 16.0 . 14.1 

12 23.1 18.1 14.6 12.9 

.,16 .21.9 16.9 .- 13.7 12.0 

20 21.5 16.3 13.2 11.6 

24 21.8 16.3 13.2 11.6 

28 22.8 16.9 13.6 11.9 

c '32 24.5 18.0 14.4 I 12.6 

36 .27.0 19.7 15.7 13.8 
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Table VIII. Comparison of the transition-rate ratio, 0-/1-, with oscillator 
length b = 1.56 F and with the Elliott and Flower wave functions. 
The muon wave function is set equal to an average v.alue in the 
radial integral, and F, the small com.ponent of the rr.tl.ion wave 
functi'?n, equals zero. 

Duck a 

Ericson et al. b 

This work 

-8 

1.8 . 

2,4 

2.5 

a., Refe renee 3, Table 4b and 4c. 

b. Reference 2, Table III. 

0 

1.4 

1.5 

1.6 

+8 

0.66 

0.86 

.0. 94 
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Table IX. Comparison oftransition rates using the Elliott and Flower wave functions. 

- 3 -1 - 3 -1 1 (10 sec ) 2. (10 sec ) 
----~--------~-------

C /C = p A 

Ericson et al. a 

This workb 

-8 

8.34 

8.09 

0 

5.16 

5.01 

+8 

2. 77 

2,66 

3.98 

.4.25 

a. Reference 2, Table III. They use b = 1.80 F. 

b. · We use b = 1. 7 5 F. 

. -8 

29.9 

32.2 

0 

23.0 

24.9 

+8 

18.3 

19.8 

·• 

... 
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FIGURE LEGENDS 

L 1 h f h . . 016 eve sc erne or t e muon-capture reaction 1n . 

M . c12 uon-capture rate 1n . 

Dependence of Cp on the small component of the nuclear wave 

f . f . o16 Th . 1 . 1 d unction or muon capture 1n e expenmenta error 1nc u es 

both the Columbia data and the present measurement as given in Table I. 

Fig. 4. Muon-capture rate in o1?. 
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sponsored work. Neither the United States, nor the Com
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