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ABSTRACT 

Solutions have been given in closed form to the simultaneous 

differential equations for ternary diffusion where the coefficient terms 

are described in terms of three intrinsic. diffusion coefficients. Con-

centration dis t::ibutions for various combinations o-f the thre-e intrinsic 

diffusion coefficients are calculated here with.the solutions for semi-

infinite diffusion coupling, and behavior of the respective species is 

discussed tog·ethe-.:- ,.;rith the resultant concentration distributions. 

Nuroeria.l solution by the fh1ite-difference ap;?roximc;.tions has been 

carried out separately for the sa<ne diffusion equations, and the resultant 

concentration distributions .s.re compared with those obtained by the 

closed-form solutions. A parmaetcr has been derived for description of 

the characteristics of the te-.:-nary diffusion pr9file . 
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I. INTRODUCTION 

The flux C:e7l.sities for one-dimensional substitutional ternary 

diffusion have been described as Eqs. (1) in terms of intrinsic diffusion 

coefficients by the author, provided that the total molar concentration 

t • 1 . d . . 1 of the cystcm :..s concto.nt WJ.t:l. varJ.c composl.tJ.on: 

oc~ ( .oC2 oc3} ,. 
N~ t (Dl D2) (D~ D;:s) .,.;~ = - D~ -- - - ---,- + -

ox 0 .... ox 
---

(la) 

J2 
oc2 

N2 
( 

(D2 D:;) 
oc3 + (D2 D~) ~cl} = D-:. -- t - -

~ ox Ox ox 
(lb) 

J;:s = - D3 oc:-:5 - N3 { (D3 - Dl) oc~ + (D:; - D2) ~c2}. 
ox OX ox 

(lc) 

Eere .we have 

} (2) 

~i is the diffusion flux density, subscript numbers refer to the species, 

Di is the intrinsic diffusion coefficient, xis the.distance, Ci and C0 

a~e mol2r concentr~tions of the individual species and of the entire 
' ' 

system; respectively, and N. is the molar fraction, i.e., 
.~ 

"'L C /C .~.~~ - i 0 (3) 

C~aracteristics of ternary diffusion have been discussed by the author 

to a limit.ed extent based on Eqs. (1) before the ciosed-form solutions 
' . 

arc kno~vn. Xn order to describe the detailed behavior of the respective 

species in substitutional ternary diffusion, the diffusion.equations 

have been give·a soh:tions in two ~vays: one is in closed foro for the 

sira.ultaneous differential Eqs. (7) de:.ivcd from Eqs. (1), and the other 

is by a nmnerical solution for Es_s~ (1>:. 



• 

-2- UCRL-16032 

The solutions in closed fo.rm have been obtained \vith an approximation 

of the ternary diffusion equations as linear' differential equations. · The 
. . 0 

closed-form solutions .are co:.wenient for calculating explicitly the con-

centrations of three species for a given diffusing time and distanc~. 

\\'here thediffusion equation;:; c:J.r:.-.1.ot be ..'lpp:::o:dmated as linear, a proce- '-' 

'dure of finite-difference approximations has been carried out. 

By using the solutions, characteristics of ternary diffusion such as 

the cu=ved diffusion path on the composition diagram, diffusion with no 

initial g:::<.:.dient, and uphill diffusion have been der.1onstrated quantitatively· • 

II. SOLUTION OF. TER.J.~lu'W DIFFUSION EQUATIONS 

I11. the present solution) the ·intrinsic diffusion coeffic.ients, ·nl.., 
. / 

are regarded as independent of the concentrations and ·constant. By, sub-

stitution of 

oC1 . BC2. 5C3 O ---r----+--= ' 5x ox ox 
(4) 

'· vlhich is derived from Eq. ( ?' -); Eqs.; (l) are simplif~ed \vith respect to 

subsequent. mathematical derivation by eliminating one of the concentrations, 

resulting in two simultaneous equations (5): 

J1 = - [n1 + N1 (D3 D1)} 
oc~ N1 (D:::; D2) 

oC2 -
0'" ox "'· 

'.(Sa)· 

tn2 + N2 D2)1 
5" . D ·): oCJ. .. J2 =·- (Dz; - '-'2 - N2 (Dz; - J. --· OX . . ox • (Sb) · ·· . 

) 

:Substituting Eqs. (5) int.o ·. \ ··. ·,. 

" ..... Qj.i Ovi --
' Ot ,.. 

0~{· 

(6) 
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uhich describes the mass conse'l:"vation for each species, gives the 

differential equations for one-dimensional ternary diffusion, 

.;::. ...... 0 fr vvJ. = ' '\ DJ. ot ox LL 
and 

' NJ. -.- (D::; 
· oc2 ... ). · 

OX J 
(7a) 

' (7b) 

~vhcre t is the diffusing time. From the solutions of Eqs. (7) CJ. and C2 

can be calc.ulated for a given t and x. The corresponding concentration 

of the third species, c3 , can be calculated by substituting the obtained 

CJ. and C2 into Eq. (2). Since the prederivative terms on the rig~t side 

of Eqs. (7) are concentration-dependent, as can be seen when Eq. (3) is 

substituted into them, Eqs. (7) are nonlinear differential equations. 

Their soluti0ns may not be easily obtainable in closed form. If this 

is the case, the numerical solutions vlill be useful to analyze cases of 

diffusion where the range of concC:o:.1tration variati0i.1..·is relatively large. 

\~here the concentration variation is relatively· small and the Ni can be 

regardea as constant, Eqs. (7) are approximated as line.ar differential 

eq~ations. The more nearly equal are DJ., D2 , and D3 , the closer the J 

approximation. Fujita and Gosting solved the simulta;:-.eous differential 

equations described by 

(8a) 

"'"' o2c2 o2 cl:. C'v2 
E -:- F (Sb) ... =· 

2 ox2 ' Ot: ox 



B, '2, and F are 2 
constan.~s. 
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Their solutions were derived by 

- • • , T'! 1 I .. f • 3 C!.<1ployLng tnc .uo tzmann s trans ·ormat::.on. Therefore, the application 

of their solutions is limited to the diffusion in infinite and semi-

. . .. .· . . . . . . . . 4 ... 
infinite medl.a ~n·cn un::;_form L::ut1.al d::.str1.butwns. · In 1939 Henry solved 

his s:i.mult.ineous diffusion e'luations tvl1.ich desc:;:ibcd the coupling diffu- ."-, 

sian of heat and moisture through absorbing media. 5 In the mathematical 

s.ense, the derivation used in :;.is solution is applicable to solution of 

Eqs. (7). Henry's derivation employing normal coordinates does not 

require the Boltzmann's transformation. Hence, the solutions obtained 

in his derivation ·can be ap~lied to diffusion in the finite media and do 

not necessarily require u:liformity ir:. the· initial distribution. In the 

·present work. Eenry 's derivation is er.:.ployed for solution of Eqs. (7)~ 

A. Solutions for Linear Differential Eauations 

Equations (7) can be revJritten as Eqs. (8)' by substituting Eqs. (9) 

through (12) when Ni and N2 are regardeq as constant: 

A = DJ. ;- l'h (D:; - DJ.) (9) 

B - l_\j~ (D3 - D2) (10) 

E = D2 ·-'- .N2 (D.3 - D2) (11) I 

F - N2 (D:; DJ.) (12) 

·Equations (13a) and (l3b) are reduced from Eqs. (8a) and (8b) by using 

[Eq. (8a) ·x F] .=.na [Eq. (8a) x E - Eq. (Sb) x B],.respec-
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(13a) 

5t 
(13b) 

Equations (13a) and (13b) are reduced to 

.9~ o2 c:L 5 Cc:.. - a:~C2) = 0 OX:;:.- Ot 
(14-a) 

52("1 0 
}}2 

v2 
-5x2- - (C2 - a:~C-) = 0 

ot .::: ..L. 
(14b) 

by substituting 

(15) 

.f:r 
. - dJ2 (16) 

(17) 

and 
,, 1'!2 (D::; - :Ol) 

0:2 
.r: = -- = A DJ. ' N~ (D3 - DJ.) 

(18) 

· Equation.s (lL;.) corres;_Jond n:.::.thcr.1atically to the simultaneous equations 

Renry derived and can be reduced to a single differential equation by 

introducing the normal coordinates in the same ~znner as his derivation. 

1·c:. n::..s. case_, Cl and c2 represer.t the \vater-vapor concentra.·tion and tern-

perature. 

Addition of Eq. (lL~a) n:'.lltiplied by s/j}~ and Eq. (lL:.b) multiplied. 

by r/~2 results in 

{( . 

\-~--.E; 
2 

l 

sa:, ) ,., ' -.·-- v-=> ,.. 3 .... 
~ 

(--~· .£)-' 
l 

1 c,j = 0 0 

(19) 



..... 
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1\itn proper ratios of r and s to satisfy. 

Eq. (19) reduces 

~vhere 

l ( r _ sal) 
\ .::-.··-. ,::, 

J.. -.;; .:.-": 

1 ( s 
:;.; s ~ .~:_ -

5 r ~~ ) -liJ.- c = o, 
ot' 

C = rC2 + sCl 

UCRL-16032 

. '' 

/ . 

= u.~ 
' ' ' (20) 

.... 

(21) 

. (22) .. 

Equation (21) is matherr.atically in the same form as Ficl' 's law, with a 

diffusion ~oefficient ,i-L -
2 

for the new variable C. Differentiation proves 

that Eq. (23) is a solution of Eq. (21): 

/ 

(23) 

,,
7llere A is an arbitrary cons ·:.:ant." 

In _a si:milar 'iv_ay to diffusion o£ a single, species, 6 the combined 

dist:::.'.bution of CJ. and C2 fo;: diffusion of a.total amount H for time t 

fro~ a plane source is described by 

.. •'"" 
M u 2 2 · + s C J. = ---·"':J:-r:.:; exp (-x iJ. / L} t) • 

2 (:ret) I._ 

Cot:stants i-L2 ari.d r/s are gi,,,-en by Eq. (20) •. Since Eq. (20) is 

(2~-) 

quadratic for- r/s, bvo ·values for r/s ar:.d correspondingly for i-L2 are given as 

.:9]. .f)2 ,f ( .9l - 3~)2 -r- L· a1a2BJ.02 ' - ,. 
i-L2 = (25) 2 81.02 

£)2 - .el -,/ ( .e·J . - '9 \2 +- A a1a2.6 J. B 2 r +' . 2) (2.6) ·-
s 2 a2 .8]. 

... .. 

..J 

·-
il 
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"" Substituti6n of two pairs of ~~ and the corresponding r/s reduces 

the solutior.; Eq. (23) [or Eq. (2L~) ], to two simultaneous equations.· 

Therefore, by solving the resultant simultaneous equations, C~ and C2 

• can be calculated separately. An exarr.ple of the calculation is given in 

the next section. 

B. Solutions for Extanded Initial Distributions 

In order to apply the solutiOi.l. for diffusion fro::n .a plane source, 
\ 

Eq. (24), to that for diffusion fro::n an extended source, the equation 

must be su?erposed for the boundary conditions. The superposition of 

the elementary solutio:1 (2L;.) should be matl.1erc.atically sound, since the 

combination of c~ and c2 is linear, and ~ is constant in the solution. 

Adva..-... tages o£ the present solution are that it is applicable to diffusion 

in finite media, and initial distributions· in the media need not abso-. 

lutely be homogeneous. 

'I':l.e initial and boundary conditions for dif£us ion between a couple 

·of semi-infinite media with differing compositions are 

(27) 

Hhere initially the three spec:i,es are uniformly distributed. Superposi-

tion of the elementary solution (2L,) for conditions (27) results in 

c,) 
- t,x (C~a )} 

. xu 
C:b erfc 

2 
t~l 2 

(28) 
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. ) 

in the same , .. ~::..y as for diffusion of single species. 7 Since two sets of 

. !J.2 c.r.d r/s are given by Eqs. (25) and (26), two simultaneous equations 

a:-e reduced from Eq. · (28). From these· simultaneous equations we obtain 

c~ and c2 se~arately as 

c~ = + t£2) erfc 2:~; 2 J 
(29a) 

erfc 

(30) 

.·. (31) 

'(' (32a)'' 

r 2 
12!?:2.. + 2 :;:::Qj_(N2 :::~P.2 N~ 3!;.)~) + (Ni 

2 (D1D2 + N~D2 3Ql + N2D1 3Q2 
!J.2. = 

( D, 
I -

'\ 
I. 
I 

\.... 
(32b) 

l 
R~ = S~ = (r/s)~ = 

... 

( 2 
D I 2 · r-, . ('•\T '{ 2 J. -,- 2•_)~ i\2 

\.. -

(33a) 

1 
"'\Z 

~ 
) 

. ' 

• 



• 
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R.2 = 

and 

·t-:r D ~ 'T\1 D -,' .. r,.\D? ·· 
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(33b) 

\·lhere i1'k = Di - Dk: _- Equations (32) are reduced from Eq. (25) and Eqs. 

(33) from Eq. (26) by substituting Eqs. (15) through (18). 

:C:qu.d.tions (29) are essentially the saru.e as and can be reduced to the 

solutions Fujita and Gostin3 derived for the sawe boundary conditions. 

2. Finite and Semi-infini.te l~edia 

For the diffusion bet,veen t\·lo horr.oge;.reous media 't·lith different co:n-

pozitions -v;~·~c::re initially om: medium is. co:nfined in the region -h _ < -~ < h 

ar.ci the ot:;.e.r extended from ±h to ±'co; the initial and boundary conditions 

In the same Hay as in the pi'evious section, the linear combinations 

of C~ and C2 are described for a given t and X 'by 

R~C2 + c~ (R:1.C2b + CJ..b) -:- 1 r .. cc C2b) + (C~a C:l.b)} = "i ~ lt~ 2a 
l 

( 
er£ 

(h-x) ~i.:t. -:- erf 
(h+x)I-LJ.. "\ 

••' ' 2t~l2 J ;~ \ -------
I 2tl/2 \... 

(35a) 

R2C2 + c:l (R2C2b + C:r.b) + l ( 1:> ("' Cr:.b) + (C:J.a ~- c~o>) = -i l'\.2 '-'2a 

( (h_...,..,.., }1.::;. (h·!-x) !12 l 
}~\_ erf ·• ··II-·~ + erf 2tl'f2- 2tli2 J . (35b) 
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Solving .3 il:ml taneous ec;_t::~tiO-:l.S (35a) a·n.d (35b) for a 'given t and x, \•le 

~~ve 

I c ''1 J. {erf 
n-XJI l 

C.z = Czo -:- I (R3.L::C2 -~- .6CJ.) + 
2(Rl R.z) 2tlf.2 

l 
.. -· ------ --- - ·--.-~~-·~ .. - (--(i_Y=x)IJ.2 - (R.z~2 + -LCJ.) erf + l 2tJ./2 

;:.t.nd r 
CJ. CJ.b +~ 

1 ("/"'-:> S3.tc1.) {erf 
(h-X)!J.l 

= + + 2 (Sl - .S2) t...J...J"-

2tlf2 

. (h+x)l.l.J. 1 
erf 2t1/2 ]' 

I_ 

(.6C.2 + S.2.6.C1) {er£ 
(h-x) l-12 
2tlf2 

' . er f (h+x) fl2Jl. (3 6b) 
2tJ.f 2 _ J -

Equations (36) also give the distl.·ibt::tio;."l. in a semi-infinite system which 

results fro-;n cutting the system in half with a-plane at x = 0. 

3. Finite. 1\le.dia 

:<'or diffus·:~on proceeding b_et\·7een two how.ogeneous media, one of \·lhich 

is confined in the region 0 < x < h and the o-::.her of Hhich extends from 

h to a finite length £) :Eqs. (37) desc'ribe the bounclary condtions for 

;."l.o flo';--73 of either species 1 and 2 through· the end surface. 

(37)-

Equations· (37) reduce independently of r/s' to 

0 (rC 2 + SCJ.) /ox = 0_, X·= £ • (38) 

The concentration distributior1s that sati'sfy condition (38) a'i-e obtained 

by reflecting the linear combination . . (rC2 + sC1 ) at the boundary and · 

superposing th~ reflectecl curve on the brig~nal ·6ne. Reflection {s re-

peuted ut .-~'-= = £, theri at x = 0 a~i.d again at x = "£7 and so on. ·:erne mathe- · 

:a.at·ical consequence of this succc:ssive re-flection and superposition is 

::he sat:".c as that for the diff-:.1sion of a single S!?Ccies_in the same boundary 

l;tO_ 



·~ 
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conditio~s. 8 Superposition of each reflection on the original. curve 

given by Eqs. (35a) and (35b) results in 

. + _.t_ 

2 

(h + 2n£ - x) ili _ _______ .....;__;, + 
2t-:..i 2 

crf (h - ·2n.& + x)~~ 1 
2tJ./ 2 ) 

(39a) 

and 

2n.e + · co · ~ (h .1. 2n.Z - x) ;.t2 
+ l (R2 LG2 + .6.C~) ~ erf -··-·----.,..--- + 

2 n- -·ro 2tJ./2 
erf 

(h - x);.t2l r, (39b) 

, .. 

where n ; 1, 2, 3 • · · • 

Solving· these simultaneous equations, \·7e have 

i-
1 I '2£, CJ.b ' ( \ . 2 ' 2(8~ - S;;;) I 

L 

~ ( (h 
__ _, 

S~.tc~)- ...f:. erf u--co"'(·. 

(h + 2nJ!., - x) !J.2 ___ .. :-
£t~/2 

x)jl~ + b£ - + 
2t~/ 2 

(l1 - 2n£ + 
erf --­

itl/2 

) . 

(h 2n.Z - + erf 
2tJ./2 

(40a) 

x)\l~ 

c::l ( ('n · -,·- _?n n - x'; jl1 (h 2n n .:- x) u, ~ ... _, I N . • .v ' • ' ... I 
.6.Cl \ .L.J ~erf -----:---- + er£ ------,----

"n.~ -co,l 2tl/2 2tl/2 J 

ro r (h + 2n.e x) ~2 (h ~ 2n£ + x) !J.2}] 
. - (R->LC-:> + f£,) ?: ) er f ---- ---- + er f -----.,--.---"" - ... n::.:: -co -~.- I 2tl 2 2tl 2 

~ 

(40b) 

The number of the error-fu11ct:Lon terms ir ... side the brac'!.<ets in Eqs. (40) 

may be chosen d·2:j?Cnding upon th8 accuracy desired for Cl .and C2. 

C. E;.!merical Solution of l•:onlinear Eouations for Ternarv Diffusion 

1·J'ith rs;;;pect to ai.Jplication o£ the solutions in the closed fo:::-ills 

de.;;:·cribed· in 'tf-.e previous section to analysis of actual diffusion, whether 
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(1) ;. i. e~ ; Sqs . c.2.n be regarded· as linear deper1ds ···first . 

. ilP011 the magnitudes of concentration variations.of the respective species; 

-..:. 

cases. The pro0lem is reduced to the magnitudes of variations of. !J. given '•' 

by Eq:.;. (32) .:ll'ld R given by :Sqs. (33) for the given boundary co::tditions. ·· 

Hhere t~,·o .p.::.irs of l-L and the corresponding R cannot be regarded as 

constant) numerical solutions of the original ·diffusion equations are 

useful.· In the present \·mrk) a. finite-difference method is demonstr~ted 

for the boundary conditior:.s given by Eqs. (27) v7hich describe the diffu-

sion betHeen s·emi-infinite media. The consequence of. the finite-difference 

/ 

with corresponding, gradie:..!ts over a finite interval. of time or distance 

i::tstead of solving the differential ccf..:ati.ons into Closed for-.ws. If the 

flux de·i'lsity for a species is calculable, the concentration of the species 

can be· calculated .by using 

·ot Ox . ' 
(L,l) .· 

For convenient 'calculation by ~ computer,. using Eqs. (1) with sym-. 

metrical expression ma.y ha.ve an .::.dvantage.? rather tha~. starting \vith 
.. 

Eqs. (5). The calcula.tion is shown only for species l. ·The same ,proce-, 
.. . . . . 

dure applies to the cases for spacies 2 and 3.· 

For the purpose oi ·the. fi.nL:e-di££erence method, the derivatives in: 

. Eq., (la) are replaced with 
' ' . 

the corresponding gradients, resul.ting in 

.( (D-.. .!. 

l . 
l'C2 . . 1:!2·.- ) 

D2) -·--· - + (D D ) .J b:. · ~ - 3 "Ax J~ · .• 

(42) 
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In. Eq. ( / ..,. ' 
-~ ... ) tnc concentratio:c,s a:ce given in £:::actions for simplicity, 

i.e., C0 = 1 in Eq. '';!) (.... ) The subseque~t procedure 

for :Cq. II, 2) 
...-.· also <:pplies to cases vJhcre the concentrations are given in 

o~her c:nits, by multiplying ti:;e flux density and concentrations in Eq. 

(L:.2) by a co'nsta:1t fs.ctor. The £lu:-c density of species 1 at time t and 

distance x.J.1 is calculs.ted by using 

- c, (x ) ..... . n 

( C /-. ) C (x 
(D D ) 3 v··:1 + ~/ 2 - 3 • n -

+ ·~- 3l . • Lv... (43) 

w·hich ·is derived from Eq. (L>2) by s:Jostit.uting ~i 't·7ith the corresponding 

differences of the concentrations b,et\•7een two points distant fror;J. ~ by 

a half o£ 1\v 9 -··. 
'i'h is calculatio:<1 ·) and 

at the cente1..·s of t'\vO adjacent points_, where x 0 is the interf.s.ce; Xu = Xo 

-:- .,,.~~, e..nd Au ± ~1 2 are the cer.ters of :"'n and Y'n ::::: .::..· The C~ (Xr.,) corre-

spending to J~(xn) is calculated from 

c~ C=~ ·-:· tl< ' - C:t. (x.,.,_ t:) ~/2) -: .. l) . ~/2) -,-
Lit 

<> 

T ( .. .:- \ j'l (:.;.:,.., tl() vJ.... '"' .... nJ '-kl --:.- J.J ( 4L.c) = . .. 
6:. 

., 

Hl-:.ich is derived fro:c;, Eq. (L;.l) by, substituting the derivatives with the 

.. (L· !.· '; ,., .; "·" <· ,., ... · o-" -IJ "":t. for the next ti"me interval, c~ (:x:;_;, + ~/ 2) An·average 
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-lL;.-
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··.,' (4-5) 

The calculation is repeated ::rom time zero e.nd distance zero to. the given 

and 6.':'- to ;.~1inimize the error entering the approximation. This is particu-

larly ·so in <:111. early s~age o£ diffusion \·lhere a discontinuity of concen-

trations exists i:J.itially in the neighborhood of the interface~ 

vJhethc:c or not the u:.s.gnitudes o£ .intervals ~x and .6t are p:roper to 

calculate the concent;:-ations withii1 the desi:::-.ed precision can be checked 

Hith the values calculated by using the solut.ions· in ·closed form; if such 

solutions are available. Another- means of checkh1.g if !§. and _.6t are sma'll 

e;.1.ough and proper is to repeat the finite-difference approxLuations by 

<:.mploying successively smaller r:1agnitudes of !§. an·d .6.t and compare the 

I£ tl1.e smaller· ir;.tervals yield results satisfactorily close to 

tl1e previous results, the r.:agnitudes of L.x and L:;:; may be regarded as proper:· 

Hhen, as an a:~ample, the initial bou;.1dary conditions are g:!.ve:1 by Eq9 •. (27) \ 

and .'i-le have C~.::. = o. 3139.? CJ.b = o. 2302_, ·c2a = 0. L;.559, c2b = 0.5527 (in: 

• o-6 10-7 
; ; 

··o-7 fractions), and D~ - 2. 16 X J. :;. D2 = 2. !rO X D.::; = 6. 65 X .L J and . ; 

· t = 5CO, the values of CJ.; C2, and C:::r ca.lcula.ted with combinations of b..X 

and . .6-t: (0. 005 and 1. O)) (0. 005 a::.d 0. 5), (0~ 002 and 0. 5); and (0. 002 and 
.. 

0. 1) according to Eqs. (L:-3), (L;.L:.)) and (L:.:S) i are: identical to four signifi- • 

... -. 
'I'aOle I co:-11Pnres the conc·e~.Lt·ration ·d~stributions calcula.t·e~. by us~11g , -

Eqs.· (29) a.nd by the £inite-di:Zf21.:e:.J.ce. me::hod vJith. & = 0~ 005- and At ;, 1. 0, 

with sa.tisfactorily good agreement. The relatively la:rge discrepancies 
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u-.. the neighborhood of the:: interface are due to the approximation made 

for the closed-form solutions. 

In order to prevent the error caused by the initial discontinuity7 

it is also a practical mathod to calcu~ate the conc~ntrations at a short 
:~ 

time by using the, closed-forr.1 s'ol':.ltions instead of initiating the first 

:::tt:p of the £i·c•itc-dif£c;:-2.nce aplY.co:dmations 7 and then start the finite-

d . - c: • • • , . • • 1 c c ' c 10 
~ti.erence approx1.:nat1.ons \·n.tn cnc resu tc:.nt ~' 2; ana 3 • 

III. Cr:LAR.<\CTERISTICS 017 TEl\l,JARY DIFFUSION 

One means to· clGar:i..y d2monstrate the characteristics of concentra.tion 

distrib~tion for ternary diffusion is to plot the path of composition 

variation on the ternary diagram. The diffusion path on the diagram does 

not indicate the diffusion time and distance7 b':.lt only shows as a continuous 

path .::.11 .the cow~)ositions that appear in the conce:1tration distribution. 

·With respect to the boundary conditions, characteristics of ternary 

diffusion are generally describ.:d by e. diff:.1sion counle of semi-infinite 
! • 

len:;th \·lit:, different cor:.positions whose initial distributions are homo-

geu.eous. The bou~1de:1ry conditions. are given by. Eqs. (27). 

A diffusion path for ternary diffusion is generally curved on the 

c..:;.;a;?os it io11 d ia.gra!"G .• Y."e author has proved that the condition D~ = D2 = D~ 
. ,. 

is required to result in a linear diffusion path, and that there are two 

special cases resulti;.•g in a li:aear diffusion path \·Jhere only tvlO of the 

th:=ee intrinsic diffusion coefficients are required to be ~quaL 1 Y.<e 

p;:-oof \'las given sche11:atically by using the diffusion equations, Eqs. (1) or 

those transformed from Eqs. /'l) , .... l·.~-< e:=plicit proof can be given for the 

s2.r2e problem by the closed-form solutions of the diffusion equations for 

the ' , .. ' b d '. . auove-u8scr~oea .oun ary cona~tlons 1 i~ e., Eqs. :(29). 

I1.:. Eqs. P·l; and !J.2 are constants determined 

by ~~i c:.rJ.d Di, as· described by Eqs. (32) a,nd (33). .Hence.P Eqs. (29) 

d~scrib~ the concentration.variations of species 1 an~ 2) ~nd accordingly 



'1 '.I 
• i 

~r: .. 
, I" . ..,.:.o.- UCRL-16032 

,'' .. . . 

variD-tio11 of x ~nd t as linear ~o~bin~tions of tvm error 

functions .. 

. ' 
comoinatior~s of )C and t results in the same CJ. and C2 ) c:n:d .accqrdingly· ·--:-:-...;__ _ __:_ _________ _.;......~-....-:...-----,_---,....:;:.;,.:;__.;.......__;:__:..~:...........,.....,;:...· .:_· ·;......:: __:_..:..;_;· :.. .. ~ '..:,~ 

c3, i.e. J the same composition •. This means that for given N. and D,, . ~ .... 

ti1'!1es results in a si~gle diffusion path when plotted on the compos.ition 
···:. 

di.::.gram. In. other. \·70rdsJ the cu:cved diffus·:l.on pa'th on the diagram is 

a~:plicitly dete:cmi:12d by given N. and D.~· . Ki:ckaldy. and BrovT.:l. have made 
. ::.. ~ 

essc:1.tially the same sta·cement for the diffuzion paths in ~ingle·-phase 

;- "'rn"~" d-i f'Fu"' ·.~.'on ll '- ~ ~ ....... J -- - """ "'• 

. . . 

A par~mciter has been de~ived to desc~ibe the deviation of the .. 

~::_;;::::.::sion pet:~ on the diagr.::::.G. from :the strcignt l::..ne. It. is noted. that 

c:pplicatio~ of the pr.::sej:lt solutiorts in closed form to e $Yrn.-c.etricel 

bound~ry condition results in syn:met;.·ical coi.J.cent:cation distributions) 

as indicated: for instance) by Eqs~ (29). · According to· Eqs. (29)) the· 

concentration of a species 1 at x = 0 is al0ays given by . 

c -c -:~lLG. 
. i . - . ib 2. :!.. ' 

(46) 

•. 

because erfc (0) = ·1. ·The interface composition is. ah;rays calculated as 

--
an average of' the t\vO initial compositions}· because qf the eppro:dmation 

in derivation of the· solutions. Ir-. a ·mat.hemat~cally strict' sense, ho\·lever; 

the interface composition shoU:ld:be shifted· from the average·composition 

Hith.increasii:'lg .diffusion time in the case 't·lhe:ce the Di differ from·eacn , ·..J 

This shift of inte:dace composition.· 'tvill be· shoHn by the finite-

difference method. 

'I 

'•t 
,· '·:~:\ 

••'.1 

·.· .,. 

·'•.;. 
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As:.o"J;.:~8 .:hat diffusion takes .pl.s.ce betHeen t\·70 arbitrary compositions 

A and E on the ternary diagram for species 1, 2, and 3, as shoHn in 

If both sides are semi-infinite, the boundary conditions are 

givc.n by J:qs. (2.7) t-ihcrc A :::ci.n'Ct.:e11ts the negative :c s:L.de cmd B the 

positive,~·: side. 

The condition that the composition at x is on the straight line P~ 

is given by 

cl - clb CJ.a. - C:;_o .tcJ. 
= ' c2 C2b " - C2b .cc2 '-"'2a 

· (L"r7) 

\vherE: c:L a:-.d c2 are ·the concentrations of s;:;ecies 1 and 2 at x. The C2. 

.S.!:d C2 for a given x a~1.d t. are. given by Eqs. (29). Substitution··of' 

Eqs. (29) in Eq. (L;.7) results in 

e~fc 2:t;2 J = 0 (L"r8) 

For the diffusion p.e.th at ti:ae t to be a straight line on the diagram, 

Eq. (L:.8). n:ust hold for the e71.tire range .of x. That is, we must.have 

erfc 

or 

or 

~c:L 
-:- R:L 

~2 

. X!J.J. 

2tii2 

-[- R2 -{-

.... }=J,.l.2 = er:cc --·-
2tl/2 

LC 
R,R·=· 

2 
= - ~ 

LC:L 
0 

(49) 

(50) 
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In ge.I:cral., Eq. · (50). does not hold ·~:{cept in t~vo special cases 

'"hich will be e:;~plained lat<:r; othe:ci·Jise Eq. · .(LJ-9) must, hold .. · By sub:-

sdtuting Eqs. (32), Eq. (4-9) ·reduces to 

··n ' 'D 2) \ . .3 

1 
. )"'\ 2 
D~ ~ • 

) ' 

(51). 

Equation (51) is satisfied if D~ = D2 = D3 , but is .not. sati'sfied if one 

differs from th·e other :t\·Jo .• 

' 
~na desciibed.by Eq. ( c ?' . ' 

..J -) a11c. (53)· re.spectively, Eq. · (50) ··is satisfied by 

D~ = D2, even if D3 .differs fro~n the other two: 

!..:£ , I E.I:. 2 - N~/N2 . (52) 

r •. 
•(53) ~~ = b.C2 •, . 

In surrrn::ary, ·the co:..1.ciition D~ :=: D2 = D3 is required for general ternary 

0 

diffusion to result in a linear diffusion path on the composition diagrau~ 

In t\·7o special cases Hhere the co·ncentrations of tHo species in the t\·Jo · 

· cor:.;::>csitions have· the same ratio o:C .·the t':lo species have the sa:-rre gradients, 

the i~trinsic diffusion coefficient of the third species need ~ot neces-

sarily ba the same as the other -t\vo in .order to produce a linear diffusion 

B. 

'Ehen the di:::fusiOil path betHee:.;, compositim1s A and B. is curved_, as 

h-1 fig. 2, the CJ.. and C2 w:!ich cor:cespond to the maximum deyiation frot:1 

,. 

••' 

•. 
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t!.1e str.;~ight line lill sc.tisfy 

(54-) 

::.. e.~ the tange::-.ts of tl1e curve are parallel to A'D. Equation (54) reduces 

to 

(55) 

For the general cases substituiion of Eqs. (29) reduces Eq. (55) to 

:X: 
(56) 

I·Jherc t ;.!: 0 and (S~ - 82) (R1. - R2) f: 0. Eqt:ation (56) gives a parameter, 

.;.~ ·:-;.,.,...,..,"". o--= ?.T 

.L.4.J. "-'- .... ~'-" J. ..... i and Di as described by Eqs. (3 ')) , . (') ')) , . , d .. . _ ana ...)..) , wn::.cn e ... ~rm::.nes 

the d:i.~fusion ti·me and disi:ances to give the cor.rposition with the greatest 

deviatio·c:. fron1 th.e ~trc..ight lir;.e. Or:e distance is negative and tb.e other 

positive. The corresi.)m:ding C1. 2.i.id C2 are calculated from Eqs. (29) \·lith 

substitution of Zq. (56) fer x/2tlf 2
• 

If D2 and D3 are not equal_, species 1 lliust diffuse, even with no 

initial 
1 

gr~dient.- (la).is initially 

ze:co, but oC2 /ox and oC·::;/ox, 'I·Jhich are ·the same in magnitude i11itially, 

serve as the driving force: for diffusion of species 1. 

For the boundary co:1ditions described by Eq. (27), ·where C:!.a == Clb.:> 

tb.is. case 
, 

reouce.s Eq. (29a) to 

c~ = C::.b ·:- L'C2 ( erfc XJ.L:L ·erfc :c~2 \ (57) 2-cs-;-:-s ;5 -:;::1./2' ztl/2 
~ . 

'· J 
-1.. I 
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.. 
The m.s.xi!r;:crm .s.nd mln::..murJ.,;I C::_m, in the distribution of C.1 are giv'cn by 

!:.~2 ( ! 
·r -2 (C:-. -;-) \ er£ '\:::.: 

u·l - U •.J . - .- \ L. 

which is reduced from Eq. (57) by substituting Eq. (56) . 

.:1~1 e:->:ample of conccr.tration distributio-.:is of- a. sp·ecies with no initial 

gradier.t and of the other tHo species for successive diffusion times. 

It should be noted tbat the. maximurn and minimum of C.:!. remain. constantJ 

tl1ough their locations are shifted w:Lth irlc7&.. .. 2as~ng, time. l1.s already: ... 

exr>lained; t1.1ese. dist:ribi.ltions result in. a singl~ 4if_fusion pc..th: .\vh.en 

they are.plotted on the diagram. Fig<.:re 4 shm.;s the diffusion path 

- ' 

th::= ;:nore the path line. Figure 5 shm-1s the 

c · ,_ ·- • ' _, · .r:.r. • ' · by _v.-- -.~.-l.· :~: -~...· l.·o· n.· o_.c .. . D-. ;r-O'"" .'.~.0- 2 t·o · r~G;.l.ncr OJ. sn~rtJ..L!g. t11e u~.C.Lt.:s ;.or1 patns .:;:. ~ .. ::;: .... u.1. 

Th.e· ·'~ n· ... b·e .L...;.. 3.1 ~- .. mo1:e the i). ath de-' .·, 
,. 

viatas from the s~~aight th~ path is a·. s traicr11t. line."' · 
- ~' 0 

as e~pleined elreedy. 

in ·:::~~2 opposite direction.· The dist-::.·ibutions of C~ corresponding to the 

paths i-::1 Fig. 5 are shm·m in Fig. 6. 

As is indicated .by Ec:. . . . v.::riation ·of .the concer;.tration level 

of sp1ecies 1., . ·r .. r' _.:·.r:e . ~--i. e· . .; .. c D, D 
~ .. e. l\J~;J var:Les .·_ne u:!...C1.US~Ol1 .. PQL,. .. A, .ev n •J... J..;· 2) 

ere constant. This is shm·m i::-1 Fig. 7, 't-7here only the deviation of_ C~ · 

from the initial constc:nt value is plqtted against x/2ti/2.-, In all cases .. ) 

ratio of c~ a~'d ~or the average cor;1l?osition of the diffusion· 

couple is unity) the negative x.side is higher in C2 and the positive 

-~. 
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'J:'!:-,a highc::. tl:c cor.CE:l"~tration level of C~, the 

the ~cvi~tion f::om st:o:-aight line £or the sarae Di_, and 

The v.;c:uc of -x/ 2tl/ 2 for ,,~,:::,;;.ir.-,um deviation is also shifted \vith 

lev~ls_ 

I£ the difference of D2 over·D3 is relatively large and DJ. is 

relatively small, spec.ies l carL diffuse 
. . ' . . , . t 1 

aga~ns c ::xs oHn graa~en • In 

f.i.10.th.en1:::tical stri.ctl1ess; diifer from tl1e c~ V.7llicb. deviates r:iost from 

line ,-. 
J..-'.!:.J. The coi1dition for the ma:d::nu:n and minirin;m of CJ.. 

is given oy 

± 
' 

(59) 

which is derived by equating to Zel:"O the derivative of Eq. (29a) with 

resp8ct ·to .n.. 

ac, 
- 0 • 

successiv~ diffusing times. The. n12.:t:i~!1U!Ll a11d rni11imun1 of C~ remain con-

.. 
diffu~ion, the s~ift of t~e iuterfaca co~;osition becomes noticeable 

' 
:::e~rical. T~:.is sl1iEt of the i:::.t2::I.:.c8 co~!!::;osit:ion results in as;rn-:et:cicc:l 
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concentration distributions. Details of ti.;e shifted L1tcrface. compos i-

tio:1 c<:n be. c.;;.lc'-llated by us i.ng' finite-difference aj?proximations, -vihi.ch 

Table. II sho\·!S the calculated ·interface 

t~·;·o initial com?ositicr..s. In such a case, ca.lculation using· the, closed-

are not COj,1S t~:nt. 

IV. SUE:YU.\RY 

Solutio·.::.s of. ·ternary diffusion equations have be.en given in closed 

for~11 ar;,d by a fii1it'1-di·f£~:ce-n.ce approxirns.tio::.1.. 
·/ 

The solutions.in closed 

form ere useful Hhcn the concentr.s.·::ion v.s.:ciatio:J.· in diffusion is rela-

tively sraall. The soh;tior~s describe.· the linec.r combination of t~·7o 

col.:centra·tions obeying th.:: diffusion law and a:::e O.j?plicable to finite 

•::.edi.?. difL:sicn ~-7here the {.-,itiai distrib.utior..s are not necessarily 
. ' . .· .. · ' 

required· to b~ hon:ogeneous. If ·:.::1e ·concentration variation is relatively 

large:=·, 
I 

th.~ fil1ite-clifferG.ncc 1~lethod is. useful. -. Uncertainty 'in the 

a~plication of the a;)'O!'O:..:ir,l.!ltions· .to the. early. sta0"'C' 
'I • , 

of diffusion 1·7here the concen·i:·:c:don distribution- is initially discon-

t.i·:n..'i.OUS C.<l-:"'1 .. ·• ·oe a1 "·c:-(.>."'S""a'. ;~y co· . .-,·,·-..-:·.n_;::,'L·~o-·"' '"·7·H·'h. ·.L··'r-..'-' c1-s"'a' .r::o',..m "O-'ut;O"'"" - "" - -- ~. '-' ~- - - ·• ' - ... ••- _u c -:.. .... 1. ,"" .4. "": • <•v, 

instead of tha first step of the ~inite-,differer.ce appro:dmations, tl:':e 

cor..cent:..:..::tions for a sho!.·t tin~e arc calculated by using· the closed-form 

the rc;:sultaD.t co'!.:ccrltt .. at:ion.s .. . 
'' 

co'i:cli.tior:.s fo:c tb.e cc.1.ses o·f tl-!e c.e~ni-i11fi·nite_.n:!.edia, tl1e sen1i-in£inite~-

~·-· 
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Tl1e thea re:: ic2.~ COl1ce::.t:::-.s.-~ io11 dis tribut'ions· for the semi- infi11i t:e 

.8sdia di££~sion hiv0 been c&iculated fo~ the cases of no initial gradient 

a11d uphill Jiffusion. A pa:cameter has been derived Hhich describes the 

• r;,a:-:i.-:mm deviation of the diffusion path from linearity on the ternary 

Co ,.,-.~..-f.;c.;e,·1~·r.: ·:-·.'·1Cl' "'"t":Cl',.;nrs --J?•-l/ 2 TJ'n.;ch' -.;vos "" .._ .._ • -~ -· '-'"' '-" ••-'- LC "'- _.._ ,. l .._ .4 0 .._ ._ the maxirr.um 

deviation. 

-'l'he shift o:C the interface composition was calculated, by the 

finite-diffe:cence method. 

, ..... -
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TeCl~ II. I::tcrface cor~l:Josi·;:iorLS sl1ifteJ '\·J;l.tl1 diffusion time. 
Cz.a = 0. 31387, C~b ;..: 0. 2.3019, C2a = 0. L:-5589~ C2b = 0.55270;. 

C ~ v0 ?30?~ ·n • - 0 °1717· . ::;a- • ~ _ ....... ; v3o.- · L..- --, 

D1 = 2.16 X 10- 6, D2 = 2.40 X 10~7; D3 ~ 6.~5 X lo-7 

:Cn:terf2.cc Cor:~.position 
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'.l''IGDRE LEGEnDS 

Scb.er.o.atic diffusio11 pstl1 curved 011 a teril.::..Ty. aJ..agram. 

Conce'ntretio:·. dist:::-ibutio::s ·for semi-infinite media diffusion 

The nu:f;bcrs on the curves 

are. tiwe:.:;'., C1.:.:: 0.3333 -0.3'333, C2 = 0.3833- 0~2833, .c3 = 

0.2833 ~ 0.3833; D1 = 10-lOJ D2 ~ 10~ 6 , D3 ~ 10~ 7 ; 

D~ffusion paths for V~Tious and 

0 ·. 

D3 - 10- 0 • f!UlT;.bers 011 -"tl'le curves are·. D..1. c1 =·0~2ooo -:o.2ooo, 

c2 = o.3soo- o.4soo, c3 - o.4500 0. 3500 . 

Diffusion paths· for various ·r,_ ·,.,7; ··-"n 
;...;;;; \ -'- .L . D = 10-6 'D = constant J. _ , . 2 

t~-6 
J.V • 

/ 

0.2000, 
f' \ 

c2 = c. 3.soo -. o. ~:-soo, ·c3 ::::. o. z:.soo 0. 3500. 

Dis ·t~iD~·:: io~1s conStant D:t 

D2 = ~~ ~-6 
J..U • 0. 2000, 

c2 - 0~ ~500 o.4soo, c3 ~ o.4soo- o.3soo. 

Distrib••·~...~io-.. R o~ ~ ~o·r ··~r~~u.~ C 1~·~1a ~i~~ - .._.. -- ..._ '-"~ - Vt.l...., .-V ,_; :!.. -Cv"--ioo.J \1-t... • .., no initial 

_,. ..... 

are tim;;;s .. · C--, = 0 ?~~~- iJ~ 0 2?? ··~~ = 
' • .;.; • ..,..; "..J ~'-'!; -.::::: 0. 3733 .. 0.2933_, 

C~ .. = o.·.~s~~ o ~"~~ _ - k _..., - • ..)O...)..)_; 

, ' 
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This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com­
m1ss1on, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa­
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor­
mation, apparatus, method, or process disclosed in 

this report. 

As used in the above, "person acting on behalf of the 
Commission'' includes any employee or contractor of the Com­
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 
of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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