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STRACT
Solutions have been given in closed form to the simultaneous
differential equations for ternary diffusion where the coefficient terms

are dbscrlbed in terms of three 1nLr*151c dif usion coeL‘1c1ents Con-~
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centration distributions for various combinations of the: three intrinsic
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oafficients are calculated nere with .the solutions for semi=-
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infinite dif £USLOH coupling, and behavior of the respective speci s ig
discussed together with thevrgsultant concentration distributions.
Numerical solution by the finite-difference upv“o"’mahlons has been
carried out separately for the same diffusion equations, and the resultant
concentration distributions are compared with thoée obtained by the

closed-form colutions. A parameter has been derived for description of

the characteristics of the ternarj diffusion profile,
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is by a numerical solution for Egs. (1).
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I, INTRODUCTION

.

The flux densities for one-dimensional substitutional ternary

diffusion have been described as Egs. (1) in terms of intrinsic diffusion

coefficients by the author, provided that the total molar concentration.

‘

of the system Ls constant with varied composition:1
&y { ’ SCa - BC
Jp = =Dy — - N (Dy - Dz) —— + (D1 = Dz) —= (1a)
ox ox ox
aC 8C 8C _
Ja= - Dzet-¥a | (D2 - Ds) o2+ (D2 - Dy) —= » (1b)
Bx .\' ox Sx
Jz = - D3 2 w5 (05 - D3y Sk (Dy - Da) 295 . (o)
ox 1 ox ox
Here we have
Ci1 +Co+Cx =Co = constanﬁ, ' N ¢/))

J; 1s the diffusion flux density, subscript nuvmbers refer to the species,
D; ig the intrinsic diffusion coefficient, x is the distance, C; and Co

are wolar concentrations of the individual species and of the entire

~system, respectively, and Ny is the molar fraction, i.e.,

' .. Ny=C4/Co. . (3)

Characteristics of ternary diffusion have been discussed by the author
to a limited extent based on Egs. (1) before the closed-form solutions

are known, In order to describe the detailed behavior of the respective

species in substitutional ternary diffusion, the diffusidniequations

have been given solutions in two ways: vohe is in closed form for the

simultaneous differential Eqs. (7) derived from Egs. (1), and the other
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The solutions in closed -form have been cbtained with an approximation -

of the térnary diffusion equations as linear differential equations. 'The .

closed-form solutions are comvenient for'calculating eXplicitly the.con~
centrations of three species for a given clf;us ng ;1me and dlstancu. '

i

Where thendiffusior eguations c,hnot be approximated as 1inéar, a proce=~

- dure of anlLe difference approximations has been carried out., . - . . .
By using the solutioms, characteristics of ternmary diffusion.such as -

the curved d;deSlOﬂ p"*h on the composition diagram, diffusion with no

initial gradient, and uphiil dl;;uSlOﬁ have been demonstrated quantitatively.

'II. - SOLUTION OF. ””“*“QY DIFE SlON EQUATIOWS
In the present/solution, the ‘intrinsic dlrqulon coef ic ients, Dy,

v

are regarded as independent.of the concentr ions and-conStant. - By, sub=-

stitution of

8C, - 8Ch. 8C. . , SRR A
SCl'A“U?'f‘.'OCJ—'O,,._ (4)

which is de: ived: from Eq. (2}, Egs. (1) are simplified with respect to - )

-

derivation by eliminating one of the concentrations,

“

subsequent mathematical

resulting in two simultaneous equations. {5):

_ , . . Cl ) : . “ . . ac ) . te . ‘.. .
Jy = - {.Dl < Xl @z - Dl)} = - Ny (O3 - D;_))v -é;{—a- .‘ o (53.) :
Jz == 4Dz + N2 (D5 - Dez% = = Na (D3 = D) ===, . = .~ (5b)
- R ) ox . DT f6x e e :
Substituting Egs. {(5) into K '
8¢y . 83y |
EaL A 6

o
r
(el
R
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which describes the mass conserxvation for each species, gives the

differential equations for one-dimensional ternary diffusion,
8, B 3-( | : 8Cq 'D> ‘aczﬁ o
= —— tyDq ++ Ny (D5 - D —+ Ny (D3 - —_—] -
5t o= 1_1 | 1 (D3 1)} T 1 (O3 2) 3= . "(7a)
and
. 'r- AN
?EE—_-E’_HDNLNE @5 - 023! 2. @5 - D) 2|, om)
ot Ox LL : Ox v ox J _

where t is the diffusing time, From the solutions of Egs., (7) Cy and Cz

th

can be calculated for a given t and x, The corresponding concentration

the third species, Cs, can be calculated by substituting the obtained

'

Fh

o
C. and Cp into Eq. (2). Since the prederivative terms on the right side
substituted into them, Egqs. (7) are nonlinear differential equations,

Their solutions may not be easily obtainable in.closed form, If this

.
.

diffusion where the range of concentration variation is relatively large.
Where the concentration variation is relatiﬁély'small and the Nj caﬁ be
regarded és constaﬁt, Eqé. (7) are apbroximaﬁeduas linear differential
équé;ions. The more‘neafly equal are Dizibg, énd-b3, the closer the -
epproximation., TFujita and Gosting solved thevsimﬁltaneous!differential

egquations described by

&Cy SEC] 3Cs o . .
— o= A o % -{- Bf-—-—---— . 'rv' . . 83.
6t %2 ox2-. .( >‘
8Ca ' 8%Ca 82c, o
~ =F —3 4+ F—at, S (8D)

o
%
154
(¢4
b

]
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' - . 2 . ‘ . . - ' . E
wviaere 4, B, IZ, and F are comstants, Their solutions were derived by

empioying the Boltzmann's tv"rsforh tion. Therefore, the application
of their solutions is limited to the .diffusion in infinite and semi~
e . . . e - . 4

his simultdneous diffusion cequations which described the coupling diffu-

sion of heat and moisture tn rough absorbing media, >

scnoe, ‘the derivation used in uais soTutlon is appllcab e to solutlon of -

o

as. (7). Henry”s derivation employing normal coordinates does not

oltzmann's transformation. Hence, the solutions obtained -

in his derivation can be applied to diffusion in the finite media and do

niot necegsarily require uniformity in the'initial distribution. In the

-present work . Henry's derivation is ew ployed for so*uglon of Egs. (7).
g

A, Solutions for Linear Differential Eguations
1

uations (7) can be rewritten as Eqs.'(S)'by substituting Egs. - (9)

through (12) when Ky and Y are regarded as constant~

E = Da -+ Ng (D3' - Dg).' SRR 1)
: F= Nz (D3.- D) . - T

{2q. (8b) % A - Bq. (8&) xu F] and [Eq. (82) x E - Lq b) B], respec~'~

inite media with uniform initial distributions.” In 1939 Henry solved

In the mathematidalv

’ : o o).

"Equations (13a) and (13b) are reduced from Eqs. (Sa) and (Sb‘ by using d'
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8Ca 8y L, 5%¢ S
A2« F 2= (AR - BF) ——m (13a)
ro¥ ot Bx
805 - 32 C !
g 20l B g Jpry S0 (13b)
t ot dx=

- Equations (13a) and (13b) are reduced to.

3¢ : ’
‘91 m = 2 (G = GaC2) = O . (14a)
Sx- ot : .
5%Co B ' ,
Bg -l (Cg - ong.;_) = 0 : (lé‘b)
ox ot . _
by substituting
AR - 3T Ny D2 (95 - D1) -
3 =8 - 30 - p, 4 - <,5 (15)
5 . Dg - Ng \D3 - Dg)
P . R : Nz Da Dz - D2) e
N - 32 = ._‘.,}_“__._ L D2 - T —’) PR (lO)
A Dl - i\l (03 - Dl> .
n iy (Dy - D) ’ :
CL, = : = — = . (17)
- E Dz + Nz (D5 - D2)
and ' -
7 No Dy - D1y : .
Qg = = . . (18)
A Dy = Ny (D3 - D1)
Equations {(14) cdrrespond mathematically to the simultanecus equations

le differential equation by
introducing the normal coordinztes in the same manner as his derivation,
In his case, Cy and Cp represent the water-vapor concentration and tem-

Eq. (%4e) multipiied by sﬁi}l and Eq. (14b) multipiied

2
H v
N
L)
(@]
8
+
(4]
(@]
}_J
p—
!
ey
i

/r\
i
i
1}
| w
i Q
jid
S—
(@]
8]
3
/‘\
im
1
S
e
(@]
lJ
vy
1
(@)



-6 UcRL-16032

<

.‘.

Fn
Lot
G
o}
[a N
[ o]
(2
o]

With proper ratios of. satisfy.

{4

:
1]

.1 o
U

i

e

+
t

o
{

L
s

Eq. (19) reduces
7.2 C>= o’ : . | i "',' '(21-)
where

C=1xCa+sCy.. = o (22)

g

‘Equation (21) is mathematically in the same form-as Fick's law, with a-
diffusion coefficient u - for the new variable €. Differentiation:proves

'thét'E?.r(ZB) is a solution of Eq. (21):

18
B

o (xPUB/AY) , L @)

-

where A is an arbitrary comstant., .+ . e a0 a0
In a similar way to diffusion of a single species,6-thé combined -

distuwibution of Cy and Cz for diffusion of a total amount M for time t

1Y
-

from a plane source is described by

&

rCp + sCy = —— 75 exp (-X?p?/ét).‘_' Cl o (24)

- . H o . PR .

anstants_pz and /s are'ggveh by Ed. (20).':Siﬁce Eq;f(ZOjfis X

quadratic for 1/s, two'values for r/s and correspondingly for p2 are given as

- § 2

/ + b 0D, Oz

S - ; I D » ‘
- T T St : v -

@
Ao

P
v

= (D7 - 8oy + & 008, 05

-5 o
r .. Pz - D1 3y G5
-— Sed L
s 2 L -
s > L
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Substitution of two pairs of b and the corresponding r/s reduces
the solution, Eq. (23) [ Lor Wq (24)], to two simultaneous equations.

Therefore, by solving the resultant simultaneous ecuatloqs Cy and Cp
an be calculated separately, An example of‘the calculation is given in

\

the next section.

" h

B. Solutions for Extended Initial Distributions

ad vn

In order to apply the soiution for diffusion from . a plane source,

IS

g. (2%), to that for diffusion from an exténded source, the equation
rmust be superposed for the boundary~conditioné. The superposition of
the elementary solution (24) should be mathematically sound, since the
combination of Cj and Cp is linear, and y is constant in‘the'solution.

2ges of the present solution are that it is applicable to diffusion

in finite media, and initial distributions in the media need not abso-.

}._l
v
ot
o
'—_\
<
o’
[
o
o]
8
[
6]
o]
s
n
O
m

t =0, x<0, Cy =Cza, Co =

|
(9]
U
o]
~
e}
B
]
(@]
1
Y

li

X'>,05 Ci Cipy C2 = CEb) Cs = Czp, - : (27}

where initially Lhe Lhru species,are uniformly distributed, Superposi-

tion of the elementary solution \26) for co nditions (27} results in

(§ Cz + Cu) = (X Cap +‘C1b)"

£ 1% (Caa - Cz Cia - Ci erfc S
Vex . ) 513 ( 2a‘. :D) ( 1a = Cip) <3
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| B

. ' e i U AR . .
in the same way as for diffusion of single species.,’ -Since two sets of

.12 and r/s are given by Eqs. (25) and (26), two simultaneous equations

are reduced from Eq. (28). Trom these simultaneous equations we obtain

C, and Cp separately as .

'

C- ; Cqip = B 1 ‘ ( (8,40 ¢‘AC Y erfe L (S{AC' ' Ab )'er£¢ “p2
L= Llip W omm———— S1b1 T 2) €riC - - 280 « L) eric
' ° 2{81 - S2) | = o ori/2 T
Co = Cop A ampe—b 3 (ACy + RiACE) erfe ——bL . - (ACy .+ RpAGp) erfe P2
2Ry - Ra2) L 2el/2 - ) : S 2t;/2
| (29%)
where ' |

3

fCp = Cpa - Czb . L Lol @

Ay = Cag = Cab T oE oL @30)

>

<= Dz + Nq =D, <+ Nz Dz - i

A ’, ‘

—— /s = )

g7 = (e/sh \ : . '

N 4= L 2 %

201 = Ny 2Dy + Nz 302 - {2D1 + 2 201Nz 3Dz - Ny 3D1) + My 3Dy + Nz 3D2) };
"2 %o oD1 N

S N N

=

N
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o ‘ 2 . : . L
2Dy = Na 3Dy + Na 5Da - {2DF + 2 2D;(Wz D2 = Ny 5D1) + (N D; + Nz zD2)%)2
2 D D D D D D2)™{

2\‘_7) . N L

where 4D, = D; - Dk‘f Equations (32) are reduced from Eq. (25) and Egs.
(33) from Eq. (Zo) by substituting Eqs. (15) through (18).
Lquations (29) are essentlally the same as and can be reduced to the

sunf

solutions Fujita and Gosting deri Vbd for the same boundary conditions.

2. Finite eznd Semi-infinite Media
For the diffusion Letween two homogeneous media with different com-

positions where initially one medium 1s.conaiined in the region -h <'x <h

’

the other extended from h to ¥ ¢, the initial and boundary conditions

Lt = O, -h <x < h, Ci = Cig, C2 = Cga, Cx'= Cxq
~h > % >h, C = Cip, Ca = Cgb, C3 = Cxb . ' (34)

In the same way as in the previous section, the linear combinations

given t and x by

(6]

of C; and Cpz are described for

. o[ . ' .
(ﬁlczb + C*o) SR X1 (Cza = C2b) + (C1a - Clb}

RlC2 + Cl =
L
( . {(8=xdua | b Y
giert li__;;l - erf.ﬁ__giﬁi % (35a)
‘ L oei/2 | t:./a )

RzCz + Cy = (RzCazp "‘ Cipl + 5 {Re(\”aza - Cap) + (Cia "-Cz.b)} )

o h-xdiin (r) o ) :
Wy ex s (e +oerf 2ITMERL (350)
Coer/2 .2 .
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Solving simultaneous equations (35a) and (35b) for a given t and x, we

!

have r , , : _ o
‘ ' o 4 hex)iln . L (aRdul)
Cz = Coy ,./.__.L__“ ‘ (RiLLa + £01) _{_erf (b)) = 4 erf < )'Dl b
- mo o e : (a=x) NS
- {Roflo = £01) rerf'—k—-—-—--}—l-i_-‘r ers . - )‘2} (36a)
8 2ek/2 - 2gd/2 )

C 1 ’ f N : (h~x)ug : '<h+x)u1) '
_ VUAn . e . 1 : £ :
, (-2>~.vlﬁg->_ erf PYEVE bel/2

o — T BT R U IR
S | = (%2 + S2AC1) {erf i?..;if..z"ié - erf <h“‘322}’§,(36b>_ :
. S 2t R St

Equations {36) also give the distribution in a semi-infinite system which

results from cutting the system in half with a plane at x = 0. . C
3. Finite Media ;

For diffua;?n §focéeaiﬁgvbeﬁﬁeen tﬁo'ﬁdmdgeﬁeous ﬁédia,voﬁe'of Which”
is coafimed in the reglon 0 <x <h end the other of ﬁhich extendsvfrom
h to a finite lenmgth ¢; Egs. (37) describe thg»béﬁndérf‘COhdﬁioﬁs‘fof;}
1o flows of eithe; $9c¢ies 1 and 2 tﬁroﬁéhﬁfhé;end sgrfaqe;

Cofb =0, 8Ca/ox=0, x=4. . . = @D

8{xCz + 8C1)/0x =0, x=4 " o . o (38)
The concentration dls“rlbuti ons that satisfy condition (38) are obtained -
oy reflecting the linear combination (rCz + sCi) at the boundary and’

4

superposing the reflected curve on the original ‘6ne. Reflection is re-

v}
0]

&3

i

R
[N

[$]

iy

M

= 4, then at x = 0 aand again at x = 4, and so on, .The mathe-’

B
]
t
Hr
0
m
p—
0
0
’_I

uence of this successive reflection and supe rposition is

dif $as! sion of a 51301e species in the same’ bqundary

®

the same as that for th

»



©

UCRL-16032

conditi 8 Superposition of each refl eCthu on the orlelnal.gurve,
yiven by Eas., (35a) and (35b) results in
L\lCE T Cl = (R'n__c_gb -+ Clb)
- . w0 ' h + 2n4 - X - 204 + x)U l L
Lok -IL- <R1&C2 -+ ACJ_) Z (erf ( i )Ml 4~ erf (h - >‘ll (39&)
2 N R = - o 1 2t1/2 ‘ /2 )
and
RzCp + C1 = (R2Czb + Cib)
D (h o+ 208 - XDus ho- 204 - h@w
+ X (Raflo Coi)o = . erf ¢ P2 L erf ¢ (39b)
2 o= 2c1/2 2t1/2 f
‘ J
where n= 1, 2, 3A‘ * . '
Sélving'thesefsﬁm 11taneous ecuﬂ“lOns, we have
i o) v - o ) ‘ )
: 1 . . . s ( - (h 2l - XU (h - 2nf + x)Us
Cy = Cip - = 2o [ (Lo + S14L1)_ =n erf erf <
TR - sy | o RS s T 2e2/2
L . .
' { (h.+.2n2 - Xyu2 ' (h - 208 + xX)pa
- {{Lo =S84y 21 erf = erf 40a
(&2 A S e 2¢1/2 2r1/2 (402)
3 { ho-- 2ng - x)i ) h - 2nf + x)Uy
Cz = Czh + - L (leéwe 4 LDy lers £ e + erf ( d
o 2(Rq, - Rz} : R= e 2tl/2 2¢1/2
S [ A+ 2nd - xu h - 2np ;:- XU
- Ralla + £01)_ o wierf G+ H2 e & dhz . (40b)
L pl/2 sel/2
The number of the error-function terms inside the brac!k ets in Eqs. (4&0)

- may be chosen depending upon the

accuracy desired for C,.aad Ca.

C. rumerical Solution of Monlinear Equations for Ternary Diffusion
With vuspect to application of the solutions in the closed forms

the previous sectiecn

to analysis of actuel diffu

‘

5*01, whethe&
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i.er, Bgs. (7), cen be regardéd‘as~lineaf-depeﬁds*firétf
upon the magnitudes of concentration vatlatlouo4of*the-respective species;;3

vor:_the relative magnitudes of. D, D2, and Dz .in_the ac~"al ,

The prodblem is duced to the magnitudes-ofjvariations of u given

2) and R intn by “c" (23) for the given bouandary coaditions,

Where two pairs of y and the corresponding R cannot.be regarded as..

constant, numerical solutlons of the original dif fusion equations are =
useful, In the present work, a‘fiﬂite-di ference metpod is demonstrated

. for thé bou naa;y condlttons siven by qu (27} which descrlbe the dLqu-

~r

sion between sem_—*n inite meaia, Tﬁe con ccqueqce of. tne finitefd £E erence

S : S
ffusion equations

with corresponding gradients over a finite 1nte"va1 of time or dtstaﬁce

into cloSed forms. If the

fiux density for a species is caléuiable, Lhe couceﬂtratlon of the spec1ee'

can be calculated by using . . - . ';‘_lf R .
: . i o ~0J; AR . - , '
B R s D

- Qs S .

(l) Wth sym-

’

“For convenient caleculation by a computer, ug;ng Eqs

metrical ex pressi Lon. may have an.advantage, rather-than-startlng w1th
s. (3). The ca;culgc:on is shown only for sp cxes ‘1, .The same proce- =

dure applies to the‘c&ses-fo*.syecies 2.and 3.

For the purpose oi the finl:e~d‘£ferenc° metaod

&

. 20y o
vvl—v— oo = L 8

Yl

the derivatives in

Egq.. {(l2) are replaced with the corres 30nd;ﬂ0 gradients, . resulting in -

@y



distance %

N

-13-
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in fractions for simplicity,

il

Ci. The subsequent procedure

the concentrations are given in

ocher units, by multiplying thie flux demsity and concentraticns in Eq.

is calculated by using

{42) by a constant factor,. The flux density of species 1 at time t and

11
- : ;‘ <C': /:-, R - o - \
I G = - Dl{i e x/a) - Tl 1/2)}

Ry Ca(¥py = 1/72) - Ca(x, - 1/2)}

42

‘1/é> - C5(x, . 2/2)

. ‘. . oy - - : .,-.‘ ' ) .
which is derived from Eq. (42} by substituting AC,; with the corresponding

differences of the concentrations between two points distant from x, by

9

.o
-

a half o;

Fi
2

This calculaticn is reweated at points ixn'(n =0, 1, 2, 3, ~ = +) and
£~

at the centers of two adjacent points, where Xg is the interface, x, = Xg

.

- aMe, and X, 4 1/p are the centers of xp and %, » ;. The Cy(x,) corre-
sponding to 31<Kﬁ> is calculated from

Coalig o 1/25 T 4 2) = Ca(®y 4 1/25 C1)

FEREN -
Ko, Cy = J1(x, o -, t1) _ .
(3% k . - 12 X ] . . - <44)

which is derived from Eg. (41) by, substituting the derivatives with the

corresponding gradients. Flrst Cy(x, o 1/2; ty) is calculated, then Eq.

for the next time interval, Cy(xn & 1/2, ti). 4&n average
. ' e ;
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Caliey) =7 {C2Cia 4 1/ * c1_<>inj.' 1/2> J sy

" The calculation s repeated from ime zero aﬁd distance zero to the given -

At and x, The finite-diffcprcnca maiboed woquires L‘opcr m"énltudu of At

and Ax to wminimize the error entering the approx : wation, Thig'is;particu-i.
larlyigq.in an early é?a ge of diffusion where a‘discontinuityvof%cbncéné'
trations éxists initially in the ﬁeighﬁorhood df'thg'inte£;é¢¢; |

Vhether or not the magnitudes of liLC;VulS AV and At are properito

calculate the concentrations within the desired precision can be chcc ed

. with the values calculated by using the solutions inlclosed form- if such.

-

o

soiutions are available. A*o;he - means of chec<1ng if Ax and Ar are small

. - [ . 3

‘enough and proper is. to repeat the finite-difference approximations by .

results, . If the smalier intervals ‘lu*d resul;s sat’s ctorily close to

)
J

‘the previous results, tae'maonitudcu of Ax aPG AL nay be reoarded as Drope

i) .

Whéﬁj as‘an‘e?ample, the ir nit 1al boun ary cond “ob 'a; gi ven by s. (27)
and we have Ciz = 0,3139, Cyp = 0.2302,'c2a.= o.4559,'c2b = 0,5527 (in/

and Dy = 2,16 X 107° ,DD‘__z.Wo 10'7, D~ = 6.65 X 1077, and

't = 500, the values of Ci, Cp, and C3-ca1Cu1 cd W’Ln COubl. tions of S

ard At <o.ooS.and 0),‘(0.005 and 0.5), (0.002 and 0. 5), and \o 002 and

0.1} according to Eqs, (43\, {4y, and. (ZS), are ldeﬁtLCal to four 51gni:i;__y

cant figures over the eutire d st ance,

T compares the concentration distributi one calca ated: by usi‘ P
Ege. {29) and by the finite~diffefence{method.with,Axv" 0. O”S e.r.‘z A = 1,0,

with satisfactorily good agreement, _lpe relotlvely 1arge dlecrupancie
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in the neighborhood of the interface are due o th roximation made
for the closed~form soluticons.

[0}

In order to prevent the error caused by the initial discontinulty,

it is also a practical method to calculate the concentrations at a short

I
n
ot

f

time by using the c1osed ocg soiutions instead-of initiating the fir
step of the findte~difference approximations, and then start the finite-

difference approximations with the resultant Ci, Cz, and Cx.

One means to cleariy demonstrate the characteristics of concentration

distribution for ternary diffusion is to plot the path of composition
variation on the ternary diagram. The diffusion path on the diagram does

not indicate the diffusion time and diztance, but oﬁly shéws as alcontiﬁuoﬁs
paﬁh all,the'compésitions that eppear in the conce“,ratwoﬁ distr Lbuqion.
"With respect to the boundary conditions, characte ristics of ternary
iffusion are generaily described by avdL fLSlonlCOLble of seml-i.‘ijite
1c1~th wirnh differeﬁt compositions whose initiai distributiong'are homo-~

f . .

ge Leous The boundary conditio ns are given by Egs. {27). -

»
MEY

diffusion path for ternary diffusion LS generally curved on the
composition di gram,  The aut -hor has proved that *be condition Dy = Dp = Dx

and that there are. two

[}
©
fsid
L]
[N
l"’
h
U) .
O
o}
°
g
S
A"

epecial cases resulting in a linear diffusion path where only two of the
P -SR] o e - 2 R 1 ) ‘ L T @ '
usion coefficients are required to.be equal, The

proof was given schematicaily by using the diffusion equations, Eqs. (1) or

o)
(0]
A,
s
"'h

fusion equatlons for

by ¥, end D,, as described by Egs. (32) and (33). .Hence, Egs. (29)

descrilbs the comcentration, variations of speciles 1 and'z, ‘and accoxdingly
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atioris' of x and t result
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‘ e
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L1 : PUTERY A o'

s in the’ same C-“una Cg, and ‘accor inglyafv

} C'_‘S) l €.,

concentrat

the econcountration dintribution

thes results in a single dif

'

di aozam In other words, the

explicitly determined by given

the preseant sol

boundary condition results in

thé same composition,

Thi$ means . that for_given'N uﬂd D

g against discance for variouu'diffusion

1

By

usion path when plotted on the composition
on the diagram is =~
5 .

N, and D,, -Rirkaldy and Browa have made . =

gor the a iffusion pat ~in single-phase =

cived: to de cribe the deviation of the. ..
'gnt lime. - It i noted. that

utions in closed form to & symmetrical

as indicated, for imnstance, by Eqs; (29) Accordlno to Eqs. (29), the

. because erfc (O)r=11;:'The'interfécé composit

an average of the two.initial

in derivation of thé‘solutions.

N ,_J
8]
jal
o
-
)
©

"G
0
0
o
®
o}
}._I
o
rt
"
i

O'is'alWays”giVen,byﬁ

on is. a1w y calculated as

com:OSLCLoq becahse Qf'the approximation

Iﬂ d’maLlﬁ caliy ot“lct sedse, homever,

the interface compdéition.shoﬁld;be shifted' rom tHe hvefaoe composition -

with increasing diffus 101 time in the case whe:e *ne D differ from each

t_of'interfacc co1no‘;tlon:will be'sﬁowr by Lle finite~
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on YOor &a Liuear

fusion Path on a Composition Diagram

Aszume chat diffusion takes place between two arbitrary compositions

9]

.

1. -
Bl d
FU Lo

given by LEqs,

positive.x side,

nd B on the ternmary diagr

[}

m for species 1, 2, and 3, as shown in

If both sides are semi-infinite, the boundary conditions are

{27) wheve 4 represents the negative x side aad B the

s

The condition that the composition at X is omn the straight line AD

given by

[N
“

[ 2L . 2\ [ .  ¥pp
{ ==+ Ry + Rz + RqRz --—| [erfc — = exfc ———=< =0 (48)
\LCo - e / \ 2 :

=3
Q
P

B

Q> .
N

3]

o

»

i

. or

. a0,
- Ciy 204 ,

, e

Cg - Cgb Cga - Cob ACZ y

==

&

wheré Cp and Cz are -the concentrations of smecies 1 and 2 a2t x. The Cj

3

given x and t.are given by Egs. {29). . Substitution of
Bq., (&7) results in

. L5

S AU - SRa
erfec el = erfe -
2cd 2 21—_1/2 N
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Tn general, Zq. (50). does not'hold'exceﬁt'in two puc1a1 cases

which wiil be explained later; otbcrwxoe'uq (49) mus; hold By sub-¢
stituting Egs. (32), Eq. (49) reduces to R L

[

Dp.~ Dy = 1‘\715(93,..‘1)1_} --Ne' (05 - Da) »-

[r-;(' .

+ {4 YlNai(Dﬁ.f'D2>ﬁDs - Dl}jgg;" fffrf(51>‘

Equation -(51) is satisfied if D; = Dp = Dy, but is not.satisfied if one

Giffers from the other two, . o »glwf'v."‘;

differs from the other two:

g
2
m
1

w0 en

In summary, the condition Dy = Dp = Dy is required for general ternary

L)
1)

‘diffusion to result in a linear diffusion-path{on the composition diagram,

~In two special cases where LHe concentrations of two species in the two
-compcsitions have the same ratio=or,ébé two ‘species have the same gradients

the intrinsic diffusion coefficient of the. third species need not neces-

sarily be the same as the. ot er -two. in . order to produce a linecar diffusion

"
™
4
=2
:

i ) v *

B. Paramzter. for a Curved'DiflusidL Path

When the 4":fusvoh zath between compositions'“ and B3 1s curved, as .

®

in Fig. 2, the C; and Cp which co”rcu301d to ‘the maximum deviation from
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&C- L8
R (54)
OCQ .Mg
cf the curve are parallel to AB. Equation (54) reduces
BC &C:
Lo == = SOy o= (55)
OX ox .

-

For the general cases substitution of Eqs. (29) reduces Eq. (55) to

1ol

IA.I.

jﬁn(ul./uz)l x S '
ihead = £ - (56)

- S2)(Ry - Ray # 0. Equation (56) gives a parameter,

and D; as described by Eqs, (32) and (33), which determines

in terme of

(¥

1e diffusion

[N

!

positive.

on of ZEq.

raigznt line. One distance is nezative and the other

esponding Cy and Cs are calculated from Eqs. (29) with

™S S o . oot e P Vem o 2e ol y . =
iffusion with Yo Iaitial Cradient

L

the boundary conditions deseribed by Lq. (27),‘where Cag = C1p,

e not equal, species 1 must diffuse, even with no

8C~/8x, which are the same in magnitude initially,
force for difftsion of species 1.

L5 o xus N
r?g'Qd e ~arfe \‘%7}. , 7
2(8y -.52) 2¢1/2 7
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.

¥
[¢]
v

paximum and mianimun, C-p, in the distribution of Cy are given by -

i
Z

( £n(u1/ﬁé§' )

1= (ualuy)?®

» I e;fgﬁé

. (58)

-which is reduced from Eq. (57) by substituting Eq. (56). Figure 3 nhows

(o]

an example of concentration distributions of a. species with no' initial

gradient and of the other two species. for successive diffusion times.

they are plotted on the diagram, Figure & shows the diffusion path

1

the more the path deviates from al straight line, Figure 5 shows the .

. X :
viates Ifrom the straight lime.  When Dy =.Dp, the path is a straight line

T

G.- {la), variation of the concentration level

nif Dy, Da, and Ds

of species 1, i.e. Ny, varies -the diffusion path .even

are constant, ' This is shown in Fig, 7, vhere only the deviation of Cj *

of the diffusion’

Co and the positive -

wiih constant Dp and Dy, where the less D. is,

x/2t1/2,. Ia all cases,”

P SR
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concentration distributions. Deteils of thue shifted interface composi-

S tion can be caleul ated” by using finite-difference approximations, which

hawe been explained already. Tabie II shows the calculated interface
_composition shifting with increasing diffusion time for a sgnL-&dzkri e

L

couple. | The composition at time zero coxresponds to the average of the-

two initial compositicns, In such & case, calculation using the closed-

form solutions’ is accompanied by an error, because ui, pz, Ry, and Rp

re not comstant, v R o R e T

b TN
V. SUMMARY

form and by a finite~difference approximation, The solutions in closed
form are useful when the concentration variation in diffusion is rela-
tively small,  The uolﬁtlors describe the linear combination .of two

'

concentrations obeying the diffusion law and are applicable to finite:j

~icy

_mediafdiff sicn whe thg iﬁitiai'dis* iLLflonu are 1ot n;ce,saley
.fCCJi:CG.LO be Homomeneéuﬁ. vaﬁﬁeréqncenﬁfation variatioﬁ?is‘ 1at iv
large, the finite~difference method iglt sef gl.'.Uncertai 1ty ‘in the
/ s S . .
Capplication oL‘:he3fin}te—fiffé Cuvc auvvoxlm_tlons to- che y tage’
of 3iffusi5n wvhere _né cépccr ation dis;ributidn;is_iritijl iy d con-

‘tinuous can be decreasca by comwinatlon with the closed-Zorm soiutiqns;‘

.

if fe:cﬂce aoprO'i ations, the

Lf '

cep of_thé finite~

concentrutions for a short time are calculated by'JSi ”“F csed~form -
~solutions, and then the finite-differcnce ¢ x“rOLlnat:ons are s;arted w*

ely

H

- . E - N ) - . . . - oy s -
ne cemi-infinite media; the semi~infinite—

&



The theoretical concentration distributions for the semi-infinite

ciagram, Thic paramelter

v

-

calculated for the cases of no initial gradient

varameter has been derived which describes the
ath from linearity on the ternary

i deterained by the cemposition and the. three

~ l-.‘ - . 1/2 v N
¢iffusion coeificients and determines x/2t*/° which gives the mazimum

-The shift of the interface composition was calculated by the

finite~-difference method,
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-

mission, nor any person acting on behalf of the Commission:

A.

Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained 1in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-

mation, apparatus, method, or process disclosed 1in
this report.

As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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