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ABSTRACT 

It is shown that n N, KN, and KN elastic scattering and 

charge-exchange data at high energy and small momentum transfer can 

be vell fitted by assuming that the amplitudes are dominated by a fev 

Regge poles in the crossed channel. The constraints imposed by the 

factori._zation principle are included. Unitary symmetry (su
3

} is 

approximately satisfied. Sample predictions of np polarization and 

+ 0 
K + n + K + p charge exchange are made. 
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I. INTRODUCTION 

This paper shows that the present pion-nucleon and kaon-nucleon 

data, at high energy and small momentum transfer, are consistent with the 

dominance of a few Hegge poles in the crossed channel. Explicit models 

are constructed which give good fits to the data in the range of incident 

momentum 6 to 20 GeV/c and squared momentum transfer 
2 

It! < ~ (GeV/c) • 

Possible branch points in the complex angular momentum plane are neglected. 

Mandelstam1 has shown that such branch points are probably not negligible 

at asymptotic energies; however, there seems to be a good chance that 
I 

over a considerable energy range -- perhaps up to 100 GeV or more 
. 2 

effects are not important. 

. 3,4 ( . 
There have already been several Regge pole mod~ls . some 

their 

including a cut5•6) for the pion-nucleon and kaon-nucleon systems. However, 

the authors have not included the helicity-flip terms, have largely ignored 
• :. 

li 
• 1 the question of isospin dependence, and have not attempted accurate 

numerical fits to all the data. Also, high-energy charge-exchange 

met:>.surements 7-9 have not been made until recently, and are not considered 

10 in these earlier works. 

A characteristic of Regge pole models is that the forward 

scattering ("diffraction") peak shrinks with increasing energy when a 

single pole dominates. Proton-proton diffraction shrinks at present 

accelerator energies, but pion-nucleon and kaon-nucleon scattering 

show little or no effect;~1 and this has sometimes been taken as 

evidence aga.~~st Regge poles, However, in the range considered here 

there is·no ~uestion of a single pole dominating; at le~st three poles 

are needed to explain the pion-nucleon data and fiv,e for the kaon-nucleon 



. ' 

data. 

\2_ . 
\ 

Various authors3•5•12 •13 have shown that when several poles are 

significant the shrinking effect may be enhanced or even reversed •.. In the 

models which we construct below there is little shrinking for elastic 
, ... 

scattering, partly because of secondary poles and partly because the slopes • 

o:f the trajectories·are·not·large• In· TrN· charge exchange;·however, a 

single pole is operative: here we expect shrinking to be seen, and indeed 

the data show this effect, as already reported bv Logan.10 

Another important characteristic of Regge poles is the "signature 

:factor," vhich :fixes the phase of each pole contribution in terms of its 
. 1 

energy dependence. The phase of the scattering amplitude in a Regge pole 

is thus :fairly well determined by other aspects-of the fit to data. When 

this phase can be measured directly, it offers a stringent test of the model. 

For the TrN system this phase is known for :forward elastic and charge-

-exchange scattering: :for the KN system it is somewhat less well known: 

in all cases our models make satisfactory predictions (see Section 6). 
14 This is :further evidence to support the Regge pole hypothesis. 

In Section 2 we describe the Regge poles that are used, the forms 

of the scattering amplitudes, and our particular parameterizations of 

trajectories and.residue functions. Within this framework there is not 

a unique set of parameters th~t fits the data. We have found several 

kinds of solution, which are illustrated. 

Section 3 concerns the "crossover" effect: the differential 

cross sections :for ~cattering intersect in the small momentum 
~ 

transfer reg~on, and thereby pose a problem for Regge-pole fitting. 
f. .. ~£' + r•t; 

K-p scatteriltg shows the same effect. One of the main differences between \: 

our various models is how they explain this phenomenon. 
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The factorization principle re+ates the residue functions of a 

given Hegge pole in different physical amplitudes, as·descr~bed in 

Section .. 4. These constraints have been included in O)lr models • 

. In Section 5 we discuss the relations implied by the unitary 

symmetry group su
3

• These are ignored in the process of fitting the 

data, but are approximately satisfied .by the results. 

The experimental data and the method of fitting parameters are 

described in Section 6. 

Various fits to the data are summarized, illustrated, and discussed 

in Section 7. A partial-wave analysis of some typical solutions is given, 

to be compared to other models that have been proposed, and to show that 

the unitary bound is respected. The ratio of real to imaginary part of 

the forward-scattering amplitude is compared to experiment. Some 

predictions of high~energy nN polarization and 
+ 0 . K n ~ K p charge 

exchange are made. 

\ 
\ 

\ 
I 
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2. FORL\fALISM . 

Consider first "1TN. scattering. Then at least three Regge 

poles are needed to fit the data. The Pomeranchuk pole P describes 

the asympt~tic limit; a second vacuum pole P' and the · p pole are 

needed to give the differences of w±p amplitudes from the asymptotic 

limit and from each other. We take just these three. 

Singh16 among others has described the Regge pole formalism 

for this case. There is a helicity-flip amplitude B and a nonflip 

amplitude A (which Singh calls A'), in terms of which the total and .. 

differential cross sections are 

a T(s) = DnA (s,t = 0)/p ' 
(1) 

( 2 ( . 

(s 
2 )fBjj • do (s ,t) = L "Nl t{1 -..LjfAI2 + ...:L.. ·S + p (2) -. dt lfS 4k . 4 2 4~2. 1 t 

~ 2 
4~ 

Here s and t are the invariant squares of energy and momentum 

transfer, p is the pion lab momentum, k is the c.m. momentum, and 

~ . is the nucleon mass. 

Each pple gives to A and B terms of the form 

exp (-1Tai) ;t l 
Ai a -C . i sin 1T ai 

exp (-1Tai) ± 1 

sin .'~~' a 1 

' 

(%) 

(3) 

~~i 
H~'·~ 
. ·~ 

in a high~en@rgy approximation. Here the label i denotes P, P'. or 

P ... , a1 (t) is. the ·:trajectory, E = (p2 
+ m1T 2 )

1/ 2 is th~ tot.al pion 

,'~ 

• 
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lab energy, and E0 
is an arbitrary scale parameter, which we take 

for convenience to be 1 GeV. The sign ± in the signature factor is 

+ for P and P' but for p • Ci(t) and Di~t) are real functions 

related to the pole residues. When units ~ = c = 1 are used, Ai 

and ci have the dimension (length), 

(length)2 • 

and D. ·have the dimension 
l. 

For definiteness, let the contributions Ai and- Bi defined,. 

above refer to -'IT p scattering. Then the various· '!TN amplitudes of 

present interest have the forms 

. A('IT- - + p} ~ + ~!· + Ap + p .. 'IT = (6) 
' 

A( 'IT+ + + p) ~ + ~· -A. + p· .. 'IT = , • (7) 

A(lt- + p -+- 0 + n). ·= 12 A 'IT • p 
(8) 

The helicity-flip amplitudes are similarly related. 

Consider now KN and KN sdt.ttering. Regge poles in this 

context have been discussed by Sakmar.17 Beside the pole~ already 

described, two more poles with negative G parity {which cannot affect 
) . 18 

'!TN} are neededjto fit the total cross-section data. These are the w 
; 

pole (in whicH we include any contribution from the nearby ¢ pole) 
i . . . 19 20 I 

and ~he R pole proposed by'Pignotti. ' The argument for an: R 

term in kaon~nucleon scattering is given in reference 21. 

Just:. as for nN scattering, there are two amplitudes for each 

process and ,the pole terms have tP,e same forms as in Eqs. {3) and {4) • . . 

,;~. 
The various (~plitudes of present interest·have the forms 

~!:·.,, 

.\ 
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· .A(K- .f. p + K .. + p) = ~-+ ~· +A +·A + ~- ' w "'" p 

A(K- + n + K- + n) ·= ~ + ~· +A -A -~ • w p 

( + . + . •.' 

AK +p+K + p) = ~ + ~· -A -A +~ • w p 

+ + 
n). ~ .... ~· ·A(K +. n + K + =j -A +A -~ • W- p ,. 

A(~- + p + K0 + n} = '2A +2~ .. . p 

+ 0 . 
A(K + n + K + p) .... ·-~2A +~ p 

We come now to the parametric forms assumed for the a
1 

,. 

c1 , and n1 • 

(9) 

(10) 

(ll) 

(12) 

(13) 

. (14) 

In the range considered, data fitting is not ver,r sensitive to 

the form of the trajectories a
1

(t) • Probably straigh~ lines would 
. . 22 

suffic~, but we have used a two-parameter form suggested by Pignotti 

which includes some curvature: 

a(t) 
) 2. . 

= -l + (l + a(O)] /[l + a(O) - a'(O)t] (15) 

The two _parameters are a(O} and a'(O) , the value and slope at t • o. 

For the residue functions Ci{.t) and Di(t) , the data suggest 

something approximately exponential in the small-t region, _decreasing 

' 
less strongly at larger values of t • The dat,a we seek to fit lie 

mostly· in the·former region. 
. ! .: : ~ 

Ac_cordingly t f~r the ev~n~signature poles! 
~ ·, 

; ;: 
P, P' , and R we generally take the empirical forms 

' 
(16) 

"• 

•.i 
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D(tO = D a.(t) 
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exp (D t) 
\ l • (17) 

In a few cases exp (c1t) ·in Eq. 

The factors .(2a + l) in C(t) 

\ 2 
(16) i~ replaced by exp (c1 t + c2t ) • 

I 

and Q{t) in D(t) are angular-

momentum weight factors; the factor a( t) in C ( t) 1 s to remove the 

unphysical singularity ("ghost. state11
) that would otherwise oc.cur, 

when and if the trajectory passes through a = 0 in the region t < o. 

For the odd-signature poles p and w , the crossover 

phenomenon (see. Section 3) suggests~ that the residue fun~tions may 

change sign. For this possibility we use a difference of exponentials. 

C ( t ) = C 
0 

a ( 0 )[ 2a ( t ) + 1 )[ ( l + G} exp ( c1 t ) - G exp ( C 
3 

t } ) , 

(18) 

(19} 

In the limit G = 0 , Eq. (18) reduces to Eq. (16), except 

that the ghost-ltilling factor (not needed for odd signature) is replaced 

by the constant a(O) • For H = 0 , Eq. (19) reduces to Eq,". (17). 

AnotLer way to;p~rameterize a sign change is to multiply a single 
., 

exponential by a factor (t- t 0}; we tried this but found Eqs. (18) 

and ( 19) more · satisfactory •.. 

The parameterizations above are intended only forthe range under 

discussion, 0 ~ ltl < l ~GeV/c) 2 • It is not suggested that they· can 

be extrapol~ted, as they are beyond this range. They ar,e purely 

empirical. 
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3. CROSSOVER EFFECT 

. Near t = 0 -the n p differential cross section is slightly 

greater· than the n + p value, at ~ach energy. For larger t , however, 

+ the n p · cross section is greater. The crossover point seems to lie near .f.· 

P· pole. 

It is natural A 

dominates at small t 

This effect has, special implications for the 

to suppos.e fir~ that the nonflip amplitude 

and is respons~\le for the crossover effect. Then 

the n±p cross-section difference is due to the interference term between 

and A 
p 

Since this interference te·rm changes sign at the 

crossover, either A 
p 

I . 
changes sign or the relative phase passes through 

'f( 
+-
- 2 • However, in a Regge pole model the phase of each term is tied to 

its energy de~endence, and it can be shoWn that in our case this relative 

phase cannot approach 
'If 

! 2. for small 

crossover, it must change sign. 

Now in fact ·the amplitude B 
p 

t • Hence, if A p 
dominates the 

is not negligible at the crossover 

point.· If it wer.e, the n 0 + p ~ 'If + n charge-exchange cross section 

would vanish, whereas nothing of the kind; happens~ 

If we include a substantial B 
p 

effect, A 
p 

can still explain 

the crossover by changing sign, but an alternative explanation also 

appears. Suppose that the interference term between (Bp + Bp,) and 

B is rather strong, and that it has the opposite sign to the interference 
p 

between (~ + AP') and A Then at q, the + cross-section t 1: n- p 
; p 

difference is given by the A term, since t;here is . ~ 

no helicity-flip 

contributio~ here. However, as It! increases the B term can overtake 

the A te~ and reverse the cross-section difference. 

~. 
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We thus have two simple explanations: (a) A changes sign, 
p 

{b) A 
p 

and B ef~~cts have opposite sign, but neither goes through 
p 

zero. or course other explanations can be constructed by combining or 

modifying (a) and (b). For instance, (c) 

opposite signs and A goes through zero, 
P. 

A 
p 

(d) 

change sign, at different values of t , etc. 

and· B 
p 

effects have 

A 
p 

and B 
p 

both 

A similar but stronger crossover seems to occur with the 

differential cross sections. Though we have no small-angle K-p data, 

the ,total cross sections with the optical theorem suggest the forward 

cross section is greater for K-p; 
I . 

in our model this is 'certainly so. 
. + 

At larger angles, however, the K p value becomes much the larger, by a 

factor of 2 or more. In our mode~s the crossover must be due to the p 

and w poles. The same general types of explanation can be constructed 

as in the w~ case, subject to certain constraints. If Aw changes 
I 

sign then so·does B~ (see Section 4~. The total cross-section data also 
' \ 

require both A and A to have the\same sign at t = 0 • 
W p I 

Becahse the K~p crossover is a bigger effect, it is harder to 
,, 

fit the data p~ely by a helicity-flip effect of type (b) than in the 

case of the -" "11'-P. crossover. A good fit seems to require a sign change 

in a residue function (see Section 7} • 



4. FACTORIZATION CONSTRAINTS 

The factorization theorem of Gell-Mann23 and Gribo~ and Pomeranchuk24 

states that the ~N residue functions have the forms 

t (20) 

• (21) 

following the notation of reference·25, where E
0 

is the same scale constant 
I 

as in Eqs. (3) and {4); ~~i characterizes the coupling of Regge pole i 

-to the system, while and give its coupling to the NN 

system. The KN residue functions are similar, with , n,r 
1 

·replaced by 

TIKi • 

This immediately gives a relation between the ~N and KN terms: 

{22) 

for the Regge poles common to both problems, i = P t P' , and p • 

The factor functions n~1\, ·l'lKi , n11 , ·and n2i- 'are usually 

.assumed to'be analytic and real in the scattering region of interest. 
' 

Hence if A (~N) changes sign near the crossover {Section 3) , either 
p \ 

11~P • or ~lp must change sign. It c~pnot be nnp , since that would 

make both A and B vanish at the ~e point,. giving'zero cha~ge 
p p 

exchange. So n1P must change sign. Hence A (KN) ·also changes sign 
p 

at the same ;point. 
'~.J'; ... 

In th~ NN 
~~-t'~ 

and NN problems, residue functions 

and appear. Clearly there are many constraints,· relating these 
' 

to each other and.to the ~u and KN problems. 
. 26 27 

Rarita and Teplitz . ' 

·" 
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have argued that the residue function corresponding to (n )2 must lW 

change sign in order to explain a crossover effect between the pp and 

pp differential cross sections. Such a sign change would contradict 

the assumption of real analyticity for the ni Holrever, 'the actual 
. . 

residue functions themselves would remain real in the example cited if 

(nKw) 2~ and all th~ other squared w factor functions 

changed sien at the same point. 

.:.·· 
•'. 

\ 

\ 
I 



', 

-

ij 

-12-

5, . UNITARY SYMHETRY 

.The unitary symmetry group su
3 

gives seyeral relations that 
. . 28 

are interesting to consider, even though the symmetry is not exact. 

-Nov !If., K· 
' 

and K are supposed to belong to a common unitary 

-. .• 

oc.tet; hence the ;IJ1T and KK couplings to a singlet, such as the 

Pomeranchuk pole p 
' should be equal: 

'' 
• (23) 

. Hence ~(t~) = :"P(KN) and BP(trN) = BP(KN) • The same 1holds for P' , 

if it too is a unitary singlet. 

The P:· pole belongs to an octet.. The coupling between this 

-particular .octet and the wtr and KK octets must be pure F-type to 

. 29 
preserve charge-conjugation invariance. Hence there is a precise 

· relatidn between the couplings, 

T\ = . 211 
1TP Kp ' 

where the relative sign is given·to agree·vith the conventions of 

Eqs.(6)-{14) and (20)--(2p. 

B (trN) = 2B (KN) • 
p p 

Hence A (1TN) = 2A (KN) . p p and 

The w pole ve have introduced is meant to st~nd f~r both 

w and ~ , which belong partly to the same octet as p but partly 

also to a. singlet. No useful relatiorts concerning them can be 

inferred ~1 thout further specific assumptions.; 

The R pole is supposed to belong to an octet 'and Pignotti19 

( 24) ~; 

},..;_"l::t 

suggested tHat the isoscalar member of this octet (let ~us denote it S) 

~ 
iKllro' 
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might in fact play the physical role usually ascribed to a second 
\ 

vacuum_pole P' • Now this octet must have pure D-type coupling to 

the ·· '11''11' · and KK octets, 29 so we have 

= • (25) 

This imples A6{'11'N) ~ -2A6(KN) and B6 ('11'N) = -2B6 (KN) , and shows that 

Pignotti' s- suggestion about the role of S · is untenable:- S cannot 

substitute for P' , since total-cross-section data require at least 

that ~1 ('11'U) and Ap,(-KN) have the same sign at t = 0 • However, 

our empirical P' term may in fact include a contribution from S , 

and may therefore not behave lik~a pure singlet. 

We cannot compare the complete R and S amplitudes, since 

-we do not know the F/D ratio of their coupling to NN • 

·' 
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6. DATA MID PARAMETER FITTING 

The experimental data used are as follo,•s. Total cross sections 

± + . K±n at 6, 8, 10, 12, 14; 16, 18, and 20 GeV/c are for 'If p ' K-p, and 

taken from reference 18. Elastic differential cross sections are taken 

from reference 11 for 
+ 

at 6.8, 8.8, 10.8, 12 .8, 14.8,and iG.7 GeV/c; 'If p 

for -'If p at 7, 8.9, 10.8, 13,.15, 17,. and 18.9 GeV/c; for K+p at 

6.8, 9.8, 12.8,and 14.8 GeV/c; and for K-p at 7.2 and 9 GeV/c. For 

'If + p ~ '11'
0 + n charge exchange, we use data from reference 9 at 6, 8, 

10, 12, 14,and 16 GeV/c.and from reference 8 at 5.9, 9~8, 13.3,and 
I 

18.2 GeV/c. Our K- + p ~ ~ + n data are a~ 9.5 GeV/c, from reference 7. 

In all '"'e use 334 'II'N data points, plus 115 more for KN and Kr1; most 

of these are illustrated in the next section. 

Recently fresh ± 
'If p differential cross-section measurements 

30'. 
have been made at 8.5, 12.1~, and 18.4 GeV/c. These results are very 

il similar to those of reference 11, but there are small 'nyster.u\tic differences 

which make it ha~d to fit both sets simultaneously. Accordingly we have 

chosen to omit the data 6f reference 30 from the final analysis. 

The 'II'N charge-exchange data of reference 8 show a minim~ near 

t = -0.6(GeV/c)~, followed-by a slight rise~ It is not clear whether 1•e · 

should seek an explanation of this in terms of the p Regge pole. 1-le · 

I 

therefore constructed two k~nds ~ solution, one including and one 

exciuding the charge-exchange data beyond this mini~um. 

The,parameters o~;our.models were optimized by least-squares 
h·~~ .. ~ 

fitting to d~~a, using the IBH.7094 ~omnuters at the Lawrence Radiation 
. ~u· . n 

programs based on a v\riable metric minimization method. Laboratory, with 
I 

The !_)arnmet~rs vere also restricted to satisfy reasonable ph:,•sical cri~eria • 
. I 

.. 

.. 

v~ 
'\K'D~J' 
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The coefficients c
1

, c
3

, D
1

, and n
3

. appearing in exponentials 

[see Eqs. (16)--(19)] were not allowed to become negative, nor very 

large; a practical upper limit (1m 2)-l ~ 12.5 GeV-2 was imposed. 
1T 

The zero intercept of the P trajectory was fixed at ap(O) = 1: 

some empirical support for this choice is described in Section 7. 

Perhaps the most important co\straint'we applied was unitarity • 
. )\ 

Each solution was decomposed numericall~ into partial waves and the 

partial amplitudes were compared with the unitary bound. Violations of 

unitarity were tolerated only if the par~ial amplitudes concerned were 
I 

essentially zero and contributed nothing to the fit to data; we-regard 

these marginal violations as being consequences of imperfect parameterization 

and having no physical significance. Substantial violations of unitarity 

were not tolerated; the corresponding solutions were modified and 

constrained until they conformed. 

It is interesting to note the types of unitarity violation that 

occurred. We did not find the type most expected, in which the lowest 

partial amplitudes become too large, but we found two unexpected types. 

(i) To illustrate the first type, consider a spinless problem at some 

given energy, with a pure imaginary amplitude i exp (at) • It can be 

shown that all the partial-wave amplitudes are positive imaginary, because 

of the special properties of Bessel functions. However, if instead the 

.ampiitude is i exp (at + bt2 ) the partial amplitudes do not all have 

the same sign; some are negative imaginary and violate unitarity. We met 

this type of violation when the parameter c
2 

was used [see below, 
\ 

Eq. (16)];' fortunately the offending terms were usually, very small and 
~ I 

in high angular momentum states, and had no physical importance. This 
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kind of violation seems clearly due to oversimplified parameterization 

of the amplitudes. (ii) To illustrate the second type, cons.ider the 

usual "nonrelativistic" definition of nonflip and spin-flip amplitudes. 

For given orbital angular momentum L , the nonflip contribution con-

tains a sum of partial amplitudes (L + 1)~+ + La1_ and the spin-flip 

terms contains the difference· Suppose the partial amplitudes 

~± are imaginary: then for a fixed nonflip term, the spin-flip term 

cannot increase_indefinitely without either or a
1

_ becoming 

negative and violating uni tari ty. Th_e relation of our amplitudes A and 

· 32 I 
B to partial waves is more complicated, but we did find essentially this 

type of violation when B contributed too strongly to high partial waves; 

the remedy was to reduce and restrain the coefficients D0 and D1 \· 

(see Eq. (17)]. 

We began by fitting -the ~N data •. With this analysis used to 

fix the ratios A/B (from factorization) and the trajectories a(t) for 

-P , P' , and p , the KN and KN data were fitted by adjusting the 

remaining parameters. 

The value of 2 
X II characterizing the goodness of fit to data, 

requires some comment, Ideally, ~ith data free from systematic error and 

a perfect theory, the expected value is the number of 4ata points less 

the number of adjusted parameters. However, when the quoted accuracy 

of data becomes less than the systematic errors of experiment or theory, 

2 the value of x soars. :We found two places where this happens. Firstly, 

K+p 18 i i h the total cross sections are g ven to ;tO .1 mb., and . n t e mean are 

almost const~~t wi,th energy; however, there are some fluctuations of 
~i1 

order 0.3 mb,)so that no theory with a smooth energy variation can give 

2 a·textbook fit. These eight points contribute typically about 23 to x , 

i-
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Secondly, the 1f + p -+ 1r
0 + n data from reference 8 show: systematic 

deviations at small angles from the single-power energy dependence of 

·.our models; the apparent rate of change, comparing 5.9 and 18.2 GeV/c 

data, is greater than that obtained by comparing 9.8 and 13.3 GeV/c. 

The quoted uncertaintY;·is as small as 3% for n.uny points. ·Ar; a result 9 

t~e 40 data points with ltl <· 0.2 (GeV/c) 2 contribute typically about 

100 to 2 
X With data of such precision 9 even a small systematic 

divergence bet,·reen theory and experiment has a big effect on 2 
X ; 

whether theor~r or experiment is at· fault we cannot say. However, the 
\ ! 

charge-exchange data have appreciable uncertainities in t , which 

we have not folded in. 

# h 

~~t 
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7. RESULTS AND DISCUSSION 
.. 

Four· solutions are given in the tables. Table I lists the 

and a.' (0) 
l 

of the trajectories (abbreviated to ai 

and ai'): ap a 1 is not listed. Tables II and III give the coefficients 

of the amplitudes Ai(lfN) and B. ( 1rN) 
l 

respectively. Table IV shows · 

parameters that connect the KN. and ·lfl~ contributions from P , P', 

and · p , in the notation, 

(26} 

Table V gives the coefficients for the R and w Kll amplitudese 

The fit ·to data is illustrated in. Figs. 1 through 7 for the typical 

case of Solution 1. 

Solution ~ explains the trN crossover effect both because A 
p 

changeg sign and by B interference: · in terms of the discussion of 
p 

Section 3·, it is of type (c). The KN crossover is explained with the help 

of the change of sign A • The dip and second maximum in 1rN charge · 
w 

exchange is explained because B 
p 

goes thr?ugh zer~ n~.ar .t = -o.6 (GeV/c)
2 

•. 

The fit to 334 nN data, with 21 adjustable parameters, has 2 X = 504 • 

The fit to 115 Kl~ 
2 data, with 18 parameters, has x = 152 • 

Solution 2 gives essentially the same explanation for the crossover 

and~charge-exchange effects;. However, the BP' term--whose main role is 

J; 

apparently to give some convexity to the cross-section plots--is dropped 
2 . 

and a factor exp (c2t ) introduced in ~' instead. The fit to 334 lfN ~ 

points with 20 parameter.s has l = 482. The fit to 115 KN points with 
' i 

18 paramete~s has 2 X = 139. 
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Solution 3 explains the ~N crossover by BP interference; in 

terms of Section 3, it is of type (b). A corresponding explanation for-

the KN crossover, adding B. 
w 

interference effects, vas tried but proved 

unsatisfactory. Accordingly, the ~{ crossover here relies on a change 

of sign in A , and B is not used at all. Solution 3 contains no 
w w 

explanation for the second maximum in ~N charge exchange: in making the 

fit, the data of reference 8 for ltl > o.6 2 were omitted; x = 502 for 

322 nN points with 17 parameters; 2 X = 155 for all 115 KN points with 

18 parameters. 
i 

Solution 4 explains the crossover and ignores the second maxim\m 

in ·rrN charge exchange in the same way us Solution 3 .• However, like 

Solution 2 9 it drops BP' 

instead. The fit to.322 

. . 2 
and introduces a factor. exp .. <c2t ) in ~' 

2 nN. points with 16 parameters has x m 445. 

The fit to 115 KN points with 18 parameters has x2 = 145. 

We now discuns several points, under separate headings. 

(i} Agreement with'Exneriment 

If the Regge pole hypothesis is correct, we may perhaps expect 

· the few leading poles to give 90-95% of the scattering amplitude, in the 

nonasymptotic region considered here. In 'w1y case, our simple parameterizations 

of the t-dependence can hardly be more accurate than this. We might there-

fore expect.a.n accuracy of 10-20%.for differential cross sections, but in 

fact the agreement with experiment is much better than this • 

Thus, although the values of x2 are not impressive when taken ,. 

at face value (see Section 6), the fit to data is really surprisingly good • 
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(ii) ·Parameters·of·Trajectories 

\·le have given no statistical uncertainties :in Tables I through V, 

since in many cases they would have dubious physical significance. 

However, there is special interest in the trajectory parameters ai(O) 

and ai' (0) •. 

The statistical standard erro~ on the intercept ai(O) is 

typically about 0.002 for p , 0.01 for P' , and 0,03 . for R and ·· w ·• 

Such a small error for a (0) is meaningless when compared with systematic 
p 

differences between solutions. 

The intercept ap(O) has been assumed fixed at 1.0. It is interesting 

to test this theoretical .choice empirica.lly. 33 In Solution 2 we varied 

ap(O) near 1.0; the x2 minimum seemed to lie between 1,0 and 1.005, with 

a standard error about 0.01. 

· 'rhe standard error on the slope a1 ' ( 0) at ·t = 0 is typically 

ii about 0.01 for p , 0.03 for P and P' , and 0.05 for R and w • 

Again, systematic differences are bigger than this for p • 

It is satisfactory that aR(O) agrees with the value 0.31 t 0.05, 

deduced by· Ahma.dzadeh from rm 

(iii) Slope of .p Trajector~ 

20 data. 

There has been great interest in whether the latest charge-

exchange da~a8 • 9 

' slope for the p 

really establish\a shrinking diffraction peak--i.e., a 

trajectory. Logen10 concluded that they do, using the 

data of reference ·9 only.: However, to determine an acct~ate value for 

the slope he had to assume 

k~ 
1.0 at t = m~., .• 

I 

a straight~{ine 

\ 
I 

p trajectory passing through 

Our models give strong evidence for shrinking •. We do not require 

the p trajectory to extrapolate to the .o pole, but we do include a 

~: . 

. i· 
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lot of non-charge-exchange data which help to tie down the trajectory. 

Also we include the more accurate data of reference 8. 

·As a further check, we analyzed the data of reference 8 alone, 

in terms of the p trajectory, following the pattern of Solutions 1 and 2. 

Assuming first a curved trajectory according to Eq. (15)~ we found the 

trajectory parameters a (0) = 0.540 ~ 0.002 ~nd a'(O) = 0.65 ::t 0.02. 
p . p 

For this fit to data, x2 = 144 with 75 data points and 10 adjustable 

parameters. 

Assuming next a linear trajectory, instead of the form in Eq. (3), 

we found a best fit with intercept 0.530 ::t 0.003 and siope 0.47 ± 0,02. 

2 For this fit to data, x = 175, with the same number of points and 

parameters as befo~e. 

The best fit with no shrinking (horizontal trajectory) has intercept 

0.45 ± 0.1 and 
2 

X = 265. 

I\ (i v) Spin Dependence 

To determine the spin dependence of ~N or KN scattering purely 

from experiment, polarization and triple-scattering experiments are needed, 

and they are still lacking. However, the spin dependence of our models is 

an important help in fitting the data. In particular, the sudden rise in 

wN charge exchange as the scattering angle increases from zero is most 

naturally explained by a strong spin-flip term--which has to vanish at 

zero angle--coming from the p trajectory. The corresponding effect in 

-KN charge exchange calls.'for spin dependence from R as well as from 

p (which is constrained by factorization). Also, spin dependence allows 

an alternative explanation of the nN crossover effect (section 3). 
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For a particular model, therefore, there is an ~ptimum spin 

dependence that gives the best fit to data. But in a broader sense the 

spin dependence is not really well determined. It ma.y be changed 

considerably while a 5 to 10% fit to data is still preserved; it may be 

changed radically if we use a completely different parameterization• For 

an example, compare Solutions 1 and 2 (or 3 and 4), which show how the 

Bp, term may be traded ·• for a change in ~, • Also note in the KH 

case that we have not invoked the B term; in fact, a wide range of w 

values are consistent with the data. 

The tp polarizations shown in Fig. 9 are theref,ore illustrations 

rather than firm ~redications. It is interesting to note that the value 

may be a.s.large as 20% at 10 GeV/c, and that the B term suggested by 
p 

the TrN charge-exchange data is strong enough to reverse the sign behreen 

+ 
'If p -and 1T p po~.arization, at some angles. But charge-exchange 

polarization vanishes, of course, since A and B have the same phase 

when both come from a singl.e trajectory. 

Although some parameter freedom remains,.polarization data of all 

kinds would make a valuable test of Regge pole models. 

There is an overall sign ambiguity for the helicity-flip terms, 

B1 , with the data we have. This has been resolved by assuming the ratio 

to have the same sign at t = 0 as at the p pole, 2 
t == m 

p 

It is interesting also to consid·er the magnitude' of this ratio. 
' 

Taldng 

the UN p vector and tensor coupling constants to be proportional to the 

nucleon isovector charge and anomalous moment form factor~, we find that 

t < 0 1 A 
p 

t == m 2 , wherease at . t = o the value is 0.08 E - 0.09 E 
p 

This decrease seems consistent with the fact that, for 

goes on decreasing faster than B 
p 

in these models. 

______ ,. _ __.,. .... ..._ ...... ...--.. .....---·---~· ·--~ ·--......... ¥•" ..... -··-·~ .. --.~·-.. -- -·~· 

1-. 
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(v) Characteristic ·or Regge Spin-Deuendence 

A significant feature of the Regge pole formalism is that the spin 

. 34 
dependence of a pole contribution does not vanish asymptotical.ly __ unlike 

what one expects in a simple diffraction situation. Ordinary (first-rank) 

polarization vanishes asymptotically only because it happens to require t?e 

interference of two amplitudes that are out of phase, and hence requires 

two poles. However, second-rank polarization effects (e.g., spin 

correlation, depolarization) can come from a single pole. If the P pole 

has spin dependence, some of these effects tend asymptotically to nonzero values. 
I 

Second-rank polar-ization measurements at high energy would therefore 

be very interesting. vTith polarized targets now coming into use, they 

are not unthinkable. 
I . 

On this question of the flip and nonflip effects·, having the same 

energy-dependence, 34 there is.already some affirmative evidence in the 

• 
case of p Assuming the small-angle bump in wN charge-exchange 

is due. to--an.d dominated. by--the flip term, we. have. a. measure .of its. 

energy dependence. The nonflip term is isolated in charge exchange·at 

t = 0 , and in the total cross-section differences. Our fits to data 

illustrate that ~he energy dependences of the flip and nonflip effects 

are closely comparable. 

(vi} Partial-Wave Analysis 

Qur models offer an interesting contrast to various empirical 

partial-wave analyses of wN scattering in the multi-GeV region. 35-37 

The latter have generally had·to assume a purely imaginary amplitude 

with no spin dependence; 38 we have neither of these restrictions. 
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Table VI ·illustrates the partial-wave amplitudes for Solutions 

1 and 2-, for + 
'IT p scattering at 10 GeV/c. They are defined by 

t 

where 6
1
± is the {complex) phase shift for orbital angular momentum 

1 
L and total angular momentum L± 2 

The partial~wave analysis was made by continuing the model 

amplitudes to all scattering angles, well beyond the range where they 

(27) 

are fitted to data. However~ only the lowest partial waves are sensitive 
I 

~o the wider angles; the higher ones are mainly determined by'the forward 

peak. 

Unitarity requires to lie within a unit circle in the 

complex plane, centered at In the pure diffraction approximation, 

~± l-tould be pure imaginary and restr:i.cted to lie between · 0 and i , 

the latter·corresponding to complete absorption. Notice that the low 

partial waves in Table VI do no approach complete absorption. 

(vii) Phase of thEl, Scatterin9 JUrmlitud.~ 

'rhe phase of the scattering amplitude in our models is not freely 

disposable, bu~ is determined by the a· 
i 

through the signature factors. 

Where this phase can be measured directly, it offers an important test 

14 of this kind of model. 

'rhe ratio of the real to the i.maginar;y part of the forward 

elastic amplitude has been measured for high-energy w~ scattering. 39 

The results are shown in Fig. 8, together with .the theoretical predictions 

of Solution l~.for w±p and K±p· scattering {the other1solutions all 
lt~~\ 

lie within ±6.01). The models agree with experiment in sign, in 

t. 

!'I 
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+ magnitude, and in giving a larger value for ~ p than for ~-P • There 

' 40-42 have also been various dispersion-relation calculati-ons of this ratio. 

The results depend on what asymptotic behavior is assumed for total cross 

sections, but on the whole they are consistent with experiment and with 

our models. 

The phase of the forward elastic + K-p amplitudes has not yet 

been measured at high energy. It would be a valuable test. 

The phase of the· ~N forward charge-exchange amplitude is also 

known. The imaginary part is determined by the total cross-section 
! 

and the optical theorern; the real part 

then follows from the differential cross section; the two are .approximately 

equal, within a sign. This is an important test of the consistency of 

the model. In fact, the test is even stronger than this; at t = 0 , 

A is determined by just two parameters, a (0) and c0(p) • These two 
p p 

• 
successfully account for four independent experimental quantities--the 

magnitude and the energy dependence of forward charge exchange and the 

+ difference of ~-p total cross sections. 

The phase of the K-p charge-exchange amplitude is also roughly 

known, from similar argumentse The amplitude appears to be mainly 
' ' r',· 

1'lf. 
. imaginary. The difference between this and the ~N situation is 

neatly explained by the R contribut:i.on-·-the presence of wh,ich is 

requfred by the total cross sections. 21 ' This is another example in .. 
which the phase is correct~y given by the Regge pole modele 

.... K+ . 0 h t + n ~ K + p 9 as no 

Regge pole model predicts 

' that the forWard amplitude is mainly real--i.e., the forward cross 

section greatly exceeds the optical limit--since the p and R terms 
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now change their .relative sign,. and the real parts add while the 

imaginary parts ~ance1. 21 More specifically, the models we have 

constructed give predictions for.this cross section in the range 

ltl < 1 (GeV/c) 2 , which ar~ illustrated in Fig. 10 at 10 GeV/c. The 

nonflip term is much stronger there than for K- + p ~ K0 + n , giving 

a bigger cross section and eliminating the dip near t = 0 • Measure-

ments of this process wo~d be very interesting, and would make a good 

test of ·the models. 

(viii) Second Maximum in wN Charge Exchange 
l 

Solutions 1 and 2, which set out to explain the dip and second 

maximum, do so by making the factor (1 +H) exp (D1t) - H exp (D
3
t) in 

Eq. {19) change signp so that B 
p goes through zero. There are of course 

other possibilities. 

• 
One attractive idea is that B does indeed gothrough zero, 

p 

! ; but because of the kinematical factor a instead or the other empirical 
I p 

factor in Eq. (19). The curved trajectories we have used, which are rather 

arbitrarily made to go to . a = -1 at t = -"" , do not pass through 

zero in the right region. However, if we assume an almost linear trajectory 

going through th.e 

through 

through 

a = 0.5 
p. 

a = 0 
p 

p pole-[a = 1 at t = m 2 = 0.56 (GeV/c) 2 ] and 
p p 

at t = 0 (as indicated by much data), it goes 

near t = ";"o.6(GeV/c·)2 -precisely where the dip 

occ\lrs in wN charge exchange. This is a remarkable coincidence. 

To explore this ,i~ea, we constructed a model similar to Solution l 

but with a ~~~ear trajectory of the kind described 'above and with H 
'f¥,~ 

lying betwe~·~ 0 and -1 • The resulting fit to wide-angle charge-

exchange data was less good, and 2 x was over 6oo for the 1r N data. 

~owever, we believe that an explanation along these lines is tenable. 

.·"": 
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The prediction of su3 symmetry is that, in Table IV t'he coefficients 

F
0 

should be 1 for P and P' , but 0.5 for p ; also, the coefficients 

F should all be zero (see section 5) • 

. These predictions are fulfilled remarkably '{ell for P and 

P,43 but both fail for P' • This may be due to S , the isosinglet 

member.of the R octet, which would contribute with opposite signs 

to nN and KN amplitudes; if so, it would appear that the contributions 

of S and the "true" P' are roughly equal in the 1TN case., for the 

energy range considered, 

Let us also consider the ·Johnson-Treiman relations for forward 

scattering amplitudes, inferred from the wider su6 symmetry: 44 

In terms of our models, if we disregard the small differences between 

a (0) and a (0) , this implies p . w 

• 

This is turn, when the su3 ~elation for p couplings which we have 

already seen to be verified is used, reduces to 

(29) 

(30) 

Comparing Tal)l.es II and V, we see this is quite well fulfilled, showing 
~'. 1: .. 
s;~· 

that the data we fit are at least approximately consistent with Eq, (28), 

A. test of lower-energy KN and KN data has been made previously, 45 
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The corresponding relation ~or helicity-~lip amplitudes is 

irrelevant here, since there are· not\en.ough data to ~ix Bw and we 

have arbitrarily set it equal to zero~\ 
\ 

.. Equation (28) would also follow\ ~rom su
3 

symmetry alone, i~ w 

and p belonged to the same octet and had pure F-type coupling to 

baryons. 46 

(x) Helpful Experiments 

Finally we summarize-brie~ly some measurements that would help 

to test Regge pole models of the kind we have made: + n-p polarization, 
I 

to tie down the spin-flip terms and test the relations.between phase and 

( + ) ' + 0 energy dependence K-p polarization too, of course ; K + n + K + p 

charge exchange, to test the p + R model; K±p Coulomb interference, 

to test the phase of the forward scattering amplitude; ;.f'"" + p + rr0 + n ' 

polarization, to see if a single·pole really dominates; nN second-rank 

'; polarization tensors, to test the Regge characteristics mentioned in 

(v); K- + p + K0 + n at other energies, to test.the energy dependence 

o~ the p + R model • 

. I 
I 
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- . Table I, Trajectory parameters .. The_ slopes a' are in 

units (GeV/c)-,2 

_ }ol'n a'. ap•· ' a a' a a' aw a' . 
p ap, p p R R. w 

1 0.34 0.50 0.34 0.54 0.65 0.32 Oe80 0.52 o.6o 

2 0.34 0.50 0.34 0.53 Oo71 0.30 0.55 Oo50 o.6o 

3 0.34 0.50 0.34 0.54 0.78 0&30 0.75 0.52 . 0.60 

4 0~34 0,50 0.34 0.53 o.-75 0.31 0 • .55 Q.52 o.so 
~;.. 

' 

Table II. trrl nonflip• amplitude coefficients 

p P' ('J 

c0 in c1. i.n ' c0 in c1 in c2 in c0 in c1 in c
3 

in 
Sol'n G 

mbl<- GeV . -2 mbx GeV v-2 GeV .. 4 mb>< GeV -Gev-2 aev-2 
GeV Ge 

1 6e55 2.51 19.6 4.04 2.45 5.6 0,14 0.50 

2 6 .. 60 2.24 18.6 2.48 -10.3 . 2.61 9~6 o-.. oo o.47 

3 6.52 2.58 . 20.0 4.01 2.45 ll.4 

q 6.58 2.44 18.9 2.24- -11.2 2.60 12.5 --
---~..-,.-.~- t 

-- __ ......... _ 

.·. Ta.ble III. nN ·he1icity-flip amplitude coefficients 

p' p 

Sol 'n D0 in o1 in- n0 in n1 in . n0 in n1 in D in 
-2 -2 -2 -2 3 -2 mb GeV GeV GeV mb GeV GeV· 

H 

1 

2 o.o6.5 0.65 ·- \ 

56.9 1.64 0.31 0.90 

69.5 2.50 6.59 0.51 
\ 

-11.4. 0.90 -101 8.1 :62 .!a', 3~17 ---· 
..;22.3 1.73 -- i 

~7·5' ,,3!~9 ...... 

\ 
\ 

\ 
\ 

"' 

... 

~-
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· Table IV. Parameters relating P r~ P', a.nd o contributions 

to trN and KN 

Sol 'i1 

1 

2 

3 

4 
-

0.901 . 

0.896 

0.905 

0.900 
---

p 

F
1 

in 
;.;2 

GeV 

-0.23 

-0.22 

-0.21 

-Oo18 

P' 

0.279 

0.285 

0.280 

0.281 -....,....._, 

F1 in 
-2 GeV 

-1.61 

-1.19 

-1.72 

""lo27 

0.527 

0.521 

0 • .529 

o.48o 

Table V. ICN amplitude ·coefficients for R and w 

Sol'n CO in 
mb~ GeV 

1 3.34 2.16 

2 3.69. 2.81 

3 3.50 2.21 

'4 3 .. 71 2.83 

R 

-31.2 

-29.3 

·-32.2 

-29.5 

1.'{6 

1.77 

1.73 

1.78 

c0 in 

mbx GeV 

5 .. 99 

6.62 

6.14 

6.34 
.............. - .... _._.. ___ ·-··· ··----~-... ·~·~··4_.- ....... ___ ---~ ... ···•."'# .. - ..... ._..., ... _ ... ___ 

10.5 

10.0 

10.0 

10.0 

p 

0.01 

0.01 

0.01 

o.oo 

0.17 

0.02 

0.27 

o.oo 

__ ,_ __ ,_.. ___ -.r-~•-----"--'•w_.~""':- .... ...,_,.,,,,.._,.,.,.,M',.--t ... - ........ _.~--·..._-..,_-.._~------•· .. -.- ... - ....... -----

G 

0,86 

o.66 

Oo99 

0.69 
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Table· VI. Pa.rtia.l·wa.ve amplitudes of solutions l:;.a.nd 2 
.. + . . 

for n p scattering o.t 10 GeV I c . · '. 
,.. 

·'· Solution 1 . Solution 2 

L Re ~+ Im aL+ · Re ~- Im aL- ·. Re aL+ Im SJ.+ Re aL- Ilit aL- .. 

0 -0.056 0.224 -- -- -0.050 0.248 ; . 
' 

1 -0.092 0.259 -0.018 0.161 -0.081 0.268 -0.057 0.212 

2 -0.098 0.269 -0 .. 033 0.151 -0.078 0.269 ·-o.o4o 0.185 

3 -0.087 0.257 -0._043 ·o.143 -0.072 0.257 -o.b42 0.162 

4 -0.073 0.233 -0.043 0.128 -0.062 ··0.234 -0.041 0.140 

5 -o.o6o 0.205 -0.037 . 0.109 <,;0.051 o.2o6·. -0.038 0.118 
' 

6 -0.049 0.176' ~0.030 o.o88 ... o.o4o 0.175 ..0~034 0.095 

7 -0.038 0.148 -0.024 o.o68 -0.030 0.145 -0.029 0.076. 

8 -0!029 OU21 -0.019 o:os1 -0.023 0.117 -0.025 0.058 
j; ., 

9 -0.022 0.098 -0.014 0.036 -0.017 . 0.092 . -0.021 0.043 

10 -0.016 0.077 -0.010 0.0?.4 -0•012 0.072 -0.018 0.030 

11 ... oQ012 o.o6o -0.007 0.016 -0.009 0.055 -0.015 0.021 

12 -0.008 0.045 -0.005 0.009 -0.006 o.o4o -0.012 0.014 

13 -o.oo6 o.o34 -0.003 0."005 -0".004 0.030 -0.010 0.009 

14 -0.004 0.025 .-6.002 0.002 ' .. o.oo3 0.022 -0.008 0.005 
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FIGURE CAPTIONS 

Fig. lc Total cross sections for n±p 9 K±p,and K:i:n from Ref. 18, 

compared with Solution 1. 

Fig. :·2.. .'!T+p differential cross sec'tions at 6.8, 8.8 9 10.8, 12.8. · 

14.8,and 16.7 GeV/c, from Ref., 11, compared with Solution 1. 

The different sets are spaced by a decade. 

Fig. 3. 'IT p differential cross sections at 7, 8.9, 10.8, 13, 15_, 17, 

and 18.9 GeV/c, from Ref. 11, compared with Solution 1. 

Successive. sets are spaced by a decade. 

Fig. 4. - 0 differentie.1. sections at 5.9, 9.8, 13.3) 'IT + p -+ ,. ·+ n cross 

and 18.2 GeV/c, from Ref. 8, compared with Solution 1. The 

-- sets of data are spaced by a decade. 

Fig. 5. K+p differential cross sections at 6.8, 9.8, 12.8,and 14.8 GeV/c 

from Ref. 11, compared with Solution 1. Successive sets are 

spaced by a decade. 

Fig. 6. K-p differential cross sections at 7.2 and 9.0 GeV/c fro!!'!. 

Ref. 11, compared with Solution 1. The two sets are spaced 

by a decade. 

Fig. 7. -a The K- + p-+ K + n differential cross section at 9. 5 GeV /c 9 

from Ref. 7, compared with Solution 1. 

l''ig. 8. The ratio of the real to the imaginary part of the forward 

..:. + 
scattering ~plitude for ,.-p and K-p scattering: Solution l 

is sho;1n but the others give very similar predictions •. The 
.; . .-... 
n-p data are from Ref. 39 . ; 

i 

the inner error bars are statistidal, · 
,; ; 

the outer ones are estimated limits of systematic error. 

I .... 
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+ · ~-p polarizati?ns at 10 GeV/c corresponding to Solutions 1~4, 

I 

1 .. ·. 

relative to the normal vector·ki. x k t (Basel sign convention). 
\ n ou · 

Fig. 10. + p · diffe:i·ential. cross sections at 10. GeV I c for 

Solutions 1 9 2 9 and 3. 
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