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ABSTRACT

The phenomenon called "line-tying" in magnetized plasrfxas requires un-'

1mpeded electron flow along the magnetic field and into the bounding surfaces. -

We .discuss here the nature of the impedance that a low-density plasma and its

wall sheath offers to such electron flows. The result is used to analyze the
stabilizing effect of a tenuous background plasma on the growth of {lutes in
mirror-confined plasmas in the guiding-&:ente_r approximation. Only a reduc-

tion in growth rate is found, and strong electron emission from the boundaries -

- may be required if the effect is to be pronounced.

I. INTRODUCTION , -

The interchange instability of hydromagnetic equilibria in opeh-énded
systems (such as mirror machines) can be suppressed to some extént if the
field lines on leaving the medium (plasma.) are "frozen' in highly conductmg
metal surfaces /1-3/. In its ideal form, this phenomenon, which has been
called "line-tying, " requires not only excellent conductivity of both plasma and .
metal boundary, but also perfect contact between the plasma and the wall. Al-

though sucu conditions are obviously unreahstlc, several experimentally ob-

' served stabilizing effects allegedly due to some plasma contact with metal

walls heve been reported in the literature /4-8/. The precise'nature of this
contact has, h‘owever, not been thoroughly explored in these repbrts. We, "
therefore, descri-b?é more fully the relevant properties 6f the transition zone
(or zones) between a confined plasma and a metal ‘boundary, and draw some

conclusions regarding the resulting effects on plasma stability.
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For clarity, only the classic example of the 'long-fiute interchange mode

- of a collisionless plasma in a uniform gravitational field is treated forndally in

the guiding-centér approximation /9/. Extension to more complete stability
ana..lysés' is ofvcourse possible, but leads to very complicated if not intractable
forms from which it is difficult to extract the pertinent information. These
complications are well illustrated in a recent analysis by Chang et al. /10/ of
the stability of the earth's radiation belts, including contact with the ionosphere.
Similarly, _studies by Chen /11/ of the effect of the end plates on the drift in- -
stabilities in thermal alkali-vapor plasmas, and by Furth /12/ and by Hartman

/13/ on such effects in mirror-confined plasmas, produced rather complex re-

. lations evef; though their models for the contact are quite simple.

The stabilizing effect under discussion is due mainly to electron flow ‘
along the magnetic field lines under the influence of the pé:turbed potential
cp(i, t) = ¢O(£) + 451(3:, t)}. We expect for the perturbation by << by Where the
unperturbed potential dpo exists to equalize the mean electron and ion loss
rates, as calculated for mirror-confined plasmas, for instance by BenDaniel

/14/. Based on BenDanielfs model, one would estimate for the variation in

" electron removal from the center of a mirror region }

61*1,1 . eng ( e 3 > . '
e 2. +. ¢ R o . (1)
ot T k'I‘e 2¢O 1

where n, and n, are the unperturbed and perturbed densities and T; is the

mean ion-scattering loss time. This assumes prompt removal of all charges

~once they pass through the mirror surface. In reality the chai'ge drain from a

solitary plasma would be even smaller than indicated by Eq. (1), because the
space between a magnetic-mirror surface and a metal end wall always repre-

sents a finite impedance to the charge flow. - : -

2. EFFECT OF A BACKGROUND PLASMA .
It has been pointed out repeatedly that a tenuous and relatively cold back-

- ground plasma may have a pronounced stabilizing effect. In fact, in many ex-

periments such a plasma has been observed and may perhaps be unavoidable.

It may, for instance, exist transiently--although on a long time scale--simply

‘because it has been produced simultaneously with the hot plasma. Alterna-
- tively, it may be continuously regenerated by ionization of a tenuous back -

ground of neutral gas orlglnatmg at the vacuum-chamber walls.

Regardless of their origin, the background ions can be a.ssumed to have

low energies and thus most of them are excluded from the central region if the B

‘potentla.l there is h&gh, i. e., if the primary pla.sma. has a high electron tem-

perature. The bac‘kground electrons, on the other hand, are free to travel
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through the main'plésma, and thus represent an aﬁisotropic contribution to the

principal electron population. Inasmuch as, by definition, they are not confined

electrostatically to the region between the mirrors, these electrons can estab-

lish excellent communication between the main plasma and the surrounding

space. ‘ ' :
Obviously the background electrons cannot remdin ""cold" for very long,

since their scattering rate in the plasma body may be substantial, pa:.;ticula.rly

if they excite nonthermal oscillations because of their initial anisotropy. Of

.course, this heat transfer to the background represents an energy drain for the

main plasma, but this is immaterial in the present context. The principal func=-
tion of these electrons is to provide an adequate supply of free current carriers
that can adjust the charge on a magnetic flux tube and thus prevent the growth
of transverse electric fields more effectively than the rate given by Eq. (1). 1t

would be erroneous, however, to assume that the effective impeaance of the

~ space between the mirror region and the end plates is neéessarily negligible if

the external plasma is virtually collision-free. For the purposes of our dis-
cussion the ohmic resistance of the background plasma may frequently be igl- ‘1;
nored, but since we are interested in the response to electric 'fields that vary '
in time, we may have to include the effect of the finite inertia of the electrons.
In order to keep the derivations general, for the net charge motion along
the magnetic ﬁ:eld we write
wpz ' ) 4 ' :
W T oG (v+i) Ve » - (2)

w‘herre we have assumed that ¢1(r y )= e-mt, and the resistivity is expressed in
terms of an‘ef‘fec':tive collision frequency v. Cases where v >>w have been in-

vestigatéd by Chen /11/ and by Furth /12/; the opposite limit, « >> v, was

‘ considered by Babykin et al. /6/ Inasmuch as we are here primarily con-

éerngd with the action of a very low-dehs'ity background, we also focus our at-
tention on the case w >> v. For simplicity we assume that the external plasma
is essentially at rest, fairly cold, and uniform in space, and therefore com-

pletely passive as far as instabilities are concerned. If the length of this

plasma is denoted by £, we can thus represent its effect as an inductive sus-

ceptance per unit.area given by wp2/4‘xr.2w, where wp refers to the plasma.
frequency of the external plasma only. Note that the corresponding impedance
inside thefvmain plasma is much lo\yer, since wp there is much larger‘.

The picture rhust be completed by a consideration of the sheath that will

in general establish itself in the transition region between the external plasma

" and the metal end piaﬁes. In other words, the space is really divided into

‘three zones, as indicated in the qualitative sketch of the potential and density

_3-



_the standard sheath model and obtain

' distributions along a magnetic flux line envisioned inthis discussion (Fig. 1).

3/ EFFECT OF THE PLASMA SHEATH .
It has already been demonstrated J14/, /13/, and /1 5/ that the effect of

" the sheath characteristics on the line- -tying phenomenon and therefore onplasma

stab111ty cannot usually be ignored. As is well known, the potential d1fference
across the sheath adjusts 1ts elf in such a way that the electron and ion currents
exactly cancel each other m the unperturbed state. Therefore, unless the end

plates are emitting more electrons than the plasma, most of the plasma elec-

trons are still confined in a potential well, much as they were in BenDaniel's
model. The gain in electrical contact between a hot plasma and the walls by
means of a cold background is thus caused principally by the fact that the _b_agli—
ground ions are not confined and stream freely towards the end plates where
they recombine. The contact can be improved much beyond this natural limita-
tion only if the plates are made to ermt electrons more copiously than the cold
plasma emits ions.

The impedance of the sheath has two parallel components that are readily

‘estimated if the frequencies involved are much less than the background plasma

frequency. The latter is not a serious restriction, of course. The first com-
ponent arises from the fact that the net current collected by the wall is a func-

tion of the potential drop across the sheath; this impedance is resistive and

leads to a direct analog of relation (1). The second component is due to the de-

pendence of the sheath's space-charge content on the potential drop; this im-
pedance is capacitive and matters only at relatively high frequencies., For-

mally, the net current j, leaving the plasma is related to the perturbatmn

dgyq of thesheath drop¢ by
iw [BE ‘ .
w .
:ﬁ(‘a‘q?‘) ¢sqr (3)
¢s=Ps(

- 1 9By _|(2y
= T 5t 26
S

where jw and EW denote the current and the electric field at the wall and the
-iwt

4>=¢

sheath edge is assumed to be at a potential d‘)s(t) =0t ¢gq¢ with respect °

to the wall.
To be specific, let us assume that the external electron distribution can

be represented by a Maxwellian with temperature T and density n  the

ext ext’

~ ion-flux density toward the end plates is given by Dot <v>i ='Ji/e, and the

electron current emitted by the end plate is j, < Jo - j., where je is the ran-

'dom electron current density in the external plasma. In that case we can use

?
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W _ ez-nex; (v) 4 11456/3) @ i-(“jo»/ji:)v

3j o
- - . 2 ’ . (4)

09 _ KT ot - , Thp ' :

' ?s®50 : ‘

' where )\D is the Debye length of the external plasma.

The capacitive term depends on the sheath structure a.nd is therefore

'more difficult to evaluate. However, if we approxxmate the model by neglect- *

ing the electron density in the sheath and use Child's law for the ion current,

we find | |
OE

w

8¢s

NN 'r e ]
2

‘ L JO+J
¢s=¢so

' vI't is clear that the capacitive coritribution in Eq. (3) can be neglected if .

vw)\D/< > << i, i.e., for frequencies well below the ion plasma frequency of

. the background medium. This is the approx1mat10n used by Chen /141/ and by

Hartman /13/.

4, 'I'OTAL ADMITTANCE BETWEEN M.IRROR AND END PLATE_S
_ For our evaluation of the incorripletevline-tying process, (henceforth
called "line-slip'), we must relate the pa'ralllel current jj to the total per-
turbed potential drop by =gyt £ V44 between the mirror region and the end
plates. The relation is best expressed in terms of an admittance per unit area
Y, i.e., j” = Y¢1; the function Y(w) then follows in an obvious way from Eqs.
(2) to (B). For the collision-free case in which we are interested here, we find
i

‘l . i"lw'ri

Y :
L-wtryrg - lwrgr/ml

where the dc conductance Y(0) is given by Eq. (4), the constants T and Te
- are very nearly the mean transit times of ions and electrons through the

sheath, and 72 is the average electron transit time through the external
Plasma: 7, = A {2 <v> (L+JO/J ) Ninj /(_, +ig ]"'1

A ., -1/2 — -1/2
T=Np [(ZkT wt/ Mo ) 14 j oo/ o tipl” / » Ty = L(2KT_ /) / .

Thus these tlmes are related roughly as 7 /'r 'Jme/mi and 're/'r:q = XD/.Q, $0 -

that 7,7 /'r =m 4 /m N\

The low- frequency limit wT, << { results in the szmphfxed rela.tmn

Babykin et al. /6/" ‘fssumed that the imaginary term in (7) dommated, i.e.,

that wr, >> mi/me. The two approximations are reconcilable only in the

=5~

: )

Y@ =Y(0) ' . ©

Y(w) = YO/ ~ior,7 /7). : m

]
!
|
|
i
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long-plasma limit I/XD >>m, /m so that the plasma s inductive 1mpeda.nce
dominates over the sheath resistance in spite of the low frequency

In the opposite extreme, where the plasma column is so short that its in-
ductive impedance can be heglected,' even for relatively large w, Eq. (6) sim- -
plifies to Y(w) = ¥(0) (1 -iw7.), provided that 2<< )‘Dmi/me (1+ wz'riz).'

In our application to the example of the simple interchange instability, we

initially keep our expression for the external admittance Y(w) unspecified.

5. INTERCHANGE STABILIZATION
For reasons stated in the introduction we restrict ourselves to an anal-
ysis in the guiding-center approximation, i.e., we ignore finite-gyroradius

effects as well as nonadiabatic processes. We are thus limited to frequencies

Cw<<Q.-= eB/mic and to appropriately gentle gradients. For simplicity we re=-

place the driving force by a uniform gravitational acceleration g directed

along the positive x axis while the plasma with density n= no(x) +n, (x,y,t) is
embedded in a2 uniform magnetic field E aligned with the z axis of a Cartesian
coordinate system. The perturbed quantities are then assumed to vary as '
exp i(ky - wt), A uniform nonzero electric field ..E.O in the x direction can be
included in the derivation as it simply adds a constant to the zero-order drifts
L and fi:. | |

The derivation of the dispersion relation is standard /9/. The guiding
center drifts due to g, E, and 8E /8t are used to evaluate n,(x,y, t) for both

~ ions and electrons with the help of their continuity equations. The electron

equation contains the drain term, so that after carrying out the time differen-

tiation we fmd tha.t

}

o 2 Y(w)o
-iwn_ + Melels + Weyels = 94 . (8)

€4 _ ox - oy el

Here L is the length of the plasma subjected to g and Y(w) is the total admit -
tance between this plasma and the highly conducting boundary. With neglect of

VXE and VXB, Poisson's equation then yields

V2¢1(x, y) = Z(k, w)‘bi' | . ‘ (9

where 2
k a.(gi - ue) +' 1ﬁw(w - kui)

Z(k,w) = .
' (Kw - ku,) (w - ku,)

in wh1ch the follow:.ng abbrev:.aulons ha.ve been used K=1 +w -/Qiﬂe,
a.-w (8n0/8x)/n o’ and B = 47Y/L. | ‘ o
If we now 1mpose boundary conditions on ¢1, the e1genvalues of Eq. (9)

determine our dispersion relation. For 1ns"~nce, if Z does not aepend on x

N

, . . ‘_o-
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. and if ¢‘i(0,‘y) #'cpi(h, y) =0, we obtain the algebraic form

2(k,0) = % [1+ (Nr/1n)] = - e,
where N is an mtefrer ‘ o _
"The stabilizing effect of the term contammg 8 becomes most transpa.rent

 when we consider cases in which K »> 1 and that have sufficiently short wave-

lengths so that kh »>NT; we describe them in a f{rame in which Ey =0, so that
lu l<< Iu l- l-g/‘Z l Our dispersion relation can then be approximated by

KiZ (02 +w0)+1p(w ku)= 0, | (10)

provided kg <<KQ. i@ which is not very restrictive. Here Wy 2— - (g/no)(a no/a x)
denotes the solutlon for the unimpeded Taylor instability, i. e. » for B=0,
If the complete form of Eq. (6) is used in the expression for ﬂw, Eq. (10) -

is of the fourth degree in w, The problem becomes more tractable if we limit

ourselves to sufficiently low frequencies so that Eq. (7) can be used, and if we

investigate 'only cases of good contact, i.e., those with large magnitudes of Bo-

It is then instructive to rewrite (10) as follows:

kil e 2)Kkz/pso. ' .
W= . } v (14)

.02
1-(w”+0 )KLk /wp(ext)

In the approximation treated by Babykin et al. /6/ the numerator is con-
sxdered neahglble so that the dispersion relation consists of equatmg the de-
nominator to zero. Stability, @2 >0, would then be predicted from (11) if

' (

n :

:"t >k211w02/§'zeﬂiv, | | RERE €T
. o -

which agrees with the result in Rev. /6/ if we replace g by pHZ/L.Qiz, where

Py is the hot-ion gyroradius. We see, however, that in reality a finite growth

rate persists as long as ﬁo is not infinite.

An estimate of the persisting growth rate due to line- sl1p in the sheath is
most easily obtained by consideration of a very short external plasma, so that
(12) is very easily satisfied and the denominator in (14) can be replaced by
unity. We then obtain ' |
L wsku o+ ioSOZ Kkz/po‘,
provided that the reduction in growth rate is drastic, i.e., Kkzwo/ﬁo << 4.

Substitution of the physical parameters for 'po and g yields for this condition

o - 1/2 , |
: J 5 /T 1 9n : - :
<1 + O> ext >>k2pHZ< ‘extT 0 > v (13)
{

s B, TinO ox

1

-l =




where Pyy and ’l‘ refer to the hzgh temperature ions of the confined plasma..

We thus-see that the stablhzmg effect is proportional to the external plasma

10.
14,
12,

13.

14,
15,

- Phys. Soc 10, 604 (1965).

' dens1ty If the latter is to be kept low, strong electron emission, Jo, from the

end plates could be substltuted
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FIGURE CAP_’I‘ION' '

Fig. 1. .

(2) Ion and electron densities near axis of mirror-confined plasma

with cold low-density plasma background and sheath at nonemitting

P

end plates.

(b) Corresponding potential distribution (schema.tic)..' i
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