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Estimates have been made of the concentration of vacancies in 

1 
extremely dilute solutions.- A more detailed an8.lysis will be ]JY2:3ented 

here which provides an approximation that is no longer limited to 

extremely dilute solutions. 

In a regular binary substitutjoned solid solution alloy of A and B 

atoms let n. be the number of vacancies coordinated with i E atoms and 
]_ 

( Z-i) A atoms such that 0 < i < z. Thus the ':;otal :mmber of vacancies h; 
z 

nV = l: n. and the total number of lattice sites is n5 = nA + nB + nV 
i=O 1 

where n A and nB are the nurnbe:r of A and B atoms re~;pecti vely in the alloy. 

The free energy of formation of a vacancy gi will be assQmed to 

depend only on the atoms coordinated with the vacancy regardless 0f their 

arrangement. on the surroundin~ sites. On this basis there exists z + 1 

·Values of g .. When i or z-i are either zero or unity, g. is the truP free 
]_ . 1 

energy of formation of a vacancy. But for other values of i or ·z-i gi 

represents some average value for the various distinguishable arrange:uents. 

For example, in the body centered cubic lattice for i=2 the three t·.ype::. 

of arrangements (a,b,c) of A and B atoms about a vacancy shown in Fig. ' 

are possible. As indicated, each arrangement has a unique energy of 

formation of a vacancy. Although such CO!JfigurationaJ. effects are 

readily introduced into the analysis, the clarity, simplicity and utili_ty 

of the analysis would suffer by the presence of an extremely large nuJnber 

of free energies, g .. , where j id~ntifies the configuration. Therefore, 
. lJ 

the values of g. are taken to be appropriately weighted mean values for :i 
' 1 

or z-i other than zero or unity. 

The number of ways the different types of vacancies can be distributed 
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at random on the lattice .... 
SlL.-CS is given by 

. n ' VI.= - 5 . z 
1 (ns-IJv)! .fP n,·/ 

t==o 

'l'he number of vacancies " '"i.ll be CJ.Ssl:.rned to be so 
'"V 

that th·e number of ciivacancies j s negligibly small. 

be placed at random about the vacanc i.r:s in 

( l) 

few .relat i.v~: _to nc .. ) 

A and B ato~s will 

( 2) 

·ways. Having <lone so thE~ r~;ma in i ng A and B ~ttoms fer ree;ular sclut ionc: 

can bF.: arranged a.t. y.q_ndom on the l'cma.in:i.ng lattice s:i.tes in 

( 3) 

'-'ays. Thus the total. number of ·wa,ys of obtaining the specified ~;tati.sticaJ 

state is given by w ·= w .. w • 
l 2 

1-lhen there are. no vacancies oresent 

w reduces to the usual expression wR = (nA + nB)l/nA!nB! for random mixing 

of atoms. 

'rherefore. the free energy above that for a regular so1.ut i.on ·.rj thou+ 

vacancie·s :is 

z 
G .r. '1· 9i 

(::!0 

The eq_uilibri.um nUI!lber of' such vacancies .L:3 

cc~nsequentJ.y 

·n[ -

!75 

then established by 

( :-; I 
/I 

( 6) 

,'i 
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Since the number of vacancies is neg1igible relative to the nur11ber of. A 

and B atoms, Eq. (6) is quite accurately given by 

where 

-9~T e 

z 
\ e- ~; ?- < 

(:o 

( 8) 

and where NA and NB. are th,; mole f;·actions of A and B a.toms and e i the· 

ith term of the bjnomial expansion of Eq. 

'l'wo terms contribute to g.,· Wll1H~1y 
l 

a·-h" T4· .7l - ,, - tl 

( 8) . 

( 0' _.,I 

where hi is the enthalpy rmd sti is the thermal entropy for the formation 

of a vacancy of the ith kind. Although approximate methods for calculating 

2-8 h. have been suggested; all are known to be rather unreliable. Conse-
1 

quently, at present the values of h. are best determined ex~erimentalJ.y. 
l 

On the other hand the factors contributing to 5
ti 

might be estimated in 

terms of the change in vibrational :entropy as suggested by the E~L nst e.i n 

theory of specific heats. When an A atom is 'coordin::J.ted. 1.;i 1:h a vac'"..~:\':r 

one degree of its vibrational fre1uency c!1ange;c; from vA to v A. ·where \'!,. < 

vA. Therefore the change in the thenna1 entropy for each A P..tom coordinn.~.ed 

with a vacanc~ is 

(lO) 

. where h is. Plane]',' s cor,;:;tant and k { l + 9.n k'l'/hv} i.s the Eir.~~tei n thermal. 

·. 9 
entropy. per degree cf freedom. fl. s.imiJar expression applies for eacll 3 

atom coordinated with a vacancy. ConsequPntly for each varancy of the ith 

/ 
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k:i.nd· 

(H) 

In general s.._. is not expected to ':ary much as i changes and it will 
<ol 

a~wa.ys be positive. 

When N = 0, E0 •. 
B 

. 10 
(I) reducer-; to tb.e well known express1on 

e-h~T 4~ e (12) 

for the number of vacancies in a pu:;e metal. For very dilute s<Jlu-:-.ions 

where t·he sum can be ended nt that i th term where the i + l te::1:~ 1 s 

negligibly small relative to the ith term. Terminating the seT.i.es at l -

gives a result which closely agrees with that suggested by Lerner for 

extremely dilute solutions.
1 

In general Eq. (7) can be written as 
I 

- Gi'f:?r· e· "/1~ /7' __ 1..::;: 

17s 
( 1;,) 

where R is ihe gas coristant and 6 is the total free energy of formation 
i 

of a mole of vacancies of the ith kind, whi~h is given by 
/ 

I 

q·= ~· -T~· t.l. 
( 15) 

wh-:re St. is the thermal and S . the configurationi~1 ent1·opy per mol0 of 
"l Cl 

vacancies and 

(16) 
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FIG. 2 CONFIGURATIONAL ENTROPY TERM FOR 

VACANCIES IN BODY CENTERED CUBIC BINARY ALLOYS. 
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