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ABSTRACT

Negative muons from the Berkeley 184-in. Synchrocyclotron were
stopped in a copper plate target. The momenta of the decay electrons
were measured by an Elbek type wide gap, 5road range, nagnetic spect-
rometer. Eleven scintillation counters served to define the focal
plane for trajectories from the target, through the spectrometer, to
thé focal plane. For comparison, positive pions were stopped in the
copper target giving rise to positive muons upon their decay. The
positrons from the subsequént positive muon decay were momentum analy-
zed undér the same experimental conditions as the electrons.

The measured positivé and negative‘electron monenta spectra are
compared to the theoretical predicfions takiﬁg into account energy
loss straggling and various other experimental resolution effects.

Reasonably good aéreément was obtalined betweén the positive dats
and theory. The comparison between the negative decay spectrum and
theory seems to be in a less satisfactéry state of agreecment, the data

favoring a faster fall-off with energy at the upper end of the spectrum

' than theoretically predicted.
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I.. INTRODUCTION
" Although the shape of the electroﬁ and positron spectfa ffom

the decay of unpolarized negativevand poéitive muons has been studied
X . éxtensively, (see Table A) the exveriments until 1961 dealt excius;vely
with muon decays oCcurring in materials of low atomic number. 'Any
influence of theinucleus on the shape of the bound decay spectrnﬁ_which
- would cause it to be different from the positive spectrum was expectéd
to be smali. For details of the‘theqretical predictions regarding

the bound decay spectra see Section I B.

Since 1961 there have been three prior.measurementévof the bound
-decayvspectra in medium and high 7 materials where the effect of the
bound state would be expected to show up‘more prominently. These
experiments are discussed in-Section I¢C aﬁd aéain in Section IV C,

An inherent difficulty in measuring the shape of the bound.decay spectrum
in a medium or:high Z .atérial is the necegsity of naking rather large_
energy loss correétions.. The reason for the selection of a copper
target is discussed in detail in Sections III B and'IiI C.

The purpose of this experiment will be first, to measure tﬁe
shape of both the positive and negative decay spectra with sufficient
precisibnAto clearly-distinguish betwéen the two spectra and, secondly
to make a direct cpmparison‘of the experimental results with the theor-

. o ) eticai predictions regarding the shapes of the two spectra. Since

_ theory predicts that the largesi deviations of the bound decay spectrum
L

N - ,
: Tom the positive occur on the high momentum side this experiment,

AP © utilizing a magnetic spectrometer, was designed to cover this region,

! B . .
namely from 20 MeV/c to- 60 MeV/c. Details of the magnetic spectrometer
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are discussed in Section II B. The analysis of the experimental

data and the results obtained are discussed in Section IV.



A, Theoretical Free Decay

The first experiments established the muon decay mode to be

+ + . 1

u- - e~ + two neutral particles. (1)
Tiomno, Wheeler, and Rau were the Tirst to make a detailed study of
the shape of fthe muon decay spectrun.” DBased portially on available
experimental evidence and the analogy with nuclear beta decay, they
decided to treat the four particles as Dirac particles satisfying the
Dirac wave equation. Using standard gquantum mechanical perturbation

theory they wrote the transition probability, dW, as

2
21 bt pe dpe 1 3

W D ) [ 1%, (2)

dwW is the probability'per second of a muon decay in which the electron
emerges in the momentum interval P to Pe + dpe. The square of the
transition matrix element, I, was averéged over the spin of the initial
muon and summed over all spin directions of the three decay particles.
The integral is over that part of the moméntum space of the decay
neutrind consistent with energy-momentum conservation. Tiomno et al.

considered eq. (1) under two different hypotheses, either
. .
wtoet i vy (3)

or
kT U

H -e + 2v . (l#)

(uo was chosen to represent a light neutral meson. The first exveriments

placed an upper limit of 30 m, on the combined mass of the two neutral
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decay particles.) Tn analogy with nuclear beta decay, only the coup-
lings between the wave functions themselveé, exclusive of their de?—
ivatives, were considered. Depending on their transformation properties
these couplings were called scalar, pseudo-scalar, vector, pseudo-
vector (or axial), and tensor.

From results of %heir calculations Tiomno and Wheelér predicted
that, if the two neutral deéay particles were neutrinos, a study of
'the high energy end of the spectrum might provide‘é means of telling
wﬁethér‘or not the two neutrinos were the same. Experiments indicated
that the decay electrons did favor the maximum momentum end of the
spectrum. The Pauli exclusion principlé reqﬁired the conclusion that
the two neutral particles were &) elther particle and anti-particle,
4or'b) twb.different species of neutral barticles.

'Thé.diécovery‘of parity violations in weak interactions led
Bouchiatand Michél to consider the effegt éf pafity violations on the
shape of the muon decay spec1:rum.3-'5 They showed that the spectrum

for unpolarized positive muons decaying at rest, P(E), could be

represented by the expression

2
P(E) = fg-‘;- .'{3(W-E)*+ %B (4B-30 - z5)+ 3n —E(W-E)} (5)
1t 8 : -

Q, p, N, are bilineaf'combinatiohé of the éoupiing constants. E,_pe,
and m, are tﬁe electron total energy, momentum, and mass, respectively.
Mu ;é_ﬁhe muon mass and W m.(mi +_m§)/2mu is the maximumvenergy of:

“the electron. The neutrino masses have heen neglected'in the derivation

of eq. (5). Neglecting terms in me/E, eq. (5) reduces to
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The Two-Component theory of tre neutrino and the Universal V-A
theory made definite predictions regarding the magnitude of the

6,7

paramgter,'p, known as the Michel parameter. If the neutrines
emitted in muon decay were identiéal, p = 0, but if they are disting-
uishable, o :.5/4.

Eq. (5) was derived assuming the decay was a local interaction
between four fermions with non-derivative type couplings. Deviations
from p = j/h have been interpreted as possible evidence for a non-

8-10 The range of this interaction is characterized

local interaction.
by m&l, where M is the mass .of the particle exchanged between the
pairs of fermions. Work by Lee and Yang indicated that the presence

of Such a particle could be accounted for provided the Michel parameter
was represented by the following expreésion

o =3/k+1/3 (;;—)2

where m!’l and m, are the muon and exchange particle masses, respectively.

Before eq. (6) can be compared with experimental data, corrections
for internal radiative processes must be made. These processes, invol-
ving the emission and reabsorption of virtual photons, have been dis-

: . s 11-14

cussed by Kinoshita, Sirlin, and others. In effect, the numbers
of electrons emitted at the extreme upper end of the spectrum are
reduced. . These radiative corrections result  in the p value

. Z . v - : N . '3
being 5.6% higher when experiment and theory are compared in the region

0 < pe/pe.max < 0.95. The details of the correction are discussed
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in Appendix A.

B. Theoretical Bound Decay

Unﬁi; now only the shape of the unpolariged free decay spectrum
‘has been discussed. .Porter and Primakoff were the first to discuss
the effect of Behr ofbit binding on negatife muon deeay.ls. They showed
that the orbital motion of the bound muon would cause a Doppler swmearing
of the high momentum end of‘the spectrum, which shifts the maximum
‘momentum upward. Tne order of magnitude smearing based on the conserva- -

1
tion laws was given as

e-~"max e+ 'max

(e Jpae ® (Poy)pay (1 + 2 0) (@ = 1/157) (1)

for lowest Bohr orbit binding in a nucleus of charge Ze. In their

calculation ofbthe shape of the negative decay spectrum using standard

perturbation methods, bound state wave functions wererused for the u ;

Dirac plade-wave fgncﬁions for theve-, and Majorana plane-wave functions

for.fhe neutrinocs. The nucleus was treatedvas if it were.a.point charge.
Uberall pointed out that,.since the bound muon decays clese to

~ the nueleﬁe,.the electron wave function could not be represented by

- a plane wave.16 It must be represented by a relativisitcvwave function

ha&iné an amplitude larger than a plane wave function near the nuclevs.

Theelerge overlap between the nuclear‘and electron wave functions shduld D

result in a Coulomb attractive potential. In escaping from this.poten-

tial the electrons would.appear with reduced energy. Uberall asserted

’that‘the.most significant deviatien of the bound from the free spectrunm

should occur at the upper end of the spectrumbcontrary to the predic;

17 ’ '

tions of Tenaglia. Uberall obtained the electron wave fﬁnctidn,
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We(r), by iteration of the Dirac wave equation
(1@ Vep () v (r) =0 (8)
using for the nuclear potential, V(r), the iukawa potential

V(r) = - Ty, exp (Br) (9)

~ where

Yo = 2/157 . | - (20

. Later in his calculaﬁion Uberall let the parameter B -» O so that V(r)

would coincide with the Coulonb potential.
‘Since the Dirac equation with a Coulomb potential cannot be

solved jn a cloaed Torm solutJon, Gilinsky and Mathews chose to use

Sommerfeld-Naue type wave functions as a 81mple closed form approximat-

ion to the electron wave function. They represented the muon by a

relativistic wave function, wu(i), where

\vu(i’):ﬁg le(x) + £(x) 1d - XU, (1)
and
. ) . 3/2 e-l;lr | o
g() (1+A)7— ! (12)
£(r) = A g(r) | - | i (13)

The parameters u and A were adjusted to give best fits to numerical sol-
utions of the Dirac equation with the potential of a uniformly chargéd
nucleus.

Huff noted, however, that the.use of the Sommerfeld-Maue wave
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function for electrons and the fitted muon wave functions of Gilinsky

and Mathews became less accurate for medium and high 2 elemen'ts.l9 .
Huff considered the polar form of the Dirac equation Y
- ' r 2t / &\
- Q -.V(I')—l o= -a'I—" - ;‘ , / Vv \
A (1%)
a / i}
& v k v /;
d J !+ \
E - v(x) dr*?\/wj
“u !
d J \ - .
- =4 = e . = 5
=ty E - V(r) \ wJ 0 , (1_))

vt and wt ére the muon and electron (positive and negative state) wave
“functions, réspectively.

~ The muon wave functions, Vt, and the hinding energies, Q, were
obtained from work by Ford and Wills who fitted the nuclear charge
distribuﬁions fo electron»scattering data.go In consfructing the ele-
ctron wa&e functions w?, the nuclear charge distribution was replaced
by a uniformly charged sphere whose total charge and r.m.s. radius, ro,
were chosen to be equal to those used by Ford and Wills. The nuclear

potential, V(r), was represented as

vie) = B G-} D <x (16)
. |

V(r) = —-%Z o, > ro | (7))

The largest computational error in Huff's calculations results from

experimental uncertainties regarding thé nuclear charge distribution
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and included the effect of replacing the nucleus vy a uniformly chérged
sphere in computing the electron wave functions. This error 1s estima-
ted to be 1% to 2%. Other approximations in Huff's calculation include
setting the electron and neutrino masses equal to zero and the neglect
of nuclear recoil. A more serious neglect to date has been the fact
that no one has computed the effeci on the shape of bognd spectrun
of the internal radiative corrections which have been showm to be so
important in free decay.

Calculations bderuger and Rothleitner also give results closely

i

comparable to those of Huff.el Other calculations have also been made

by M. V., Terent' ev.?‘2

C. Experimental Review

Since the difference between the bound and free decay spectra
increases with atomic number, A, an experiment té measure the shape
of the bound spectrumr should employ as high a Z material as 1s experi-
mentally feasible. Early experiments measuring the negative muon decay
spectrum were all done in low 7 material where any difference iﬁ the
shape from the %ree decay spectrﬁm would te small.l’ 25,27,28,35

The first accelerator experimeﬁt, using only negative muons rather
than a mixture 6f positive and negative cosmic ray muons, was thét by
Sargent et él.27 Negative muons were stopped in a high pressure hydro-
gen-filled diffusion cloud"chamber and their endings scanned for decay
electrons. The electron momenta were determind from curvature and

angle measurements an@ the value of the magnetic rield. 35 + 15% of

the muons were estimated to decay from the X shells of the 0.4% impurities



"-10-

of oxygen, nitrogen, and carbon in the gas. The experimental results
were compared wiih Michel;é spectrum modified vy the binding effect:
as treated by Porter and Primakoff. A value of 0.68 + 0.11 for the
Michel parameter was obtained. The uncertainty of the result was due
mainly to the small sample of events analyzed.‘

| A helium bubblé chamber exposed to a K~ beam provided a large
number of négative nmuon decays for the Duke experimental group of
Bldck et a1.35 The principle contributors to the 5% error in the average
momentum measurement were due to a) curvature measurements and b)
multiple scattering. The effect of binding on the negafive muon, &as
computed by Uberall, introducéd an estimated spread of 1-1/2% at the
upper_end of the momentum spectrum. The Duke group obtained a value of
0.751 + 0.034 for the Michel parameter lending additional support to
the two component and universal V-A theories. .

‘Since 1961 the negative spectrum for higher Z values has been
meaéured by Bergeson in Al; Fe, and Zn; by Nielsen in Fe and Pb; and by
Culiigan et al., in Fe.38’39’ho

‘The experiment 5y Bergesoq utilized a CClh total absorption‘
Cerenkov counter in order to insure insensitivity to neutrdns. The
decay electron energy was determined by pulse height calibration using
artificial pulses and fast'ﬁuons. Bergeson concluded, however, that
the experimental spectra lackedvsufficignt accuracy to compare vith
Huff's predictions. |

The experimenf ?y Culligan; et al., utﬁlized a large (20 em X

20 ‘cm) NaI(T¢) counter to measure the energy distribution of the decay

electrons. The Nal counter had a resolution of 17% for 50 MeV electrons,

o«
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with a 5 MeV low energy cuf—off. The Fe target in which the muons
decayed was ~ 1.8 g/cm2 in the direction of the Mal detector. The
experimental Fe spectrum was compared with the theoretical predictions
of Uberall. There appeared tco bé a considerable excess of low energy
events.

Since the region of greatest difference in shape between free
and bound spectfa occurs on the high momentum side of the spectrum
peak = my experiment was designed to cover this region. The magnetic
spectrometer current;yas adjusted until the upper end of the decay
spectrum appemréd in the high monentum end of the array of eleven focal
plane counters. The choice of the thickness of the copper target,
2.8 g/cm?, was dictated by the conflicting requirements of a high 7,
target versus adequate electron decay rates and low energy loss corv-
rections. For purposes of comparison, the free decay spectrum was
obtained by stopping positive pions in the target and observing the
positron decay spectrum. The experimental results were compared with
the theoretical predictions of Huff modified by energy loss corrections
and expérimental resolution effects.

Table A immediately following, contains a complete summary of
the many experiments which have measured the muon decay spectrum, both

positive and negative.



Table A, Experiments

Charge No. Events

Author (Ref.) Year Source Method 0
1. R. Leighton (1) 1949 cosmic rays eloud +, - 75 0.k
C. Anderson chamber
A. Seriff L
2. A. Lagarrique (23) 1951 cosmic rays cloud - 150 0.4
C. Peyrou chamber
3. H. Bramson (24) 1952 accel, enmulsions + 301 0.41 + 0.13
W. Havens
A, Seifert
4, H. Hubbard (25) 1952 accel. cloud + 400 0.26 + 0.26
chamber
5. J. Vilain (26) 1954 accel. cloud + 280 0.50 + 0.13
R. Williams chamber
6. C. Sargent (27) 1955 accel. cloud - h1s - 0.68 + 0.11
M. Rinehart chamber
L. Lederman
K. Roger
7. A. Bonnetti (28) 1956 cosmic rays emulsions +,- 506 0.57 + 0.1k
R. Levi-Settdi : :
M. Panetti
G. Rossi
B. Tomasini

-2~
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11,

15.

16.

Author (Ref.) Year
K. Crowe (29) 1956
R, 'Helm. :
G. Tautfest

L. Rosenson (30) 1958
A. Vaisenberg (31) 1959
H. Anderson (32) 1959
T. Fujii :

R. Miller

L., Tau

W. Dudziak (33) 1959
R. Sagane

J. Vedder

R. Plano (34) 1960
M. Block (35) 1960
G. Fiorini

T. Xikuchi -

A. Vaisenberg (36) 1960
V. Smirnit-skii

v, Xolgariova

H. Kruger (37) 1961

g

Source

accel.

accel.

accel.

accel.

accel.

accel.

accel,

accel.

accel,

Method

double focusi
spectrometer
cloud chamber

nuclear -
emulsion

magnetic

spectrometer

spiral orbit
spectrometer

bubble
chamber
bubble

chamber

nuclear
emulsion

double focusi
spectrometer

- Charge No. Events

ng +

+ 1300
+
+
+
+ 9213
- 2276
+ 3580
ng +

&

o

0.62 &

0.67 +

0.72

1+

0.72 %

0.780%

0.764+

0.66 +

077kt

5%

0.10

+ 0.03

0.025

%
0.032

0.07

0.042

*

_g-[-



Author
17. H. Bergeson
18. G. Culligan
D. Harting
¥. Lipman
G. Tibell
19. L. C. Nielsen
20. A. Hogan
2l. J. Barlow
P. Booth
I,. Carroll
G. Court
J. Davies
D. Edwards
R. Johnson
J. Wormald
22. M. Bardon
P. Forton
J. Peoples
A. Sachs
23.. Bounin
Ehrlich
Iryberger
Powers
B. Sherwood
V. Telegdi

Ref.) Year |

(38)

( 59)

(40)
(1)

(42)

(43a)

1961

1961
1962
l96é

1964

1965

1965

Source

cosmic rays

accel.

cosmic rays

cosmic rays

accel.

accel.

accel,

Method No. Events o)

Cerenkov +,-

counter

NaIl counter +, - 2000 + and -

Cerenxov +y-

counter : D

liquid +,- 0.77 + 0.03

scintillator ' :

magnetic +, - p(u+) = .661 + 0.016

spectrometer . : p(u™) = .64 + 0.04 .
' =

t

sonic spark + 8 x lO5 0.747 + 0.005

chambers

. 5 *

wire chambers + 10 0.746 + 0.01



Au=hor fRef.) Year Source Method Charge No. Events I3
2k, A, Vaisenberg (41a) 1962 accel. nuclear + 2969 0.68
E. Pesotskaya : ' emulsion - 604 '
V. Smirnit-skii
25. 7. 2. Pontecorvo (4k4) 1965 accel. diffusion - 0.867 + 0.035
H.M,. Sulyaev chamber _ .
. -
Preliminary ,
X%
1962 Fuovo Cimento V. 23, p = 0.751 + 0,03L

~§T-
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II. EXPERIMENTAL ASPECTS

A. Set-Up and Procedures

L

Pions produced by 74O MeV protoné impinging on an internal bery-
1lium target were momentum selected by ﬁhe magnetic field of the 184"
Cyclotron (see Figure 1). Upon leaving the vacuum tank of the Cyclotron
through a thin alwninum window the pions passed through an 8" quad-
rupole doublet magnet, then through a slit in the meson vheel, and
emerged into the experimental area. Here the heam was deflected toward
the experimental taréet by means of a bending magnet and then focussed
once more by a second quadrupole doublet. The beam now passed through
a four counter telescope. The first three counters His Hos and T
monitored the incident beam intensity. These three,togethef with ﬁ#

rompt _ .
iq/gnti—coincidence, gave the stopping rate. Differential range curves
were obtained by varying the thickness of polyethylene'(CHQ) placed
between counters Hy and by e See Figures 2 and 3. In the positive
spectrum measurement, the range was 24.5 g/cm2 polyethylene (CHg) for
stopping positive pions in the copper target wﬁile in the negative
measurement the range was increased to 35.0 g/cm?,of polyethylene to
stop negative muons.

The mean momentum of the incident beam was 195 MeV/c.as deter-
minéd from the differential.range curves. The copper plate which
served as thé target was 4" x 7" x L/ ", It was oriented so that the
dowvnstream normal to its surface was approximately 500 from the inci-

. dent bgam direction, thus presenting a thickness of 3.7 g/cm2 in the
beam direction. This particular orientation was choéen to optimize

conflicting requirements, i.e., stopping as much of the beam as possible,
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184" cyclotron
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Fig. 1. Experimental set-up in t-e meson beam cave of the Berkeley.

184t 8

yacinrocyclotron.
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Differential range curve for stopping negative muons.
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and minimizing the energ& losses which the decay electrons undergo
upon leaving the copper plate. The choice of copper as a target was
likewise a compromise between several factofs. ‘The largest differences 'J
beﬁween the positive and negative decay spectra iie on the high momenta
side of the decay spectrd and these differences get larger as Z in-
creases. See Figure 8. j'On the other hand as Z gets larger the frac-
tion of bound muons in the ls shell that escape nuclear capture
decreases. In the case of copper the fraction that decays is only
about 6%.u5 Another impoftant factor is that as Z increases the
energy loss corrections bgcomc larvger and consequently more important,
This dictates the necessity of using as thin a target as possible
consistent with obtaining a useful stopping rate. Counter T which
‘ had the same physical dimensions as the copper target was iﬁmediately
in front of the copper. Counter T, as part.of the incident beam
telescope, sérved to define particles entering the target. It also
served as part of the‘decéy event telescope composed of T, SA, and
any one‘of counters B, Bé, 63 and B) . (See Fig. 4.)

The magnetic field in the spectrometef was adjusted at the beg-
inning of each run with the aid of a Varian F-8 Nuclear Fluxmeter.
The fluxmeter prdbe holding a water sample, was positioned in a
maiked region in the central region‘of the spectrometer gap approxi-

mafely in the median plane of the pole tip gap. A Hewlett-Packard

~

524B frequency counter wag used to monitor the Varian transmitter
Afreqaency and permitted reading the frequency to five significant
figures. Setting the fre@uency meter at the'reading corresponding

 to the desired magnetic field the current in the magnet coils was then
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adjusted until the resonant condition was achieved. Tnis condition

required the proper pattern to be displayed on the Varian scope.
The probe was subsequently withdrawn from the gap. The regulator on

the generator furnishing current to the spectrometer controlled

current fluctuations to better than one part per th over the duration

of the data taking runs.

B. Magnetic Spectrometer

The design for the spectromeler pole tip shape was selecled
on the basis of ils favorable characteristics such as relatively large

solid angle, small second order focal plane aberrations and a reason-

-ably long, linear focal plane. Details regarding the design of the

spectrometer may be obtained in an article by J. Borggreen, B. Elbek,

and L. Perch Nielsen.h6 The magnet gap was 8—1/?”. An "H" type

- magnet was modified by removing one side of the steel yoke and replac-

ing the rectangular pole tips, with the special Elbek pole tips.
This allowed the decay particles from the source to pass through the
magnet and emérge toward the focal plane counter arrays. The magnetic
field in the spectrometer was measured by the integrator search coil
methpd. The median plane as well as planes 2.25" and 3.28" off the
median plane, both above and below were measured. In each plane the
distance befween measured points was one inch.

In thé vicinity of the pole tip edges plots of lines of constanﬁ

field value indicated that these lines were parallel to the pole tip

~edges’ over most of their length, except at the extreme corners. The

geometry of the experiment was designed to keep possible particle



f'E:QCOunters geometrY: refer to Flgure h

,orblts well aWay from these‘corners.,

‘75fpole tlp is represented by a broken VleW)

: For detalls of the magnetlc spectrometer and 501ntillatlon

Note that the upper edge of the

L < - Plastic 'Scintillation 'counﬁeré | Description R

7.

All the scwntlllators were made by the Lawrence Radlatlon

‘ fLaboratory By welght the composltlon 1s 97 Sp polystyrene solvent :

e, 5% p- terphenyl actlvator, and 05 tetraphenylbutadlene shlfter.

'4 :‘There is an.addltlonal..Ol% zinc stearate.usedmto.prevent‘surface

'streSS formation in production. R

The dimens1ons of the beam telescope counters ul, u2, T, and

), were 9" x 9" x 1/zw Bn ¥ 8" x 1/4" b x 7" x1/8", and. 9" x 9" x

"l/h" respectlvely._ The decay electron telescope cons1sted of counters l -

. -ﬂ;vﬁA, Bl, 52, 55, ﬁh as well as. the T counter which was requlred in

f,@both telescopes.‘ The dimen51ons of ?A were 6".x 8" x l/l6" while

:'fgthe counters Bl, 62, 65, Bh were all l l/ " 8" X l/l6" " The focal

'plane counter array consisted of a front row of. eleven counters each :

o v3 l/é” x 8" X r/u":' This front row was backed by two more Tovs of

| Jlf;counters. Counters 12 13, lh and 15, in the second row, were 10- 3/&"

Cix B x 1/u~- 12" x 8“ x 1/u" 12" x 8" x 1/1+", and 10- 3/u" x 8 x 1 /u" .

t,respectively. The third row. counters 16 17, and 18 were- lh 3/4"' :

.e— 8" X l/h" l6 1/4"" 8"'x l/h", and lh 3/4"' '8"‘le/h" respectlvely.ﬁt;;

Tﬁe counters all used RCA 68lQA lh stage photo—multlpller tubes

R

'f.féplane of the magnetlc spectrometer.

f?seen 1n Flgure h

=iThe plane of the sc1ntlllators were or1ented normal to the medlan

:Therrvrelatlve;p051tlon may be

3 iRkt
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ihe vaaL Dlane counter - e fficiencies wvere measured with the

Py I 1,
ight tech-

aid of two scintillation co;nters ubil izing the time of flight , .

"nique.  The firsh refergncejcounter_was placed upstfe%? in thé bean - v
iaﬁ +the eﬁéfance to the bénding magnet while thé second reference couﬁtp“
was‘placed (in tﬁe beam) far downsiream. aga¢ns+ the rear waLl o“the

~ cave area. The difference in time—of-fiight between pions an’.muons

was. about two nanoseconds while between electrons and muons the dif-

vferepce wa.s app“ox1mate1" five nanoseconas. The resolution of <the zero

o7
e

croésing coincidence circuit désigned by Nunaméker and Bjerke" was
bf the ordervof ohe nanoéecond, The delays of the “wo reference counter
~were set *o count only elecfrons° The delay of the focal plane counter
'wés then adjusted so that the signal from the'focal‘planevcounter

ﬁas in coincidence ﬁdthrthe “doubles";coinéidence signal from the two
feferehce counters.. The "**lples" to "doutles" ratio is taken to bé

the ef f1c=ency,

v Each of tﬁe eigﬁteen.focal pléhe_coun ters was nosi “io ned 1mm°d1aueLv
:;n front of +he second. reference counter. ” .

The ‘signal from each focal‘plane countér wa.s pésséd through
the»saﬁe electronié channels it normally went:through durihg tﬁe data
taking ;uns. Hence the overall electronié and countér‘efficiency was v
'measuréd. o _- - | | |

The eff 1c1ency of each of the front eleven focal nlane counter

was'then.multip&ied by +he Droduct op thP ef;lClenCles of- the second .
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Fig. 5. Block logic diagram of electronics.



-pulses from these cQunters’were passed through’constant'delay dis-

“through & subseguent constant delay discriminator was fed into a 10 MC

-26-

and third row counters directly behind each front row counter. The

4

second and third row efficiencies were weighted by the fraction of the

"

area of the front row counter they covered. The final result is

indicated in Tawle B.

© Table B. Focal Plane Counter Efficiencies

1 o 3 1 Y. 5 6 7 8 9 10 11

Eff(%) 95.0 v95.5 96.9_ 93.4 95.6 85. 93.2 100.0 89.0 77.5 87.8

The. triples to doubles ratios were measured in two successive runs of

5000 counts each. The two runs repeated to within 2%. However, since

‘thé_two reference counters only subtended a small fraction of the area

of the much larger counters on the second and third rows, the triples |
to doubles ratios did not represent. the efficiency averaged over the
entire scintillator surface. Consequently, an error of 4% was assigned

to the effective efficiency of the front row counters given in Table B.

E. Electronics Discussion

The target incident beamvparticles,were detected by a seintil-

" lation counter teleécope consisting of counters Hys by and T. The

criminators and then suitably delayed by cable delay boxes so as to
arrive together at the three-fold transistorized Wentzel coincidence

circuit labeled in Fig. 5 gs W The output of Wl, after passing

1’
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scalar and constituted the incident beam monitor.

-

Counter Hh placed 5 inches downstream from the copgér target
served together with counters Hy and Ho s and T to give a Hy By T ﬁ#
output from W§ signaling a stopped particle signal. The stopped
particle was a positive pion for the case wilere the positive spectrum
was to be determined while for the>negative spectrum negative muons
were stopped. 1In each case the range of polyefhylene degrader placed
between countlers Hy énd ug'was varied to provide the maxinunm stopping
rate. The stopping;rate given by coincidence unit w.j was also monitored
by a count rate meter providing a constant check on the incident beam
rate. The stopped signal fired a del;a-gate which provided a gate
vhose width was adjusfed to correspond to approximately two decay l&fe-
times of the muon. In the positive case the gate width was 4.L us
while in the negative case it was set at 350 ns. This gate was applied
to a Leway "AND" circuit after a 10ns delay to allow prompt scattered
beam particles which might enter the spectrometer to disappear. The
bvay "AND" would then only fire if a decay event occurred within the
two lifetime gate width.

The decay electron entering the magnetic spectrometer was signaled

by the firing of the couhters T, , and any one of the four smaller

BA
counters Bl’ 62, 53, or Bh" To further minimize the'chance that a
beam particle would scatter into the B telescope beam counters Ky s
Ho s and “4 were placed in anti-coincidénce with the T and & counters
in the coincidence circuit Wh.v The output.of wh wa.s then fed into

the L4-WAY"AND'circuit. Provided the Wh signal arrived during the

two lifetime long gate being applied by the stopped signal event
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the L-WAY "AND" circuit would fire. The output.of the 4-WAY "AND"
circuit signaled that a mugn had stopped and that within two decay life-
fimés the. decay electron had entered the magnetic spectrometer.

On the focal plane of the spectrometer three rows of scintillation
" counters looked for the decay electron associated with a stopped muon
and entering electron sigﬁél. The outputs of each row of counters were
fed into mixer circuits which fired vhenever one or more pulses were
reéeived. The criteria uéed to signify the occurrance df a focal plane
event was that at léast one counter in each of the three rows fired
~and the three mixer outputs feeding the coincidence circuit W5 i
occurred within its resolgtion time. '

The h-WAYv”AND” output together with the W5 output are fed into
another coincidencecircuit W . A “good event" trigger is defined as

7

a coincidence output from W_. Namely, a "good event" trigger is a muon

7

stop signal, an associated electron decay, and at least one counter on

each of the three focal planes firing. These “"good event" triggers

fired a tunnel diode discriminator. Two outputs from this discriminetor

gated on a fifteen channel signal mixer. -The gate was 30 nanoseconds
long and was determined by the extra cable delay of one of the two
.cables from the tunnel diode discriminator to the signal mixer. The
‘shorter delay cable pulse opened the gate while the second cable pulse
provided the signal closiné it.

The front row of eleven focal plane counters besides being. part
of the focal plane trigger.signal also determined where the decaj
élecffén crossed the focal pléne. The single output from each focal

plane counter was fed into a constant delay discriminator. One of

=
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engineering note EN-3383 by 3. Klezmer, a
Radiation Laboratory.

e discussed in the
1so of Lawrence
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the two discriminator outputs went into the focal plane trigger require-
ment. The second discriminator output wvas delayed until it would

72,5

-t
Ay

arrive at the 15 channel signal mixer when the 30 ns gating signal
being applied. Those pulses from the front eleven focal plane counters
getting through £he 15 charnel signal mixer were considered "good

events" and were‘sent direcfly into a bank of eleven scalers, one for

each of the eleven counters.

N
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JITI. CALCULATIONS

A. Theoretical Spectrum

1. Positive Spectrum

The expression, equation (6), for unpolarized positive muons,

decaying at rest, may be rewritten as
+ XE g
Ry (X) = W (3(1-X) + 20, [(4/3) X-11) - (18)

where X 1s the electron momentum in units of the maximum electron
momentum, 52.8% MeV. The constants in front of the momentun dependent
portion of equatién (6) have been absorbed by the left hand term
R{(X). py is the Michel rho parameter.

When internal radiativé correctiom are included the shape of the

spectrum 1s presented as

+ ‘ 1+h (X) +
Ry (%) = [ T7 & + (/30,0 - Al)] ngx) (19)

The constants A, A, and the energy dependent term h(X) are defined
in Appendixz A. The expression RI(X) and R;(X) are normalized to 1.
The expression, R;(X), is the theoretiéal starting point. Energy

losses and resolution effects must be folded into Rg(X) hefore com-
parison can be made with the experimental results. R;(X) and RZ(X)

N and R+ respectively.

are shown in Figure T, labeled Rl o

2. Bound Decay Spectrum

The negative muon decay spectrum in copper was obtained by
interpolation from the iron, antimony, and lead tabular results of

Huff using vector coupling. The iron, antimony, and lead curves as
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Positive spectrum curves. Curve R+ represents the elementary
sgectrum for unpolarized positive muon decay. The curve v

represents the spectrum when internal radiative corrections ’
ar¥e included. Curve R+.represents the spectra when bremsstrah-
lung is included. Finglly curve RY shows the spectrum after
both bremsstrahlung and ionization losses are included.
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Fig. 8. The negative bound decay spectra in iron, antimony, and
lead. The dotted curve represents the interpolated copper

spectrum. For comparison the free decay spectrum is also
shown. .
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- well as the interpolated copper curve are presented in Figure 8.

For comparison the free decay spectrum i1s also shown.
P ¥ st

B. Multiple Scattering Effect on Electron Path Length

In computing the energy losses which an electron undergoes
updn passing through matter, account must be taken of the multiple
scattering effect on the eiectron path length. This efféct has been
étudied by W. T. Scot’r;h8 and.C. N. Yang.u9 The effect of the multiple
séaftering is to effectively increase the straight line path length.

The actual path length, 1, is given by

1= t(1+ /(M) (1)
where
B t = straigﬁt line path lehgth in gms/cms2
p = density in gms/cms5

and A is the characteristic length (cms) describing the amount of

scattering. A is given by

ox elL Z2N
2.2 .
PV

/N = p fn (150 pc/ﬁcgzl/E), em™t | (2)

Bach material thickness through which the eiectrén passes 1is increésedv

by the above formulae in computiﬁg the bremsstrahlung and ionization

_enérgy losses. ; .v | .
For copper, where tﬁé éffect is largest, multiple scattlring

increases the effective”pékh length for 20 MeV electrons by ; 17%.

At the upper end of'the spéctrum neaf 60 MeV the increésé falls off o

'tO. f\., 2%.
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C. Bremsstrahlung

The main cause of -energy loss straggling in the energy‘range, 20 .
to 60 MeV, ié due to photqn-emission by the electrons in passing through
matte;. In order to determine the effect of this bremsstrahlung on
the shape of the initial electron spectrum one has to consider the

solution of the basic transport equation,

‘ AE E
Mg-gﬂf/ © g(E1,E)dE n(E',t)dE'—f®(E,E’)dE' n(E,t)dB (1)
s |

0
Basically one seeks to find the change in the number of electrons in
the energy intervel E to E 4 dii when the entire electron distributién
moves from a depth t to a depth t + dt, where dt represents an infinit-
esimal change in thickness. The first integral on the right in eq. (1)
represents the contribution from higher energy electrons falling into
the energy interval E to E + dE. ¢(E',E)dE represents the probability
that an electfon of energy E' > E will lose energy by bremsstrahlung
such that its final energjvlies in the energy interval E to E + dBE.
n(E',t)éE' represents the number of electrons at a depth't with energies
lying in the interval E' to E' + dE'.

_,Tﬁe second integral bn the right side of eq. (1) represents the
‘decrease in the number of electrons in the energy iqferval E to E + dE
when passing through a thickness, dt, to all lower energies E' < E.

Through the applicaﬁion of Laplace transformations the following
golution of eq. (1) was obtained, (see Appendix B for details of the

derivation):



a® o 1n %l' a,t-1 E' g
E,t) _f { E',0) o) [1-t K {Lw(Et E")
’ o
a 'E
°— J(1n2—) }L ] © 4 & (E ,0)(1n 21)3s°
. E g : D
Ings J Ef

. a '
[@L.\AI(E',E) + E }} - (2)

In order to evaluate the expréssion on the right side account nmust
be taken of the singularity in the bremsstrahlung cross section for
zero energy losses. This 1s done by bfeaking the integral whose

limits are E to EO into two integrals thusly,

E+A R B+A (E ,
n(E,t):f _Il+f'_°Il+t[J 1:2+f°IQJ (3)

E E+A E E+A
where
- (1n g—— a,t-1 E'
- . 1
Il _41 oK n(E+,0) e ) 41 t [@Lw(Ef,E ) +
, o
a : : '
—— (1 )% Y
- 1n(E) |
Mg : | -
and

ln _E—'_ J

. o . : v
at o) A}
{ - n(E", 0)(1 =% [‘DL.W(E':E) t— ] r (5)
Equation (3) is finally averaged over the cop?er target and summed’

over the remaining materials such as polystyrene, aluminum, and air

through which the electrons pass before -reaching the focal plane



counters.
n(E',0) = electron energy distribution before energy losses occur.
ot ; e for
t = material thickness in gms/cm

a = (EJ l-where L, is the radiation length in gms/cmg.
(o} 3 LR R /

I’ = gamma function

A = 0.1 MeV represents the width of‘the singularity_region

QL.W(E"E) = Lamh-Wheeler expression for the probability per
unit distance that an electron of initial energy E will radiate a
photon of energy k such that its final energy will be E' = E-k.
(see Appendix B.). The Lamb-Wheeler expression includes the effect
of the atomic electrons as well as the effect of the nucleus upon
the radiative probability.so.

' The final solution of eq. (3) is labeled by the symbol R%(Ef).

R;(Ef) is the curve for positrons and is labeled Rg in Figure 7.

R;(Ef) is similarly the curve for electrons and is 1abeled‘R; in

Figure 9,

D. Ionization Straggling

Thebdecay electrons not only lose energy by bremsstrahlung but
also by ilonization. Because of the statistical nature of the col-
lision losses acéouﬁt must be taken of the straggling in energy
losses.sl’52 It should be noted, however, that a completely correct
treatment of the effect on the spectrum,of the energy losses would
include both bremsstrahlung and ionization losses together in the

basic transport equation. Unfortunately, due to the mathematical

complexity of this problem:, a conplete solution nas never been
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achieved.

In practice one aséumes that first one>energy loss process
occurs, féliowea in turn by the second energy loss process. Now
provided that the thicknesses of materials through which the electrons
pass are sufficiently small, 1t should not matter in which sequence
the energy losses cccur. .In averaging over the entire one-eighth inch
copper target it was found that reversing the energy loss sequence
resulted iﬁ, at most, a 2% difference. This difference could in
principle, be redué%d by mathematically subdividing the target and then
propagating the distribution from each subslice out to the surface
and finally averaging over all the distributions. However, since
this procedure was not done, an error of ~ 2% is presumed to exist
in the result of the energy loss calculations. The sequence followed
in the calculations presented here is that first bremsstrahlung occurs,
followed by ionization losses.

*

Consequently, if R5(Ei) is the spectrum after losses by brem-

sstrahlung, then

+ + +
Ri(E.) = = Rz(E,): L=(E,,E
W\ r Ei> Ef AR i

g)e OBy
where RE(Ef) is the value of the spectrum at the energy Ef, after
both bremsstrahlung and ionization have occurred. Lt(Ei,Ef) is the

probability that electrons whose initial energies lie in the interval

. AEi centered at Ei will loose energy by ionization such that ﬁheir

£ For deteils of the straggling calculations see

Appendix C.

C e mmn e e
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It should be noted fgat the straggling effect due to ioﬁization
losses was much less significant than‘the bremsstrahlung in terms of
éhéhging the shape. of the £nput distribution in the energy range 20
vto‘60 MeV. The main effec% of the ionization losses apreared to be a
shift of the.input spectrum toward lower energy by the average ioni-
zation loss, AR Vi equal.to-m 4.2 Mev.

A

ﬂmecmvelﬂmde+

3

. _ +
bremsstrahlung alone has occurred, while Rh’ in the same figure,

in Figure 7 represents the spectrum after

reﬁresents the spectrum afﬁér.both bremsstrahlung and ionization
stragéling h&ve occurfed. In Figure 9 the corresponding curves for
the negative_spectrum are iabeled R; and Ri, respectively. In Figure
9 the curve Ré represents fhe unsmeared theoretical copper spectrum,
uncorrected for any»internél radiative processes (Ré is identical

with the copper curve in Figure 8).

E. Solid Angle Effect on the Spectrum

Ri(Ef) is the momentum spectrum after corrections_for energy

losses have been made. Before a comparison can be made between theory

and experiment, account must be taken of the individual focal plane
counter dépehdence on solid angle, Qi(pc), as a function of momentum.
' Uéing the computed results from the OMEGAH program (see Figure 10)

 the Qi(pc) were folded into the energy smeared spectra Rﬁ(Ef).

-Y,Then;
R _ " . . S
- Nogmor, = g Ry(Bg) » 0 (Bp) ~ 2B, 1 =1, ... .11
. B ‘ .
where N.2% is the theoretically predicted number (unnormalized) of

THEOR.

1%
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Solid angle dependency on momentum for the front row focal
plane counters. Note that the momentun scale corresponds
to a central field value of 2730 gauss. In calculations
the momentum is linearly scaled down to correspond to the
lover fields present during the data tsking runs.
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expected decay events occﬁrring in the ith ‘counter, (See Appendix

F. for details of the OMEGAH program, which computes the Qi(pc)).

F. >C6unter Solid Angle Calculation

- A particle orbit £rééking program called. OMEGAH was written
utilizing the reéuits of the magnetic field measurements. (See‘v
Appendix F for.defailé of the OMEGAH program.) At a péint located
within‘the cdpper target é upit sbhere.was conétructed whose surface
was sﬁbdivided in elements each equél to 2.5 x 1077 of the total
surfage area. Orbits froﬁithe source point and through the centers
of>each surface element were tracked through the specfrométer and onto
the-focal plane.. The orbit calculations were made over the entire.

v rangevof acceptable momenta in one—haif MeV/c increments. Finally
the results were sﬁmmed o&ér,the entire volume of the copper target.
The numbers of'orbits'striking'each of the eleven front row focal
| ﬁlane countefs (weighted by the factor 8.3 x 10-7) were recorded as
a function of momeﬁtum. (See Figure 10).

The total fractionai sblid angle of the spectrometer as a functicn
of momentum is shown in Figure 11.

The magnetic field measurements were taken when the céntral
field valuesvwere 2750.gauSS on the averagé. Tﬁe data runs were taken v
under two different central field-settings,vone at 2300 gauss and the
other-at 2400 gaué#lp suﬁsgquent calcﬁlations the mean momentum'
'52; is>linearly séaled dowﬁ to correspond to the lower magnetic'field
conditions. Because of_fhe low fields invol&ed no errors due to any

pole tip saturation effects are expected in this scaling down procedure.
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using a fourth-order Adams Moulton Predictor-corrector method.

NI

Electronvscatteriné from the spectrometer pole tips introduces
a high momentum fail to each of the Qi(pc). This modification is
discusged in section G.

The results of the OMEGAH program were checked independently by
én@ther technique of generating orbits through the spectrometer. This
alternate ﬁethod used the raw magnetic field measurementS'directly
rather than mathematical fits to the raw data in the various regions.
Using the lécal values of the‘magnetic field, the differential equation
of motion of a charged particle in a magnetic fieldeas transformed
into a system of six first order differential equations. This éystem
of first order differential equations was then numerically intégfated
55
Several thousand individual orbits were generated by both techniques.
A comparison of orbits with the same initial conditions generated by
the alternate methods shq&ed that the orbits crossed the focal plane
usually within a L/h” of-ﬁne andther. The displacement in the diréc-
tion parallel to the medién pléne was invériably negligible compared
to the direction normal to the median plane., This effectAis;lof course,

directly related to the fact that off-median plane magnetic measure-

“ments existed only at a distance 2-;/&" and 5—1/4" from the median

plane, whereas within each plane the axial field values were measured
in 1" steps in both direcfions. Adding up all the orbits falling
within L/h” of the top and bottom edges of thevf0cal'plane counters
itAwas determined that these orbits constituted 7% of the total

number striking the entire focal plane. As a measure of the uncertain-

~ty in the solid_angle calculation we shall say that 10% of these edge A
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orbits may, in fact be in error. Conseqguently they constitute a gross
overall error of 0.10 x 0.07 = 0.007, or ~ 1.0% in the solid angle

computed results.

G. Resolution Function

To illustrate the smearing effect of the energy losses and the
spectrometer resolution on the energy distribution of the decay
electrons the following calculation was cérried out. A "delta"
function, approximated by a 0.2 MeV wide, 264.3 MeV tall rectangle,
was chosen as the theoretical input spectrum. These dimensions
normalized the area to the maximum electron energy, 52.83 MeV. The
distribution wa.s arbitrarily centeved at 4h.1 MeV and subgsequently
smeared by bremsstrahlung end ionization losses and finally by the
spectrome ter resolution. The results are presented in Figure 12.
The F. W. H. M. spread for 44.1 MeV electrons is shown to be approxi-
mately 12-1/2%. The contributions to the spread from energy losses

and the spectrometer resolution are roughly comparable.

H. Electron Scattering from Spectrometer Pole Tips

Since the solid angle presented by the spectrometer ﬁole tips is
comparable in magnitude to that of the focal plane counters an estimate
must be made of the probability that an incident electron or positron'
scatter from the pole tips and still manages to reach one of the focal
plarne counters. |

The initial condliions of direction and monentum atl the pole
tip surfﬁce are glven by the maln orbit tracxihg program OMBEGAH.

Inside the iron the electron is tracked in fixed (0.0125 radiation
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léngths) step increments. The new‘direction in space relative to the
direction of the previous step is specified by the polar and azimuthal
.scatﬁering angles. These angles are generated by means of the Monte
Carlo technique. The polar angle is selected from a gaussian dis-
tribution representing the multiple scattering process with an r.m.s.

scattefing angle given by
<e° >l/ 2. (Ql/pc)-(L/LR)l/ £ radians

where L/LR = O.OlES.LR is the radiation length in iron and L the step
size. pc is the momentum in MeV units. The azimuthal angle is sel-
ected from a uniform distribution between O and Zx radians. Plural
and large angle single scatters are considered, to occur infrequently
compared to the multiple scattering process and hence are ignored.
The lateral displacement of the electron in traversing each step of
iron.is also neglected.

The energy lost by the electron in each step was subtracted from
its enérgy at the beginning of the step. The amount of energy lost
was obtained from the tables of electron energy losses by Berger and
Seltzer.SLL These energy losses included both radiative and ioﬁization

losses. The error in (dE/dX) does not exceed 2% while (dE/dX)RAD

TON.
is accurate to within 5% between 2 and 15 MeV and to within 3% above
15 MeV. The energy loss is very closely the same for both electrons
and positrons. When the energy of the electronrfell below 10 MeV it
was presumed lost and the tracking ceased. At the end of each step

. the new spatial coordinates were tested to see if the electron had

re-entered the magnet gap. If the electron did re-enter the gap



i‘control of 1ts“traching was returned'to the maln-orblt tracklng : n:

fﬁ’*;f?control of the OMEGAH program.sfffK:

Several processes were neglected 1n thls pole tlp scatterlng

‘ E;calculatlon.” Photons from bremsstrahlung whlch could concelvably

: 1'pa1r produce vere consldered to be of negllglble 1mportance.< P031tr0n _;

b’.;;v(see Section H). Bhabha (e e ) and Mﬁller (e e ) scatterlng from
)'.“the atomlc electrons vere also ignored The effect of 1gnor1ng these

*i;processes is unllkely to be larger than the uncertalntles (a few per,

lfcent) 1nherent in u81ng the Monte Carlo technlque to generate the polar |

“'and az1muthal scatterlng angles from multiple scatterlng This may .

wg'fbe seen by a- comparlson of the Mﬁller, Bhabha, and bremsstrahlung

:tf;rfr, _ 55

”xcross sectlons. R0331 ‘

g;ves these_cross sectlons as .

(;E TS o
COL , EUTI (E-E) (E')2 o » :

Mﬁller

COL

(E E ) = 20m, c® { 2[1- E', ( ) ] } , BhabnaP1:

-~ where

VLE,eiinitlallelecfren energy”T?VVl

B0« energy transterred or lost.

55

SEL The brem3strahlung'croes‘secﬁion.ie_giVen;HyiRcsel ’ as

AP

i'annihllatlon was llkew1se con51dered to be of negllglble 1mportance, t:::'



N
~5-Z2 7(Uu,v) (ignores inTluence of atomic
A T WUt & R GYS) LlLue atomic

o, (E,Et) =14
electrons)

"RAD

®
=

where
. ) )
a = e /mc = 1/13%7.027
U=E+m C2
e
v = E'/U

F(U,v) is a slowly varying function of U and v. DNote that the above
formula considers only the nuclear eflfect on the bremsstrahlung. |
For the purpose of simplicity the smaller effect of the atomic electrons,
treated by Wheeler and Lamb,so is ignored here. The cross sections
are presented in Figures 13-15. Only the bremsstrahlung curves for
no screening (y >> 1) and complete screening (y a 0) are showm. It
sﬁould be understood that the intermediate casesz of bremsstrahlung
lie between the two extremes. The Mﬁller and Bhabha cross sections
are comparable to the bremsstrahlung only when E' is small. However,
it is precisely when E' becomes small that the Bhabha and Mﬁller-cross
sections apbroach one another. Consequently, ignoring both Mﬁller
and Bhabha cross sections should not introduce any significant energy
bias into the spectra.

The principle effect of pole tip séattering‘(see graphs 16 and
l?) is fohprovide a high momentum,tail to the probability distribution
for any focal plané counter to detect an electron of.given momentum

emerging from the target.

I. Palr Annihilation

One of the energy dependent effects which affects the positive



T TTTTT
L]

1
I

107"

L

g .

A623 ﬂi3',.f i;
. m s -4. ! ‘vv‘j .

IR

T"TTTIT]
J

I

1
}

‘4Arbﬁrcjyi

T TTTTT

L

1

- -4 | ]
- -
= -3
e —1.
" -

i
!

10T A T R i“vl;:.l- R T T T W .

~ 7. 0 10 20 . 30 40 50 60 70
MUB13153

': Fig; 13. JComﬁéfison_df Mﬁllér; Bhabha, and brémsstrahlung cross-
707 sections (E =25 MeV). (A = Mgller, B = Bhabha, C =No

L.+ . .- screening,.D = complete. screening.) ~E'= initial energy,
o ;:$-~ﬁ~__ 3_ E' = firnal energy. . = o oo :




t: T I ] [ i 1 ] 1 1 1 T T 1} .:
- E:50 :

: -
1O F;~\““-~h~‘_m_-‘__i -

] -2
= |0 L -
[= - ]
o - ]
. ]
> - —
Sf -
.g - .
[ 'O'3E i
107% :
o .
n .
- B
r—- -

-5 : .
1O ! T B ) ] \ 11 | ] 1
0 10 - 20 30 40 50 60 70
£/ (Mev)

MuUB13152

Fig. 1b4. Comparison of Mﬁller, Bhabha, and bremsstrahlung cross-
- sections (E = 50 MeV). (A = Mfller, B = Bhabha, C = No
screening, D = complete screening.) E = initial energy,

E' = final energy. : :



= 1 | 1 1 ] 3 1 T BN 1 T ! 1 —

B E=75 N

}__ —

_.l N . ]
10 ) -

EE\\\— D o

- e

% . \

! K ¢

3 —

| -

) ]
2 10 E -
p }

- -~
> - —]
L S
D —
A . —

-5 ) ._3
< 10 | -
= -

- 7]

[ ]

= _

-4
|C) E b
e = b
B -
10 A RO TSRS SUUSNG NN NN N SRS DU BUNESN B LR

o . 10 20 30 40 50 60 70
- E" (Mev) |

MUB 13051

' Fig. 15. Cdmparison of Mﬁller, Bhabha, and bremsstrahlung cross-
' : sections (E = 75 MeV). (A = Mgller, B = Bhabha, C = No
screening, D = complete screening.) E = initial energy,
- E' = final energy. 8 : ‘



1200 -

1000 -

800 o -

600

400

200

_55-

' Counter |

PC ( Mev)

MUB 13049

Fig. 16. Effect of pole tip scattering on solid angle as seen by

focal plane counter 1.



T
1

1200 Counter S5

ljooob | | _
800 B

600} | - .

400} . < ]

200F . | | i

0 [T RS N ENY SR St 3 N S T S
20 .30 40 50 60
' PC (Mev):

MUB 13050

Fig. 17. Effect of pole tip scattering on solid angle as seen by
focal plane counter 5. . .



_55_

decay spectrum but not the negative is palr annihilation. First,

56

derived by Dirac, the formula for the cross section of annihilation

of a positron of energy E; with an electron at rest is given by

2
2 1 T4 by + L 2 + 5
-¢(E;) = nr g 5T [7 27 In {7 +N(y -1)}- 771§2~——]
y -1 w(7+l)
where
2
Y = E;/ﬁec

o 1%
ro = eg/meC“ = 2.818 % 10 15 cnS .

-

The"differential anhihilation probability" per energy interval dp'
o7

is given by Heitler as,

W(Ev) = N_g’B({)/(%{l

where
3 22
N = number of atoms/cm” (= 8.46 x 10°° for Cu)
For a 20 MeV positron there is only a 0.2% probability of annihilation
in copper (as well as for iron). Since the cross-section decreases
for higher energies, it is safe to ignore the effect of pair anni-

hilation over the energy range measured in this experiment.
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J. Effect of Multiple Scattering on tﬁe Solid Angle Calculation
An eétimate of the effect of including multiple scattefing in
the éntering electron telescope sho&ed that ~ 4% fewer orbits woﬁld
reach thé focal plane. Howevér, a study of the difference in éhe relative
numbers of orbité reaching the eleven focal plane counters, i.e.,
with and without multiple scattering, showed no significant dependence
on momentum. Consequently, the effect of multiplé scattering on. the

solid angle- calenlation was ignored.

K. Backgrodnd Subtraction

The principle source_of background comes from the scintillaﬁiqn
counter immediately in front of the ¢oppér tafget. This background
will ﬁe uﬁchanged whenever the copper farget is removed for a targetr
Qut.run.

A possible sécondary sddrge of background is the anti-coincidence.;
counter EL located 5".dowﬁstream from the copper target. Frbm the
measured efficiency of EL(m 90%) and the fraction of the counter
which can "see" the entering electron telescope, it is estimated that
as much as lO% of the background méy come from Eﬁ. ‘Any detectable
background origindting ihﬁﬁﬁ must pass.through the cbpper target locatioﬁ.
If the taréet is in position, the electrons-will lose - energy in passing
through if, whereas they will not if the copper is removed. Consequently
there is a'possiblevsmall component of the background that depends on
whether or not the copper target is in pléce. A crude estimate of this
effect indicates that thé principle change would be an increase of
5 - 6% in the exﬁe;imental poinfs in counters 10 and 11, with much smaller

changes in the remaining counters. This would be in the direction of
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providing slightly better agreement with the theoretically predicted
values. Since counters 10 and 11 contain oniy a relatively small

fraction of the total data and because of thelr very poor signal to
It [

o

ounter

(@]

noise ratio it was decided to exclude the data of these two

and to ignore the much smaller effect on the remaining counters.
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IV, DATA ANALYSIS

A. Procedurq'

The raw data is pfesented in Tables I, I, end II1. The order
in which the data runs were presented is chronological. Data runs
with' the same run number identification were téken on differeﬁi days.
Téble I represents data runs taken when the central field in the
magnetic spectrometer was 2400 gauss. Tables TII and'III represent
data runs for which the field was:reduced to 2300 gauss. Usually
eaéh éequence of data runs was started with the taking of one or more
positive runs. The higher decay rate for positive decay events allowed
a rapid check of the incident'beam.conditions and of the associated.
decay rates obtained by the focal plane counters.

Thé most straight forward compérison between thedry and experi-
ment can Be made by application of the chi-square test whereby the
numbers of decay events experimentally counted in each of the eleven
focal plane counters is compared with the number predicted by theory.

In bdth fhe positive and negative theoretical spectra the Michel'
rho parameter, P is givén,the Valﬁe of 0.75 predicted by the V-A |
theory and very well confirmed experimenfally by Sachs, et al.l+3 for the
positive spectrum and by Block, et al.55 for the negative; It should
again be stressed that the internal radiative corrections have nevér
been-calculatéd for the negative spectrum and are conseéuently not
included in the ﬁegatife Spectrum predictions. One knows, however,
that in the case of the positive spectrum, negleéting thé effect of
the internal radiqtive corractions would iead to a 5‘6% lower pre-

diction, 1.e. 0.706 for o rather than 0.75. Provided one can ignore
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Table I. Raw data from eleven focal-plane counters,
8 Counter
Run Wi(X 10%)
1 2 3 4 5 6 7 8 9 10 11

Target in; “- .

6 4.00 29 25 24 18 10 14 8 10 4 11

9 4,00 47 24| 22 18 22 10 11 11 6 1 1
12 4.00 23 30 26 25 14 12 20 13 4 1 1
14 4,00 24 22 26 21 13 26 10 13 4 1 0
15 4.00 32 24 21+ 18 23 14 7 5 0 0 0
17 4.00 28 26 30 19 15 12 4 7 4 1 0
19 4.00 28 24 32 13 23 8 12 9 4 1 0
21 4.00 22 23 22 14 15 20 12 1 4 2 0
23 4.00 21 34 19 19 16 11 16 11 4 2 1
25 4.00 24 22 23 18 12 13 10 12 3 2 0
T £=40.00 278 248 245 183 163 140 110 92 37 12 4
Target out; u_

7 2.00 0 1. 1 2 5 6 4 2 1 5 2

8 1.25 4 1 1 0 2 2 0 2 0 1 0
10 2.00 4 6 4 2 2 2 1 2 2 0 o
13 2.00 4 3 4 3 6 4 3 5 1 0 1
14 2.00 5. 4 2 4 6 2 0 4 2 0 o
16 2.00 4 4 3 5 2 5 0 3 1 1 0
18 2.00 1 4 3 2 2 1 2 5 1 0 1
20 2.00 4 1 3 3 2 3 3 8 0 0 o0
22 2.00 6 5 3 4 2 2 2 1 2 1 0
24 2.00 6 2 2 3 4 3 5 o 3 o 1
T z=19.25 38 31 26 28 33 30 20 32 43 8 5
Target in; l+ .

3 2.00 835 830 769 709 543 574 451 391 227 40 6

5 | 4.00 1769 1718 4531 1450 1300 1064 967 818 443 83 8§
T E= 6.00 2604 2548 2300 2459 1843 1638 1418 1209 670 123 14
Target out; ,*

4 2,00 98 108 93 81 76 60 64 14 42 15 1
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Table II. Raw data from eleven focal-plane counters,

ot

8 Counter
Run Wi(’Xio }
1 2 3 4 5 6 ki 8 9 10 11
Target in; p~
27 4.00 17 28 26 22 27 11 10 5 E 2 0
29 4,00 21 25 20 16 21 11 12 5 6 4 o]
33 4,00 15 25 22 17 15 9 10 7 3 8 2
a5 8.00 53 49 41 41 28 34 18 25 13 3 0
37 8.00 52 53 41 48 30 21 20 17 18 8 4
39 2,70 21 18 16 14 10 6 5 8 2 1 0
1 6.00 48 39 36 23 22 19 13 i8 10 5 1
3 6.00 43 34 30 23 27 . 15 19 15 i1 4 S
5 6.00 47 30 26 21 15 14 13 11 11 1 2
7 8.00 56 41 32 40 33 27 19 27 12 8 1
1 6.00 49 28 36 3t 37 25 23 15 7 T .4
3 8.00 56 43 66 39 36 29 25 21 8 9 6
5 8.00 60 45 56 48 24 31 22 22 17 7 2
_7 5.00 35 26 33 31 20 28 12 24 12 [ 2

X =83,70 573 484 481 414 345 280 2214 220 134 73 29

Target out;

26 2.00 4 3 0 4 2 9 2 4 0 1 0
28 2.00 3 4 4 4 1 4 3 3 3 2 0
30 2,00 3 4 5 2 7 4 0 4 0 1 0
34 2.00 5 2 2 3 3 4 2 4 3 0 0
36 4,00 10 6 4 6 10 4 7 5 1 3 1
38 " 4.00 9 12 10 6 5 4 3 6 2 o 0
40 1,35 2 4 1 2 0 2 3 2 1 0 o0
2 3,00 8 4 5 3 4 5 4 1 0
4 3.00 7 7 1 1 5 3 6 3 2 1
6 3.00 8 10 8 6 11 2 3 2 2 0
8 3.54 8 10 7 6 8 5 4 5 4 2 0
2 2.15 4 3 7 4 4 2 1 3 5 2 0
4 4.11 9 6 4 6 5 1t 6 8 6 3 0
6 3.89: 5 5 5 3 7 2 4 4 6 32
8 2.50 5 6 8 4 4 4 3 72 1 2
T T=4254 90 77 80 63 68 61 47 69 42 23 6
Target in; “+
31 4.00 4672 1679 4527 1408 1347 4122 967 932 679 264 54

Target out; l+
32 2.00 88 96 83 98 82 76 87 76 60 46 20
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Table 1II. Raw data from eleven focal-plane counters.

8 Counter

Run Wi(.\’ 107)
i 2 3 4 5 6 7 8 9 10 11

Target in; u”
3 8.00 55 47 41 35 40 32 26 14 8 8 1
5 8.00 44 46 42 24 28 15 17 20 i2 4 B3
7 6.00 25 27 21 28 16 15 11 17 7 2 2
9 8.00 37 22 34 26 24 20 18 138 13 5 5
11 8.00 38 51 32 3 36 25 13 14 2 1
13 8.00 39 28 33 35 26 24 13 11 10 3 3
15 8.00 37 44 36 40 23 24 15 19 7 2 2
17 8.00 32 45 3 31 3 t7 i8 17 8 1 0
24 8.00 51 34 4 16 20 14 9 17 7 7 1
23 8.00 40 37 16 29 3 24 14 20 6 i -3
25 4.30 31 21 15 23 16 13 8 L] 4 1 2
3 8.00 36 36 20 2 22 15 22 i8 9 2 1
H) 8.00 46 38 30 28 32 .23 15 22 5 0 2
7 1.28 10 [ 4 [ 4 4 4 3 1 i 2
2 8.00 37 3t 32 25 30 23 12 t8 16 2 3
4 A.00 49 1 29 27 25 21 a4 17 1 8 2
6 8.00 13 44 3% 24 27 14 19 L 9 1 2
8 , 8.00 43 42 M 26 21 17 7 1% 11 2 2
10 .+ 8,00 3 46 kR 28 34 20 “ 13 7 [3 i
12 !{s.oo 41 a2 34 32 5 22 20 11 12 0
14 8,00 52 40 26 29 24 24 20 19 S 6 2
18 8.00 46 44 35 32 38 32 20 19 10 3

L=163.58 863 804 686 624 574 438 349 348 181% 88 45

Target out; E-

4 4,00 1 3 7 6 6 7 3 3 1 0 2
6 4,00 7 3 4 6 6 2 4 6 7 0o o
8 3.40 5 6 3 5 1 3 1 2 2 o o
10 400 . 8 6 3 5 4 2 3 4 3 t 0
12 4.00 8 5 4 10 5 5 6 4 0o 3 1
14 4.00 6 10 6 2 6 3 5 2 2 0
16 4.00 6 10 7 5 1 1 6 7 4« 4 1
18 4.00 9 4 4 4 3 4 4 6 3 2 o
20 2,00 3 2 1 3 4 [ [} 2 o 3 1
22 4.00 5 5 6 9 3 2 6 6 1 10
24 3,00 6 4 9 4 3 2 2 ) t 3 o
T 4.00 1 4 4 3 H 5 3 4 4 5 0
3 4.00 s 4 4 3 2 4 . 4 3 2 o
3 4.00 5 6 4 6 7 3 10 1 3 1 1
3 4,00 4 4 5 1 5 6 5 6 : 3 o
7 4,00 3 8 6 2 4 5 3 1 4 1 0
9 4.00 3 5 6 6 1 6 7 8 1 2 1
11 4,00 12 5 6 [ 6 .2 7 . 3 2 1
13 4,00 5 3 5 4 5 2 3 8 « 41
15 4,00 5 2 2 7 4 3 7 5 o 3 o
9 __ast w9 s s 6 6 5 _8 1 0 0

I= 81.01 129 108 1014 99 84 73 94 %6 55 40 10

Target in; + .
1 6,00 2573 2487 227% 249t 2044 {4755 1517 1420 4007 444 72
1 6.00 2356 2520 2198 2064 1938 1612 1490 1279 1012 410 85

L= 42,00 4879 5007 4473 4255 3982 3367 3007 2699 2019 854 157

Target out; y_.’
2 3.00 152 144 157 160 159 130 110 116 100 64 15
2 3.00 {38 147 139 118 136 119 113 107 82 T4

I= 6.00 290 291 296 278 295 249 223 223 182 135 24




-62-

the presence of the nearby massive nucleus cone can compute the neg-
ative spectrum for pﬁ = 0.70, say, and compare with the experimental

data.

B. Results

When the experimental results were obtained and plotted several
points became apparent. At the high momentum end of the measured
spectrum the signal to noise (i.e. 5ackground) ratio in ihe last two
focal piane counters 10 and 11 was very poor, a consequence of the
background being comparable to the ﬁpper momentum tall of the spectrum.
Hence the data from counieré 10 and 11, cohstituting,?% of the total
positive data and 5% of the total negative data was not used in the
chi-séuare tést; Dué to the much smalier sample of negative decay
events than poéitive events, statistical fluctuations have a more
serious effect on the relati%e smoothness of the measured negative
sfectrum than upon the poéitive. Althoughvonly a small fraction of
the running time was spent collecting positive data, we still
collected roughly ten times as many positrons (~ 60,000 e+) as
electrons (~ 6,000 e7). | | |

Table IV gives the results of the chi-square tesﬁs, Column
4 in Table IV presenfs the results'for the negative spectrum for
Py = 0.70. Figures 18 through 29(after-Table V) . show the experimental
data together with the théoretical predication for the Varioué gfoups
of data. The data labeled II + III is the result of cdmbining the
data in grdupstI and ITI into one group.' For comparison the positive

and negative data of group II + III (comstituting .the bulk of the data)



-63-

are shown together in Figures 31 and %2. WNole that the positive.(solid)
curve for oy T 0.75 is the same in both Figures 31 and 32 while ihe
negative (dashed) curves are for Py = 075 (Figure 31) and for

Py = 0.70 (Figure 32), respectively. Appendixz D contains the for-

mulas- used in the chi-square test.

Table IV. Chi-square test results (p = 0.75)

Data From (+) Spectrum (-) spectrum  (-)(p : 0.70)
Table I 10.0 14.6 13.1
Table II 9.5 15.5 135.0
Table III 5.8 25.8 - 22.0
Table IT+ITT 7.0 %2.0 26.7

For seven degrees of freedom the corresponding probabilities that
another measurement of the same quantities would give larger chi-

squares is presented in Table V following.

Table V. Probabilities for larger chi-squares

Data From (+) Spectrum (-) Spectrum (-)(p = 0.70)
) Table T .19 < .05 .07
i Table II .23 < .05 .07
Table III. .56 < .05 < .05

Table TTI+ITT 43 < .05 < L,05 ¢
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C. Comparison of Results and Conclusions

From the many experiments designed to measure the muon decay
spectrum only four (including this experiment) have tried to determine
38,39,40

the bound muon. decay spectrum in medium or high Z materials.

Some of the important experimental aspects are listed in Table V

below.
Table VI
! . - _ ~
il Target ~Thickness (g/cm ) Energy Resolution
Bergeson (1961) Iron 5.0 e
Zinc I T .
Culligan (1961) Iron ' 1.8 17% at 50 MeV
Nielsen (1962) Titanium O R ———
Iron 7.5  meemmaaa-
Lead E 3.5  emeeee- -
This experiment Copper - 2.8 12-1/2% at Lk MeV

*
In direction of the electron detector.

" Both Bergeson and Nielson used the same experimental techniques

.(and essentially the same apparatus) to measure the muon decay spectra.

They stopped cosmic ray muons in the variocus targets and measured the

decay electron energies ufilizing a deep 12" carbon tetrachloride

'(Cczu) total absorption Cerenkov counter. In order to decrease sen-

sitivity to low energy gammas thelr counters were biased so as to

discriminate against pulses corresponding to 6 to 11 MeV in magnitude.
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The primary.experimental problems were being able to distinguish
between the negative and positive muon decays and the poor energy
resolution of the CCﬁu Cerenkov counter. The resultant experimental
spectra were too rough to conclude anything regarding Huff's theoretical
prediction. Indeed Bergeson's data Tor the bound muon spectra in iron
and zinc indicated that these spectra were not grossly different from
the positive muon spectrum.

Culligan, et al., utilized a relatively thin iron target to
stop negative muongafrom the Cern synchrocyclotron. To eliminate any
residual polarization the target was placed in a high magnetic field
of 10,000 gauss. The energy of the decay electrons were measured by a
large (20 x 20 cm) NaI(Tg) counter. It was estimated that 20% of the
incident events into the Nal counter gave no counts and these were
atiributed partly to gammas originating in muon capture. However,

8% of these.events also were present in the positive muon decay

events. These '"no-count" events constituted about a 5 MeV lower energy
cut-off. The measured decay spectrum was compared to Uberall's model
with the Nal resolution folded in. There appeared to be reasonably
good agreement except at energies below 20 MeV where an excess of
events were noticed.

Experimentally thevmain difference between this experiment and
the other three experiments is the use of the magnetic spectrometer
for energy analysis rather than the use of a total absorption counter.
The low end,energy cut-off of ~ 20 Mev in this experiment is due

primarily to the solid angle cut off of the focal plane counters.

v 4
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Since the focal plane scintillation counters are shielded Trom direct
line of sight with fhe,copper target, no low energy gammgs or neutrons
from the target were counted. The main source of background di
appeafs to- originate from muon decays occurring in the 1/8” thick
T counter immediately in front of the copper target. Indeed, the back-
ground with the target removed agrees crudely with the positive decay
spectrum hoth for positive and negative muon decays as one would
predici for muons decaying in low 7 malerial such as polystyrene (CH).

The experimental spectra for the positive decays show fairly
good agreement with theory as indicated by the chi-square test. The
negative data, on the other hand, shows indications of not bheing in
agreemént. Even when Py is reduced ffom 0.75 to 0.70 for the negative
spectrum, hopefully to compensate for not including the internal
radiative corrections, the probabilities do not improve markedly.
Thefe still appears to be a distinct tendency for the negative spectrum
to fall off faster at the high energy end of the spectrum than theory
would predict. Any large correction applied to the negative spectrum
must necessarily be appliéd likewise'to the positive spéctrum. The
positive spectrum however, does not appear to require any correction
of the magnitude necessary to bring the negative spectrum into agree-
ment. |

In view, however, of the large energy dependent corrections made
to the theoretical spectra before they were compared to the data, one
must be cautious before laying the blame entirely at the feet of the
theory. Certainly the génoral predictiong of the theory regarding a

downwvard .energy shift in fhe bound spectrum are clearly born out by



';{the experlmental data.. The neﬂa+1ve data ig- dlstunctly dlfferent from
"the p031u1ve and 1s shlfted toward lower energles. The predlcted

-”Doppler smearlng of the spectrum is, also present but 1s not seen

'f-.very dlstlnctly due to the poor statlstlcs at the upper energy end of

the spectrum The dlsagreement between the rate at whlch the experl-_
‘fmental bound spectrum and the theoretlcal snectrum fall off with energy,‘

-.may be 1nd;cat1xe of tne need for larger 1nternal radlatlve correctlons‘

in the presence of a heavy nucleus.
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APPENDICES

A. -Theoretical Spectaum

Calculation of Rj(X)
2 : » .
RE(X) = —— 2 “;h(x)] (3(1-x) + 20, [(4/3)x -1)1) (1)
L+ A3y Al)
- 2 2
p C : My™ 4+ m M
X = P:Cmax where pecmax = ——Eﬁﬁ_ﬁgn' X EE'= 5?.83 MeV/c (2)
1 5
"‘1,2 =lt/~ h(x) [3(1-x);x] x~ dx . (3)
3 | )

‘Integration results Al = 0.0132,

Ay = -0.0216

h(x) = 9————%{—- o = fine structure constant = ee/‘hC = 1/137.039 (k)

f(x) = (6-4x)R(x) + (6 6x)ln X + ( )[(5 + 17x - 51Lx )(w + 1n x)

x
2
-22x + 3hx7] (5)
y . _
o = 1n 55',2 5.%32 | (6)
' o | 2
R(x) =28 =S-%nx -2+a)[5/2+21n( )]-lnx
: n=1 n2 5
k . L -
. (eyne. x-1) + (31nex-1- ;) lne(l-x) (7)
o n b 4 . o
X % = —L(X) = '-f %Eln (Il-t') . . (8)
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where L(x) is called Spence's function.

B. Bremsstrahlung

- With the kind permission of Dr. Riddell of the Lawrence
Radiation Laboratory, the main outline of his bremsstrahlung calcul-
ation is presented in the following discussion.

Let n(E,t) = number of electrons of energy E,. at a depth t in
the target. |

Then, ‘
¥

ﬂ%ﬁw =j © §(2!,E)AE n(E',t)dE
B

I

E

-f ¢(E,E")AE"' n(E,t)dn (1)
0

' Tt

where ®(E!,E)dE = prob. electron changes energy from E' - (E,E + dE)

per unit distance-

In YII:
E = (1-v)E' where v = E—E'—:—Ei (2)
so |
. B .
.Ef =1y (3)
can write
(B 1,E)IE = =(E,v)dv , (4)
'S0
‘ Eo
I ?f 2(E',v)dv n(E',t)dE" (5)

E
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and
)
L (6)
Thus
R E dE dv '
=[S e v B (1)
s .
In III
E' = (1-v)R - (8)
and .
S '
Is =j E(E,x) n(E,t) dE dv (9)
0
Thus

1 ¢ ' v 1 :
on(E,t) =f = a5 ©) iy - [ EE(E,ta (10)
' 0

ansatz:
E(E,Q) = o (v) + E_¢l(v) FEV) F ... (11)
= \J,ro(u) + E ivl(u) + Ee(u) +u e ..
let ™ | ' 3 : ]
| u = ln‘I%; (lé)
e?q> () = 1-%—\; (13)
(iv)

&":

»
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E

T Eexp(y+u)‘ ’(15)

dv = exp (-u)du (16)

Fquation 10 becomes

an&l’ Jr(OAp( n(y-u,t )[W (u)+ exp(—(y-u))Eo wl(u) el

“n(y,t) [y _(u) + E_ exp(-y)v; () + . . .DJexp(-u)au (17)

Multiply both sides by exp (-t y) and integrate over y from O to o

o
280tt). . [exp(-guay [du nly-n, 00, (0B exp( ~(y-a) )y (a) . ]

0 0
-‘/.:Xp(—gy)dyfz(y,t)em(-u)du[\lfo( u+E _exp(-y)¥; (w)+....] :
0 0’ (18)

<foxp(-s)an [ &y expl-s (=) In(y-a,8) ()45 exp(-(y-0))-
0 u :

wl(u)+....]

‘-ﬁ%(-&ﬂdy n(y,t)f:Xp(—u)du[Wo(u)+Eoexp(-y)‘iil'(u)h-- ]
0 0

R p(e,0) [(em(-tu)-ex (-u))v(wae
o -

p(51, 08, [ (exp(-g0)-exp(-0))yy (aur e (19)
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where
o(e,) = [ e (-49) nlyst)ay (20)
"0
Now let
© n-l % @ n-1
v (u) = = a u = —%-+ L oa u (21)
© . n=l v n=1
Consider the first integral in Eq. 19.
1o(8) = [ (e (-£0)- expl-u)) vy(was @
0
—C o expltw)(a+ & aul)du = - 248 B ] (23)
e13 . ¢] n £ n+l.
5 n=1 n=l €
Integrating
-l @ i 1 X
I (&) = -a lnt *E an(n-l).fgﬁ'—ll = -a_lnt + @ (¢) (2k)

Rewriting Eq. 19

ap(&,t) _
ot T

exp (—aot lég)

Integrating over t

2,p(e,t)1nt + p(g,t) = an(n-l):[§5 1]

n=1
¢ p(e+1, )BT, (6) (25)
B[P(g:t%ixP(aot 1ne ) ] .. p(g’t)nglan(n-l):[;% -1]
+p(e+l,)E I, (e) (26)

v
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-t

[p(t,t)exp(a t lni)-p(é,o)]f/Nexp(aOt‘ ng) (p(e,tr)e (&) + ple+l,t7)
0
o)+ e ~-
- 9] £) + ....f at (27)

@l(g) is term when wl(u) replaces wo(u) in Eq. 22.

' t
~ . (e Y ‘s 3
P(e,1) ~-p(g,0)oxp(—aot lns)+exp(-aot 1ng{/}p(s;O)ﬁo(5)+uxp(aou 1H(E$T))
. 0
N
- p(&+1,0) @l(g) + ""f dt?

= p(&,0)exp(-a_t Ing)+tp(€,0)0 (&)exp(-a t 1ng)+p(g+l,0)exp(-a t Int)

t
. @l(g)b/\exp(aot' ln(gil))dt‘ v (28)
0 ‘ :
t ' 1
'\/;XP (a 4 ln(§+l)) at' = ;ﬁzgz—z—s-[exp(aot 1n §+l) -1] (29)
0 4l

Substituting Eq. 29 back into Eg. 28

p(&,t) * expta t 1nt) (1t 6 (¢) Ip(,0)

exp(-a t ]n(E%l)—cxp( —ant lnF) _ ‘
+ ®l(§) a C[)lng ln(g-!l) 0 ¢ P(§+l)o)—*"' (50)

Consider the Wo terms first
p,(£,%) = p(£,0) exp(-a t 1Ing)[1+te _(&)]

= p(5,00 2% (1t £ & (n-1):(%--1)] (31)
n=1 3

Teking the inverse transform of p(t,t)
w7
n(y,t) ¥/ n
. 0

(y',0)F(y-y',t)dy" (32)
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where
Fy,t) = l[g<7a0t)(l £ % a (n 1)1+t 5 an(n -1): g(a t-n) )
) n=1 n=1
o t-1 a (n-1):
b o n a t+n-1
= [l-’tnil an(n-}) IT—T + t Z Tn—-a‘:o—j y o
i a t 1 a ti+n-l
:[11;2 al(mat) |tZ‘.ayo
a t-1 « . , 1 . n . .
=Y O {[l—t Zanl(n—kaot)]—r—\z—m t tZany } (Bj)
n::l (o] n::;l
Now
o0
£ a L(nta t). = anf,em (-y)y" 8 ay
__]_ n:l .
0
=[S (9) (E atot (54)
——l
0
and
© n-1 % ' ‘
V(y) =Z ey — (35)

_ Substituting Eqs. 34 and 35 into Eq. 33

a t-1

o0 a
F(y,t) = %’t;‘;;r 1-t’f o (y1)- 5 %" exp(-y)ay-
s |

at & :
T () - 52 ) (36)

In terms of energy variables F(y,t) becomes

F(%""t) | ]_"( Q ltf S )-—-—(y )%o exp(—y')dy'}

. ' a .
o+ (1n %—ﬁt- t (v (v) - ~§-} (37)
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Since

Vo (¥) = o (v) - (28)
y = 1In Eﬁ- (39) |
exp (y) = 2- (40)
exp (-y) = E+ IS
v = 1- £ = leexp (-y) (42)

1ev = exp(-y) (43)

'h -y = 1n(1-v) (14h)
dy = %%; | (45)
V()-8 = 0 () + ey (16)

. (1n =— 1 a
F(Et) = r(io@ {m f [0o(v) + Tpmyy) () ]aoth}
. S
. a
reeitap {%(1- E)- TE} (7)
. = :
Now, for the case including Wl(v)

3(8:8) _ _a p(s,t) Ing + ple,t) 0 (¢)+p(s+,0)T, (¢) (48)

Integrating over t

% .

"1

(&) = p(g,0)exp(-a t 1nt)+exp(-a t lnéz/\p(é,o)@o(é)+exp(aot'1n(§§l)
0
R0 T8 Fav ()
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Now expanding the exponential in the integrand

_exp(aot' 1-“(5%'1‘) 2 Lot 1n(ﬁ—l~ e (50)

Then integrating over t, the second term yields
b 2 L
J[£' dt! -5~ ~ - (51)
0 | »
which is higher order in t. [In the prior case, we have exp(aot 1ng)
and this was not put = l;]

Here,
e

i
visl

1 . 1 1 1
)

1n( S S (52)
S
Taking the inverse Laplaée transform
-1 1 y y2 .
L (In(gg)) =1 -Fr gy - oo (53)
The first correction to ﬁo(g,t) becomes
-a t
p (€,t) = ¢ 7" ¢ p(&+1,0) I,(k) (k)

where

1,(6) = 5, [(Em(-g)-emp(-2))y (wau = B, (00 (0) 1 ferml-a)vy (w)aa] (55)
- 0 | 0

if‘we let

FIORIERLAS | (%6

-n-1

Liv,(0)) = E nib_ (1)

n=0
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The . inverse transform of'pl(g,t) becomes

| Yy .
oy (58) = [ oy ,00em (-v') BE Ty (st (58)
. 0
where‘
w n!Db y’”""ot C oot
Fl(y’t) = Z (n+a t+1) Z nibyx (a t) (59)
n=0 n=0 0
. |
at :
£ b = (7% ¥, (y")exp(-y")dy (60)
_.O .
0
Thus

y' .
n, (v,t) =fd y' n(y',O)eXp(—y')Eotr(y—y')aotﬂfl(y—y')

0
8. t-1 " Ve n Vﬂ
o f<y>o (yess(-yay k(61
Since
E,
y=in3® | (62)
E=E exp(-y) (63)

(o]

Eq. 61 may be rewritten in terms of the energy variables

n, (E,t) =fE n(E',0) ——-E't( n% )%™ [0, (v)- E%—n]—i‘-))—l (111:};1‘3,—)3L v
E
vy G S (64)
Thus
(s, - [o s e ff?;;:n-af&om .
E | . 0
410 0y (v)] (10 1270 av] + t( 102" ) © o 1 (65)

[%( v)+ “T(l‘"“v') B 1oq (v
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Now

v B (66)

" 1
av = in\/wdv (67)

Using Egs. 66 and 67, eq. 65 becomes
| a t-1

! (l ) Ef o
n(E, t) - f { i@.- n(E', O H?Tj-m— 1 -tf g'_E:E.:.;. L W (Ey F»")
0 A

a5 | E .
: o dE!? Etva t -,
+ m (ll’l '“‘—) }‘i‘tf "'E—" n(E',O)(J.n E“') S
- E

(E :E) + ""%"_‘] (68)

L W,
ln(E—,-

Note that in the integrand of the first term

1.1n(E/E)%%

'F(aot)

is the same as the probability derived by Heitler.57

Corrections for varying thickness in stopping muons. We had

B < [ e

We will now average this expression for various bg's.

v

(bg)ag + CH + Cu + Air

| f o) Ty o7 ss(205(108 59 (03-1) BN

(bz)aﬂ + CH + Air ' _ _ :
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The (-1) in exp is not affected by 4 variation. We approxinmate

r(1+bg) by T(14b7).

Then we get

: (Llog g')b£
o1 1
P(l¥5§)- (bz)cu 1103(L08(L'/B))
( R
1 - cu 4+ ag + CH + Air
“(bg - ey )} ! (71)
Log(log =) “(%2),, 4 oy 4 Asv

[Note:  In the computer program bg for Cu was taken as 1/2
actual thickness as the average. Thus here (bg)Cu would be 2 x Ezcu
as computed;]

We also have to evaluate the singularity region. There we

had: -
BiAl?
(log 5
n(E ) {1 SINQ(E)}- _“"Zl+527"~ (72)
This will now also be averaged to get
U/'[l (E+A dbe  _ | : (72
F(l+bg ( 2) cu 72)
(bg)
E+A E+A\ (b )
1 (log gg)  As+CH+Cu-(log—%-) A 0+ CH
~ r(1+62)

E+A
(bz)Cu log(log—ﬁ~

® is the Lamb-Wheeler cross section for radiation of a photon in

L.W
the frequency range dv by incident electron of energy Ei (vhere
[
E.>> m,Ce).)O
i e
) av (73)

ou . 2 = Commgrre * ®prasric
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where‘
® v = ze __av {[L?ﬂf][w ()-8 3 1n7]- 2 5 .
INELASTIC 157m PCh E 3iTf
8 ,
[11'/2(6)" -5‘ ] (7“)
and
2L
' Ze .f
O asprc 3V = ) 5T 2 [E +ES 2100 (7)- an]~ —-E E
3m C  E,
e i
[6,(7) - % 1n 2] (75)
o\ T3 '
vhere
Eo. =E, -v % final electron energy (76)
100 m, C hy
Y7 = ”‘*’""‘77‘ . (17)
E. E Zl 3 arguments of Fermi-
: Thomas screening factors
01 o(7) and ¥y 5(e).?
¢ = 1757 (78)
Z

) (7) and § (7) wefé taken from Figure 2, page 862 of Wheeler

Lamb, P.R. 55, 858, (1939), up to a value of y = 1.42. The values for
W1é§e)were obtained from Figure 1, page 862 up to ¢ = 1.50. For
larger values of the argument ¢, ¥ was obtained from the expression
for free electrons wl,2 5;19;19-h In e.

o From y = 1.42 to éJQ the values for ¢1(7) and ¢2(7) were taken
' froﬁ the extendéd curves ﬁn Rossi, page 49, Figure 2.11.1.
The remaining values of ¢l(7) and ¢é(7) were obtained from the

formula'¢l(7) = ¢2(7) = 19.l—h1lney-h ¢( y)where the function



o7
55

¢(y) wes oblained from Talle I, page L49.

C. Ionization Straggling

52

The following formulae are from a paper by Rohrlich and Carlson
in which account is taken of the differences in straggling of electrons

and positrons.

THE.,EL) = (1/8)55(x,8)d8 = (1/8)exp o (Mino™) 19(N)a A (1)
L . :
g = x 211: Noze Q %A% (g/crﬂz) A (2)
m N = Avogadro's number

p = density (g/cmB)

m = mass of electron (gms)

e = charge of incident particle
Z = atomic‘number

A = atomic weight

x = thickness (g/cmg)

v = velocity of incident particle

ot = ot | (5)
¢" = B e-(r+1) P L y= 1167 (1)
¢ = (27-0)/5° | - (5)
g=Nzw%§$mﬁ,T=wam£ (6)

A =_(A5Ab)/g , & = energy loss, Ab: most probable energy loss (7)
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oo + ¢ |
F(N) = (l/?ﬂi)J[ é exp(u lnu + Ku)du‘ A (8)

~-ico + o

.Q(X) is Landau's distribution functipn.5; Lt(Ei,Ef) reduces to
#(N) when CT = O.

Landau numerically evaluated #(A) out to A = 15. For the in-
frequent large collision losses Landau derived an expression for the

tail of the straggling function given by
¥ = Ty | (9)
(i1)
vhere w is oblained by numerical interpolation from the relation

A= = wtlnw - 0.37  (10)

59

Values for Ab are obtained from formulas derived by Sternheimer

for the various materials through which the decay electrons pass.

D. Chi Square Test

The chi square test is used to estimate the degree of agreement
between the theoretically predicted number of events in each focal

plane counter with the number actually counted.

11
Xi = (& Npgop, NEXPTL /E N
NEXPTL is the measured (TARGET IN-TARGET OUT) number of events in the

ith counter (corrected for counter efficiency) both normalized to the

same incident beam flux.

gl ' sl .
N (2 ULy epr, ' (2)
BPILT () 51 i | | _
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The + and - refer to the positive and negative data respectively. «

is a scale factor which slides the unnormalized N%HEOR up or down on

. . . i,
the semi-log scale such that X2 is a minimum. ¢~ is the error on

NEXPTL and includes an estimated systematic error of ~ 5% as well as

the statistical errors made during target in-out data runs.

i 8Nii:xmL D, 4, 1 \\2 aNéx_PTL 2, 1,4 (42
e =N =5 (E)) + =) (T E ) )T
oz JL
N ouT
. AN ’
4 : o o .
+ —5{%—?—) (e;(ern))?] (3)
1 .
Ny, 3 %‘ : ()
i TR AW, ) elr
Iy N 1 1
i
Mo, _ -1 (5)
1 -
GLOUT ZOUT(Wl)-effi
i ' , i i
Mowerr, 1., Zm Zour (6
B(effi) _ (effi)2 ZIN(wl) ZOUT(WI)
(M=E))f ==t (7
v’/ T YIN
i, i 2 i
Substituting Bquations (4) through (8) into Equation (3),
| 1 i 1
1 Ly , Zoup 1 Zry
€ = 7" 5+ s
-(ZIN(wl)-efii) (ZOUT(Wi)-effi) (efzi) EIN(wl)
1 -
i ZOUT__)Q i ei(effi)_)E 9)
efT, 9

Zoup(Wy)
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Factoring out

i 3
! - Iy Zour

EXPTL zIN(wij, h zOUT(wl)

@

i i
Zry Zour

i i
M J.[ (£, (0, )eefr, s )P !
It 1TV EXPTL

. ei(effi) )2]

eff,
i

f% E. Summary of Systematic Errors

Table VII. Summary of Systematic Frrors
in Calculated Corrections

Calculated Estimate of error (%)
Correction (approximate)

1. Solid Angle 1.0

2. PFocal Plane _
Counter Efficiencies Lk,0

- 3. " Energy Losses 2.0

L, Non-uniform Target .
Stopping Distribution 2.0

F. OMEGAH Orbit Tracking Program

The initial momentum, the spatial. coordinates and the direction
of the electron orhit were generated using the Monte Carlo technique.
The  spatial coordinates of the electron were determined relative to a

Cartesian coordinate system. The Z and X axis were parallel to the
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vmedian plane of the spectrometer while thé ¥y axis lay normal to the
pole tips.
| From measurements of the axial field components furnished by
LRL Magnet Testing Group, (good to 0.1%) polynomial expressions for
the magnitude of the axial field as a function of the spatial coor-
dinates were derived.

The orbit was treated as being a sequence of small helical
arcs. The step frqm the beginning of each arc to its end was deter-

mined using the following matrix transformation,
!

- - - - . _ T
DX, A 0 B p. COs B,
i ) i i
Ayi = 0 o tan ¥ 0 pi
Az, B 0 -A p. sin 0.
i 8 i L1 i ]
where
' Xi+l = x.+Axi
Vi = Y3700y
141 T 21702y

p, = 1312 pc/By(x,y,z), inches

& = fixed angular increment
A = 1l-cos B
B =sin &

piﬁ = projection of helical arc in Z-X plane

¥ = angle orbit makes with median (Z-X) plane

oY = - L tan ¢
Py
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€ is ihe angle the orbit makes with the normal to the pole tip

» entranée (or exit). 5& is the angle the projection of the arc in

the z-x plane makes with z axis. : -
The change in direction of the trajectory in the z-% plane is

given by the following transformation

sin @, (1-4) B sin @,

cos 6, 1 -B (1-A) cos 0,

[

if .
The orbit tracking continued until either the focal plane was

crossed or the orbit crossed into an inaccessible region.
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