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ABSTRACT 

Negative muons from the Berkeley l8lr-in. Synchrocyclotron were 

stopped in a copper plate target. The momenta of the decay electrons 

were measured by an Elbek typE; wide c;ap, broad range, nngnetic spcct-

rometer. Eleven ;.;cinti.llation counters served to define the foeal 

plane for trajectories from the target, through the spectrometer, to 

the focal plane. For comparison, posiUve pions were stopped in the 

copper target giving rise to positive muons upon their decay. The 

positrons from the subsequent positive muon decay vJere momentum analy-

zed under the same experimental conditions as the electrons. 

The measured positive and negative electron momenta spectra are 

compared to the theoretical predictions taking into account energy 

loss straggling and various other experimental resolution effects . 

Reasonably good agreement was obtained between the positive data 

and theory. The comparison between the negative decay spectrwu and 

theory seems to be in a less satisfactory state of agreement, the data 

favor:i.ng a faster fall-off with energy at the upper end of the spectrum 

than tlteoreti.calJ y predicted . 
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I. INTRODUCTION 

Although the shaiJe of the electron and l)Ositron spectra from 

the de-cay of unpolarized negative and positive muons has been studied 

extensively, (see Table A) the experiments untU 1961 dealt exclusively 

with muon decays occurring in materials of lov atomi.c number. Any 

influence of the nucleus on the shape of the bound decay spectnnn 1i!hich 

would cause it to be differ,~nt from the positive s·pectrum vras expected 

to be small. For details of the theoretical predictions rec;ardine; 

the bound decay spectra see Section I B. 

Since 1961 there have been three prior measurements of the bound 

decay spectra in medium and high Z materials where the effect of the 

bound state would be expected to sho•-r up more prominently. These 

experiments are discussed in Section I C and again i.n SectJ.on IV C. 

An inherent difficulty in measuring the shape of the bound decay spectrum 

in a medlwn or hit:,h Z ffil'l.terin.l is the neees~';i.ty of n1ak:i.ng rather lar,;c 

energy loss corrections. The reason for the selection of a copper 

target .is discussed in detail in Sections III B and III C. 

The purpose of this experiment vill be first, to measure the 

shape of both the positive and negative decay spectra with sufficient 

precision to clearly distinguish between the two spectra and, secondly 

to make a .direct comparison of the experimental results vith the theor-

• etical predictions regarding the shapes of the tvo spectra. Since 

theory predicts that the largesi; deviations of the bound decay spectnm1 ., 
from the positive occur on the high momentLm1 side this exper irr~ent, 

utilizing a magnetic spectrometer, was designed to cover this region, 

I ,- I 

nrunely from 20 NeV c. to oO MeVjc. Details of the rn:~gnetic spectrometer 
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are discussed in Section II B. The analysis of the exr)erimentaJ. 

data and the results obtained are discussed in Section IV. 
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A. Theoretical Free Decay 

The first experiments esta'c·U.shed t1:e muon decay mode to ·be 

ll± 4 e± + t110 neutral particles. 1 ( 1) 

'l'iomno, vlheeler, and Rau vrere the first to make a detailed study of 

2 
the shape of' the Jni.IOll clecc:L.Y q>ectrll!ll. ]ia~;ed pu.rt.ially on availDl,le 

e:>..'}lerimental evidence and the analogy vri th nuclear beta decay, tney 

decided to treat the four particleG as Dira~ particles satisfyi.ng the 

Dirac wave equation. Using standard quantwn mechanical l)erturbation 

theory they wrote the transition probability, d\v, as 

2 
4n- p dp J 

dW = ( 2~) ( e e) (~) x I d3pv 
·h 

(2) 

dW is the probability per second of a muon decay in which the electron 

emerges in the momentum interval pe to p + dp . The square of the 
e e 

transition matrix element, I, vras averaged over the spin of the initial 

muon and summed over all spin directions of the three decay particles. 

The integral j_s over that part of the momentum spaee of the decay 

neutrino consistent with energy-momentum conservation. Tiomno et al. 

considered eq. (l) under two different hypotheses, either 

or 

+ ± ll- 4 e + ll + v 
0 

( 3) 

(ll
0 

was chosen to represent a light neutral meson. The first e:lq)erj_merlts 

placed an upper lirri t of 30 m on the combined mass of the two neutral 
e 
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decay particles.) In analogy 1-rL th nucleaT beta decay, only the coup-

lings bet~-reen the ,,rave fLmctions themselves, ex,;luslve of their der-

ivati ves, 1-rere considered. Depending on their transforrr'ation properties 

these couplings vere called scalar, pseudo-scalar, vector, pseudo-

vector (or axial), and tensor. 

From results of their calculations Tiomno and vTneeler predicted 

that, if the hro neutral decay particles 'lfrere neutrinos, a study of 

the high energy end of the spectrum might provide a means of telling 

whether or not the hro neutrinos vere the same. EXJ.-e riments indicated 

that the decay electrons did favor the maximum momentum end of the 

spectrum. ~:'he Pauli exclusion pr)nciple required the conclusion that 

the two neutral part iclerJ were l:i) e J.ther part:i r:lc and an t..i -partJ. ele 7 

or h) two different species of neutral part:Lcles. 

'l'he discovery of parity violations in weak interactions led 

Bouchia± and Michel to consider the effect of parity violations on the 

shape of the muon decay spectrum.3-5 They showed that the spectrum 

for unpolarized positive muons decaying at rest, P(E), could be 

represented by the expression 

P(E) 

2 
Qml-l peE f m m l 

= .\ 3(W-E) + 2
P ( 4E-3W - ~)+ 31) ~W-E) r 

4 8rc3 i 3 E E i 
( 5) 

Q, p, 1), are bilinear combinations of the coupling constants. E, pe' 

and m are the electron total energy, momentum, and mass, respectively. e 

M is the muon mass and \-! :.:: (m
2 + rn

2
)/2m is the maximmn energy of 

1-l 1-l e 1-l 

the electron. The neutrino masses l:ave been neglected in the der·ivation 

of eq. ( 5). Neglecting terms in me/E, eq. ( 5) reduces to 

' 

, 
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P(E) (6) 

The Two-Component theory of tl.e neutrino and the Universal V-A 

theory made definite predictions rq:,arding the magnj_tude of the 

parameter, p, known as the Michel parameter.
6' 7 If the neutrinos 

emitted in muon decay were identical, p == 0, bnt if they are disU ng-

uishable, p = 3/1~. 

Eq. ( 5) was derj.ved assmning the decay vets a local jnteraction 

between four fermions with non-derivative type couplings. Deviations 

from p o' 3/4 have been interpreted as possi11le evidence for a non­

local interactiori.B-lO The range of this interaction is characterized 

by -l 
~ , where ~ is the mass -of the particle exchanged between the 

pairs of fermions. Hork by Lee and Yang indicated that the presence 

of such a particle could be accounted for provided the Michel parameter 

was represented by the following expression 

where m!J. and ~l are the muon and exchange particle masses, respectively. 
8 

Before eq. (6) can be compared with experimental data, corrections 

for internal radiative processes must be made. These processes, invol-

ving the emission and reabsorption of virtual photons, have been dis-

db K. h't s· 1· d th 11- 14 I ff t h b cusse y lnos 1 a, 1r 1n, an o .ers. n e ec , t e num ers 

of electrons emitted at the extreme upper end of the spectrum are 

reduced. These radiative corrections result· in the p value 

b . r:; ·"ol l . , 1 • t d t' d . +' • e1ng / .o~'J ng:1er Wc'.en experur"en ~ a!! neory are corq.1are 1n c-ne reg1o:: 

0 < p /p < 0.95. The details of the correction are discussed e! e .max 
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in Appendix A . 

B. Tneoret_ical BoLmd Dec~ay 

Until noiv only the shape of the unpol.ari zed free decay spectrwn 

has been discussed. Porter and Primakoff 1-rere the first to discuss 

the effect of Bohr orbit binding on negative muon decay . 15 They sho1.v-ed 

thai:. tllc Ol'b.i.tal. rnoUon of the lJound liiUon i~oul d caLU3C ~-, Doppler s1;1earing 

of the high momentwn end of the spectrun1, which shifts the maximwn 

· momentwn upward. Ti.1e order of magnitude smearing based on the conserva-

tion laws was given;as 

1/137) (7) 

for lovest Bohr orbit binding in a nucleus of charge Ze. In their 

calculati.on of the shape of the negative decay spectrum using standard 

perturbation methods, bound state wave functions were used for the fl.- 1 

Dirac plane-wave functions for the e-, and Majorana plane-wave functions 

for the neutrinos. The nucleus •ras treated as if it Here a point chal'[;e. 

Uberall pointed out that, since the bound muon decays close to 

the nucleus, the electron wave function could not be represented by 

16 
a plane •rave. It must be represented by a relativisi tc wave function 

having an amplitude larger than a plane vave function near the nucleus. 

The large overlap betveen the nuclear and electron wave functions should '• 

result in a Coulomb attractive potential. In escaping from this poten-

tial the electrons would appear with reduced energy. Uberall asserted 

that the most significant deviation of the bound from the free spectrum 

should occu.r at the upper end of the spectrum contrary to the predic-

t . ·f T 1· l7 1ons o enag .1a. Uberal'l obtained the electron v.'Rve function, 

' 

... 
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\)! (r), by iteration of the Dirac 1-rave egunt:iDn e . 

(i ~ · ~ + p - V(r)) *e(r) 0 

using for the nuclear potential, V(r), the Yukavra potential 

V(r) 
l - r )'e exp (-f:>r) 

where 

)' == Z/137 e 

(8) 

(9) 

(10) 

;( 

Later in his calculation Uberall let the parameter f3 ry 0 so that V(r) 

would coincide with the Coulomb potent1.al. 

Since the Dirac equation w:l.th a Coulomb potential cannot be 

solved ln a closed form solution, Gil1.nsky and Mathews chose to use 

Som.merfeld-Naue type wave functions as a simple closed form approximat-

ion to the electron wave function. 'I'hey represented the muon by a 

relativistic wave function, \)! (X), where 
j..l 

I A 

= [g(r) + f(r) i ~ · X] U 
(~)v2 o 

and 

g(r) = 2 

f(r) = A g(r) 

( ll) 

( 12) 

( 13) 

The parameters 1-l and A were adJusted to give nest fHs to numerical· sol-

utions of the Dirac equation ·Hi th the potential of a uniformly charged 

nucleus. 

Huff noted, hm-rever _, that the use of the Sommerfeld-Mane wave 
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function for electrons and the fit ted muon wave functions of Gili.nsky 

. 19 
and 1v1a'thei-TS became less accurate for n1r.:;dium and high Z elements. 

Huff considered the polar form of the Dirac equation 

(Q - V(r)-1 
r 2 I + \ 

dr - v ' 
\ r 

I I == 0 
I 

d 
Q-V(r)-1 ~ v - I 

dr I 

E - V(r) 
d . \ ( 

- , . .J. I dr r 1 

E - V(r} )\ -· 0 ~ + J. 
dr r 

(14) 

( 1. 5) 

v± and Wt are the muon and electron (positive and negative state) wave 

functions, respectively. 

The muon wave functions, v±, and the ~)inding energies, Q, were 

obtained from work by Ford and Wills who fi.tted the nuclear charge 

20 distributions to electron scattering data. In constructing the ele-

ctron wave functions W~, the nuclear charge distribution was replaced 
J 

by a uniformly charged sphere whose total charge and r.m.s. radius, r , 
. 0 

were chosen to be equal to those used by Ford and \iills. The nuclear 

potential, V(r), was represented as 

rz.a (2 l 2 
V(r) == -(-) - 2 r 2 ), r < r (16) r 2 0 0 r 

0 

V(r) ::= -
'li:x 

r > ( 17) , r r 0 

The largest computational error in Huff's calculations results from 

experimental uncertainties regarding the nuclear charge distribution 

, 

• 

'• 

'-'' ' 

·-
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and included the effect of replaeing the nucleus by a uniformly cha:cged 

sphere in computing the electron vJave functions. Tl1is error is esti.J::a-

ted to be 1% to 2%. Other approximations in Huff's calc,.llation include 

setting the electron and neutrino masses equ.al to zero and the neglect 

of nuclear recoil. A more serious neglect to date has been the fact 

that no one has computed the effect on the shape of hou:.1d spectrum 

of the internal radiative corrections which have been sho1-m to be so 

i.mportant. i.n free decay. 

Calculations by Kruger and HothJ.eitner also give results closely 
:·1· 

21 1 1 comparable to _those of Huff. Other ca. culations have a .so been made 

by M. V. Terent' ev. 22 

C. Experimental Review 

Since the difference between the bound and free decay spectra 

increases with atomic number, A, an experiment to measure the shape 

of the bound spectrum' should employ as high a Z material as is experi-

mentally feasible. Early experiments measuring the negative muon decay 

spectrum were all done in low Z material where any difference in the 

h f th f d t ld b 11 l, 23,27,28,35 s ape rom e ree ecay spec rum wou e sma . 

The first acceleratqr experiment, using only negative muons rather 

than a mixture of positive and negative cosmic ray muons, was that by 

Sargent et al.27 Negative muons were stopped in a high pressure hydro-

gen-filled diffusion cloud chamber and their endings scanned for decay 

~lectrons. The electron momenta were determind from curvature and 

angle measurements and the value of the ll1.agnetic field. 35 ± 15% of 

the muons were estimated to decay frorc, the K shells of the 0.4% impuri-~ies 
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of oxygen, nitrogen, and car1)on in the gas. The experi·1nental results 

lvere compared 1.;-i th Michel's Gpectnun modH'ied "'uy ·Lhe binding effect 

as treated by Porter and Primakoff. A value of 0.68 ± 0.11 for the 

Michel parameter was obtained. The uncertainty of the resu.l t vras due 

mainly to the small sample of events analyzed . 

. A helium bubble chamber exponed to a K- beam provj_ded a large 

number of negative muon decays for the Duke e).--perimental group of 

Block et al. 3 5 The principle cont:d.butors to the 5% error in the average 

momentwn lileasu.rement. were dne to a) curvature measurements and b) 

multiple scatted.ng. The effect of binding on the negative muon, as 

computed by Uberall, introduced an estimated spread of 1-l/2% at the 

upper end of the momentum spec_trum. The Dnke group ol1ta:i ned a vn luc of 

0.751 ± 0.034 for the Michel parameter lending additional support to 

the two component and universal V-A theories. 

Since 1961 the negative spectrum for higher Z values has been 

measured by Bergeson in Al, Fe, and Zn; by Nielsen jn Fe and Pb; and by 

Culligan et al., in Fe. 38 ,39, 40 

The experiment by Bergeson utilized a cc1
4 

total absorption 

Cerenkov counter in order to insu.re insensitivity to neutrons. The 

decay electron energy was determined by pulse height calibration usjng 

artificial pulses and fast muons. Bergeson concluded, however, that 

the experimental spectra lacked sufficient accuracy to compare vr.i.th 

Huff's predictions. 

The experiment by Culligan, et al., utilized a large (20 em x 

20 ·em) Nai(T.e) cot1nter to measure the energy distribution of the decay 

electrons. The Nai counter had a resolution of 17% for 50 tl!eV electrons, 
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with a 5 JvleV lo•,r energy cut-off. The Fe target in vrhich the muons 

decayed was . .,_, 1.8 g/cm
2 

in the dii·ection of the Nai detector. 'l'l1e 

experimental Fe spectrwn vras compared Hith the theoretical predictions 

of Uberall. There appeared to be a considera1)le excess of low energy 

events. 

Since the region of greatest difference in shape bet1·reen free 

and bound spectra occurs on the high momentum side of the spectrum 

peak my experiment was designed to cover thi.s region. The magnetic 

spectrometer current 1\Tas adjusted until the upper end of the decay 
i' 

spectnm1 appean.:d 1n the hip;h momcntu.m en''l of tl1e arrt:;ty ()f eleven fon1.l 

plane counters. The choice of the thickness of the copper target, 

2.8 g/cm
2

, was dictated by the conflicting req.uirements of a high 7, 

target versus adequate electron decay rates and lm-r energy loss cor-

rections. For purpose"s of comparison, the free decay spectrmn uas 

obtained by stopping positive pions in the target and observing the 

positron decay spectrum. The experimental results were compared vdth 

the theoretical predictions of Huff modified by energy loss corrections 

and experimental resolution effects. 

Table A immediately following, contains a complete summary of 

the many experiments which have measured the muon decay spectrum, both 

positive and negative. 
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Table A. Experiments 

Author (Ref.) Year Source Method Charge No. Events .e. 

1. R. Leighton ( 1) 1949 cosmic rays cloud +,- 75 0 I, 
•'+ 

C. Anderson chamber 
A. Seriff -~· 

2. A. Lagarrique (23) 1951 cosmic rays cloud +,- 150 0.4 
C. Peyrou cham·::::er 

3. H. Bramson (24) 1952 accel. emulsions + 301 0.41 ± 0.13 
W. Havens 
A. Seifert 

I 

4. H. Hubbard (25) 1952 accel. cloud + 400 0.26 ± 0.26 f-' 
1\) 

cha'llber 
I 

5. J. Vilain (26) 1954 accel. cloud + 280 0.50 ± 0.13 
R. 'Hilliams chamber 

6. C. Sargent (27) 1955 accel. cloud - 415 . 0.68 ± 0.11 
M. Rinehart chamber 
L. Lederman 
K. Hoger 

7· A. Bonnetti (28) 1956 cosmic rays 1 . emu_slons +,- 506 0. 57 ·.I; 0.14 
R. Levi-Setti 
M. Panetti 
G. Rossi 
E. ~.'omasini 

~"· f' t: 'f· . " 
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Author (Ref.) Year Source Method Charge No. Events E. 

8. K. Crowe (29) 1956 accel. double focusing + 0.62 ± 5% 
R. Helm spectrometer 
G. Tautfest 

) 

9· L. Rosenson (30) 1958 accel. cloud chamber + 1300 0.67 ± 0.05 

10. A. Vaisehberg (31) 1959 accel. nuclear --- + 0.72 ± 0.10 
emulsion 

11. H. Anderson (32) 1959 accel. magnetic + 0. 74 ± 0.03 
T. Fujii spectrometer 
R. Miller 
L. Tau 

l2. vl. Dudziak (33) 1959 accel. spiral orbit + o. 72 ± 8% I 

R. Sagane spectrometer t-' 
\...N 

J. Vedder I 

13. R. Plano (34) 1960 accel. bubble + 9213 0 • 7 80-:!: 0 • 02 5 
chamber 

14. !vi, Block (35) 1960 2276 0.76!+± 0.032 
*-)(-

accel. bubble -
G. :!"iorini cha..'llber 
T. Kikuchi 

15. A. Vaisenberg (36) 1960 accel. nuclear + 3580 0.66 ± 0.07 
V. S'mirni t-skii emulsion 
E • Kolgariova 

16. H. Kruger ( 37) 1961 accel. double focusing + 0.771+± 0.0~2 
spectrometer 



Author (Ref.) Year Source Method Charge No. Events .e. 

17. H. Bergeson (38) 1961 cosmic rays Cerenkov +'-
counter 

18. G. Culligan (39) 1961 accel. Nai counter +'- 2000 + and -
D. Harting 
H. Lipman 
G. Tibell 

19. L. C. Nielsen ( 40) 1962 cosmic rays Cerenkov +,-
counter 

20. A. Hogan ( 41) 1962 cosmic rays liquid +,- 0.77 ± 0.03 
scintillator 

( 42) 1964 + .661 + 0.016 21. J. Barlow accel. magnetic +,- p(fl ) = 
P. Booth spectrometer p(f.L-) == .64 ± 0.04 I 

L. Carroll 
I-' 
+="" 
I 

G. Court 
J. Davies 
D. Edwards 
R. Johnson 
J. Honnald 

22 • Jvl. Bardon (43) 1965 accel. sonic spark + 8 X 105 o. 747 ± 0~005 
P. !1To1:ton chambers 
J. Peoples 
A. Sachs 

23 •. I3ounin (43a) 1965 accel. wire chambers 105 * 0.746 ± 0.01 + 
Ehrlich 
Fryberger 
Powers 

B. Sherwood 
v. Teleedi 

• f 
.. _. CIO 
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Au-:b.or (Ref.) Year 

24. A. -faisenberg ( 4la) 1962 
E. ?esotskaya 
-v-. S:nirni t-skii 

25. J. 3. Pontecorvo (44) 1965 
R.~·~. Sulyaev 

* Preliminary 

Source 

accel. 

accel. 

** 6 19 2 :~'J.ovo Cimento V. 23, p = 0.751 ± 0.034 

Method Charge 

nuclear + 
emulsion -

diffusion -
chamber 

·- ·-

·No. Events 

2969 
6oh 

,­... 

E. 

0.68 

0.867 ± 0.035 

I 
t-' 
\J; 

I 
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A. Set-U1) and ProcedGres 
----~~-----------

Pions produced by 7 40 MeV protons impingj_ng on an jnternal bery-

llium target -viere momentum selected by the magnetic field of the l8h" 

Cyclotron (see Figu:r·e l). Upon leavin,s the vacuum tank of the Cyclotron 

through a thin alwn:i.num -vrindow the pions passed through an 8" quad.:. 

rupole doublet magnet, then through a slit in the meson vheel, and 

emerged into the experimental area. Here the l)CaJn -vras deflected to'.-m.rd 

the experimental tar~v~t by means of a bending magnet and tl1en focussed 

once more by a second quadrupole doublet. The beam no\v passed through 

a four counter telescope. 1he first three counters ~l' ~2 , and T 

monitored the incident beam intensity. These three, together with iJ.4 
lrompt · 

iry' anti-coincidence, gave the stopping rate. Differential range curves 

were obtained by varying the thickness of polyethylene (CH2 ) placed 

between counters f.ll and f.l
2

• See Figures 2 and 3. In the positive 

2 
spectrum measurement, the range vas 24.5 gjcm polyethylene (CH2 ) for 

stopping positive pions in the copper target w'aile in the negative 

measurement the range was increased to 35.0 g/cm
2 

_of polyethylene to 

stop negative muons. 

The mean momentmn of the incident beam was 195 'MeV/c .as deter-

mined from the differential range curves. The copper plate which 

served as the target was 411 x 7 11 x l/8". It 1-ras oriented so that the 

downstream normal to its surface was approximately 50° from the inci­

dent beam direction, thus presenting a thickness of 3.7 g/cm
2 

in the 

beam direction. This particular orientation vr-a.s chosen to optimize 

conflicting requirements, i.e., stopping as much of the beam as possible, 

, 

'.!"• 
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184" cyclotron 1 
internal beam' 

CJ Steel shielding 

~ Concrete shielding 

D Lead shielding 

Experimental set-up in t>e meson beam cave of the Berkeley 
184 :r S.:.- ttl il.rocyclo·;:.:con. 

wheel 
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40 1r+ differential range 
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Fig. 3. Differential range curve for stopping negative muons. 
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and minimizing the energy losses Iillich the decay electrons undergo 

upon leaving the copper plate. 'I'he choice of copper as a target vas 

likewise a compromise bet-v;een several factors. The largest di~ferences ,J 

between the positive and negative decay spectra lj_e on the hj.gh momenta 

side of the decay spectra and these differences get larger as Z in-

creases. See Figure 8. On the other hand as Z gets larger the frac-

tion of bound muons in the ls shell that esca::9e nuclear capture 

decreases. 

6al 45 about 1o. 

In the case of copper the fraction that decays is only 

Another i.mportant facto:r: :is that as Z Jncrear~es the 

energy loss corrections ber;omc la:r:ger and corwequently more important. 

'l'his dictates the necessity of using as thin a target as posslble 

consistent with obtaining a useful stoppinc; rate. Counter 'I' ·wh:i.ch 

had the same physical dimensions as the copper target was immediately 

in front of the copper. Counter T, as part of the incident beam 

telescope, served to define particles entering the target. It also 

served as part of the decay event telescope composed of T, ~A' and 

any one of counters ~l' ~2 , ~3 and ~4 . (See Fig. 4.) 

The magnetic field in the spectrometer was adjusted at the beg-

inning of each run with the aid of a Varian F-8 Nuclear FlQxmeter. 

The fluxmeter probe holding a water sample, was positioned in a 

marked region in the central region of the spectrometer gap approxi-

rnately in the median plane. of the pole tip gap. A Hevrlett-Packard 

·524B frequency counter was used to monitor the Varian transmitter 

.frequency and permitted reading the frequency to five significant 

figures. Setting the frequency meter at the reading corresponding 

to the- desired magnetic field the current in the rnagnet coils was then 

.,J_ 

1... 
lr' 
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adjusted UJ1.til the resonant condition l·ias achj_eved. 'Ynis condition 

required the proper pattern to be di.s]Jlayed on the Varj.an scope. 

The probe vas sulJsequently withdre,l·m from the gap. 'l'he regulator on 

the generator furnishing current to the spectrometer controlled 

current .fluctuations to better than one part per 104 over the duration 

of the data taking runs. 

The design for the spectrometer pole tip shape -vras selected 

on the ba:~is of i i..i:: fnvo:rablc cllaractcr:lstJcr..; such tu; rclati.vely large 

solid. angle, small second or·der for.:al plane a1Jerrat1onc and a reason-

·ably long, linear focal plane. Details regarding the design of the 

spectrometer may be obtained in an article by J. Borggreen, B. Elbek, 

and L. Perch Nielsen. 46 The magnet gap was 8-l/2". An "H" type 

magnet was modified by removing one side of the steel yoke and replac-

ing the rectangular pole tips, with the special Elbek pole tips. 

This allowed the decay particles from the source to pass through the 

magnet and emerge toward the focal plane counter arrays. The magnetic 

field in the spectrometer was measured by the integrator search coil 

method. 'l'he median plane as well as planes 2.25" and 3.28" off the 

me~ian plane, both above and below were measured. In each plane the 

distance between measured points was one inch. 

In the vicinity of the pole tip edges plots of lines of constant 

field value indicated that these lines w'ere parallel to the pole tip 

. edges· over most of their length, except at the extreme corners. The 

geometry of the experiment vias designed to keep possible particle 
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C ~ , ·Plastic Scintillation Counters Description 

All the 'scintillators were made by the Lawrence Radiation .. - . 

Lab.oratory. By weight the compos~tion is 97 .y{o polys~yrene solv~nt, 
2.5% p-terphenyl activator, ·and .03% tetrapheriylbutadiene shifter~ 

· There is an additional .Olojo zinc stearate used >to prevent ·surface 

stress formation in production. 

The dimensions of the beam telescope counters IJ.l' IJ-2' T, and 
,. - 9" X 9" ,x l/4'', . 8" x8" l/411 ' 4" X. l/8", 9" IJ-4 were X ·' X 7" and 9" x 

, . 
X 

· l/4" respectively. The decay eleCtron telescope consisted of counters 

13A' 131 , 132 , 133' 134 as well as the T counter vlhfch -v;as required in 

. bolli.telescopes. The dimensions of 13A· were 6" x 8"• x l/1611 while 

. :the counters 131 , 132 , 13
3

, 134 were all 1-l/2" x 8".x l/16". The focal 

plane counter array Gonsisted of a front row of eleven counters each 

3-l/2" X 8", X l/4" ,· ·.·This front row was backed by two more rovrs of 

··counters~ Counters 12, 13, 14, and 15, in the second row, were 10-3/4" 

'X 8"x l/4",. 12·;, X 8'' X l/4", 12;1 X 811 X l/4", ,and 10~3/4" X 8" X l/4" 

. respe~tively'. :, The third. row counters 16,' 17' and 18 were 14-3/4" X 

8" x l/4", 16:...1/4" x. 8". x l/4", a~d 14-3/4" x 8" x l/4" respectively. : · · "-

. · Tlie counters all used RCA 6~H)A 14 ·stage photo":'mul tiplier tu~es . 
. ~ ·~ ·.' . ··. .... .. 

The plane of the scintillators were oriented normal to the median 

.. - ~plane df the magnetic. spectrometer. 
• - ~ • ' - • ·• . • : . _'!-. • : • • - • • ·• : 

Their relative position may be 

' seen in Jfigur~ 4. ·•··.· · . . . - ····, 

{. ; ·· . .- ·, ~ 

.·) .. ': ·-<>. '·'-
,.·. ·., .. :-·;: ,, . 
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Layout of magnetic spectrometer and scintillation counters. 
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D. Sc'intilla.tion Co>J.nters Relative Ef:i'iciencies 
1 

The focal plane counter efficiencies were measu:red ..,.Ti th the 

aid of two scintillation co~nters utilizing the time of :i'ligtt tech-

niq_ue. The first reference counter vras placed uustream in -'.:.he beam 
. . - ~ 

at the ent:::-ance to the bending r.1agne..; -wtlile the· second reference colmter 

1ms placet. (in the beam) far downstream against the rear wall of the 

cave area. :'~e difference in time-of-flight between pions and. muons 

was about two nanoseconds 1-.tlile between electrons and muor .. s the dif-

ference ~Has app:roximately five nanoseconC.s. The resolutio!:1 of the zero 

l;_'7 
crossing coincidence circuit designed by Nunamaker and. B,jerke · 1 ,,Tas 

of the order of one nanosecond. The delays of the two reference cou..'1.ters 

were set to count only electrons. The delay of the focal plane cow.1ter 

was then adjusted so that the signal from the focal plane counter 

"Was in coinc:!.dence with the "doubles" coincidence signal from the two 

reference counters. The ''t:riples'' to ''doublesn ratio is taken to be 

the efficiency, 

= 
(TF1)·(TF2)·(F.?.i) 

(TF1) • (T~) 

·. Each of the eighteen focal plane counters was positioned irr~ediately 

in front of the second reference counter. 

The ·signal from each focal'plane com1ter was passed through 

the sa..'11e electronic channels it normally went through during the data 

taking runs. Hence the overall electronic and counter efficiency vras 

measured. 

T'ne efficiency of each of the front eleven focal plane coLmters 

was.th~n multiplied by the product of the efficiencies of the second 

',.• 

.· 
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and third row counters directly behind each front row counter. The 

second and third rov efficiencies -vrere -vreighted by the fraction of the 

area of the front row counter they covered. The final result is 

indicated in Ta~le B. 

Eff(%) 

l 

95.0 

Table B. Focal Plane Counter Effic1encies 

2 

95-3 

3 4 

90.9 93.4 

7 

93.2 

8 

100.0 

9 10 

89.0 77-5 

The triples to doubles ratios VJere measured in twn successive ru..11s of 

5000 counts each. ~~e two runs repeated to within 2%. However, since 

the two reference counters only subtended a small fraction of the area 

of the much larger counters on the second and third rows, the triples 

to doubles ratios did not represent the efficiency averaged over the 

entire scintillator surface. Consequently, an error of 4% ivas assigned 

to the effective efficiency of the front row counters given in Table B. 

E. Electronics Discussion 

The target incident beam particles were detected by a.scintil­

lation counter telescope consisting of counters ~l' ~2 and T. The 

pulses from these counters were passed through constant delay dis­

criminators and the_n suitably delayed by cable delay boxe_s _so as_ to 

arrive together at the three-fold transistorized \ventzel coincidence 

circuit labeled in Fig. 5 e.s w
1

• The output of H
1

, after passing 

·through ~1. subt:;cqucnt con~;tant delay cliscriminatcn: iv-::~:; fed into a 10 r.;c 

~· 
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scalar and constituted the incident beam monitor. 

CoLU1ter f-1.
4 

placed 5 inches dmmstrearil from the co:rrper target 

served together 1-Ti th counters f-Ll and f-1.2 , and T to give a fJ.l ~2 T f-1. 4 

output from •.-1
3 

signaling a stopped particle_ signal. The stopped 

particle vras a positive pion for the case where the positive spectrum 

was to be determined while for the negative spectrum negative muons 

were stopped. In each case the range of pol;;iethylene degre.der placed 

between eounters f-1.
1 

and ~t2 · ivas V'l:'l.riecl to provi.de the Jr.1.nimum stc.,ppi.uc: 

rate. 'l"he stoppinG rate g:f.ven by coincj_dence unit 1~3 \vas also monitored 
I~' 

by a count rate meter providing a constant check on the incident beam 

rate. The stopped signal f.Lred a del-a-gate which provided a gate 

I 
-vihose width was adjusted to correspond to approximately two decay Hfe-

times of the muon. In the positive case the gate width was 4.4 f-LS 

vihile in the negative case it was set at 350 ns. This gate was applied 

to a 4-way ''AND" circuit after a 10 ns delay to a1lovr prompt scattered 

beam particles vihich might enter the spectrometer to disappear. The 

4-way "AND" would then only fire if a decay event occurred within the 

two lifetime gate width. 

The decay electron entering the magnetic spectrometer was signaled 

by'the firing of the counters T, !3A' and any one of the four smaller 

counters 13
1

, 13
2

, !33' or 134 • To further mi_nimize the chance that a 

beam particle would scatter into the !3 telescope beam counters f-1._
1

, 

fJ.2 , and fJ.
4 

were placed in anti-coincidence with the T and p counters 

in the coincidence circuit w
4

• The output of ·H
4 

w'as then fed into 

the 4-HAY ''AI'ID "circuit. Provided the H
4 

signal arrived during the 

two lifetime long gate being applied by the stopped signal event 
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the 4-WAY "AND" circuit would fire. The output of the 4-HAY "AND" 

circuit signaled. that a muon had stopped. and that l·rithiri two decay life-

times the. decay electron had entered the magnetic spectrometer. 

On the focal plane of the spectrometer three rovrs of scintillation 

counters looked for the decay electron associated l·rith a stopped muon 

and entering electron si.gnal. The outputs of each ro1-r of coLmters were 

fed into mixer circuits which fired 1-1henever one or more pulses -w-ere 

received. The criteria used to signify the oecurrance of a focaJ plane 

event I-IUS tllat at li;!ast one counter in eacll of the three rows fi.rec'l 

and the three mixer outputs feeding the coincidence circtJ.it H
5 

occurred 1-rithin its resolution time. 

The 4-vlAY "Ai\fD" output together wHh the W.,. output are fed i.nto 
) 

another coincideneecircui t H
7

• A "good event" trigger is defined as 

a coincidence output from w
7

. Namely, a "good event" trigger is a muon 

stop signal, an associated electron decay, and at least one counter on 

each of the three focal planes firing. These "good event" triggers 

fired a- tunnel diode discriminator. Two outputs from this discriminator 

gated on a fifteen channel signal mixer. The gate was 30 nanoseconds 

long and was determined by the extra cable delay of one of the tl-10 

.cables from the tunnel diode discriminator to the signal mixer. The 

shorter delay cable pulse opened the gate whi.le the second cable pulse 

provided the signal closing it. 

The front row of eleven focal plane counters 'besides being part 

of the focal plane trigger signal also determined where the decay 

electron crossed the focal plane. The single output from each focal 

plane counter was fed into a constant delay discriminator .. One of 
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the various nanosecond losic circuits are discussed in the 
ene;ineerin8 note EE-383 by S. KJ.ez.mer, also of La•rrence 
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the two discriminator outputs went into the focal plane trigger require­

ment. 'J'he second discriminator output 1·/B.S delayed u__ntil i.t >·rou1d 

arrive at the 15 channel sjgnal m:b:er >·lhen the 30 ns gating signe.l i·ias 

being applied. 'l'hose pulses from the front eleven focal plane counters 

getting through the 15 char:nel signal mixer 'tiere considered "good 

events" and were sent dire.ctly into a bank of eleven scalers, one for 

each of the eleven cotmters. 

L' 
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III. CALCUT..LA.TIOI\IS 

A. Theoret:i.cal Spectrum 

1. Positive Spectrum 

The expression, eg_uation (6), for unpolarized positive muons, 

decaying at rest, may be revrr:i.tten as 

( 18) 

where X is the electron momentum in units of the maximum electron 

momentum, 52.83 MeV. 'l'he constants in front of the rnomcntLun depcrh1~nt 

portion of eg_uation (6) have been absorllell lly the left hand term 

+ R1(x). PM is the Hichel rho parameter. 

When internal radiative correction; are included the shape of the· 

spectrum is presented as 

The constants A1, ~ and the energy dependent term h(X) are defined 

in Appendix A. The expression R~(X) and R~(X) are normalized to l. 

+ 
The expression, R2(x), is the theoretical starting point. Energy 

+ losses and resolution cffeets must be folded into R,)X) before com-
c.. 

+ + parison can be made with the experimental results. R1(x) and R2(X) 

are shown in Figure 7, labeled R~ and R; respectively. 

2. Bound ~ecay Spectrum 

The negative muon decay spectrwn in copper was obtained by 

interpolation from the iron, antir:;ony, and lead tabular results of 

Huff using vector coupling. The iron, antimony, and lead curves as 
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Positive spectruni,. curves. Curve R~ represents the elementary 
s~ectrum for unpolarized positive muon decay. The curve 
R2 represents the spectrum when internal radiative corrections 
are included. Curve R~ represents the spectra when bremsstrah­
lung is included. Finally curve R4 shows the spectrum after 
both-bremsstrahlung and ionization losses are included. 
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Fig. 8. r:I'he necative bound decay spec:tra in iron, antimony, and 
lead. The dotted curve represents the interpolated copper 
spectnun. For comparison the free decay spcctrwn is also 
shovm. 
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well" as the interpolated copper cu~:ve are presented in Figure 8. 

For comparison the free decay spectrum is also shovm. 

B. Multiple Scattering Effect on Electron Path Length 

In computing the energy losses ;.Jhich an electron undergoes 

upon passing through matter, account must be taken of the multiple 

scattering effect on the electron path length. This effect has been 

studied by W. T. Scott48 and C. N. Yang. 49 The effect of the multiple 

scattering is to effectively increase the straight line path length. 

The actual path length, 1, is given by 

1 = t(l + t/(/\p)) 

where 

t straight line path length in gms/ cms2 

p = density in gms/cms3 

and A is the characteristic length (ems) describing the amount of 

scattering. 1\ is given by 

-1 em 

( 1) 

(2) 

Each material thickness through which the electron passes is increased 

by the above formulae in computing the bremsstrahlung and ionization 

energy losses. 
~'. 

For copper, where the effect is largest, multiple scatt~rinc; 

increases the effective pa_th length for 20 MeV electrons by rv 17~~­

At the upper end of the spectrum near 60 MeV the increase f'alls off 
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C. BremsstrahlQDg 

The main cause of energy_ 1os:3 strat;r,ling in the energy range, 20 

to 60 NeV, is due to photon emission by the electrons in passing through 

matter. In order to determine the effect of this bremsstrahlung on 

the shape of the initial electron spectrwn one has to consider the 

solution of the basic transport equation, 

o[n(~tt)clE]j"Eo cil(E',E)clE n(E',t)clE 1 - j'!(E,E')dE' n(E,t)dE (1) 

E 0 

Basically one seeks to find the change in the num1Jer of electrons in 

the energy intcrvrJ.l E to E + dE when the enth·c electron distribution 

moves from a depth t to a depth t + dt, where dt reJJresents an infinit-

esimal change in thickness. The first integral on the right in eq. (1) 

represents the contribution from higher energy electrons falling into 

the energy intervalE toE + dE. <P(E 1 ,E)dE represents the probabHity 

that an electron of energy E' > E will lose energy by bremsstrahlung 

such that its final energy lies in the energy interval E to E + dE. 

n(E',t)dE' represents the number of electrons at a depth t with energies 

lying in the interval E 1 to E 1 + dE 1 • 

. The second integral on the right side of eq. (1) represents the 

·decrease in the number of electrons in the energy intervalE toE+ dE 

when passing through a thickness, dt, to all loi·rer energies E 1 < E. 

~hrough the application of Laplace transformations the folloviing 

solution of eq. (1) was obtained, (see Appendix B for details of the 

derivation): 
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1 E' a t-1 E [ 
n E _o __ [1-t J ' ~·: <DL~ W(E' ,E") 

r(a~t) 0 

; 

]} ( 2) 

In order to evaluate the expression on the right side account must 

be taken of the singularity in the bremsstrahlung cross section for 

zero energy losses. This is done by breaking the integral whose 

limits are E to E
0 

into two integrals thusly, 

(3) 

where 

E' ·a t-1 
( ln E) o [ J E 

1 
dE 11 

r(ao~ .1-t E' [<DLW(E I ,E") + 
0 

(4) 

and 

( 5) 

,.1 , 
, Equation (3) is finally averaged over the copper target and summed 

over the remaining materials such as polystyrene, aluminum,·and air 

through v:hich the electrons pass before reaching the focal plane 
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counters . 

n(E 1 ,0) = electron energy distribution before energy losses occur. 

t :-o material thickness in gms/cm
2 

. (4) 1 a = - -- \·There L 
o 3 LR R 

is the radjation length j_n gms/cm2 . 

r =: galllllL"l. flmction 

6 -· 0.1 MeV represents the uidth of the singularity region 

q>IJ.W(E 1 ,E) = Lnmb-1-lheeler expres::don for the probabHity per 

unit distanc~e that an electron of initial enere;y E will radiate a 

photon of energy k such that its final energy will beE' = E-k. 

(See Appendix B ) . The Lamb-Hheeler expression includes the effect 

of the atomic electrons as 1-rell as the effect of the nucleus upon 

the radiative probability.5° 

The final solution of eq. (3) is labeled by the symbol R~(Ef). 

R;(Ef) is the curve for positrons and is labeled R; in Figllre 7· 

R;(Ef) is similarly the curve for electrons and is labeled R; in 

Figllre 9. 

D. Ionization Straggli~g 

The decay electrons not only lose energy by bremsstrahlung but 

also by ionization. Because of the statistical nature of the col-

lision losses account must be taken of the strag[!;ling in energy 

losses. 5l, 5
2 

It should be noted, however, that a completely correct 

treatment of the effect on the spectrum of the energy losses would 

include both bremsstrahlung and ionization losses together i.n the 

basic transport equation. Unforhmately, due to the mathematical 

complexity of this problem!, a complete solution has never been 
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achieved. 

In practice one assLUnes that first one energy loss process 

occurs, followed in tm·n by the second energy loss process. NOi·T 

provided that the thicknesses of materials through l·:hich the electrons 

pass are suff1ciently small, it r::hould not mattel" j n vh "ieh seyucnc<'' 

the energy losses occur. In averaging over the entire one-eighth inch 

copper target it was found that reversing the energy loss sequence 

resulted in, at most, a 2% d1fference. 'I'his difference conJd in 

principle, be reduc;~·d by matherru:.tticalJy subdividing the target and then 
I 

propagating the distribution from each subslice out to the surface 

and finally averaging over all the distributions. HoHever, since 

this procedure was not done, an error of ""2% is presumed to exist 

in the result of the energy loss calculations. The sequence followed 

in the calculations presented here is that first bremsstrahlune; occurs, 

folloved by ionization losses. 

Consequently, if RS(Ei) is the spectnun after losses by brem­

sstrahlung, then 

where Rt(Ef) is the value of the spectrum at the energy Ef' after 

both bremsstrahlung and ionization have occurred. Lt(E
1

,Ef) is the 

probability that electrons whose initial energies lie in the interval 

6E. centered at E. will loose energy by ionization such that their 
~ ~ 

final energy is Ef. For dete.ils of the strae;e;ling calculations see 

Appendix C. 
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It should be noted that the straggling effect due to ionization 

losses 1-ra.s much less significant than the bremsstrahlung in terms of 

changing the shape.of the input distribution in the energy range 20 

to 60 MeV. The main effect of the ionization losses ap-peared to be a 

shift of the input spectrum toward loi·Jer energy by the average ioni-

zation loss, ~AVE' equal to ._, l1-.2 JvleV. 

'I'he curve labeled R; in Figure 7 represents the spectrum after 

bremsstrahlung alone has occurred, vmile R~, in the same figure, 

represents the spectrum after .both bremsstrahlung and ionizat1on 

stragr;ling have occurred. In Figure 9 the corresponding curves for 

the negative spectrum are labeled R3 and R4, respectively. In Figure 

9 the cu.x·ve ~ represents the unsmeared theoretical copper spectruJn, 

uncorrected for any internal radiative processes (R; is identical 

with the copper curve in Figure 8). 

E. Solid Angle Effect on the Spectrum 

R!(Ef) is the momentum spectrum after corrections for energy 

losses have been made. Before a comparison can be made betvreen theory 

and experiment, account must be taken of the individual focal plane 

counter dependence on solid angle, n.(pc), as a function of momentum. 
l. 

Using the computed results from the OivTEGAH program (see Figure 10) 

+ the ni(pc) were folded into the energy smeared spectra R4(Ef) . 

. Then, 

i - 1, ...• 11. 

where N~HioR. is the theoretically predicted nmnber (unnormalized) of 

(J 

., 
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Fig. 10. Solid ane;le dependency on momentum for the front row focal 
plane counters. Note that the mornentLUn scale corresponds 
to a central field value of 2730 gauss. In calculations 
the momentum is linearly scaled down to corl'espond to the 
lover fields present dmint; the data taking runs. 
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:f; 

expected decay events occurring in the i th com:rter. (See· Appendix 

F:: for details of the O:fviEGJJi prograrn, >;lhich compu~tes the ~\ ( pc)). 

F. Counter Solid Angle Calculation 

A particle orbit tracking progr~m called. OMEGAH was written 

utilizing the results of the magnetic fteld measurements. (See 

Appendix F for details of the OMEGAH program.) At a point located 

within the copper target a unit sphere was constructed whose surface 

was subdivided in elements each equal to 2.5 x 10-5 of the total 

surface area. Orbits from the source point and through the centers 

of each surface element were tracked through the spectrometer and onto· 

the focal plane. . The orbit calculations were made over the entire 

range of acceptable momenta in one-half MeV/c increments. Finally 

the results were swmned over the entire volilllle of the copper target. 

The numbers of orbits striking each of the eleven front row focal 

plane counters (-,reighted by the factor 8.3 x 10-7) were recorded as 

a function of momentum. (See Figure 10). 

The total fractional solid angle of the spectrometer as a function 

of momentum is shown in Figure 11. 

The magnetic field measurements were taken When the central 

field values were 2730 gauss on the average. The data runs were taken 

under two different central field settine;s, one at 2300 gauss and the 

other at 2.400 gau::s.In subsequent calculations the mean momentum 

pci is linearly scaled down to correspond to the lower :magnetic field 

conditions. Because of the low fields involved no errors due to any 

pole tip saturation effects are ex~ected in this scaling down procedure. 
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Fig. l.l. Total fractional solid angle:; of the spectrometer as a func:tion of 
momentum . 



Electron scattering from the spectrometer pole tips introduces 

a high momentum tail to each of the D.(pc). 
1 . 

discussed in section G. 

~.'his modification is 

~'he results of the 01-'IEGJ\H program i·iere checked independently by 

another technique of generating orbits through the spectr·on:eter. This 

alternate method used the rm.;r mae;netic field measurements directly 

rather than mathematical nts to the ra\.f data in the various regions. 

Using the local values of the magnetic field, the differential equation 

of motion of a charged particle in a magnetic field vms transformed 

into a system of six first order differential equations. This system 

of first order differential equations was then numerically integrated 

using a fourth-order Adams Moulton P;edictor-corrector method. 53 

Several thousand individual orbits were generated by both techniques. 

A comparison of orbits with the same initial conditions generated by 

the alternate methods showed that the orbits crossed the focal plane 

usually within a 1/4" of one another. The displacement in the direc-

tion parallel to the median plane ~~s invariably negligible compared 

to the direction normal to the median plane. This effect is, of course, 

directly related to the fact that off-median plane magnetic measure-

ments existed only at a distance 2-l/4" and 3-1/4" from the median 

plane, whereas within each plane the axial field values vrere measured 

in 1" st~ps in both directions. Adding up all the orbits falling 

within 1/4" of the top and bottom edges of the focalplane counters 

it was determined that these orbits constituted~- 7% of the total 

number strikinc; the entire focal plane. As a measure of the uncer·tain-

ty in the solid angle calculation 1-le shall say that lOi: of these edge 

·"'~ ·.•· 

.. 
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orbits may, in far~t be in error. Consequ.ently they constitute a e;ros~; 

overall error of 0.10 x 0.07 ~= 0.007, or"-· l.O% in the solid angle 

computed results. 

G. Resoluti.on FW1cti.on 

To iJ.:lustrate the smeo.ring effect of the energy losses and the 

spectrometer resolution on the enert;y distributi.on of the decay 

electrons the following calculation -r,.ra,s carried out. A "delta" 

function, approximated by a 0.2 MeV vride, 26!1 .3 l-1eV tall rectanele, 

was chosen as the theoretical input spectrum. 'l'hese dimc:nsions 

normalized the area to the maximLmJ electron energy, ~i2 .83 MeV. 1'he 

dlst.ributi.on vran arbi.trari] y centered at ~Jr .1 JvleV and SLlbsequently 

smeared by bremsstrahlung and ionizat:Lon lossc::; and fj_nally by the 

spectrometer resolution. The results are presented in Figure 12. 

The F. lt.J. H. M. spread for l1L~.l MeV electrons is shmm to be app1·o~d-

mately 12-l/2%. The contributions to the spread from energy losses 

and the spectrometer resolution are roughly comparable. 

H. Electron Scattering from S-pectrometer Pole Tips 

Since the solid angle presented by the spectrometer pole tips is 

comparable in magnitude to that of the focal plane counters an estimate 

must be made of the probability that an incident electron or positron 

scatter from the pole tips and still manages to reach one_of the focal 

plane counters. 

'l'he initial condl-Llons of di_J'E't.~tion rtnd momentum at the pole 

tip surface arc given by the rr;aln orbj_t trackinc; proc;r:'Lm miEGJV-i. 

.. Inside the iron the electron is tracked in fixed (0.0125 radiation 

·"',.•· 
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lengths) step j_ncrements. 'l'he neiv direction in space relative to the 

direction of the previous step is specified by the polar and azimuthal 

scattering angles. These angles are generated by means of the Bonte 

Carlo technique. The polar angle is selected from a gaussian dis-

tribution representing the multiple scattering process with an r.m.s. 

scattering angle given by 

where L/LR = 0.0125.LR is the radiation length in iron and L the step 

size. pc is the momentun1 in MeV units. The azimuthal angle is sel-

ected from a unlforrn distri.buti.on between 0 and 21c radians. Plural 

and large angle single scatters are considered, to occur infrequently 

compared to the multiple scattering process and hence are ignored. 

The lateral displacement of the electron in traversing each step of 

iron.is also neglected. 

The energy lost by the electron in each step was subtracted from 

its energy at the beginning of the step. The amount of energy lost 

was obtained from the tables of electron energy losses by Berger and 

Seltzer. 54 These energy losses included both radiative and ionization 

losses. The error in (dE/dX)ION. does not exceed 2% while (dE/dX)RAD. 

is accurate to within 5% between 2 and 15 MeV and to withJ.n 3% above 

15 MeV. The enere;y loss iS very closely the same for both electrons 

and posi trans. Y..'hen the energy of the electron fell below 10 NeV it 

was presumed lost and the t1:acking ceased. At the end of each step 

the new S})atial coordinates 1vere tested to see if the electron had 

re-entered the magnet gap. If the electron did re-enter the gap 
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. co~troi of its tracking was. ret~ried t~·. the . main~ ;rbi t trac~ing ·.· 
. control of the OMEGAH program. ·' · . 

. .. . . . 

... · Several processes were neglected in .this pole tip scattering 

. calcuiation. Photons from brems.strahlung ~rhich could conceivably 

·., .. · 

.. pair produce. were considered to' be ·.of negligible import~nce.. Positron 

annihilation was likewise considered to be of riegHgible importance, 
., '· .· ,. . + ', . ·. 

(see. Section H). Bhabha ( e e "') and Mpller (e .. e "') scattering from 

··.the atomic electrons were also ignored •. The effect of ignoring· these 

processes is unlikely to be larger than the uncertainties (a few per 

cent) inherent in using the Monte Carlo technique to generate the polar 

·.and azimuthal scattering angles from multiple scattering. This may 

·::.:. -· 
be seen by a· comparison of t):le Mpller, Bhabha," and bremsstrahlung·. 

cross sections. Rossi55 giyes these cross sections as 

. ·M 
cpCOL (E,E I) 

.. ·, 

Mpller 

"Where. · · 

... _.·:·.-;··: .<·. 

.•. 

~ . -~ .-. ' . . . . 
.. · .. ; ·'. 

' ... 
'.· \ 

_,, . 

. i 

. E - initial electron energy 

E I = energy. transfer~ed or lost~ 

·.·._, ... 

· .... : . 

·. . . ' . .•• ·. ·• 5 
The bremsstrahlung. cross section is giveri by Rossi 5 as. 
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where 

-~-9-

NA 2 2 l 
== 4 - z r - Fru v) A eEr \ ,. 

o: = e2/nc =-, l/137 .027 

2 
U==E+mC e 

v - E '/U 

(ignores influence of a tol'li c 
electrons) 

F(U, v) is a slo>·Tly varying function of U and v. Note that the above 

f'ormul8. com>iders only the nuclear effect on the bre1nsstro.hl u.ng. 

For the purpose of simplicity the smaller effect of the atomic electrons, 

treated by Wheeler and Lamb,50 is ignored here. The cro~s sections 

are presented in Figures 13-15. Only the bremsstrahlung·curves for 

no screening (y >> 1) and co)llplete screening (y % 0) are sho-vm. It 

should be understood that the inter~nediate cases of bremsstrahlung 

lie between the two extremes. The Mpller and Bhabha cross sections 

are comparable to the bremsstrahlung only when E 1 is small. Ho\-rever, 

:it is precisely -vlhen E 1 becomes small that the Bhabha and lvl~ller ·cross 

sections approach one another. Consequently, i.c;noring both H,0ller 

and Bhabha cross sections should not introduce any significant energy 

bias into the spectra. 

The principle effect of pole ti.p scattering (see graphs 16 and 

17) is to provide a high momentum tail to the probability dlstribution 

for any.focal plane counter to detect an electron of given momentum 

emerging from the target. 

I. Pair Annihilation 

One of the energy dependent effects \vi1ich affects the positive 
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Fig. 14. Comparison of .M.Pller, Bhabha, and bremsstrahlung cross­
sections (E == 50 Iv!eV). (A == Hpller, B ~= Bhabha, C = No 
screening, D ""' complete screen1.nc;.) E =initial energy, 
E• -final energy. 
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screening, D = complete screening.) E = initial energy, 
E' =final energy. 
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Fig. 16. Effect of pole tip scattering on solid ancle as seen by 
focal plane counter l. 
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decay spectnun out not the negative is paj_r annihilation. First, 

derived by Dirac, 56 the formula for the cross section of annihilation 

of a positron of energy E' \-lith an electron at rest :i.s given by 
+ 

2 
. <!>(E ') 

+ 
:n:r2 l (" + ~Y + l ln (; + J(/-l)J- y~3 -] 

0 y+ l y -l J'( y + l) 

where 

y "'Ejmec
2 

2/ 2 -13 r ~-' c Jrl C =- 2 .818 x J.O ems. 
o e 

The"d:LfferenUal an!:,.ihilation l)robabil:Lty" per energy interval clE' 

is given by Hci.tler57 as, 

'Where 

N Z <!>(E') 
w(E ') = --::~~­

-dE 'jdx 

3 22 
N = number of atoms/em (= 8.46 x 10 for Cu) 

For a 20 MeV positron there is only a 0.2% probability of annihilation 

in copper (as well as for iron). Since the cross-section decreases 

for higher energies, it is safe to ignore the effect of pair anni-

hilation over the energy range measured in this experiment . 
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J. Effect of Multiple §cattering on the .:?olid Angle Calculation 

An esUmate of the effect of including multiple scattering in 

the entering electron telescope s'rlmvecl that rv ~% fe1·rer orbits 1muld 

reach the focal plane. Hmrever, a study of the difference in the relative 

numbers of orbits reaching the eleven focal plane counters, i.e., 

with and without multiple sea ttering, shovrec1 no significant de1)endence 

on momentum. Consequently, the effect of multi.ple ~~cat tering on the 

solid an[r,le· calr'·tt1ation W<c:: ignorLccL 

'l'he principle source of backgroLmd comes from the scintillation 

counter irnmedi.ately in front of tl1e copper target. This background 

will be unchanged whenever the copper target is removed for a target 

out run. 

A possible secondary source of backgroLmd is the anti-coincidence 

counter f.1.4 located 5" downstream from the copper target. From the 

measured efficiency of i14( rv 90%) and the fraction of the counter 

which can "see" the entering electron telescope, it is estimated that 

as much as "' 10% of the background may come from f.1.4• Any detectable 

background originating in i14 must pass through the copper target location. 

If the target is in position, the electrons-will lose· energy in passing 

through it, whereas they will not if the copper is removed. Consequently ~" 

there is a possible small component of· the background that depends on 

whether or not the copper target is in place. A crude estimate or· thj_s 

effect indicates that the principle change would be an increase of 

3 - 6% in the experimental points in counters 10 and ll, with much smaller 

changes in the remaining counters. This would be in the direction of 
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prov:iding slightly better agrcement lvlth the theoretically predicted 

values. Since counters 10 and LL contain only a reli:'. t:i vely ::;Jw.ll 

fraction of the total data and lecaw3e of thej.r very poor 2.:i gne.l ~,.o 

noise ratio jt vras decided to ezclude the data of thec;e tuo counters 

and to ignore the mllch smaller effect on the remaining countera . 
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IV. DATA Al'JALYSIS 

A. Procedure 

The raw· data is presented in 'l'ables I, II, and III. The order 

in which the data runs were presented is chronological. Data rcms 

with the same run munber jdentification vrerc taken on different. days. 

Table I represents data runs taken lvhen the central f:i.eld in the 

magnetic spectrometer was 2400 gauss. Tables II and III represent 

data runs for Hhich the field was reduced to 2300 gauss. Usually 

each sequence of data runs 1-ms started 1-ri th the taking of one or more 

positive runs. The higher decay rate for positive decay events allow~d 

a rapid check of the incident beam conditions and of the associated 

decay rates obtained by the focal plane counters. 

The most straight forvrard comparison behreen theory and experi-

ment can be made by application of the chi-square test 1-Jhereby the 

numbers of decay events experimentally counted in each of the eleven 

focal plane counters is c,ompared 1-li th the number predicted by theory. 

In both the positive and negative theoretical spectra the Michel 

rho parameter, pm' is given the value of 0.75 predicted by the V-A 

43 theory and very well confirmed experimentally by Sachs, et al. for the 

positive spectrum and by Block, et al.35 for the negative. It should 

again be stressed that the internal radiative corrections have never 

been calculated for the negative spectrum and are consequently not 

included in the negative spectrtiill l?redictions. One knm-rs, however, 

that in the case of the positive spectrwn, neglecting the effect of 

the internal radiative corr,~ction~3 would lead to a 5 .65{, lover pre-

diction, i.e. 0.706 for p, :rather than 0.75. Provided one can ignore: . m . 



Target in; p. 

6 4.00 

9 4,00 

12 4.00 

14 4,00 

15 4.00 

17 4.00 

19 4.00 

21 4,00 

23 4.00 

25 4.00 

!: ::40,00 

! a r-~~t..!...l:'_:_ 
7 2.00 

8 1.25 

10 2.00 

13 2.00 

14 2.00 

16 2.00 

18 2.00 

20 2.00 

22 2,00 

24 2.00 

!: :: 19.25 

T . + arget m; fl. 

3 

5 

2.00 

4.00 

!: :: 6,00 

Target out; fJ. + 

4 2.00 

-59-

Table I. Raw data from elE-ven focal-plane counters. 

1 

29 

47 

23 

24 

32 

28 

28 

22 

21 

24 

2 78 

0 

.4 

4 

4 

5. 

4 

1 

4 

6 

6 

38 

2 

25 

21 

30 

22 

21 

26 

24 

23 

34 

22 

248 

1 

1 

6 

3 

4 

4 

4 

1 

5 

2 

31 

3 

24 

22 

'26 

26 

21' 

30 

32 

22 

19 

23 

245 

1 

1 

4 

4 

2 

3 

3 

3 

3 

2 

26 

4 

18 

18 

25 

21 

18 

19 

13 

14 

19 

18 

183 

2 

0 

2 

3 

4 

5 

2 

3 

4 

3 

28 

835 830 769 709 

1769 1718 1531 1450 

2604 2548 2300 2159 

98 108 93 81 

Counter 

5 6 

10 14 

2.2 10 

14 12 

13 26 

23 14 

15 12 

23 . 8 

15 20 

16 11 

12 

163 

5 

2 

2 

6 

6 

2 

2 

2 

2 

4 

33 

13 

140 

6 

2 

2 

4 

2 

5 

1 

3 

2 

3 

30 

7 

8 

11 

20 

10 

7 

4 

12 

12 

16 

10 

110 

4 

0 

1 

3 

0 

0 

2 

3 

2 

5 

20 

543 

1300 

1843 

5 74 451 

1064 967 

1638 1418 

76 60 64 

8 

10 

11 

13 

13 

5 

7 

9 

1 

11 

12 

92 

2 

2 

2 

5 

4 

3 

5 

8 

1 

0 

32 

9 

4 

6 

4 

4 

0 

4 

4 

4 

4 

3 

37 

0 

2 

1 

2 

1 

1 

0 

2 

3 

13 

391 227 

818 443 

1209 670 

74 42 

10 11 

1 

1 

1 

1 

0 

1 

1 

2 

2 

2 

12 

5 

1 

0 

0 

1 

1 

0 

0 

0 

0 

0 

0 

4 

2 

0 

0 

1 

0 0 

1 0 

0 1 

0 0 

1 0 

0 1 

8 5 

40 6 

83 8 

123 14-

15 1 

.: 
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Table II. Raw data from eleven focal-plane counters. 

Target in; f1 

27 4,00 

29 4.00 

33 4.00 

35 8,00 

37 8.00 

39 2. 70 

1 6,00 

.3 6.00 

5 6.00 

7 8.00 

1 6.00 

3 8,00 

5 8.00 

7 5.00 

I:=83.70 

Target out; p. 

26 2.00 

28 2.00 

30 2.00 

34 2.00 

36 4.00 

38 4.00 

40 1;35 

2 3,00 

4 3,00 

6 3.00 

8 3.54 

2 2.15 

4 4.11 

6 3.89 

8 2.50 

I: = 42.54 

T . + arget m; p.. 

1 

17 

21 

15 

53 

52 

21 

48 

43 

47 

56 

49 

56 

60 

35 

573 

4 

3 

3 

5 

10 

9 

2 

8 

7 

8 

8 

4 

9 

5 

5 

90 

2 

28 

25 

25 

49 

53 

18 

39 

34 

30 

41 

28 

43 

45 

26 

484 

3 

4 

4 

2 

6 

12 

4 

2 

5 

5 

10 

3 

6 

s 
6 

77 

3 

26 

20 

22 

41 

41 

16 

36 

30 

26 

32 

36 

66 

56 

33 

481 

0 

4 

5 

2 

4 

10 

1 

6 

7 

10 

7 

7 

4 

5 

8 

80 

4 

22 

16 

17 

41 

48 

14 

23 

23 

21 

40 

31 

39 

48 

31 

414 

4 

4 

2 

3 

6 

6 

2 

4 

1 

8 

6 

4 

6 

3 

4 

63 

Counter 

5 6 7 8 9 

27 11 10 5 4 

21 11 12 5 6 

15 9 10 7 3 

28 34 18 25 13 

30 21 20 17 18 

10 6 5 8 2 

22 19 13 18 10 

27. 15 19 15 11 

15 14 13 11 11 

33 27 19 27 12 

37 25 23 15 7 

36 29 25 21 8 

24 31 22 22 17 

20 28 12 24 12 

345 280 221 220 134 

2 9 2 4 0 

1 4 3 3 3 

7 4 0 4 0 

3 1 2 4 3 

10 4 7 5 

5 4 3 6 2 

0 2 3 2 1 

5 3 4 5 4 

1 5 3 6 3 

6 11 2 3 2 

8 5 4 5 4 

4 l 1 3 5 

5 1 6 8 6 

7 2 4 4 6 

4 4 3 7 2 

68 61 47 69 42 

10 11 

2 0 

4 0 

8 z 
3 0 

8 4 

1 0 

5 1 

4 5 

2 

8 1 

7 4 

9 6 

7 2 

6 2 

73 29 

1 0 

2 0 

1 0 

0 0 

3 

0 0 

0 0 

1 0 

2 1 

2 0 
2 0 

2 0 

3 0 

3 2 

1 2 

23 6 

31 4.00 1672 1679 1527 1408 1317 1122 967 932 679 264 54 

Target out; p. + 
32 z.oo 88 96 83 98 82 76 87 76 60 46 20 
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Table III. Rav.. d.at.l. from et .. ·vc:1 focal ~plane cnuntcr:L 

Run 

Targct_i:1..:_~~ 

3 8.00 

II 

13 

IS 

17 

21 

21 

zs 

8.00 

6.00 

8.00 

8.00 

8.00 

8.00 

8.00 

8.00 

8.00 

4. 30 

8.00 

8.00 

55 

44 

25 

37 

38 

39 

37 

32 

51 

40 

31 

36 

46 

1.28 10 

10 

14 

8.00 

R.OO 

8.00 

e.oo 
• 8.00 ., 
'j8.00 

8.00 

37 

49 

0 

4) 

ll 

41 

52 

4 7 

46 

27 

ll 

51 

2S 

44 

4\ 

H 

'.\7 

21 

36 

38 

31 

31 

4-1 

46 

42 

40 

42 

21 

34 

12 

ll 

36 

H ., 
16 

IS 

20 

10 

12 

29 

., 
31 

J4 

26 

35 

24 

28 

26 

l\ 

35 

40 

11 

16 

29 

21 

29 

H 

Zb 

28 

12 

29 

Counter 

40 

28 

16 

24 

16 

26 

21 

ll 

20 

12 

16 

JO 

lS 

.!'1 

H 

J4 

25 

12 

15 

15 

20 

2S 

24 

1·1 

24 

13 

IS 

21 .. 
17 

20 

Zl 

Z4 

26 

17 

11 

IS 

13 

1l 

15 

18 

12 

17 

H 

20 

20 

H 

20 

17 

IS 

H 

1\ 

jQ 

17 

10 

~0 

18 

22 

18 

17 

14 

IS 

13 

it 

19 

10 11 

12 

13 

10 

\1 

to 

II 

11 

18 8.00 46 44 JS 32 38 ll 20 19 tO 7 3 

%:=163.58 863 804 686 6l4 574 438 349 348 181 88 45 

Tal'get out; }1 

4.00 

4.00 

3.40 

10 4.00 

IZ 

14 

16 

4.00 

4.00 

4.00 

18 4.00 

20 

22 

Z4 

II 

2.00 

4.00 

3.00 

4.00 

4.00 

4.00 

4.00 

4.00 

4.00 

4.oo· 
13 4.00 

7 

5 

6 

7 

5 

IZ 

10 

tO 

15 4.00 z 
19 4.61 IZ 9 

5 

6 

6 

:E= 81.01 ll9 108 101 

Target in; 1.1 + 
6.00 2573 

I 6.00 l356 

2487 

25ZD 

10 

5 

99 

2191 

206-t 

6 

6 

_I 

84 

.!044 

1918 

7l 

1755 

t6tl 

10 

5 

1517 

1490 

2 

6 

96 

142.0 

1.279 

0 

0 

0 

55 40 10 

1007 

1012 

4H 

• to 

1Z 

85 

Z:::: 1.2.00 4879 5007 4471 42.55 3982: 3367 3007 Z.699 Z019 854 t57 

Target out; J.L + 

1.00 ISZ 144 l\7 160 159 130 110 116 !DO 64 15 

3.00 138 147 139 118 136 \19 Ill 107 82 71 

1:= 6.00 2.90 Z.91 Z96 278 .!95 249 l.!J 2.23 tR.! 0~ .!4 
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the presence of the nearby rnassive nucleus one can compute the neg-

ative spectnm1 for p = 0.70, sa,y, and compare 1Iith the experimental 
m 

data. 

B. Results 

When the experimental results lverc obtained and plotted seve1·al 

points became apparent. At the high momentwn end of the measured 

spectnm1 the s:I.gnal to nojse ( Le. backo~ound) rat:io j n tl1e laf; t bro 

focal plane counters 10 and ll WdS very poorJ a consequence of the 

background beine; comparable to the upper momentum tail of the spectrum. 

Hence the data from counters 10 and llJ constituting 2% of the total 

positive data and 3% of the total negative data \VaS not used in the 

chi-square test. Due to the much smaller sample of negative decay 

events than positive eventsJ statistical fluctuations have a more 

serious effect on the relative smoothness of the measured negative 

spectrum than upon the positive. AlthoL~h only a small fraction of 

the running time ·Has spent collecting positive dataJ we still 

collected roughly ten times as many positrons (~ 60)000 e+) as 

Table IV gives the results of the chi-square tests. Column 

4 in Table IV presents the results for the negative spectrum for 

pM = 0.70. Figures 18 through 29(after Table V) show the experimental 

data together with the theoretical predication for the various groups 

of data. The data labeled II + III is the result of combining the 

data in groups II and III into one group. For comparison the pos:L~ive 

and negative data of group II + III (constituting .the 'onlk of the data) 

.• 
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are sho-vm together in Figures 31 and 32. Note that the positive (soLd) 

curve for pM = 0.75 is the same in both FigJ_res 31 and 32 1-rhile the 

negative (dashed) curves are for p,, o~ 0.75 (Figcn·e 31) aac1 for 
l'·'J • 

pM = 0.70 (Figure 32), respectively. Ar)pendix D contains the fo2·-

mulas· used in the chi-square test. 

'l'able IV. Chi-square test results (p oo 0.75) 

Data From (+) Spectrtun (-) Spect.ruJ<1 (-) ( p - 0.70) 
-·----- --------·---------~--------------

Table I 10.0 14.6 13.1 

Table II 9·5 15.5 13.0 

Table III 5.8 25.8 22.0 

Table II+III 7.0 32.0 26.7 

For seven degrees of freedom the corresponding probabilities that 

another measurement of tre same quanti ties would give larger chi-

squares is presented in Table V following. 

Table V. Probabilities fo"~ larger chi-squares 

Data From (+) Spectrum (-) Spectru.m (-) (p 0.70) 

Table I .19 < .05 .07 

Table II .23 < .05 .07 

Table III- . 56 < .05 < .05 

'l'abl~ II+IIT .113 < .05 < .w, 

- -- -- --·--
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C. Comparison of Results and Conclusions 

From the many experirr:ents designed to measure the mnon decay 

spectrum only four (i.ncluding this e:-cperiment) have tr:led to determine 

the bound muon.decay spectrum in medium or high Z materials.38 ,39,l+O 

Some of the important experimental aspects are listed in Ts,ble VI 

belov. 

'l'able VI 

Target 
-)(- ') 

'I'hjclmcss ( r:./cm'-) Enerc;y He~;olution 

Bergeson (1961) Iron 5.0 ---------
Z:i,nc lf. h ---------

Culligan (1961) 

Nielsen (1962) 

Iron 1.8 17% at 50 NeV 

Titanium 7·3 ---------
Iron 7·5 ---------
Lead 3.5 ---------

This experiment Copper 2.8 12-l/2% at )_~)+ HeV 

* In direction of the electron detector. 

Both Bergeson and Nielson used the same experimental techniques 

. (and essentially the same apparatus) to measure the muon decay spectra. 

They stopped cosmic ray muons in the various targets and measured the 

decay electron energies utilizing a deep 12" carbon tetrachloride 

( cc,e4) total alJsorption Cerenkov counter. In order to decrease. sen-

sitivity to low energy gamrnas their counters 1vere bia3ed so as to 

discriminate against pulses corresponding to 6 to 11 }1eV in I!'..agni tude. 
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The primary experimental r)roblems '\vere being able to distinguish 

behreen the negative and lJOGi tive muon decays and the pom' energy 

resolution of the cc.e4 Cerenkov counter. The resultant experim.ental 

spectra were too rough to conclude anything regarding Huff's theoretical 

prediction. Indeed Bergeson's data for the bow1d muon spectra in iron 

and zinc indicated that these spectra ;.rere not grossly different from 

the positive muon spectrum. 

Culligan, et 9.1., utilized a relattvely thin iron target to 

stop nega.tlve muons'i· from the Cern synchrocyclotron. To cl i.rnino:t.e any 

residual polarization the target >vas placed in a hir;h magnetic field 

of 10,000 gauss. The energy of the decay electrons were measured by a 

large (20 x 20 em) Nai(T.e) counter. It was estimated that 20% of the 

incident events into the Nai counter gave no counts and these vere 

attributed partly to gammas originating in muon capture. However, 

8% of these events also were present in the positive muon decay 

events. These "no-count" events constituted about a 5 MeV loHer energy 

cut-off. The measured decay spectrum was compared to Uberall's model 

with the Nai resolution folded in. There appeared to be reasonably 

good agreement except at energies below 20 MeV where an excess of 

events were noticed. 

Experimentally the m:J.in difference between this cxr1er iment and 

the other three experiments is the use of the magnetic spectrometer 

for energy analysis rather than the use o:f a total absorption counter, 

The low end. energy cut-off of "" 20 MeV in this experiment is due 

pri.mad.ly to tll(C sol1d angle cut off of the fo,~al plane counters. 

"' 
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Since the focal plane scintillation counters are shielded from ciirect 

line of sight 1-ri th the- copper target, no lmr energy gammas or neutrons 

from the target ·Here counted. •rne main source of backgl'ound. difficulty 

appears to- originate from muon decays occurring :i __ n the J./8" thjck 

T counter immediately in front of the copper target. Indeed, the back­

ground with the target removed ae;rees crudely vith the positive decay 

spectrum 'both for _positive and negative muon decays as one would 

predic~t for JllllOns dccayi.nt; Jn lo1-r ?. material s~tch a;-:: polystyrene ( CH). 

'l'he experimental s:pectra for the posit:i.ve decays sltow fa:i.rly 

good agreement 1-Ti th theory as indicated by the chi-square test. 'I'he 

negative data, on the other hand, shows indications of not beintj in 

agreement. Even when pM is reduced from 0.75 to 0.(0 for the negative 

spectrum, hopefully to compensate for not including the internal 

radiative corrections, the probabilities do not improve markedly. 

There still appears to be a distinct tendency for the negative spectrum 

to fall off faster at the high energy end of the spectrum than theory 

would predict. Any large correction applied to the negative spectrum 

must necessarily be appHed like~se to the posi Uve SIJectnun. 'I'he 

positive spectrum however, does not appear to require any correction 

of the magnitude necessary to bring the negative spectrum into agree­

ment. 

In vie1-r, however, of the large energy dependent correct:i.ons made 

to the theoretical spectra before they were compared to the data, one 

must be cautious before laying the blame entirely at the' feet of the 

th_eory. Certainly the general predict'Lons of the theory rec;ardi.nc a 

dowmrard energy shift in the bound spectrum are clearly born out by 
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the experimental data. The negativedata is distinctly different from 
. : ~ . ' 

the positive and is shifted toward lower energies. The predicted 
... 

Doppler smearing of the spectrum is.also present but is not seen 

very distinctly due to the poor statistics at the upper energy end of 

the spectrum. The disagreement between the rate at which the experi-

··mental bound spectrum and the theoretical spectrum fall off with energy . 

. may be indicative of the need for larger internal radiative corrections 

in the presence of a heavy nucleus. 
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APPENDICES 

Calculation of R;(x) 

~,2 ={ 1 
h(x) [3( 1-x) ;x] x

2 
dx 

0 

Integration result: ~ = 0.0132, 

~ = -0.0216 

( 1) 

(3) 

h(x) == ~ !~ o: =fine structure constant = e2/t~C = 1/137.039 (~) 
21l 3-2x 

f(x) = (6-4x)R(x) + (6-6x)ln X+ (l-2x)[(5 + 17x- 3l~i)(m + ln x) 
e 3x e 

co 
R(x) = 2 E 

n=l 

n 
00 X .E 2= 

n=l n· 

m 

2 -22x + 34x ] 

m = ln _!:':. = 5 . 332 em . e . 

n 1 2 - 2 + m[3/2 + 2ln (1-x) J X ln x 2- 31l -e x e n 
,.,:, ,, 

(31n'x-l- .!.) . (2ln . x-1) + ln (1-x) 
e e x e 

Jx dt -L(x) (jl-tj) = -. ' tln 

0 

( 5) 

(6) 

(7) 

(8) 
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where L(x) :Ls called Spence's function.58 

W:L th the kind permission of Dr. Riddell of the La1.rrence 

Radiation Laboratory, the main outline of hts bremsstrahlung calcul-

ation is prc~3entcd i.n the follo~Ving discussion. 

Let n(E,t) == nwnber of electrons of energy E, at a depth t in 

the target. 

Then, 

o[n(E,t)dE1 
dt 

{:' 

J
,E . 

== 
0 <l.>(E' ,E)dE n(E' ,t)dE 

E 

- JE <l.>(E,E 1 )dE' n(E,t)dE 

0 

( l) 

Where <l.>(E',E)dE == prob. electron changes energy from E' ~ (E,E +dE} 

per unit distance 

E (1-v)E' where E'-E 
= v =--

E' 
(2) 

so 

E' 
E 

- l-v 
( 3) 

can write 

<l.>(E ',E)dJ~ :: ~(E ',v)dv (4) 

so 

II =. JEo :2(E ', v)dv n(E', t)dE' (5) 
E 
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I f 

' 

and 

Thus 

and 

Thus 

dE' 
dE 

- l-v 
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,l 

1 . E ) ( E ) dE dv 
II = :S( 1-v ' v n 1-v ' t ---rr:-VT 

0 

E' .~ (1-v)E 

III = j'l ~(E,v) n(E,t) dE dv 

0 

(6) 

(7) 

(8) 

(9) 

dn(E,t) J1
- E ' E dv J1 

dt = .c:.( 1 _v ,v)n( 1 _v , t) ( 1-v) - :S(E,y)n(E,t)dv (10)' 

0 0 

ansatz: 

2 E(E,v) = ~0 (v) + E ~1(v) + E (v) + • 

let· 

2 = ~0(u) + E ~1(u) + E (u) + •• 

1 
u = ln-1-v 

1 exp (u) =-1-v 

E 
0 y- ln­- E 

( 11) 

( 12) 

(13) 

(14) 

'·· 
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F 
-' == E exp ( -y + u) 
1-v o 

dv == exp ( -u)du 

~EM.J.t) =:Jfexp(u) n(y-u,t)[~r0 (u)+ exp(-(y-u))E
0 

~r 1(u) + ... ] 

0 

( 15) 

( 16) 

-n(y,t)[w (u) + E exp(-y)\jf1(u) + .•. ]}exp(-u)du (17) 
0 0 

Multiply both sides by exp (-!; y) and integrate over y from 0 to oo 

-j·:xp( -!;y)dy j'~(y,t)exp( -u)du[w
0

( u)+E
0
exp( -y)\)1

1 
(u)+ •••• ] 

0 0 . ( 18) 

{~~( -!; u)du j ~y exp [ -!; (y-u) ]n( y-u, t) [\)I 
0 

( u)+E
0
exp(-( y-u)) • 

0 u 

··w
1

(u)+ •••• J 

~ }~( -sY )dy n(y ,t) J :xp( -u)du [w 
0 

( u)+E
0
exp( -y)\)1

1
( u)+ .... ] 

0 0 

dp(~tt) == p(s,t) j(exp(-!;u)-exp (-u))\jf
0

(u)du 

0 

+~( !;+1, t )E
0 
1· Cexp( -s u) ~e~( -u) )W l ( u)du+ ( 19) 

0 
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p ( s , t ) == }' oo e xp ( - s y) n ( y, t ) d.y 

·o 

Nm.f let 

oo n-1 ao 00 1 
~ (u) = Z a u . =-- + Z a un-

o n=l n u n=l n 

Consider the first integral in Eq. 19. 

I
0

(s) =} Cexp (-:su)- exp(-u)) ~r 0(u)du 
0 

di ( s ) J oo 00 a oo . a o ( ) n o . ·n n' 
d~-- = - exp -su (e. + r: a u }clu = - (-·+·I: -. --~- ] 

. 0 o n=l n s n::.-::1 s n+ 1 

Integrating 

I (s) ==-a lns + ~ a (n:..l)! [_!· -1] ==-a 1ns + 8 (s) 
0 0 n=l n en 0 0 

Rewriting Eq. 19 

00 1 
-a p(!;,t)lns + p(e,t) z a (n-1)![-- -1] 

0 n=1 n sn 

+ p(s+l,t)E
0
r

1
(e) 

exp (-at lns) ~~eXJ)(aat lns)] ~~ p(£,t) ~a (n-1)! (~ -1] 
0 . dt n=l n sn 

Integrating over t 

.. 

(20) 

'-' 

(21) 

( ~22) 

(23) 

(24) 

( 25) 

'" 
(26) 
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r·t [p(;,t)exp(a
0

t lns)-p(;,o)]'J exp(a
0

t 1 lns)(p(E,,t')~::l0 (;) + p(s+l,tr)· 

0 

• EJ1 ( S) + • • • .~ dt I 

) 

e1(;) j_s term \·Then 'f'1(u) replaces 1}r
0

(u) in Eq. 22. 

(27) 

. t 
P( ~. ·' t) .":!. J) ( ~. , 0) e xp( -a

0 
t ln~. )+e xp ( -rt

0
t l n t ifr l' (F. ·' 0 )tt:l

0 
( f.) +c xp (a 

0 
t 'J.n( ~h) ) 

0 

I 
• p(s+l,O) e 1(;) + ····] dt' 

= p(s,O)exp(-a t ln(;)+tp(;,o)e (;)exp(-a t ln(;)+p(~+l,O)exp(-a t lns) 
0 0 0 0 

t 
· e1 (;) J exp(a

0
t• ln(s!1 ))dt' +.... (28) 

.0 

(29) 

Substituting Eq. 29 back into Eq. 28 

+ ol(t:) [exp(-a0 t ln(t=,+l)-exp(-a00n~)]·· P(~+l O)-' ( 3o) 
o ~ a [ln(;-ln(t;+l)] "' ' •·· · · · 

0 

Consider the * terms first 
0 

p
0
(t;,t) ~ p(t;,O) exp(-a t ln(;) [l+t8 (t;)] 

0 0 

-a t 00 l = p(;,o)s o [l+t ~ an(n-1) !(-n- 1)] 
n=l s 

Taking the inverse transform of p(s,t) 

. n(y,t) ~ J ~(y' ,O)F(y-y 1 ,t)dy' 

0 

(31) 

(32) 
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"Where 

F(y,t) 
. l ( t) C() 

00 
( t ) = L- (~ ~ao (l-t E a (n-l)!+t E a (n-l)! ~ a6 -n 

. · n==l n n=l n 

oo a t-1 oo a (n-l)! a t+n-l 
[ ( ) J

Y o n 
= l-t E an n-l ! i'Ta~ + t E

1 
-=-r-,-( n_+_a___,t,-,) y o 

n==l o n= o 

a t-l 00 

- [1-t ~ ani'(n+aot)] f-r~·tT·I· t E an yaot+n-1 
n~ o n~ 

Now 

oo oo Joo n+a t-1 
I: a I'( n+a t) "' I: an eJo..l_) ( -y) y o ·dy 

n==l n o l n= 0. 

( -y) ( oo n) a t-l 
E a y y o dy 

n==l n 

and 

Substituting Eqs. 34 and 35 into Eq. 33 

a t-1 
F'(y, t) == ~(~ t) 

0 

a 
0 

y 

In terms of energy variables F(y,t) becomes 

E' a t-l . 
E r ( ln E) 0 r r 00 a t l 

F(E,t) == r(a ~) ll-t J [1J!o(y•)- y~](y•)ao exp(-y•)dy' r 
0 0 . 

• 

(33) 

(34) 

(35) 

(36) 

_-:._~ 

( 37) 



.. 
Since 

1jr (y) = q, (v) 
0 0 

E' 
y = 1n­

E 

E' 
exp (y) == E 

E 
exp ( -y) = E' 
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E 
v = 1- E 1- = 1-exp ( -y) 

1-v "" exp( -y) 

-y :::: 1n(l-v) 

dv 
dy·=-

1-v 

Using Eqs. 38.-46., Eq. 37 becomes 

E ' ( ln ~ ' ) a o t -1 J f 1 a o 1 a t } 
F(E,t) = r(a t) l1-t [<l>o(v) + ln(l-v) J [ln(1_) l 0 dv 

0 0 

Now, for the case includine; 1Jr1 (v) 

Integrating over t 

(38) 

09) 

. ( l~O) 

( 41) 

(~2) 

( 1!3) 

( ~~~) 

( ~ 5) 

( 46) 

rt . 
p(l;.,t) = p(!;,O)exp(-a t lng)+exp(-a t 1nl;)l p(g,o)e (i;)+exp(a t'lnC:;

1
) 

o o J o o s+-
0 

(49) 
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Now expanding the exponential in the· integrand 

e:xp(a t' ln( __$_) !:::!. l+a t' lnC-+~_1 ) + .... 
0 ~+1 0 !:> 

(50) 

Then integrating over t, the second term yields 

.t 2 . jtr dt 1 ~~ (51) 

0 

Which is higher order in t. [In the prior case, we have exp(a
0

t ln~) 

and this vias not put "' 1.] 

Here, 

1 1 1 1 ln( 
1 

) - - - - + - -
1+ - - ; 2;2 3~2 

s 

Taking the inverse Laplace transform 

The first correction to p (5,t) becomes 
0 

Where 

If we let 

00 

= E n! b n 
-n-1 · s· 

(52) 

(53) 

(54) 

(56) 

(57) 
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The.i.nverse transform of 1\(~,t) beeomes 

'Where 

Thus 

n1(y,t) = J~(y',O)exp (-y') E
0

t F1(y-y•,t)dy' 

0 

n+a t 
co n,; b y o co 

= 2: n ~ 2: n~ 
n==O (n+aot+l; -n=O 

a t-l 
y 0 

bnx r(a t) 
0 

n1(y,t) = J~ y' n(y',O)exp(-y')E
0
t{(y-y•)ao\¥1 (y-y') 

0 

(58) 

(59) 

(60) 

a t-l r;co a t l 
_ 0[-y') o J(y") o <~r1 (y'')exp(-y")dy">- (61) 

r(a
0 
t) 

0 
.J 

Since 

E . 0 
y = 1n E- (62) 

E = E exp ( -y) 
0 . 

(63) 

Eq. 61 may be rewritten in terms of the energy variables 

E' . 

! Eo dE' E' at (1rre-)-:1 roo E at 
n1(E,t) = n(E',O) E'E't(l~) o [¢1(v)- r'(a t) J (1r~-d o · 

E . 
0 

0 

( 64) 

Thus ,., 

E' a t-1 

J E · dE , (( 1n E) o . ~ 1 a 
n(E,t) = o Y, n(E;o) \ r(a t) [1-t' J [<Po(v)+ 1n(~-vf 

E . 
0 

0 

1 at · E' at a .. 1 
+E' ·¢1(v)J (1nr-v) 0 dv] + t(ln-~, ) 0 [¢0(v)+~--r +E'¢1(v)J 1~ (65) 

.!!. 1n\1-v; _ 
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Now 
~ 

E (66) v == l--E' ,_ 

dE" Jl" 
dv = E' in dv (67) 

0 

Using Eqs. 66 and 67, eq. 65 becomes 

E' a t-l 

JE {dE' (l~) o 
n(E, t) ~' 0 -yi- n(E' ,o) -1~(a~--

E 

o l a t · o dE' E' a t a } JE + ln(l-v) ](ln 1_) o ) +t E' n(E' ,o)(ln .E) o . • 
- E 

a 
. 0 

• [cr>L.W. (E' ,E) + E 
ln(E') 

(68) 

Note that in the integrand of the first term 

' a t 1 
l•ln(E'/E) o -

E•r(a t) 
0 

is the same as the probability derived by Heitler.57 

Corrections for varying thickness in stopping, muons. "\ve had --
E' ..... <;;~-) {1-r tJ ..... } + ____ (69) 

We will now average this expression for various b.e 's. 

(b.e)a.e + CH + Cu + Air 

J ~# r( 1!~£) ~xp( 1og(1og ~') ·_(b£-1)) (70) 

(b.e)a£ + CH + Air 
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The ( -1) in exp is not affected by 2 vad.ati.on. He approxiwate 

Then we get 

r(l+b£) by r(l+"fi£) . 

E I b£ 
(log E) 

l 
%----. - l - r_7,.-:::T~' . 

(b£)cu llog\log\E~E;; r(l+b.e) 

l L (b£) CH A" 
. (b £ - E I ) r cu + a£ + + lT 

log(log E) · (b£)a£ + CH + Air 

[Note: In the computer program "5£ for Cu was taken as 1/2 

(71) 

actual thickness as the average. ~hus here (b£) would be 2 x "5£ cu cu 

as computed. ] 

We also have to evaluate the singularity region. There we 

had: 

(72) 

This will now also be averaged to get 

:t __ 1_1· [log(E+6) Jb.e db.e == 

r( 1+"5£) E (bt) cu (72) 

1 
E+6 (b£) E+6 (bP,) 

(logy) A.Z+CH+Cu-(logy) Ae+CH 

(b£) log(logE~!~) 
cu 1:'.; 

= r(l+rn) 

IPL.W is the Lamb-Hheeler cross section for radiation of a photon in 

the frequency range d v by incident electron of energy E. ( vlhere 
~ 

2 50 E.>> m C ) • 
J. e 

\!>L. W. d v - ( 1> INELASTIC + c!>ELAS'l'IC) d v (73) 
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where 

4 . ' 
<PINEr· A. S'I'IC d v == Ze 2 4 d2v {[E~ +E2f ][~. (E)- §.3 In Z]- ~. Ef. 

• JH 137m ·c E. v . J. 1 e ) 1 

and 

"Where 

e 1 

Ef = Ei-v ~final electron energy 

100 m C
2

hv 
,e 

arguments of Fermi­
Thomas screening factors 
¢1 2(y) and ~l 2(E).50 

' ' 

(74) 

(7 5) 

(76) 

(77) 

(78) 

<!>
1
(i) and <P

2
(y) were taken from Figure 2, page 862 of Wheeler 

Lamb, P.R. 55_, 858, (1939), up to a value of y == 1.42. The values for 

1Jr1,2(E)were obtained fr·om Fie;ure 1, page 86.2 up to;:: == 1.50. For 

larger values of the argument E, 1jr was obtained from the expression 

for free electrons ~1 , 2 .} 19.19-4 lneE. 

From y == 1.42 to 2.'0 the values for <!> 1 (y) and <!>2 (y) ~orere taken 

from the extended cm·ves in Rossi, page 49, Figure 2.11.1. 

The remaining values of <P
1

(y) ahd ¢;(y) 1-rere obtained from the 

formula <P 1 (y) :::: <!>2 (y) = 19.1-4 lney-4 C( /)where the function 

.. . 
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C(y) 1ms o1>i..a.Lned from Table I, llo.ge 49.5 5 

C. Ionization Straggling 

The following formulae are from a paper by Rohrl:Lch and Carlson5
2 

in vihich account is taken of the differences in straggling of electrons 

and positrons. 

L±(Ei,Ef) = (lj;)r±(x,6)d6 == (1/~)exp[-cl(/\+lno;±)]¢(/\)d 1\ (1) 

4 
s == x 2rc N02 e p ~ (g/crn2) 

mv 
N == Avogadro's nmnber 

0 

p 

m == n1ass of electron (,:;ms) 

e = charc;e of j_nc:i.dcnt partiele 

Z · = atomic number 

A = atomic weight 

x = thickness (g/cm
2

) 

(2) 

v =velocity of incident-particle 

+ 2 ( ) -2 I 2 c = ~ [2- y+l ] ,)'= 1 1-~ ( 4) 

( 5) 

4 
s == NZ • (

2
rc ~ ) ·x/T , T -- ( {-l)mc

2 (6) 
mv 

A == (6-:6
0
)/s , 6. = energy loss, 6.

0 
== most probable energy loss (7) 
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¢(/\) = ( l/2rc i) J ioo 
+ iJ 

exp(u lnu + /\u)du (8) 

-ioo + a 

.;15(/\) is Landau's distribution function. 51 L±(Ei,Ef) reduces to 

¢(/\) + when c- = 0. 

Landau numerically evaluated ¢(/\) out to A = 15. For the in-

frequent large collision losses Landau derived an expression for the 

tail of the straggling function gjven by 

(9) 

where m ls obtained by numcd.cal interpolation from the relation 

l::;-6 
0 A == -- =-' (l)tlnw - 0.37 s (10) 

Values for t;; are obtained from formulas derived by Sternheimer 59 
0 

for the various materials through which the decay electrons pass. 

D. Chi Square Test 

The chi square test is used to estimate the degree of agreement 

between the theoretically predicted number of events in each focal 

plane counter with the number actually counted. 

_2 
11 · 1 I 1 2 

x_;; - E [ (a: N~rlEOR. - NEXPTL. ) E J ± 
i=l 

-(1) 

i 
NEXPTL. is the measured (TARGET IN-TARGET OUT) number of events in the 

ith counter (corrected for counter efficiency) both norn~lized to the 

same incident beam flux. 

i i 
i ( 

L.IN EOU'I' 
)jeff. (2) NEXPTL 

L.IN(Wl) · L.OUT(Wl) 
~ 
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The+ and -refer to the positive and nega.t.Lve data respectively. u 

is a scale factor v1hich slides the unnormali~ed N~HEOH up or dovm on 

the semi-log scale such that Jf is a minimwn. 
i 

E is the error on 

i NEXPTL and includes an estinnted systernatic error of "-- 5% as vell as 

the statistical errors made during target in-out data runs. 

i r. 
€ == ..;[( 

cmiXPTL 

o(eff.) 
l 

+ ( ~XPTI:)2(E-(eff))2] 
o eff. 1 

1 

-l 

l 
==---2' 

( eff.) 
1 

Substituting Equations (4) through (8) into F.quation (3), 

l + - ( 
( f -· )2 e. r. 

l 

1 
EIN 

;::IN(Hl) 

(3) 

( ~~ ) 

( 5) 

( 6) 

(8) 

(9) 



-100-

Factoring out 

i 
i i J [ 6

rN 
E == NEXPTL c~ (u ) ff Ni )2 + 

L..IN , 1 ·e i. EXPTL 

i 
EOUT 

1. 

2. 

3. 

4. 

+ ( 
E.(eff.) 

l. l. 

eff
1 

:If E. Sumrn,:'l.ry of Systematic Errors 

'l'able VII. Swmuary of Systematic Errors 
in Calculated Corrections 

Calculated Estimate of error (%) 
Correction (approximate) 

Solid Angle 1.0 

Focal Plane 
Counter Efficiencies 4.0 

Energy Losses 2.0 

Non-uniform Target 
Stopping Distribution 2.0 

F. OMEGAH Orbit Tracking Program 

(10) 

(ll) 

The initial momentLun, the spatial coordinates and the direction 

of the electron orbit were generated using the Monte Carlo technique. 

~'he· spatial coordimJ.tes of the electron were determined relatlve to a 

Cartesian coordinate system. The Z and X axis i·rere paralle.l to the 
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median plane of the spectrometer while the y axis lay normal to the 

pole tips. 

From measurements of the axial field components furnished by 

LRL Magnet •resting Group, (good to 0.17<,) polynomial expressions for 

the magnitude of the axial field as a function of the spatial coor-

dinates vrere ded.vecl. 

The orbit vras treated as being a sequence of small helical 

arcs. 'l'he step from the beginnLng of each arc to its end vras deter-

mined using the foflowing rnatri.x t:ransforrnati.on, 

!SX.. 
l 

cyi 

6z. 
l 

where 

., 

A 0 B pi cos e. 
l 

== 0 0 tan 1jr 0 pi 

B 0 -A pi sin e. 
l 

== x.+bc. xi+l 1. 1. 

p. = 1312 pc/B (x,y,z), inches 
1. . y 

o = fixed angular increment 

A = 1-cos o 

B = sin o 

pio =projection of helical arc in Z-X plane 

1jr =angle orbit makes vrith median (Z-X) plane 
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E is the anc;le the orbit makes I·Ti th the normal to the pole Up 

entrance (or exit). 8. is the angle the projection of the arc in 
l 

the z-x plane makes with z axis. 

The change in direction of the trajectory in the z-x plane is 

given by the follow-Ing transformation 

[

sin ei+ll 

cos e. 
1 l+ . .. 

(1-A) B sin e. [ -. [ l 
-R (1-A) j cos 8: 

,, 
'l'he orbit tra'c:king continued until either the focal plane IKiS 

crossed or the orbit crossed into an inaccessible region. 

. ,• 

.-, .. 



• 

,,.\ 

~-

.. 

l. 

2. 

3. 

4. 
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