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ABSTRACT |

A systeﬁatic procedure is described for findihg suitable gear
combinations to generaté a given ratio to greate; precision than
permitted by geérvratio tables. Useful methode of extending factor

tables for gear ratio calculations'are also presented.
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The calculation of gear ratios for obtaining a desired change in s
_ shaft rotation mates is generally a:stréightfprward precedure.‘ The simplest
. v ratios can pe obfained by a cut-and-try approaeh, Exten51ve tables'have
been prepared for.obtaining many ratios to within a few parts per %i?"

1,2,3%,4,5,6

million. Occasionally it is de51red to obtain a given ratio
within much smaller limits, and if the desired ratio is not simple, a
great deal of labor mey be requlred in flndlng sultable gear combinations.
" The following summarizes some techniques whlch have been found useful in
systemat1Z1ng the search for gear ratios
In this type of work an extensive factor table is “highly de51rable‘Ap

7 Britlsh Math_Tables,-Vbl4-5,8 Kavan,g'and

“Mention may be made of AMS 55,
Lehmer .20 The first three give all_thelprime factors of number's up to
10,000, 100 000 and 256> 000 respectively.'»The fourthvis less convenientt_.
to use but lists the smallest prlme factor for all the numbers up to
N 10,017,000, excluding those divisible by 2, 5 or 7. Merrlttl gives a
'. table of composite numbers up to éO0,000 which‘consist entirely of prime

factors not greater than 127. Numbers divisible by 2, 3 orv5 are omitted.

n The general gear ratio problem is to determine the values of a, by

i

¢, d, ..., such that R = (a/b)(c/d). ..., is equal to a desired ratio within
prescribed limits. An additional restriction is that a, b, ..., are to be
'less than some number, generally one or. two hundrod,-because'gears with

more teeth are not usual]y convenlent to use, especially in compllcated

trains. No restrictlon will be plsced on.the'number of gear'palrs to be iﬂ

used. o _If:‘ o



. .sulted to determine the factors, if any.

I ' ‘ - UCRL-16226 Rev.

The method to be used in finding ratios is a modification of one

" described by Flaniganll and others uging continued fractions.: Two elemen=~

tary texts on continued fracfions of fhe type used here are given in Refs.

12 and 13. The present method. i one which is systematic and’ restrlcts the

search to ratios whlch are within the prescribed limits.

Let it be required to find a gear train that has a ratio R equal

to a specified value Rb‘within certain limits, say #4€.. There are two

requirements that must be met: 1) ‘& rational fraction must be produced

which represents the value R within the specified limits, and 2) the

_ numerator and denominator of this fraction must be factorable into numbers

sufficiently smell to be useful in gear trains.kaThe first requirement is

‘_met immediately by the procedure of this paper. ‘The second depends on the,

particular values of numerator and denominator. TFactor tables are con- g

" As shown in texts ‘on continted fractions,lg’}3
as an integer anhd decimal may be cbhverfed to aﬂcontinuederecﬁidﬁ of the

form L
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is continued as long as necessary. .If two such fractions are generated;

. means of successive convergents. The first eonvergent is ===

bs. . - UCRL-16226
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The ao term corresponds to the integer'and thelremainder to the decimal
part. If the decimal terminates or is a repeating decimal, the continued
fractlon will terminate, otherwise not. ’ |

‘The continued fraction is formed by dlviding the decimal into 1,
g1v1ng an integer a (always 1 or larger), plus a second decimala The-

latter is divided 1nto 1 to give a plus a third deC1mal. This procedure

‘.

. corresponding to the two allowed limits of the desired ratio R, it will

be found that the first few values of a, are identical, after which they |
diverge. Suppose divergence oceurs after :ek.‘ Tbejdesired continued
fraction is then

11 ,
lf a t - a +A

8 +
o a

o b

2 k

where A can have any value between the two decimal.remainderSs Some ~
times it is convenient to let A take negative values, as shown in examples

1 and 3. The continued fraction is now.converted to an ordinary fraction by
- ‘ ‘ .bo '-EQ i '
b 5 1 -

6 1 o

- : . . 1 1'8‘1“
ing” convergents are obtained from the recurrence formula

RN

. .. ; ' o A N - IR e o e
,(ap is O if R<l), the second i 5 = o= 4 === (aoal+l)/ o The remain-

| b, o b a

il ddn 1+l piﬁlA', .,"5 - '-*4Q;y;&l;~
°1. - % 81t i ’ a
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where b and c, are the numerator and denominatof of the i convefgent.

The flnal convergent is obtained by taking ai 1 a5 +A This produces a

fractlon of the form

8 e gh

h1+h2A

in which g ,g2,hl,h2 are integers, and will provide a rational value of

R w1th1nvthe limits allowed providing‘.A 'is‘fational and limited to -
values previously_indicated.' It:is,dsuaily convenient to let A = % s

so that

_ 81 ng2
mhl+nh‘2 '

"By assigning suitable values to m and n, a rational fraction is

obtained whose numerator and denominator can be examined for factors ...
useful for gear trainSa>

In general, when the limits of error'ore tightened the numerator
and denominator in ohe gonefated fracﬁion,become larger. They also become
larger as m and n (A=n/m) areimadé larger.

Eventually a point moy be reached where the numerator or denominator
exceeds the capacity of the available factor tables. In this case the numbers
may be examined laboriously for factors by trlal division of the prlme numbers

up to, say, 199. It is usually better to avaid thls +ed10us procedure by the

S



~.

cs- . UCRL-16226 Rev.

simple expedient of generating a nem'ratio Rl. 5y multiplyiné R by an -
| arbitrary fraction a/b. The previous mefhod‘is now applied to obtain a
new fractiom for Ri" If this new value can be»foctored satisfactorily,
" then a valid value of R is.obtoined‘frOvai by multiplying R, by'b/a.

EXample 3 'uses this method.

‘Factoring

When»it‘is desired to factor numbers which exceed the capacity
,fof avallable tables uhe range may be extended u51ng the following method,
 ﬂprov1ded the number is- not greater than tw1ce the range of the tables
Let the number‘for which the factors are desired be N. It is
assumed that N is odd;- Then, if P is a factor of N, P is alsc a
facﬁor of N-P = N-l-(P-l). Both N-1 and P-1 are even and may be divided o
by 2. Then (N-1)/2-(P-1)/2 still contains the factor P if N contains.
P. Start with P=3 and look for the factor 3 in (N-1)/2-(3-1)/2 = (N-l)/éél,
then look for the factor 5 in (N-l)/z—z, 7 in (N-1)/2-3, etc., until a |
factof is found or the possible factors exhausted. This method is rapid
and need not be continuedlbeyond P =vN. For gear ratios it cam be termimated
when P exeeéds the maximum allowable number‘of teeth. In normal practice,

N w1¢l be examired directly for the factors 5, ), 9, 11. Thus, if 5 is ’a"
l

factor, N (assumed odd) will end #h 5. If 3 is a factor, the dlglts of N

will add up to a multlple of 3 If 9 is a factor the digits Wlll add up to '

" a multlple,of 9. The number can be checked quickly for the facto“ 11 by addlng

K
s
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-alternate digits and taking the difference!' If the difference is zero or
& multiple of 11, then N is & multiple of 1ll. See example 4.
Even if the factors 3, 5, 9, 11 are absent from N, these should

- be looked for merely to keep'tbe'search orderly and to avoid "losing one's .
- i . . - R
]

The principle can be extended to larger multiples of the factor

table,;but ib becomes more cumbersome to use. A method to increase the
. range of tables by a multiple M=30 is descrlbed next. |

It is assumed that the factors 2, 3,5 (these are all the prime
factors of 30) are abgent from N. If N is divided by 30, the possible
remainders are 'R.=-l, 7,‘11, 15, 17;.19, 23, 29, If N contains P,
then NekP = N-R-(kP-R) also contains P, as does'(N—R)/BO—(kP-R)/BO, where
k is an integer chosen to make (kP—R)/}O = n, another integer. Only values
‘of k which are less‘than 30 and reletively prime to 30 need be considered.
u‘Thus‘use k =1, 7’,;1’r13’ l7, 19, 23,29, Table I has been prepared listing
the prime‘factors less than 200 which correspond to various values of n, |
glven the remainder R-robtained by dividing the original number N by'BO.d-‘
to get a new number N' = (N;R)/50, plus a remainder ' R. Tne parameter -k
..does not appear in the table;explicitly. For.example, let R=T7 . Under the
heading R=7 in.Table I are listed all thelprimes P less than 200,'exclud-‘
‘ing 2, 3, 5, and the corresponding values of n :to subtract from N'. The
values of n are subtracted from N' and the dlfference examlned for the -
bfactors pP. If a’ P ie found as & factor, then the orlglnal number N

‘contalns the factor P., See Example 5
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This hethod does not eliminate the need to test each prime up to,
say 200, one by.oné, but replaces trial divisions by‘sﬁqrter subtractions.
If a factor is found it is divided into N and the femaining factors
found directly in the factor tqble, or if necessary, the same procedure
used on the reduced number. There is no obvious gimple way to extend

Lebmer's factor table by the above methods.

 NUMERIUAL EXAMPLES
Example 1 ‘
Let it be required to find a gear train that has a ratio R equal
to 7 within 6ne part per million. This means that the ratio must be at
least'351h15895 and not more than 3.1415958. .These two numbers are éopverted

to continued fractions until they "diverge." The terms are found by dividing

successive decimal parts into 1:

3

7 3.1415895 | 7 3.1415958

7.0626706 ' o 7.0623564 . '
15.9564L = 16 - .okbL - 16.03685 = 16 + .037 .

Care. should be taken to see that rounding off the decimals does not change
the limits of allowed error. The continued fraction-is ,-*,j‘-'k o

1
- 1
, [ 16 + A
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- wheféf -.Ohh < A < 4+, 037, which may also be wrltten m/n < -23 or m/n > +27,.

= where e and n are integers end A n/m{ The above value for R is now.

converted to the ratlonal fractlonx;;

?Gﬁ ﬁd:3554-22A l35§i#°éﬁaff
T 115+ TA llev+ S

by means of the successive convergents: .

3 22 3554 02a

1T oW

o or the continuederaction maykbe reduced by c0nventional'me£hods;’ A' may.

v l{, w1ll be obtalned dlfferlng from n by not more than one part 1n one mllllon._

v;f;ii;.ExamEle 9

f fbe glven any rational value betWeen ‘--Ohh and + 037 and a. ratlonal fractlone o

The 51mplest ratlo 1s obviously the well known one 355/113 5 x 71/113"€ gi

,jdobtalned by puttlng A = 0, and 1s W1th1n one part 1n eleven mlllion of W.lf"f

Let ‘R be required Lo be w1th1n one part in one hundred mllllon :;f?v

} 3 1h15926850 <
1/// 7. 0625117392
T 15 99699552 &
A PN 00501373
3;331 815

C U 3.k159262202
7.06251L8716 ¢
15, 99619378
.. 1.00382077
261 727 '
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R e 1 ©_ 92988 + 355A
15 + - l, T ' : o
TSI

where 0.7 <A < 70.8. By trying succeésiVely A=1; 2, 3, iiss5 and

examining the resulting numerators and denominators for suitably small

factors, we find for A = 57,

113223 3 x 11 X b7 x 73

R =
360540 N 5% 17 x 55

= 3.1415926748 .

This is larger than4 T by 6.7 parts in one billion. If integer values of
A up to 70 had not produced a suitable ratio, i.e., one consisting of
sgfficiently small factors in numerator and denominator, the next valuesr.:.of
A to try would be half-integral, 1.5, 2.5, 3.5, ..., then perhaps 1-1/3,
1-2/3, 2-1/3, etc. 4
Example 3

Let it be required to fin@Ae»gear,train to. generate the sideral ratio

1.90273790951u within one part in 108 (equivalent to ah error of 1 second'

'in 3 years). This ratio has been examined by many persons, and some very

goed approximations obtalned. The best is probably that found by L. Je o
. 15 . .

Comrie and mentioned by F. Hope-Jones, and 1s

L5 x 71 x 257
29 X 151 X 187

l 002737909297
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, 16 o
which is virtually exect. Olsen used the ratio

80 x 143 x 173 x 125
118 x 127 X 165 X 101

= 1.002737909408

and incorporated it -into an elaborate clock. Several simple ratios were

derived py FZLa.niga.n.l-l

oL 1t ﬁill be assumed that all the simpler ratios have been examined

‘with available tables. The method of attack is then to obtain a new ratio

by multiplying the desired value by some arbitrary ratio and prioceed as -
above with the new value. In this-case we shall multiply 1.0027379093 by
73/72 (numbers "picked out of the air"). The new ratio is 1.0166648247

with limits of 1.0166648145 and 1.0166648349. Then we have

1.0166648145 ' 1.01666483L9
60.00666854 © 60.00659508
149.958 = 150 - .0Lk2 151.628 = 150 + 1.628
' i o
o B ! 9151 4+ 61A _ 9151m + 6ln
Fherefore Ry = 14 o7 = 3001+ 60A - 900lm + 60n
* 150 + A '

 where -.042 < A < 1.628. .If we try A = O we find Ry =‘9151/9001, and

both 9151 end 9001 are prime. If A =1, ;‘_ii'if\:'

‘, : e

¥

.. P - . | . - .
Z7§zlg‘=l-01666h8273_. T
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If A =1 had not produced a~suitable s;luﬁion, thén other values of A
would be tried, using A = n/m; tnEnd m -inﬁegeré to restrict A to
the required limits of <.0b2 to +1.628. |

by 72/73:

The desired sidereal ratio is obtained by multiplying Rl

222 un s e -
ISR A A IV -
R = 75 5"17_"7?1"“75" SEXEQ*H = “150027‘379118u .

‘ Thﬁ”¥atio is t00 large by 2.5 x 10-9; only one-fourth of the allowed limit,

and corresponds to a clock error of 1 second in 12_years. The ratio derived

is so compact that it can be combined with the‘5600:l:reduction in some Tele-

chron clock ﬁotors, for example, to give orie revolubtion per sidereal minute

when the clock is supplied with sixty-cycle mean solar freduency. 'Such.a

train could be

in which the first 12-tooth pinion turns at 3600 revplutioﬂs per mean solar
minute and thé T5-tooth gear turns at.ohé re;oluﬁipn perAsidereal minute.
Example b ' . ..' -  . | ,h

Let the number N be 18187 and the available factor table go to 10 000. 
If 18187 contalns the factor P, ‘then i»; 3 : RS SO |

S

18187 - 1

T o1 Bl fgoee L Bl
T e
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N7

also containe P. Try P=3. 9093-(3-1)/2 = 9092. Look up 9092 and check

.for the factor 3. Since the factor 3 is not contained in 9092, try P=5,

and look for the factor 5 in 9093-(5~1)/2 = 9091. Continue with P=7 for

9090, P=9 for. 9089, P=11 for 9088, P=13 for 9087. The last number is

. found to contain the factor 13%; therefore N contains this factor.

18187 + 15 1599 The last number is prime, so.the two factors are 13

"~ and 1399.

Example 5

Assume Kavan's table is availdable, and the number N to be searched

for factors "is 2,222,221. Dividing by 30 gives N' = 7407k with a remainder

R = 1. Under the heading R ='1 in Table 1 the first entry isn =1, P = 31.
N’ - n = T4073. Look up this number in Kavan and inspect for the;factor‘3l.
Under 7h07h-é = T40T2, look for 61; under THOTL look fof 7 or 13, and,continue.
in this manner unbil‘a factor is found or the list under R = 1 is exhausted.

In this example a match is obtained at n = 12, N' « 12 = 7h062, P = 19.

Dividing N by 19 gives 116959, which Kavan lists as prime. Hence, the

two factors of 2,222 221 are 19 and 116,959 This method is faster than

‘trlal division by. the prlmes, and can be carried out without the aid of a

desk calculator

-

If Lehmer's table is avallable, then of courSe, the factor 19 for the

number 2; 222 221 can be found dlrectly
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Table I. Test factors for increasing a factor table by M = 30.

=.11

m

; 2)_{,

37

59

R =1 R =17 R R=13 |R=17 | R=19| R=23 | R =29
n P | n P n P n P{n P n "Pln Pi|n P
N o 1 |o . 135]o0 :_ 17| 0 19]0 25]o0 29
2_1?féi ol w1 w1 owr 17l sf1 s9
5 732 61 |2 m|e 13 2"_.;7,11‘ 2.9 2 82 89
v 1|3 ot | 100 |3 a03|3 07| 3 093 113|3 7,7
5 151 | b 127, h. 131 | b o9l b 137 | b o139 b 11,130 L 1k9
6 181 |5 157 |'5  T,e3| 5 165|5 167 | 5 13| 5 175 |5 179
0 4|6 .11,17 6 . 191 6 195 | 6 197 6 199 6 7,29 6 11,19
e 9|7 73T 13,17 8 11,25 9 v | 8 37|10 17,19| 9 13,23
13 17,230 8 13,1911 31 |13 . 31|12 13,29 9 17 |13 59 (10 * L7
15 bk 61 )12 55 |16 17,29/13 - 37 |10 11,29{15 =~ L3 (20 37
16 37 |17 b7 |18 19,2918 79 |1k 19,23|15 67 17',1;&1 22 53
17 '73 22 23,29 19" 83 119 5% |16 71 | 17 . 23% {20 '_ 89 |24 107
105 25 w1 |20 w7 |23 srlir 1|18 b3 les 31 |es 1
o6 TLle7T W |22 6L 25 109 [23 101 |19 31 (26 T3 |28 19
28 29 (34 79 |2k  »_&5 26 .61 2k 67 |21 59 |29 47 [29 31
29 67|35 151 |26 113 |30 85|25 59 |e2 97 |30 s 137
50 53|39 107 28 37 131w 30 131 |26 b7 |3k  _1&9 32 L3
56 Mo T |31 59 32 w93 % |29 1735 T35 8
100 b2 181 ko 173 53 59|34 61 5173 |37 103 37 67
s 163 |bs a3 i1 |35 o7 |32 so w179 58 167
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) . Table I. Contiﬁued , ,
R=1 R =7 R =11 R=13| R ;‘17 'R=19| R=23| R =29
.n P<n“"_P n P}l n PnP n P r'n,_rl_P n P
b2 97 46 73| 46 107 k2 67( 38 89| 36 157| 43 101 39 -;oé
5 193 k7 ‘109 51 . 67 ‘us»?-h7 s 38 61| Wb 79| bk T
L7 83 '503 i;7~ 55 151 h6'3199 :Ahylél 39 :.hl 46 61 L5 197
L8 ';31 51" 53 56 2'89 '550;1 89 1&61'127 uof 53| 56 13L| 48 113
50 79| 57 101| 58 103 | 5h;;'71':‘52, 85| 1 105 | 59 63| 0. 139
55 12760 139 5o 17|61 91| 571 157 sb 19| 617 109 S 97
57 s 61 167| 66 81| 63 173 | 60 79| 60 107| €4 67| 55 73
64 113| 65 103 72'{167 65 5151 .6ui 1h9 63 - 83| 67 :107 58 61
68 157 63-1 59 ™ or| 77 21| 70 75| 65 119| 70193 | 63 101 ..
69 109| 72 197| 76 79| 78 18| T 13| 68 T| 78 Wyl T 127
70 191 T4 131| 85 197} 80 127] 7 :179 70;,163 82 '191 '72; 199
82"'107 80 83| R -165; 84 149 83; 109| 77.137| 86 137 7&“2175 f_ ‘
86 Bo| 86 199 ‘ob 1h9 99'f;57 85 151| 83 195 95ﬁ 97 78105
88 139 103 163 97"127' 100 :131 399;‘103 '86'j113 105 167 82'.131
98 173 108? 1091|105 109 | 101 179 102"181 9&]’167 112 199 88 157
105 137 | 109 -1i3 109 193 | 103 :107 106~ 139{ 95151 115"151 120 191f'.
126 199 [ 11k 19| 113 179{ 132 -137| 109 173 £97 101|122 127/ 12k i65t
128 167|122 193 izo 157 146 191} 152 199 '111"197 124 1197 145 151 .';"“
1Mk 1ho| 137 179|134 . 139 161 -i67 157 163 | 114 181 138 181 147 '195'
151 197|167 173|192 199 190, 197|186 193|126 131 151 157 174 161 C
179 if(rf:f." e | o
’ 18l 5191',; o
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