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ABSTRACT

A simple én@ straightforward method to idéntify and remove the.

- kinematic singularitiés of helicity amplitudes is ccnstructed_from the
Trueman-Wick éroséing relations.,. A sef of amplitudes free of all
‘kinematic singularities and zefoé iélobtained for two-pa;tiéle +> two-~
particle reaétions of any spins and mésses, except that for boson-fermion
 interactions of generél mass1és§iénments there is still a kiﬁematic 51/2-

- singularity left in the amplitude.
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" 1. INTRODUCTION - -
In dynamical calculations of scattering amplitudes, it is
neceésary to use kinematic-singularity-ffee amplitudes, which have only

singularities of dynamical origin and satisfy the'Mandelstam representation,

D. N, Williémsl has succeeded in constructing a complete set of invariant

scalar amplitudes free of kinematic singularities and suitable for dynamical
calculations. However, his~amplitddes.are not suitable for Reggeization,

To Reggeize, first we have to remove all the kinematic singularities

from the éo-called parity-conserving helicity amplitﬁdes and then analytically

continue. their partial-wave helicity amplitudes with definite parity in
the total angular momentum plane.,2 Therefore kinematic-singularity-free

hélicity amplitudes are not only suitable for dynamical calculation but

~also suitable for Reggeization, This is our motivation for investigating

the kinematic singularities of helicity amplitudes.'
Recently Y° Hara has proposed a method to remove the kihematic
singularities of helicity amplitudes by using perturbation field theory,

with emphasis on threshold behavior of partial-wave amplitudes and

' . . 3 , e e i
crossing relations, In this paper we develop -a more straightforward

method using only the Trueman;Wiék crossing relations for helicity

1amplitudes. Perturbation field theory is not needed, A complete set

of.amplitudes; which can be shown to be free of all kinematic singularitiés

and zeros, is constructed for interactions of two particles of any

- spins and masses, except that for boson-fermion interactions of general

1/2

mass assignments there is still a kinemétic‘s singularity left in the

amplitude. Our results are consistent with the usually assumed threshold

,behavior ofﬁbartial-wave helicity amplitudes with definite parity.
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IT. THE KINEMATIC SINGULARITIES IN THE CROSSED-

CHANNEL ENERGY VARIABLE

. The pértial-wave expansion of a generéllhelicity'amplitude‘for
a reaction a + b > c + d , with s being the enefgy squared and t o ‘J”
Being the square of ‘the energy in one.of the two crossed-chahnels (say,
. :. - o N .

Lo

d+b>c+ a) is

s J | A . .
fxc"d”‘ \ (s t) z (2J + 1)F A A A A (s) dm(es) (Ix,l) |

where

,eé is the scatterlng angle in the s channel whlch is taken to be the

angle between partlcles a and c ;.and diu “is the a functlon of

“the rotation matrix element. In the s-channel c.m. system,

cy o 2 2 2 2., 2 2, . : ,/
cos 6, = [?st + s «s Ez: m o (m)” -m ") m "= my )]AJQQbe?Cd s
(11:2)

where »

02 . 2., : 2 2 SN K
S S S ICENCREE W BE SRR - ,

x ; o (I1:2)

52 AT 2.0 2, 2 | |

i/ = - - - 1 =

< cd T s (mc- md) Ils (tc +-md) ] bs Pea * 7
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where Pab ’ Pcdl are the initial and final momenta in the s~channel

c.m. system. We see that cos 6 is an analytic function of C:);

general the 4 functlon is related to the Jacobi nolynomlal byS

(J $ AT =)t 1/2.

J : | Jasul
4l8) = A )!(J =X )1 [cos <6s/2)]l d
| | . | ) / - M__,,‘,--‘""“"”m‘\'MW"'"‘*\‘\v . . . ) L.’
x [sin »(65/2)]IA"“'\\PE}?‘_;:X%’l}‘+‘ulu),'(’c}os o) o mh) K
where !
A, = maximum of (lkl,}pl) T
A= minimm of (A, ul)

‘so that Eq. (II:1) becomes

%
i
!
\

A SR (st) = [cos (e, /2)]‘A ul[s:.n (6 /2)1“““’2(% + )7

A Ad,x A (s)
J
: (Ik"ul’lx+ul)(cos ] ) . . (ii:S)
. We have put bther constant factors into i Y A (s) ; - When there is

c'd’"a :
no spin, Eq. (II:5) 81mpl¢ reduces to. ‘the familiar Legendre expansion

'bf the amplitude,
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~ (s £) = Z (23 + 1)F)
) J .

We see that the presence of spins has introduced iﬁtqithe helicity s

. amplitudes a deflnlte set of | E} zeros. and singularities through the

factors [cos (6 /2)]|A+u| and [sin (8 /2)]“\‘-”l . We argue that

'these (}3 zeros and singularities are_the only kinematic ones. The

remaining +t -singularities are associated with the failure of the Jacobi

expansion to converge, a dynamical effect unrelated to particle spins.

From the expression of sin (et/z) and cos (6 /2) in C:) and‘<:> in

Appendix A, we easily see that the kinematiQiE)51ngular1t1es of fA X A A are f
S e N ’
all on the boundary of the physical reglon. _
\/\“ﬂ,_ﬂw,ﬁm“wm\_u,__“_ﬁ_vymm,,nm,,ah :
‘Thus the new amplitudes deflned by
- e =] o, -]A-ul
N = £ cos == sin ==
Ackd;xaxb Acxd;Aakb 2 1 L 2 J
| J
I S I (JA=n], [r+u]) s
= ) (2J + 1)F AAgsA A (s) (J_ ) (cos 0 ) (1I:7)
7 . .
-contaln only dynamlcal(3)51ngular1t1esq6 ‘By the assumption of maximal
~analyticity in S—matrlx thnory -fA'A Y satisfies a fixed-z dispersion n

relation in t . In the next section we shall discuss the kinematic
singularities in s:, After we remove the kinematic s singularities, the

amplitudes will satisfy the Mandelstam representation,
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| CHANNEL ENERGY VARTABLE

nder crossing, the s-channel and the t-channel hellcity amplltudes:'

are related bg:) - ' -
s N ' - a b
fxcxd;xaxﬁ(s°t) = 24 4 AL, (x,) A'xb
}‘\V’A!’)\!a)\i a
C? w? =D . . ,
J | | J N - ) : o - .
c d t
d)\"x:_(xc)éx')\'-(Xd)f}\'x';xl)\,(s’t)' s 3 (III'l) )
ctc - "T="d el b :
d : a 4 ; , S
‘wheré_
. 2 2 o a2, 2 2
-.COS _Xa = [...(s + ma - XYLD )(t + ma‘ - mC )""2ma (mc - ma + m.b . /é)abvjac

008 x, = [(s + m” -.ma2>(t.f‘mb2 B SRR R Ll TE e

- _ 2 2y .2 2 2, 2 2 2 2 |

€08 X = [(s + e - md (e Be - ma')-2mc (mc B )]/<?cdz7ac

) L 2 2 2 2y, 2,2 _2 2 _3 o
cos xg = [=(s + g™ = m Tt + ;" - m)-2m, (= =m ™+ m” =y P oaTa

(1I1:2)

From Eq. (II1I:2) we can easily obtain the functiéns sin xi'; however, it =~ =

is more illuminating to write them in the form
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. _ 1/2 ) _ . .\q1/2, ot
sin X, = ‘2m [¢(s t) /Jab ac , SimXx, = v2;nc[¢(s,‘c)] /ch s
. - 1/2 R CoNal/2, e
sin %, = 2m [#(s,0)]7"%/ Ay Ty csinxg = om, (#(s,£)]7" %/ ) s '
(II1:3)
where
N A - 2 2y, 2 2
.¢(s,t‘) = Sb(z mS -5 -t - s(mb - my’ )(ma - m, )
1
2. 2y, 2 2 2 2, 2, 2 2 2
5t(ma -m )(mcu - my ) - (ma mg© o= m, Y omy )(ma +mg” -m - mb.)

P(s,t) = 0giving the boundary of the physical region. From EqQ.(IIL:l)z

and the definition of f(s,t)),we obtain the crdssing relations for the

f's,

(o.t) [ ) esl.-lx—ul { ey 1 -[xeu]
s,t) = |sin — , Cos o
Ackd,k AT ? b 2 | _ .
Z 3, 8 LI
e G O 000 (ke (xg)
ATAT AT AT e b"b =ta
=D et - . d.
a . 'v
. e ]w-’u Ir [Atap! }
" x Isin ] cos —E Ry ,(s,u)}
B T I 2 , x ATAIAY
T : 4 | - P
o z Acxd,;\a)\b( o |
- . ATAT . }\v)‘y Ds }\v)\l.kt)\v ’ -
. ' ' t t AN . A — :)
, Aa AL %{*- - 70 53® (111 4)
wvhere : S : E
1 ! .
YR B - - ! T -
‘. A = Ad >\b | . u = A — Aa . \
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the elements of the crossing matrix 77) being defined by this equation.
Now by the result of Section II,' F°(s,t) is free of kinematic
t singularitieé, and similarly ft(s,t) is free of kinematic s singularities,

. . . e L =S, . ' .
Therefore all the kinematic s singularities of f (s,t) are in the crossing-
SnSmarLe, 2. 2ANeR e ibics 9 ¢ 108

‘matrix elements in. Eq. (III:4) and thus in the functions that are

explicitly knowm. From the kinematics in Appendix A, we see that in

additioh.to the pure(:)singularities and(@_singularities at‘g ab 0 ;

9 - 7
Yeg=00.5=0, :7ac =0 ~bd ~

also mixed s -and t  singuwlarities on the bbundarj of the physical

0 ,and t =0, in the ?Q's there are

region, i.e., at «giiiil;iwgmf7\1n A?pendix B we show that suqh apparent"
mixed s-t singularities of M cancel and all the M 's have oﬁly pure
Cj)signularitiesland pure(j}sinéularipies,  This is what one would expect
from Eq. (III:M), since fs(s,£) ‘is free of t-kinematic singularities
and ft(s,t),'is'freé‘of s~kinematic singularities, and neitﬂer F°(s,t)
nor .ft(s,t) ‘ha§ dynamical singularities'bn the physicél bounaary. Then
gl; the pure s singularifies of ﬁblfs‘ are the kinematic s gingulgrities
of Fo(s,t) . If the pure s singularities of each 7H_are-factorizable
and all M's in Eq. (III:h) ﬁave the same type of pure s singulerities,
.one éan éasily meke T° free of kinematic s siﬁgularities by multiplying
it by a faétorvwhich makes all 7&'3 in Eq..(IiI:h) free of s singularities.
If this is not the case, one has . to seek linear combinatiéns.of fs éuch~ o
tﬁat thevcombiﬁaticng are stili free of kinematic t singﬁlarities and
also suiteble for the factorization of the kinematic s singularities.
In the following we shall discuss the factorizability for ali céses,

with any mas$ assignments.
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In proving the factorizability, we assume that parity is
. conserved in the interactions, Under parity symmetry,.
-t

A’A' x'xé(s°t) =M faataarieatan
d - a d

o]

(s,t) T, o : (II1:5)

where

3
i

.
and n is the. 1ntr1n51c parltv of the ith partlcle. Combining the
, ft s , which are relaued by parlty symmetry, on the left hand’ s1de of

Eq. (III:4), we obtain the crossing-matrix elements:

A Agitghy AAA A A Aid A

c 4’ - cd’ a b c~d*"a"b :
I‘A'A' A'A ° (s,8) = ?wa' (“”“) * ”P &% AAl,=A!eAt, b(?”t)'
a d

a d _ : a2 d

2

i} _. {Sin _e_i}-lk-ul [cosA—ei}-h.&ul [ }IA'-u It [ | ]]A'-m |
| - 5 sin 3= | | .cos —- B

I Jb T T

(7,4 1+ (3,0 1T #3473 B

+ ny (=) 6
Pt
Ja : Jb-' .Jc o Jd v . o

xay, (7~ Xa>dx'l'(w = Xl hy (7= x )4y (m-x ) (III;6)
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Equation (III:L) can then be written as

A AL AL | S '
- M c ‘ﬂ ab . » (\‘-J :
x Air gy (°° t) = j{: ‘ “A'A' x'x' (s,t) fA'A' AN T (11121}
AT AT AL A0 3 al a a :
- D7 ¥ e
a d i

Trie

In obtaining Eq. (III:i6) from Eq. (III:L) we have used .the relation -

J _ (yTmu,d
dxu(v -IOS) = v(-) a

SO @

From Eq. (III.6), we see that in proving factorizability of
kinematic s singularities, mainly we shall play with the 4 functions.

' The following relation is usefuls

, ¥
: v (J- =)
- Aep ! +
diu(e) = + [sin 6] I% ul[l -, cOos G]IA ux[cos g-] @) 2 (cos 6) R
' - (111.8)
Qhere
vy = 1 vhen J is half ihteger o .
= 0 - when J 1is integer ; o
- | (23,;-¥) B | '
P 2" (cos 8) = {cos 5-} E}AZUI’IA kD) (cos e) S .o (11109)
‘ (J- %) _— o ' v
s The CF) “ (cos 8) is a polynom1a¢ of cos © of the order of Jd - 5 B

In the following we shall stuay the locations of the klnematlc‘
‘ s singularities of Ts(s,t) for the géneral mass case (i.e.,

o ‘ 4 : = ‘ = £
Fomo, omy # my @and not both m =m  and m = md)vand find

s
L

b



-'_-;o-
suiiable factofs for removing éhé kinematié's»§ingulafities. For
'speéial mgés assigninentsg wheré pairsqu masseé are equal, the samé ‘
method applies,  but.cafe must;be.eiceréised'in taking the limits of
' the above formula. The result§ for'éll ﬁass assignmentsAére listed iﬁ
- Séection IV, To.aVOid introducing.kinématic'ieros;vwe have obtained the
kinemaﬁic;factors for special masélassighments f;dm studying eéch c#se“
individually. | | |
From the.kinematics'in Appendix A, it is clear‘that fhe sines

and cosines of the angles and the haif-angles‘of Xge xb,'and ‘Xs havé_

; Y P : R 2 N2
<§E§;;;i;;;ntsr?t é)ab-' 0 g iveryat s=(m +m)" and s=(m - mb);‘

—

e

To investigate the analytic properties of these functions, which are
originally defined in the phjsical region,;ué first analytically .
. continue them at fixed t outside the phyéical regidn of the'sthannel.

Then we vary s around s = (m_ + m.)z_ or s = (m.,-Amb)2 in a
P a D _ -
. . ~

éégpterclockwise senseg§ We find that the following functions are .

T e

e o T

(s
o e . . . .
‘ P . -\ - . !

~. 3 3 ’ 2 _ 2
analytic at both s = (ma + mb) . s,-—A(ma - mb) :
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’,a _ | ."é?ab Siﬁ X; | * Cga£ c6s.Xa | ’ "é?éb Sin Xp ‘ggblFOS >‘(b_ _" 

'{cos

Xy, - X T Xl
cos =24+ sin == sin -—b-J x [s - (m + mb)

2]l/2
2 2 2

. Wl;‘

Xy

X L Xa '21/2
,C°s_§“.,- S.ln 5 sin :;'} ® [s - (m + mb) ]

_j
.?\)!mx
>

o’
>

lcos

>

cos ‘cos

Nl @
la
I\JI oS
N £+
9]

8 S
B i »—“ oy ——?; < )
+ sin 5= sin 3 } XC?ab' .

[

Xa . s .
. cos cos §~.- sin = sin

'm!
_.l\)l‘nx

sin cos

nj @ -
!m .

nNf @
7]

. a
+ sin —= cos

S S
Tl

r 8 X 8 X1 .
‘e S a 5 . "a -
{51p:2. c?s 53— = cos >— sin EwJ % dyab e | . (III.;O?

'Similarly fof Xo @ Xd o ang 8 s We find the following'funétions are

analytlc at 6/ :



varemee

(Y2t recmn sy,

. . A . . o -
cgcd sin x > &cd cos X, . gcd sin x4 v ,jcd eoS X4 -
»
X X X X o
I —2. e 1 -—c— 1 _i - | &+ 2 R
gcos 5 cos 3=+ sin 5= sin 5= | X [s. (mc md)‘] .
L . . R - " %
CX. X X. X -
A d c d - 42
jcos 5= cos 3= - sin 5= sin -Jx [s - (mc -vmd) ]' .
Os 3‘.9.+smfism"f£
cos 3= cos 3 - ) 3 .
. : - 1
‘ . _ . E
] X 8 X

S . S .
COs8 7 COS 7™ -~ Sin 7 sSin

2

.8

'lgos
\1,

and -

2

o4

2

2

6

0

e

X x|
S . C 3 s - c ).
Z SIn T T singTces 2,)_x~c§)cd ’
_ S i NS . S c 1At
cos 3= sin 3= - sin 5= cos = . (.LII..J.O )
e s Y% /R
0 . The functions \/ab1§kd.sin es vgné ;§Lb<§;d

are analytic at Cyéd =

cos O -
, S

these results we canvéasily”show

are analytic at ‘élb

olngula”1t1es are not fac\.ors.zablee

Let

b

s(+)

X AA A

c’d?a"o

gnd éld

sin‘Gt/2 'gnd cos et/z' are analytic at 'éD

’Eq. (III:h') has singdlari ies. at <9

ab

's look,now at the.aﬁplitudés

19}

that the cross 1ng-matr1x

=0 and é?

= (=) (=) 32 2

=0 , ‘The functions

From

land (9 ¢

M in -

s and these
‘/

v
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s() ,‘ wt

.Lhe crossing-matrix element between f)‘ )\ N and f)\'A' A'X' is
a d
A A A A\ 2 AArairaty ’Ac'A Aty
=cd ab. = Mirye.yrye (Sgt) . .
§ M (s,t) - AT AT : A PPN A :
. APATIATAL A el - D )
i\ c =l b a d L : a d

- o e .
. Using Eg% (III36) and (III:8), we obtain, M~ up to a constanty

: 9, ]A'-u | [A’+u | R
i, (sm 5 ’ c?s 5 ) (sin es) .
. . .
( o ateal ] |
-l'l-‘cosx g % (1< cosy | e D (T _~v_/2)
a A b 6) a a .
alactra BT (cos x,)
L a o R '
) , . oy : v
' _ -8y X,V & - X VDb
,YXGD(Jb Vb/g)(cosx )(l+cos o ) { os { s =21 lcos =% '
| 0 > X! \ 2’ { 2 } 5% 2
, 1l + cos ¥ | e l+cosx\ : - (J_=v_[/2) o
+ 1 : Lo _— b x-(PaAa (=cos ¥_)
~ 'ab ! -sin x / ~sin X, ; . o "a
\ !
CP(J ~y/2) | . ml L T X Va |y \Vb}
..c(_)§ Xb)_(l. - cos QS) tsm el {‘sm 5-) (S:_l.n 5-) J
I, J' '
*T Ay (X )dx'x xg)
c'c Ty a
At A'[ [Af-x ] .
1 - cos X, a & [ 1 = cos Xy b b (5 -v /2)
+ . X &% (eos x.)
sin x sin Xy / GD X

(II1:11 ‘‘ontinued)
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A (J -V /2) 8 v X Va - X Yo
X’O> (cos ¥ )(l - cos 6 ) sin — cos = cos =2
. b 2 \ 2 2
a At -] RN
. i ’ .
+n_ (-)2(Acf*d) i fﬁf X3 ! ? (l T Cos Xy
- abl ~5in Xg | =sin X
(J -V /2) ' (T -v. /2) ' ; o\ Cox_ 1'e
6) (-cos Xg ) b b (=cos x, )(1 + cos 0 )™ |cos = |- {sin -&\ -
S b s 2| %R
: v Xy, Vb J J o - o
X |sin = , (w - x D d (m - x.) 5 - (II1:11 concluded)
2 X A . d :
. o - d » .
d
with
am+ v =[x -ul - [x+ .
'n-nc NSO IR D W
n = a (-) c a ¢ a
ab N0 ’
and
‘ v = 1. when the ith particle is a fermion. .
= 0 ' when thelgﬁh particle is a boson
‘where

v = 0 for BB~+BB ., FF-+FF , FF BB interactions
(B stands for boson and F stands for fermion) ,

v = 1 for BF~ BF  interaction with the convention v_ = Vv_ = 1,



The expression given by Eq. (III:1l) is convenient for observing the
4analytic structure at;é ab =0 . To observe'the_analytic'structure

-+ ' e .
of M~ at Té&d = 0 , we vrite M~ in the following form:

4 A,O [xt—ut] 8, | [xt+u’|
o+ Y ot R R U L N o
,_Mf « (31?15— ) o cos E&-} {slé es) ! Ul
, 1 - cos X .lkénxc{ 11 ~Ycos'x -IA: - Ad’ (J =v /2) -7
_ > Ao : al d ¢ e L
% ( - . o | — ® . © {cos x_)
sin X, sin x4 } . e’

%

2

SRSV

S ‘ L B DL W
o1+ cos X, \ { 1 + cos Xd\ 3 d
. e ' A
! 1 =sin xg }_ | =sin Xq
(3 ~v_/2). g2y E
x (¥ ¢ c (écos,xc)63 d 4 (~cos xd)(l - cos Gs)m
| g v, X4 \vc ' X4 vdj'vJa- 9y
sin —— | — f e é ¥ _
x | sin 3 } !sxn 5 | (51n > -idA'A (Xa)dx'x (xb)
e , L
(AL = A )N = A) [1 = cosX l)\c-kcl
a 2 b D { S C
+ N (=) X | e 2
~ "ab : L\ sin Xc

- at (T -v /2) (J.=-v_/2)
é : GD ¢ ¢ (cos xc) : d. d {cos

o S (III311' continued)

gl eV Xy & xg A
P e (cos_xd)(l + cos es)‘ (cqs*¥i (cos 3 (cos~—~ _



: A e_ | Xe V& Xg) @
' mi . s c d
o (1 = cos &) (51§.2.J l\.os 5 ) {cos 5 )
[ 9_ . 1 - ‘.
"2(A _+A:) {1+ cos x '\lAc Acl 11 + cos ¥ ll_ Ad[
+ 1 (=) c d’ {7 - c . — d a -
~ cd . ) K, ~ sin Xc_} = sin x4 ¥
. . : | | . .
(7 -v_/2). (J ~v./2) : X c
IR N S - ™l eos =5 | [gin 22}
x (P -'(-C?é XC)C;) (-c?s xd)(l f cos es?. (cos 5 ) \51L 5 )
v S ,
' X3 dy - J : : J |
. d a ‘ - b |
. — o l ‘- y )
x |sin 3 ) _ :ld)\'l" (w Xa.) d}\,)\ 1(7&' Xb) _ s . _ ‘
: a a b b: ’ . . ) . .
' P (I?I:ll)iconcluded)
where o
n = (_)JC+Jd+‘}\CL}\d
cd v . °

Using the resalt in Bgs. (III: 10) and (III: 10! ), and after some‘work, we

i: % ~ = 2 A A - 2.0.
flnd the 51ngular1t1es ofA % at’ s f. ga j.mb) .ana s = (mc i.md)‘.
V - o
Ir"“ [S - (m + mb l/e(al)[s - mb) ] --/2(0-2)
_1/2(8. ) o -1/2(8,) DR
: 2 1/ : 2 2 )
x {s - (mc + md>'] , [sxf (mC - md) ] - 2 (III.l?)
where
N =% _=»ag‘(j-_)' > By =8y = Bg(j'_)- for BB > BB ;-
¢ = ey =a (+) , 81; B (+) 82:=‘Bg(z)“'for 'BB.+_F? 0 (c;d.being .
' " fermions)
o, = ag(+) s Oy = qg(i) » By = B, ='Bg(j)_ for .F?-+ABB‘, (a;b'being bosons);
al = ag(:) s a2 = ag(i) s Bl =B (:) s 82 = Bg(:) for FF =+ FF .
and

7



~17=

ag(:)‘ = -|X =y
+‘{méx_(ipag) of [Ja,+ ;bv-'%-(va.fvb) f'%’(lkj; ul=[x + w1}
. 1 _ - !
* 5.(Va't'vﬁ)~ -7
B(x) = =[x —ul + {max (an ) of 5+ - %'(Ya_+-vb)
+§<Ix —ul = oD S v v

" means the greatest even number that is equal to

where "max n of n

e A e e A e g e

or smaller than n when(iii:;;-*:i>, or the greatest odd number vhen

e cnem e ——

(Ef”1§___;>. 'For FB =+ FB,intéracFions, iee, v=1, v, =V, =.lf,

'nand vb = ya =AO ; we have
I —a(+) —8(s) o
L ‘_M"«(} j y &, (111:12")
. R cd . . _ }
where
_ | _‘ _ . o =
otle) = A - + A+ i J = - Ul=i) ~
ag\m) ]A - 1] {mag.(+wab) of:[Ja,+ Ip * 3 (Ia . ul=ix + ull}
B' (%) = -lx~ul +{max (+n d) o*‘[J + 3 +-§-(|A-_ul~l>\ + ul)]}
. E : .
We see that the singularities of % at C? =0 can be'fa¢tored'

3

out, " In addition to the singularitles at télb =0 . <ch =0, there is.
a 51ngularl*v at s =0, In this‘case of -m # m s M #‘md the entire
'sl/2 51ngular ty is 1ntroduced by the factor 'sin'(es/Q) . For reactions

of the type BB > BB , FF > FF , FF > BB , the difference of '|A + u| and

' ) ' oo
IA‘- u[ is even, SO we can remove the sl/2 s(z)

)1/2 max([k—p [A+u|

singularity from ¥ simply

by multiplying it oy (s . For reactions of the type
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. BF » BF , the difference of x = u] ana [ +u| is odd, so we can

| e .
singularity from #s(t) Multiplying by a factor -

(S)I/Z[max((}-ullk+u[)] , We can remove its possible pole only at S

§S(i) n

: . 1/2
not remove the s /

of

s =0, It still has a branch point at s =0 ; However, is

(S

closely related to the partial-wave helicity amplitude of definite

b

parity, and by the McDowell reciprocity }elatioﬁ3'the partial-wave.

helicity amplitude of definite parity has a simple reflection property

" in (s)l/2 . . Thus we can conveniently work with the 31/2 plane; in fact

in the calculation of the partial-wave amplitude of BF + BF interacﬁion;
we are forced to work in this plane, 'TqBrefcre for .BB *iBB, FF = FF,

~

and FF + BB  interactions, the functions

o L 1/2(e) 1/2(a)
[‘fs + -f,s . ] % [S _ (" T )2] 1 - " - )2] e 2
Acld?AaA‘b_ A A Ay M +."Lb | s (’?a ”‘b
. ‘1/2(5 ) 1/2(8,)
X.Ls - (@c +-md)2 s - (m, - md)g]‘ 2
N (S)I/Q[max sf (Ia=u]sra+u])]

- - (I11:13)

are analytic in s and t . Fér‘ FB -+ FB interactioné, the functions>

: 0 at(#)
(22, ., +F o ngdoesT
Ackd’kaxb -Acnkd,kakb vab | .

% <§cd)8;(i)(s)%/2£""a" of ([A-w, )] (111;13').. -

)12

are analyticAfn (s and. t and finite at s =0 ,

.
pigp=
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"In the following we list all the—afiplitudes that are free of

kinematic singularitiesgg We can easily show thatithese results are

consistent with the usﬁally.assumed threshold behavior of partialewave

‘helicity amplitudes with definite parityJ273

The definition of F° by

(;,t)  = [51n ;) /2]"’A-u’[cos 8 /2]-IA+“&A Ao Ay (s;t)

c'd’a’v _ A d’"a
. : : i
is always used. For FB = FB. interactions we take the convention

that particles a and c areife;mions.

‘A; Equal masses, m_ = =m =n, =mn
e G €S, My =T, TR, T 0

" The desired’amplitude'here is

1/2(a ) -1/2(8 ) S

(s = kn°) ’ € (s) A A Ay (s, t) (1v:1)
: ¢ d . .
. where
= - A = - .
A Aa b o+ MEA A ?
-1 . _. . BN . . . - . v . -1:.
OLe -2 (va M .vb + 'vcl+ qu) + {the max ne of [da * Yy *+ Jc * Jd = 2_(Va..W +vc+vd)_]}
B D N P .
,Be Z the gax'(ns) Qf;[[(le - ;bl - lJé - JC})[ + 1] "o
with

b



«20=

v, = 1 it 3, is half-integer
= 0 if ~Ji is integef C . _'”'
n_Ng 2(J +J.)

oz oA () %P ,

e NN _

d

. = l}‘-ul
mg 2o ()0 _

- ' : . . ! i

"The max n of n" means the greatest even mimber smaller than or

equal to n when n is +1 or the greatest odd number with . n is -1,
Using this result, we can easily find the kinematic gingulafity-

free‘helicity amplitudes for the nucleon-nucleon scattering NN = NN .

In this case

Ya " ;b =g =g =2,
Ve = Vy = vc = v, = 1 \
Ty = +1 s nﬁ = -1 s
Te = *¥ .
We find that
e é?g)fi;? e : (s - l‘me)fif;',- s



21

, -6
-2_.5 .
(cos §~) £, I (51n;5~

. . 6 g
5.2 g S P 1/2 s Sy\=l .S
) v 2nd (.) (s1n 5 cosvg_) P

T f
S e

are free of all kinematic singularities, These results are in agreement

- with those obtained by M, L, Goldberger et 'a_l,lo

The follov1ng amnlltudeg are free of klnematlc s and tzgingularities‘

_for BB » BB FF +BB , FF *‘FF interactions:

: o 1/2(8,)
e . L =s
('S?) (S) ‘ fl A_eh X

(s,8), : |
c'd’a'b ' 4 :

where a, . is the same as that of Eq. (IV:l),

w0
i

A - ui,

J

{[s « (m ; m2)2][§ - (mj - m2)21}1/2< .

For FF - BB . interactions, one can easily find the kinematic singularity-
free smplitudes by the method f{or the general -nmass case,

Applying‘this_general result to the W -+ 78  interaction, we find

| 21 s .1/ -1.s
~ that [cos (65/2)] f+O;+O and s’ “[sin (8 /2)" +O _o - re free of

kinematic singularities, Tlese results agree wlth those ocbtained first

AR\
by Ge Chew et al.” /-



The following functions are analytic infi§ and(i) for BB -+ BB,

FFr > BB , FF » FF interactions:

| ) o 1/2le(#)]
(2, ., +% . .1 (s-n? 87
A AL = f)‘c”ld’xakb_ 1
/208 (+)]
x (s —-hmg) -8 (s)f'l/z(Y.)', o
ﬁhefe".

gl = ,.-IVA; -l

+mnx@@>wpfkfg-§wa%%»§<h:uf~h+mnn

7
a
N
Ly 4w A -4
* 2'(va %‘vb) > '

; : o ,./" /-‘[' s ' | 1 . § :.s‘ ' . :
+',max-(incd) of [J£/+ {d~- 5’(vc +-Yd) * E.(I§ e f']} fnu;)Jl'.

o

i,
+ 5 (vc + vd) .

(1Iv.3)

S -.O

T

=3
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: !
l =+

the max (n_) of [I(le -J | - IJC‘-:Ja[)[ +}1] .

<
1]

b

1
!

i
4

non : . &
- 2(Ja.+Jb) O PRI . ; .
v N = e (=) (=)"7" . . . S
s Ny o v ,
d
i 3
"“-0¢  T 4T A A S ' J +T 4N AN
o - _a (_) d ¢ d c n' - (-) d ¢'d ¢ -
ap = Mon y cd -~ . PR
b T E o

For BF - BF interactions, the result for the general mass case applies

1/2 )

.éxcept that the s ,_'singularity needs to be reevaluated.

Applying Eq. (IV:3) fp NR -+ wm x G +b - Q‘*& -t
I W s T T
_with : | B ' o |
My T Yl a‘ T
. .;: = :- 3 ’v S
ncd = + l ' o a’w . "SE 2. & 3é ©
‘ \fazvlt ¥ Ve =V4 =0
Ao
n, (), o ‘
..a '4_‘_1, /\:(; . v .fv\:a
- )\:, _.lA:O

- and taking 6nly fhé_"}"'sign of Eq; (1Iv:3), weveasily,obtain‘the kinematic
singularity-free amplitudes: ' : o '

s - ., g _ | s | L 1@ (++“) Q((e\(*:) o bo) o
R . . (s - hmn2)1/2f309+;‘ ._ T

S 2

and - R : SV : ﬂs:é*) '5? ‘ 

wgl= o e =

e gLy, 2y1-1/2.5 -
(sin es) F°(s - }hm“ )] fOO;-§- - "
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D General mass case (m_ # n m, and not bothm =m o= nm
. 3 (xarm.b,. # Ld ¥ Y a c,m.b a

For BB = BB , FF > BB , FF - FF interactions, the following

anplluudes are free from klnematlc ?s and t singularities:

(7 . 7 3 -
Acxd,xaxb ASENPY -Ad,A A E
' , l/2(a ) g 1/2(aé) ,'l
x [s - (m + m.b s - (m, - nLj] _'
v2(8) -, 1/2(8) 1/2(v)
x[s - (m +mg 2 (m, = m)%] 2 (s) .
ot LTy
Mwhere o,

<
B

g = max of (r = wlofr +ul) -
.For BF = BF interactions, the amblitudes

s ' -s . . _ p .abv(i)
A A 5A A 3-f(;xc)( X ) ] (Jav)

with
() = <l = ul i) oz (7, + 5y + & (I - ol - n ST
Bé(j) = ~a »’ui'f ﬁ?ax(incd) of [éc Tyt % {|xr - u] - ix * u] .

o i DU ' S 1/2 .
are free of kinematic singularities except for the s / singularity. .

)

10 % s Bi ; and 82 are the same as those'of-Eg.'(III:l2) and
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Appendix A: THE KINEMATICS

The boundary of the physical regionl2 is ’
(s,t) = .0 K
Ve .
- 2 2 2 2 2
z st(z m, -s=t%t)-s(m” -mn)(m " -m )
i ' ‘
) 2 2 2 2 2 2 2
tln,” = 1" = ")l "o ) ey )
© 0 (an)
| N . R R P
we define;" 65 uas the sca‘cuerlng angle in ‘che s channel (1.e., a+b>c+ aj,
whlch is taifen to be the angle bet"een 'oartlcles a and ¢ . In the
"5 = C,M, system,
| 2 2,2 22 2\ 4 .
= -+ - - T -
cos eg [.Qs,t s _ ® i, my T (ma 5 )(mc Mg )]/'c;)ab()acd ?
. . i P : :
| .
where :
; 1 |
2 . ' 2
A : = c - {(m - - = 3
Jgy = ls = (m, =my )2 s (n + mb) bsp T
_ N2 2y 2
Jea = ls=im -m)ls - (m, +m)"] = lsp .~
. Careare nil/2,0 o0 e - RO .
sin 0 = 4.[.-.,;25(”5'91;)] '/"ﬁabgcd_ for 0 < ssy s (as2) | #
. &}is the scattering angle between particles d and .¢ in the t channel
(icee, d+ by e +a). In the t - c.m. system,
Fap Tt 2

N
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. .2 NI 2 .2, 2 2
cos 8y = fast+ -t ) mS P - mBHm®-n®1B Do,
i : .

where '“ )
| j'acz = [t -(ma * If’c.:)z][t - (ma - mc.)g] = kt(?;ég *
tjbdg = Lt - (my md)?J[tlf (my = )] = bem Sy

oo
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APPENDIX B

We want to show that the elements of the crossing maﬁrix ' .
rélating % and 7t in Eg. (IIX:4) do not have ﬁixed‘ s .and £
éingularity, -As.we see from the kinematics, all the mixed s and .

t singularity of thé sines and cosines of tﬁe anélés bﬁé s Gt s éndv
angles X; are on the boundary éf the‘pbyéica} region @(s,t) = O». In
§Ome spccial'mass cases, ¢(s;t) =0 gi?es é =0 and t = OV, |
but that is not our concern‘here. e consider.only the part of
P(s,t) = 0. due to the vanishing of its factor of mixed s and t .

. ‘ o

Then at @(s,t). = 0 , the cosines of all the angles are either +1 or

apd xi's

'=1. and are analytic there, The sines of all 8 ,_et

have (¢)l/2 singularity. Wheiher the sine or cosine of the half
.angle has (¢)l/2 singularity will depénd upon whether the cosinébof
the angle is +1 or -1 at @ =0 . One can show thet at'f¢(s,t) =0 ,b

except at s =0, t.= 0 given by &(s,t) =0,

cos X, cos"_xc = cos x4 €08 X, = cos O = +lL , - (B:1)
cos Xa cos xb = cos xc cos Xd = Co0Ss 6t = +1 '# - (B:Z)vv
Eq. (B:1) implies_thatvat ¢(s,t) =0 , if
sin gg--z; ¢1/2 s -il.e., cos Gs = +1 o

-y
Lowd

3



X .
sin =2 = gt/2
2 .
or
X .
a . 1/2
(o]0} Er— Q: ¢

X
sin Z;i ~ ¢l/2
or
X
c,os‘-é-E ~ ¢l/2
if
%
cos E_ >
either
X ,
sin Efi ~ ¢l/2

or

N
-

cos =

~etec., and a similar argument for

Xa 1/2"

and

and

and

and

and -
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sin ;3- ~ ¢l/2
cos 5% g/2
éig Z_ o~ ¢l/2
cos _:_2 f‘,(, ¢l/2

va ¢1/2 :

cos w—

v X '
"sin-Ja ~ ¢l/2
‘ 2

cos et .

iQEO ,‘

ioeog

i.e.,

i.e.,

cos
. Xg

cos X
Xa |

cos X%

cos Xb =

o3
OS Xc

it

cos
Xe

= cos X4

cos X4

(B:3) .

it

i.e., cOS Xy T =COS Xy = +1

-1,

1,

-1 5

i.e., cos Xg = =COS ¥ = =1,
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From Egq. (III‘:h),' the crossing-matrix element is -

- -H-UI e o S .
)\)\ AA ‘ 0'1‘ o : 051- . I, Jb- 'Jd»
| ’lx'x' x'x' = sim 7 o 7 | G Oy (X8 )
. a d .
Pl eyl
x {'sux 5—-—} : I-<:c.>s -é—-, | ' e } (Bik).
 Up to' a constant, we have
dJ (8) « [ y _]lxﬂll[ . f’_ ]I}\-UI P(“"Ulyl)\ﬂl[)( ;s 8) E
i : [cos 3 [sin 1 (J-)\m) e K
Wﬁen cos 6 = % 1, fﬁe .j'g.cbbi polynomial ié a'.cons'tant).
B o el ] . 4
J 8 .8 b :
| d}‘u(e) [cos 5 ] _ [§1n 5 ] | v . . (B,5)
Therfore at @®(s,t) = 0 ,
| l - l f . [xt = x| Iater |
A A sh A r 8.7 = A= IR b TS P a r X. 17 a
?//p)\’c‘i 'z;'o « |sin é_s_} o !'cos -zi}l : ;fsin .é_f}_} o Lcos -2—a-j
8. d b L L J {_ .-
ENEY N E Xtad R PYSY
S T o R L e Ll
* [Ssln 5—} - {:cos Q—-J |sin E-—J icos ol )
R L L Lo J
| faraa | | T T
et TN gy Fap e Mk el
x Ls:.n —Q—-J Lcos E—j }Lem 5> !fzos o j

N
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If: cos es = +1 and cos Gt_= flA , then _cos xa = CcOoS Xb = cos Xc =
R : cos x, = +1. or -1 . Using Eq. (B:3) and Eq. (B.6) we find
y AA DA o
Vﬁ? = @R @)
. }\?)\' )\"A' . .
- b ' '
_Q.
where { -
| |
n= o -ul e At AUER LR AL F ] AL F ]
a .
- 3 : _
+ (AT T . 1 (B:8)

The‘top sighs.are for cos X5 = +1 .and the bottom'signs are for

Ucos'xi = ~1l. It is easy to see that n is even integer. To show

that n is alvayS;'posiﬁive, we use the inequality

lal + [v] » Ia *+ bl la] - [v]
where a , b ‘are any numberé;'

....IA; .-;Aé[. fl}\{’__ PSR N S I,A-é - X4l

22 00 =) Op - ay) ¢ :<_x(':' Y

a
=10, =) = O =) = L0 =) = g -l

ol ECSER T I O TLL | P P ‘-,l'i' -y

1

g
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n>0 for 'co_s'xi = fl', similarly for cos Xi = -1 . We can do

the same thing-for-othér cases of cos €_ = +1 ; cos et = -i;

cos 6 = -1, cos 8, = +1 ;

N 3 and cos 6_ = -1, ?Os.et_= ~1 . Therefore
none of the 7U:s has mixed s and t singularities,

e

W
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while £ "% (s,t) has a simpler relation to the differential
» c d, a b ) . .
créss~section,‘i.e,,
do o aWo : 2 o
e ='évf . (s4t)] e
an cAd’Aa%b

Also we Héve set equal tec zero the azimuthai angle,vhich is

independent of the invariant quantitites s and t .



'_TG

=3

Gabor Szego, Chapter IV, Jacobi'Polynomials, Orthogonal Polynomials;

(American Mathnematical Society, New York, 1939); (Edwards Brothers '

Inc., Ann Arbor, Michigan, 1948). The author would like to thank

Mr, David Gross for informing her about the Jacobi polynomial,

Y.:ﬁara haé.usééfthis chdition;_ See also refefence 2;

T, L, Tvruem'an.a:nd’(»}e Ce'Wickg Ann; Phys. 26, 322 (1964).

Wé'make thé_éonveﬁtion tﬁatithelphase faéf&r in front of the

a fuhctioh.in Eq; (III:1) ié unity. This cénvehtiop corfesponds

to taﬁing es s the gngie between'particigs” a aﬁd é iﬁ the S~
c.m. system, and taking '9£~ the angle between pérticieé d and

¢ in the t—‘cim, Systém, ' . |

I aﬁ_indébted to.Df. John Stack for a,discﬁssion aboﬁt thié.

Our results are consistent with those of Hara's; however, our

approaches are different.. To find the kinematic singularities of

f . o, Yoy at = 0 and €9 - =0 s
AAg3A A (=X (=2 d5x A <?ab a cd :

' Hara used thé_assumption of the threshod condition of the partial-

‘down the exect value of the power of the singularities. W

wave helicity amplitudes with definite parity. He didn't pin

4

. . : . ( S
first find the exact power of kinematic singularities at {jab =0
: R -s . =5 .
' and C? =0 of £, .. + f : " and then we do
cd Ac}\d’}‘a)‘b (-Ac)(-kd)’zaxb : '

10,

11,

find that our result is consistent with the threshold condition of the

partiéi~wave helicity amplitudés with definite parit&, but £he
power isbnot eq;al to that obtained from the threshold condition,
M, L{‘ébldberggf; M;.fc.Grisaru, S,'W?_thowéll; and D, Y, Wong,
Phy. Rev{»lZOs 2250;(1960); - o

G. F. Ché¥, M. L. Goldberger, F, E, Low, and Y, Nambu, Phys, Rev.

106, 1337 (1957).

o

)



e

~35~

12, T, Kibble, Phys. Rev., 117, 1159 (1959).



This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-

mission, nor any person acting on behalf of the Commission:

A.

Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

-Assumes any liabilities with respect to the use of,

or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, '"person acting on behalf of the

Commission™ includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee

of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.






