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SUMLCARY 

·u·, ,.-~ 16" 85 '-.-·l"Lu- j 

In the present note v;e offer a q_uali tativc explanation of 

the lovv lying collective states of mercury isotopes as well as 
. l 

the known transition probabilities between them. In addition 

f . ,.. . tl ' . ' . f' 2 . t f l l-we rea l~rm · 1e prenJ..c'tJ.Ol1 o .. new s-ca--es o angu ar momen-.;um 

l+ and a+ in the region between 1.0-1.5 MeV and predict posi

tj_ve q_uac1rupole moments for the fj.rst excited 2+, 4 + and 6+ 

states of the order of magnitude of the transition momen~s. 

1'he quac1rupole moments of the second and third 2+ states are 

of the same order of' mae;:ni tude and negative. 

The model used in the.calculation is that of two holes 

coupled to a vibrator.
2 

~ 
On leave of absence fJ..~om the University of ZagJ..~eb and the 

Rudj er J3o8kovi6 Institu ·t;e, Zo.greb, Yugoslavia 

.Present address: New York University, University Heights, 

New York. 
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Il'ifirROilUCTION 

The purpose of the l)J:'t.? s~:;n t :investigation ·.a as to reconsider 

and supplement the calculations
2 

of two proton hales distributed 

in the sj.nele h\:de states s
112

, a 
312

, h 11;
2

, anr1 a.
512 

coupled to · (

a five dimensional vil)rator · :inclua:ing the states. of· the vib.rator · l 

Ul) .to· tv,IO ani'l tliree phonons ~-- l!'urthermore the investigation vvas 

s~imulated by new experimental results,on the singln proton 
. \,_ . . 3 . 0 07. . . 
hole states ~n TlL· gnd new measurements of .the spectra of. 

mercury isotopes (...Of. J?:ig. 2 *) . 

The worlt w.::ts mad(:J possible lJy the holy· of the program 

:written l)y R. Goldstein. 

The actual calculation was divided into four steps. First 

-vve investj_gated the .. simplest case where we took only s
1

;
2 

and 

a
312 

single hole.states~an~ oniy states up to two phon6ns of 

the vibrator. In case 2 we studied the effe6t of the third 

phonon state on case~. Case 3 consisted in taking additional 
. ' 

single hole states h
1112 

an~ a
512

-ana only two phon?ns. 

was omitted). Finally in case 4 we took all the 

·mentioned single p~rticle corifigurations an4 Vibrator states 

up to three phonons. In th<:lt case we have so far suceeo.ed 

to calculate only the eno:r·gy levels and the wave functions 

but not the transition probabilities. 
. '2 

The model we used 1s 

2 
',.) ' 2 

1 

~ 
2 . l" 

~ 
• 

·H • [ Hsr{ + H + 02 I cx2 I . + 2 l32 I ex~~. -:-- .. p 2 
ll=~2 ll=-2 

2 .. 

12 

+K: (l) 

-----·-~·~--------· 

. ' .. 

Fi~ure 2 shows the similarity ~atwaon the low lying spectra 
of merct:ry isotopes. as rq;orted ·by Sakai. et al. Howevex, 
recently B.P. 1'/laio:r- et al. h~::tve class.ifiec1 the 1029.33 keV 
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The term HSH is the standard shell model hamiltonian 

describing the single hole states. H 
p 

is the short r,ange 

:pai:r."ing fo:r·ce acting between proton holes. 0
2 

anc1 B
2 

a.re 

pa1"31Ttete:r·s . of the vibratol~ and ~ is a set of collective 

coordinates. 4 The last term represents the coupling between 

ihe motion of the holes and the vibrator. K measurBs its 

coupling str0ngth at the surface. Y 
2 

( e1 <P1 ). is the spherical 

hal'monics anc1 is a .function of the angies of ·the "i 11 :· hole • 

11 i 11 iS the inc1ex of SU1IT!118.tion running OVer all hoie"states. 
. ') 

The energies of the single hole states used areJ 

d
312

-s
113

. == 0_.350 MeV h
1112

-s
112 

= ·1.343 MeV 

a.
512

-s
1

;
2 

= 1.673 MeV. 11he energy of the i'irst excited state 

of the vibrator was taken as 1.027 MeV and the pairing 

coupling constant G = 0.1 Mev. 5 

R~SULTS AND DISCUSSION 

·rhe results of our calculations are giv~n in figures 

and t3.ble s. 

Figure l represents the energy levels of the coupled 

system for cases ~' 2, 3 and flr• The value of the parameter 

"a" = ~ -~~~ ~~ - ' '"" . . 
202 

..rr;:;;- . - O.o k;;. V seems to give the spectrum 

which mostly resembles the experimental spectrum. Cf. 

Fig. 2. ~:ehe characte:r:·istic of the calculated spectra is 

. - . 200 .. 
level in Hg as o+. The two methods of measurements are 
~uite ~-iffel"ent. In the first case the convex·siori l~n8s 
followlng the beta decay and electron capture of Tl2q .·:·: , 
wex·e measured, while in the second case ·the gamma. ray enei·gie~ 
resulting from the neutron capture in Hgl99 wer~ found. · 
This incU.co.tcs thrlt thel~o e1.:co still e.mgi'l.:l1,.,1ities in the assign-
ment of the low lying states of m~rcury isotopes. · 
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that they contain the exper·imentally observed 21 +, 22+, (0+), 

2
3 

+ and 4
1 

+ states and then we have a gap betvJeen those ana.. 

higher excited states as olJserved experimentally. The changes 

in the spect:ra going from case 1 to othe:r cases as indicated 

in Fig. 1, are not too'ch·amatic. In case 2 the collective 

states 41 and 03 are appred.ably depressed as expected. In 

case 3 we see the effect of' the additional configurations 

h
11

;
2 

and a
512 

creating nevv states of angular momentum 0, 1,. 

2, 3· etc. ana slightly depressing the low lying 0 2+ and 11 + 

state's .. In case 4 we probably have to use a ·smaller. value of 

11 a 11 to get closer to the experimental situation. 

Tables l·and 4 contain the information on the electric 

ana magnetic t:ransi tj_on probabilities. The B(E2) = 0. 903 
6 · etl exp 

of the · 2 --":>' 0 transition and f.lexp· = 0. 7 6 21.r. of the 21 1 ~ uC 

state for I-Ig19 has been used to give e:::tra conditions to 

determine the pa:rameters c
2

, < K > and gR. Those pa:rameters 

• '• 

are p~~esented in ~J.Iable 2 and have been used to calculate .. ·1 

the values of the B(E2) anc1 B(Ml) of all the states involved. 

1'ables l and !~ indicate conside:r·uble changes j_n the 

electromagnetic .properties of some states in going from c2.se 

1 to cases 2 and 3. These changes are less ci.ramatic in 

changing the ~ffective cho~ge and the.effective giromagnetic 

ratios of. p~~otons. They d_o not exceed the factor of_ 3. To , 

unde~~stan<'L the changes of :B(E2) in the transitions (2
2 

->o1 ), 

(2
3 
~ 0

1
), ( 2

3 
~o2) etc. and of :B(Ml) in the transitions. 

( 2
2 
~ 11 ). , ( 2

2 
~ 2

1
) etc~, let us make the following general 

comment. 

The transition prob2bilities of the coupled system .a1:·e 

built up of th~ coherent contributions of the transition 

probabili tie_s of proton holes and the collective cont1·ibution 

of the vibrator. We can distinguish the following situations: 

f 
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e.) Cont:ributions of the holes and the vibrator are in 

phase. 

b) Contributions of the holes and the vibr~tor are out 

of.nhase. 
-" 

· In each of these, two· cases we can talk about a large ·Or 

small participation of~the vibrator or the holes in build

ing up·. the. tr<;nsi tion. probabilities~ 1rhis might be due to 

the lack of coherence in the contribution of differ~nt hole 

configurations or due to the contribution of only smaller 
' ' 

components _in the hol~ wave function. The . same argument holds . 

for the vibrator. As an illustration of a practicaily complete 

coherence let us quote the ( 21 401 ) .' ( 41 7 21 ) electric 

q_uadrupol:e and (1
1 

-=-> 2
1

) magnetic dipole ·transitions. For 

tho electric ·quadrupole trari.si tion ( 2
1 

-':->o
1

) with the · 

effective cha:rge e!:ff == ep , the contribu.tion of the collective 

and the hole part to the matrix e·lement is on an average 4:1, 
J? 

while for eeff ::: 2ep .it becomes 2:1. ]'or the (41 --? ,21 ) 

quadrupole transition we again have 6:1 and 2:1 respectively. 

This indicates that in th~se states the contributions of the 

holes and the collective ~wtion for. e!ff ::: 2el' are in phase 

and comparable •. For. the magnetic dipole transition (1
1 

---;> 2
1

) 

the·contribution of the collective part to the matrix element 
~ 

is negligible. Generally speaking the pa:rticipation of the 

collective motion in the magnetic properties of the coupled 

system is as small as expected. 

Let us -now turn to explain the fluctuation ·of the B(E2) 

in the (22 -?01 ), (2
3 

-:-:->o1 ) and (2
3 

":"":"'>o
2

) transitions: The 

best way of c1oing that is perhaps to quote the values o.f 
' 

"A 1
.
1 

/ s anc1 "B"-' s for "the mentioned transitions (Cf. Appendix i). 

I .. 
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[;~~~~~=--~========:====~===-r========I=======~====~===:======J ; ~~~~----+---:!: __ L_ __ ~--- ----~---~----:!, ___ L'--L-t-'---~--~ 
k2 -->0 )I .· 0.020 ll -0.06S I -0.036 I -0.042 0.238 

1

1' 0.0541 
. 2 - 1 . I · 
I. I 
(2 -->O,)I -0.1151. 0.075 0.053 I. 0-323 -0.206 I -0.29411 
. 3 - I ! I 

i( 23 --:-> 02) 0. 000 I 0 .l33 . -0.097 0. 069 0 .l8911 -O.l761 

L:~-=::~~L_:~~::_L:~~:: ____ :~~:: ____ :~~:~ __ :~:::_ __:~::J 
In the. first two of. these transitions the-contribution 

of the hole part 11A11 and· the contributj.on of the vibrator part 

-
11 B" are out ofphase. Besides, in the (2

2 
-:-~o1 ) transition, 

except when three phonon states are iricluded, all the· 

contributions are small compared to the contribu·Gions of the .. 
. . . . . 

. (21 ~01) transition. Cont_rary to the case \2
2 
~01 ) 

vvhere the collective part has been changed by. including 

three phonon states, in case (2
3 

--:;>o
2

) the hole part is the 

one vvhich has appreciably been changed. This is the reason 

for .the fluctuations of the. calculated transition probabilities. 

In the same way we can go_ on arguing from transition to 

transition and from state to state. Instead we might formulate 

a tentative conclusion like this: We expect t.hat ·only for th9se 

transitions in which the la~ge components of the wave function 

_do overlap ancl t11e two parts ·ao add up, the description of t~1e 

transition probabi_li ties is expected to ·be fair. In all 

other.cases we prefer to draw only qualitative conclusions about 

the slowness of those transitions. 

The same arguments, of course, hold for the magnetic 

transitions. 

[ 
3/2·' 3/.2 

The fact that 
2 2 
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3/2 
and the inclusion 
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of the spin orbit par·tner to the a
312 

states explain 

,the relative importance_ of. the· three phonon states and. the 

change in the magnetic properties respectively. 
I • 

Table 2 contains the .values of the_ pa:-cmneters C
2

, .< K > 

anO. g . for· cases 1, 2 and 3. The_ paramete:r's change con- · R . - . 
tinuouslJ:._ excqpt fo~ .. the :?arameter gH in case 2. Be-sid\3S 

. .c ••••• 

·the-- .mentioned paro.meters, 1':~ble 2 also contains the predicted 
1 . 

-. - ' . . . ' . . . . 200 ·it£ 
B(J:.t~2) vc;.lues for ·the 2

1 
--7>0

1 
tl"ansrcJ..Ol'7 J..n Pb . • . 

Comparison with the experiment has so far been done_ 

only on the_ first four. excited s~cates. Electro_magl13tic. transi7 , 

tions have be-311 ob.servsd between the states 2
3 

-,.' 21 , 

_ 2
3 
-~o1 , · 2

2 
~ 2

1
, ~~ o

1
, 4

1 
-..:.._,. 2

1
, 2]_ .......;>·0

1
• The. main. 

char~cteristics of these transitions are that ·the transition · 

. 2
2 

~..> 21 is a mix~d ele ct:r·ic. g_uadrupole an'd magnetic dipol~ 

transition with the mfxi.ng ratio cf ~ l , that the· ratj_o of 

the intensities WY(2
2 

-*21 )/Vvy(2
2 

.. ~01 ) ~ ·25 and 

_VIy(2
3 
~21)/VIy(23 -:-:->01 ) :i.s also large:r than unity. 

Let us make a table of the relative intensities result-

ing from the model calculations. 

r----------r-~------------j--~--------1 
I _ 1~- Wy(a ->b) eeff = _2ep 1 

ni:elatJ..Ve . W (a,---;,. b '·) o·p -- . _ . l 
intensi- .

1 
y . off- 0.7 5u 1 

t
. . . e .... , 
l9S -~---------~----------~-----~ 1 . 1 2 . .., I 

~-;~)-'!-------:-------_ -----2-----~ 
( . ~0) I 94 .o 0.815 . 38.3 I 

l:~ =:-~~~-t-52.7-~0.5~71 •.' 
t __________ L-------~------------------J 

(~ . ; .. 
; ' 

We· assume, of course,·that the internction of the· closed 
shell protons with the neutron holes induces collective 
vibrations of lead isotopes. Antisymmetrization of st1ch· 
stntes ana of the two proton hole state is neglected. 

' ' .____; I 
I 

t· II 
l I 

! ! 
I I 

I ! 
I ' I j 
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J!'rom this table and Table !~ for the values of 6' 

we can conclude that our results are j_n- g_uali tative agree

ment with experiments. 11he argument runs as follows. 

The m2.gnetic component in _the 2
2 

--7 21 transition is slovved 
,a .. 

down at least"r'lOO ·times a·ompared to ·iJhe normal transition 

as indicated by the interpolated value from Table 1 betwe~n 

case 2 and case 3. T.(H:J interpolated value for -6' is close 

to unity. The interpolated value of the ratio 

2'? 4 21 -=----- is arouno. 20, in close agreement vvith .lbhe experiment. 
22 _;>Ol 

The ratio is not much different· from the 

:ratio given by the exper.tment. In addition we predict a 

small admixture of ele ct:ric g_uadx·upole transitions, if any; 

in the 2
3 

_ -~ 21 
sity of the 2

3 
The 41 ---:-> 21 

E]...YJ.d _2
3 

--7>2
2 

transitions. Also, the 

-.-:-:'> 2
2 

tra.nsit:ion is rather small-. 

transition. seems to be fairly strong. 

in ten-

Now we turn to the hitherto not observed 0
2
+ and 1 1+ 

t .!.. • YJ 19 8 If -'-} ~ -' . .1..1 • i s a t...es J.n lig • v 1ese s ca ces are :1n u!1e regJ.on as n-

dicated. in Fig. 1 the .smallness o:f the energy difference 

indicates that they could be only populated from h_igher 

excited states. If these states appear to be considerably 

higher than indicated in the figure_ due to the_ neglected · 

monopol~ modes and exchange part of the interaction between 
* .. · . . 

the proton holes, their character vdll also_ appreciably 

change and one needs additional consideration. 
. . 

There exist extensive data on higher excited states in 
198 :-

Hg and other mercury isotopes. The main characte'ristics 

of mercury spectra are the similarity between the spe ctl~a 

of differenbe isotopes and an apparent gap between the first 

four exci t_ed states and high clensi·ty states above. 

----------------
* . Thj.s point has be:::m invest.igo.t•2d by A. Covello and G. 

Sarto:t:'is (p:t.,iva te communi ca.tJ on) , , 
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. 108 
This might indicate that minor changes in the Hg .-~ para-

meters ·will possibly account for small differences in 

mercury s~ectra. 

We hs.ve so farbeen discussing only the even pa:l:'i ty 

states in mercu:t"'y isotopes. We are also expecting the 

negative parity states with high cu1.;ular momentum of 

the type (h
1
.
1
· I s I ) 6· coupled to the vibrato:t"' ground 

2 1 2 5-, -
state to 6ccur approximately between 1.5 - 2.0 MeV. Such 

Hc .. l98 a state of angular momentum 5- has been observed j_n o 

at 1.635 MeV. 

In Table 3. we list the static quadrupole moments for 

six exci teo. states. The. first excited state 2
1 

+ has a 

positive quadrupole n{ument ~s well .as the 41 + and 61 + states. 

These quaorupole moments are of the .order of. magnitude of· 

the transi~ion moments.· such a large quadrupole moment 

for the first excited state has ex~erimentally been found 
in call4.7 

The large static quadrupole moment finds a :natural 

explanation in our treatment whe:t"e. the partj_cle vibrational 

coupling relaxes the strict conditions of the vibrational. 

model by admixing to the one phonon states no phonon , 

two and three phonon states. These admixtures ·produce 

anharmonicities and together with tho holes contribute to 

the static quadrupole moments. The approximate equality of 

the quadrupole moments of' the 2
1 

+, 41 + .and 6
1 

+ states might 

. indicate that the states 0+, 2+,_ 41 + and 61 + are the states 

of a distorted rotational band. (That is even more probab~e 

in lighter mercury isotopes.) The position of the 6+ level 
. 1 8 ' ' . 

is not experimentally known~ li'()r Hg 9 we expect the lowest 

6+-state in the region of 2 MeV. The g_uadrupole moments 

of the 22+, 2 + and 4 + states are negative and somewhat 
3' ' 2 

smaller. The 2
2

+ state has·a somewhat larger B(E2) for the 

. i 

~----· ___ ..;. ___ j 

I' 

'' I 

.. 
I 
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transition to the 2
1

+ state. rhat offers support to 

the interp~etation of tho 22+ state as a two phonon 

vibrational state. Anyhow the appee:'ircmce of the 2
3 

+ 

state which has been observed and is apparently not a 

three phonon state. but ret thor a paxticle phonon mixture 1 

indicates that the vib:rator gets much distorted, and new 

states start to appear at the energies of the two phonon 

states. Such ~ situatio·n is rather similar ,tlJ"d;hat in 
. 8 

the region of s'tl'ongly deformed nuclei • 

. Characteristics similar to those in mercury spectra 

have experimente.lly been observed in the case of even Cd 

isotopes (and some others),. v1hich is not too stupl.;ising 

because Ccl has two proton holes in the closed shell of 

50 protons. ~reliminary·results obtained with the same 
114 . . 9 

method for Ccl · seem encourag1ng. 

' As mentioned at the beginning we used G = 0.1 Iii:eV 

and h w = 1.027 in the repol.,ted calculation. In addition,_ 

we also looked at the results for G = 0 and G = ~.2 MeV 

as well as hw = 0.700 and 1.5 hieV. The results are 
J 

not too sensitive to the variation of G but for ;:· :hw 

outside the region 850-1.200 MeV the calculated spectrum 

gets more distorted and the agreement with experiment 

much poorer. Hence VIe are tempted to conclude that the 

parameter hw can approximately be taken from the correspond

ing lead isotopes. In that case the neutrons coupled to 

the· closed proton shells seeci to provide the basic vibrational 

structure in lead isotopes and the proton holes coupled to 

these.vibrations create a new situation. 

The new wave functions off'e:r also a new possibility 

of describing inelastic scattering relaxing the strict 

conr1i'tions of the vibrational model •. The investigation of 
·' inelastj_c scattering vvill be presented -elsewher·.e • 

I 
' • ! 

i I 

• ! 
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CONCLUSION 
t 

li'rom the g_uali tative agx·eemcnt of our calculations 

for Hg193 with the experiment we are tempted to con

cl~de that the method used in this treatment is more 

suitable than the linearization methods for the treat-

ment of the nuclei close to the closed shells. In that 

case there is practically no difference between the 

holes and the. g_uasiparti.9les. The l"easons for that 

might be in ·the low spin single hole configurations and 

· the rather high value of l'i. w • 

The short range proton neutron force (except · . 

in the cl~eation of the vibrator) is in the .present 

treatment neglected and the spectra are giveh by the 

aligned proton neutroh forde, contrary to the sh6rt 

proton neutron force in the linearization methods.· 

Which part of the nuclear dynamics one ):las to use 

in the treatment of nuclei apart from the closed shells 

will be decided by future experimental ana. the ore tical 

investigations. 

ACKNOWLEDGrilENTS 

We ~ould like to ackriowledge the hospitality and 

excellent working conditions provided by the Chemistry 

Department of the ~awrence Ra~iation L~boratory and · 
. . 

stimul,8.ting discussions with tnemb(ars anc1 visitors of 
' 

the theoretical group. Special thanks are due to N.K. 

Glendenning, L. Kisslinger, K .• Kumar, A. Lande, R. Lemmer, 

J. Rasmussen, and M. Vene:roni. The experimental part 

was extensively discussed with lVI. Sakai and T. Yamazaki, 

i 

\ 
! 

' 

' I; 

I 
' 

,. 
! 



. \ 

- 12 -

vvhiqh we gratefully acknowlerlge. We also thank 

Dr. O.W.B. Schult f~r helpful correspondence. 

It is great pleasure for one of the authors 

(G.A.) to acknowledg~ stimulating discussions with A• Boh:c 

and B. Illottelson during his visit to Col\i~nhagen • 

The help in computati.ons by .Chin W:v:l.s gL·atefully 

acknov~vledged. The. computation .was carried out on the 

· computing.facilities at the Lawrence Radiation Laboratory 

with great help and understancling. In particuiar we would 

··like to thank R. Goldstein for vrr iting the progr8lll. 

One of us (G.I •. ) is indebted to the :Physics De

partment of the New York University for the financial 

support which made his stay in Berke.ley possible. 

i 

I 

. ' 

'• 

- ' 

f ... \ 



.. 

• 

- 13 -

APPENDIX 1 

For the sake of definiteness we write our definition 

of the reduced matrix element B(E2). 

r:: 
~7- ')? = 2. 722 ( . E sec (1a) 

y 

Et" is the energy of the y ray in MeV and T 

is the lifetime of the initial state in seconds. r ·a 
the constant factor in the definition of the nuclear 

is 

radius R = r Al/3 x lo-13 em:.. A is the. atomic ·numb.er. 
0 0 -11 . . 

For A = 198, r = ·1. 2, · T = 3.16 x ·10 · sec · and 
0 . 

E = 0.412_ MeV vve obtain B(E2) ·= 0.903 as· a y dimension-:-

iess quantity. [ The conversion contribution is· 

negligible· ( a2 ~ 0.02). ] 

The j_ntensities of the lines are calculated from 

·the standard formula 

W (E2) = 7.60 ( -~ )
5 

A4/ 3 B(E2) x 1020 
y 197 

1 -sec (lb) 

It is easy to connect the .. definition of· J3(E2) from (la) 
B (E2) st . 

to its usual definition B.(E2) = - or 
9

2 B_4 . 
0 

B(E2)st = B(E2) e
2 R~ = 0.217 e

2 
10-48 cm4 • In the same 

way for the magnetic transitions we have 

,.E 
3 

1020 1 ·' w (Ml) = ·1.35 \~ ) B(l\11) ..,. -- (lc) .... 
y sec 

The operators for the electric quadrupole an,d magnetic 
I 

dipol~ transitions-are· chosen in the form 

' . .... I 
I 

_, 
....... """ 

l 

! 
I 

I 
I 

. \ ! . 

I. 

i 
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(ld) 

) 
e h 

M(Ml = 2MC V ~.! [ I ( s. .r . gllr )
1 

• llJt P{. J (le) 

i 

The. summation runs over.a.ll holes. The negative sign 

in the first te~·m is chosen be cause we are . dealing with 

is the charge of the nucleus. R its· 
. . 0 

· ra diu.s • and Rf . are the spherical components 

. of the spin, ·orbital and surface an51..1lar momentum ope- . 

raters. 

·ratios. 

gs, g
1 

and gH are the corr·espon~ing girOmagnetic 

ep is the eff.'ective char;:,·e of proton holes. eff. o 

The additional ~uantity we need is the ratio of the 

intensities of the electric and magnetic transitions. From 

( 1 b ) · and ( lc ) we obtain 

. 2 
0 7. 60 ( E )

2 
-- ..:..X... - 1.35 197 

A4/3. J3 (E2) 
B(Ml) = 

IV(E2~. 
W(Ivll) 

(lf) 

It should be mentioned that in claculating the transi-

tion proba.bili ties we set all rc.aial integ:rals e~ual to 

3.. 11.2 IT 198 .l R2 10-26 2· For have 29 ·4 The 1g we = X em . 
5 0 5 0 

calculated radial integrals for a Woods-Saxon well for 
· . lo) I 2

1 the holes. in the lead regJ_on are < d
312 

r . d
3
;

2 
> = 28.5, 

. 2 2 
< d5; 2 1 r I a512 > = 29.4, < ~1;2 1r I gJ.:l/2 > =·38.5, 

< d3; 2 I r 2 
f d

5
; 2 > = 28.8. l~ll th<:3So val tie® are in ]'ermia. 

We see that our estimate is· extremely good except for th~ 

! 
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state. (The. pairing f~rce certainly· overestimates 

the ·influence of the coi·l.figuratic:ins with high values of 

the angula;r momenta, so the approximation used is satis

factory. 

Aft~-~ d.e.-·~_:cerminj_n-00' J3(E2)- ·for the 2 ->0 transition 
I exp . 1 -

we can use the relation ~B(E2) (2I. + 1 ) = 
exp ~ 

= (A e eff + Bx-) = < If II M(E2) II I. > 
~ 

to obtain X ' 

z 2 '. . z 
( - ) ·· · < K>= a -/41r 

X . ' X 

~- 2 2 ?_4 
= ( '"'--

4 
) X e -R __ • 

. 1T. .o 
and B(E2) 

for the vibrator. A and. B are c.tuantities calculated 

from the model (3f). 

The spectroscopic q_uao.rupole moment is defined as 

< .I I I Q0 I I I > - ( I 2 I ){
16! < I II M(E2) II I > (W) · 2 - -I 0 I 5- · ~ 

· ( ) is the three .... j. coefficient. l~'or calculating the. 

q_uaarupole moments we have to use the same effective cha~"ge 

as for the transition probabilities. 

The magnetic moment is given by 

-~Mr- ( I 1 I). . . . 
.il = - · · <I II Ivi(Ml) III 3 -I·O I · . > = (lh) 

I 

Chasing app7opriate values for g1 and gs ·. and 

knowihg the magnetic moment of the first excited state.' 

I • ., 

-( -

we can determine the value of anc1 use it to calculate 

the magnetic transition probabilities. 

.. 

\ : 
I 

I . 

- • l 

.~-... J I ' 

' : 
i : 

{ I ~ 

; 

' 
; 

f 
; 

I 
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If the magnetic moment is not known we can obtain 

. gR from the 1cnovm. :S (Iv'Il) using the formula 

·,IB(I'!Il) (21.+ 1) =[Do·+ E(g1 -gR) + F(g
9

-. g1 )] = 1 exp ~ 6 R 

= < If II M ( Ml) t I I. > 
~ . 

D, D', :s; E', :E1 and F' are g_uantities calculated from 

the .rrwdel· ()g). 

APP:Elill I X 2 

In this section we would like to describe .the calcula

tion of the re~uced matrix elements of the vibrator and 

·give all the phase conventions. Let us first _introduce a 
• l.l 

new set of variables insteaa. of c{ and ~ ,,by means 

of the transformation 

(2a) 

( -1 ) JJ ( 2b) 

In ad eli tion the new variables should satisfy the follovling 

relations 

t· tf ·· bJJ = n + 1 
2 2 JJ 

and 

(2c) 

= n 
JJ 

Hence we see that b JJt and bJJ are the· creation and 
2 2 

destruction operators of the phonons, respectively. nJJ is 

the number operator. 

I 
I 

I ., 
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The symmetric st.ates for one, two ana· three pl:1.0nons 

can be written as follows 

. t.~+ . . . 
I 12 tl > = b 2 I 0 > . ; I 2RR z 

13RR >e!(22)R'2;RR > 
~ z z 

R' 
0 ...... 

(2d) 

. '--""~ 

.
I (22)R_ '

0 
2; RRz>' = \ . < 2tl 2t.~' i R' R' > < R' R' 2tr RR > x 

~ , 0 oz . .. 0 oz , z 

llfl'vR 1 
. oz . 

. 

t. t t 
X 'b~(1) b~

1 

(2) b~ (3) !OO> 

or equivalently 

1 
13RR- > = I22R'2; RR > = ------------· z z 

- . \ '2[ 1, + 2(2R' +1) [ ·2 2 R' J .] 
~ 2 R R' ··' 

~-
II fJ 1 V R' ,.. z· 

< ; > 

TAS. { 

are the· ve6tor coupling co~fficients as defined in 
~1 

} . is the s.ix-j coefficient as· given by Eamonds .· 

I' 0 > .. is· the phonon vacuum. The normalization factor is 

given by 

1 
N = .fJ 

1 

~ 1 + 2(2R'+ 1) [::: J 
(2e) 

... 
' 

I 
'· ' 

I 
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Froni. ·( 2u) and ( 2e) it is evicJe!lt that we use th:; re

In~esentation vvhere we do and ·oo not label the phonohs 

explicitly. 

The th:cee phonon ~;vave 'function can conveniently be 

v1r itt en a s 

2R···RR > = 3 , L 
' ·z 

R I 
0 

where < 22R, .2R I 23R 'R >' is the fractional parantage coef
. 0 

ficicnt which is explic~tly given by the help of (2d) and (2e). 

If there is no. degeneracy in R as in otu• case, the vn.1ve 

:function should beindcpcnc1ent of the choice of R' p:rovided 

it satisfies the tri~~gular relations. 
. ' 

To set up the interaction matrix and to calculate the 

transition probabilities according to 

to compute the matr:l.:x elements of ~ 

(l ) and (ld), we have 

and ~t . Using the 

v18.Ve functions (2c1) and the definition (2a) for the l~eauced 

matrix elem~nts b·and bt. we obtain 

( 2f) 

< 1 R llbt211oo > = {-2-.R-+--1- R = 2\ (2g) 

' ... f-2T2Ir-·.;--r;-< 2 Rllb2lll2> = R = 0,2,4 
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< 3 n lib~ 112n, > = r:rc2ir-:-;1) > = 

- - 22R' ")...,· 
+ 2 ~(2Ro+1)(2R'+1) [ 2 R R j"' 

0 
= 

'((2i-~-1)-
. . [&'R R' 

[ 
2 2·R ···-] 

0 

1 + 2(2R + 1) o · .. 
0 2RR 

0 .. 

N ai1o N' are the numb·3rs of phonons in the final and 

initial states respectively. R' and R are·~ven. 
0 I 

As mentioned earlier, R · is chosen ~1rbi trarily and its 
o. ..: 

choice gives the sign of the. reduced matrix elements·. 

However i;he physical results. do no't depend on, that sign 

so we choose R =-4 and R = 0 to get the phases used 
0 0 

in the literature.· 

Let us list the reduced matrix elemei1ts aBed in the 

present calculation: 

< 

< 

< 

< 

30 IJb~ 1122 > =..f3 

3 211 b ~ 1120 \> = ..ff 

32llb~ll22> - 2~ 
t 1 

3 2 II b 2 I I 24 > = 2•3. 71 

For the choice of R = 0 
0 

diff~rence .is the change in the 

matrix elements < 33llb~ll 22 > 

< 33 lib 111 22 > . 
.. 

t 
< _3311 b 211 24 .> 

< 3411 b~ 1122 > 

< . 3 4 lib 2 1124 > 

< 361lb~ 1124 > 

3\IT 
- 3 if~ 
= ~3 •13. 

and R = 2 the only . 
0 ; 

relative sign between thel 

and < 3311 b~ll 24 > 
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APPENDIX 3 

The actual calculation was performed using th8 ex

pression for the intera6tion matrix (1 ) · 

2 

< J , NR ; I f F"P + K L { Y~ * ( e 1 </> 1 ) . I J.' , N 'R .' ; I > = 
iJ,L.= -2· 

where 
2 

< (n1 j1 n2j2)JII :L y2 (i) II (n; j1 ~j2 )J' > = ( 2J+1 ){ 2J'' +1 ) 

i=1 

J+j1+j2+n2+n2+l2+12 · [ j2 j2 2 J 
+(-1 ) , . < .. j2lfY2!1j2>0'""j'O'll' ) 

. . .... 1 1 1 1 . J1 J j1 

(3a) 

X 

+ 

~ (3b) 

! 
. : 

·• 
+- j 

'I 

i 

\ 
! 

I 
I 
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j j' -2 

( 
1 1 ·) 

1/2 -1/2 0 : 
(3a) 

All the . syrubols have alrsc:tdy been define a .• 
Setting up and solving the .. matrix for. a given I. we 

~ 

obtain the enerfy eigenvalues E
1

. and the components of the 
. . i ~ 

Engen vectors a~ (11 1/2)j1 n2(12 1/2)j2;JNR so that vve 

can write the solution of the coupled system in the form 

II:I.tl > = L . a~~(11 1/2)3
1 

n
2

(1
2 

1/2)3
2

:JNR 

n1 11 j2n~·~212 
JNH 

.''. 

The summation runs· over all base vec~co:t•s of the 

free system. 

· (3e) 

With the· help oi' (3d), · (ld) and (le) we can calculate the 

reduced matrix elements of the electric g_uadrupole and magnetic 

dipole transit~ons. The result is 

< IiiiM(E2)J II~ > = ~(2Ii+1)(-2I~+1) L 
n1l1j1n2l2j2 

JNR 

p l 2 J+I'+R' [ J' J 2 J 
[-eeff 5.· Ro (-1) s oNN, oRR, x 

I I' R' i s 

n1 1' j' n'l' j' 111222 
J'N'R' 

.. 2 

x < n1 (11 1/2).11 n2(12 1/2).12 :J II L Y2(i) lfn; (11 1/2)j1 n2(12 1/2)j2 J' 

1=1 

> + 

! 1 

I 

! 
{ ;! 

' I o 

' I 
: I 

! 
. ; 

.. I 

\ : 
. I 
I ' f . 
I I 
I ' 
I I 
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< IiiiM(M1)I!I~> = ~\1~ ~ tr E 
n1l1j1n2l2j2 

JNR J 1 N1 R' 

(3f) 

(-(2_J_+--1~7J_+ __ 1'.r--. l( J J 1 J 0 I 01 1. I Oj- - j- I 0 I 6'1 11 Oj j' ) \. ) (Jt. •£....) + 
n1 n1 1 1 1 1 n2n2 · 2 2 2 2 !"' I' R' · - .L ~.H. · 

- s 

x < n1.(11 1/2)j1 n2 (12 1/2)j2 Jlls1 lln; (111/2)j1 n2(12 :1/2)j2 J'> (g
8
-g1)J) 

'\. 

(3g) 

with 

X 

' 
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\ 
t . 

! 

I 
! 

·~ 



r 

.. 

, 
·< 

. -~·---·-·--· .. -- . ------·-··-··--·~----· . -- -... ~ ----·- ~ -· . - . ··~------ --·· ·-· . .. ,_ -~··-·- - . -···- . --- .... -- -· ·---· .. 

- 23 

)( < 
J+j +j

1
+1 [ j j

1 
1 J 

(12· 1/2)j
2

11s1 11 (11' ·1/2)j1' > + (-1) 
1 2 2 2 oj j' o1 ·,, x 

. . . J1 J j1 1 1 1-1 
I• 

(3h) 

and 

' . . j' j 1 . :: 

< (1 1/2) .1 II s1 ll<l' 1/2) .1' > = (-1 ).1+1/ 2+1' +1 f(2T+1J(2ji":;:1j ~ L/2 1/2 Jet 11' : : 
. . . :' 

. (3i) i; 
The line.intonsities and the static moments can easily 

: . 

be 6alculated from (lb), (lg) and (lf). 

The relative magnitude and phase between the electric 

quadrupole and magnetic dipole t:ransi tions are obtained from12) 

0: 
E .. · 

(19-¥) 
< Iii IM(E2)III~ > 

< IiiiM(M1)l II~> 
(3j) 

.. 
I' 

'' f . 
r. 
i! 
l' 

'' • t 

i 1 

i 
1 r 
\ i 
; I 

i l 
I : 

! I 
l I. 

l! 
i i 
t i ' 
! I 
. I 
l i 

I 

i I 
·. ' 

i i 

f ! 

i : : : 

' '. ! 
,. 
' 
I 



. - 24 -. 

REFEiiZI'f CES 

- 1. B. Jung, G. Anderson, Nucl • .Phys. 15, lo8 (196o) ; .. 

L:v. Groshev, A.Td. Demidoy, V.A. Ivanov, V.N. Lutsenk.o and 

V.I. Pelekhov, Izvest. Akad. Nauk SSSR, Ser. Phys. ?J_, 

1377 (1963); 

R.E. Segel, H.K • .Smither, R.T.·Carpenter, 3?hys.Rev. d:_ll, 

ril. Sakai, H. Ikegami, T; Yamazaki and 1'11. Nozowa, Compt. rend. 

du Congres International do ·.Physique Nucleaire 3b (L)/0320, 

5o5 (19~4) Paris; 

G.A. Bartholomew and J. Ve;rvie~~, Nucl.Phys. 2,Q., 2o9 (1964) ; 

G.A. Bartholomevv, E.D. Earle and M.R. Gunye, International 

Coi1.ference on Study of Nuclear Structure with· Neutrons, 

Antwerp, 1965 (Private communication from G.A. Bartholomew); 

M. Sakai, H. Ikegami, T. Yamazaki and K. Saito, Nuclear 

Physics·£2, 177 (1965). 

M. Sakai, T.· Yamazaki and, Ejiri, INS-Report 77, Tokyo,-1965. 
. . ~ 

B."P. r/Iaier, U. Gruber, H.R. Koch and O.W.B. Schult, ZsJ .f. 

Physik 182_, 478 (1965) 

2. H. Bijeoic, Phys. Letters 1§., 47 (1965); 

N. Bijeoic, Thesis, Utiiversity of Zag~·eb.l964 (unpublished) 

3· s. Hinds,·. R. Mir1dleton, J .H. Bjer:regaard, 0. Hansen and 

· 0. Nathan, Ph~s. Letters 17, 3o2 (1965) 

D. Eccleshall, Ivi~J .1. Ya~es, J?hys. Letters ~' 3ol 0-965). 

4• A. Bohr, Kgl. :Oan~ke Videnskab, Se1skab. lViat.-Fys. Medd. 26 

No. 19 (1962); ·· 

·A. Bohr, B.R. Motte1son, Kgl. Danske Videnskab. Selskab. 

Mat.~Fys. Medd. 27, N6 16 (1953); 

D.c. Choudhury, Kgl. Danske Videnskab. Selskab. Mat.-Fys. · 

I . .. 
' ! 

t 

I 
I 

' ' 

i 

' 1 

I 

! 
' . i 

i 
I· 

! . 
' 

\ .,. 

I 

Medd' 28 No. 4 (1954); · !~ 

G. Scharf-Goldhaber, J. Weneser, J?hys.Rev.- .9.§_; ·212 (1955); 

D. G. Raz, 'Phys .Rev. 11±,, 1116 (1958). 



... -. ·"-
·----·-··----- ..... --- ----· . .. ~ .. ···-·· ,.....:.._ --.-.. --:o.-- .. -- ---- ---~-...; ........... ~-

.. 
- 25 -

. ,· . . . . . 

5. L.S. Kisslinger, R.A. s¢'r~nsen, Kgl. Danske Videnskab. 

··. Selskab. 1'/Iat.-Fys. Medd~ J_g_, No. 9 (196o). 

6. L. Keszthelyi, I •• Berkes, I~ Dezsi, B. Molnar and L. Pocs, 

J?hys. Letters §., 195 (1964). 

7. J. DeBoer, R.G. Stokstad,- G.D. Symons and A. Winther, 

Phys. Rev. Letters g, 564 (1965). 

8. C.J. Gallager"'V.G. Soloviev, Mat.:b'ys.Slo.1 .Dan.Vid.Selskab. 

2 (1962) 
.· .-

9·· Gi Alaga, C.W. Ma (in preparation). 

lo. S. Wahlborn (priv3;tely circulatingtables) 
r . 

11. A~·R.· Edmonds, Arlgular Momentum in Quantum Mechanics, 
. . . 

Princeton University Press, 1957 

12. I. Supek, Teorijska fizika, I! dio, Zagre~, 1964~ 

I 

i 
j 

t 
' I . ! 

j 

' 

I 
t 

! 
l. 

I 
I 
' ·, 

! ~ • 

•' 

!j 
'I 



26 -

:B'IGUR8 CAPTIONS 

J?ig. 1. In J!'ig. 1 we. plot the lowest energy leyels of the 

coupled system .. The spacing of the 'single hole 

levels-was taken-from the experiment to be 
. ...,1' -1 . -1 -1 
d

3
; 2 -s1; 2 = 0-350 MeV, h11; 2 - s1; 2 = 1.343 MeV and 

-1 -1 
d

5
;

2 
- s1;

2 
= 1.673 111eV •. F·or the vibrator energy we 

took h w. = 1.027 MeV. ':rhe pairing coupling constant 

G = 0.1 MeV was used. a= 
< K > - -14-'ir-

\~l2~ - 0.6. 

Cases 1, 2, 3 and 4 represent the following situa-

t.ions. In case 
-1 

an c. s112 .. and 

same number of 

. . .· 
1 we use tvvo phonons of the vib.rator 

-1 
d

3
/i hole st~tes. Case 2 uses the 

hole states but includes the vibrator 

states up to three phonons. In case 3 only two phonon 
-1 . -1 

states wer.e used but the additional h gnd d - 11/2 ~ . 5/2 
. . -2 

states wel.'e j_ncludec1. However· the state a
512 

.was pmitted. Cese 4 contains all the hole states as 

in _case 3, but also ·.the vibrator states up to 

three phonons. 

(Fig. 1 lViUB-7 694) 

2. contains the experimentally known lovvest lying states 

in mercury i$otopes. 

(Fig. 2 MUJ3-7693) 
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. Table 1 contains data on olectromagne~ic transition.probabili

tibs of low lying states. The reduced matrix elements· 
2n4 ( en ) 2 J3 ( E2) ana B (Ml) are bo·iven in units e rt and 2.::-::. 0 . lllC 

:r·espe ct ively. 2.'he transition probabilities are 

given in un.its of 1010 .1:._ • In order to calculate 
soc 

the reduced matrix elements, we used the values of 

h w = 1.027 ·MeV and the parameters c
2 

and gR fl~om 

table 2. The r~auced matrix elements are listed for 

different values of the effective charge and the 

effective giromagnetic ratio of the proton. 

Those transitions which are forbidden by the general 

selection rules following from the conservation of the 

angular· mornentum are left out. All other parameters 

are the same as in ~Fig. 1. The en.el"gies adopter:i to 

calculate the transition probabilities are those from 

Fig. 2. 

Table 2. In Table 2 we list the values of :the average coupling 

constant < K > in. MeV. The constant of the restol"ing 

force c
2 

in ].'IeV, the cOl"rosponding values of the re- . 

duced matrix element of the vibrator in e 2R4 and the 
0 

collective giromagnetic factor gR respectively. 

Besi~es the parameters used ~n Fig. 1 we employed 

. z = 8o, A = 198, B(E2) (21 ->o1 )exp = o.goo e 2R~·. 
and J.l(2) = 0.76 e2-~ .• Difi'erent sets ofvalues 

/ e :h."'P 1VlC . 

are given for diffar~nt effective charges and different 

~ giromagn.etic ratios of the proton. 

Table 3 gives the stb.tis q_uac1rupole moment of a few lovvest 

excited states. The parameters are. again those from 

Fig. 1 and Table 2. 'rwo sets of vo.lues are gj_ven cor-

responding to different values of the effective charge. 

To.ble 4 contains the ca;}!culn ted ratios of. the· ol.e ct:ric q,uac1ru

pole and magneti6 dipole transitions. 
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