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ABSTRACT

v A technique has been developed to perform an efficient and exhaustive
search for solutions  of certain types of combinatorial problems. The basic
"tool of the technique is the "correlation lattice" for which.we present
the prbperties,and algoritims for manipulation. The technique is described
as applied to the spatial reconstruction of a nucléar-particle interaction
from three stereo photographs. 1In thils example the particle-track images
in each of the three stereo views must f£irst be unambiguously correlatg@(
and the spurious images discarded. Then the spatial trajectofies of the
varticles may be computed. Though illustrated for the nuclear-pariicle
application, the fechnique is also applied in other fields. |
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INTRODUCTION

Spatial reconstructiop of a three-dimensional cbject from a set ‘
of stereo photographs must begin with the matching of the topological
characteristics in one’vicw with those in the other views. A human is
usually good at this form of pattern recognition, but he is too slow for
some applications. For high-speed processing of bubble chamber photographs
it has been necessary to design a computer code that will match the '
imeges seen in the various views..

‘ If we héve n stereo views of an object, where each view contains
images of the m characteristics to be correlated, a total of m” combi-
pations  are possible when one image is used from each view. These
combinations are known as "n-tuplets". There is then some set containing
m of the n-tuplets that describes the true matching of the images.:'With
the physical limitation that an image in one view should not match more |
than one image in any other view, this solution set must be chosen from
a total of (m‘.’)n.l possible sets. This is in the class of combinatorial
problems that involve the construction of an ordered set S = { ByseeesSy }
where the s, ere elements of a finite set U and the elements of the set
S must be chosen subject to certain restrictions.

One approach for finding the correct solution set would be to
compute the likelihood for each possible set of m n-tuplets, and then

~choose that set with the maximm likelihood. This approach can requirev

a prohibitive amount of computation and is unrelisble when there are large
errors in the data. An alternative approach would be to use some type of
elimination process; but even this can be expensive unless a technique -

is used to simplify the bookkeeplng and to provide a repid correlation
emong the various steps in the process. The "correlation lattice"” and
methods for scanning it for solutlon sets (by means of an iterative scheme
of backtrack programmingl’z) supply the simplicity and speed to make this _
approach economical on a computer.
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THE THREE-DIMENSIONAL LATTICE

At the Iawrence Rediation Leboratory in Berkeley, much of the high-
energy-physics research deals with nuclear-particle events occurring in
8 bubble chamber. Three stereo views of the event are photographed,
and points along the track images are meaéured. The images must then'be
matched so that the spatial trajectories of the particles involved in
the interaction can be mathematically reconstructed. Using the paré-
meters of the trajectories, we do a kinematic analysis of-the Interaction
to produce the information required by the physicist for his experiments.

Figure 1 is a photograph and sketches of a simple. nuclear event
that occurred in the bubble chamber. As charged nuclear particles move
through the liquid in the chamber, they leave small tracks of bubbles.

A nuclear event occurs when an elementary particle interacts with an
atomic nucleus inithe liquid: and produces a new group of particles |
moving in different directions.

Numbers have been assigned to the track images in the different ,
_viewé in the figure. The set of iﬁage-number triplets that corresponds
to the corréct track-image matching is '

S = ((11115): (213)2): (5)2:1)} ’ (l) '
where, for example, the triplet (1,1,3) means that track image 1 in view 1,
track image 1 in view 2, and track image 3> in view 5 are images of the
same physical track.

FRODUCING THE LATTICE

The cdmputet'é procedure for matching the track images bégins with
the construction of the correlation lattice, E. Each dimension of this
lattice corresponds to a set of track images from one of the stereo views,
and the indlices along a dimension are the identifying numbers of the track
images in that view. The value, 1 or 0, of an element e, in E will
indicate the possibility or impossibility, respectively, of matching
image 1 in view 1 with.image J In view 2 with imege k in view 3. Since
all imege combinations must Inltially be assumed to be possible, the
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procedure begins with all lattice elements equal to 1. Figure 2 shows
the initial lattice for our sample event,

Often the correlation lattice will not be cnbic, as it was for our
SampleAevent. It is possible that spurious images may be seen or real
images missed in some views._.With the bubble chamber f£ilm, it may be .
difficult to dissociate the background tracks from the interesting inter-
action in some view, thus'producing spurious images in that view. However,

. the measuring devices seldom miss track images. The strategy for dealing

with the noncubic lattice for track matching is then rather simple:
if L is the number of images the .code "expects" to match, then every view

- must have at least L measured track images, and the solution set must

contain L triplets. Other applications may require other strategies.

The remsinder of the matching procedure is an‘iterative process of
applying successively more difficult tests of physical consistency to
the image combinations in an attempt td eliminate matching possibilities
from the correlation lattice, and, after each test sequence, scanning
the lattice to dete;mine the number of possible solutions sets that

‘remain, If there is no such set, or only one, the procedure ends. If _
there is more than one set, the lattice is still ambiguous, and it 1s nec-

essary to go into the next test sequence.
TESTING TMAGE COMBINATIONS

A test may be concerned with an image from each of the three views
(a triplet test) or it may compare images from only two views (a pair
test). The pﬁir test 1s very effective in the early stages of the
procedure since, if an image pair 1s shown to be'inconsistent, any triplet
involving thét veir must also be inconsistént. A single test can therefére
eliminate many elements at a time. | ' _

The tests may be expressed as binary-valued functions. A pair test
is written as the binary function P,Q(p,q) of the pair of image indices.
P and q from views P and Q. When the image pair is not consistent with
physical constraints, the value of the function is O; otherwise its value
is 1. A similar definition is made of the triplet tgst Fl,é,B(i’J’k)‘
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For efficiency, we do not apply a test to any imege combination
that has already been eliminated by a previous test sequence. The
determination of triplets to be tested with a triplet test is straight-
forward: A triplet is tested only if its corresponding element in E
has the velue of 1. Forﬁﬁhe set of pair tests (F1,2; F2’3; F},l)"
one view at a time must be systematically eliminated from the image
combinations by forming the "projections” of E along each of its three
dimensions, 6ne,at a time. This produces the three two-dimensional-
projection lattices ,E, QE} and

are given by

1 E, where the elements of these lattices

3

o

1E =<ié.jié>”= _igi‘ ®iix| ? - (2e)

n2,'

QE =(2eij) = | ,OR. éijk ; v | (Qb)

=1
3 =<5éig)

.OR. 1s the logical sum operator, i.e.,

.OR. e
- OR| 0 1
] 0 1

111 1 .

The image pairs to be tested are determined by scanniﬁg the three pro-
Jection lattices for elements with a value of 1 and testing only the
corresponding pairs. The projections of thé initial lattice shown in
Fig. 2 will obviously produce projection lattices that have elements
all equal to 1, '

136] (2¢)
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RECORDING TEST RESULTS '

Now that the image combinations to be tested ére determined, 1t is
now neceséary to record the results of the test sequence in the correlation
lattice E. For a tfiplet‘test this simply involves setting the lattice
element corresponding to the triplet to O if the value of the test function
is 0. The procedure for recording the results of a pair»fest sequence
is to record the value of the test function in the two-dimensional-
projection lattices that indicated the image pairs to be tested. 'After
all image pairs have been tested, the resulting projection lattiées are
used to "mask" the correlation lattice E. This masking operation is
written as

E.AND.E , (3) |

t —1
EY = g

.or expressed at the element level for the view 2/5 projection as

edyi = (18 5) PAND, (em) | (4)

for all i, J, end k. Here, .AND. is the logical product operstor

AND! 0 1
clo o
110 1

The masking is done for all three projections, and the finel lattice E'
replaces E as the correlation lattice.

Returning to our sample event, suppose that the first test sequence
was & pair test and eliminated five image pairs: (1,2) and 2,2) were
inconsistent in views 1 and 2, and (1,1), (2,1), and (2,3) were incon-
sistent in views 1 and 3. No pairs could be eliminated from views 2 and
3. Flgure 3 shows the projection lattices containing the test resultis
ready to be masked into the correlation lattice E.

SCANNING FOR SOLUTIONS

After masking into the correlation 1éttice, wefnowyscdn:thérthree-
dimensional lettice for possible solutions. A solution in the lattice
i1s defined as a set of lattice elements that all have a value of 1 and

are chosen in such a way that no image in any view is used more than
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once. The length L of the solutioﬁ set is defined as the number of elements
in the solution set; in our sample event, the length is three. '
" Figure 4 shows the results of the masking operation on our sample
event. The dashed lines represent the two possible solution sets that
will be found by the scanning procedure. '
The search for solutions in the three-dimensional lattice is based
on the following proposition: If there exists a solution set consisting
of L triplets == SL(E) == in the three-dimensional lattiqg E, then at
least one two-dimensional-solution set consisting of I doublets -- SL(kE) -
must also exist in each of the projection lattices of E; i.e. a solution
in B will project as a solution in any projection of E. A corollary
to this proposition 1s that if no solution set of length L is found in
some projection of E, then no solution set of length L exists in E.
The scanning procedure is a four-step process. In the first step
the lattice is reprojected along some axis to produce kE (5E in our case). '
In the second step thls two-dimensional lattice is scanned for two-
dimensional solutions of the required length by the technique of backtrack
programming. When a solution is found, the index pairs forming the sqluéion
set are used to construct e two-dimensionsl "post-projection” lattice P
(step three) as described later. In step four this lattice is then scanned
for solutions in order to determine the third index of the solution
triplets. This type of scan fixes the indices of the triplets one view
‘at a time~-i.e., 1 is fixed for view 1, then corresponding j's are chosen
from view 2, and this informatlion is used to plck out the corresponding k's
from view 3. These steps are illustrated in Fig. 5. - |
As the three-dimensional solutions are found, they are used to _
construct a new three~dimensional lattilce, ES, that contains only elements
knowm to be a part of some solution. This lattice will be used later *o
discard unused elements on the basis of logical inconsistency. (If it
is found that an element is not now a part of some solution in E, it can
never be a yart of any solution, and it can then therefore be ignored in
any further processing.)
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The first_step--to prodnce 3E--'-is the projection procedure of Eq;
(2¢). By the proposition stated above, any solution in E will project
as a solution in 5E. : '

The second step--to scan 5E for & two-dimensional solution--is done .
with backtrack programmingtin the following way. Suppose that we are
dealing with a projection lattice of n rows and m columns and are search-
ing for solutions of length L. Row 1 of the lattice is used to form the
set Ri = {rij) s Where the first m membgrs of the set have values of |
0 or 1, equal to the corresponding elements of the row, and the (m+l)th
member of the set is always O. (This last member represents a dunmy
track used to flag the row as not being used in a solution set.) Using

these sets to form the Cartesian product space R, X R2 X eoe X Rn’ we

1
search for a vector (r,, , ., , +es » T . ) in the space that satisfies
) ljl 2325 anA .
the criterion function ,
. n - 4 '
£(r) = § riJi =L (5)
: i=1 C

and that meets the constfaint that no two Ji indices can have the same
value unless that value 1s mt+l., v(This constraint allows any column of
the projection lattice to be used only once.) '

The concept of backtracking is to construct the.vector one component
at a time, with modifled criterion functions used at each step to determine
if the line of pursuit still has a chance of success, When it is found
that & partially constructed vector is doomed to failure, the last
component is'discarded, and the program backtracks to resume construction
from the preceding elements.

The modified criterion function used in the scan of a projection
lattice at the kth row is

k . :
0@ = > m, 21-6R) (@
o i=1
i.e., there must be enough rows left for the scan to reach the final value
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of L. When n and L are equal (as in our sample event), this function
reduces to '

£.(r) =k . (7N

In Fig. 5, the backtrack progrem begins by selecting T4 from set
R1 and testing it with the modified griterion function fl(r). In this
case v
£i(ryy) =1,
and the criterlon is met. Having found the first component of our
sample vector,(rll, - , =), the program now begins a search in R

-
The first choice is ry, and by applying Eq. (7) we see that

IEACTRE VAL
However, the constreint that a column may be used only once eliminates

this path from consideration. The component Tsy is discarded, and we move

oo ¢ Hear again we meet failure because

fe(rll’ r22) <2,

Continuing, we f£ind that r23 meets the requirements, and the sample vector
~1s extended to (rll’ Tpzs - ). _‘

The search now goes to RB' As seen in Fig. 5, 32 is the only member
meeting the constraints, and so completes the vector (rll’ réB, r52), The

solution set we have found in _E is then

3 -
S(5E) = {(lgl)) (2:5)’ (3:2)} .« - (8)

At this point in the scan procedure, the position of the scan in 3E is
saved, and step three is entered.
The third step is to construct the post projection lattice, P,
defined by the solution set just found in 'E [Eq. (8)] . fThe index
vairs in this set prescribe the posts (parallel to view 3) in the correlation
lattice E that are to be used as rows in P. This projection is shown on
the left of Fig. 5. '
The fourth step--to fix the third index of the solution triplets--

is done by a scan of P in the same manner as the scan at 5E. As shown



~#9- ~ UCRL-16478

in the figure, the solution vector (rli’ o~ '31) 1s the only one
possible, and e solution set has been found in the correlation lattice
Fea

S(E) = {(l l 2)’ (293 2): (5 2 1)) (9) .
Elements corresponding to this set are made equal t0 1 in the "solution
lattice" Eg- . A ‘

After the solution is found in P, the scan of P will continue in
an effort to find any more that might be present. If other solutions
had been found, they also would have been entered into Eé;

When the scan for solution sets in the post projection has been =
exhausted, the program returns to step two to continue the scan of 5E
from the point where the last solution set was found. If another solution
set is found, steps three and four.are again used to determine if the
5E is the projection of a solution in the three-dimensiona}
lattice. These procedures continue untll the scan of 3E is exhausted, _
et which time the solution lattice, ES, will contain the elements of all
solutions found in the scan. There is a second possible solution for our
sample event, with the resulting solution lattice showm in Fig. 6.

The solution lattice Is used as a replacement for the original
correlation lattice 1n order to eliminate all elements that do not contri-
bute to some solution set. This lattice is now checked for elements
common to all solutions in the lattice. These triplets are fully deteimined
and need no further testing. Their elements are set equal to 0, their
indices are saved to become a part of the final solution, and the required
solution length in E is reduced accordingly. In Fig. 6 we see that the
triplet (3,2,1) is of this type and can be eliminated from the lattice.

This leaves only four elemehts to be tested by the second test sequence,
thus 1llustrating the power of what seemed to be a rather weak first test
that could eliminate only 5 image pairs out of the 27 tested.

solution in

A
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. THE MULTIDIMENSIONAL CORRELATION LATTICE

The properties and procedures described thus far for fhe correlation
lattice can be extended to the case of n stereo views regquiring an n-
dimensional correlation lattice. If m, topological characteristics are
seen in view i, the lattice will have dimensions of my by m, by.... by
m . Solutions in this lattice will be made of L n-tuplets chosen with the

.

same constraints as those used in the three-view case.

In this genersl case, the tests of imege combinations can compare
any numbef of views from 2 to n, and the concept of the pair and triplet
test is extended to the more general k-tuplet test, a binary funetion
of image indices from k views. '

It is possible to form various "orders" of projections of an n-
dimensionel lattice. The first-order projection, kE’ that we used in the
three-dimensional case still eliminates only one view, but it produces A
an (n-1)-dimensional projection lattice:j,Thefélements of the iE projection
are now written as

ml

= .0R. e
i=1

The second-order projection, JkE,-eliminates two of the views and is
formed by projection from the appropriate first-order projection. In

1%3:0 % 13...k . (10)

this procedure, the projection operation is commutative, i.e.,

| 3 = 308 = (B« (11)
In general, it is then possible to discuss the kth-order projection in
which k of the views:have been eliminated by successive projections.

An (n-k)=tuplet test will use the kth-order projection lattices to
determine which image combinations it is to test and to record the -
results., However, the masking of the projections back into the lattice
mey be done in different ways. Storage requirements may prevent the
keeping of all intervening projections to allow successively higher order
masking back into the n-dimensional lattice. It may be more efficient to
record the test results directly into the lattice E; i.e., if the value
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of the test function is zero, then allrelements in E that use the same
indices used by the test function are set to zero.

The scanning procedure for the n-dimensional léttice is simply a
continuation of the three-dimensional scan. A solution set in the two-
dimensional projection lattice, 3. E, defines the posts in the three-

dimensional lattice, 4. ..o E, .to be used in the construction of the post-
projection lattice. A solution set in this lattice then defines posts

in the four-dimensional lattice, and a second two-dimensioﬁal post projection
is constructed. This continues as far as the selection of posts from the
n-dimensional lattice E in order to determine the final index of the n-

tuplets forming the solution set.
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. SUMMARY

The correlation lattice and the iterati#e backtrack scheme of scan-
ning for sblution sets of matching triplets were used as the basis for
a code written in the Fortran IV language to match track images of
nuclear-ﬁartiéle events. This code has been running on the IRM 7094 for
over a year, and timing studies show that it can match images of events
with seven images 1n each view in less than one-half a second, with most
of that time devoted to computation for the various image-combination
tests. ‘ . ‘

As developed, the program is divided into two logically separate
sections (test and logic) with a simple interface. The tests are repre-
sented as Fortran logical functions which have values ".TRUE." or ".FALSE."
corresponding to the possibility or impossibllity, respectively, of
matching the image combination being tested. This division allows the tests
to be developed independently of the logic section of the code and permits
easy develorment of new programs using the same solution-finding technique.

The literature offers several examples of the use of backtrack pro-
graming.2?2’3  Ag Golomb and Baumert so candidly state in their excellent
surmary of the technique,? "Backtrack has been independently 'discovered!
and applied by many people." We regret that we are a member of those ranks.
However, the notion of using backtrack in an iterative sense as we have
done seems to be new. We feel that backtrack in any form may offer other
people a very useful tool and hope that wider publication of the method
will result in fewer independent discoveries.~
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FIGURE CAPTIONS

Figure 1. A photograph and sketches of a nuclear-particle interaction.

Figure 2.

Figure 3.

Figure k.

‘Figure 5.

Figure'6.

The initial correlation lattice. (The solid disc @ represents

'a velue one; an open disc Q represents zero.)

The prdjection lattices containing the test results ready to
be masked into the correlation lattice. '

The correlation lattice after masking. Dashed lines show the

two remaining solutions.

The lattice and projections used in the scanning procedure.

The solution in ,E defines posts in E to be used as rows in P.

3

The solution lattice ES showing the ‘two remaining solutions.



View 2

-16-

Fig. 1

View 3

MU B-3405

s



-17-

View 3

[
M/ =\iew 2

MU B-9404

Fig, 2



-18-

View 3 _5 +
¢ -0 =
+ -0 9
View I§ ]
@/// ‘ Q’/

Fig. 3

MUB-39403



-19-

-\View 2

View |

MUB-39402

Fig. 4



-20-

MU B-39401

Fig. 5



~24-

View 3

=\iew 2
=0 )
’|/r/
]
_0 =0
o= o=—
VView |
MUB-9400

Fig. 6



R

This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.






