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“ T It is shown how a specified static magnetic field within a given
‘volume may be generated through use of a curfent distriﬁutioh oh the
surface surrounding this volume. The surface diétribution includes a
distribution of magnetic moment (oriented tangential to the surface)
that may be interpreted as a double current layer, but no magnetic

poles are introduced. No sources are required external to the surface,

and the exterior field will be 2zero.



- surface S , together with an associated vector potential,i& , 80 that

‘tw

UCRL-16587
-1 '
1,2

It is knowmn that the external sources of an electrostatic

| f1eld that is specified within a closed surface S can be replaced by

en equivalent distribution of charge and electric dipole moment on S
‘(the gso-called Green's equivalent stratum). With this replacement, the
electric field external to S .vanishes. It appears to be less well
kxnown whether an analogous distribution of surface currents may be found
.to replace the external sources of a static magnetic field, ﬁithout
employing magnetic poles or surface distributions for which né phyéical

: interpietation is evident.3 It is shown here that there' exists a current

distribution dn S that will produce the same nagnetic field interior

to S as is produced by the external sources (whether the external

sources are formed by a current system or are imagined to be magnetic

~ poles), and an explicit prescription is given for determining this

current distribution. ’ g

The magnetic field, Jg , is considered as given within a closed
: L
VxA=H and VA=0. Within S, V-H=0 and V xH= bxJ ,.
m m ™M pm Aadi "N Yoy b wh
with ¢£ = 0 1if no currents exist in the volume V interior to S .

One may construct a new vector potential,

A' =

i \A~\+wv«° ’ . ' (1)

~where & 1s specifically selected so that, at all points on S,

i being the butward-directed unit vécfbr normal to_fhe surface S .
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[Such a @ may be assumed to exist. In particular, with the stipulation

that V-A =0 (so that [f A.nds = [f/ V.A dv=0); & may be taken
Yo SM n vmm

 as a solution of the Neumann problem in which‘ Vz¢ = 0 and boundary

conditions of the second kind apply. ] Accordingly, 'g x &' = E, and

) A'-ﬁ =0 on S .
Ay

. m

One now defines the vector

]

| -z x (A" x 8]
g S ff{ T s

}_‘Ixﬁ. rx[A'xﬁ]

(30) .

- : \'I .l ™ w v LT V\!~: 1.0 N
I e s R S s S,

r

that will be shown can serve as a sultable vector potential to give

(3b)

the

field H,vwithin S . The vector r 1is to be understood as extending

from the field point P to the surface element 4S5 (Fig. l), end the

two forms given for Eq. (3) are equivalent because the factor A'-n

that appears in the last term of Eq. (3b) is identically zero on all

points of S .

The three surface integrals in Eq. (3b) can be transformed to -

volume integrals as follows:

n

fé (/r) x B as fff(-[xx H/r + ('z_'\-g g]/;) dv

H

-t 11 (J/r)dv . 11 [=/2) [vx A" ]]av, |

(4a)

< gy
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(e < @le -y 2ee - o

-y ((£/r5)°;ﬁ’>] av
= LS rr5 VA - r/r0) A .vv
= v A1 () - v ()] e .
. 4b

for P 1interior to S [since y‘-(g\/p) nay be identiffed with Mt

times the Dirac delta function]; and

fé (:/r3)(ﬁ'.§)ds = f{,f [(nf/p)(x.&-\')' + (ﬁ"X)(,i/’B)] av . (4e)

By addition of Egs. (4), expansion of v ((“z;/rj) -A') , and use of

v x (r/ra) = 0 , Eq. (3b) reduces to
L1 S m

Aoea e R S e, o

V‘The curl of the last term in Eq. (5), taken with respect to the coordinates

of P, is found to vanish. It thus follows that -

o~ ey

VX A" = UXA' = H, - ~(6)

- and &"‘ wlll serve as a vector potential to describe the field H in
[

the region interior to S .
From Eq. (3a), which served to define A" , 1t is seen that this
_ o .

potential would arise from such currents ,,{ as may exist in the region

interior to S , supplemented by the fdllowing surface distributions:

(1) a surface current

R i lis’
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- = [li\ x ng abamp/cm ' (7a) K
and |

| (11) a double layer gg current,-visualizedvas formed of currents

parallel and antipérallel to é: on the inner and outer surfaces of

" an infinitesimally thin shell, that is describable by a surface

.- distribution of magnetic moment

4

}'zd .

= 1%; [”p:‘l x E] aﬁamp . | _ (7b)

A}

. o 1
These surface distributions therefore may be employed in place of sources

“external to S . The surface-current distribution of Eq. (7&), when

supplemented by volume currents ;1 that terminate on leaving the interior

. reglon, are such that the steady-state equation of continuity is satisfied.

If the foregoing analysis is applied to evaluate é&' at a point

- P external to S, subject to ji' being characteristic of a field whose

sources are confined to a finite regionqu space, Eqs. (4) will still
apply except that the term hqé} will be absent from Eq. (4b). In this

case the term éﬁ', will be absent from Eq. (5) and the curl of ff' will

vanish. The current distribution stipulated in the preceding paragraph

" therefore produces no external field.

In examples for which the given vector potential is such that

~

Aen = O on the boundary S , the scalar function ¢ of course need not

T

be introduced. Thus one may characterize e uniform interior field,

"

- A ) PS 1 A
'E = He = Ho[cos 6 e - sin e'ge] = Ho[Pl(cos e)sr.- P, (cos ezse],

(8)

r
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with ';T* = 0, by the vector potential

1 A ~ 1 P R A
A = -é-Ho(-ysx+x"g‘y) = .EHOrSineﬁgf -ze'l_iorPl (cos e)‘sg(,v

(9)

in which the last forms shown in Egs. (8) and (9) are expressed in
. spherical coordinates. If S 1s selected to be a sphere 'Qf radius a ,
-concentric with the origin of the coordinate.system, the vector

la)

. = ' = . "
potential 'éd- is vsuvch that A‘l n . 0 on this surface a‘nd‘ h)i n‘i\\l ‘
Equations (7) then immediately give the surface distributions

HO ‘ - = Hoa ~ :
r:?“‘=7_-Et-s:1.n 8. and - r§\>_,=-—8—ﬂ-s:l.n LN | Y(JTO)

: tﬁat will produce the specified uniform internal field. The fonﬁ of the
Qurfa.ce current n,'j“ is such that thié cﬁrfent alone will produce a uniform
interior :‘.":1.e3!.<1;5 the respective coﬁtributibns, to the internal field, due
-to the current and magnetic-moment distributions of' Eqs. (10) are in thé
ratio 2:1 and the individual contributions to the external field caﬁcel.

Alternatively, if the field of Eq. (8) where characterized by

| the vector potential

~ 2 A o A
"1'3:2 =-Hye = -Hor( sin“® sin g cos p e, +_sin © cos 6 sin @ cos g A

- 8in © sinegf’gﬁ) , (1)

A.en = -H,8 41n°e sin # cos f and one may take ¢ as the (harmonic)

: Ma‘ﬂm

_ function

i
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1§ 2 s1n° @ sin ¢ cos ¢ ' (12)

° = 3%

to satlsfy Eq. (2). With this form for ¢ ,

1 A o
Ay = A+ VO = EHorsinetsp.-: A _(13)

ks

and Eqs. (7) lead to the expressions for' 3‘ and E~ given before by
Egs. (10). |
This wérk was begun as a result of stimulating gonversations.with\
omy colleague, Dr. A. M, Sessler,.concerning the possibility of realizing
| certain field_configurations intéhded to reducé aberrations in beta-ray

spectrometers.
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4 AdLPLL A
e bF s e e e ode
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FIGURE CAPTION

' vvFig. 1. The surface‘ S to which the vector 'r is drawvn from the |

field point P.
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