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This study is concerned with the behavior of small droplets ~· ·~·. 

·,;_· 

.. ~ .. 
' ' 

' .' '\ 

' '· 
') .. ~ •• 10 

.· .' ·' 
· i.n a high temperature ·convective environment of their own vapor at·~ 

.. ' 
. ~- . 

. : ·'' ~~--- .. low Reynolds numbers.· The behavior of large droplets eyap~rating 

·. in· a stagnant environment at quasi steady state is we_ll known. . 
... · .. :« 

. !~. ~: 

, . 
. .. ·.r: 

'·:. This solution is used as .a basis, 'to ·which corrections are applied."~;, 

for the evaporation of very small droplets and for the evapo~ation .. { 
':'~: 

. . in convective flow~ 
/•: 

" Investigation of the rapid evaporation.of~a small droplet 
' reveals that the. evaporation rate law changes when the droplet 

. . . \·--=. 

diminishes in size to the order of the mean free path· of the vapor ;.~: 
'·. -~ : 

.. :-r: 
. t. molecules. Generally the evaporation. rate will be lowered. How-

· · ~ ·ever, for small droplets which are near their critical tempera-

ture, the reverse behavior' is expected fl Furthermore, the correction;'. 
l,:•'. 

. . .' . -~ 
. for the small droplet is shown to be independent of the forced }. 

~. 

. .. · .... convective conditions. The specific purpose of this study is to , ·.: .. ? . 
. . :. ; ~!-

obtain an· expression for the drag exerted on the droplet by the. . : .. :;f: 
. -:· . . . 

convective environment. Approximate· analytic and nwi:leriQB.l: solu- · :~ 

ti:on":were,..obtained·:for the problem although the presence of the .. ·· .:!; 
convective flow field does not alter the total evaporation rate, < H. 

• • • • lp c\~,. 

drop is lowered appreci..;. . · ~:';. 
. -. . 

· :. ·, . the drag exerted and rapidly evaporating 
~ . : . i ,',. 

: · · .. ably, compared to the case of Stokes flow. ·. .·: . . •' 
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l ~. . INTRODUCTIOff · . · .· ·- · ... · · ... · . ·.: .'; . 

1.1~ General description of the problem. 
. ', 

~· : ~ .. 

. ··.\ 

. ·,· 
.·.This study is concerned with the behavior of droplets . . . ~ . . .. · .. 

:: ·· .. ; 

·. : .... evaporating in high temperature convective ·environments. The .. _: ·.: 
'J ·. 

·.general behavior of a droplet.in such a state is obviously , 
. . 

·: ... · subject to· a large number of different effects e However~ only · 
.. · ... '. 

· · ·· · . ·· thos~ few having a pri~ciple influence on its typical behavior 

·.: ... · will be taken into acco~t in this. analysis .. 

'. 'i 

' ,' 

' . 
' .. '• 

The description of the evaporation· ·of a single droplet . . . , 
. · .. . ' . ' . ' } ' . 

may seem to be of academic interest ol'lly. However, the behavior: .· · .. 1 

. :, .• ! • -. • 

.. · · ... · of sprays of droplets cannot be fully understood without some .·;: 

. ·, ·' . 

knowledge about the.characteristic behavior of a single droplet, 

its evaporation rate and its ballistic behavior • 

The behavior of a droplet is distinctly different from that. 

j . 
·'; . .. .... 

. -1· 

.. ' 

.· -; . 

of an inert particle.. The evapora:~ing droplet constitutes essenti-:- · 
I • • •. 

. . r) ·ally a mass source and a heat sink and maintains in 1 ts neigh-

·: .,',•. 

.t. • ': ·:: . .' .• 

·· ..... 

... · ..... 
. . ;, 

. ': .. 

.. 
' ~ · .. ~ . ;· . .·. 

,··· . 

bourhood a region of high ~adients of fluid properties and an . 

appreciable mass :t'luxe When the drop~et ·vaporizes in· .convective · · ·; . 

surroundings, it generates a·macroseopically.directed· impulse 

flux, and, consequently·, 1 te; drag ·is of a distinctly different 
I. 

nature than that for an inert particleo 

;: .. ··.··· :1.' '• ' '' ·j· 
' . 

:. ~ :. ·. . . : ~ . . :. i 
,. 
'·,' ,. 

·; 
" ' .. 

The specific purpose of this study is not only to provide , .. 

.a description of the behavior of very small droplets which 
! 

evaporate rapidly, but also to obtain an. expression for the drag·. · · · ·: 
.· ·l 

' .. _, •' 

'1\ . : · .. :. > ;< >< ·. ':· ... . :' . ' 
,• .... 

'( .. :· 
',,· •' .. ·' 

. ' 

-~. . ·. · .... 
'· .. 
' 
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• - ; ~: ! : : . ..• ·, •• : t . ; • • . · ..• ~; : -~ . . 

. ~. . . . 

,. :· ., , 

~ . : . 
,·· ' 

. . . . .. ~ ~:< .... -._- :.:' ... ;:. ., . . ~·-
. •, : ;;· ·-.. ,· .. '.·:. '.·· '; • . . ~i · .. - : . ... ·-:. . .· : -: '. . . ) . . . . ' ~ . 

.., . . ; . ' . : .· ~ .... li. . 
. ~ . ,/ . : ... , . : . . : ; : . . ·_ . ."" . ' . 

~ ,: '·, ' 0 • I 0 ' ' ', • ',' •••• •t • 
. ·> .;·: . ~ ,, .·· ... · ;. ·, ... ':. ... . ... :. . i . . 

.·. 

.. , . . . . . . . . . ' . . . ·.. . . . ~ I 

, • •••• • .5 "\,: 
., .: 

.·' 

·>. :. : exerted by the convective· environment'·on the droplet. at iow ·,,. '::.' . : .. : !.'. 
·. l 

. . . . . · ·· ·. ,·.·.··~ < ; . Reynolds numbers. . i 

• I r ' ·;.~ •• •· •' • ' ·• 

• -: . . t-'• .... 
,:·_~-r: .• "'~·· -~ -~- · .. ;'-
: :: ·: -~ ·: . :-···.: . ~' ' .... _- i, 

.. .. ·. . . . . ~ 

, . •• '.J which is exposed to very hot· ·. ·> <.:· i'' .. · The evaporation of a drop, 

·• ') surroundings is completelY heat transfer. controlled. MaSs,. ,.:·, ''.• ''/./} 

· ->. : transfer effects are therefore disregarded in thi.s study ·and·· · · : ·.··: ·.· ': 
':' . .. . '. . . '· 

. 1 . .-: 

' '· 
; · the droplet is thought to be evaporating in an atmosphere · · · ,·~. 

which.consists of its own vapore Furthermore the droplet. is. 

considered to be evaporating at quasi s~eady stateo 
. ' . . . 

The ini tia1· transient effects, which are important when< · ~ 

' ... the drop is inj e·cted into . the vapor, are neglected e It is 
·-·· 

.... j 

·: ._..: ·-: 
: (·. •'-! 

.. '( 
. ·. . './ .. : 

,-·,:·. ·assumed t~at the gradients are already developped and that the J · , >· :;·; · 
... 

:. ·.· ... In addition radiation and gravity effects are neglected. . . -.: ~ . 

' 

temperature.· f .. :· ... r 
' t· • : 

·l ; ' ... : . 
. . ·\ :, .· ; . 
: ·!\ : •. . :( 

: ... droplet has reached its thermodynamic equilibrium 

.r·. , ... 
• ',f • In the description of the procea the vapor is assumed to 

:o'< : .. :.:. \. :':.·-~bey the ideal gas law and to have cons.tant heat capacity ~d ~ ..;.: .. ;: . 
. . . : . . >.~.--·· -.. :·,·. ·.· ·.·:.·. ". ·. -. ' .... ~ . . :-; . . ,. , 

.. '.·/· · ·. ·;:·~ ::. constant viscosity and thermal conductivity. These properties .. ·:·"',·:· ; ':. 
:- . : : ' .. : ·- . . . .. : . . . ',;_.: " ,. . ~ ~ . 

. . .. :•, _:-, ·:, · are. actually functions of temperature and, .less significantly;·.:<<-· 
'• ·- ...... _ _. 

of pressure.'· However~· their variation is obviously of lesser 
... ~· l .. 

_.;. :· 
• '•,t. 

imp~rtance than the v~riation of ·~emperature and pressure. The· .. 
.... . . . .... ~-

... ·.· 
·· ·.heat transfer is directly dependent on the gradient of .the ... 

:' ... ' 

·' . •, ·: ' . ~-

· .. :~·· .. temperature near the droplet surface 0 and, although the pressure:-: .. ::,·. 

. . ·:. . ' hardly varies at all as will be seen'e its influence on the 
;· . ~:.:.. -.- . . . ( . 

... ·- .: .·'<·: · drag force exerted on the drop is quite decisive. 
' : ·.. .. . :~ ·; :, 

·.· .· 

. ,. . ... . . . ··-. 

. ·. 

... 
.. '. ~ ... 
... 

' ~ : 

After the prol;>lem .has been simplified to this extent, the 

. evaporation of a large droplet in·a stagnant atmosphere can 
· ... ';_ .•· 

. !, . . . . . ' :; ·. 

:;,_;r~ .. -.·-_-· _ ... 
. • ·: • ; : • ~ • ' .: • '• ~ '·. t• . • • • • . ' • •• 

... : .. :~ .... ;:,.:.:. ··.: .. :.-\:~.:.;_::.;:>_>,., ·.:<':,·:· .• 
: ·t:' ·: !•. . ...... 

. .. 
-.: 

' .. ·. 
,\. 

.. ... :· .. 
•, • . 

. · . 
. '!_y 

· .... 
t ,.· 

: ~ .... · .. : . 
I . . : .. t 



-·~· . . r.-~~G:'' . . 
.~-~-\ '. ·. 

, . ..,.,· ': .· 3. ' ~. :, . .. 
. . . ; 

~--;::..._, 
I•:' 

. -~ 

. . . '• ~ . 
.. 

. ·' ·:> :. 
• I • ', ~ 

,'l. { 

. : •. 

. · ... ·. 

. ' . 
'. 

·; 
I 

·; 
I 

·-"'~. l).. •• • 
• J • • ' . 

be described, resulting in the familiar law which. states that: 

- . . . . 
. ~~ .. :. 

~ ... 

.. ·.~,~ 

o'' 

... · .. 

the total rate of change of the· maa·s o·f the droplet is. directly .. '· ... · ··[ .· 

I . proportional to the size o.f its r~dius1·• This . soiution. for a 

·:_-;.large droplet· evaporating stea4ily in a .stagnant atmosphere,· 
. • ',''t· . . . • ' • . • . . · .. :· .... : .·. 

.· . provides the basis of the study 8 The analysis extends this 
:~ ~: .-~. :·- : 

a·olution to the case of a small droplet evaporating in a 
... 

. , 

. convective environmente 

'.•. ' 
. ' 

. l 
. '::·. :,_ /'.i 

.:. i 
' 

'i 

.·. . ... · The study ac~ually deals·with two effects, t}le corrections.' . 1: 
. . ! ' 

\ ~: : .. > 

of. the solution for the ~vaporation of small droplets, and the 
: ~. : : ' ; ~ . 

', ..... 
·i 

·:· .... . : . 
. :. -~ ' . ·.:; . corrections for the evaporation in a convective environment. 

·.· . 
. ·· .. :: 

' . ' l. . ~ . ..--. : : ::· ... ,., 

,. ;I, 

. . , . . . . The two effects can be treated independently and. the corrections ~- ... .! 

ll . 

'·.· ."·' ....... . 

,•· 

· ..... · .. · 

.· .. :;_ prove to be subject to superpo·sition. 

The solution for the small_droplet is outlined first. 

_. When the drople~ becomes small, the radial vapor velocity at. the 
· ... ·• 

· · .. ' surface becomes appreciable. The correction is obtained by' ..... ·' .f 

,.: .··:· .. 
::-=· .. ! 

taking into account the kinetic energetic effects as well as ... : ,.· ·. i 
I 

; . 

. . ::. the viscous dissipation. Th~se effects alter the pressure at - . -- · ·· ·~ 
~ '; (. • ' ••• '. J • •• i . . ·; 

the surface ·of the drop and hence the temperatur~. Ther_efore .. ·. :-·: · '. 
·: !, . _., 

. the driving force for heat transfer is influenced and the rate ; ..... ·1 
•. 

of evaporation is changed. ; . 

.. : . ~' .;. . ' ·' 

For the case of a droplet .. evaporating in a convective 
i ... 

~ :~· : _;. '. . : : . !· 
: ~ .· . . .'• 

.·.· .. . ~·· ··, 
·· .. ;.·· ;, 

' . 
' . 

. :.,. environment a numerical soiution as ·well as an approximate . J .; .. 

. · ... analytic solution are obtained for s.mall Reynolds numbers. The.·:. ·J~ .•. j: · 
·"'· 

. .i : . . . -~ 

,~: "• .· 

- ' . I • 
·.·.· 

' . . 

.. . i general prob~em is first simplified analytically by assuming ._.;. · - . : ;. 
. . ~. . .. 

.. to be of a form describing the dependence on the angle which ·.·. ". 
~ . " . 

·.· ;· 

. . ' ~ . ( :' 

' ·• i ;--~ -. 

... •' 
_. ·: : ... \.. :·: ·"' 

. . . ' . . 
... ·. .·. '.\.:. •' 

. . ~ . . . _.1 ". ·. ' .. 

· .. , : ..... :'· ' 
l. 

· .. 
; . ' 

. .. . . 

-~. . . · . 
; I' • \ '. ,'• • ... 

. . ' : . . ''· 
•• j •• · '. ., •. • : ' : ; ·'~. ' 

. ..... :: .: . ; . ;:,; .:· :' : . ·':: .. :: :· ~::·:.:._; ·, :. ·,:: ·, :' .. 
-. :' '' • '• ' '' ' ' ' 'I ' . \ 'I : : 

•.'• . .. " 

' . ·~ 

. · ·, 

.. . . ··· .. 

.... 
. •, ~ . 

·' 
·' 
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·-

' ··: - 't. ., ·,·. 

~ . : . 
·' 
I ··• 

'. 

• ',• < .... . . . ',;:: . ... , 

: : ... :.~ . . :·. 

'. 
'' 

. (;• . . . 

·, .'_.'.; ·'. 

. · .. satisfies the equations and the boundary conditions. Due to. the··:.···~-·-~- · 
.• '. ' ·; .... ·. 

·-_;"~ :. 

axial symmetry of the problem, .. the variables depend. only on ·the-'··.:.·.:· 
.• :e:". 

distance·from the drop and the angle with the direction of the 
. . ' .; 

forced convective flowe Th~ dependence on angle can be elip1inated . '"' .. 

. ·.:by assuming a suitable form of the solution which satisfies the 
. •, •. ,· 

· .. ,., . , applicable equations and boundary condi tiona. The resulting set 

· :. · · . of ordinary linear differential equations is then solved by 
-:~· . . . 

polynomial approximation and numerical methodse The pressence of 

the convective flow field proves to have no influence on the 

evaporation rate. However the drag exerted on the rapidly 

evapor~ting drop can be shown to be distinctly different from 

' ' .. ·~ ' 

. i. ., 

··, . 
•; ... '-

.. · .. 
. . . . . . 

.. 

the drag on an inert particle in similar conditionse- . ' ~ .· 

.. ; ' 

. :. J 
" : 1 

. { . •,. 

'· 
·.} ' 
. t 

1 .. 2 Background ·of the Study .. 
;, . 

.· ,' . :" _· 

.· ...... · 

Since the understanding. of the characteristic .. behavior ·of.-.;. 
.. 

'' 

droplets is of major importance for the analysis of various . ·. : · .-:·:· ·. 
I ·• ·•: .. 

~pray systems~·such as combustion in. liquid fueled rocket engines, 
i 
i". 

the evaporation rate and the closely related combustion rate of· a. : .! _ 

single droplet has been subject to numerous investigationso /' 
I 

' !• 
The first description of the evaporation of a droplet was I '· 

'!· 

. . given by F~oessling1 for ·a diffusion controlled process at . ;: 
' t'll .... .. ·· .. · 

. " ·. . ~ 
''·;. ·.· 

. . ~ .. ~ . 
., .. ·. 

· :·· -t): . .-relativ~ly low evaporation rates. It was shown that the total . !. . ·· 
., '~ : < · '( rate of evap~ration is directly proportional to the size of the 

. f'. . . 
radius of the droplet, or ·M* = ...... ·:· .... ·. '. 

" K:*R*, where.M* is the total rate 

·' 

.. \ ·. ·:·.·. · .. ' .... ' 
... y 

l 
i . ' . ' . ,; . :, .. 

. '· •. 
.. . . 

'' ' 

.. 
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of change of mass of the drop, R* is the radius aild it: * is the · 

evaporation constant. 

Ranz and Marshall2 extended the treatment for a heat 

transfer controlled process at relatively low evaporation-rates. 

Godsave3 and later Goldsmith and Pe~er4 , who were able to 

predict the evaporation constant very closely, treated the case 

of high mass flux rate in connection with combustion. Most of 

the experimental "Work_, however, was done suspending the d:roplets . 

with the use of a filament. 

Of the investigations pertaining directly to scope of 

this study only a few are of interest. The transient behavior 
.. 

of the droplet·after injection in the system was described by 
I 

Williams5 and hie theoretical results agree very well with his 

experiments, which show that only a very short time is required 

for the development of the quasi steady state. 
,, 
'. 

I 

5 

I, 

·, 
I 

./ 

·' ,. . ; 

The evaporation.rate ofvery small dropleta·was described 

by_Monchick and Reisse6• The~ showed on the basis of molecular. 

kinetic arguments, that the total rate of change of the mass 

of a droplet of the size of the mean .free path of the vapor 

·.molecules must be lo~er than is expected from the law· govern-

. ing the evaporation of a large ~rop. It is interesting .to note, 

that this result is.derived in this study in a straightforward 

manner, using the macroscopic equations applicable for the 

. system. 

Very little work has been reported on the vaporization 

'! 

. . ~. 
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Under conditions of·turbulent gas flow. _Moat of this work . 

'' 
'·. • I 

~-

- '-· 
is experimental, having only a very limited range of . - '.= .- :~ ~ *' , ~- .•. ' I 

'·_; 
applicability. Maisel Jnd Sherwood: suspending model droplets· . -~ •' ,._:·· • 

at fixed positions did not find any appreciable influence ~f .--... :<r.: >) ·: 1.· 

- t-.·- _::. 

· · ' · the convective flow on the evaporation rate. 
•, ·· .... -

'- ·- " The work of Ingebo8 shoUld be mentioned. He actually· 
' i ,' . -

. -
calculated drag-coefficients of droplets in sprays at high

evaporation rates on the basis of his observations and found 

.. 

.-. 

these of _the same order as those. for solid spheres. His results . 

however can be questioned,- since no·direct measurement was made~ 
; . -. 

.;· 

·; 

Reference should be made to the investigation of Ranz· 

and Dickson9, which deals with mass and heat transfer rates 

for large_gra~ients of concentration and temperature. Their_ 

': ·.· ' ,. i : .. 

.. 
- , .... ''1 

extensive work, however, is concerned with plane interfaces, and 

is not directly applicable to problems involving curved surfaces. 

··As far as the evaporation in a convective environment is 

:· .... ' 

• • . I . 

· .. · . . c 
I 

_. .. , conc.erned it can be sta1;ed that the analysis presented in this 
' I /• 

-:, . 

study is opposed to the classical treatment . of spheres:.in . ; . -··. 
: : ~ . ! 

•. - •. j • 

. ' 
convective flow of low Reynolds n~be_rs, such as given. by\ " .; :--:. . -. 

Acrivo~ and Taylor10• Instead of_ using the Stokes flow pattern, i :· 
• ~ ·.: .... f • i 

~ - . '· ... ' 
the solution for the. evaporaticn ·of_ the drop is used as a basis • -

. - .. 
' ' 

. for the analysis o .. 
. · ... • 
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2. . MATHEMATICAL DEVELOPMENT OF THE PROBLEM 

2-1. General Consideration. 

.. 
The.study is limited to the description of the behavior 

of a droplet, which evaporates into its own vapor at quasi 

steady state., ·The droplet is thought to be in high temperature 

environments and therefore to evaporate rapidly; the initial 

transient effects., however, are disregarded., Furthermore the 

droplet is thought to be small, such that the convective 

7 

effects do not alter its spherical form. The vapor is assumed. 

to have constant heat capacity and constant transfer properties ' 

-viscosity and thermal conductivity- and is supposed to obey 

the ideal gas law. '. 

The general equations applicable to the system are 

discus.sed first. The solution for a large drop evaporating in a 
. , I 

stagnant atmosphere will be.outliried next. and finally this 

solution will·be used to compute corrections for a small 

droplet evaporating in stagnant atmosphere and for the 

·.evaporation of a droplet in convective environment.· These 
·.~ · . 

. corrections will prove to be independent and superimposible. ·· 

/ 

The behavior of the steadily evaporating droplet is 

completely dependent on the state of the surrounding fluid. 

Since the transient effects are negligible, the pressure and. 

temperature may be considered uniform within the drop and over 

.• 

·' . 

·.' 

. ,···. 
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'·"'.' 

'I t~l .··:·,:~• • •• '•~ ~· ·, 
"• .. · ,, . . . ~ : ·' .. 

. · ... '·. , . .. . . : .. ·:. I · ....... '· . ... . ., I 
. .. .. ·, , ... '-~ •. '·. 

. ~ . ' . ' . . .: ~--}. : .. · . :: I ·. . , :'• 

·. ,; I. 

'• ' .. 

. . :.· ... : the dr.oplet surface as will be s~en latere ·Heat is transferred. · ... ~.! 
. . ~ : ·_ , .,.: 

· · ... · .. ~.through the .fluid towards the droplet. surface and the '. .·. :, :~·· .:: I 
·' . : .. · resulting ~ass flux is. carried outward by the fluid. ·'·'?-f'·· ::_-·.;..: ! 

. . , . . . . . ~ ' . 
. · .·. :. . ·' ... : ... ~F.' 
. . . .·~: .: In describing this process, the conservation equation~ of , · · ·. ::-

mass, momentum and energy in their nondimensional form. are used. ·: ::· · ·· 

Gravity effects and radiation are neglected .. In order to .. . . . 
•' ·: 

. i 
I 

.... determine the rel~tive significance of the different terms in. ' . 

the equations,it.is convenient, that the variables be of the 
·. ' .. : 

.- . ' 

same order of magnitude i~ the neighbourhood of the drop. 
"· ••• • • ' t 

-. 'i 
r:. .t 

.. c· ·· Therefore, all variables are made nondimensional by :dividing . ~· ·· . . :;:, .. ": 
i . . ~ 

· · by their. corr~sponding averaged value at the droplet surface, ;:, ;. . : : .. ' 
• .. ;, .. · ,·. ,I 

·' . such that: 

radial distance: 

temperature 
. . . ' ' ' ~. 

radial velocity: 

r=r*/R* density " • 

T=T* /T*(R) ,' . pressure : 

~=~*/~*(R) ·. 

P=P*/p*(R) 

. tang .. vel .• : . v:v* /u:*(i') 

,. 

.... :' ·: ! 
.. 

• ... · ........ 1 ; 
;, ,_ 

'. i.' . ' ,1 

. -·' .. 
'·' 

. 1 .. .. '' 

t :· 

._j· . .-_· .. :~ ... < .. . 1· . 
. !. t.. . 

. ~ . .-<': :: · where dimensional,.v:ariables :_are marked with an asterisk and R* J· · ·· · ·. f · 

' 

.. ';:. ;-. ·.:; .. :. · ·represents the radius of. th~ spher'ical drop·. The radial component> .. · : ' 
'. \. ' 

.. .. · .... 

'·. 

.'•· 

of the velocity vector~ is.represented by~ and the tangential ~ 

·component by v; v* is made nondimenaional by dividing by u*(R).,. . .. 
·.: 

... Note that the bar is omitted from p*(R), T*(R) and ~*(R), becaus.e .. : . ::· . 
. ,·t 

· ·· cases where this value is not uniform over the droplet surface 
.-_:. ,• 

i •• 

will not be encountered in this study. 

. ' . . ~-- ' 
The general equations may. now be written assuming the 

I •,· 

·. ... . heat capaci t_y per unit mass 
., .. 

viscosity,/""'"'*' are constants. 

c~ : conductiv, ity p•. 

' ~· . 
: .. ·. 
·::·.;. . .' 

. ~... ... • l 

. ' I 

: <' ~ . • • 
. ,_ . : ~ . . . 

, i· .•. , I. ,•, ., 

'. • • ~ • # • • • ..... _ 
·\ I',, · .• 

:-· .. :: 
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k~ and 
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.; .. ~ · ... v~ . 
.. ·.. ~ .. ,; : 
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The conti~uity equation ·is: 

. ·:.· o . 
,; ... 

. ·: .. 
~- \. or· 

'.: 

v o-
... •: -

. r',' 

The.momentum equation is: 

· ...... 
or 

. ·. i 

.. • .,.· 

.·,. < 
.. ·· 

:: . · .. ' '-

·. \ 

'I;. 

...... 
(:. 

.... --·· 

· .. where -~ is the stress tensor defined by 

' 

. ·'.<' . 

. : ; .... · · .... 

.,· ·. ,: . 

·· .... ,· ., 
· .. 
;,·, 

.. :·· .. :· .... ·. 
.. . . ,• .. 

.:•. 
•.:' ·.:-: . 

,, .. ·, 

· .... ·· . 
:·.·· .... ·_·.:· 

.. ··l,-, 

. . . ' . 
· .. ' 

'\ . 

. ' 
·'.. 1: 

··: . . -
. . · ... ~ ... ',. . . 

'· ;. . .. 

.. f .... Jl 
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, r.· 
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··.· ·, 
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' -~ . 
''•.' 

_/ 

'i·· 

.!. 

-. (2.1~1) ·· .... ' 
· .... :· 

. '·:·: 

' .. ·' 

... 
·' 

·t·._·r· 

-~ ·. ·. 

... 

... 
I 

··.,' ,,. 

... , 
.. -~. .: . · .... ,.· 
-. 

- i 

; .. '.··· '' 

'(2.1-2) 
.. ~. ' ... 

····· .. 

•,,,• ,I.·.: 

i; 

·!· 
; 

'. ~. t ~ ' :. 

. ·::-, 

'! .. 

·! .· ..... : l 

.-1 .. 

.:.'.· . 
:\ .-._.-

~·· < ' 

. '., 

) . .. ··· ·.·. · .. _,-

' 
' .. : .. .,· .. 

·' .. '·, ·.··. 
.",l. i·' '• •. ··' :.· ... 

'! 
'·'I 

r*:-,t[9V_+· (V_Y-)T]'-t -~rr V~-~·--·-· __ ,_·:·-. -'(2.1~3) 
'•' .......... ·: _:/ ·., 

-~:· ' 

and 

·:' 

. •!• 

·==-

; . 
.. l 

, The therm~ energy·equation is~ 

~ ·.· . ·, 
;, . 

.:· .. ·· ·.' 
. ~' . '· '' '~; . 

:.·. 
...,. " . 

··.·' 
... ~. 

··';.·· 
. ' 

i 
-·' . . ~-

··,' 
.·.,; 

I··. 

'' 

(
l.;lt ~;;ff~:) -~;;v*e v'p*- ("-r:*· ~··v*)·-,.;~·: ..:.. 
~ v. , , - 1 = , • - , 

j I '_''! I ' < ' ... · \l• 

; · .... 

·• j. i .. 
I ~ . 

. . : ... •' 

·or . ·I''·,. 
'· Rtl\1 rv- ~ v. vT ~ ·v. VT -+ U~l R42" ?A. ~·~r-- (K~I)mo.'"P..:l'5.:V.It)(2.1-4) .. r-

:, .·:·' 

where the terms reading from the left stand for:· convection· 

'· 
-~ :·. 

'2· 
.. i. 

' ';, 

'i.i '• 'I .,,'t·, ,. . , 
·! ..... . . . . . . . . 

·: :\ .... 

• 
. •, .· ,. .·:)· .. 



conduction, reversible work and dissipation. The equation of 

state is: 

""* 1t"" p ~ = ~"" CR. T or p = E? 1 
"'-it 

where ~=gas constant per unit mass. 

(2.1-5) 

Qharacteristic numbers are: 
'If- "" ,.... 

Pr = ,.......-... ee 
tf 

The newly arisen 
= <?1'-' R) ~) R*' 

~~ 

= u!'"(. ~) I v: (. R) 
' K C.t - "' * I ;t*" = ""» /ItA' - (!,)- '-'V 

<!:p-

and Vs*CR) = acoustic velocity in the vapo~ at the droplet 

surface = VI< lR*T*c~ • Rev is not ~ ordinary Reynolds 

number as it involves the radial velocity due to evaporation 

10 

as does the Mach number, Ma. The appearance of the Mach number 

indicates that the radial vapor flux has to stay within sensibl~ 

limits. As will be seen Rev is of order unity for a rapidly 

evaporating droplet and Ma equals zero for a lar~e droplet • 

. , 

• . . 

• 

• 
, 
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2-2 •. Large Dt-opiet in· stagnant Environment 

. · .. ·:·; L·· ... 

, ... 
.: l 

2-2.1 Analysis .. ' .. 

The set of equations can be easily solved for a large. 

. .. · ·i':. 

. I ~ . 

. ,·, ' 

., 

.. , . 
..... .. 

' I 
· ... :: 

'. I : .· 
': 

'.·:· .. ::.·_drop evaporating in the stagnant-atmosphere of its own vapor.,_..:.·:_·_::_···. 
. . . ~ 

· _.·, _:.., · ... · :. the system being characterized by spherical symmetry.· The Mach ~-.: 
•. ~ • ' •, • . • • ·... • • . ' . • • • . • . 'I ..... • . 

· · .... : .. :'· >.·.;·::.·.::number approaches zero for this case, because the radial · · 

· .. , ;,-~, :-:~ .:./.' :~_··~::.:~/-.:~. :_. velocity. at the surface is very small for a large drop as will:;·: .. ·.- ... · . : ; . 

: . '· t 

· ··:.'·'·.<-:;.be explained later. The continuity equation can be written as 
... 

· ... 
: ~:·. . -~ . 

. ..; ' ·' 

. . . ; :_._: ·.·~ :.~:: . 
~ . . . . . 

' d ~ . .: . 
ra dY l v:- ~ u. ) = o 

: ·.', .· : >' :· · ·Therefore 
. : . ~-. ' •, :. ; 

~ ' •. : ·, 

. B.C. at r 
'· .. 

. . . :. . , :·. 
.ll .·. '· 
. : ·.· .. ··. ·; 

·: 1·_:·.·.:. ' .. ·. :-. ·: .;' .: .. (2 2 t) .:~=)' ... ·.·:~·::_· . ~ .. ··~ :·· · .. ~. -·~ . ': '~ •,.. . . ·: ..... ,: 
. ... . ' ~ . : 

.•. ;, ··.:~ .. · !· . . . ,,. ' 
·. ',· . _·,, ' . 

. · . ·· ·: .... ·Assuming Ma & : o· the· equation.:· of motion reduces. to 
·:·. 

·· · ·, ·. ·· ~ =· o B.c. at r = 1: . p :a 1 ' i :. ;·: ·._-·_· · ·· 
.. ; . . :': .. ' . d. I(" . . . . . . ' . • ·. '· ..... :·: • ', •. 

. :·Therefore p = 1 and. the pressure. is wliform throughout the · ··,: ,::{':::': .. : _.:~ . 
. ·. '·:·<··:-> .:_·:·· '·<· .. • • ... ·, •• J 

'· · .. ·.··_):'·.·· ... 
,• .. ·; 

'.: ·.·, ·.- "- ···:_ ... domain ... Moreover, einc.e always ·p =~T 
·.• .· : . . • ,.:. :; ' .. : ::; .: I 

it follows 

I I o.=- T. ,, ·- .. , ~--·'· ·: .. '•. ·: .... ·.:· .:.··. ;, ; ""- :- ·· .. (2 2-2) · .... : .... · .. ·.· .. . . ;. , .. ,_._ .. · ·. :· .. ·. r a.. • . ...... .. 
. ·:: _: .-:. ·.·· . .. . . ·j ·.· ... : .: ,.·:<:- ..... , .. 

·· .. ·· . .-:\_:·.':·:·.:.>·:.'·::·(:>The equation of .. thermal· energy·'can _be written~ The boundary · -.:~···:..;.:-'_~:·:·:-;! 

. . · .. · . .. . condition is obtained by making an.- energy balance on the· ; · .. :::· .. ,_ ..... · .. 

.. ,:.· .. : 

..... >': . . . ~ ~ . . ' 
.. ,.. .. , . liq~d-gas interface., . 

· ..... : ·: .. '. 

· ·" · · · A A" it ~L:,C4\cl) = - . ..,n t ~~1l) l?cR) t i 1 R.) ... ~ u.*c'tt1 f +-. . · · · . 

' . ' .-t- ~Ti R*Llr (~!J~~R*·- ~rr. R*tl;~CR) (.I.:*Ctt) 

• · · ~··.- ·.: · .: :~.: where M* ie the total :rate of ·change of mase of the 

: .• ;· 
~ '.,_. . . : .. : : ··. . .. 
. ,. . ·~ I .· '• . 

. ' 

::,..) . : :-.-.-.- ' .. , . ' • J, ' • f • ~ 

(2.2 ... 3) : _,·: .. : 
.. ·:. 

drop, and·.·--~.·· · ·· · 
. ~ . ) · . 

,. .... ~~-. !_ :• .·: 
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; :. :.~~-. ·. . 
I'·. 

. · .. ' .. 
"· .. ;··t·.:: .. . I 
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.I' 

. . •, 
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· ... '12 .·, . . . . 
·, ·. , . 

,· .·': 

·, . 
1 

. 1. 

j ·= 
1 ·I 

' ... ' • • ' ~ , ,I , . H* is the enthalpy per· un:i t mass. .The. terms denot.e l'eading ' •• '!, ~ ·., • . ~ ' . 

0 

. ... ,._: . .. 

. ' 

. ' 

' .. 

• ' ' I . . ' 

'j.·,, 

. from the left: the total gain of enthalpy of the droplet, :the .. :·;.· ., 

transport of enthalpy· and kinetic energy by the vapor,. the 
, . ,. . . ·I .. 

heat ·conduction and the work done by the vapor against the . 

. 
0 

viscous forces~ Note that M* ~ -4 7r R*2~*u*(R) ' ... \ . . ' 
.. "'.··,, f 

A A . 
and H* = H*(R) + cp *(T*-T*(R)) e Actually the expression describ-

• .. J, .. 
. . ! 

. <. ·.· ing M* is not exa~t, because it involves u*(R), which is the .. , 
., 

. ~.· 

vapor velocity at.the droplet surfacee However, it should 
'' ·, 

involve the vapor velocity rel.ative to the moving surface instead.;;. 
' . . . 

·As will be seen later this correction is small and may. be omitted. · ... ·. 

Since Ma is assumed to be zero, kinetic energetic effects . ., 
. :· '~ '· .~ ·. ' . 

are negligibl~ no. work is done by the vapor and all the heat 
J . 

' ·' . .. • :'( 

conducted towards the droplet .surtace is used to proVide the 
. ' .... 

latent heat of vaporization (~ H*): . . ! . 

" 

( c{ T*'") 
c\V'* . ~*a R~ 

/ 

: . 

b n . , .b .. · ·( cl T) . ... >-t··~ :(·,:·:~·.:··,·: J 
Re.. 11 ' :rA- u = ( ~ Y"• 1 ·: ._·: ~ ··<·· .

1
. 

_..,,. ·. p A, A • . , ._., . . ; ~., ,: . \. •: J. , 1: 
The parameter. stands ·_for ·;1 =4H* /cp * ~R~. ·.Superscript _"b." is . : .. ;: ··.:·:; · 'J 
added. to. denote that T*(R) actUe.lly equais the boiling · · · .. ·.:< ::;·: ·:' J · 

~· . . . . . . . ,. ! 
I :. : temperature of the liquid at. the· applied pressure p*(oo). ' ·· · :. :;·. . i 

•.. \ : .. :!· 

or 

·. :· . 
.,1 ··, ,:··"'\ 

•• .• ·i .- The equation reduces to .·. 

I'; •, :i-' 

. ·, .. 
. ·: ': • • ·~' I : ', •'.j ~-

~ ~: = :.-f~ ... (r'¥v) \ , :.B.'c. at r---l., T=i,~=Re/ h.b_ : . ··I 

' 
< :·.' ·• 

•• ..· •••••• lk 

•. '· < ,· ·-;.,::l\f ;:': .... · ·... '·. -c-
I 

.. ··.. . : ·: ~::;.:,·~·.::.::r: . : ., .. ·. . ·. . . 
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(2:2-3) :··: ... · · ..... _ 

·. · .. ·· .-·; __ .::_Since Pr is a constant :for most gases (-3/4),Revb . 1s···no~ 

. ·, :. -
.. · .· completely defined by applying the boundary condition at 

. . infinity~ 
.· . . . . 

-... 

b 
Re" ?w\.. 

0 0 ,,,',•M -~ 

.. ' .~·- -~ .-'· .. ··· ~~- ;.: where eb = T* <~) I T* (R) Clearly Re b. is . :. . . ' ·: .. . .• v 

.· :~· ··.~ .. ·.·: ::.:.'given ll b(p*(oo) -e.T*(R)) and' .eb(T*(~)). 
a constant for 

·"' . 

: , . 

; 

. :, .-; 

. . ~ 

• ,' ~ ' • • ', 'I •, 

. . . ,. : ·.: ~ .. : . ' 

r.: '\. '•: ,." . 
' ' ' . ~ '·. I • • • ' ' 

·~· ... 
. Since Rev b is a .constant,· the radial velocity at. the drop ·: , 

0

1''

0

) .-.': ' ...... ·io 00 

A~face approaches zero when the radius of the drop is very 
.. · .. '. '• 

. ,• .. ,. :_ -·large_ and, indeede Ma = Oe Furthermore., -.the total rate of 
:, '. . ~- : --.~ : ' . 

;· · · change of tne mass of the .. drop ·is: 
. . . . \ . 

:· .. · . · ·: M.,. = i?'~ y rr R~l~-'"~ ··-·4~·-.·~t~~'-) u.*£a) c - '1 rr/Re~ R:~~- =- ~~*"" 
. .. · cH · · ··· · 

. ·. 
- 't. ;_ : .:· : . \: .... ' ~ _. . ". 

~* . . 

,,.. 
.. : 

.. where ~ is the density of ~he ·liquid.· This is the familiar 
1 

linear law with the eyaporation constant ~ *• In integrated 
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= ,_ ~ t .. ( 2. 2-5) ..::· .. 

· ·. .. .··, · : · · where te* 
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2-2.2 Transient Terms. 
,' ·, .·. ~ :i'j 1:· 
J ••. i .' 

' . ~-~ ·-- .. : /.!. 
. .. . ··-

The problem of the evaporation of small droplets. can also · : ,. · ·: .,., 
t : ;· ! ; • : . . ~ 

be derived when the transient .effects are taken into account. It 
• i' •. i 

is r,eported5 that the transient effects influence the evaporation.·· :·: 
• •••. ,.1 • . . -. . ' 

·.'·. constant and that this influence is bigger than one percent. for . · .'
1
• •• :··:· 

. . ' ~ 
~ . ' ~. 

about one tenth of the lifet~me., For small droplets the time 

constant for reaching the steady state of evaporation becomes 

lowere 

The error arising from the assumption that transient terms 

• • ' I 

·_. J . 
' . 

• ·-. j 

. _ .. 
·.1 
: . 

';' 

.'1 

. , . ·I 
are negligible in the above derivation m.ay. simply be estimated .... ~ .: .·: 

· · · !' · by comparing the time deri va ti ve of a quantity and the convective ,~:: :· .:! · 
J 

' ) ' ,: j. 
terms of this quantity at the same point .. This is new illustrated_. : .. 

• ; ~ .. i' 

,~· . ~or the density: 

. ;'.·.":.···· cl ·~ *'· • 
·()v-*/R*· . 

- =-
C>tif" ' 

' ' 
'•' . ·.: ·.. . . . ~~ .. ~ :-. .. ., 
· .. ·· , ; . _and 

/ j . 
. I ,, .. 

- . I . 
/ . '~ ' . ~ ! 

.. : I 
! . 

· .. ; ' · .. :1' ... ,·· . . . ~ ..... ·. ; 

.. ' .·:. •' . .> .~·. 'f· 
'. :i :- 1 •. 

. . ; ·.·.:·,:···.··.<.thus: U;lt-.. / ~* ()p11- = ( p*cR).). ; = ·(. ~R)). · .. ~·s ·. ·_. ··.·.:'·:':·.::').· 
I , • •, '• ()tit • (J yJ#' ! ~&,- '-L ~&,,.. •-r· . :. ·, ·." · j" 
.. ~~.·_:.·~<; :·.::·.·:· ~.: Since,~ *(11q)i ~ *(R) .-10:3 the· t.ransient\ terms become important.:.\ :·;j:" 
· .. ··. ·. . · .. : · only if r >10, but._, the radial veloc1 ty is at that point already 

.. . : . . . . 

.. . . , .. . down to a few percent for moderate values of eb(T*(c:-)/T*(R)). It 
'- .. _;·_ .· ... 

.'. ~ ... 

'•. . 
. . ~ . 

is seen that."infinity" is really ,clo~e by: the error, however in

tr~duced by omission of transient terms is negligible.· 
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2-3. Corrections. for Evaporation of Small Droplets 

· in stagnant environments 

. 15 

. ' 
·. ~ . 

. ~ / 

2-3.1. Analysis. 

According to the linear. evaporation law derived for large· 

droplets, the Reynolds number describing the evaporation is a· 
' . . 

.,. constant independent of the size of the droplet, thus 

' Re b= 9*(R)u*(R)R* = constant. However, when the droplet 
v ,...Nt-* . 

radius R* becomes small, the radial mass flux at the droplet 

surface, ~*(R)u*(R), would then accordingly approach infinity. 

This, of course, cannot be true. When the radial velocity at the · 

surface increases, the Mach number is no longer zero, and the 

· kinetic energetic, effects, which have been neglected in the 

derivation of the linear law become importante 

A.first approximation of the behavior of a small droplet 

evaporating in a stagnant atmosphere can be obtained by a 

perturbation of the solution for a large droplet. The pertur

bation analysis is used here to linearize the equations of 

.. { ' 

·I 

. ·.·: 

motion and thermal energy~ This is. accomplishe.d by assuming the : . , ... 

of the form:T=T0+(K-l)Ma2T1+·., _·· ··. :.:!. 
.. .. . .: 

temperature and the pressure to be 

+(K-l)Ma4T2 + ••• and p=po+KMa2p2+'! •• ·and neglecting the 

terms of order (Ma4) and highere ~ 

The equation of energy can be writtens 

- v. [ E:* ~ .. t t't" + ~: .. { u!'' U.,. v • (k*vT .. )- Q• [ ?i*· ~*]- a 

,1 .' Jt, 

~ ', : 
• ,1, •,'. 

' ~: ~. ·: 
' : .. : ~· .: . 
· .... ·, .. ; .. 
j ~' 
l' .j 

,'!. 

' ~ ... , .. 
;, .. ' 

• ' ~ • :. • •• 0: 

,, • ' 't 

'. ·'i 

.. 

( : . ·.I 
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., ., -~ ~: . 

-- ' 
'-~·: :. . A ·. ·: . ', -~ v : 

."- .: . ·."-:where. U* is the energy per unit mass. The equation of total · 
·: ..... . . 

. . ~' ..., . 

-' 

. ' . . . 
. - ·':. . . . 

. "-.._' .. 

~: .. ~ 

energy is chosen here, because 1 t is readily integrated due ·,··:· -. · - , 
: ·. . .... ;·- .. · .. ~'; .) ; 

to the spherical symmetry of the stagnant atmosphere· in which·:··:-.·: .:.~ 
. . . . .. ;·._,;' / ' 

the droplet is evaporating •. Integrating once from the surface.·.·.,,;.':·-..,·_. 

'· \.'' 
:_ '; : .. ·' · . 

"' where H* is the enthalpy per unit mass. Noting that 
.. · .. 

M*=-4 7r R*2p*(R)u*(R) and H*=H*(~)+cp *(T*~T*(R)) . and 

r...,.~-=- 3/ { e~::- ~:~ , the equation :can be written in ita·: : .. :, ·· '.:. 
. ..i . ., 

nondimensional form with the use of the continuity equation, ' ... -·. · 
- . . ' 2 

- . ·· . r pu = 1,. 
• : 1, .• · .. 

: · .. · .. · ·:_:· ·.··. - . . . . . ~- ·:; j.;;-~: .. ;: -> 
·.: ..... .-. .-- ·R~v ?..~~..(T-I-t-4)="".t~--(~·t)ffio.l[R~~i_CA..t.+ ~fP~ (c~~-~)u.t-~J (2.3-1)·.·., __ ·-i:.·.,.~ -.:··, 

0 • "" ..... / 

A~tually, M*H*(liquid) is not the exact energy lost by ·· .:·.-·· · · 

the drop1et, because energy .. is re1eased by the change of sur-·.,:·:L.·~ -:I 
· ·._ · ' ....... face area by the amount of ~- <r*· cl"ll\"R-Kt. , where Q'"* is the -)·- -· 

-· :·: cl.-t ,,:·:'' . ··.: 

•' . 

,_ - .. :- surface tenslone If 1;his effect cannot be disregarded·, Ll should ·-.: .. · ... :·.; 

be rep1aced by L! ; = ( 4 H,.- ~;~ .. ) / ~t* T .. (R) . . A1 though > ; ; · . j 
···.-;: :. '._it is not a limitation for the· development, . the Prandtl number _t::·_· ·:- :;. 

. .:'_:·: :\· .. f . .. ·,, . ... ,_ 
. f 

is taken, for convenience, to be t as it is for most gases. c ' 

·.-f .. • :· 

. . . The temperature is now assumed.· to -be of the form: 
l""' •• 

~'. 'j 

~ ... •' . . .. ~. ~-: ... :: 

.. . : . 2 . 
:- :- .. f··:.·.·r;.T =_T0+(K-1)Ma T1 , and has 
'.,• 

... '-: · ::it follows: 

B.C._ at. r = 1: T0 = l , T1 = 0 :.<< .<. ·_ .. ·. 
. . . ·.. . . . .. .-~· ;· 

• t . -~ • 

. -.I 

. . . . 
-. • • • r 1:= · · Re.., 1k ( ·• - -;:. ) ) -e. ; -.: . : (2.3-2) .· ... ;· . . • ! 
't... · .. 0 . ·. . . . . ·~ ... ; . ; . ' . ' . ',; 

'. :~. ' . .:. ' . -·. . ,. ' : . ~ . ·. .:.. : . 

\. .·· . - :. ·_. . ' • : .-· .. ·: '"ot. 

. · ··)" 

' , .. ·. . :, ?l'J .. <. ·. :.· ·~ 
. 

;· ._·_; '•· : . ,'. !: : ,• !·- ._ . . . ;.' . 
. ' ' :\ .·: i.~.; .: : ' '•• , . ' . . :. . . . ~ ... 

'.•' I • • ' ,. ·::' • ·• ' ' •, •' ·,'·' •'•• .. . · ... ·.··. ;. 
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·.· 
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" 

.· .. · ···· .. · . . . . . . ' I I~ • 

., ~-:· ..... ·. 
: . ... ··· :: ' +.' 

., •. ' 

r • • ~ 
', ~ .. ~ ' : ', ;, ',••' ', .•' • 1 

0 
, • ' ,·,· , , ;:/ • , • • ' ' •• • :··'·,· , • 1 ' • \ •· • : ' ,; 

· . · .... · . -and ·.. · · ... ..- . . . . . · ,._. . 1 

. . . . · ... ::···· :., :·. :~·· ·~·<· "'2. ~ t T,_ ~ i. ~ .t.1 ~ Rev_ 1'~ t I,~ -i_ ~ ~ \ = . yo ~ ~- :: :: .. : ._.: .. _: :. (; .·,_.3 ;· ~'. :\· ·: __ ; ~ ;:; . 
·:;.f ... ,·_·-~·~:-.;··<:>' . . C .· ·,' I . ··. ;:.'/ :; .:·,·, .;! ·. 
· · :· . : · · ·~:Note that this result is not ·trivial,· b~cause it involves Re~ .. ·; .< ' .· J.. 
. : . : ····:·-'·. '/~:_. . . .. : b . .· . .·. . . I . 
.... · : ... instead of Re • . . . .. . ·. ·. ·. . . _..·:.:.':·::;~_· .. r 

. . . "·-;·.: .~· v 
_, : ... _:.-:.··.,·I. Equation of motion can be written as 

- • ... ;· ; .. _': ! '(,' .. ·1 : 

•' : .'· . . . _-: .'--: 
.. :' 

.· ··. :: . ·.· . ~e.v ~- ""-~ . = - ~ ~ + ~ ..L ~ f- ~ 1 ( ~ - !6) l · ·. ,. ·. : · ·. ·. 1 

. : .:· c:A.>r. · k \'1)~~ O.v:- .. 3 r"' c\v- l. dv ..,.. ~ . (2 .. 3-3a). · .:·_.: 
.. : .. ', . '. ' . . . ,: :. - 2 . . . ,._.... . : 

;. · ·· : ·assuming the pressure to be of the form: p = l+KMa p1 ,. the _. : : . ;-·. 

, .. ~-- · ·:_ . equation reduces to: ,.,. -~ :.· .. ::. · 
:' 

.. ··:- Re" ~ = - ~e: :~ ;- ~ ~ 3 ~ t ~3 l~- ~)\ . , _,:'._'.: ·::. :i 
.. · 

·.···' .: . .-~:· .:~;:.·:,· . . with :a.c.at r =l p1 ::0 · .. ::.·.· 

:. ·.:'_'_·_. .... ,·.;:~._-_;: __ ~Assuming R~v ~ Re~ b+ &(Ma2 )..., and noting t_hat: . . .-,··:-::~:-~·~:_:_·. :.·.;. 
· · ;· ... · . .. : ~ . : . L..L = _ ll b [ 1 _ e_ ~e.., P.J\. l I - ~)] .. · . , · · : · · I· . 

·· · .. · .. · · .... 0 (m D\,. ~ ). · . :. , < · . <- .. : · 
. ·.·· ...... ,·.-.~:_ ... :. yo~ ''· . : .. ,;":'. ·,, •. ' 

'.,:.: __ ·::·/·.;_:_:':,·.:the equat~ons for T1 and p1 ~ay be rew~itten _using· a change· of.·._: . .._-;'.::·.;.::~ 

.· .. ::';···: ·.: variable, x = l - .1/r, and den~ting a = RevbPr: . ,._ ·:_ .. :. f· · ,·· _.:·~ 
... :· J. >l { T; .t*u.~~ .- C\ t'' -to i_.u~~ :. 4.-x):s ['- ~b~ r-e~"'>]. ·. ,·: ;.<:,:·::!; 

cL , . I· ..... I .. . . . . . . . ;· '·, .. .. 

c;~~: :_ : ~~ ~ L->c )
3 

[ l·_ ~-A 1:.: l I + e.. ~lC) J ·. •, ,·. ~, · · ·.·:· .·: ·-· ::·· 
.- . •, 

. : :,. ... : ·. ·. ·' ~ .": .... 
. -... ·. '.'· .· 

. i " .. 

· · ··._..:··-~:·:·:·\,.with B.C.: r = 1, _p1 = 0, .T1 = 0. These equations can be :··, .· .. ·.-:· 

<. ·. ·-:~·: .. ·;~·_·>:,:::-.:::'integrated directly .to give: .· ·_<"··:·.·_.;_.> .. 
. · · · · < ··· 'P. -~ (.. .1b) (. ).., a~b f't x)3 3(•-Jc)t.. 'C•-Jc) G. ~: "·J(. · '_.-: _. 
. ·:,_ .. . .' ........ _, · ··. : · 1 -: - 2. \ - I - X -. 'Ci: t, '- -+ . . ---c;:- -t . ~ -t . Ci'" } _e . , +_ ;,.·.' 

I • • • 

·-" ': -... 

'''.J =. : t • • • • 

. . :~ . .. . . . ....... · · . 
. . 

. -- ·· .. .· . ·. I 
. . 

:..~:.-: :-:··.· .. ;. ·: . . ·; ... · .: .. 

·•. 

-t l . t l - 6 b ) ... . '2. ll b 1 :, -to . .'!.. .. !!.. ~ ~ 1 . ·( 2 • 3-4 ) 
. 2.. 0.. l .. ·. C:l. . Q.:&. '0., ~ 
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The value at r~~of the just computed functions may prove 

to be particularly useful. These value are approximated by: 

to s·: for Revb up 

~(.~)-= i- .db [ 1-t ~ 'T ~ -T 0...") -t • ·J 
U'... '-l.:t 0 

and for large Revb: 

?, (~) = ~ ( ~- ll b ) ... 

T, '~) = t ·-i ~ -i fj l> L_' -A b)\ e.~ 1- !'4 !Jlo.,_ e.t.Ct.. 
. . 

The results of the calculation show that when the·droplet 

becomes small, the pressure at the drop p*(R) is generally 

higher than the pressure at infinity p*(o:>), since 
. . 2 . 

. ·p*(~)/p*(R) = p(o-) = l+K.Ma .p1 (o-). Consequently the temperature 

18 

at the droplet. T*(R) will be higher than its boiling point T*b 

corresponding to p*(~), and the driving force for heat transfer 

is lOl-tered. 'Therefore a decrease in evaporation rate is expected. 

However, when the drop;et .approaches its critical temperature 

and the latent heat of. vaporization becomes small {or db becomes 

small), the reverse behavior is observed. This is due to the .. 
fact that when ~ b becomes small, the gradients in temperature 

become small and the vapor density becomes constant throughout 

the domain. For such a system the viscous force counteracting 

• 

/ 



. , \. 

' , .. , .. 

.the radial flow tends to become very small.·The only effect 

left influencing the pressure is·the. kinetic effect. Therefore 

the pressure is lowered at the droplet surface and ao is the 

19 

/'' 

/ . ' 
·... ·· temperature. 

i . 

.. . 

~ .. : 

0 

..• 

In order to compute the corrected value of Rev, a suit

. able form of the thermodynamic relationship between tempera-

ture and. pressure at the droplet surface is used: 
{ _ L1 H * + ·..1 H* ] . . . · . 

- e &.·•-rt ~*r*c<> h ' + k ~ {' - 2.) = 1 + Is.. t/"(-c· ,;· 
· · · k. -J 't' K-J 

where~= Tb*/T*(R) .and Tb* is the boilintpoint of the liquid 

n. at p*(~). If the .surface tension effects cannot be disregarded, 

. , ... : A should be replaced .by . ti.' again ~uch. that p ( c:.o) = 1+ . K~l t A 1- A/-z: I. 
This effect is once again neglected. Since p(Od)= l+KMa2p1 (0o) it 

. •. ,. 

follows that: 

c1b("t-1)-

Furthermore 

ltc;.:,) = sb-z:- = 
. · . where eb ·equals the rati~ of tJ::le. temperature at infinity and · . 

the boiling point temperature at the applied pressure-, & b=T*(c;o)/T*b 

· ".. . substracting from the above equation .._ 
. ~D~ 

eo -c = -z:: . - ~ ot + (). b 't" e.. ., ~ 

'•: . 

. b *(. \. ~ n::lt- 2 
Since Ma = Rev / ( ~ ~~~ ," ) +6'(Ma ) an~. 

=i (;'>*(R)Us *(R) A*(R), with ~*(R) being the mean free path 

'' 
' . / . .. . .' 

. ·.' 
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. ... • . ' ... . ·: •• :~.~\~-~-.- • .. _ .... · .. ~. '·. · •. ·:_·._.·-. . ._ ... , ··,.· .····i·· •. ··•· ;~ •. . . . .' .. ·. ··.· ..... ' .. ·,: .... : ··/.: . .'-. . . .. . ~ ' . 
· · ·· >-: : .. -..:.:.of the vapor molecules at the droplet. surface, -the. equation . -: . .-_· ·· : .'' 

·· ~-:, ·:--,~-:: -~:.:·:/·:~.:,::·:~ can be. re~i tten in its final .form: , :. : ,;: ·.l.'/. · ··.·:' 
• ' ' •' ', o •' ' ,1<:, o( • l ,'~ 

·.·.~·-·· R i., .. .i .. \.·;.; ·---~~--~x 
. '.· .. · ::·< -:-::·.:.:·,_',:·;·~· "' (!.:: \ _{ {.( -l) c -~ ! , .\·'I,;., . • :: 

' ;_.. ·.. •' > ~ :! ; •• - -; = . .·· ~_,;: . ~ 
·., · , ::'·/:'_::·:. . Re." t ~* 1 ~~cR) )~ (2.3~6> .:;:·_r;:~·-_;.··~;(_ 
J • • • • ; • ·: • •• ~ • • • • • • • ~. • • 

: ·, .. :.· .. ~:::_:·.··:~: .. :.····/.)t:>' It should be· noted that here the value of the vis_cosi t;y. at · .. :·:·~>~.'_:'~·\·.<· ·: 
)':-(:,{':('; the ~ropl.et surface is used .. This val.ue shoul.d be used al.eo },',i:' · 

: .. · -~·.; i.;. ·/:-·._.·,:,_:/ in the application ·of the above expression to be consistent. · ;:.:· ·.·.:.: · .. '. 

·-·.··.;>.:_.:::·.··_:;:i~---.'.'}./·.;\·. 'The coefficient Ow ie just ~·function of Rev b and ,1 b, · _:_:.;_:;:·>-~>-~;:_. i;.,_ 
•,. : • ,f ' o "~ •' '' ' • I 

· ·. ··· : ~ ... : .. :::: .. ·_: :-.- . ·because Pr = 1- in this derivation, With the use of equations '.; '· •· ·~ 
. . ~ . 

_ _.:.-'· ·', .- : .. · (2.3-4 and 2.3-5) Ow can be expressed ·for small and moderate·-';:;;.::.<~-· .. ·: . 
. ';~ . . . .· ' . . ":.: .. . . ... . 

. ··:::, ::.}.))\,,val.ues of Rev~' _,. .. >~ '; 
·:r.:ii<'·y·~;--:-: cw- _~; -~~ ·[ ~:b~,i~;~~~-l~1}::~~~~~f:I+ • ;:~;~: ·. 

· · ·. · · · · · + { , t ~ R<~. t~ Rt~l'-,.<~ R.': )'~ilRt.':. _ e~~.] (2.3:::~, ···~ : ·. 
·:,;,·::r.:··.:::··for Revb l.arge. (and ~b > ~~Rt~ ~)a cw"reducee ~!7 · .. :· · · ··f:_:),/ 

~ • :' 'I • j• I o :, I : 

\' rf: ... ~·,:. c..; ;, 2\ .R~ J ,'/0~:)·" · ~l~J. (2.,~s>· ... <. L;:~_ ···-'/::"· 
:·:.. . . ;· :· :. :;· ....... ·• u. l 1..: 'f 'I'&., . '·. ,;· 

:::·,_?f):•: ,:h,::. whe: A b=l., sOme ;,.l.ues for Cw are:R~v b=O,Cw=O; Re,; b.,J.,Cw=· 2; •.. :: :i , f 
·.- .·• ·.:.·.·--··.· .... _,., ... ·:.·i·,. Re =10 0 =5-. ··· 

,; {.'.t;{;;,:,'''>. v Ap~.;entl.y when the dropl.et is evaporating el.owl.; ( ~ R~>) ':• 
: • o :f::· • ~'; ·:, I • ..... • ' : !'.:; f :~:-: ' ' I • • ' ' • i 

. :)}:_,i . .' ::;::~:;:·. ::z:e::~:h::o:0 t::~1::~~:i:i:::::::: • ::::l.;h:h:r::t .·, ·········~--: 

. :~ ,~ ·::/ , .. :_.-'·_:~. ·>.: \,'.:::.face tension effects should be t~en-' into ac~ount in this case. ,· · :-
_.·J· ::·::-~~·>·_,:_· __ :_:·: .. ·.;;~_.;·::·. ·: . . . . . .," .. : : ,, . ; ·. :. :·. ;·. ' -. .··. ' .. 
. ':~ .. -~·: ' .: ' ' . . ·.· ·'"'·'·:. ..: : .,-::_; __ :;: y:.:; :·>.·_.··_.'· ' ·.::., .. · '· . .. .:· •. ··: ~ 

' ' ' o '• •,, • .I ' ,', ·:-:' • • I ' • "' ' • ' • : ~.'' ; ; ' : .~ • :' •: ' • ' 

\
·. __ :·~.·.·.-.· .... ·.~-~-·.::.> .. : ... _.~·:,.~· .. ·_.,::,·_~_;:.:_>_-.. ~-.:~_: :.:.>. ··.·· ;::<.·:·.:· . · ... · .. :: ',.· ... -...... ,.;._:: .. ~ .... . . :. ·. : ·'. :·.· ~--:;:,.:;:_:: ·:~<·. ::.:: .··, . 
. .. ; ;· .. : ... ~ :· ·• . ,. :- ,! : ' " ; . . ... . . 

• ~- • ' • ~ : • • • •• • <' • •• • • •• 

. .. :-:. :· ~. ~ . :. ·-.:~i .. ,. - .. ·. . .: .... ·-:... , "' -~·' ·' . 

' .. ·: ·. ·:.:: ... ;,\;.·.~ ~::_.::·~.· < ... -~:\·;,; :: _';'·(:::·.:·_:·/.-'::·-.. ·.,~;_..; . ' . '!. ~... . . . -~ · ... · .(~ _,_'' .. ·:··_·:.:.:;·:·. 
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The rapidly evaporating droplet, however, the correction be-

comes appreciabl~ as soon as its radius is of the order of the 

mean free path of the vapor molecUles. The evaporation law 

should be corrected: 

• 
fV\ (2.J-9) 

"-... From this result can· be seen, that when the droplet becomes 
., 
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'' 

. -~ . small, the evaporati~n rate ·of the droplet generally decreases • 

Near i te critical point, how!'ver·, a small droplet tends to 

evaporate ·spontaneously. 
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. :·. ;·.·. ·.. . .. ; , ..... · ( '·';. :: .. ~ .. ~:>.:.,;/.~ ... :,, ·t:• '• -~.>~; .. >~ j 

·: .. ,. .. · ... ;,.: . . •' .... · .· ... • ( ... ; ;., : .. ;:.; ··<;'.:_:-::·:~·::j( ·.:>/ :~ . 
. Oor~ections for Evaporation .in a .. :oonvective· Environment·;.,/~ .. ::;·· 

Preliminary c~nsiderat~ons ~· • · ... -, ---- - . . i . . - ;_ >.,:-.i.'~;~~i)i 
. ~ ;~~~;--· /:',1·1 ..... . . ~ ... ~' . ~ .. ~. Although the evaporation of a droplet .in the convective · '· (., ..... ,., r·· 

; ); : }; : ;-;;U;:~',i.~ environment of 1 ts own vapor may appear to be an entirely , '. N:':~:!){J 
·· ... !:.~t·:>.': ... ::~-::;{.:.~.~:;>.-different phenomenon than the evaporation . in a stagnant atmos.;;:, .. :.'·.:'·:;, r.· .. 

·-y~f:{;'Ji.;};.;l.~1g:: pher~.' the solution for the stagnant case can be used as a :)§;:'f•~:v 
.. ,. · .. ·<· ..... ~ .;, , ...... ,, •... ~,.,starting point for the description of this process. However,. ',:":·}/:.:., . -~( .. ::. '<.>:~:>'~ ~ ··f.>::·:~.i.\ -'.: '::, '. :• ...... 1. ~ 
••. ,-•. , ' 1 ~-:t;·,:·::::,':··.·,:r,~.: this treatment has to be limited 'to very small values of the .-: ... ; .. ::<·> .. L 

' ' I o ' ~ ·.~,= ... :~:.~.~~ ~f~~l:, 
number, "Re

0
", characteriz~~g -the forced convective , ~;::.:Cj~ 

field• ~ Re~ = ~*,_)~£~) R ~ - ':::f\~flrJ; 
As wae seen previously for a rapidly evaporating droplet · · : ~-\::::,;.:.;:{:,: , , ..::·;:·;: ·. ::w·, 

:':·.::~·.·;<<<·:::-·/~:~:·:~'.·/;.; .. ·the Reynolds number, Rev , which describes the evaporation, is.: ;;~:~(>~;r,:.: 
~ :·,; .: :· .. ·:~--·.,': .. ~- ·_!_;:~·: ... : . . . ,. . .:;-.~.):-,:·.:·(''1''• .. 
· ·.::,?:.<.:.;·.> .... :.L<· : .. ; of ordezo .. unity, or may even be larger and, altho~ forced con-:·.·)i~.(1.,; 

. '.;:' •· ... : .. ;'"·,l::-:•''':~::) ..... :.~~-. .. ' ·,: . •. :.;'.·.·.'.=~ •• • •.. ·:_· ... ~.·-~:J .. :,:.:.:.:lt::.' 
• - .: •• •• ·.-... .:. : .. :.:: -~- -~ ~-1 •• :~. ·! ~- ; . . . . . . ..... 
.. ·, .. .-:::.-.·~ ... :; ...... ,··-:::.;.>vective flow dominates at infinity, the mass flux due to evapor-':'./~~>r.: 

:<)· ~:.-·~:<;·.:r.·::::/ :}:;{~ ·~::/. .. . . ~ ... ~;::_ :.~/: 
· .. :.:'.·1:::-~.~ .. \~.:·.:,·~r,:·.,. ation overrides the forced :f!ield near the surface.of the droplet,;\;,.;;;~ 

,;)j'[jifrf~~-'~il~::J"rhen A R;~::', ::::mate of th~ behavio~ of the drOplet can. be ~_,,:jf{~f 
~:'·\>~;~ .. ·:;:'1:':?·:::!\;;~:~t:;/·obtained following a ·procedure,. ~hich provides an ·.approximation;_·::\/./J( 

.. ~~; .. ~~·Y:'~<.:~.~~:;.?.~;~·;,·~-~:.::·~t: .. ~::t: · · · · · · · · ~ ~ ~t·.~y : .• ~~; .. ~~:~ 
.. : :·_;.;;:: ~'~:)·f.· .. :;~~:.(r.·.:.~·:::,{.· of the entire flow field by .assUDiing all forced convect! ve effects ;~·.~:: . 

. , . . ......• ,, • . . . <: · .. ·.:'-:iF. 
• :.-• '•.<':. • :.; 5:.:~ o •1: ·/' ·::: ~,\;J• i :.",t." ... • ' I ' : 1.,:_;' ~·. • 

: : .. {:;· :~ .. ':::·;.)~; ·~"-~~';·:~;;-::to .·be of order. of a sm~.1. parameter~ ., r' is the. ratio of the. :: ::: :.' .... :'i~: 
~.··.~··;~,·;.·,f,/l:~ ~ ~·~·,:.,,:~:.: .. :·."· . . . : .. . . : -~ '_-:J·;;· 
.. ·.: .. ~::.':{·:.::··~·: .. ·:::\:"/;~·::;.;~·vapor. velocity at infinity to the averaged. vapor velocity at the. -:;-:·~: .. 
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. ; .. . ;:,· ::-::_·'>.":.:·::.,.·.. Following this procedure a· special form is as8UDled for . :.: ·: : .' _. ·: 

. -:~·.;· .... :·;;>·.~:.·:.,;::;.,:<.·i.~\_,.the. v~locity, which can be represented schematically: -~~?{,~-,~-~·:_:.: ... ·{~· .... :: 
_:;~-~:·::··:: .. <·:·.-<·//::,\/:.~ = u* ./ u*(R) = l1o (r) + y.ui (r; 9) . .::~ .. :-_.:r::._ .... ;~·.,·:·.;. 
·._::.-:_·.,·:··._ .. '::·.-.·:_·_ ... :_·.· ..... ~.-.. :· .. :.:·_: __ ··.:::.·~-.-~.;.:.~:_· .. ~_ .. :.:.·_._:_:·:.·:; __ ._:_: .. _~.~,~-.. v = v* I u_*(R) = . v.vi· (r,e .>. .· .. :·.·::.· · ... ::~_F_:: 

. . 0 . . • ':':~:·:<:. · .. ·, .::· ·: '' . [ 
·: <:·· :·: :·· ~ ·.,·~<.;:-:·where u and v to denote .the radial and tangential component ... :,_:: ·.;·: · ·: ,:. 

• . ';-. ., ~· ··.· • • ': .. ,' • : .. • . • . ! 

· ·::::_ .::::·.i.·::-·< .. :· .. ·:··.1_~_· .. :._ resp~.ctiv~~y.· In this expression, u0(r) _is the velocity _~:_:·:.:,:::l..":·.:: ~-··:, 
' •, : ~ : • .. • :• • ·~. •. • • ~:. • /: . : • I ·, 

-': ·;··:--<:··:·~·-<·.;<t·; ... derived for the evaporation in a stagnant atmosphere. For .,·.>:·;.: _:~:'.·'-,': 

· ... ,\ ·.':: .:: .. :!(,· simplviceriytyctlhoesedrtoopth~es tdhrooup~ht to bies vlae. rrygemuhechregr._ ·eater than .. :·.···. {_ •. · .. _._ .... :_:_·.· .. ·_:~-·.·.·····: . __ ::.; .... · 
. :.::·:~::::: .. ·.<:/;·,.. u0(r) 

": i·~ t';.&Y ("' ( r, !l ) • SinCe "o ( r) is of order. un1 ty there and d" 1~ 
· :· ... : -:.·:-~:··_:;:<:;/.;:·: .. '/:·;_·.~;·:assumed to be much smaller than unity • Sitliilarly u

0
(r) i_s -:~ .. ,:;_..;:_._;_,_,:I:.:·.:~·:. 

,.· .. :.~.!:::>·~;~·.:::i:(~.·.:_::··_::):_;:'\.very much greater than yvi:(r, 9 .> near to the .surface. Far · :;::}· .. :(<: .. ;~: 
...... .: .. : .::·; {L away from the droplet, however, ui(r, til ) and iri (r, e ) are of . ; , :: ) 
.·:·~ ..... ::;::·_:~}·,;_::\·<·.:~,::~:.::.order unity, while '-u0(r) appr'oaches zero at infinity, therefore·· ,;:>· 
.. _ .. ::_:;:::~::~.:;,.,:.:::,~·~-:}/.:{:'·~:.~::;·~·.the forced flow dominates no matter how small ¥ ise Because . : ·.·:< .. ·~_<·:·· 

• •••.. P~it._,::·::;:>~: :~~.:a::·::: :::::::::~:: ::1: t::~::t:f~::n:e =f:::~f.J·'".• 
<,;_;;~:·:.-:~;_ .. ~;·)< :·;:·:r:···: small value of)(~ This procedure clearly ie an appro~imation _·:·-._:: 

._.:·::.:···:·;, .... :·: c:..,_ .. ·and in no way a straight forward ,perturbation due to the ·; ._. 

/~,,.,j},'i?!·O:/appa~ent singula~ nature of the problem, . ;.' 
. ··.y-~:::.:·! ; .. ::. ··{:·;~,:::,..: This procedure of approximation is preferab~e to· a · · .· ·. :·:o:e·:'.~:·' 
::":·~;.·· ... :: .. :.':::-:~ .. :~·:··.-::;:~··;·.' ·. . . . . . . . .· . . . . . ,, ·: ···~~ ....... ~::-
:. ··!·: ... :.-:·· ··.x::,_:,/:'·,: numerical analysis of the general problem, becaue.~ of the com- .'f;· .. ::··; ... ~.-(:i:';· 

·. '<:~_ . .-::;:.·~·:.::)·:;.::~.-::·:·::,·· .. plexity which would be inher.ent· in the numerical ·treatment. mainly._~ ... ·_._.,:. 
··~-·~~~ ... ~·:::·!~-::.······~<: .. :::.:···. ·. . . . .· ; ;··;.; .. 
· ~---.~:··.· .. :. ··<:·.:.'.".··.due ·.to the large number of nonli~ear terms in the· equatione .• 

~: • "":· .. ·,. :,: '", .. :"'· :, '. _-:· ' ' ' '.' '.''•' ' • I ' ; • • 
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' .. 
' . ~. . ..... · .. · ... , 

.. ' 
,. .. . . " . . ' . . ·:~ .· .. ·;,· •' ·.··- ... :. •· . :: 

.~·.. . ;; _: ...... ~ .. ~:.:~.::-· "' ·:: . : . 
·· ·_:·,·.·.·:::_!<\: .. ··.··:< because there· are no terms in the ~quation of. motion, which:·:·:· · >:>:, :·:': 
· :·.· · . .;-. :'·:·~/··::·<·:,·~··are not multiplied by a factor Ma·2· except for the preseure' :·.; .. <: :· .. : :.; . 

. ·: .... : :, .. · .. 
· .. ~-:~/ ... :t~·:-~·::_:. ':: 

· ..•.. 
' .:·' 

,., .. 
\ : . . .· ... ', '..~ .. : · .. . . _ .. , gradient term. . . . . . . . . - . . ~ . . : . . .. ' .. 

. . , '"'. .. ' :~ ... .':.·:·:·· ~ . •!·-: ·-~ ·.I.' 

... ·.· .: ... ·.-~:.;·-,-:·il;:· .:': ·It' should be noted that it was not- necessary to compute_-;.,··,·::··>·~-:~·: 
.··.:.:-.;, ,:.··/·.:.:" .. . . . . . ·;. __ ~·-:j:·."_:::J. 
·. · ... .'· :.' .::_··.:~·.<u1 (r) and ~ 1~r)· for the treatment of the evapora_tion of a · , .. ;: · ... ~-.:._; .. · · · 

.. ·' .~. • . '; : '; .. ·;r, ., sma1~ d>,'oplet cin a stagnant atmosphere, Both functions . are · , { .• \'/ :' ' .• 

. . ··.:·· ... ,·: .. ·· .. _,.: __ :·:::<:.~.'implicitly known already, however,. and can easily be fo~d. by. ···' · .. · ,·, 

· · ... _:·~.(·:·,:).~·:··_: .. >_·.·.:;·.;,·':·.applying the equation ~f state: . . .· .· :':<:>< ... 
, ......... : .. ; · ~·.: ··:.··:·.::·:/ .. p = p0+KM~2p1 = ~T = ~0T0+Ma2 ( q

1
T0+(X .. i) · ~· 0T1 )': .. ·. · ... ··. ,·:·:.' __ ·.:~.-. ~ .· 

. ·' ·.. ,. •. 

,. · · ...... :: ... ::_:.;·.:.·:::·\: .. or ~. = K 1>, ( \.<. _,) ¥- ·.:, .,. ·.·: .· . · .. : ·.'~~-
. ·.. .''!. ·.· :· :·· ...... ·. '?o ~0 r' ' ··.:: ... · 
: ·..: ;· ,_::'·,·0:--~;;_:._:1:·:,:/,' and by applying the continuity equations. . · .. ,; · : ... ·:·· .... ::_.'·.- .. :.:· . ./.· .. ·;.-

·· .... ··'"'.~:.:: .. :: .::.::_._ .. ; .. ::.·.:_.···:··.~:·-._:::'··,·.~.-.· .. :.·_.'.:.::_ .. ·.· .. ;.·_·.~.··~ r2 ~ "- : ·~ t ( ~"' ~ ·'m~~. ) ( ~u -t ~o..t '"'-•) '= · .. 1:.,··. _:··_:.:_,._: ..•. ;.. . :·:. ·: ··.:--·j·.·:.··. ' .. . 
~ . . --~ ~ .. :.· •. _i._·. : __ :-~·_;· .·.:'. ' ... _;·_ ·. 

I .. ·:: ' • ', • .'. . . 

, i ·.::/.'';,~•){'or. . .. ~~;" = ~ , .. . ; .· i):> .··.·. 
· .. : :;.,:::_:::. ::·:.-:":o-.·~> Furthermore, ·p2(r) is mentioned to be complete, -i~ is computed·,·,:·::.:.-:,.:' 

, , '.:· , ;~ ; ; {.;? < from the equation of motion . for the stagnant .case (2.3-'a) h i,";; 
·:;':_:~-~;_.:~;.:;~·.:\ .. :··~·{/~:·,.{/::.after/ the appropr~ate terms :for.~1 and·~ are introduced. . ~ .. :,·;,-:; :·:·,· .. :"}_.-

. ·-:/;.·:.: ;··.'i:.·.;·:~'·•·;.):(:ii:~:~. · . · Al thC>ugh the pressure gradient in the equation of motiqn,· · ·:/:~· .. ::. :: .· 
. -:" .. : ·:··· .. )'·::- .. :.i·:>:c::-) 2 . . ,:_;,'··, .. ::·.;·. 
: ._., · · · -.:::•:::·.-:,,,::...-. · .. (Re / KMa ) Vp," is indeed of the. same order as the convective.·,·'' ·.: -: ·. 
::···<·· ~: ·;y:::···;:·:\~!,.i::;::}:. . . . .. :::::: ::f ·: ::,,·. 
:>;·,~':··;:/l·:.·.·:~>.:>;~:·J:: .. '.-\<· and viscous .terms. the pres~e i~eelf is not significantly _<'~~;·;·_' .. :':>::~:;·;. 

_' ·.~· ,,:,:._>··. : ·.influenced .by the ·forced convective flow field' because' this .... ': :· .. : . 

.. ·~ ... :: .. "::- ~·:·~::,::.::·:.,~>_influence is only ~f order _Ma24' ,'which is negligible." There-.· .. ::.:·.\·''··· 

· ·:·. :·.; .. :·.·.·<.·.;:_ ....... fore the pressure is the same as· in the case. of evaporation · ~-.·.:;_.::'-:~'· · .. 
'J: -:~.:· '· .. /· ... :.--::~ :.>?·. . , : . ' . . ' 

. ·:· >:·· -:;.~_1.,:_·· . . ·::L:··: .in stagnant atmosphere as is the· vapor pressure ·at the dr~plet· ·':: ::;; _:· .·. 

· ~i:; · ;( /:·, surfaCe. S~nce the tem;e.;a t";"e of, .. the ~r~plet is only ,a .·. : :,:.:;> • • 
• ·, -~·; 'I • • . • '•' ' ' ' ;,...:. 
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. ~ · ... · ·function of ·the vapor pressure, this temperature_ is also . . . 
: • . . ~ l·- : :. . . . . . . •. : '· ~ . . : ~ . 

·essentially uniform over the droplet surface and equal to ·t'he' ... :;' ~ .· .. .:··.; 
. . .. , . 

. ': ... 
temperature of the same droplet evaporating in stagnant 

I 

., 
...... atmosphere. The same is true of the density of the vapor a~ 

:' .. .-.... the droplet surface.' 

Keeping in mind the axial symmetry of the system and ... ·· . . ;:·:"..;_· ..... ·.· 

. . 
. ~ . ~:- . -~ . . .· ,·\ .... ·, 

zero ( t3 = 0) at the backside Of· the:,:.:·.):.··: ··. , 
. ' ~ . 

. .. . . . . , ·. ':: . droplet and e.= 7i at the stagnation point, the equations can .. 
' . . ·. . ~ . 

~ , • , •I : _;. • • ~. , :• • , . . . . .. ~ .. ;.·. ,· be now written in their elaborate form: The continuity 
. . ~ ~ '. . · .. ':' . _. ,. . ' . . .. : . .. '' 

........ L 

·" . .. :·!·equation is: · _·; .. , .. .-~ i 

.:··.··.·)· ..... .'::--.·:··~.·· .~~~Yt""'l~·~) ~ v~~a %-e(~e ~v) -= o :<2.4-6).!·:·<: .. 'i· .. ·)]~ 
" .. :,: · · ... ··.< .··. <·:· .... : The radial component of the equation of ·motion .. can be written as: :;'· .. · .. ;. 

. ?{''}' ;.· ~~ .. ~· ~ - - ?. •• ~ 11 v.~ + I'; - ~- ~ \ i" . . . ·. _.;·:·;,! 
.-: : .. :.·:;::.':<.:.;:_:··:,: · :··.: ><·. - [ ~~ ~ v l vt.-r:~v-_)~Y~~e%el~e.-c_.8)-l:t~e~} 2.4~7) ·. ·. :. , ." ... ~.:·.·:. 

· · .. · ·. ::.:· -· tangential component · · · · · ' ··: :·· ,;-.-;· 
... ·:':· .. : : .. ·.:·: 
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. . ~ · · · ·· ~· (:::. The equation of thermal energy ·is: · ·· ::; · · · . ·. · .. · :.:·.· .. ·, :! 

· ·· .... · ·· .·. >,·.~e ?A.. \- ~ \A-~ ·"' ~ v oT l = '.l. ~ (r&.c>r) .. _.. · ' ·. ~ (~~aT)~ ... ·.~ 
~·· ... · > : ·,_ ... ·.... " , 'bV" . c)e \ 'r-a ~Y.. C>r .\"'t...Nw\e C)e ()e . : ' 

·:. :.:: · .. -.·::·-.. ... ·)·· + ~ 'Re 1'-t. ( u. ~p * v dp 1 + (k~.;)··.tn. t ·~. ~ .· . : ·: :· ... ··;: 
. • : . ' • . • • • • • 'I K ' v ( ;};- 3& 1 C\; ~ 'i' . I ' 
. ~· : . . ' ( 2. ~-10) . . 
' · .. · I' 

··.:-·: ;.: where .cP iA the_ :dissipation functiont ,. ,. 
. .. '.• l' 

. . . '• ··; ...... _.1: . . . c! -= '· - . (_ !-z;- : 'V> :::!. ), ' (2.4-11) ~ : ..• : : . ·.' t 

. .... ·>~.. The equation of ·state still is: 
. . . ' .. ·. i ·"1; !':. . . . 

p ·=· ~ .. T •.. 

; .. 
~ • :.. 1. '. 

' . .;_... : 
'· 

•.,. 

. · .. · ·, : : :(j . 

.. ~ ' i '·' .· .. · ..•• 

The equations can now be reduced. by replac_ing the variables 
. . . . 

. . · : . · . ··. ::.. · with their expansions, equations ( 2. 4-1) to ( 2. 4:-5) , The terms, 
.· . , . ·.'': ,' ··' ... , . 

:· .-::-.-·.-:·.··.: ·: ..... ··;_'·~:· ~hich are functions .of r .only, can be cancelled because these 
''.' .. 

,' : .', ,•' ' ' • ~.- : . .;..~· • • • • , ." • ; ·, •• ,.. ~ • -i • ~ I 

. . .: . : .. :·.: ·.,.- : are solutions for the problem of evaporation in a stagnant · ·· ·> ~ r:.' 

· :':·.-;. ·:> ····.-::;"..:~ .. atmosphere •. This is illustrated below. for the· .continuity e.quation: .. _.:,l 
... ..: ... . ~~!!.. , ~: -m"",. c) ·c~t-~-U.- .. ~--'r~--~~ 0 ... 1 

:: .. :·,· . .. . ~ . u .kJ:-.Q-r-· - '· o. ~u •) . . .. ·.· .:, 

•• ( }· ' '/' '• ··.·•· . . + ~ [ ~. ~"" ( "".'(' • .._: ~ ':"'~ ... «., )t...'....~.t~i.•t>.V.~ L2~4;~2)_ o',. )' 
. · .·. ,,: .:·. or . 

,• .·. --~:,, ... '· .. .' .. i .. :·c)·.· 1. . '· . ..... . >.: ... 
" . . . . . .. . . ' ' - - ( Y" ~ (A ) + ' () (. 2. ) ' ~ . = 0 : . : .. :.· ··. < 1 

· ··'''.:_:·.:. :; . .'· · ·. ··:';.-:;·:.::.; .· · : · '1" ... () V' "' :X · ~' ()y v- ~~ "tu ... ~a ()e ( _,~9 ~~ V.r). •: ·,~ ~ ~. -.::.:: Y. :. , . ::.-·:. ·._. ·; ... · ·. 
. . . . . ~ ... . . . . . ' . 

. . _;. . ·. . . . . . ~ . . ~ . 
~.: •• j 

:. : .:·. ,., The simpli;fication ·of .the· equation of ~otion is no inore ,·.... . .. \ . 

. , ~-· .. ·) ~- ·-~·: :. ~:··difficult. The pressure gradi~nt in ~he radial direction c~ be·:<: >'·.-.i. 
•". ~ : ... . . . . ~. . . ! .... 

· .•.·:.·,·.written: ·· ' 
.• _··. . . :' . ( ! ) .. · :: .. . ;: ~- ; ~- • . 

. .. ::::··'.''.: ... ···< · ...... .' :· .... ~v . ·~ - ~ev r c~ ~, + rna.~ cl'p~ ~ '( () ~r ~ -. l: . . .... ·<··.':'':._.·:). 
· .· :· .. ·.· : · \.<.Ync~,'l. · ov- - 1 c\.~ · I c\v- . C>-r ·, .. : ., 

• • ~- •• ': •• ; •• : ~ j • • • 

' ~he term co~t,aining p1 cancels the convect·ive and viscous terms.:.:< . .':J · 
, . . .· .. I 

.•.. 

. t': ·,: 
. : '. .. 

.,~ .. 

'. • •• f 

. 0 ..... 

\, :-•• 0 ' 

• $'. ':' •• •• · .' .· :··. 

. ~ontaining tfo an~ ~O only. The term containing p2 cancels the.··.· . · { 
. . I· 

convective and viscous terms involving ~l and u,_ just o~ce·.· . , . 

·together with ~O and u0 • Terms .:of order ( r2) and .. (Ma.-2() 
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,<.. 

are neglected, and the result· can be written: 
. Re cH)r ::::' - 'Re t 0 ~0 d Ur + 0 Ur clt.-<o ... r>. u. cl 1,.(0 l + 

v, 0 y V l \o OY" '\u C("y .X o ~Y" ) , 

-[.!,~ (.~r'l.'t:.~y)-+ -.-!..:-9 ~o£~ine-r::e1- -c:%.,. ... _~?] (2.4-14) 
y 0 y y .)))\'\ CJ 17 . "'("' ' . . 

The,pressure gradient in the tangential direction canbe written: · 

Re"' .l. ~ -= ~ev r . .!.. ~ -l- - - -· 
\itm~,_ '<" -ve . v J9 . 

and it becomes evident that · · ·~ 

9,Q" ..L C)_f.r = - 'Re f t0 U ~~ -t- E>o U..,. Vr l -+ • 
v- C> \i) v l \ o o :rr ~ 1 : 

... - [~, }V'_l 'r"C:.~e )~CO~tt&€l:)(~·~.,~"l:~e} + "'C.;e- c.~e'"Ctf J ·.··. (2.·4-15) 

where 
-r:;Y 

~ '' YV' 
· =· _ [· ~ ~ lA:r _ ~ u~ _ 3:. .!... ()Vr _ ~ '!.E ,o-lt>J 

-"~\'" 'lv- ~V'~ ~Y" 
.·, -z;~$ = _ [":"" ,! d &.C.r ..- ~ "~ -t- !:!. ..!. i)Vr _.!:. ~ c..o-te l 

3 i)y- J y. '3 v i)J~ 3 "'" j 
:: 

!:~+ 
,• 

: - r_ !=. ~r-+ ,3: ~ -!:.-'... ~-+ ~ Vr, 0 -\-Ql 
L 3 ~ v- 3 ,- . ~ " c) a '3. "" 'j 

-r-
'' (.. VQ : - f C>Vr - Vr ..:. ..!. ~Lt;r J (2.4-.16) L ;Jv ...- r ,a · 1 

Following the same procedure, for thermal energy equation, can-.-
. '· 

celling the terms, which are ·functions of r only and neglecting 

terms ~f &(¥2),. (!}(Ma2'( )and higher, this simplified equation is de~ .. ~ . 
. . rived: 

Re. ~-t l(l.v.. t;: + e."=' ~; ·H', Lt, ~ 1 = ~~ ~ l•' ~h .. ~Je (-";,~ ~) C 2 • 4-l~ l 
' The equation of state simply reduces to: 

'? 0 -t- Y'Y\ ""'l. ? I -+ . • • -=- ~ 0 T 0 ·'"'" m 0 \ t. ( e I To ~ ~ u T. ) .. If ( E>x To ... ~ u Tr ) + -. .. • 
. ' ', . . ' , .. 

' • 
o.,.. .= - tO Tr '· 
"').~o ")o:T, 

. 0 i ( 2. 4-17) . 

or 

A salient feature of the problem is now apparent: the approxi

mation for evaporation in the .forced flo~ field and the perturbation· 

for the evaporation of a small droplet may be thought to be super- · 

imposed. A solution for the convective problem derived for a large 
' droplet is valid aleo for a small droplet, 

"' 

lo 
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. ' 
substituting the appropriate values of the characteristic 

'· 

. numbers. Furthermore it should be noted that S' 0 , u0 and· T0 are 

known functions (of r only): 
I . 

0 : ·
'1o To 

; U.g = ~ ( 1 _e. ~ev ?-t-(1-~)) 
. . . 
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It is appropriate to state the boundary conditions for the 

correction terms at this point: For r beco~ing infinitely large: 

T* = T*(oo), p* +p*(oo), u* = \]:*(~) \ ·cos e and v* = -lr(eo) /·sine 

giving B.C. at r = 1 · • TI (c.-o,~) =0 • 

PI (C;O,e) =0-

UI (0o, e) =COB 9 

VI ( oo, e) =-sine 

It was seen previ.ouely that the temperature at the droplet 
'· " surface is not af~ected eignificantly 0 by the presence_ of the .. 

forced convective field. Thus: 
. ,. 

·at r = 1 TI ( l, B ) = 0 

Furthermore the viscosity of the droplet i~ much higher than 
I . 

t.he viscosity of the vapor, .so that the tangential velocity· 

··.has to vanish at the dr.~plet surface~ 

VI (~,9) = 0 

The last boundary condition arises-from the consideration 

·that the radial heat flux has to be·continuous at the droplet 

surface or: 

~ ) . . 

.· / 

.. 
. ~ 

( · .. 

.. 

where H* is the enthalpy per unit mass and M =- 47TR*2 ~ *(R)u*(R) •. 
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·. · _; ... Note that no terms containing v* :enter th~ 'equati~n, since .v* ·' .... ·.:./ :.::-::,- ~ 
..... :··, ~- .~.:'··: ·.·~:··.'-._'.,:-equals zero at . the. surface, . as· :as. already seen. _Cance.lling : ._·:··· :f>_{·,.~,_ · 

. · .. ·.. . :·.· __ ,terms and neglec~ing those· of i9 (Ma2 y) ·. and higher o~der,· th:~ .: .- ... \ :> ·!·-~ 

· . ' , '< equati~n can be written i.i its nondimensionalized form • . . . f·: ,>:':/'':". ' • 
. <- .. <>·:-. · .. :.·-. Re" ?J).. a t.'-r c.v-, e)fr ... ~ = c)~:r / ... ~, -···:·:: __ _.:·r:~-~·.-._·:_;·:. 

:.· · .. · · · If the ·surface tension effects should be. taken into account, ~·-·; .. ,~_.::::._ ·:··: 

fl should be replaced by £1
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2-4.3. A first· step towards solution~ · 
;._ ... 

', . : : 
-: .. , .. 

. 
t '.• . 'i 

. ·.· .. ·;. . ·, . ~ . . ., . ... . . 
In the investigation. of the foz,n o~-the eqU.S:tions .and. boundaey .. ,::: . . . 4 - ••• .. 

\ · .. : :__ ' condi tiona, it becomes apparent that the solution 'should 'be of the . ;.;; 
. ' . ·.- .. <:· .. _ .... _ .. · . .p ~ ........ - -· .orm • 

. ' • ............ .-:: 
.·. ;'_ 

:·. ·.•_.· ·(. 
. - .. ' 

.' . ; .. 
PI =· . e(r) COB 9 

·.' .; I. 
"J· . . . .. . ' . . . ...... 

. . ·., T . =:_::_··.f(r). coae ·· , ·:· -·· : .: :! -
• •,;', '•, ,;, <.' ;-;:--• I I .•) 'o' • j 

_·_' · .. < -:_·_ <·-~--· · _ .. .:·.:.· . . ur. ·=F,Y g(r) cos 9 · ... ·~- ._: ··. · · ' ; ·.· ... :L':···:···:t.. .. 
•"(; ' . ."•' •• ·, ·,; ', •. ;·. ~ -~ ,. • W ·, ; ; ':•· :.:- .•• , l r 'i • •• ':, 

·:_~,;·· ·. ··.,._. ._ .:·:···-."<. . ... ·. · .. .·.:; .'.. ..·: v:[ ·.=··-.. :·;..h(r) sin 9 .. :: .::. . ( 2.4~18) ,· ·· .. i<j'..>:~- ·_, 
. .• .. .' .. =· : . . . . . . : .. · \ . . ; . . . . ... -~ . :. ; '· .. 

:.·.> .. _··.-~·:<·.c.' >/~:'-because. in. this -form _the. soluti-ons: satisfy. the._equatione (2.4-12) ,~·,<._.··.1·., 
: . . . ... ·.·.'.·:,:·~ ' . ' . .. : . : . ::~~:,:~:.·.:_ ·. 
··: ·; : ,·.: .. ···>.·.to (2.4-17) as well as the boundary conditions.· Consequently the·:<·. <·; .. 

.. . . .. :·.:·..... . . . . . . :.:::· :::·.T: .. 
· · · .'_·- _--~. ·_·. -.. ,. e_ dependence is eliminated from th,eee ·equations. A cons1de~ab1e·. ·~-·~i;~:·_::_::- .. :/ · 

:, .~ .. -- ·.-: ·-. _ _.· · ,_.. )-) simp1ificatio·n of the equations is_ ob.tained,. by a ·change of .:<.-/:··.:_:?,. 
• )':: •· ': ••• • • • J ·'.f. r 1 

.-:.:._.:·;'-~- · ·/·._.variable, _x = 1 -. ~, ·and,eliminati.rig·_ 't!h~ density by using of .:·':·_~;.--

/0: \.· .. ,,; the expression ~I = - T:r./ To 2 
and denoting A(x) = ~O . ~~0 ' .', ; ' 

::::: .. :···:.-_.:~·(:~_·::;: .. ;;:;,:_;.'·. Substi tuti:p.g the above equations ( 2. 4-18) in the expressions··_-:_:>-~: 
., ·' '·.. ' . ··. . \ . . . '. . . . . . . ·.:_.,.:''· ·-!··.--~ 

.. - -:.· ., for. the components of the stress tensor (2 .. 4-9), these expreseione . 

reduce to:. 

• ' 't "tv 'V" -.. ., ,. 
.. :·· 

. ·, 
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• 

and 'l::: -
I .,.. , - ... .,._ 

2 . w 

.· " ... ·· 

-~y9 = y~~e[~:-~·~·] · .·· .. 
· ·or for the part which remains in the equatio~s approximating 

the convective flow field: . 

,. ··-ct-~= -~ ,os.e t <-•-x)z.~-'-'c~.:.x)~_~C•->c)h} 
: and . -z:: ~ e ... -z; ~~ = - i 'C' ~ r 
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'(2.·4-19) 

where primes denote derivatives with respect to x. 

From the tangential· .component· of the_ equation of motion, an 

expression for the pressure is found: . ' ' ' 

'R~\# cl?r = - 'RQ" --\~e ! - (•-x)3 h1 
- ( t- x)&t h t + ' ·.-

. · i)S l ~ 
-A~ 9 t (.&-x.)

3 h1
- ~ ll-X)h +3 (1-J<)\'-t-~(fooll)~ ~(2. 4-20) 

'·· 

which is readily.integrated with applicational the boundary.con-
I 

di~~~n:. B.C. at x = 1: PI = 0 · . 

. R~" ~ · -= Re." ~oc:.~ '.\,- C•:.)c.'\3 ~- (•-x\t.h \ + 
I .· , 

+ c.o'De t ( •-X)
3 h'- ,~ (t-x)h-+ ~ (1-xY·~· ... ~c • .:x)~ l (2.4-21) 

Using. this expression t:o eliminate Pr, the equation o~ motion 

can be written as: 

. . -~ 

.· /' 

Rev (.ct-x)~d 1 + t<.,-x)t.f\CJC)-~(l-·x)\i·~ t ~(•-~)J-(•-x)lfRt)()1 f -t 

. - ll-X)3 h 1 -+'4(~-><.)t. ~-+ '2..(L-X)~j+ . r 

. + [CH<), ~"- ~ C•-X )~ ~·- '- (• ~x) \., -2.\.- (,-.. )'i' +"- (' ~x)'d' + !l d-] = o .. 

( 2.4-22) . 

. ;. :• (2.4-23) ·<· 

. J '·, 

~ ~ · .. -~ ' . ( 
. _;' ,, ';... .• 

··, ... 
. '~ ~ ' 

' ' 
.... ·. 

. ~ 



The thermal energy equation also reduces to: 

f' - Q:.X)t. t ~ ~v r""' \icx) f- Rev ?-t..t 
1~. Rec :~ ~)':) ~ = o 

(2.4-24) 

(2.4-25) 
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This. is a set of three. linear differential equations with varying 

coefficients. The boundary conditions can be stated: 

at x = 0 f = 0 

f ::: RevPrc1.g 

h~O 

; at x = J.: f = 0 

g=l. 

h = ]. 
Although this set of equations stil.l remains to be solved, a 

preliminary conclusion can already be drawn from the form, t~e 

solution must take. The "Convective" contribution to the radial 

velocity, averaged ··over the droplet surface, equals zero, because 
' 

~I.= g • ·cos e • Therefore, this term does not contribute to the 

total vapor flow evaporating from the surface, and the total. rate 

of change o£ the mass of the droplet is not affected by the 
' presence of the forced convective fl.ow field~ 

.~ . 
' ',; .· ,. ,, '·, . 

' . 

~.. i.. 

' r: . 

... ' . : ... ' .. • 

• 
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). SOLUTION FOR THE EVAPORATION 

IN CONVECTIVE ENVIRONMENT 

).1 Poly~omial Approxim~tion. 
r . 

3.3 
; . 

. ·. 

The simultaneous equations, are difficult to solve 

analytically, especially because of the variation of the coef

ficients. But because it is desired, to provide some insight 

into the behavior of the solution, a polynomial approximation of 

the solution is developped8 
.. 

The functions f, g and h can be expanded in a Taylor series 

around the point x = 0 (the surface of the drop) they are written 

The d'erivatives used in these expressions can be found directly,· 

by the evaluation of these equations at x = Oe In this manner 

f' ' (0) is found from the thermal energy equation, g' ( 0) from the · 

continuity equation and h'' '(0) from. the equation of motion. The . 

higher derivatives. are found succesively· by taking the derivative 

of the respective equations and by evaluation of the result at x=O. 

The derivatives found in this fashion contain three-undetermined 

constants, which can be comp~ted later on by. applying the boundary 

condition at x = 1. (r .. ~) Denote: a = Rev Pr and b = Rev• 

It is found: 

. ~~· ..... ....... ._ . 

. . :··.· 

. ' 
1'.' 

!,, : • 

(· ;j 'I 

··.··· 
~ . ( ' 

•• '•J •• 

. . i . 
·,. r 

! . 
I 

r 



() 

' ·. ~ 

. '. _: 

..... ' .''.' 

'· ( . 

tlo) = 0 
. ·I·. 

t 1
cc.:.)-::. o..A-~Co) . ' ' ~· .' 

. •.· · . 
(Ill 1.. 
"'t Co):: 2..o../l..~(~) 

. i 

': • ..... 
'· ' 

'
111

c o) = (~ta.A ~ ~ 0..3 :A) ~ CP) ~ . . . . ' . :. ' . ' ·. . 

t nr t o) -= { & c::\. 4 + G o.. .,_ A + "f "-' 1 A) ~ '") -+ 2.; C\.. ~d. h' C 0 ) 

and 

~·' ~ ) = ( 2. C4. t1 - 2..) ~ c C)) 

. ', ·. 
.· . . . 

·' 

~'co.:."> 1: (.2.-&o..A~.3~~L))~cu)+2..~'o) ··. · .. · ., · 

. ~ 11 Co) :: C I 4.( t\ A. - I SJ Q. ~.A + ~ G\ 3 ,D) ~Co) -t- 2.. Q. ""-.~ ( o) -+ 2.. \.,,u ( o) 

' .. 
'.,· ·,'I 

<aut. c 
0

) co C 8 -·"3 =t a.~ + Y & o..., ~ - '3' o..3 A +OS Ct...., A _.. b l 8- 6 c:t.A )] • ~l o) 

+ Q b + 2. ~ A - .9 h -. 2.. \:,., ') ~ c. c:o) + [. l (:, + "t b + b 1:.. J ~' C o) 
and 
h< o) = o 

~(~)::. ~(o) . 
I! " . . 

.., . 

'"" ( o ) : V\ ( 0) I . , \\ 
h' '") = [.Y-I=t.a.ll +~o..t.o+b("-/-~c:t~)]~Co)+("f-.tb]~(o)-t(3+bJn(p) . 

~(o) : [_( l b- 2 b C\ ll - 12.. 0\. t.ll + "t Gl.,A )-+ b (I b- I .:t.a..1.- 0\ . .'~tl) + bz.(c.t- ~ t!l.A)J ~Co) 
+ [ I (,. + 2. 0\ ~ - f} b - <. b ~ ] \~ ( (.)) + [ \(~ -1: I.{ b + \-_, ~] M I { 0) 

;. 

' J . 

I I 

In the above expressions g(O), h'(O), h''(O) are still undetermined. 

· When f, g and h are approximated by polynomials of the third de~ 

· · .. gree, they are written: 
\ ffl ' _i. II! t = f (. .., )' + f (o) • X + ~ X it.+ ' < o) X .3 
1: 'Z! -:.! 

r •! 

~ ~X 
II 

~)(3 :: ~'g).Q- -t- ~ (c:.J) )(. t. '* 
I : ,. ! 7>! I' 

'<1.::. h(.o) 
I ~\ ~)xl + ~X + ~·)C...t.-4-
I: "Z. ~ ~ ~ . 

',: 

When the boundary conditions ~t infinityare applied:f(l) = 0, 

g(l) = 1, h(l) :::1 1 it is found, that 

\_1 ( \ 2. + "1:. b ' 
J n •. >) :: --------

. s~~b~.~aa+~b6 

'-" . -I~ +.& b + 6 a. A 
) · n (o) ::: ------~-

. . 8+ z;b-+ bQ...1 +o.bA 

. ! •' 

... 



"' 

··"'. 

(, 

:· - ......... , 

'< 

', 

-After substitution of the results, the equations read: 

f = 0 \ 

\ '2. + ~ b X~ + - '-I + .2. b + b Q. 4 -t- o. b A X 3 

B + c;; b + h Q.4,. Q.b A. 8 + 11=i b + '" a. o .. ~b 41 
~ = 

'n ::. t2.+'\ b X+-~+ 3b +!.aA. X.t+ ~-b+3a.Ll-t- 0\bA • ~3 
~+CSb + 6o.~-to.b,1 8+ lib +bO.Li+ a.bA 8 +t; b +bCL~+Q.b d. 

C~early, this is not a very close approximation, since the 

temperature profile is approximated in a very elimentary fashion •. ·. 

Note that for Rev=-0 .(thus a.=O, b=O ) the s~lution reduces to the 

Stokes ·solution: 

j = (3 .. 1-2) 

\~ = ;_ X -z. - ~ Xl.-+ ~I X3= I - ~ ( :.. ) - ~ :( ~ )3. 
It is convenient, at this· point, to compute the drag force 

acting on the drop, the result being expressed in terms of the 

.friction factor: 
F')t-

' 
, 

I 

·· where F* is the total force acting on the ·droplet in the direction 

· of the forced 'convective flow. F* can be found directly by inte-
. I 

gration of the equation of motione F* equals the total rate of 

. / . 

,. : 

. ·. change of the impuls . of the drop in the direction of the forced < .. 

convective flow: 
' . 

f* = ff( ~t (~v*)~clV!v.," ~ rr- t (_~·~*~~~~]-+ u: f' ~ (tJ~~*.]:& \ c\ Ci,~w-o .. 
v"'""·"" $~W"O\' 

The last integral is evaluated over the surface of the droplet, 

~denotes the normal (directed out~ard), and z denotes the direction 

.-· 

• 
. . •. 

. /· . \'·" .~ - . 
~ I ,: 
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·, '· I' •' ,'• · •. o' 0' · '·" • 

,•"\.···, •, .: ~,':.,:•.: ".:·· ... ·.-,·:_···:<..·.' .. :.>. L':.,·,",':•,:,· ... ·.:._.,·· ':•',,·: .. : 

. I I . . . ·, , , . :· , . : . ·. : ~/.' ~ . '. ! \ .. · ' t ,' ~ ; ; ., 

'. ., . ··: ;'• _; 

·.· 
:··· ;'-•. 

. . . . 

. ··.· 
'' i..,' I ; : • '· '~; : ',, .: • . ,. • • . :,_ .' • :, .·' • . •. • •. ,_: • • 

. · .. ~ , . ; ~f the forced coilve~tiv~ flQw. ~liis ~xpr~~eio~ c..it ~~ rewr~ thn . . • . i 
. . . . .· . 

.. . thus: .... ; · 

. . ' F * = , ("({ ( ~?(«) u.'h) ~ p'ta\ -"l:!ia\ )2, 1> + -c:,£ lt)f. t..e \ ~._~ t.. 9 clecl<f • ' ·; 'j • 
. . .... ::. ()' u . . • . ... ! : 

. ; . -: 1,.' r 

. . .. . 

....... /:· . . or in. its nondimensional ·form: · · · · ;. : . , · ·1 
·. ··>···'' ; . .. . 1 . . 

..... :.::> .. f"'-·. *"R* ""' . jrr{,(-~e,octt)~cf\)t.- Re" pctt)--"t\.~'ft.))c,u,a ... ~ ... ~ft>~~elJ)~ec.e .... : 
. .. ..... · ... :· . .... . _ .2. ~ \11.. c R) " \( m~ . · . : · . 

: ' . ·. '..''·:,::·' . 0 
. . ' . ·. .. . ~; . . / . '• . ·. . 

;-_: ." 

.· : ... ,· 
· When in the above. e.quation the appropriate expressions 

.·· .· .... ·.,-.··."_<::-"· {2.4-1) to {2.4-5) are substituted and it· is noted that the terms 

·'· .... 
' ' ., 

. . . I 

··:· ·j 
' I I 
: I ' ' .;. ! 

:: .··:--·; .. ' .. :·~<·'·which are constant over the droplet surface do not contribute to .! . ! 

: · ', :;;"''·the integral, ,.and neglecting the term of order J-'2, it is found that:: ! 

. ' .. _::. __ :_:.·~.:_:>·· .. :.~;:Co. Rec. ~ ; } {(-Rev ·~K Lt.r lu) -: R"'4 r ti_Co) - y ~(o)) iq, e ~ K 't"_.eCo) ~k-.~ ~ ~9 a.\& I 
-:· ,. ,:. or ·' 

.:' .. ,·.:··. ·.-::.·,'.' Co. Ree., = - ~ l ~ ~Q" ~l'") - ''R~v.~<~) + ~1 £u)-+; ~1 £o)-+ ~ 'alo) + · ::·! 

.,.· ·.-.. :~:. . - sl_~~c~)-,~'g))] + ':[\i£o) -+.~(o)J <:~.1:_3) ·.· ... > ., 
:. ·. ; . _! 

.. ; 
For the approximation of th~ solution by the polynomial of the: . . ' 

.:· c; . . ' .. ! 

l 

third degree, it is an easy:matter to find the ·fr'iction coefficiel).t ..:. ·1 
' . . . . .. I 

· ·' Note that _g(O) and g' { 0) ·.are zero: . 
,. '' ' .. . . . ~ . 

. :.<·:···>·:,:·:·~~:·.<. Cl> ~e- _ ~ [.t~+ Re'~) ~(9)- ~'<P)] .... 

. . . . : '.·~ ~· .·, 

r" • : •••· • • •• , . .. 

~. . . . 
• • -1 •• 

. ,. t ·•• 

···:; 
' . EJ . 3 G. + 1 'Z. R~v ~ ~ R~., - ' 'RQ.., ~ .... fl. .. 

: ·'. · ~-· .· ·.·. · .. Co ~e(.. = 3. 8 + s- R.t.v ;- b 'R4..., ~"'l.A~ '\?o~ f'-4- A 
. : : .... >.. 1 ; ,' ·: • .' I 

(3.1-4) : ".' 

·· . 
. ; ~ 

. _;:· .. · .. ·· :··.:.: When Rev7=0··.CStokes solution), then cd .Rec= 12, as it should •. · 
' ... ;• ·' . :. ·.··. ; ·.: 

' · .. Care should be taken not to·. apply this equation without in~ 
: .:.. . 

,. ·. 

0 . 

.. ' 

·: ,• .. 
vestigation. Furthermore note that the friction coefficient should. 

·. ·~ 

even become negative for ·suffici.~~tly ~arge _value .of ll =AH*/C'p*.T*(R) ~. 

. I ,• '··:: ·.r;, 

· .. _ :• 
' . '.: . 

~ •, " I • •,· 

• \ •• ;·,:. r ·:· · .. · ... ·.· ... 

.. · .. 

. ' 
i. 

;..r . 
.. ·, 
' 
' 
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However, it should be kept in mind, that this result is derived 

from a "solution" which is only a fair approximation of the actual 

behavior of the droplet. 

Polynomial approximation to a higher degree becomes pre~ . 
hibitively complicated due to the large number of terms in the 

equa~ions. The approximation by fourth degree polynomials will be 

carried out here up to the point where it is possible to provide 

some more evidence for the strange behavior of the droplet when 

·~ becomes largeo The same procedure as before is followed~ Th~ 

functions are represented by their truncated Taylor series e'bo'<', 

X = 0. 

. ' 
/ 

The boundary conditions at infinity are applied again with f(l.)~r. 

h { o) = . - ('2:. + I ":) -+ b ~ ;·-+ 2.: ~2.) ~ <-~) = - C. 1 .~ Co) 

! 

. ' .. 

f.!..- O.:.A.-+..!. o..!.A- 3::. o..3 ll +.:!.. o.."tLJ-+ b(J. -~)'~~ 
.} "3 ; .. 'Z. ·. 3 . 2."( '3 "t! 

..,.1. ( t!.. ' + ! "- d. ..... ..L ~ l Ll - J. 0.. 't /j r.._ .1.. b) "' 1 Q '· ~-~~ 
"" :; "" ~ (;. (, \,I ~ o ,. • .. 

,, . . . _,,.1 
-to (! 8 ."\ c 0 )· . • ' : 

(JJ.; ~A-+ b ',) tilL. 
1
U . : · 

and with h(l)=l, . 

{- [ 1 ~· i. (."' -2. h) + ~ ... , ( 1 (;, ;. a C\.1- & b - .2. bz. ) J c., + 
..... [ ~ + i l 3 + b) ~ _!_ (_ l (,. .a- I.( 6 -to b7.. ) J e_., + . 

'2. .. , . -

+.l. lc...t- l.:tCI.f) 4-~c,..t..6)-t-_!_ (tb-ZbCL4 -12...~l./l-+"tc..3c!))+ 
~ . e~ ·. 

-+ i. b ( t..( - 3 (X .d ) + ~~ ( I (, - .t t~~. l1 - "-z 6 ) -+ : ~. ~ '-f- ~ t.:L 4 ) J . " ,(o J =. .... : . 

.::::: I I 2. [ .l + J. (~+b) -+ ...!__ ( l t... + y b""" 6a. )] 
'c? + a ~ + b 2. '- . _ 2. '-I 

• 

;. '. 



~·· ~--<~-\ .. ... ~ .. --.J ~ 
-~-.: _:. ', .'. . . . . ' 

·.: .· 
. .... 

t ,• I : 

... •' , 
.,;_ " . .. :;· .''·· 

I .. . . :r r' . . , r 
.. · .. : I . . I 

~ . :. . 
',. 

., .• ~ . ' ·, ·. ~·· . 

. :_ ..... , .I 
' . . j .. 

'I 
'. ·, ' . 

. ' .. ( 

• f 

',t 

. . '; ( 
I 

, .... • ' When R~v equals zero, note that c~-2~, c2= ~~ and g{o)=·- ¥o ; •·. >: i j' 
.. · .. ·.:·<· .... Therefore: h'(O):= i, h''(O)=- ~ , g(O)=O, and the approximation ::_.-.>.1~.-i 
. . ., . . . . ; ;""" 

0 

~ . • ·.! \. ',' • i .. · ! 

· .: ·, ·.again reduces to the Stoke's solution as it should. . .: ."; ;i : 
', '• ",'I ' j .; .. . / i· 
· · .. :.. The solution of special. interest is that for large L1-,, when .1.··. ·:.:[ 

. ' 

'•· . . · .. : .... 

.... '; . ' 
.·.. becomes large, c1 is not affected, but o2 approaches ~- 2allc1 • ,._ · · :·.:; 

AcoOJ::dingly: 
. '.. .. . 

'·.~.··.. [ ( '11 ct. \ - ~ L oz.). C ~ (- 3t-- b + J. ~t.- J_ .... b - 2 b-r.)il Dl Co)-:.. .. <·.·~d -~-'3\:) \~0. 1.' '~ & ~'i- .Z.'t Jj\l 
·' . . . 

-:::.·. 
... · 

' 

.. I 
·; .;; ., 

;· •i 

I :: .·. ;;·.: . ·-· 
: --~· ''· ·. :: : . ~ 

.. . ·or.- aA. c3• e. g(O) = 
. . i. 

. ,•. 

le, Note that c3 ' just as c1 is a positive·. ·. :·. ·. 

·· ·· ·.· ..... ··'\ · constant, and for the limit when ~becomes very large, it is 'found:. :·:i · 
·,··.~~ :. ·.. . . I . I 

. ,. ' . . . ... . : : ~ { u ') =. - ~ ' u) :' - .3::-- h r... ) ., ~-. . . . . : . _.. o d . c.; " IP - . ' 
, .. ,.::· .j : 

· .. ··.·:· · ·_. .:·:· .. >.;,-.For the friction· factor ft is 'found· that:· 

.• .• :. CD.Re._ = - ~ [~'C..)+~ ~'cu)! =- •; (C,.,_-~) 
. . 

.. () . · which is·always negative since c1 > le 
• • • • : .. • • : • • ·; ~~:.: • ~: 0 '. 

I 

Clearly the fourth degree polynomial would predict the. same .:·, ·: 
; .:·:.· . 

: ';, . 

I. ... 
' 

•, 
', ... · !!',. 

. '_, I . 
., •I' 
·' . ~f : 

'. 

; . :,:· :;:·'. 
.·•. 1, . : ·_ ... : ... : ·-~ ... :·· .. :·.<:'·/ .. result as the third degree polynomial. However,. as :will be seen ::;· 

.... · ·. '":·. both approximations are in distinct disagreement with the numericai L .. ·. 
:_ :: -~~ . 

.. ·: .. · · : ... :: .· ·. · · · · results for ··Ll being large. From the nllll!-erical results will be seen~ !._. 
. •i .... . . ,, ' 

that the "convective" contribution to.the temperature, the function·> 

· .. --: .· .: >·:.) :·~. f, is monotonously increasing from x=O to x=l and drops back _to 
.. _:··:-··_,·.: .· ... : . 

~ ~-:·.... : . . 

,· . 
. : . 

• • • 1, • -~ • 

.'• ' 

. _·.,:' }·. zero suddenly at x=l. Such a function is not easy_ ·to approximate 
-~ " 

·' ... ·::·.·with an polYnomial expansion ar.ound x=Oe For c~see, where the. 
. ."'·. ~ ~ 

•l• 

.... ' . ·i 
I .. 

i ·. : .. · · ... ) :gradients in the temperature field are large ( Ll * large, · Revlarge) :; 
,. . , 

'. ~-' ...... 
·. ·. ·: '· ~- the polynomial approximation is gravely in error, since it is not ' . ~ 

.I , 

··. · · :·.·:able to represent the temperature profile correctly-. In those 
! 
; . 

.· '· . ~:· . " 
. . . .. . 

.. • : ~- I ~ _.· • '; ,: I ,'(,!'•~ . . . ' '· 
. ' . . . ·. . ~ . ;. .. • . ~ . ,. : 

'· .. : ~ •. -~ ~- :; . .... . .. 

: .· ... :. ,<:. 
. .. ·. ·. :·. 

' I . • '' : ~ ·.' 

. :··· ' . 
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.cases many more terms should have to be taken into account, but 

due to the complexity in the expressions this is not teaaiblee 
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'~2 Numerical treatment of' 'the problem • 

'' ', 

.. '':: .. ·-40.:' 
t . • . • • • I"• ~.. , . 

~ . . ' 

.... . I.· 

:," 'I • 

·, ., 

' '.:: 
·:'! 
'.i<> 

. . .. . .. "' •. :·"' .•. ~ 'I . ;·. . ',' . :~\\}} 
. The set of'_ simultanec:>us equations (2.4-22) to ·c 2 .4-24) from :; ':·._:]:- j 

. . ·. j ':• ·I 
' ·' ' . ' : ' . , .. '1· i 

. . . which already the angle dependence is eliminated can not b.e solved. ·; !'· :1 

.. • .• 
.·:· 

,· .. · :.·::'·:: numerically by any easy method, because the set consists of' three :-":-. __ ·:::_:[ 
.. I 

· _.: ·· simultaneous ordinary linear differential equations involving 
... · 

'"'•... t 

. i 
. : . I 

. ' . ·.j\< ~ higher order derivatives and with split boundary conditions for··: :_.::;::i 
:··· . . ···! 

.::<_-. ,.!' 
each of' the variables. Careful. investigation shows that the set ... · · 

. ; . ·:: ·;· .,, 
. • r ' I 

is indeed a_ sixth order systeme ,: : i 

'. 

Generally there . are several approa·ches which can be tried e 
: '· J}·· 

..... :.·: . . . . . . ~· .. '. . . : : ·, ; . : 
·: .. ·· 

. •' ,,· ... · ... 
' ·. ..... ' 

However, a "marching" solution, for instance, will result in 
,! ' 
·' 

. ~ .. · .. 

'· ', · .. · .:. excessive trial and error. Direct integration from one end to the . ;J· _, 

· · :·:.:-. ... other wouJ.d require that thre.e additional values of the respective ·:·v 1 

. ·· ·. ·, · ·.· functions or their deri vati vee be known at the. starting ·point ( x=O.) ,_,; · .I 

·.' '':.· ·; ·<:..-,:,:. .~·· since there are only three boundary conditions known. at ei i:her end.·: j .. ·.! c .. :.; : .. ;;.·;,;,, .. Therefor~ a "jury" solutio,; method in which the whole domain '(j 
! ... 

''. 
.... ·. ... :. :.- ~. .. ·. . . . is .treated simultaneously, has to be implementede The variables 

·:· 'i 
. I, : 
•·,! I 

. . ; : . ~ 

' 
and their derivatives in the equations are.replaced with the 

,,,'• I 

., . ' 

. . ': ;:: ·appropriate finite difference repr.esentation. Using 

:~·.-: __ : __ .. ::_.·:_:._: __ .with error .order (s2 ),. where s is. th~ grid spacing, 

the expressions ·_·;, 
. .:·.-: 

the 
' ' .. < • I ~ .:, ' ,'\ o • { 

.i 
derivatives : · 

. t .• 

) : ;, \. ·_; ~ ' .·. ·: .':: ', . ·: ' 

: ... ' '': have to be replaced for the interior of the domain with: 
I 

"' ·~·f ... o .: 'I I'. '.:' ·:. :. • 

.· .. , ' 

: ', 

'· 
' •. 

. '· . ~ 
. .. : ·.: ~ . ~·; . ,· : ~ . 

., 

.... . . :- . ·· ... ~ . . I , . ~ '.. : . .' . 

- .. .... · . ,: • :, ··r 

I \.( . = 
~c. 
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The above expressions are directly derived from the expansion 

of the differential operator,in terms of central differences • 
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. Near the inner boundary (actually one grid point away) expressions 

for the third derivative are needed in terms of forward differ-

· ': ; __ ences: 
. ·;· u.''' -- S"'jc: -19~;., +2."/l:iii-~-I"'':J~--;, +3 ~C:-4-f ·) 

-..> + C) ( "b 2 .· . ~s~ 

..... , . and near the outer boundary in backward differences: ........ 

~ I II = - 3 ~,;; +.., + I L.f ~ c: ... 3 - :1. "I ~ .: .. ~ + l & ~,· .. I .... 'S "J ,: ~ (!) c <i.<) . 
~ s '3 

This is done in order to avoid the introduction of virtual 

points in the finite difference expressions of the equations. 

Fortunately most of the boundary conditions are of Dirichlet type, 

and only one is of the Neumann type. The Dirichlet conditions 

do not constitute any problem at all at the boundary. The Neumann 

· r: condition is the one which relates the radial vapor velocity term 
··,','•,, 'I 

i > at the surface, g(O), to the gradient in the temperature term 

'./:>I. 

,· 
; 

•'. 
' 

,,· . 

•. , ..... ,! . 

. :. ·· >:_.here, f(O). When a representation of the derivative is used in .·,_·,:<i · 
~ J • - ' J • 

.. ~: .· terms of forward differences up to order ( s 2), the finite differ- .. ' 
·.: ;• 

·· · .· ence expression of the equation set is complete and ready to be :.i 
. ,· -~ ' 

' .. ·: 

treated numerically. • J •• 

·.· 

When N is the number of- grid spacings, the set of simultaneous ··· 

equations generates 3N + ·3 linear alge.braic 'equations, which can · 

be represented by the matrix equation A .• .I = Ji• Here is Y the · 
,, 

., ._::1. 

. ' 
.-j_ 

•' ; 

·.!~: .·. variable factor consisting Of:· 
' 

)··.· 
.Y = ( hl' h2. • • • .hN+l' gl,g2. • • • ... gN+l' fl' f2. • • • • • .fN+l) :; 

A is the matrix of the coefficients which turns out to be a five 

, .. · ,. ;· ' ' 

. ,/" 
'·' .... 

' ,· 

. : '. ... 
• ·'' 

. ·: ... 
... • \,·' .·' 

~·. r 
·'' 

ol' ·', ,• 

~: . . . ' . . 



diagonal band matrix. Unfortunately the matrix A is not 

diagonally dominant eo the convergence of a successive over

relaxation .scheme cannot be guaranteed. 
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A direct solution method should be implemented. It turned 

out that the matrix was quite ill conditioned (the ratio of the 

larg~st to the smallest eigenvalue was about 1.000 on the aver-
•: 

.. · age for the 63 by 63 matrix). A special routine* was used which 

applied Crout's method with row equilibration, row interchanges,. 

and iterative improvement to the solution of the matrix equation. 

The program was run on an I.B.M. 7094.computer. The number of 

grid spacings, N, ·was 30, the largest value for which the matrix 

could be accomodated on the machine. The influence of the value 

of N was investigated and it was found that a change from 

I 

' N = 20 t·o N = 30 changed the results by less than 10%. The time 

required to obtain a solution was 

I .. 

( 
: . ~ . 

i • ~ 

" ·'. 
•' I· 

, . 
.I I ' 

· .. ... 

.5 minutes. 

·. 

* Routine MX40 library L.R.L. # F4 EO MX40. 

. ' 

; . 
• 
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. The results were.obtained directly from the computer 

irnplernente~ numerical caloulat~ons. 'The program which was used, . 
as well as the computer output, are presented in the appendix. 

. ,; 't 
,. 

The output is in· the form or a table 1 representing the functions f ,: · 

g and h as functions of x. One sample case is reworked for the 

· · components of the velocity vector correction as functions of r and ~ 

is represented in table 2. The case of Re =1 .and 6=1 is taken,· v . 
others may be reworked similarly. 

The result for the drag coefficient-convective Reynolds 

i: ·,. 

,:f· 

() number product is .tor:several-:::.values o:r 6. and vaporization Reynolds .. 

number is presented in table 1. The value, which is computed f 
·, 
'· . ;.: . 

1· 

· .computed from the analytic expression derived above for the poly- · '< 

. , nomial approximation of the third degree is mentioned between 
;., 

parenthesis. Clearly this approximate analytic expression for 

{-
\ 

~~·· 

Cd•Rec is only in fair agreement with the numerical results. How-:: . 
. 

ever, for cases of practical interest {6 smaller than 1 and Rev up ~ 

to 3) the approximate analytic expression can be used to provide an 

estimate of the friction coefficient. \ ' 
'·? 

For the case of the evaporation of a large droplet the use of .t·. 
b . 

the results is quite simple. The value or 6 can be compute~ : -~ 

from p*.(~)., since, p*(o-) gives the boiling' point temperature or the .! 
t 

droJ(,let, the value of Ree can be computed from T* ~) 1 since T* ~) . ~· 
b . . ;. 

givese • _Then Cd• Rec can be computed from the table ·or by use of: t 
the analytic expression, when the parameters are within the valid- , 

·, 

ity region. \Clearly the friction coefficient is.then known as a i' ... 
• ' '. 

' :.· . 
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. : :. ' ' .:: ,:;: ' . . .. ··· . : : .~ :_':._ :._,_ :-.. t.l-
·. -~ .. · . .. 

. ~ ...... 

1 .• 

•.. :~ -~ .• •'t ~ ... ~t~ .. ~ 

.::< _:·.·_.·_:.-_r·.funct~on_ of Re0, w~ich ex~ression_._is_._~alid up to_ ~e~ _equals._·o._l:/:)~~:.:.\. 
. . .. . . . . . .. \ ·-.: li 

The force convective field around .. the· evaporating droplet .. --Ft, 
.. \ • ."' •.: :,!•:.• .'', '·.~·;·,~·:~/·. }, , • ·~·':',,w ')l' . . . ,' :: .:_ ~··1~-

·. 

·-1"\, 

... .. 
, ~-

.. ·,_ .... ·_.·_·::-can be calculated by the superposition of the· corrected radial :·,_._~:;~~-'?." 
-· . " ~~ -~: ~ ~!- .. t l. . :---~~~~:~1 :-.][~ .1' 

·: : ~- ·:··_--.·'·:flow field of the drop evaporating in a stagnant atmosphere and .·r~:~·:· 
.. i . . ··: -:·}.t:· . ' . ' . . ' . '~".:;£_ 

.. · · .. the results from the numerical or approximate analytic treatment ... _:.--~.· 
~ • • • t .. 

···:.,·.of the forced flow problem. 
. ..· . ....-. '., ' .. : · .. 

It should be noted that the influence ,j:: · ... 
o·' I 

;-,:~~ 

.. _ ·:.:-_ of the correction is .. of order~. ·The fi~ds. can now be. directly _ .. · .{~ 
' ..... . 

--'_.·:· : ... ·.:- __ (·.·computed by just ·adding the "convective solution" multiplied b~. :.··_.-.d·-·· 

... 

·' 

, _ ~ to the radial flow field. ~ ... · _ ~- ~_' ~- :~ 

, . The resulting fields have the detinite charac.teristics of __ :: ___ ,;_;_-.•. -_-._~ ... ~-:~---·_,_-_: __ '_!::'_,_:_·:;····.-.· •. :·_= 

- -· .· _ _.;_·the radial flow field near the drople-t,_ althou.gh far from t~e · . , ~ 

dit'oplet the radial flow field is negligible. As compared to· the .~. \.· 

; -

L , 

I,'~ ·~:; .. ~~·>··\·~:-~: 

::;;::e:::~ :::u:::;n b::::.:h:h~:::i:~~o:s 1: ::::::c:ut also:,'; 1<i~ 
because the convective term is taken into account ·in the equation.·:\}· 

o • • I ' ' • .'·:: {:~ 
of motion. Thus_, .compared to the flow around a non-evaporating-.-_.·;~~:. . 

. . ·~ .. _.;· 

I • •'! 

particle, the streamlines and stagnation point are displaced 

outward, decreasing the tangential velocity gradients near the 
. . 

droplet with attendant reduct_ion ·frictional drag.·:·· , 

. . · •. 

·' 

• • .,1 • 
I, • ' 

.... · .. jt 
.~. j '! 

. . _::. 1~:~ ~ .. ;· . 

•':. . ·. -~ ·, :~:· .. ' 
::.- '/ j_f: 
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Re=O. 
v 

. · .. , . 

. ··.·. 
.. 

... -

·0.25 
• ! ' 

... , 
·.· .· ... . . 

0.5 

. .--:· 
,'• ..... -

.:. .. 
1 

., . 
,,:.._ I • ' 

· . . ·: . r:. . ' ~ . 

. •. 
.. ;.' 

.. · '····' 
. ··-. ·' . · .. . _-: 

·2 ... . .; 
·.· . · .. 
,. 

4 

8 

A=0.25.·· 

12.00 

(12.00) 

. ::. 11.·36 

(10.87) 

10.80 

·:~ (10.12) ',; 

4.91 .. 

. (12.17). 

. ' . 

\ .. 

·TABLE 1 

. ' 

-.·_ ..... 

: .. _, . ... 

.. ·: . ' 

·'·, .. 
. : -~. -~· 

1,, ,'."· 

··- -: .. 
~ -.: ::. ' ; : •. 

• \- ··_--:·:-' •. :!_ 
·,,c•'''. : ··: ': ' 

:. :>. 
>·, 
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.·~=4 

12.00 

(12.00). 

11.17 

( 9.73) 

.····. ,. . 
,· .. .,·' 

.·.··. •.• . -: . ' .. 
. • . ,'.< • I 

' • ,1. 

.. ': ... · ... . ,-'· 

·( 8. 34) '·: :· .. ; .', .. . : 

\ . 

4.58 

5.81) 

. •,; 

,.,.;_ ... :_· .. 
:'. 

. . . · . 

... . . 
1:.: 

. ·-.: 
'I' .•/ 

12.00 

(12.00) 

10.65 

(. 6.63) 

.9.71 

C. 4.44F . 

.8.42 
• 

/ 
( .2.58). 

6.89 

c. 1.45) 

5.53 

( 1.08) 

4.53 

( 1.25) 

·,. 

Tab1e.l: Drag coefficient: Cd ·:R~~~.::: .. ~umeric 
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TABLE 2 

"Convecti.ven contribution to radial velocity: ui = cos. g(r) 

8=71 
e -I-n-

.. - b" 

c.. zo = 3/1 .· 

. fJ = 71/z. . 

e = 7T/s 

e = rr;6 

e=o 

+0.135 

+0.117 . 

+0.068 

0. 

-0.068 

-0.117 

-0.135 

r=l.25 

+0.080 

+0.069 

+0.040 

o. 
-0.040 

-0.069 

r=l.66 r=2.5 

' 

-0.062 . -0.292 

-0.054 -0.252 
-

-0.031 -0.146 

0. o. 
+0.031 --+0.146 

+0.054 +0.252 

+0.062 +0.292 

· r=5 

-0.606 

-0.525 

-0.303 

o. 
+0.303 

+0.525 

+0.606 

r= co 

-1. 

-0.866 

-0.500 

o. 
+0.500 

+0.866 

+1. 

"Convective" contributionto tangential velocity: vr=- sin h(r) 

e = 7J 

8=~11 b . 

() = :!: Ti 
";} 

8= 11/<. 

) 9= Ti/:!J 

8= lT/b 

G= o 

r=l. 

. !'·O. 

o. 

o. 
0-.. 

o. 
o. 

r=l.25 

o • 

-0.086 

-0.149 

-0.172 

.'·-:0.149 

-0.086 

o. 

r=l.66 

o. 
-0.172 

-0.297 

-0.343 

.-0.297 

-0.172 

o. 

r=2.5 r=5 r=co 

o. o. o. 
-0.254 -0.370 -0.500 

-0.456 -0.640. -0.866 

-0.527 -0.739 -1.000 

-0.456 -0.640 . -0.866 

-0.254 . -0.370 -0.500 

o. o. . o. 
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, .4. CONCLUSIONS. 

This study has been concerned with the evaporation of small .. 

droplets into its own vapor as well as with the evaporation in a·· 

convective environment of its own vapor. The two effects have· 

been treated separately, and it was shown that the corrections· 

derived for both effects are independent and can be superposed. 

The correction forthe evaporation of a-small droplet turn

ed out only to be important if. the droplet size diminishes to 

the order of the mean free path of the,vapor molecules near the 

surface. An.expression forthe total rate of change of the mass 

was o.btained: M* = ~-~-c,- (K-\.)C.w \"R.~ (2 .3-9) 
. . (1<:.~ I ~C.1l:..))?..) 

. 6 
This result is in agreement with otherwork , but the sign and 

. the magnitude of the correction could be discussed on a quantita

tive basis here. The correction to evaporation rate .due to the 

convective environment is negligible. 

The correction for evaporation in·convective environment was 

obtained in terms of the product of ~he drag coefficient and the 

Reynolds number, Rec' describing the forced conventive flow. 

It was found that the drag coefficient was lowered with 

respect to the case of Stokes flow and on approximate expressio.n 

for :0 d$ Re c was derived· ( 3. i-4). · 

Stated in qualitative terms, the result is easily explained. 

Due to the high vap.or flux at the surface, the forced convective 

flow. is blmm away fr.om the surface· of the droplet such that 

(. 

\. 
I. 

. .. 
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~pe tangential velocity components cannot penetrate easily 

near the droplet. Consequently it might be expected, that, when 

. vaporization takes place, the gradients of the tangential 

velocity in the radial direction are lowered near the sphere. 

This is wh~t actually happens: h'(O) is lowered as compared to· 

the case of Stokes flow, therefore the skin friction is lowered, 

and the generation of the macroscopic impulse due to the unevenly 

distributed radial vapor velocity, is not big enough to offset 

this effect. 

Future extensions of this work to include the effects of 

turbulent flow and diffusional mass transfer (environment of 

other than droplet.vapor) are necessary. Investigation is also 

required for the droplet evaporat~ng within a combustion shell 

in a convective field. Furthermore, the true implications of 

certain of the assumptions necessary in this treatment should be 

subjected to careful examination. The form of solution taken 

to eliminate e dependence possesses some undesirable 

characteristics which can be distinctly noted in the predicted 

temperature behavior near r --?~. More rigorous approaches or 

experimental measurements may resolve this problem. 

\ 
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APPENDIX •. 

This appendix contains the tabulated results as produced by the 

I.B.M. computer. 

As an introduction the program, .which was actually used, is~ 

presented. 

The functiom f, .g and h are tabulated as functions of the 

independent variable x for various values of the. parameters, '-: 

Pr, Rev and L1. • ) . 
,·. 
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. .,_. ,.- ..... 

. i 

. . . 
---------·-------·~---------------------------------------

R=2.>:<R 
·;§·-------------MT;;·N·:::_T·-------'-----------,..--------=--------------
. •''"'. M2=3*N+3 .<: 
-~~-------------N N·-~-;\l_+_i -------- -,.....------------------------------------

~j DO 11 I= 1, t~ 2 
-~--·_--------------- DO -·fcf--'j';;·r;··M 2·-------------· 

..J A ( I v J ) =0. 
) 

·-:-~. -----------·s·c'cy:;-cr. ·----------,---· 
;~: · 10 COr-..!T INUE 
-~- Ii ___ toNfi-NUE _________________ _ 

2 IF(R.GT.0.0001) GO TO 15 . 
;·~-- ,..----------------R- ·;·--·a·~---------.. ·--·--------------------------~--'-------

r:: ·--' 
0 

·"'---· 15 WRITE{3,16) R, P, O,N 
.. ------i6--i=-i5R~·fAr··riTH-FfEV-~Ioi·o·s-~;-F=T6-.-1--;-nyH-P .. ifilJ\i'cftT:;-;f:Tb77-;--ifA-b-ECT".ii.-;-,---

l Fl0.793H N=,I3///) 
·--~--''-·-·· --- --~ ----r:·N ;·r-.i. -----· 

.. ·----~- -~-----···-···-----------S.= ___ 1 ____ • _/ _____ F ___ N _______ _ ·:_-- - - S 2 = S :;< S - ----C-----------·----·--·-·----------------------------· ------

S3=S2>.'<S 
------ o·a·-z-o--F,;,-2-;f\J 

., . FI=I-1 
.-. --·---------·------o_)ff·ft-ff;;FTt.<$ __ . __ _ 

W ( I ) = 1 .- F I >:<S 
--------·---·-·---·--- i;i2 n ·r~vJr rf;~-i~·cf r-· ·------·---------·---------------------------------------------.. ---

l;J3( I i=W2( I )*W( I) 
~i4.TrT;-~/'3TC>·;:,-~~crr-----· 

AXCII=R*P*D*EXP (R*P*FI*SI/{1.-D+D*EXPtR*P*FI*Sl) 
-------'--ws-2-CfT;;;~iTT>-;::s-2 _________________________________________________ _ 

W2S(I)=W2{l)*S 
----8.&--crf·;;·c·..:.:·:·7·s;:; ~rcrr=·:-2-·s;::-w 3Tt") · .. 

___________ _....._ __ 
GA { I ) = lo -1 • 5 ::;, W ( I ) + 0 .. 5>:' lti 3 ~ I ) 

---,.---------F'ii:Tf)~·o·. _________ ....__ ___ _:.._.. ______ _ 

:. •· -., 20 CONTINUE .;_______ :R:A"~fC1Y;·o .-------- ·-···--·-··--·---"-------~·-----·· ·-·-·-·---·'-·-----------------

HA(l)=O. 
..... ................ ------ ..... __________ .. _________ _ 
GA(li=O. 
fA(l)=O. 

--,-----P:'Ai~-f~i"-+--:c·, =-:1:-.--------------------
HACN+l>=l. _ .. "--------
GAC~f-.Z"fT;, 1-.. --------

/' 

-------·. 



.. ------. .:-.~-----·····--·---·-····---·--··----------------···------------·-- ·-·-----s~z:·- ·-·---------· __ , .. 

·---··-·-··------

A(N+2.N+2J= S*R*P*D. 
:) ---A"·1·;~-~~-i~·;z;:;y~+4)··;;;;::·-z-: ---------

A[N+272*N+5)=0.5 G"o--r-o--s·i------------. -----. -----------'------· 

so A(N+2.N+2i= S 
-~------51-c-o-r\i~ffi\iTiE--------·--. -----·-"--

oo 32 I= 2. N .. --N·r·;·:N"+r-.. --~ 

·--------· ----------

· , N2I=.2•:•N+I 
--~-------L------·---A."f·f\i·r··:~T--··;·n··;-:.-2-:-:·;~-s- ---- ·----------------·-c··---·-·-----------------;---

AINI+l ?NI )=-W{Il*0.5 
-----Ar-~ir·~~-i--~--f,J"f~:FT;-s·;:;Ti~-.:\,fCffi.,Tx·n·n···- ----·-·----- ·----··-···--·-··-··-------

----------------· ·-··------------·-·-----,;----------
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~ f!t 

32 CONTINUE 

'' . 

-----'--- Af2'>:~/'.f~o2-;-z-;;:-N·+-zT:;-i. 

8( 2>:CN+2)=1.. 
------'-AC2*!\J+-3 .. v-2*·r,f+3·r~r~ 

DO 33 I=2vN 
----1\fr;r\f+T 

"~ N2I=2>:<N+I 

··:-------··-·----:---~-------------

T ___ .. _____________ A_ ( r\f2 r+-z--;·N-r+_i_r~=-sz·,::·p,:;:: r,.~,-A-)nr;-----·--·--------- ~-----· 

~ AIN2I+2 ,N2I+l )=W2(i)+R*P*W2S(I)*0.5 . 
-~~-:~ · -A(N2-T+2--,-r'.f;(f+2Y-:~--=-z·;-,::~r2tTf-: .. ::z~-,:<"s2-+R*P;::·s2·*-A'Xfrp:l,J'2TIT·-----------· -·-· 
~i A\N2I+2 vN2I+3 )=W2<Il-0.5>):R>:<P>:C\-J2S\I> . . 

~=::______ ------... ~----~----· ~~ :f3-t o NffNUE _________________ .. ______________ ~------·------

~ Af3*N+3v3*N+3l=1. 
( ----·----·-----tACC~;;,-xt;·o(A-~-s-;-:;(~-M·2;T;·o-Et-·;·EY;t"t\JR--;-s·fNG-UC_f ________ _ 

WRITE {3vl01) DET,EX9CNR 
foT·---f·o-R.~iAT-(6i·-f·--o E-t-::::;·;·Fra··.s-v·sH~--E:x-;-;-rs·-~-6"H_c_i\lif;--;-E:·z·o-.-""n-----------

IF(N.EQ.20l GO TO 103 
.... --------rf'Tr·T:--E"o·-~-3 o-;--c;tf---r·o-fo-5~----
.r · --. \~JR IT E { 3 ~ 10 2) . ( I , X { I ) ? X ~ I+ 11 ) , X (I -:--2 2} 1 I = l1 11 ) 
·-;:;------·---------:foz-·-·F-ORMA:(·(-f1f4H---·r;-;-r3·;·4ff--H-~--,-F·i"a-~·7-;-4~r--·G;--·;-FYb·:-·7-;4-H--i=;;--;·t=r6-:--~·tJTj ____ .. 

~ GO TO 107 
--1·-~:-----------·T 63-- \-JR-I r EC3 ;-t·o-4Y-·-cr·;··x < ·r-f·;->c<-r+-2Tr;·x-rr~=-4-zT-;r·,;;;·c;·z--:_cr-------------------------------------

~ 104 FORMAT 121(4H I=vi3?4H H=vF10.7,4H G=vFl0.7?4H F=,Fl0.7/)] 
·?""----------·--··----Go--·ro-·-ro--r----- -------------------

~ 105 WRITEC3,371) R,P?D 
-_:~'- ----·----371-·--·Fo R1\iA-T (i,Hl·,-l///f;·ri_H ___ trE-Y'No'Ltfs-;-;-t=ro-:··-r;·roH"-PRTf,r[H'[·;-~-f:-fo:·~(~------------
~ 1 8H DELTA=?rl0.7////) 
~..:----=--, -----------··-~FJR IT E (3·~- 3 7 2 )·---·--·----···-·-----·------·------~· 
;~ ·-· 
2 372 FORMAT(lH ,3X,llH VARIABLE X,4Xv11H TAN.VEL. H,4X, 
-------------·----y-IfH·--·RA-o>iET~-~----c;-~-4-)C;·t·nc·rE·~Iii·?--:-Fi,f:-·F--·?ff-------------· ----

. ·. hl R I T E { 3 , l 0 6 ) ( R A M ( I ) , X { I ) , X {. I + 31 ) , X ( I + 6 2 ) v I = 1 , 3 1 j 
--- ·-- .. -----------·1 0-6-·-··--·F 0 R f~1 A T'fl. H---·-;-4~x-~--F 1 o·-~-7-~-_-s .. X·--~-·F·l .. b-~-7--~--5"5(;·-·f·f-Cf~·-·7 .. ;··5· X -;·F-·la·-~-1 ... ) _____ R ·-----------·-------

WRITE(3,373} ----··-------·-·---· 3·7·3----F 0 RM .A T-CI-Ffl __ f ___ ---·---·-----------------·----------------·-·---·------· 
107 CONTiNUE 

------- -----I"s·~----c--

If!SINGUL) IS= 2 

------------'-------

. --------·-· -- Go·--·-yo·--·-cl"sT;--rs·z-·)-, ·rs··-------------------------------
151 WRITE (3,161) -------------·--1'61--F·o R M A-f·<-'f(H _____ A ___ ts··-·a·:·k -:? /f·-··-----·--------------··------------·--------·-------------

GO TO 163 
--------·-rs·:z-~JR"Ttt"·---c3-;-r6;(> 

162 FORMAT(15H A IS SINGULAR//) -------------'16·3-·-·-c ci r\!TfN"LJE ____________________ --- ---·- ·-·------------------
. H?={-.50:<X\3)+2.':<X(2l '"'"L5>:<X(l) l/S 

-----;-,.,..---·--·------·----·~-iP-P .;;;f.:.;·xc4-f+-4·~-~·X t ·3 r:.:. s-:--.:;·x ·czT+-2 -: ->:,-x ·( ·yrrl·s z·----·--·--------------------.. ------~----
·i H4P~(ll.*Xi5)-56.*X(4)+114.*X{31-104.*XI2l+35.*X(1))/tl2.*S2] 

-----Hs·P·;·(·-~yo··;;-,-<·xr6r+6-i-.-*x-cs·r::.:.-r·::;·6-:-;::-x-ct;:·;-+·z-fz;-~--;:<>cc3·r=--rs-;;:-:>fxTz.f+4:s-,;--;::x Cfro-·-
1 (12.*52) . ' 

-·-- ------------·-GP ~T~--;5·*-X (N ~.F~'3-f+z-~·;:::yfNN+-2Y ~'i-:5-*X -·\·N N+·i-lT/s·· -- ·-----··---- ··-··-···--·-----------------
• . GG~2.*R*X(NN+l) ' . 
---~----·------·---PG·;·~·R::~-HP·+·HPP.+t?T3--:·+·s··:;:~-)((r\!·f,F~1TJ·3~-----·----'--------·---"------------------------~-----------·--,· 

P4=-R*HP+H4P+GP/3.+8.*X(NN+l)/3. 
-------p-5;;;-..::·ff~~-Rf:>-+R5_?_+_G_PI3-:--'i-"fL>:~->CfFft\f+_i_f/-3. 

TR=-4.*(GP-X(NN+lJ)/3. 
T'T";;~-rP"-+-x-CN"N~:-r )····------- ---

----·---------··------ -------·-·--------- ------------·--···----·----------·---R-----, 
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CDRE=(-8.*(GG+PG+TR)+l6.*TT)/3. c·o tf5-;·c:.::·s-~-*fG-G+P-5-+''t"R. .. f+T6-~-:i"(iY/.'3 ·-. ----------------------- _______________________ !: -----

CDR4=<-B.*<GG+P4+TRl+l6.*TT1/3. , 
c-o·R E·A·:;;-C~f~-:;r( 3'6"-:+i ·2·:·;~-R-.:·c;·:·:;;p:~:p ;;i cf{~ -3-:-:~TR·,;:·;:::;tf)T/T'3--~-*T8 ·;:; .. 5 -~- ;Hf+6--.·;:~·R·,:: ;:;-~< ti-=~--

1 P~D*(R**2lll . : fc '\- 1 1 ;----~-~-~~~~r;-~-"fa·~~~:-~i-~:-~-~;-~G-~:-~ :·:·ri~-~-~-;-~-~-E;:-~:-~-i;~-~ ~-!~-c-~-~:~--:-~-~~~-!-~----
.. r--·- . i----4-H --PG·;--~-F'i-o--:·6-~-4H·-·yR;-~·F'i(f~-6-;A:·H- -t·t;-~-F-1 o-~-6-;'/7H ____ tbR·E·;-·;-f.'26·:-67-;--·--::--·_.._ __ 
.. 2 SH P4=,Fl0.6,7H CDR4=,F20.6/,5H P5=,Fl0.6,7H CDR5=,F20.6/, 
: :.----;;~----.----3--8 H-----·c-b R~-t::'"A-,;-9-F ·2 6-~--6/l/ // f ----------------------- ------------------·------------------------------ ------· 
;~ IT • • • IF(R.LT •• 001) GO TO 201 ;.; 
: _., ... ---------· t-F=-~(\·~·-:c-r:-ro·-:.-~-·-c;·o--i--o··-3-o·o--
:·· .... ,.. ..... . ··~ ; . 

. ,:__; ·----·----- IF{O.LT.lOm} GO TO 200 I j=-(t-fo-~CT-~-i5 f" -Go···ycJ-fg_9 _______________________________ ______._. ______ _ 

STOP ............ --
END 
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REYNOLDS= 0.5~00000 PRANDTL= 0.7500000 DELTA= 0.2500000 
··-·-··------·---'--,-;.. ... ::;,_ 
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·:_:: 
j ,;:: r'''· V A R I A B L E X 
;--:;-~,,,. _____ _ TAN.VEL. H RAD.VEL. G TEMP.FN. F 

~---,--~ 
,_s 

:~; o. o. -0.1156937 -o. 
it::~~·_ . o:-o3333_3_3 a··~o·3·a~9-60 ..:cr~·ro·75o4·z =o:-o·otf3.666 ________ _ 

0.0666667 0.0759560 -0.0969538 -0.0007432 
-; -------o:-ro·o·cro(ro o-:Tr3oTo·:;-----o-:-o·lr4·o-aTs ~-o-.·o·o-r-f 3 era,-------
~~- 0.1333333 0.1494899 -0.0689274 -0.0015307 
:·~ <.""'" ... _· -"-------tr:T6_6_6_6_6_7 o:-nrs4-;t52- -o:-·o·s·rs z9·s·----o ·;·ooY9"4·3--r------

., 0 .. 2000000 0 .. 2208471 -0.0319270 - -0.0023713 
;·:r.-.~:::-, --'------o-~··z-3·3-3"3-33 o--;t55.7if6a -o-:·aro-:cs·"Efb -·o·:-o·o-zsY4_4 ______ _ 

0.2666667 0.2902753 0.0137368 -0.0032745 
-3-------o-:-3-cYoc>O"o-6 cf:3-~r4_3_4-4i cr:-oY<i"'rz·o-8 -o-.-o·o·3-75-i7 ______ _ 

0.3333333 0.3580247 0 .. 0677548 -0.0042504 
·------o·:-"36-6666-7 o-:-39T3"4--~ra a·;·o·9-7soo-4 .:·o·:-oo47·6-9"i _____ _ 

;~ 0.4000000 0.4243483 0.1298191 -0.0053100 : .. i ,~-7"~-------<y:--43333·3·3 cr:4s7o·5-5o o--:-rb-37-72-7 _:o·~-o·o·5-874·7·-------

:~ 0.4666667 0.4895013 0.1996226 -0.0064645 
·~------,---:o-:-s·o·o·o ·oo-o o-:5zT7-c<;r6 o~:-23-73·3-67 - o-:-o--o·ro s o·9·-_. -----:--
:~ !---, o .. 5333333 . 0 .. 5537422 o. 2768586 -0.0077253 ------,o: .. 56666·6--;·----o-;5·as(;o-io cr:.-3fsf6·s-i -cf;;·o·o·a399_o ______________ _ 

Oa6000000 0.,6173316 0.3612207 -0.0091029 
;-~ .("7:.-.._:-,_ ------o-:6.33-3:33-3 o·;;·6-4a.9t;42 o·~-4·o-·s·9-7"s4 ~-cr.-o-6-9838-cf ____ _ 
!~ - 0,6666667 0.,6805328 0.4524027 -0.0106044 
:"''-------o:-fo·oo o6"o o-:tTZ"O"'"fo 7 o:-scro·4·5 5_4 -o-:oTf4-o"f6 _____ _ 
! ~~ 0.7333333 0.7436111 0.5500985 -0.0122271 
--~--'- ----o:-7·6-66·6·6·7 -cr .. ··r7sTs74 ·o·~-6o·r2-93·a ..::Q"·;·or3-o76o~-------
; . o.8oooooo o .. so6B330 0.6540034 · -0.0139377 

a·:a:3·3·3-3"33 o-~-t:r3·as·aTz ·o·~----,o·ara9·7 .:·o·:·o f47-<:ffi----· 
0.8666667 0.8704650 . 0.7638155 -0.0155904 

---'------'-----oo .. c;o-otfo_o_o . o-:-<ro:rs-rr2 o:-€f2-cfa-44z -o-:-aT6-zz··r4·--------'--
o.9333333 0.9347700 o.8792401 -0.0163910 

------o-:96-667)6-7 o-;<n>_7_i~>4.4 o ~-9'ra96_9_6 ...:-o-:-o-r4~ff4z·-----

l .. ooooooo leOoooooo 1.ooooooo -o. 
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D - . . 

~ 0.0666667 0.0225398 -0.0524196 -0.0213309 
-6 ·o··~-ro·oo·o·o-o o-:.-o·~-5-41"90 -=·o·:·o6-65Es5 .:·cr~·o-35-3 5·92·------
~ ,_ 0.1333333 0.0440843 -0.0795792 -0.0520754 
j~--------·o-:16_6_6_66 .. 7 o-:·o-5A~5·8·4·9----.:::·o··.-·o-9Yz3oo -------·=:o·:·o-rtB-538 ____ _ 

c 
, " 0.2000000 0.0649842 -0.1012955 --- -0.095105.6r 
~ : .. :> a··:-z'3·3-333.3 o-.-cn53·c;·oo -~--o·:-io95.32"8 .. ---·-.::·o .. ~·fz2z"Ef2-4 
c 0.2666667 0.0858080 -0.1156888 -0.1538813 
·o-------o-:3·o o oo·o·o cf~·-o·cy6443-i .:::o·~-1194 9·o·l---...:·a-:·1·9o t;4.Eii ___ _ 

0.3333333 0.1074035 -0.1206523 '-0.2325821 
---·--o·~-36666·6·7 o--~-fl8-8527 =-o·~-1iss·7r4 _____ ,o·~·2·8·o·9·4-o6 ______ _ 

--~ ....-;, .. -:-,_ ----------g-~-~;~-~~-~--~----6--:--i-t~b~-~~---=-g~-i}~~-~~-~- =-g~-~~-~-~~-}~ .---
~ ,.._. .... 

-~ 0.4666667 0.1582371 -0.0926514° -0.4709147 
--------o-.-5-oo·(sa·o·o o·:-cr3-93-04 =-o:·a,?·5s·rA.-8 -.:.:·o:-5·s·z·o-~f6o·------

: :" 0.5333333 0.1914597 -0.0543376 -0.6438217 
:'f-~ a:··56 666).)'7------b'-~-2-:Ci23-37. -o·:·a2·7s·4-76---=rY.-'"r'4.7'23_7_8·------'-····---

n 0.6000000 0.2337225 0.0040317 -0.8635428 
•. ' . o~'63"3"33"3-3 ________ o·~·2'5946'2i ______ o_:·o4f6.927 =--o-:99.4036_3_ 

' ~ ~ 0.6666667 0.2890639 0.0855370 -1.1400986 
·-·---·---------o-:7o ooo·<)o o-:-3··z-32io·z ·o·~--13-59.93·7· .:.. r:·3c>":3Y6-iz--

,~ 0.7333333 0.3627145 0.1935184 -1.4846418 
---··-------------------o-o···7·6-66·6-61·-------o·o·4·a·842-·6·9-------··a·:-·z5··a6 2·3·9·---_::"i·-~---6-8·5-7750 _____________ _ 

0.8000000 0.4613449 0.3318904 -1.9072528 
----.. ------------0~ .. 8333 3 33 o:s·z-256.74·--· ---·o .. ~41-40 21 I·----·-.:.:·2·:y4-s3·2·1L~------

........ 
0.8666667 0.5933142 0.5058725' -2.4043948 

--------o-:·<io·o-o6o·o o-:-6-74.92·2-6 a·:-6cfs·5·6·6-2 · -2-:·6 .. 5·9-"'f89"o"··------
o.9333333 0.7688515 0.7235657. -2.8601571 

·---o:·9 6_6_6_6_67 ·a·:--8·7-66-5 49---·o·~-s·s·:zg··s 5-s =-·2-:1· 5·9-sT5-s 
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VARIABLE X TAN.VEL. H RAD.VEL. G TEMP.FN. F ·----- ··---------------------·--·· ·---- --·---- -----
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.;~ o. -o. -o.oo38760 -o. . ·s\·:> -~·-o·~-633_:3.33'3 _,_·o-~oo·s7-413·------~:.:·o·~·of o119 o ---~---·~o;·o·o3.94o4---·---·----·-·-:-···-----------
-~--- . Oo0666667 0.0114447 .-0.0172930 -0.0095602 
('I o·:fob'ooo·o a·:oY7Y2·z·7 ..::·<r.--o·z--.c;·9·2·£n . ...:cr:o·r7·3-75·7.---- ---

: ]..(~' 0 • 1 3 3 3 3 3 3 0 • 0 2 2 7 4 81 - 0 • 0 3 3 3 7 2 9 - 0 0 0 2 7 9 9 3 2 
-· --O'~-f66_6_6_6 __ 7 a·::oZ£3'299·5- ·:.::o--~·-o·4·2:3'62 6---~:----=-o:o4216.4-o ________ _ 

'C 
.n (; Oo200QQQQ 0.0337678. -0.0520694 - -0.0607902 
·g('·.... ·<s-~-z-3-33-3'3'3 <r:·o39I2-44 :.::·o:·cY6iz·s-48 ... .-a·:-o-s·4-cJ7-69 

~ ~ ..... __ .... ~ 

.. 0.2666667 Oo0443712 -0.0729452 -0.1160241 
·;.::---------·o--:-3 6o ooo·o o-:o49 49·o·f -o·:--o s ·3·a·4-ii----=·o--~-Is·s·5-3 s·'~f--------'-

-- ('\ 0.3333333 0.0545026 -0.0948309 -0.2054075 
<i·.c·-· a·:·3-6"6"6'66·1----·-o·-~-659-42--f8----..:·o--~-yo··s49f5----:.:o·~-2-6 .. ~'/89_3_1 ______ _ 

:~ 0.4000000 0.0643117 -0.1155196 -0.3456776 
-~~7"", o-~-4·3·3·3-::f:f3 ·cr:·o6 9 i4-83---=-o-:·r2-43·s·Y7·-. ---.::-o-:-4-41'93 s·4·-' :: '._.- 0.4666667 0.0743784 -0.1314818 -0.5604088 
:·· ..... - ·---o-~·-s·cfoa·ao_o ___ o_:--<f7989-i3 ..::o--~-f3"6·i-ss·s -o':-·7o·s·s·o26 
::, o. 5333333 o.o860846 -o .. 13 76498 -o. 8823799 
-,.,..--~----- 6-.56-666-67------·cr~·o-9334·r:z-----::::o·:-u·:sa·ts2-. --=:L~·o·9·7-o9.f7 ___________________ _ 
- " 
; 0.6000000 0.1022069 -0.1273283 -1.3567091 
-~---------0~-6~-3~~~=3----G~~~:..1:33:s:a1----=-o"~-1Y3_4_4.3 -6-·--::y:-6_6_ 95_6_5 __ 3 __ 
J .... 0.6666667 0.1278380 -0.0922382 2.0L:-51486 ·a:7o cYo·or1o o-~T467·7·s·s -o·~-o6-i3 .. 7.8'3- -=·2·.-4·9-49-63·s·---,------
. (- 0.7333333 0.1717997 -0.0225095 -3.0321921 
-----~·------------o-~76.66-66_7 ____ 6'~--z-o'493s·1------a·:·oz·9oi<:f7·----..::3·-~-61iz7-2o---------~---

o.8oooooo 0.2488049 o.0940371 -4.4328133 
·-o-:·s-3'3'3 3~:f3 ·o-:-3·o-6"t;9-4'1 .. cf~-17-499 8 z----..::s·:--332·6·2-ii 

0.8666667 0.3828174 0.2750243 -6.3867708 
·-------a-:·cjo·oa·a·cro o-:-4a·2-47'7t o·:·3·9·8·7--e;9·9 ;;.·7-;·s·M;7;r-2.'7 _______ _ 

0.9333333 0.6124553 0.5528837 -8.8099587 
·--------o-:96'6"66·6-7 a·:faY2.93·6----o·~--74-79_5_9·5---..::-g-:-z6-is·z--9-3 ·----

l.ooooooo 1.ooooooo 1.ooooooo o. 
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REYNOLDS=l6.0000000 PRANDTL= 0.7500000 DELTA= 4.0000000 
·-.;;:::-· ·---~-·---···----··--· --------- --·-··-----------------·------
' :. I"·~· 

,-;-·· 
VARfABLE X TAN.VEL. H . RAD.VEL .• G TEMP.FN. F 

·--- --'--- -------------·---- -----
c 

~ o. . -0. 0.0033411 -0. 
-';-~- -----------o::·a33.33·3·3------·o·~·-o·o-r7o·2s·--------··o·~·ooo943·s·--------o~o·cys·s·4·3z·---------.---

..., ._ 

~ 0.0666667 0.0044742 0.0080294 0~0126814 
-6- o-:·roao·o·o·o · cf:·cyo-T2f66 o·::·or·o-8Y15 <L_0_2.f93A--l·------
~·~ 0.1333333 0.0103225 0.0173098 0.0336700 
" o-:r6_6_6_6_6.7 o-:-cfc3·s-rss ·o--~·o·z-246::f4----·-o·:·o-4ss·ci42--
~: 
~ 0.2000000 0.0176519 0.0297045 0.0682430 

.·r·~~:> o-:··z-3~:f3-33-3 (r:·o 2-2 oYs·9-- o-:o3-661T1 ___ o·=·a·9 2 s-7-76 
0.2666667 0.0268440 0.0447844 0.1238580 

-c o-~-3-o·ocY'oo·o o-.-o-3-23_6_6_6 ·cr:--os .. z"£f3_2_9__ ·o·:-y6-is 9_6_2_ 
:::--. 0.3333333 0.0383685 0.0613798 0.2104L:-13 
·-¥·--·-------------·-o:36666'6'7-·----o·:o·4s·15-(8--------o-~·o6-93789---------o~-z-6·s8ss_3 ______________ _ 

~ 0.4000000 0.0526485 0.0767843 0.3389822 ... :... __ _ 
, -·· · · ------6'-~--433"3-33.3 ---<r::o6os966-----o~-o8-25-4Yo ·o-:·4-2'(49_3_7 ______ _ 
~ '-···· 
~ 0.4666667 0.0698349 0.0860760 0.5158811 
-~ o-:-s·o·ooo·a·o o-:o·794·o-76---o·~-·os 62 oY4 o-.--6-!"9.7i76·----
~ . ' -. -0 • 5 3 3 3 3 3 3 0 0 0 8 9 4 3 7 6 0 • 0 8 2 0 3 1 3 0 • 7 2 7 2 9 6 3 . . -r-· o:- 56-6 66_6_1 ____ a·~-o-9 97ri6 2- o-~-o-7 2 4·5 o o---b -.-a· z-7·-rr 4-3----------------
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~ 0.,6666667 0 .. 1283810 0.0072878 0.8334681 
.. -------------------o·:··ioo·oooo -o-~T36·o·3·6·i---:-.:.::·o:··oz·377s-r:i----··o-~-5-7-o9·6-i1 ____________ _ 

0.7333333 0.1426161 -0.0543393 0.0277630 
---a-~·7666667----o-~14-9oo-6z··-------=o:--·o781lz·f----·=·o--.-94435-icr·-------------·----

o.soooooo 0.1575804 -0.0861958 -2.5487849 
----------6:8333333- o~T't3-3340 __ . -~:.:o·;o6.736zz·------·-:..::s·~·os·3Esi7 __________ _ 

0.8666667 0.2055445 -0.0086064 -8.7905788 
--c'f:-9·o-6oo·o·o (:J":z·7o·z·3-79 o--~-ro 395_8 __ 8 ·n:·:ro-~ff6_4_i _____ _ 

0.933333.3 0.3935957 0.2860143 21.1025918 
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REYNOLDS= 0.2.500000 PRANDTL; 0.7500000 DELTA=16.0000000 ·--·----------.. ---'--

l~- (""~. VARIABLE X 
·---------'---~-

R~.D.VEL. G TEMP.FN. F ·:;.. I 

·u 
.:: 
j o. . o. -0.0210828 -0 • . -· ~-~ ..... ___ " _____ . --·--o ~ o :5·3 33·~-~----· -· -~··-··.o·~-o :fs 9 o·6l""''""·-----:::..:-o; 02 2 3· 3 91"-. -·--·-·:::o·: .. o·o· 212 ·3 7··---------------------
~ . 0.0666667 0.0766835 -0.0203560 -0.0042783 ' 
·c~- o-:-nfocftfo--o o·:-rr33_9_4_4 .::o·:-<Yf'so-63'7 -o-~ .. o·o-64·6-74 
~ ··· 0.1333333 0.1491061 -0.0064387 -0.00869lr0 
2 o o·.:-1.6-666·6-7 <T~-r~B8-9'i'9-----·o-~·o·o· 5. 5o 5 ·o·---·=·o·~-·o··ro96.o3--
i.:. 

" 
0.2000000 0.2173288 0.0207218 -0.0132679 
6'-:-i3'3·3-33-3 o :zso99-7.Ef-: --·o---:-o-3-9T3<.is . -·a·:-ors-61"78 
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-·z; -:::-.::::----. 
E 

0.3333333 0.3467472 0.11256~3 -0.0229210 
/ a·:-·366'f;·6E7----~6-~-3-77.70L..·-cr-·--·o-:T4-26 .. 6f6---.:.-o·~-O-i5-43_6_8 ________ _ 

0.4000000 0.4083334 0.1753243 -0.0279901 
~ ·-~~; o-~-4-33-3333----a·-~-438"t2-4C ____ o~-2-fo3·s-47-----:::-o-::o?}S5.f7·s 

0.4666667 0.4689681 0.2476696 -0.0331959 
---6':-:;·o-oooo·a o·-:-·4·9·9·rs·6 .. 6 o·:zEf69.99-i . ::..-o-::o3ss·3 95 

-' ---···---
~ .··, · o. 5333333 0.5293797 o. 32-81887 .· -o. 0385023 
-~-- o~--5666'6_6_7 _____ o·-~-5-5972-63~- o-.-3-7T0"5o6----=·a·~·o·4-iT76_8 __________________ _ 

n 0.6000000 0.5902836 0.4153957 -0.0438534 .: __ _u ·---

~ ·._ . ~ :·~!~;~~t~~~------. ~~:~~:~~~~:~~------g~~-6=~~~=~-!-~-----~-~-:-6! ~i~· ~-~--
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·-·-·-----------6-::76_6_6_66-7 cf~--749 694_4_ o·~--6-52 a 29 a·----=·o··~·os-6-69·o~r--·------------.. ----

o.8oooooo o.78258oo 0.7022134 -0.0589261 
-------o~ 83-3 3 3 3_3 ______ o:-slE7 s s 5------·o--~ ·7 5Ttf5 2 2·-------=·o·~-<5'6os· 84_9 _____________ _ 

0.8666667 0.8517690 0.8016114 -0.0623764 
·a-..--9·o·oa-o-o·o (L-si:f756T3 ·cY:ss"f3-743---:.::o-:·crt:;z9·s··7 s .... 
0.9333333 0.9241923 0.9010523 -0.0615986 
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REYNOLDS= 0.5000000 PRANDTL= 0.7500000 DELTA=16.0000000 
.\··.:-. --~--

VARIABLE X TAN.VEL. H RAD.VEL. G TEMP.FN. F ·------.. ------- --- --. .. .. ---------------------.---··-------------~-

.~ ... o. o. . -0.0235685 -o . 
. e-: -::---.. "···-··-r··--"·~---"····o ~ 0 3 33 33'3"·--·-------·"'0 ·~ b 3 43'2 7·g"- ...... ,. ___ :..:o~ 02' 97 50 2 .... ----·-;:;o·~-·o·o4·-r7'tll""-:·:-·---------

t.' •· ' 

~ 0.0666667. 0.0677040 -0.0323059 -0.0096852 
·;;---.. ..o .. ;-rooo·o·oo o·:-ro·o·zas·8 ...:·o·:·a3·-ro-98·s ~-o-:o-i4-729-2 

.:.;~::· 0.1333333 0.1319166 -0.0260800 -0.0199156 
,. o-~-1'6·6--66-67 o·:-'f6·2·9-i8T ..::·o·:·or-72 6fs·----·=·o-~o2'524-sf-

" e 0.2000000 0.1933350 , -0.0047016 -- -0.0307284 
~ :- o-:233333"3 o-:z-2-3i::f73-------·o-:·oi15-of5·----_-o·~-o-3E3·s-6s 

~ 0.2666667 0.2527367 0.0312457 -0.0421320 
·;:;---- o:-3·o-O'\J-c:i'cfo cf:i8T9"3-77 ·0":-·osA-3·7-z-o ..:..-o-~-o4·s·osY1 ______ _ 
.::'·~- 0.3333333 0 ... 3109456 0.0807279 -0.0541099 

.. t""·----------------·-o .. ~-3666·6·6·7-----o~-3398669-----o·.-n:·or4I-5·-~-.-. --=·o:·o·6·o:;o··z.-4 ____________ _ 

~ 0.4000000 0.3688079 0.1424301 -0.0666212 
":j · ·. ----6'=·43 3-3·3-33----o··.-3.978-749 -·-ci":.-l7.74_o_2_1 =-o-:-o-7·3-05_6_9 _________ _ 

·-~· 

0.4666667 0.4271727 0.2148622 -0.0795980 
. .., ---·-·o-:-5o·oo·o·o .. o a·:·z~·:>6·so5_3" _____ o_~--25_4_6.o7_8_ -o-:··cfs62~s"d9' _____ _ 
= " .... 0.5333333 0.4868741 0.2964364 -0.0929389 
-~~--- a·~- 56 66_6_6 7--------a·:-s·i 74-"'rs4· ·a·~-·34-o f4"L+9-----=--o·~-o·9-9 7o.f9----··------------

; 0.6000000 0.5487140 0.3855318 -0.1064955 
-~-,~~-----.------o~"r:i33333-::r---·--<y~·s·sa-673-1 --·a·: .. 43-·23.993---.:.:o·~-rf3·2·a 93 
;; '~-~·' 

~ 0~6666667 0.6134433 0.4805553 -0.1200448 
......... ------··--·-·----. -----·--6~-~ o o·o o o-o---b-~-6"47Io"7i ____ o ~-5 2·9 s rs·4 ...:o·:-fz--6 7Yl·4··-----

, \ 0.7333333 0.6817409 0.5800053 -0.1332206 
·-·-0--~--------------·---6~ 76 6-6 667 --cf~-7-i74:i·4·3--------··o~··6·3·o9 63·3-----·-o .-t 394 73 8 ···---------------·----·---

o.aoooooo o.7541A87 0.6825435 -6.1453199 
-~·-:---·---------·--·-b':·ff33333_3 _____ o_:79.2t-16_2 _____________ o·~--73-46.f8.9 ....... ___ :::o~ .. Yso5o6t·-.. ----------· 

~.._.I 

0.8666667 0.8312384 0.7870857 '-0.1545603 
--··a-::9o·o·oo·a·o .. o-:87 r·s-Ef3-8 o·:-83_9 .. 86 .. 8L~ -=-o-~-f5'66,·s·5 ·z 

. 0.9333333 0.9131659 0.8929282 -0.1533958 
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REYNOLDS= 1.0000000 PRANDTL= 0.7500000 DELTA=l6.0000000 
·::------

?' . 

~t -· ..... VAR1A8LE X TAN.VEl. H RAD.VEL. G TEMP.FN. F 
~ 

;c:, 
c 

------------- ---~------------ ·---- --------~-

o. o. -0.0217448 -o. 
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This report was prepared as an account of Government 
sponsored worko Neither the United States, nor the Com
mlSSlon, nor any person acting on behalf of the Commission: 

Ao Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 

or usefulness of the information contained in this 
report, or that the use of any information, appa-· 
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

Bo Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor

mation, apparatus, method, or process disclosed in 
this reporto 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 

of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractoro 




