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ABSTRACT 

Formulas are presented for the maximum energy gain per turn of 

ions in a fixed-frequency cyclotron with three identical dees symmetrically 

spaced. Calculations have been made for dees of general angle 8 and spe­

cific angles 60°, 90°, and 12(f. Dee excitations in which the dee voltages 
0 . 

!ire all in phase or phased at 120 Wlth respect to each other have been con-

sidered. The type of ions that can be accelerated is dependent upon the 

mode of excitation. In a 60° three-dee cyclotron with variable rf phasing 

protons, deuterons, and tritons can be accelerated in the nonrelativistic 

energy region at substantially the same magnetic field and oscillator fre­

quency. A ;w-inch cyclotron of this type has been operated successfully. 
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Mark Jakobsen,* Myron Heusinkveld, t and Lawrence Ruby 
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Berkeley, California 

April 4, 1956 

INTRODUCTION 

It is possible for a symmetrical three-dee cyclotron to accelerate 

ions of differing q/m ratios below relativistic velocities without a change 

in the frequency of the electrical power supplied to the dees or the value 

of the magnetic field. This is demonstrated in the following article by 

calculating the energy gain per turn for various ions in a cyclotron with . 

three identical dees of arbitrary widths. For these calculations it has 

been assumed that a ~tep-function voltage change occurs at each edge of 

the dees. 

Now at the University of Montana, Missoula, Montana 

t Now at the University of California Radiation Laboratory, Livermore, 

California. 
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Consider a three~dee cyclotron as schematically indicated in Fig. 1. 

The three deee of equal angles are labeled A, B, and C. The angular extent 

of each dee is 8. · For the initial calculations the dee voltages are of equal 

amplitudes. The term 11mode of acceleration" or, more simply, ''mode'' is 

used to describe the differing types of dee excitation, depending upon the 

relative phases of the dee voltages. This is in keeping with a previous pub-

lication. 2 . 

Calculations have been restricted to th.e cases where (a) the three dee 

voltages are all in phase, called the inphase mode; (b) ~he voltages are 

phased 120° with respect to each other, with the phase of B dee following 

that of A dee, and the phase of C dee follpwing that of B dee, designated 
0 the ABC mode; and (c) the voltages are phased 120 from each other, but 

in the reverse sequence, namely ACB. A phasing of type (b) will be con­

sidered first in analyzing the possibilities for ion acceleration. 

The dee voltages for this ABC mode can be expressed: 

VA= V eiwt, 

V = V i (wt- 2'11"/3) B e , 

V = V i(wt-4n/3) 
C e . (1) 

Here Vis the amplitude of the dee voltages with respect to ground, w is the 

angular frequency of the electrical power supplied to the dees. and t is time. 

It has been brought to the authors• attention that Professor Edwin M. 

McMillan has obtained similar results as a special case of a general multidee 

cyclotron calculation. This general solution is to appear in the forthcoming 

third volume of Experimental Nuclear Physics (published by Wiley). 

2 M. Jakobsen and F. H. Schmidt, Phys. Rev. 93, 303 (1954). 
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As an ion of charge q and mass m moves along its quasi-circular path 
Z'll'm Z'll' 

in the cyclotron, it completes a revolution in a time T = ~ =o, where 

n is the ion 1s angular frequency. 

An ion that passes through the center of A dee at a time t
0 

will cross 

the edge of A dee at a time 

tl =to + -/o 
It will enter B dee at a time 

t . t + Z'll' 6 
z=o -m-zn 

The times of crossing of the other dee edges follow similarly. 

(Z) 

(3) 

The energy 

received by the ion in crossing one dee edge is the product of the charge on 

the ion and the voltage on the dee at that instant. The energy received by the 

ion in going around the cyclotron once is the sum of the energy contributions 

at the six edges. Carrying out this sum, we have the energy gain per turn, 

D. W, given by 
..... z 1 

(
'o ) 1 

1'~"6\' irf: 
A W = 2qV sin ~1 Re ie L. i ,~, e 1 , (4) 

r =0 J . 

where f = ¥ (~ - 1) ; .;.
0 

is the initial phase angle wt0 of the ion with respect 

to the dee voltage. 

After S turns the phase angle becomes 

ct> =<Po+ 21T s n - ~~ (
w \ 

Th t · Ow · di h d 
1 

d f e erm s1n W 1n cates t e epen ence o the energy gain per turn on the 

angular extent of the dees. The summation term expresses the dependence 

of the energy gain per turn on the 120° phasing of the similar dees. The term 
i4>o 

e indicates the dependence on the initial phase of the ion. Maximum energy 

gain occurs when the ion is at the center of any dee when the instantaneous 

voltage on that dee is zero. The gain drops to zero as the rf phase varies to 

± -rr/2, corresponding to :i: ~ angular displacement of the ion from the center 

of the dee when the instantaneous voltage is zero. The angular extent of each 

ion bunch in the cyclotron is then 01r . Other factors, such as field fall-off 
w 

with radius, would limit the angle to values less than this. The number of ion 
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. A :bunches present pe,: ion cy~le h~. The total enerBY pin for the S tur11a is 

• W= 2 qV •.iD_~)ae [ ~: 
1 

~ei+elrf t .. (5) 

~ ~. 

· · · .. -~ . · If.· ~ft~~ the S turns, th~ ion reaches the center of A dee at an rf phase 

. · ~ _identical' With that at. which the energy summatio.n was begun, the series can 
-( 

··,.· ·b• te!mlnated to give a unique ve.1ue for the energy gain per revolution. If 

·. · · · .. no euch~repeat i.nterval eXi,ta, -the -series d~es not terminate and the average . . ·,·: . ' . . . -' 

. energy gain per turn. approacnea.zero. If the ion does reach the center of the' 

• · . . · fh-.et d~e at an rf pba$e ide~tical to that at which the e\immation was begun, 
_;; . ., . 

, .. 

theti +· ·..: +o. ~ ~mn. However; ilot o_nly must this repeat interval exist, but 

· by lnspec~ion, the summation of Eq. {5) Will be zero unless the series termi­

~ates at s = ·t.- 'which has the physical meanin.g that the ion makes one revolu-

tion in an integral number of rf cycles. ln this case the summation is 
'z . 

i+o \ · . irf . icp0 
e L e . = le • 

r=o · 

' and the :q~antity f. is r.estricted to the value- f = Zwn. 

· .-e~olutiori be.comes 

(6) 

The energy gain per 

j .· ..•. ··. A W ~ ~qV oln (;; ~}coo +o (7) 

. t.-
1
-_for th~ee 'i~ns satisfying the' equation f = '!j- (fi - 1) = Zn, nan integer. The . " 

_.;it ac.ceptable ratios n are thus found to be~ = 3n + 1 for this mode with the ions 

· !~:i traveling in tu~ ABC dee sequence~ 
~- . For a·given.magnetic fleld., ·positi~~ ion.s will circulate in one direction in 

fl the cyclotron and negative ions in the other, so that a given phase sequ.ence ABC 

;'_: will be in the direction of rotation of the positive ions but oppdsite that of the 

·. !, j negative· ions. Consequently, the foregoing analysis is valid for positive ions 

4; when th~ rf phase 
·I. . 

· -;t: sequence is ACB. l negailve ions. 

I 
l -

t 
·,. 

sequence is ABC, and for negative ions when the phase 

The quantity n is positive for positive ions and negative for 

•. 
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The geometric factor ein n ~ will, in addition to the requirement 

{j = 3n + 1, further limit the typ~s of ions that may be accel~rated. It 

is a modulating factor for energy gain, which may be zero for a given dee 
. . 

angular width for some type of ion that would otherWise be accelerated.· . 

For tl:te ·case in which the ion travels in a direction opposi.te the previ-

. ous phase sequence the foregoing analysis still holds, but with the red'efini.;.· . 

·. tion of the quantity f: 

f =(n + 1) .?.; · . 
Using the requb·ement that f = Z1rn. we find that the permis-sible val\1es of 
CAl n are 

n = ln + 2, 

_where n may take integrallvalues including zero. This is valid tor positive 

ions when the pha.se sequence is ACB or for negative ions when the sequence 

is ABC, using the convention established earlier that a positive ion passes 

through the A, &, and C dees in consecutive order • The energy gain per 

revolution is the same as for the ABC mode and is given by Eq. (7). 

For th~ cas~ in which the three dees are excited in phase, the quantity 

f becomes f = fi ·¥· and the types of ions acceleli'ated are determined by the 

•. 

. . ~ . . . . . . . 

relatlon 0 = 3n. In this case, except for direction of rotation, it 1s immaterial 

whether the ions are positive or negative. The e'llergy gain per revolution is 

.again that of Eq. (7). 

RESULTS AND DISCUSSION 

Table I gives the results of this analysis in tabular form, With c,.um.~~ical ~- ~ · 
·. . . 0 0 values computed for the maximum~1 energy gain per revolution for 60 , 90 , and 

1Z0° deea. For dees of other angular widths or dees in which the fringing 

fields are included, the same n ratios will give the ions eligible for accelera· 

._. . tion, but with other values of energy gain per l'evolution, inc:luding zero in 

particular case.s, as indicated by the Bq column. Negative values ~f fi indicat~ 
negative ions and positive values o£ n indicate positive ions. 
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I ' ... 
T4ble I 

•' • 'I 
Energy gain:per.turn fo~ varioq.s ions in a three-dee cyclotron . . ~ \:" : ' ... 

..., ·: :. :: .. '. 
-. w ~ .... . ' . :, . 

~~-- . : . ... 

''· ·.~ . . 

:·; .~~. •.:_·;, ·.. .,.._ 
• ' • ; ~: ' .... ·'. :v ~ ' 

. Dee 
Angle 

60° 

Mode·· 

ABC 

ACB 
_·Inphaee 

loris 
accelerated 

w,tl 

3n + 1 except 4n 

3n + Z except 4n 

3n except 4n 

Maximum energy 
gain per turn 

n even n odd 

3 v q . 
1./iqv· 
6 qV 

3/ZqV 
6 qV 

3/3qV 

6 qV 

3/ZqV 
"tt 

-~~/ .. >.-:~·:· ,~~ .. '-~·=-===========-=~--================================---~=======-======== 

: ~ ~.·,:;~:.': !;' ~ 20° 

.. 
< 

~i-~. ··;: . . "' 
·~ o "·l :-. '' ; 'P, •' 

ABC 
AC,S 

In phase 

3n + .l 
3n + Z 

none 

3Jjqv 3./!CJV 
It 11, 

none none. .·• ~--1 
4':<:,.·: :~ .. r:: .f' ,. 

\"// ';~~~-~~---~:>~-;:c.. -!II=· _ .. ---=-=--=====----=-=~~~~~:::=-=-====-===-------~-==== 
,\ •)/:;,/~\~:~: : . 9 
~~ { -~~:.~·-:·~ ·:;~~/~ ":_ .. 

ABC 
ACB 
Inpbase· 

3n + 1 

3n + Z 

3n 

s· 
6qV I sin (3n + l)fl. 
6qV .j sin (3n + Z) I 

·. 8 
6qV l•in 3n"l j . ~ •,;:'!:,' :,' .' ', .', .... 

~F .) .. ':. :','·~-.~::~?~~~-. -~--__ ...._ _ _.._ __ ~---------------'----i---..;_--:---
t. ·.· 

~·- :·;·;·:~_:.· .. i:<:~,:, ' ·w ·~ rf angular frequency'. 

. . ..<:.r: · o = io~ f~equency = 9! 
;_. -~ ..a . •t . 

~ :: ·'-. . -~- '= .r.n eger • 

' . . . ' 

~~. ; . 

i j ~ 
' . 

·' 

1. 

: ~· -~ .. 

. :. ::. ~ . 

. ' 

. ' ' l' ... _ ... 
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Table 11 indica.te I the. ions o£ hyd~ogen, deuterium;· tritium, and. heliUM · :: /,: . . ; 

that can be ac~elerated in the thr~e .mode:$ of a three-dee. ~yclotron. w1,th 60~ ~· · .. ~.'< ·:. 
" . . ~ . . . . . 

dee a. and rf frequency, .. 

' ' 
w = Qp: __ r'.-·o····t".:o··~""n. · .·· · ., ··' '. t-: '• ~ 

¥ • • ,._ • -~ • • , • .. .' • • • • • ~ • ... • • .. ~~~ t] r 
These calculations have been tiade fol" conditions of exact balance cf· ·'j.· • .: .<.:. ·: 

1 
• ~~ , I . .,. • , • ·,· ,.' , ' ' . ,f . ~ -~. "l ~~ .~.,' 

· amplitudes of the voltages and exact phase ~onditione~ · ln practice these c~n: .. · .' ·_.. . ' ~ .. . 
ditions·are not ordinarily met; slia~.tunbalancea in am~U~de:;e or:de!lationtt·-~· .. ~ . .. : .. 
in phase- may occur. However, any ·~~bitrar·y voltag~ distrib~~ion ~~ng th~:.:: .. : -~.·· > · 

. • ' ~ . ' • t < ' : ~ -.~- • • : \ '· ' 

three dees (either as to an:iplitude o(as to phase) ·IOB.V. be _expressed ar t~e._·a~\~~f;:-· . 
. of the three .symmetricalcom.pooents a• arial'yzed earUer.:. .. the ·ABC mo~e •. ~~e ·:r.~~ ...... : .·. 
ACB mode, and the inphase·m~~e (terme<l :in Refeir~~~e ) the··.fo~wa~d· m'od~.~1·(::. · .. : ~, · 
reverse mode, and neut;ral m.ode-). · . · · . ; .. · -'.'. · · .. '~ . ·: ·~ . · ... : . ·· :, 

.tt the dee voltages are -ne'a:r~y baianced in.one ofthe phiae::~~q':'e~~e~.:~ ... · · .: ·· 
then the amplitudes of the other two components will be small~. Si~ce, to .a ·:: " 

,, ,.., 
•. 

. first appl"oximation.. the effects o~·the~e voltages on a<:ce.le:r~ti~gj.i~' ..;~· ~ ~ <: 
linear.. each component ca~ b~ eonti~ered eepar~tely .• and: th() effec! ti£ t)1e' ·. " ' 

unbalanced dee voltages can be found by adding the ·separate eff~cta ~f e~t:h : . . ~· · "· ·. 

compOnent. It is observed .fron{the .formulas for different modes!ot; ~ccielera--: ,.. .. " • 
tlon that no ion can be accelerated by more than one of the thr~e .coritponenU, .. ~· · . · . , . 
·for a given magnetic field.·an4 ele~trical frequ~·ncy. · . . .,. ·, .~ ., 

These latter results are signific.~t in that ~~de~ identical 'opera.tlng . · ·· 
, : • r . . rl.. 

conditions several di!fer~~f types of ions may' be acceler·ated, either io.ten:... .. 

tionally or as contamination ;pr~uctso' ·.For .example. i£ the ey~lotron .is . · . 
driven in phase sequence ABC to accelerate .. It+ in ita .lowest mode ~=n): . ',_ ... , '. 
then it will also accelerate He 4+ .. and. N 14++ at the same' time. In addition·,· 

if the voltages on'tbe dee~ a_re···unbalance.d so that the ~CB,and in.phae'e com­

ponents are alao pre sent~ then many othe':r ions can be accelerated 'shnul;..:.: . ' ' 
·. ·. . ... · . . . . .' . ' ·.. . . 3++ . 

taneously. An ·ion with a nonintegral rati,o. of fl.>/rl, however,. slich.~s He · •. 

cannot be accelerated under these conditions of operation, ·but can be accel .. · 
' • 1 ..... <. • ' 

erated only if the magnetic field or _the electrical frequency o! the cy~lotron ·. 

is changed. Since submultiples ot w/0. are excluded, if the ·cyClotron is· ,. 
+ 1- . . . . • t . . . +. . . 

adjusted to accelerate H~ or D in the l~west n;1ode, then H cannot .be 

accelerated. 

,. 
' 
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J Table li 

l Hydrogen, deuterium, tritium, and hel!WX' ions that can be aCcelerated 
t in a three-dee cyclotron with 60 dees with w = Op t l ro on {. ___________________ _ 
~-

$Mode 
t: 
{ 

1 
~ f ABC 
' 
' fl 

Ion 

0 + . z 

Energy 
gain per turn 

3qV 

fl 

" 

Energy at 
radius R 

w 

w 
4 
II 

Relative 
threshold 
voltage 

v 0 

" 

' .··.. ACB H + 
2 " " II 

II 

II 

II 

D+ 
.He++ 

H"" 

If 

3qV 

6qV 

II 

w 
w 

W/3 

u 

II 
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In practice the voltage will not change in a etep-functio·n· manner at the 

dee edges. but will change gradually over a distance comparable to the vertical 

aperture of the dees. When this fringing distance is comparable to the distance 

that an ion travels in an rf cycle- -which will be the case for modes of operation 

where w/0. is large- -the ion will gain very little energy in crossini any of the 

dee edges. and there will be no significant acceleration of these ions relative 

· to those of lower w/0 ratios. 

In the foregoing analysis it has been assumed that the magnetic field is 

constant as a £unction of radius, resulting in a constant value of.the ion frequency 

0. In order to focus the beam. however. the magnetic field ordinarily is de­

creased with increasing radius. resulting in a lowering of the ion frequency as 

the orbit of the ion expands. For an ion that is in resonance at the center of the 

cyclotron the phase angle~ is no longer constant but varies as the ion moves 

outward. The permissible limits of' are :t. 90°; outside these limits the ion 

will lose energy to the electric field. Since the total phase shift+ with respect 

to the electrical frequency is the sum of the increments per ion revolution. a 

certain threshold dee voltage is required to limit the number of revolutions 

necessary to obtain the desired energy with the phase angle ~ within the limits 

given. The last column of Table 11 indicates the relative threshold.voltages for 

various ions in a cyclotron with three 60° dees. 
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CONCLUSION 

0 A three-dee three-phase 2.0-inch cyclotron with 60 dees has been 

constructed and operated successfully. 3• 4 Stable operation was maintained 

with 6 ma of 1-Mev protons accelerated in the ABC mode. From programmed 

orbits the gain in energy per turn was measured to be 2..5 qV. The discrep­

ancy between this value and the calculated value of 3 qV is probably due to the 

fringing electric fields at the dee edges. Grounded dummy dees were not 

used. If the phase sequence was changed from ABC to ACB, 6.5 ma of 0.5 

~!4ev deuterons were obtained. With helium ions, in the ACB mode, 1. 5 ma 

of 1-Mev alpha particles was obtained. The measured energy gain per turn 

·for He 4++ and Dz +ions in this, mode was approximately 5 qV. 

We thank Professor R. L. Thornton for his kind interest and assistance. 

This paper was a part of the Three-dee Three-phase Cyclotron Development 

under his supervision. 

This work was done under the auspices of the U. S. Atomic Energy 

Commission. 

3 Ruby, Heusinkveld, Jakobson, Smith, and Wright, Rev. Sci. Instr. (In Press) 

4 B. H. Smith and K. R. Mackenzie, R.ev. Sci. ln$tr. (In Press) 
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LEGEND 

Fig. 1. A schematic of a three-dee cyclotron . 
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