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ABSTRACT

Formulas are presented for the maximum energy gain per turn of
ions in a fixed-frequency cyclotron with three identical dees symmaetrically
- spaced. Calculations have been made for dees of general angle 6 and spe-
cific angles 600, 900, and 1260 Dee excitations in which the dee voltages
are all in phase or phased at lzoowith respect to each other have been con-
sidered. The type of ions that can be accelerated is dependent upon the
mode of excitation. In a 60° three-dee ‘cyclotron with variable rf phasing
protons, deuterons, and tritons can be accelerated in the nonrelativistic
energy region at substantially the same magunetic field and oscillator fre-
quency. A 20-inch cyclotron of this type has been operated successfully.
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MODES OF ACCEL,ERATION OF IONS IN A THREE-DEE CYCLOTRON
Mark Jakobson, * Myron Heusinkveld, t and Lawrence Ruby

Radiation Laboratory
University of Califoruia
Berkeley, California

April 4, 1956
INTRODUCTION

It is possible for a symmetrical three-dee cyclotron to accelerate
ions of differing q/m ratios below relativistic velocities without a change
in the frequency of the electrical power supplied to the dees or the value
of the magnetic field. This is demonstrated in the following article by
calculating the energy gain per turn for various ions in a cyclotron with .
three identical dees of arbitrary widths. For these calculations it has
been assumed that a step-function voltage change occurs at each edge of
the dees.

o

Now at the University of Montana, Missoula, Montana
t Now at the University of California Radiation Laboratory, Livermore,

California.
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| THEORY
Consider a three-dee cyclotron as schematically indicated in Fig. 1.
The three dees of equal angles are labeled A, B, and C. The angular extent
. of each dee is 8. For the initial calculations the dee voltages are of equal

£
%‘ amplitudes. The term '‘mode of acceleration' or, more simply, "mode' is

used to describe the differing types of dee excitation, depending upon the
relative phases of the dee voltages. This is in keeping with a previcus pub-
lication. 2
4 Calculations have been restricted to the cases where (a) the three dee
3 o voltages are all in phase, called the inphase mode; (b) the voltages are

phaséd'lzoo with respect to each other, with the phase of B dee followiag
that of A dee, and the phase of C dee following that of B dee, designated
the ABC mode; and (c) the voltages are phased 120° from each other, but

in the reverse sequence, namely ACB. A phasing of type (b) will be con-
sidered first in analyzing the possibilities for ion acceleration.

The dee voltages for this ABC mode can be expressed:

- iwt
VA =Ve ,
V. = v elfet-21/3)
B !
Vc =V ex(,wt—4fr/3)' (1)

Here V is the amplitude of the dee voltages with respect to ground, w is the

angular frequency of the electrical power supplied to the dees, and t is time.

1 It has been brought to the authors' attention that Professor Edwin M.

: McMil‘lan has obtained similar results as a special caée of a general multidee
cyclotron calculation. This general solution is to appear in the forthcoming
third volume of Experimental Nuclear Physics (published by Wiley).

2 M. Jakobson and F. H. Schmidt, Phys. Rev. 93, 303 (1954).
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As an ion of charge q and mass m moves along its quasi-circular path
in the cyclotron, it completes a revolution in a time T = Etér_n =2 , where
q Q
2is the ion's angular frequency.
An ion that passes through the center of A dee at a time ty will cross

the edge of A dee at a time

It will enter B dee at a time
. o 2w 6
27t m" )

The times of crossing of the other dee edges follow similarly. The energy
received by the ion in crossing one dee edge is the product of the charge on
the ion and the voltage on the dee at that instant. The energy received by the
ion in going around the cyclotron once is the sum of the energy contributions
at the six edges. Carrying out this sum, we have the energy gain per turn,
A W, given by 5
s T . ol
AW = 2qV sin (%3) Re ée“”oé; Rl
/ : r =0 i

/
where { = —23—11 '% - l) ' g is the initial phase angle wt g of the ion with respect

to the dee voltage.

After S turns the phase angle becomes

Y

w !
] =¢0+2‘H’S<ﬁ - 11..
The term sin —g% indicates the de/pendence of the energy gain per turn on the
angular extent of the dees. The summation term expresses the dependence

of the energy gain per turn on the 120° phasing of the similar dees. The term
e1¢0 indicates the dependence on the initial phase of the ion. Maximum energy
gain occurs when the ion is at the center of any dee when the instantaneous
voltage on that dee is zero. The gain drops to zero as the rf phase varies to
xw/2, correspounding to :é%"z angular displacement of the ion from the center
of the dee when the instantaneous voltage is zero. The angular extent of each
ion bunch in the cyclotron is then -‘i—“ . Other factors, such as field fall-off

with radius, would limit the angle to values less than this. The number of ion
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bunches present per jon cycle is ﬁ The total energy gain for the S turns is
o 38-1 |

' W‘: 2 q-_V_ é_iﬁ(-g%) Re

. If. after the S turns. the ion reaches the center of A dee at an rf phase

L ,xdentica.l with that at which the energy summatwn was begun, the series can

‘ ‘be. terminated to give a uni_que value fpzjthc energy gain per revolution. If

‘_vf"‘ri‘o such‘i‘épéat" interval exists, ‘thé' series does not terminate and the average -

3 ,;_,,fenergy gain per turn approaches zero, If the' ion does reach the center of the

o '.fu-at dee at an rf phage identicdl to that at which the summation was begun, |
' then 4; ¢0 Ztrm However. not only must this repeat interval exist, but
_aby ingpection, the summation of Eq. (5) will be zero unless the series termi-

nates at S=1, ‘which has the physical meaning that the. ion makes one revolu-
o tzon in an integral number of rf cycles. In this case the summation is

Z : | )
- - r=0 ' '
L 'and the quantity f is restricted to the value f = 2wn. The energy gain per

b-rze

: revolution becomes ,

A W = 6qV sin (g ’2’) cos ¢, | | (7)

o

for theae ions satisfymg the equation f = -23'-[ (ﬁ - 1} = 27n, n an iateger. The
v _,_*?v' acceptable ratios -ﬁ are thus found to be ﬁ = 3n + l for this mode with the ions

: f;zi‘ traveling in the- ABG dee aeqnence ‘
E (Y " For a gwen magnetic field, posxtive fons will circulate in one direction in

| . ’4 the cyclotren and negative ions in the other. so that a given phase sequence ABC
‘will be in the direction of rotation of the positi_ve ions but oppdaite that of the

o | negative-ions. Consequently, the foregoing analysis is valid for positive ions
'ﬁwhen the rf phase sequence is ABC, and fdr negative ions when the phase

‘\'{‘ sequence ia ACB, The quantity n is positive for positive ions and negative for

negative ions,
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The geometnc factor sin 2 2— will, in addition to the requxrement
‘ -ﬁ =3n+1, iurther limit the types of iong that may be accelerated It 3
is a modulating factor for energy gain, which may be zero for a given dee A
-~ angular width _f_o; some type of ion that would otherwise be accelerated. |
- For the case in which the ion travels in a direction opposite the previ-
ous phaae sequence the foregoing analyss,s still holds. but thh the redefini-'vl -
i tion of the quaatity f:

w ‘2’11'
f =<ﬁ + 1) "3‘ [J _
: Using the reqmrement that £ = 2%wn, we find that the permxsaible values of
ﬁ are : ' ‘

%z 3n 4+ 2,

" where n may take i-ntegi'al values including zero. This is: valid for positive

~ ions when the phase sequence is ACB or for negativé ions when the’“sequenc‘e‘
is ABC, using the convention established earlier that a positive jon passes ‘
through the A, B, and C dees in consecutive order. The energy gain per o
- revolution is the same as for the ABC mode and is given by Eq. (7). .
| - For the case m which the three dees are exmted in phase, the quantity
f becomes f = ﬁ '5"' and the types of ions accelerated are determmed by the

L relation & g° 3n. In this case, except for directio}n of rotation, it is immaterial

whether the ions are posxtive or negative The energy gain per revolution is
again that of Eq. (7). '

RESULTS AND DISCUSSION

Table I gives the results of this analysis in tabular form, with numerical ¥ -
values computed for the maximum: energy gain per revolution for 60°, 90°, and
- 120° dees. For dees of other angular widths or dees in which the fringing
fields are included, the same g ratios will give the ions eligible for *acc_elvera-r-
tion, but with other values of energy gain per revolution, including zero in
particé.lar cases, as indicated by the 8% columa, Negative values of indicate:
negative ions and positive values of ﬁ indicate positive ions. '
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’ F-Eﬁeijfgyf:g‘a{p'pqr_'_‘turn for various ions in a three-dee cyclotron

DI Dee Mode - o fons » | ‘ Maximum energy
s e Angle o accelerated gain per turn
ST S Y : n even n odd

ABC 3+l 3qV 3 /3
ACB L 3n+2 E 3fiqv - 3qV
Inphase 3n except 6a 6 qV‘ 6 qV

9% , ABC - 3n+1 except 4n 3/2qV 6 qV
IR - ACB 3n + 2 except 4n 6qV 3/2qV
_!'-’Inphage . 3a except 4n 3 /3qV "

" ACB 3n+2 6qV | sin (3n+2)
Inphase: - 3n 6qV !sm 3n?!

Fa

‘ "u z rf angular frequency"
o 9 = xoa frequency s 3—-

n= integer .
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- that can be accelerated in the three modes Gf 2 three dee cyclotron with 60 >
»_dees and rf frequency, L e o :
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Table ¢4 indu:ates the ions of hydrogen. deuterium, tritium. and helium

hl

W= Qprottm IR o L e wonty

These calcula.t;ons have been made fm- conditiona oi’ exact balance o{

- amplimdes of the voltages and exact phase conditmna. !n pracnce these coti- '
ditions- are not ordinarily met. alight \mbalances in amplitudes or devaa.tionb KR
ia phase may occur. However, any afbitrary voltage distributzon amémg th

ACB mode, and the inphaae mode (termed in Reference 3 the iorward mode,

v\ .

‘reverse mode, and neutral mode) D LA e

If the dee voltages are nearly balanced in one of the phaae séquences. -
then the amplitudes of the other two components will be small, = Since, to a

first approximation. the effects of. these voltages on accelerating atms &re v

linear, each component can be conaidered aeparately. and the effect of the

'unbalanced dee voltages can be feund by adding the’ separate effects of each T
componeat. It is observed from 'the formulas for. different modes oi accelera» e
tion that no ion can be accelerated by more. than one of the three camponents,
| -for a given magnetic field and elec‘trice,l fraquency . ‘. T T

These latter reanlts are szgnihcant in that under :dentical operating

conditions several différent’ types. of ions may be accele:ated either mten« o

tionally or as coatamination products. For example, if the cyclotron is

driven in phase sequence ABC to accelerate. ut in its lowest mode Gosf1),

then it will also accelerate He&'M dnd N14++ at the same tsme. In addition. -
if the voltages on ‘the deea are unbalanced ao that the ACB and mpha.ae coma "
poneants are also present chen man? othér ions can be accelerated simul-" .
taneously. An ion with a nonintegral ratio of w/g. however, sﬁch as HeSH‘ 1
cannot be accelerated under these'coqditions of operation, but can be .gcge;-' - -

erated oaly if the magnetic' field or the eleétx"ical frequency of the 'cycietrQn .

'is changed. Since submultiples of m/ﬂ are excluded, if the cyclotron is” .

adjusted to accelerate H or D' in the lowest mode, then H ‘cannot be

accelerated.
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Hydrogen, deuterium, tritium, and heliym ions that can be accelerated
in a three-dee cyclotron with 60" dees withw =

Proton
: _
éMode - Ion- Energy Energy at Relative
¢ gain per turn radius R threshold
i : voltage
¢
} : +.
§ ABC H . gV w VO
S p,” '3/3qV y v,
h : - ‘ 7
g n He+ . 11} 1 "
? " : D _ " w "
' ACB -H2+ " ‘ 11 st "

| 3] D+ 1" 12 (3]

" He++ 1"t W "

" B 3qV W \'
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In practice the voltage will not change in a atep-functio'n'manner at the
dee edges, but will change gradually over a distance comparable to the vertical
aperture of the dees. When this fringing distance is comparable to the distance
that ‘an ion travels in an rf cycle--which will be the case for modes of operation
where w/Q is large--the ion will gain very little energy in crossing aay of the
dee edges, and there will be no significant acceleration of these ions relative
" to those of lower w/§2 ratios. ‘

In the foregoing analysis it has been assumed that the magnetic field is
constant as a function of radius, resulting in a constant value of the ion frequency
2. 'In order to focus the beam, however, the magnetic field ordinarily is de-
creased with increasing radius, resulting in a lowering of the ion frequency as
the orbit of the ion expands. For an ion that is in resonance at the center of the
“cyclotron the phase angle ¢ is no longer constant but varies as the ion moves
cutward. The permissible limits of ¢ are i_90°; outside these limits the ion
will lose energy to the electric field. Since the total phase shift ¢ with respect
to the electrical frequency is the sum of the increments’per ion revolution, a
certain threshold dee voltage is required to limit the number of revolutions
necessary to obtain the desired energy with the phase angle ¢ within the limits
given. The last column of Table II indicates the relative threshold voltages for

various ions in a cyclotron with three 60° dees.
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CONCLUSION

A three-dee three-phase 20-inch cyclotron with 60° dees has been

3,4 Stable operation was maintained

constructed and operated successfully.
‘with 6 ma of 1-Mev protons accelerated in the ABC mode. From programmed.
orbits the gain in energy per turn was measured to be 2.5 qV. The discrep-
ancy between this value and the calculated value of 3 qV is probably due to the
fringing electric fields at the dee edges. Grounded dummy dees were not
used. I the phase sequence was changed from ABC to ACB, 6.5 ma of 0.5
Mev deuterons were obtained. With helium ions, in the ACB mode, 1.5 ma

of 1-Mev alpha particles was obtained. The measured energy gain per turn
" for He4++ and DZ+ ions in this mode was‘approximately 5qV.

'We thank Professor R. L. Thornton for his kind interest and assistance,
This paper was a part of the Three-dee Three-phase Cyclotron Development
under his supervision. ) '
This work was done under the auspices of the U. 8. Atomic Energy

Commission.

3 Ruby, Heusinkveld, Jakobson, Smith, and Wright, Rev. Sci. Instr. (In Press)

4 B. H. Smith and K. R. Mackenzie, Rev. Sci. Instr. (In Press)
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LEGEND ;

Fig. 1. A schematic of a three-dee cyclotron.
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